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ABSTRACT of the average power across the whole frequency range. With AR

Three auto-regressive spectral estimation methods are experimenethods, frequencies of isolated components can be determined
tally tested with a view to musical applications: the Maximum En- Much more accurately from short segments of the signal; the res-
tropy method, Marple’s MODCOVAR algorithm, and an efficient olution of nearby components depends mainly on the model order
version of Prony spectral line estimation due to Cybenko. A per- @nd only to a lesser extent on the length of the signal segment.
formance analysis measuring the maximum relative error of their Besides, the order of an AR model, i.e. the number of poles of

frequency estimates for a signal consisting of three sinusoids un-the underlying rational approximation to be fitted, can usually be

der variations of the model order (up to 20), signal length (60 to chosen much sr_naller than the length of the signal segment to be
200 samples) and noise level shows that unless the model order i@nalyzed; thus, in contrast to the spectrogram, considerable com-

close to 2/3 of the number of data points (i.e. when it is nearly ill- Pression is achieved. Moreover, the trade-off between frequency
conditioned), Marple’s algorithm gives by far the best results. In a and time resolution is far less dramatic with AR methods than with

separate experiment, Marple’s algorithm was applied to recordedth® spectrogram, and no explicit windowing is required. For a

piano sounds: some preliminary results are shown which demon-comprehensive survey of the most common fast spectrum analy-

strate its potential for fast multicomponent analysis. sis methods see [4, 5]; performance comparisons for some of the
methods over short data segments were reported in [6, 7].

In an attempt to explore the potential of AR methods for mu-
sic analysis, this paper is devoted to an experimental comparison
. . N of three of the auto-regressive methods reported in [4], namely the
While auto-regressive spectral estimation methods have been pops, .

- ) . Maximum Entropy methothlso known as all-pole or autocorre-
ular in many areas of science for more than 20 years, it appears, .. method), Marple’$/ODCOVARalgorithm [5], andPron
that investigations of the spectra of musical instruments have so . , Marpie OVARalg o y

spectral line estimatioim an efficient implementation due to Cy-

far mainly relied on spectrogram methods. In a recent paper, the :
accuracy of frequency estimates obtained by the phase vocodePenko [8]. These methods were chosen to cover varying degrees

technigue has been demonstrated for signals consisting of a smalfnc modelling freedom and computational complexity. Our perfor-

. . . mance criterion is theelativeaccuracy of frequency estimates un-
number of sinusoids whose frequencies are well separated fromder variations of the length of the signal segment, the noise level
one another [1]. These conditions are certainly met for labora- 9 9 9 '

torv recordinas when a sinale instrument is plaving a sinale note and also the order of the AR model, since as yet no reliable esti-
y 9 9 playing 9 mators of the correct model order seem to be known.

[2, 3]. However, as soon as two notes are played together, a num- The paper is organized as followd2 reviews the algorithms
ber of difficulties arise in practice: Thesolutionof spectrogram pap 9 ; . 9 St
§3 contains the performance analysis, §4djives some prelimi-

methods is limited to one sinusoid per filter band; spectral lines narv results from an anplication of Marole's alqorithm to recorded
belonging to different notes which happen to lie in the same band piar):o si;nals PP P g

cannot be resolvedSpectral leakagean compromise the accu-
racy of frequency estimates when components of different tones

1. INTRODUCTION

fall into neighbouring bands. Leakage can be reduced by increas- 2. REVIEW OF THE ALGORITHMS
ing the frequency resolution, or reducing the transition bandwidth
of the filters, but at the expense of time resolution. Ppbever dis- All three methods model the signal segmeptn = 1..N as the

tribution among the fundamental and partials of a tone can be a sum of anautoregressive process

source of further difficulties. In piano tones, the fundamental can

contain more thaB0% of the total power content; thus higher par- ~ Sn+p = —@0Sn — G18p41 — ... — Ap—1Sntp—1, a; € C (1)

tials can easily be swamped by a noisy background. Detection of a ) o )

sufficient number of partials would seem a necessary first step forand noise. The numbgrof parameters, which is also the recursion

polyphonic note identification. depth,_ls called_ th(_arderof_the m_o_del. The spgctral power density
In the light of these difficulties, auto-regressive (AR) meth- for a S|gn§I satisfying (1) in additive white noise of zero mean and

ods hold some prospect for improvement for a number of rea- Varancep is

sons: First and foremost, the spectra of auto-regressive processes 1

are better able to model sharp spectral features than the spectro- g(y,) = pfs . z=¢€Y (2)

gram, which gives a more or less uniformly sampled distribution lao + a1z + ... +ap—12P~1 + 27 |?
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wheref, denotes the sample rajethe noise variance, anddig- where theA, and the z; are unknown. The model is flexible
ital frequency (see e.g. [5], chapter 6). The ability of (2) to model enough to apply to both damped and growing oscillations| £
sharp spectral features is due to its being a rational functicn in  1). The special case of undamped real sinusdigl§ & 1; 2 and

rather than a polynomial, as is the discrete Fourier transform. Ay, occurring in complex conjugate pairs) is referred tdPasny
The Maximum Entropy methof#, 5] is based on a relation  spectral line estimationThe connection with auto-regressive mod-
between the AR parameters and the expectation vajues= elling is made by observing that any signal modelled by (8) satis-
(sn3n—m) Of the autocorrelation sequence which is known as the fies the difference equation (1) with the parametgrgiven by (4).
Yule-Walker equatian Conversely, given a noisy signal Prony spectral line estimation
first fits thea; by minimizing the prediction error
bo b1 bop 1 P i amep
ARG S R I R IP(Z)sI2 =3 [sntp + ap-18nip-1 + ...+ aosal>  (9)
¢p  Pp—1-.. o ao 0 over all monic degree polynomialsP with roots on the unit cir-
In practice, estimates have to be substituted fortheas the pre-  ¢l&, where||z| = vz’ denotes the 2-norm of a complex se-
cise autocorrelation lags are not known. (3) has Toeplitz structure UENCETn andZ the unit time shift operator defined ly’s); =
and can thus be solved with a fast algorithm usiigy?) multi- sj+1. The rootsz; of the minimizing polynomial (4) then de-
plications. Given the parameters, the dominant frequencies; termine the digital frequencies, = arg(zx), and the complex
can be determined from the roats = |z, | exp(iw ) of the monic amplitudesA,, can be found by a least squares fit of (8) with the
polynomial zy, Obtained in the first step.
If the signal is real, the complex exponentials in the model,
p1 ; . P and hence the roots d@?, occur in complex conjugate pairs. The
P(z) = Z%‘Z' +2" = H(Z — 2k) (4) redundancy can be eliminated by rewriting the model in real form,
j=0 k=1

which occurs in the numerator of 2. — (3) can be derived as the s(t) = Z Ag cos(wit +@k) » A, Wi, px €R, - (10)
normal equation for the least squares problem of minimizing the k

squared 2-nornf f||* of theforward prediction errorsequence and observing that any sequence generated from it satisfies the dif-
fn = aosn +a18nt1 + ... + @p_1Sntp—1 + Sntp  (5) ference equatio®(Q)s = 0, whereQ2 = Z + Z~" and

over all choices of the parametets, . .. ,a,—1. Alternatively, it R(z) = H(x —2coswy) . (12)

can also be derived as the estimate which, gieact knowledge k

of the firstp lags of the autocorrelation sequence, would maximize The polynomialR is real, monic, and has its zeros in the real in-

the process entropy over all possible choices of the unknown amo'terval (—2, 2]; compared to (8), the model order is halved. Con-

correlation lags if the driving process is assumed to be Gaussian; . .
hence the name of the method. versely, for given signa¢ and model ordep, Cybenko [8] shows

Marple’s MODCOVARalgorithm [5] minimizes, instead of ﬁ%it;iﬁ;tﬂ%?g;ﬁ)‘l%)y;a;} fg;lar;e:nﬁ)crogfymnér?i;;%ﬁ'\ézlgegetpo min-
II£1I?, the sum]||f||*> + ||b]|* of the forward and backward pre-

diction errors. where theackward prediction erfosequence is without extra conditions about the location of its zeros (they are
! P q guaranteed to lie if—2, 2]), and 2) that the minimizing polyno-

bn, =@0Sn + G@1Sn—1+ ...+ Ap—1Sn—p+1 + Sn—p . (6) mial R,, is the unique degregmonic orthogonal polynomial with

e . ) respect to the inner product
To avoid implicit windowing, the ranges of in (5) and (6) are

chosen such that only samples within the segrief occur. The (P,Q) = (P()s)" Qs =s"(P-Q)(N)s . 12)

resulting normal equation can be written in the form ) ) ) )
The task is therefore reduced to constructing this polynomial and

700  T01---Top 1 P finding its roots. This can be done efficiently by determining the
0 T11...Tip Gp—1 0 @ coefficients in the double recursion
: Rj1(x) = (x — aj1) R (x) — B Ry (x) (13)
Tpo Tpl...Tpp ao 0
starting withR_; = 0 and Ry = 1 up to orderp, and finding the
where roots of R, by computing the eigenvalues of the tridiagonal matrix
N-—-p—1
i = Sk igk ’+Sk 7'§k —i) . a1 Bl 0... 0 0 0
J ;(+ +3 +p—3Sktp—i) 8 as Ba... 0 0 0
. . 0 /82 a3 ... 0 0 0
(Bars denote complex conjugation.) Although (7) does nothaveas o _ i ) . . (14)
simple a structure as (3), it can be solved by a fast algorithm due : : U : :
to Marple [5] usingNp + 6p? multiplications. 0 0 0...08p—2 ap-1 [Bp-1
Prony spectrum estimatidd] is a method for fitting a signal 0O 0 0...0 Bp—1
with a complex linear combination of exponentials,
A more efficient version of the recursion is
s(t) =Y Arzi, Ap, 2 €C, ®
5 Bi+1Qj+1(z) = (z — a;j41)Q; () — B;Q;-1(x) ,  (15)
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where the?); is theorthonormalpolynomial of degreg with pos-
itive leading coefficient, starting wit)_; = 0 andQo = 1/||s]|.
Using the relationzP, Q) = (P,zQ), which is an immediate
consequence of (12), the coefficients can be computed as

a1 = (2Q;,Q;) , B =(2Q;,Q;-1), Bo=s|. (16)
In terms of the vector quantities
g =Q;(V)s, g;:=Qq —Bigi-1,
the algorithm is as follows:

hj1:= Bit1gi+1,

ho — s, Bo — VsTs, qo — {0,...,0} (length ass) ;
forj:=0top—1do{ ¢j—1—q;,
qj + h;/Bj
gi — Qg5 — Bigi—1 ,
ajy1— g5 a5,
hjyr — g5 — a541q5

Bi+1 < /bl 1 hjs1 }

It requires about Np multiplications, plug?® for the eigenvalues
of Ty

3. ACCURACY OF FREQUENCY MEASUREMENTS

All numerical experiments were carried outMathematica The

methods were applied to the following synthesized test signal (a

longer segment of which was used in [8]):

sn = 5.5cos(1.3n) + 5.5 cos(0.2n) + 1.7cos(2.5n) , (17)

Dept. of Computing, Imperial College, London

was computed. (Fgr < 3 all measured frequencies were retained,
and the relative error computed with the closest true frequency.)
The results of our simulations are shown in Fig. 1 and suggest
the following conclusions 1) Marple’s algorithm is consistently
superior, typically by a factor of 2 to 4 in the relative accuracy,
except for model orders close2dV/3. (Forp > 2N/3 the matrix
in (7) is singular.) The next best method is the Maximum Entropy
method, with Prony line estimation finishing a distant third. This
is somewhat surprising given that the Prony line model matches
the test data more closely than the other two methods. It has previ-
ously been suggested that constraining the poles to lie on the unit
circle leads to a statistical bias in the frequency estimates propor-
tional to the noise variance [10]; however this would not explain
the comparatively poor performance in the absence of noise. 2)
Not suprisingly, for clean data the relative accuracy of all estima-
tors improves fairly monotonically with the model order (in fact,
Marple’s algorithm stops at the correct orget= 6); for noisy data
the accuracy of the Prony and Maximum Entropy methods show
quite drastic fluctuations. 3) Specifically for musical applications,
an upper bound for the relative frequency error (18) of a quarter
tone, or2'/2* — 1 ~ 2.9%, would certainly be a minimum re-
quirement. For segment lengths of at least 100 samples and clean
data, this seems to be clearly satisfied by the Maximum Entropy
method and Marple’s algorithm, while Prony spectral line estima-
tion is ruled out.

4. AUTO-REGRESSIVE SPECTRA OF PIANO SOUNDS

The remaining figures show some preliminary results of an ap-
plication of Marple’s MODCOVAR algorithm to piano sounds.

wheren = 1..200. For the measurements in nOise, 100 different These were taken from a recording of Bach’s Fugue in C major

realizations of a Gaussian random sequemgewith zero mean
and variancel (average noise to signal ratjpu||/||s|| ~ 0.18)

from part | of “The Well-Tempered Clavier”, sampled at 5 kHz us-
ing SoundEdibn a Macintosh, and then processed as above using

were synthesized and separately added to the signal. Further pago poles. Due to a fault in the tape recorder used as input device,

rameters were the lengtN of the signal segment\| = 50, 100

and 200), and the number of real sinusoids modelled; for Prony

line estimation, this number coincides with the model orger
while for the other two methods it is equalg2.

the entire spectrum is shifted to the lower end by about a semitone.

Fig. 2 shows the spectrum of a time slice of 1000 samples
(0.2s) from the first tone of the piece. The note being played is
C4; however, comparison with the fundamentals and partial3;of

To avoid implicit windowing, and hence bias, in its operation (shown as dots) reveals the frequency shift just mentioned. Nev-

on finite sequences) = Z + Z ' was realized by adding the

ertheless, the fundamental and 5 partials are clearly visible. Fig.

two opposite time shifts of its argument excluding the extreme 3 shows a frequency peak spectrum of the first 10 seconds of the
components which would fall on zeros if the sequences were Zero-piece with frequencies given in units of semitones abdye=

padded. To be able to carry out the ensuing vector operations, thisya) Hz, Fundamentals and up to 5 partials of the longer notes
has to be matched by a shortening of the other vector quantities.are visible as stripes; to resolve shorter ones (like the demisemi-
Thus their dimension drops by 2 in each iteration. Likewise, for quaverss, andF; in the first bar at about frame 100) would prob-

the Maximum Entropy method, thenbiasedautocorrelation esti-
mate

N—-m-—1

Z Snsn+m7 OSmSP

n=0

1

¢m:¢7m:me

was used; the Toeplitz solver was adapted from [9], section 2.8.

From the parameters obtained with each of the methods, the
zeroszy, (resp.xi) of the resulting polynomials were computed us-

ing Mathematic& standard routineblSolve (for the Maximum
Entropy method and Marple’s algorithm) aB@jenvalues  (for

Cybenko’s method) and converted to digital frequencies according

to wy = arg(zx) resp.wx = arccos(zr/2). Among the result-

ing set of positive frequencies, the ones closest to the three true

frequenciesu;, were selected, and the maximal relative error

max {|wr — wi| /wi , k=1,2,3} (18)

ably require higher sample rates. Only poles lying within a dis-
tance o0f0.01 from the unit circle in the complex plane are retained
in order to filter out spurious poles. The fact that information about
the relative size of spectral peaks is available at no additional com-
putational cost represents a practical advantage of unconstrained
pole search over the Prony line method.

CPU timings inMathematicgon a PC with 400 MHz Pentium
Il processor) for the pole search over the entire signal segment
shown in the figure were about 22 seconds for an uncompiled ver-
sion of Marple’s algorithm, and 7 seconds for a partly compiled
implementation of the Maximum Entropy method.
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Figure 1: Relative error(18) of the frequency measurement (vertical axis) as a function of the number of sinusoids modelled.
maximum entropy method; circles: Prony method; triangles: Marple’s MODCOVAR algorithm. Top row: clear,ddtattom row:

noisy datas, + wx With ||w||/||s|| = 0.18. From left to right: segment lengt = 60, 100, and200 samples.
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Figure 2: Auto-regressive power spectrusifw) in dB of a single

indicate the location of the exact multiplesi®f (246.94 Hz).
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