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𝜆-CALCULUS: THE SIMPLEST PROGRAMMING LANGUAGE

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀
Variable Abstraction

(single-parameter function)

Application



𝜆-ABSTRACTION IN PROGRAMMING LANGUAGES

𝜆𝑥. (2𝑥 + 1)

\x -> 2*x + 1 (Haskell) x -> 2*x + 1 (Java)

lambda x: 2*x + 1 (Python)

-> $x{2*$x+1} (Perl)

x => 2*x + 1 (JavaScript, C#, Scala) fun x -> 2*x + 1 (OCaml, F#)

[](int x) { return 2*x+1; } (C++)

^(int x) { return 2*x+1; } (Objective-C)

{x in 2*x+1} (Swift)



𝜆-CALCULUS: THE SIMPLEST PROGRAMMING LANGUAGE

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀
Variable Application

WHAT WILL WE COVER IN THESE LECTURES?

SYNTAX

Free/bound variables
𝛼-equivalence
Substitution

SEMANTICS

𝛽-reduction
Confluence/normal forms
Reduction strategies

APPLICATIONS

Expressivity
Arithmetic, Data structures
Recursion

Abstraction
(single-parameter function)



𝜆-CALCULUS: THE SIMPLEST PROGRAMMING LANGUAGE

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

WHAT WILL WE COVER IN THESE LECTURES?

SYNTAX

Free/bound variables
𝛼-equivalence
Substitution



𝜆𝑥. 𝜆𝑦. 𝜆𝑧. 𝑥 𝑦𝜆𝑥. 𝜆𝑦. 𝜆𝑧. 𝑥 𝑦𝜆𝑥. 𝑦

FREE AND BOUND VARIABLES

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

𝜆𝑥. 𝑥𝜆𝑥. 𝑥 𝜆𝑥. 𝑦

Bound variables are in red, free variables are in light blue



𝜆𝑥. 𝑦

FREE AND BOUND VARIABLES

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

𝜆𝑥. 𝑥𝜆𝑥. 𝑥 𝜆𝑥. 𝑦
Contraction

𝜆𝑥𝑦𝑧. 𝑥 𝑦

Bound variables are in red, free variables are in light blue



𝜆𝑥. 𝑦

FREE AND BOUND VARIABLES

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

𝜆𝑥. 𝑥𝜆𝑥. 𝑥 𝜆𝑥. 𝑦 𝜆𝑥𝑦𝑧. 𝑥 𝑦
Closed term – no free variables

Bound variables are in red, free variables are in light blue



𝜆𝑥. 𝑥 𝑦 𝜆𝑦. 𝑥 𝑦 (𝜆𝑥𝑦. 𝑥 𝑦 𝑧)

𝜆𝑥. 𝑦

FREE AND BOUND VARIABLES

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

𝜆𝑥. 𝑥𝜆𝑥. 𝑥 𝜆𝑥. 𝑦

𝜆𝑥. 𝑥 𝑦 𝜆𝑦. 𝑥 𝑦 (𝜆𝑥𝑦. 𝑥 𝑦 𝑧)
Application is left-associative

𝜆𝑥𝑦𝑧. 𝑥 𝑦

Bound variables are in red, free variables are in light blue



𝜆𝑥. 𝑥 𝑦 𝜆𝑦. 𝑥 𝑦 (𝜆𝑥𝑦. 𝑥 𝑦 𝑧)

𝜆𝑥. 𝑦

FREE AND BOUND VARIABLES

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

𝜆𝑥. 𝑥𝜆𝑥. 𝑥 𝜆𝑥. 𝑦

𝜆𝑥. 𝑥 𝑦 𝜆𝑦. 𝑥 𝑦 (𝜆𝑥𝑦. 𝑥 𝑦 𝑧)

(𝜆𝑥. 𝜆𝑦. 𝑥 𝑦 𝑦)(𝜆𝑧. 𝑧 𝑥)(𝜆𝑥. 𝜆𝑦. 𝑥 𝑦 𝑦)(𝜆𝑧. 𝑧 𝑥)

𝜆𝑥𝑦𝑧. 𝑥 𝑦

Bound variables are in red, free variables are in light blue



FREE VARIABLES, FORMALLY

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

FV 𝑥 = 𝑥
FV 𝜆𝑥.𝑀 = FV 𝑀 \ 𝑥
FV 𝑀𝑁 = FV 𝑀 ∪ FV 𝑁

EXAMPLE: FV 𝜆𝑥. 𝜆𝑦. 𝑥 𝑦 𝑦 𝜆𝑧. 𝑧 𝑥 = 𝑥, 𝑦



TUTORIAL: FREE AND BOUND VARIABLES



ANSWER: FREE AND BOUND VARIABLES



RENAMING BOUND VARIABLES: 𝛼-EQUIVALENCE

function (x, y) { return x + y; }

function (a, b) { return a + b; }

𝜆𝑥𝑦. 𝑥 𝑦

𝜆𝑎𝑏. 𝑎 𝑏

𝜆𝑥𝑦. 𝑥 𝑦 =𝛼 𝜆𝑎𝑏. 𝑎 𝑏

𝑀 =𝛼 𝑁 if and only if one can be obtained 
from the other by renaming the bound variables

INTUITION:

If 𝑀 =𝛼 𝑁, then they must have the same set of free variablesHINT:

In programming languages: Bound variables ⟶ function parameters. 



TUTORIAL: 𝛼-EQUIVALENCE



SOLUTION: 𝛼-EQUIVALENCE (PART)



𝛼-EQUIVALENCE: EXAMPLES

Are the terms of the same structure?
Do all of the free variables match?
Can you rename the bound variables so that they match?

STRATEGY:

𝜆𝑥. 𝑥 𝜆𝑧. 𝑥 𝑧 𝑦 =𝛼 𝜆𝑦. 𝑦 𝜆𝑡. 𝑦 𝑡 𝑥

𝜆𝑥. 𝑥 𝜆𝑧. 𝑥 𝑧 𝑦 =𝛼 𝜆𝑦. 𝑦 𝜆𝑡. 𝑦 𝑡 𝑦

𝜆𝑥. 𝑥 𝜆𝑧. 𝑥 𝑧 𝑦 =𝛼 𝜆𝑦. 𝑦 𝜆𝑡. 𝑦 𝑡 𝑥

𝜆𝑥. 𝑥 𝜆𝑧. 𝑥 𝑧 𝑦 =𝛼 𝜆𝑦. 𝑦 𝜆𝑡. 𝑦 𝑡 𝑦

𝜆𝑥. 𝑥 𝜆𝑧. 𝑥 𝑧 𝑦 =𝛼 𝜆𝑤.𝑤 𝜆𝑡. 𝑤 𝑡 𝑦𝜆𝑥. 𝑥 𝜆𝑧. 𝑥 𝑧 𝑦 =𝛼 𝜆𝑤.𝑤 𝜆𝑡. 𝑤 𝑡 𝑦

𝜆𝑥. 𝑥 =𝛼 𝜆𝑦. 𝑥 𝑦𝜆𝑥. 𝑥 =𝛼 𝜆𝑦. 𝑥 𝑦

(𝜆𝑥𝑦. 𝑧 𝑥 (𝜆𝑡. 𝑡 𝑦))𝑥 =𝛼 (𝜆𝑦𝑤. 𝑧 𝑦 (𝜆𝑧. 𝑧 𝑤))𝑥(𝜆𝑥𝑦. 𝑧 𝑥 (𝜆𝑡. 𝑡 𝑦))𝑥 =𝛼 (𝜆𝑦𝑤. 𝑧 𝑦 (𝜆𝑧. 𝑧 𝑤))𝑥



SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥]

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥]

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥]

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥]

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥]

𝑀[𝑁 / 𝑥]



SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥] 𝑧equals No 𝑥 to substitute for 

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥]

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥]

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥]

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥]

𝑀[𝑁 / 𝑥]



SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥] 𝑧equals 

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥] 𝑦 𝑦 (𝑦 𝑧)equals 

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥] 𝜆𝑧. 𝑦𝑧equals 

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥]

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥]

𝑀[𝑁 / 𝑥]



SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥] 𝑧equals 

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥] 𝑦 𝑦 (𝑦 𝑧)equals 

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥] 𝜆𝑧. 𝑦𝑧equals 

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥] 𝜆𝑦. 𝑦𝑦equals 

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥] equals 

Can’t substitute for
a bound variable!

𝑀[𝑁 / 𝑥]



𝜆𝑥. 𝑥𝑦

SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥] 𝑧equals 

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥] 𝑦 𝑦 (𝑦 𝑧)equals 

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥] 𝜆𝑧. 𝑦𝑧equals 

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥] equals 

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥] equals 

𝑀[𝑁 / 𝑥]



SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥] 𝑧equals 

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥] 𝑦 𝑦 (𝑦 𝑧)equals 

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥] 𝜆𝑧. 𝑦𝑧equals 

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥] 𝜆𝑥. 𝑥𝑦equals 

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥] equals 
Can’t substitute and

bind a variable!𝜆𝑦. 𝑦𝑦

𝑀[𝑁 / 𝑥]



SUBSTITUTION BY EXAMPLE

𝑥 [𝑦 / 𝑥] 𝑦equals 

𝑧 [𝑦 / 𝑥] 𝑧equals 

𝑥 𝑦 (𝑦 𝑧) [𝑦 / 𝑥] 𝑦 𝑦 (𝑦 𝑧)equals 

𝜆𝑧. 𝑥𝑧 [𝑦 / 𝑥] 𝜆𝑧. 𝑦𝑧equals 

(𝜆𝑥. 𝑥𝑦) [𝑦 / 𝑥] equals 

(𝜆𝑦. 𝑥𝑦) [𝑦 / 𝑥] equals 

𝜆𝑥. 𝑥𝑦

𝜆𝑧. 𝑦𝑧

𝑀[𝑁 / 𝑥]



SUBSTITUTION, FORMALLY

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

𝑥 𝑀/𝑦 =  
𝑀 𝑥 = 𝑦
𝑥 𝑥 ≠ 𝑦

𝑀1 𝑀2 [𝑀/𝑦] = 𝑀1[𝑀/𝑦] 𝑀2[𝑀/𝑦]

𝜆𝑥. 𝑁 [𝑀/𝑦] =  
𝜆𝑥. 𝑁 𝑥 = 𝑦

𝜆𝑧. 𝑁 𝑧/𝑥 𝑀/𝑦 𝑥 ≠ 𝑦
where 𝑧 ∉ (𝐹𝑉 𝑁)\{𝑥} , 𝑧 ∉ 𝐹𝑉 𝑀 , 𝑧 ≠ 𝑦



TUTORIAL: SUBSTITUTION



ANSWER: SUBSTITUTION



𝜆-CALCULUS: THE SIMPLEST PROGRAMMING LANGUAGE

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

WHAT WILL WE COVER IN THESE LECTURES?

SEMANTICS

𝛽-reduction
Confluence/normal forms
Reduction strategies



COMPUTATION: 𝛽-REDUCTION

𝜆𝑥.𝑀 𝑁 ⟶𝛽 𝑀 𝑁/𝑥

𝑀 ⟶𝛽 𝑀′

𝜆𝑥.𝑀 ⟶𝛽 𝜆𝑥.𝑀′

𝑀 ⟶𝛽 𝑀′

𝑀𝑁 ⟶𝛽 𝑀′𝑁

𝑁 ⟶𝛽 𝑁′

𝑀𝑁 ⟶𝛽 𝑀𝑁′

𝑀 =𝛼 𝑀′ 𝑀′ ⟶𝛽 𝑁′ 𝑁′ =𝛼 𝑁

𝑀 ⟶𝛽 𝑁

Redex



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽

𝜆𝑥. 𝑥 𝑥 𝑦

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽

𝜆𝑥. 𝑥 𝑥 𝑦

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽

𝜆𝑥. 𝑥 𝑥 𝑦

𝛽

𝛽



𝛽-REDUCTION: EXAMPLE

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽

𝜆𝑥. 𝑥 𝑥 𝑦

𝛽

𝛽



TUTORIAL: 𝛽-REDUCTION



SOLUTION: 𝛽-REDUCTION (PART)

iv.



MULTI-STEP 𝛽-REDUCTION: ⟶𝛽
∗

Reflexive-transitive closure of 𝛽-reduction under 𝛼-conversion

𝑀 =𝛼 𝑀′

𝑀 ⟶𝛽
∗ 𝑀′

Reflexivity, 𝛼-conversion: 

𝑀 ⟶𝛽 𝑀′′ 𝑀′′ ⟶𝛽
∗ 𝑀′

𝑀 ⟶𝛽
∗ 𝑀′

Transitivity:



CONFLUENCE

𝑀′

𝑀1 𝑀2

𝑀

∀𝑀,𝑀1, 𝑀2.

𝑀 ⟶𝛽
∗ 𝑀1 ∧ 𝑀 ⟶𝛽

∗ 𝑀2 ⟹

∃𝑀′. 𝑀1⟶𝛽
∗ 𝑀′ ∧ 𝑀2 ⟶𝛽

∗ 𝑀′

THEOREM (CHURCH-ROSSER)



is_in_nf 𝑀 ≝ ∀𝑀′. 𝑀 ↛𝛽 𝑀′

𝛽-NORMAL FORMS

𝜆-terms are in 𝛽-normal form if they contain no redexes.

has_nf(𝑀) ≝ ∃𝑀′. 𝑀 ⟶𝛽
∗ 𝑀′ ∧ is_in_nf(𝑀′)

THEOREM (UNIQUENESS OF 𝛽-NORMAL FORMS)

∀𝑀,𝑁1, 𝑁2. 𝑀 ⟶𝛽
∗ 𝑁1 ∧ 𝑀 ⟶𝛽

∗ 𝑁2 ∧

is_in_nf(𝑁1) ∧ is_in_nf(𝑁2) ⟹ 𝑁1 =𝛼 𝑁2



𝛽-NORMAL FORMS

THEOREM (UNIQUENESS OF 𝛽-NORMAL FORMS)

∀𝑀,𝑁1, 𝑁2. 𝑀 ⟶𝛽
∗ 𝑁1 ∧ 𝑀 ⟶𝛽

∗ 𝑁2 ∧

is_in_nf(𝑁1) ∧ is_in_nf(𝑁2) ⟹ 𝑁1 =𝛼 𝑁2

PROOF. From Church-Rosser, obtain 𝑁, such that 𝑁1 ⟶𝛽
∗ 𝑁 and 

𝑁2 ⟶𝛽
∗ 𝑁. However, since 𝑁1 and 𝑁2 are in normal form, we 

have that 𝑁1 =𝛼 𝑁 =𝛼 𝑁2.



TUTORIAL: 𝛽-NORMAL FORMS



SOLUTION: 𝛽-NORMAL FORMS



𝛽-EQUIVALENCE: =𝛽

 Smallest equivalence relation containing ⟶𝛽; or

 ⟶𝛽
∗ +  symmetry; or

 𝑀1 =𝛽 𝑀2 ⟺∃𝑀′. 𝑀1⟶𝛽
∗ 𝑀′ ∧ 𝑀2 ⟶𝛽

∗ 𝑀′



WHICH OF THESE SIX 𝜆-TERMS ARE 𝛽-EQUIVALENT?

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽

𝛽

𝜆𝑥. 𝑥 𝑥 𝑦

𝛽

𝛽

Any one to any other.



𝛽-REDUCTION: NORMALISATION

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

Must all 𝜆-terms necessarily 
have a normal form?

No, they needn’t.



𝛽-REDUCTION: NORMALISATION

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

Must all 𝜆-terms necessarily 
have a normal form?

No, they needn’t.



𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽-REDUCTION: NORMALISATION

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥
𝛽

Must all 𝜆-terms necessarily 
have a normal form?

No, they needn’t.



𝛽-REDUCTION: NORMALISATION

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

Must all 𝜆-terms necessarily 
have a normal form?

No, they needn’t.



𝛽-REDUCTION: NORMALISATION

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

…and so on…

𝛽

Must all 𝜆-terms necessarily 
have a normal form?

No, they needn’t.



DOES THE ORDER OF REDUCTION MATTER?

It matters... 𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥



DOES THE ORDER OF REDUCTION MATTER?

It matters... 𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝑦

𝛽



DOES THE ORDER OF REDUCTION MATTER?

It matters... 𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝑦

𝛽

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽



DOES THE ORDER OF REDUCTION MATTER?

It matters... 𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝑦

𝛽

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

𝑦

𝛽

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽



DOES THE ORDER OF REDUCTION MATTER?

It matters... 𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝑦

𝛽

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

𝑦

𝛽

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽

…and so on…

𝛽



INNERMOST AND OUTERMOST REDEXES

TAKE A REDEX: 𝐸 = 𝜆𝑥.𝑀 𝑁
Any redex that is in 𝑀 or in 𝑁 is inside the redex 𝐸
The redex 𝐸 is outside any redex that is in 𝑀 or in 𝑁

A redex is outermost if there are no redexes outside it.
A redex is innermost if there are no redexes inside it.

(leftmost) outermost outermost
(leftmost) innermost (rightmost) outermost

𝜆𝑥 𝑦. 𝑥 𝑦 𝑥 𝑡 𝑢 𝜆𝑥𝑦𝑧. 𝑥 𝜆𝑥. 𝑥 𝑥 𝑦 𝑣 𝜆𝑥. 𝑥 𝑦 𝑤



REDUCTION STRATEGIES

NORMAL ORDER

Reduces the leftmost outermost redex first
Always reduces a term to its normal form (if the normal form exists)

CALL BY NAME

Reduces the leftmost outermost redex first
Does not reduce inside 𝜆-abstractions
Does not always reduce a term to its normal form

CALL BY VALUE

Reduces the leftmost innermost redex first
Does not reduce inside 𝜆-abstractions
Does not always reduce a term to its normal form



REDUCTION STRATEGIES

NORMAL ORDER

Can perform computations in unevaluated function bodies
Is not used by any programming language

CALL BY NAME

Passes the function parameters unevaluated into the function body
Evaluates the passed function parameter on each use
Is used, with some variations, by, for example, Algol60, Haskell, R, and LaTeX

CALL BY VALUE

Evaluates the function parameters before passing them into the function body
Terminates less often than call by name, but evaluates parameters only once
Is used, with some variations, by, for example, C, Scheme, and OCaml



REDUCTION STRATEGIES

NORMAL ORDER: first second third fourth (twice)

CALL-BY-NAME: first second never never

CALL-BY-VALUE: first second third never

𝜆𝑥 𝑦. 𝑥 𝑦 𝑥 𝑡 𝑢 𝜆𝑥𝑦𝑧. 𝑥 𝜆𝑥. 𝑥 𝑥 𝑦 𝑣 𝜆𝑥. 𝑥 𝑦 𝑤



𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝑦

𝛽N

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽V

𝑦

𝛽N

𝜆𝑥. 𝑦 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥

𝛽V

…and so on…

𝛽V

REDUCTION STRATEGIES



REDUCTION STRATEGIES

𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑦 𝑧

𝜆𝑥. 𝑦 𝑧 𝜆𝑥. 𝑦 𝑧

𝛽N

𝜆𝑥. 𝑦 𝑧 𝑦

𝛽

𝑦𝑦

𝛽

𝑦 𝜆𝑥. 𝑦 𝑧

𝛽N

𝛽N

𝜆𝑥. 𝑥 𝑥 𝑦

𝛽V

𝛽V



TUTORIAL: REDUCTION STRATEGIES



SOLUTION: REDUCTION STRATEGIES

(b) Call by value: leftmost innermost redex first, no reduction under 𝜆



EXTENSIONALITY: 𝜂-EQUIVALENCE

𝜆𝑥. 𝑓 𝑥 ≠𝛽 𝑓 but    𝜆𝑥. 𝑓 𝑥 𝑀 =𝛽 𝑓 𝑀

𝑥 ∉ FV(𝑀)

(𝜆𝑥.𝑀 𝑥) =𝜂 𝑀
𝜂-equivalence:

=𝛽𝜂 and  =𝛽𝜂+ capture “equality” better than just =𝛽

𝑀 𝑁 =𝜂+ 𝑀′𝑁, for all 𝑁

𝑀 =𝜂+ 𝑀′
More general (but infinitary) rule:



𝜆-CALCULUS: THE SIMPLEST PROGRAMMING LANGUAGE

𝑀 ∷= 𝑥 𝜆𝑥.𝑀 𝑀 𝑀

WHAT WILL WE COVER IN THESE LECTURES?

APPLICATIONS

Expressivity
Arithmetic, Data structures
Recursion



REGISTER MACHINES, TURING MACHINES: COMPUTABILITY

Turing-computability. A partial function 𝑓:ℕ𝑛 ⇀ ℕ is Turing-computable iff there 
exists a Turing machine 𝑀 with the following property: starting 𝑀 from its initial 
state, with tape head on the leftmost 0 of a tape coding 𝑥1, … , 𝑥𝑛 , 𝑀 halts iff
𝑓 𝑥1, … , 𝑥𝑛 ↓, and in that case the final tape codes a list whose first element is 
𝑦, where 𝑦 = 𝑓 𝑥1, … , 𝑥𝑛 .

RM-computability. A partial function 𝑓:ℕ𝑛 ⇀ ℕ is RM-computable iff there 
exists a register machine 𝑀 with at least 𝑛 + 1 registers, 𝑅0, … , 𝑅𝑛, with the 
following property: starting 𝑀 from the state in which 𝑅0 = 0, 𝑅𝑖 = 𝑥𝑖 | 𝑖=1

𝑛 , 𝑀
halts iff 𝑓 𝑥1, … , 𝑥𝑛 ↓, and in that case 𝑅0 = 𝑦, where 𝑦 = 𝑓 𝑥1, … , 𝑥𝑛 .



𝜆-CALCULUS: DEFINABILITY

A partial function 𝑓:ℕ𝑛 ⇀ ℕ is 𝜆-definable iff there exists a closed 
𝜆-term 𝑀 with the following property: 

𝑓 𝑥1, … , 𝑥𝑛 = 𝑦 iff   𝑀 𝑥1 𝑥2… 𝑥𝑛 =𝛽 𝑦

and

𝑓 𝑥1, … , 𝑥𝑛 ↑ iff   𝑀 𝑥1 𝑥2… 𝑥𝑛 has no normal form

where 𝑛 denotes the encoding of the natural number 𝑛 in the 𝜆-calculus. 



THE CHURCH-TURING THESIS

𝑓 is computable*

* by a human following an algorithm, ignoring resource limitations

𝑓 is register-machine-
computable

𝑓 is 𝜆-definable 

𝑓 is Turing-machine-
computable



𝜆-CALCULUS: ENCODING NATURAL NUMBERS

Church numerals: 𝑛 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . )

0 ≝ 𝜆𝑓. 𝜆𝑥. 𝑥

1 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓 𝑥

2 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓 (𝑓 𝑥)

3 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓 (𝑓 𝑓 𝑥 )
. . .

Informally, a Church 
numeral 𝑛 means:

“to do something 𝑛 times”



ENCODING ADDITION

We have: 𝑚 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) and   𝑛 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . )

We need: plus 𝑚 𝑛 =𝛽 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚+𝑛

𝑥) . . . )



plus 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . ) =𝛽 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚+𝑛

𝑥) . . . )

ENCODING ADDITION

We have: 𝑚 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) and   𝑛 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . )



plus 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . ) =𝛽 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚+𝑛

𝑥) . . . )

ENCODING ADDITION

We have: 𝑚 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) and   𝑛 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . )

 Obtain the body of 𝑛:   𝑛 𝑓 𝑥 =𝛽 𝑓(. . . (𝑓
𝑛

𝑥) . . . )

 Put this in the body of 𝑚: 𝑚 𝑓 (𝑛 𝑓 𝑥) =𝛽 𝑓(. . . (𝑓
𝑚+𝑛

𝑥) . . . )

 Make this a Church numeral:    𝜆𝑓. 𝜆𝑥.𝑚 𝑓 𝑛 𝑓 𝑥 =𝛽 𝑚 + 𝑛

 Make this a function that accepts m and n:    𝜆𝑚. 𝜆𝑛. 𝜆𝑓. 𝜆𝑥.𝑚 𝑓 𝑛 𝑓 𝑥



plus 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . ) =𝛽 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚+𝑛

𝑥) . . . )

ENCODING ADDITION

We have: 𝑚 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑚

𝑥) . . . ) and   𝑛 ≝ 𝜆𝑓. 𝜆𝑥. 𝑓(. . . (𝑓
𝑛

𝑥) . . . )

plus ≡ 𝜆𝑚. 𝜆𝑛. 𝜆𝑓. 𝜆𝑥.𝑚 𝑓 𝑛 𝑓 𝑥

Exercise: Evaluate “plus 2 3”.



TUTORIAL: ENCODING MULTIPLICATION



SOLUTION: ENCODING MULTIPLICATION (PART 1)



SOLUTION: ENCODING MULTIPLICATION (PART 2)



SOME MORE ENCODINGS WITH NATURAL NUMBERS

ifz ≝ 𝜆𝑚. 𝜆𝑥1. 𝜆𝑥2. 𝑚 𝜆𝑧. 𝑥2 𝑥1

Conditional: if (m = 0) then x1 else x2

Exercise: define the successor and predecessor functions!

𝑚𝑛 ≝ 𝜆𝑚. 𝜆𝑛. 𝑛 𝑚Exponentiation:



TUTORIAL: ENCODING PAIRS



SOLUTION: ENCODING PAIRS



INTERLUDE: COMBINATORS

I ≝ 𝜆𝑥. 𝑥 K ≝ 𝜆𝑥𝑦. 𝑥 S ≝ 𝜆𝑥𝑦𝑧. 𝑥𝑧(𝑦𝑧)

SKI and application are all we need to define any computable function, 
meaning that we can even get rid of the 𝜆-abstraction. 

This is called the SKI-combinator calculus.

Combinators: closed 𝜆-terms. 

T ≝ 𝜆𝑥𝑦. 𝑦𝑥 C ≝ 𝜆𝑥𝑦𝑧. 𝑥𝑧𝑦 V ≝ 𝜆𝑥𝑦𝑧. 𝑧𝑥𝑦

B ≝ 𝜆𝑥𝑦𝑧. 𝑥(𝑦𝑧) B′ ≝ 𝜆𝑥𝑦𝑧. 𝑦(𝑥𝑧) W ≝ 𝜆𝑥𝑦. 𝑥𝑦𝑦



TUTORIAL: COMBINATORS



SOLUTION: COMBINATORS



RECURSION: FACTORIAL

Factorial:  fact n ≝ if (n = 0) then 1 else n*fact(n-1)

Encoding:   fact =𝛽 𝜆𝑛. ifz 𝑛 1 mult 𝑛 fact pred 𝑛

fact =𝛽 𝜆𝑓. 𝜆𝑛. ifz 𝑛 1 mult 𝑛 𝑓 pred 𝑛

𝐹

fact

This means that fact is a fixpoint of 𝐹

Can we define the fixpoint operator in the 𝜆-calculus?



RECURSION: THE Y COMBINATOR

Y ≝ 𝜆𝑓. 𝜆𝑥. 𝑓 𝑥 𝑥 𝜆𝑥. 𝑓 𝑥 𝑥

After one step of 𝛽-reduction: Y 𝑓 →𝛽 𝑓 (Y 𝑓)

This means that, for any 𝑓, Y 𝑓 is the fixpoint of 𝑓, 
that is, that Y is the fixpoint operator.



RECURSION: FACTORIAL REVISITED

Factorial:  fact n ≝ if (n = 0) then 1 else n*fact(n-1)

Encoding:   fact ≝ Y 𝜆𝑓. 𝜆𝑛. ifz 𝑛 1 mult 𝑛 𝑓 pred 𝑛

Exercise: Evaluate “fact 2”.


