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Variants and extensions to Model Elimination 11ai
In these slides we consider two extensions to Model Elimination;

1) Variation in the search mechanism: The method of removing potentially redundant
backtracking (called non-essential back-tracking by the author) has been proposed
Otten "Restricting Backtracking in Connection Calculii* (2010). Although the methoc
not complete, it has proved to be very effective in practice. A large proportion of prc
can be solved with the restriction, and the average saving in search time allows for
complex proofs to be found that would not be found by standard model elimination |
reasonable time. Shown in Slides 11a.

2) Universal Literals: When discussing Re-Use we saw that in first order ME it may k
possible to derive universal lemmas of the fatmR(z), which can then be used elsew
in the tableau. Such universal literals can arise in other ways and we discuss how ti
this. Shown in Slides 11b/c.

3) The OPTIONAL slides 9-11 Appendix 2 also show three Case Studies for your ir
Case Study 1 - KE Tableaux: This variation of tableau uses a single splitting rule;

Case Sudy 2 - Intermediate Lemma refinement (ILE): This is a variant of model
elimination;

Case Sudy 3 - Relation between Clausal Tableau and Model Generation (MG)

Backtracking in ME (also see ppt) 11aii

Searching for a closed tableau in ME employs a limit on the size of the
tableau (called depth-bound search) — e.g. maximum branch length.

IEI_orzmally, on failure of some step, backtracking tries the next available step:
ither:
i) if branch closure led to failure, try a different way to close branch
ii) if no different ways, try branch extension
iii) if extension led to failure try a different way to extend
iv) if no different extensions backtrack to last step in the branch on the
left and look for a different derivation leading to a closed tableau
v) if no branches on the left try to backtrack to parent node
vi) if no parent node try a different top clause
Else FAIL
Otten (2010) saw that in trials with the problems in the TPTP database
(Thousands of Problems for Theorem Provers), many problems could be
solved even if case iv) is prohibited.

Although completeness is lost, a dramatic decrease in time to find proofs is
gained. He coined the phrase "essential backtracking".

Essential and non-essential backtracking (1)  11aii
Example of " non-essential backtracking " (as named by Otten):
Given: =G, G ORxy [kPx, PcO..,Pd .., -RabO..., =RbdO..., GO...
top clause -G
Assume eventual closure below Rx1yl using -Rab ... with x1==a,y1==b
=Pa will fail and would normally backtrack to use -Rbd [J... (Case iv)
Instead, non-essential backtracking prohibits this and backtracks to try a
different clause to use in extension step from -G (Case vi)
-G In fact, nothing is lost in this example
\\ as using -Rbd O ... would lead to =Pb
G/ RX1y1 “hx1 which would also fail.
=N O _—|Pa But if a clause such as Pb ... were
-Rab  eventual this available, and if the tableau below
T success branch =Pb happened to close, then the
in this fails particular fully closed tableau so
branch found would be lost by non-essential
back-tracking




Essential and non-essential backtracking (2) 11aiv

Example of " essential backtracking " (as named by Otten):
Given: =G, G ORxy [=Px, Pc .., mRab 00X, -RbdOY, -Rcd,

Assume no eventual closure below Rx1yl using =Rab [0 X then backtrack (essential
backtracking) to use -Rbd O0Y (Case iii)

Suppose closure obtained with binding x1==b,y1==d (Case iv)
Suppose failure beneath resulting =Pb (then normally would backtrack to Rx1y1
Back-tracking to use —Rcd is pruned, even though -=Pc might succeed

Otten called this (pruning of) "non-essential" backtracking

Do not backtrack to

-G try -Rcd because
/\\ / it's non-essential
Rx1yl -Px1 RX1yl _,pxl back-tracking —case
G 0 -Pa 4 iv) and is pruned
N N Pb (iv) p
=Rab X -Rbd Y fallure Try to match -G
failure - sUccess inthis  lwith another clause;
in this Case iii o thic branch |no clause so falil
branch — > branch Lose solution using
by essential back-tracking -Rcd
Essential and non-essential backtracking (3) avi

Consequences of ignoring non-essential backtracking:

* Loss of completeness (See 11aiv)

« Irrelevant back-tracking is by-passed in a simple way (See 11 aiii)

* Proof search is therefore much faster, allowing harder proofs to be found

Why does this back-tracking restriction not lose many proofs?

There are usually several different ways to make a ME derivation from a set of
clauses, each derivation differing in the order in which the clauses are used, and/or
the instances used. Disregarding non-essential back-tracking simply searches for
one of the other orders, or one of the other derivations.

Example. Given: -G, G ORxy [=Px, Pa .., GOPb, -RabOX, -Rbd
IAssume Closure below X is ok and also Closure below =Pb is ok

(3) -G
1) —'G ) - / Pb
/ / & 3
RXlyl  .px1 Rxlyl Pl Rxlyl
0 -Pa -Pb -Pb G Rby1
-Rab x fails
success M Pb G -Abd

(1) fails; if Case iv is prohibited then don't find (2); after changing matching clause for
-G (3) succeeds by Case vi. Check the instances in (3) are the same as those in (2)

Formalising Essential Backtracking and Non-Essential Backtracking Hav

Consider a Model Elimination derivation that is part completed, such that the next lea
to be extended is L in branch B.

Assume also that L could close using any of the literalsial\y, ..., Nk in B (above L) and
could be extended using any of the matching clauge®% ..., Rn.

Then the method dEssential Back-tracking allows every one of thejMind the Rto be triec
(in order) to close the tree. This is th@rmalkind of systematic back-tracking.

The method oNon-essential Back-tracking truncats the list of choices as soon as one of
them succeeds in closing a sub-tableau beneath L. As a consequence, if any other b
the tableau to the right of B should fail to close, then there willddgack-tracking to try a
different choice at L.

In the Example on 11laiv, beneath Rx1yl the matching clauses aré PRatRbdY and

=Rcd. -Ralbi] X fails and so -RbdlY is tried. This succeeds and it's assumed Y can be
closed, but although the branch below Px1 (now Pb) fails, non-essential backtracking
truncated the choices so —=Rcd is no longer available to try as an alternative beneath |

An Extension to ME Tableaux (see ppt motivation) 11bi
Example Given: 1. Rx [=Px, 2.Px[0Q, 3.-Ra[-Rb, 4.-Q

(Non-) Standard ME Tableau VS. Resolution Refutation

(5=2+1): Rx Q
/\ \ (6 = 5+3): -Rb [1Q

Can merge Q (7=6+5:QQ U Q

with Q** (9=8+4):[]
-Px2 Rx2[ Rx1[ Ra
X2 \ Merge step p
corresponds Notice that clauses 5 and 6
-Ra -Rb toQIQUIQ correspond to the leaf literals of

the open branches after each of
the first 2 steps of ME.

Compare step giving (7) with ME:

Instead of standard ME tableau
below -Rb repeat enclosed part of
the tableau below =Rb but with
new free variables x3 and x4,
which will bind to b instead of a

corresponds to the resolution step
-Rb [Q +Rx31Q 0 Q [IQ L y




An Extension to ME Tableaux (motivation) 11bii
Example Given: 1. Rx [FPx, 2.Px[Q, 3.-RalkRb, 4.-Q

(Non-) Standard ME Tableau VS. Resolution Refutation
(5=2+1): Rx [Q
(6 =5+3): =Rb [Q
* (7=6+5:QQ 0 Q
Px1 N0 (9 =8+4): []
-Px2 Rx20 Rx1 . . .
X2==x1 The idea will be to retain the ME structure
\ by treating literals such as Rx1, which do
-RA -Rb not share variables with other open
x1==a B branches, as being universally quantified

In this way, Rx1 is effectively written as
[Ox. Rx, hence considering it to be used as
(Rx11 ORx12 O... ORx1k), setting k big
enough to give as many instances as
required

Generalised Closure Rule and Universal Variables (2)

Let T be a partially developed ME tableau and B be an open branch of T.
If free variable x1 occurs in some literal in B and and the only occurrences
of x1 in an open branch are in branch B, then x1 is called a universal
variable in T.

More Features of Universal Variables

« a free variable x1 might not be g\

universal in T when first introduced CTx1] No x1 here
into a tableau T, but can become so if
x1 eventually occurs in a single open

branch;

. B[x1] D[x1]
e.g. if branches to left of B[x1] close x1isNnot  y1 is now
without binding x1, then x1 in B[x1] is Closed universal  yniversal

not universal as D[x1] is still open to its

right. If B[x1] closes without binding x1
then x1 is universal in D[x1].

 if a variable occurs in only one literal losed

in a clause it will be universal when kC):_o(?_e - no 1

used in a tableau e.g. y will be inding 1o X )
universal when using SOP(x,y) 0Q(X) 1icii

Generalised Closure Rule and Universal Variables (1)

Let T be a partially developed ME tableau and B be an open branch of T.

If free variable x1 occurs in some literal in B and and the only occurrences
of x1 in an open branch are in branch B, then x1 is called a universal

variable in T.
Features of Universal Variables: g\
* bindings to x1 cannot affect literals 1]
in other open branches; No x1 here
« once a free variable becomes
universal it cannot lose this status as B[x1]

long as the convention for bindings
on closure given on Slide 11cvi is
followed:; Closed

« we'll see that a Universal variable is essentially universally quantified - as
many (different) copies as may be needed are ( implicitly) available

« simulated by not propagating bindings made to a universal variable,
leading to the Generalised Closure Rule (GCR)

1lci

. 11ciii
Generalised Closure Rule (GCRY)

The slides 11b and 11c illustrate and explain an extension for ME-tableaux called tF
generalised closure rule, which exploits the concept ofuaiversal variable. For the
simplest case, let C be a clause in which variable u occurs in exactly one literal L. u
called auniversal variable. The quantifier for this variable could (implicitly) be distribut
across to L. When the clause is developed, one can treat L as if iCludreimplicitly
including in the tableau branch containing L several copies of L, each with a fresh fr
variable for u. (Any non-universal variable in L would be substituted by exactly one 1
variable, the same one in all copies.) Since there are always available enough copie
each different binding, an implementation can effectively ignore bindings for u, givin
to thegeneralised closurerule. Thisrule states that in any closure step involving a
universal variable u possible bindingsto u can be ignored.

e.g. if Lis P(v,u), and u is universal but v is not, then L is regarded as if iCleP¢v,u)
and can be copied in the tableau branch as P(v1,ul), P(v1,u2), etc., for example giv
possibility of closure with -P(a,bP(a,c). If L is part of a clause such &3Q(w), the
duplication treats the clause as if it had the more general form of (F{R1)2)11Q(w).

More generally, let T be a partially developed ME tableau and B be an open branch
If free variable x1 occursin some literal L[x1] in B and the only occurrencesof x1 in an
open branch arein branch B, then x1 is callec universal variable in &nd the literal L is
treated agIx.L[x].




Example Revisited (1) 1lciv

4 Rx -Px, Px 0Q, -Ra [=Rh, -Q
0 Ox.P(x) AN In Px 0Q, x is universal.
P -Q The clause Px10Q is used in the tableau as the
“Px2 Rx2 equivalent Ox.P(x) OQ.
1  OOxRKX) At closure (1) use instance P(x2) of Ox.P(x).

Rx2 becomes universal and is treated as
-Ra -Rb equivalent to Ox.R(x).

(2) 3) At closure (2) use instance R(a) of Ox.R(X).
At closure (3) use instance R(b) of OX.R(x).

None of the bindings made affects the branch beneath Q, since the universal
variables do not appear in it. That branch only needs to be completed once.

Implementing Universal Variables

Either tag a universal variable and always use a fresh copy, (so here it is x2
that is bound to the fresh copy of x1 - i.e. "fresh copy" ==x2 - not the other way
around) or replace by the universal quantifier (easier when working by hand).

Example Revisited (2) 11cv

le/ \K Rx [-Px [Sx, Px [Q, -Ra [(FRb, -Q
O Ox.P(x)

After closure (1) X2 in Rx2 is not

e \\ ul®] universal (x2 occurs in sibling Sx2)
-Px2  Rx2 SXZSa At closure (2) use x2==a
@) /\ At (3) must use a fresh copy of clause
-Ra -Rb (3) Rx [HPx O Sx

@ A At (4) bind x3==b
Rx3  -Px3 Sx3
(4) 0-Pb U At (5) can use an instance of Ox.P(x)

®)

« Exercise (Not easy!) :
Consider whether, and how, use of the generalised closure rule could be used
in a tableau together with either the (re-use) and/or the (merge) closure rules.

An Important Criterion ( when implementing GCR) (1)  1lcvi

In making a closure that involves at least

Px1 ixnl not one universal variable always introduce a
(Ox.P(x)) here freskh cgpy Iof the universal variable to
/\\ make the closure.
% Rx2 Sx2
Example A:

In normal ME, to close at (1) either make binding x1==x2, or x2==x1; it doesn't
matter which.

In GCR it is important to introduce a fresh copy of x1 and to set "fresh copy"==x2.
This is achieved in an implementation by tagging x1 as universal and always using a
fresh copy.

(Otherwise, if x2 and x1 were simply bound to each other, then x1 would in effect be
propagated to both Rx2 and Sx2 and x1 would lose its universal status.)

An Important Criterion ( when implementing GCR ) (2) 1lcvii

Px/l) S(x1) In making a closure that involves at
least one universal variable always
introduce a fresh copy of the

-Py2 Rx2 (Ox.R(x)) universal variable to make the

y2==x1 /N closure.

-Rx3 -Px3  x3not

(2) (Ox.=P(x) in here
3) (4)

Example B: when closing at (2), remember to use a fresh copy of implicit Ox.R(x)
and set "fresh copy"==x3; then at (3) it is important to use a fresh copy of implicit
Ox.—~P(x) and set "fresh copy"==x1.

Otherwise, x2 and x1 would be bound to each other via x3 and x2 would lose its
universal status, which would affect the literal Rx2 as well and could compromise the
proof beneath (4).




Generalised Closure Rule — Criterion for Maintaining maximal Universality of Variables

Example: Let x be a universal variable in a leaf of branch B of tableau T, say in Q(x), anc
step use the clause instance -QRJz1)Y1S below it. One of the implicit instances[aX.Q(x)
is Q(x1) and x1 can be bound to z1. In the literal R(z1), z1 will now be universal, since i
universal then no occurrences of x occurred in T other than in B, and the same applies t«
extension of B ending in leaf no&z1) (branch B', say). In effecfiz.R(z) has been derived |
B'. To see this, add the negatiozR(z) to the tableau and see that the tableau will close
can close. A variable becomes universal in this way in a Model Elimination tableau if it ¢
not occur in any leaf literals in open branches to its right in the tabledhis example that is
the case, as explained.

It is assumed that as construction of a tableau progresses variables are implicitly markec
universal whenever possible, in the manner described in the previous example. That is, i
variable x occurring in leaf literal L in an open branch B is markednagrsal if the only
occurrence of xn a leaf literal in an open branch is in L. [Observe that (non-universal)
occurrences of x could only occur in the branch above L if the occurrence of x in L was
originally z (say) and arose because z was bound to x by a clause used in the closure of
L's left (closed) siblings. Note x would not be classified universal in L in this case.] Inth
example on slide 11di: the variable y2 is bound to y1 and hence y1 in R(y1) is not unive
is originally R(y2), becoming R(y1) , when -A(x2,y2) closes withA(x,y1), binding y2 to y1
All occurrences of y1 remain non-universal.

Exercise: The criterion for choosing closure bindingslismaking a closure involving >1
universal variables introduce fresh copies of the universal variable(s) to make the closure.
Explain why this assures that any variable declared universal will remain so durinqL_nggﬁt
tableau development

Normal Form Representation of a Partial Tableau 11di
(or Why does the Generalised Closure Rule work?)

Given: (1) -P(a)0-A(b,z) (2) =R(c)d-A(c,c) (3) A(x,y)[B(y) (4) -A(X,y)OP(X)CR(y)

Consider the standard ME tableau after closure (1)
The open branches =

OylOx1[(A(x1,yl) O(P(x1) O R(yl)) OB(yl)] =
/\ Oyl [(Ox.A(x,y1) O(Ox.P(x) O R(yL)OB(y1)] =
Oy[(Ox.A(x,y) O0x.P(x)) 0 (Ox.A(x,y) OR(Y)) D B(y)]
A(x1,y1) B(yl)

. A(X/Z\yZ\ )

x2==x1 " P(X2) R(y2) Using universal variables treats universal literals
y2==y O as quantified literals as in the above expression.

O
1) P(x1)  R(y1)

That is, maximally distribute 0.

You can see that x1 in A(x1,yl) and in P(x1) are
universal, and that y1 is not universal.

See next slide for rest of tableau.

Continued from Slide 11di 11dii
(1) -P(@)dz.-A(b,z) (2) =R(c)HA(c,c) (3) Ox.A(X,Y)IB(Y) (4) -A(x,y)OP(X)OR(Y)

After closure (1) (above the wavy line), and making universal variables explicit, the
open branches = Oy[(Ox.A(x,y) OOx.P(x))0 (Ox.A(x,y) CR(y))OB(Y)] (%)

/\B(yl)D

After closure (1) can ““forget” the
I AXYL) B(C) bindings to universal variable X in
Ox.A(x,y1); also x2 in P(x2) becomes
universal.

At (2) instances A(x3,y1) and A(b,z3)
are unified (x3, z3 being the fresh copies
of x and z) leaving y1 unbound.

At (3) y1 is bound to ¢ and at (4) -A(c,c)
unifies with A(x4,c), x4 the fresh copy of
x in Ox.A(x,y1) => Ox.A(X,C).

The last open branch contains B(c).
Notice B(c) is derivable from (*),(1), (2).

Variables z and x in givens (1) and (3)
are universal, as indicated.

Soundness of the Generalised Closure Rule:

Justification that the generalised closure rule is sound can be made by appealing to-
expression represented by the open part of a partial tableau, distributing quantifiers
maximally across literals containing universal variables.

The open part" of any tableau (i.e. the set of branches not yet closed) typically repr
universally quantified formula in dnf; i.e. a disjunction of (possibly quantified) conjunc
of literals. This was illustrated on slide 11di. Suppose a new clause is added to the |
openbranch. Assume that non-universal variables in the added clause are always re
as fresh free variables.

When a new clause is added in an extension step there are two options for forming t
binding in the closing unifier for a variable x: either x is universal and a fresh copy of
becomes bound, or x is not-universal and is bound in the normal way. Thus e.g. whe
matchingdx.A(x,y1) with 0z.-=A(ul,z), the universal fresh copy x2 of x in A(x2,y1) is
bound to ul, and theesh copy z2 of z in =A(ul,z2) is bound to y1 (ie "fresh copy—x"=
and "fresh copy_z"==y1). The open part of the extended tableau can be recomputed
universal quantifiers distributed to maximise occurrences of universal variables.

Assuming the criterion on slide 11cvi is adhered to, it is not hard to show that univer:
variables remain so. Given the dnf representation of the open part of a partial tablee
dnf(T) ), it is then easy to show that if T" is derived from T then dnf(T) |= dnf(T").

11diii




Summary of A dvantages of ME-style tableaux 11ei _
« Prolog-like - use stacks for implementation (but: need to detect ancestors, Summary of Slides 11 11fi

and use the occurs check) _— . . 1. The Model Elimination (ME) tableau method can be extended and modified in
* Prolog technology: compilation, structure sharing, stack maintenance various ways.

« Easy to obtain variations
« Easy to implement in Prolog 2. The introduction of universal variables and the generalised closure rule that .

. results leads, in many cases, to reduced tableaux. Universal variables are treated in
* Easy to extend to modal logics (and others) the tableau as being universally quantified, instead of as free variables, so multiple
instances are allowed. This leads to the generalised closure rule, which is
implemented by not propagating bindings to universal variables (in effect such

Disadvantages bindings are ignored).
+ Consider a problem Data [~ P - Q. _ Clausal form of (P — Q) is P-and -Q. 3. ME tableau are complete. However, some completeness can be sacrificed
May want to work forwards from P and "backwards " from -=Q. In ME must through pruning back-tracking of the "non-essential” kind. It turns out that in many
choose one of them as top clause. problems involving unsatisfiable data, while some completeness is lost, in that not
« May be beneficial to resolve some clauses initially if they only resolve with all refutations can be found, it is still possible to find at least one refutation.
one or two others. i.e. a non-linear beginning. . . .

) ) ) 4. ME style tableau have advantages, especially in that they are easily
* Left-Right depth first generation of search space may not be the smallest. implementable in Prolog, which is good for testing new ideas. All the Prolog
« Quite often the search space contains several variations of the same technology is available to build good systems. The method extends to other logics,
refutation, in which the clauses are used in different orders. (It is this property e.g. modal logic.

that was exploited in non-essential backtracking removal.)

5. ME style tableau have disadvantages, mainly related to their being linear.

An Extension to Basic ME Tableaux (1) 11gi

Example Given: 1. Rx [FPx, 2.Px[Q, 3.-Ra[:Rb, 4.-Q
Standard ME Tableau VS. Resolution Refutation

(5=2+1): Rx Q

(6 =5+3): =Rb [Q
(7=6+5):QQ 0 Q
(9=8+4):[]

START of OPTIONAL MATERIAL
(SLIDES 11)

As in Slide 11bi but showing standard ME
tableau.

Motivating GCR in more detalil
(see also slides A2e in
Appendix A2 for slides 9-11

Notice that clauses 5 and 6 correspond to
the leaf literals of the open branches after
each of the first 2 steps of ME.

Cannot unify Rb /™ . )
with Rx2 here as Pb Q Compare step 3 (giving (7)) with ME:

x2 has been |
bound to a.
-Q




An Extension to Basic ME Tableaux (2) 11gii
Example Given: 1. Rx [(FPx, 2.Px[0Q, 3.-Ra[Rb, 4.-Q

Instead of standard ME tableau

below -Rb try repeating 1st 2
steps below -Rb (blue part of Px1 *< \
the tableau) but with new free —Q Can merge Q
variables x3 and x4, which will ST with Q** d
become bound to b instead of a. -Px2 Rx20Rx10Ra

: x2==x1 Merge step
In some cases can avoid actual \ corresponds

duplication. e.g. here would
close at the leaf =Rb (implicitly
matching a second copy of Rx1).
Results in the generalised
closure rule.

-R& -Rb  10QQUIQ

Notice that x1 does not occur in
any open branch to the right of the
branch ending at =Rb. In the fresh
instance of the enclosed tableau
the branch below Q can be closed
by a merge with Q**, so simulating
the resolution proof.

corresponds to the
resolution step

sRb Q +Rx3 Q0 QQ

An Extension to Basic ME Tableaux (3) 11giii

Given: 1. Rx 0-Px, 2.Px[OQXx,

In some cases cannot avoid
actual duplication.

Notice that x1 now occurs in two
branches, including the open
branch to the right of the branch
ending at Rx1, in Qx1.

In the fresh instance of the
enclosed tableau the 2nd
branch below -Rb becomes Qb,
which doesn't merge any more
with Qa.

It is incorrect to avoid the
duplication as the branch below
Qb would be lost leading to the
wrong result, since this branch
fails.

X4==X3 x3==h

3.-Ra0-Rb, 4.-Qa

Px1

N\,  Qa

-Px2 Rx2[0 Rx10 Ra

x2==x1/\

-Ra -Rb
x1l==a

Px3[ Pb Qx30 Qb

/\

-Px4 Rx3

/\xl[l Qa**
N

corresponds to the
resolution step
=Rb [0Qa + Rx3 [Qx3 [ Qb [0Qa




