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Abstract

We definetwo type assignmensystemdor first-orderrewriting extendedwith application,A-abstraction,
andg-reductionusinga combinatiorof intersectiortypesandsecond-ordepolymorphictypes.Thefirst system
is thegenerabne,for whichwe prove subjectreduction andstrongnormalisatiorof typeableterms.Thesecond
is a decidablesubsystenof thefirst, by restrictingto rank 2 (intersectiorandquantified)types. For this system
we define,usinganextendednotionof unification,a notionof principaltyping whichis moregenerathanmL’s
principaltype property sincealsothetypesfor thefreevariablesof termsareinferred.

Intr oduction

Sincethe first investigationn combinationof LambdaCalculus(Lc) and Term Rewriting Systems
(TRS) [13, 19, 14, 26], this topic hasdravn attentionfrom the theoreticalcomputersciencecommu-
nity. At first, the areaof programmindanguagealesignwasconsiderto be the typical field on which

thetheoreticalresultsfor combinationsf the two computationaparadigmscould betterexploit their

potentialities.Later on, the evolution of interactive proof developmentoolswith inductie types,and

theoremproversin generaldiscloseda numberof possibleapplications.

Apart from the practicaloutcome mostof the theoreticainvestigationsn this particularfield have
shavn thattypedisciplinesprovide anoptimalervironmentin which rewrite rulesandg-reductioncan
interactwithoutlossof theirusefulpropertieg14, 15,26,9, 10, 7]. Typedisciplinescomein two main
flavours: explicitly typed(alsocalleda la Church) andtypeinferencesystemga la Curry). Systems
basedon the lattersort of type disciplineareof greatinterestfrom the point of view of programming
languagedesign. In fact, they save the programmerfrom specifyinga type for eachvariable(i.e. no
typeannotatioris required).Most of theresultsaboutcombinationf Lc andTRsS, however, concern
systemswhich areexplicitly typed.

In the contet of the LC alone,type inferencedisciplineshave beenwidely studied,in particular
with intersectiortypes,andsomework hasalsobeendonefor TRs alone,morepreciselyfor Curryfied
TRS (@rRs) [8] which arefirst-orderTrs with application thatcorrespondo the TRs underlyingthe
programmindanguageClean[34]. Theinteractiondbetween.c andTRs for type systemsala Curry;
insteadhasnotbeenextensiely investigated They werefirst studiedn [7], where@Trs extendedwith
A-abstractiorand8-reductionweredefined togethemwith a notionof intersectiortype assignmentor
boththeL c andthe TRs fragmentsin this papemwe carryonthis studyby takingexplicit polymorphism
into accounthamelythe possibility from the programmindanguagepoint of view, of usingthe same
programwith agumentsof differenttypes.



Wetake into accountalsoanotheimportantfeatureof typesystemdor programmindanguagesthe
notion of principal type thatis, a type from which all the othertypesof aterm canbederived. As a
matterof factwe consideranevenstrongerpropertythanprincipaltypes:theprincipal typingproperty
This meanghatary typing judgementfor a term canbe obtainedfrom the principal one,thatis, not
only the type but alsothe basis(containingthe type assumptiongor the free variables)is obtained.
The pragmaticvalueof this propertyis demonstrateth [25], whereit is shavn that, unlike principal
types,principaltypingsprovide supportfor separateompilation,incrementatype inference andfor
accurateéypeerrormessages.

Thetypesystenof ML is polymorphicandhasprincipaltypes butits polymorphisnis limited (some
programsthat arisenaturally cannotbe typed),andit doesnot have principal typings (see[17, 25]).
SystemF [23] providesa muchmoregeneralnotion of polymorphism but lacksprincipaltypes,and
type inferenceis undecidablén general(althoughit is decidablefor somesubsystemsn particular
if we considertypesof rank 2 [27]). Intersectiontype systemg12] are someavherein the middle
with respecto polymorphismandhave principaltypings. But type assignmenis againundecidable;
decidabilityis recoreredif we restrictourselesto intersectiortypesof finite rank[29].

In [24], asystentfor LC combiningintersectiortypesandSystem- waspresentedyhich hasprinci-
paltypings(se€[32]). In this papemnwe extendthe approacthof thatsystemto a combinationof Lc and
Q@rRs. In otherwords,we extendthetypesystenmof [7] further adding'V' asanextratype-constructor
(i.e. explicit polymorphism). Although extendingthe setof typesby adding'V’ doesnot extendthe
expressiity of the systemin termsof typeableterms,the setof assignableéypesincreasesandtypes
canbetterexpressthe behaiour of terms(see[16]). Theresultingsystemhasthe expectedproperties:
SubjectReduction,and StrongNormalizationwhenthe rewrite rulesusea limited form of recursion
(inspiredby the GeneralSchemaof Jouannauénd Okada[26]). The proof of the latter follows the
methodof Tait-Girards reducibility candidatesgxtendedn orderto take the presencef (higherorder)
algebraiaewriting into account.

In view of theabore results two questionsarisenaturally:

i) IstheRank2 combinatiornof SystemF andthe IntersectiorSystemalsodecidable?

ii) Doesit have theprincipaltyping property?

We answerthesequestiondn the affirmative. The restrictionto typesof rank 2 of the combined
systemof polymorphicandintersectiontypesis decidable. This restrictedsystemcanbe seenasa
combinatiorof the systemsonsideredn [6] and[27]. The combinations two-fold: notonly thetype
systemsof thosetwo papersare combined(resp.intersectionand polymorphictypesof rank 2), but
alsotheir calculi arecombined(resp.@rRrs andLC). In our Rank?2 systemeachtypeabletermhasa
principaltyping. Thisis the casealsoin the Rank2 intersectionsystemof [6], but notin the Rank?2
polymorphicsystenof [27]. For thelatter, atypeinferencealgorithmof thesamecompleity of thatof
ML wasgivenin [28], wherethe problemghatoccurdueto thelack of principaltypesarediscussedh
detail. Our Rank2 systemgeneralizesilsoJim’s systempP, [25], which is a combinationof ML-types
and Rank 2 intersectiontypes. Having Rank 2 quantifiedtypesin the systemallows usto type for
instancethe constant unST usedin [31], which cannotbetypedin Ps.

This paperis organisedasfollows: In Sectionl we defineTrs with application,A-abstractiorand
B-reduction(TRs + ), andin Section2 the type assignmensystem.Section3 dealswith the strong
normalizationpropertyfor typeableterms,andin Section4 we prove a confluenceesult. In Sections
we presentherestrictionof the generakype assignmensystemto Rank2; finally, Section6 contains
theconclusions.



1 Term Rewriting Systemswith g-reductionrule

In this section,we will presenta combinationof untypedLambdaCalculuswith untypedAlgebraic
Rewriting, obtainedby extendingfirst-orderTrs with notionsof applicationandabstractionanda -
reductiornrule. We canlook atsuchcalculialsoasextensionsof the CurryfiedTermRewriting Systems
(@rRs) consideredn [3, 8], by addingA-abstractioranda 3-reductionrule. We assumeéhereaderto
befamiliarwith Lc [11] andreferto [30, 18] for rewrite systems.

Definition 1.1 i) An alphabetor signatue X consistf a countablejnfinite setX’ of variables
Z1,To,23,... (Orz,y,2z,2' 4y, ...), anon-emptysetF of functionsymbolsF’, G, ..., eachwith
afixedarity, anda speciabinaryoperatorcalledapplication(Ap).

ii) ThesetT(X X) of terms rangedover by ¢, is definedby:
t = «x | F(tl,. .. ,tn) | Ap(tl,tQ) | Ax.t

Wewill considetermsmoduloa-corversion.
A contet is atermwith a hole,andit is denotedasusualby C[].

iii) a) A neutial termis atermnotof theform A\z.t.
b) A lambdatermis atermnot containingfunctionsymbols.

¢) An algebraic termis atermcontainingneitherA nor Ap.
Thesetof freevariablesof atermt is definedasusual,anddenotedy FV(z).

A term-substitutionis an operationon termswheretermsvariablesarereplacedoy terms;asusual
for term-substitutiorn systemswith abstractionwe will considetermsmoduloa-conversionto avoid
nameclashesTo denotea term-substitutionwe usecapitalcharacterdike ‘R’, insteadof Greekchar
acterdike‘o’, whichwill beusedo denoteypes.Sometimesve usethenotation{z, — t1,...,z, —
tn }. We write tR for theresultof applyingthe term-substitutiorR to ¢.

Reduction®on T(% X) aredefinedthroughrewrite rulestogethemwith a s-reductionrule.

Definition 1.2 (Reduction) i) A rewrite rule is a pair (I, ) of terms.Often,arewrite rule will geta
namege.g.r, andwewrite [ — r. Threeconditionsareimposedi ¢ X, [ is analgebraiderm,
andFV(r) C FV(1).

i) A rewrite rule! — r determines setof rewrites/R — rR for all term-substitution®. Theleft
handsidelR is calledarede, theright handsiderR its contractum Likewise, for ary ¢ andu,
theusualnotionof g-reductionAp(\z.t,u) —4 t{#7} is alsoarewrite; Ap(\z.t, u) is called
arede, and¢{#—} its contractum.

i) A redex t maybe substitutedy its contractumt’ insidea context C[]; this givesriseto rewrite

stepsC[t] — CJ[t']. Concatenatingewrite stepswe have rewrite sequencety — t; — to — - - -.
If tg = --- — t,, (n > 0) wealsowrite ty —* t,,, andty —* ¢, if t; —* ¢,, in onestepor more.

Definition 1.3 A TermRewriting Systenwith -reductionrule (TRS + () is definedby a pair (2, R)
of analphabet: andasetR of rewrite rules.

Notethatin contraswith @RS, therewrite rulesconsideredh this papemaycontaini-abstractions
in theright-handsides.

We take theview thatin arewrite rule a certainsymbolis defined.

Definition 1.4 In arewrite rule F'(t1,...,t,) —r r, F' is calledthedefinedsymbolof r, andr is said
todefineF. F' is adefinedsymbo] if thereis arewrite rule thatdefinesF’, and@ € F is calleda
constructorif @ is notadefinedsymbol.



Noticethat' Ap’ cannotbeadefinedsymbolsinceit cannotappeaiin theleft-handsideof a rewrite
rule.

Definition 1.5 Let (X, R) beaTrRs+ .
i) A termisin normalformif it containanorede.
ii) A termt is stronglynormalisableif all therewrite sequencestartingwith ¢ arefinite, andwe
will write SN/(¢) if ¢ is stronglynormalisable.
i) (X, R) is stronglynormalisingif everytermis.
iv) (2, R) is confluentf for all ¢ suchthatt —* v and¢ —* v, thereexists s suchthatu —* s and
v—=*s.

Examplel.6 Thefollowing is a setof rewrite rulesthatdefineshefunctionsappend andmap on lists
andestablishetheassociatiity of append. Thefunctionsymbolsnil andcons areconstructors.

append (nil, 1) = 1

append (cons (z,1),1") — cons (z,append (1,1"))

append (append (,1'),1") — append (I,append (I',1"))

map (f, nil) — il

map (f, cons (y,1)) — cons (Ap(f,y), map (f,1))
Sincevariablesn TRS+ 5 maybesubstitutedy A-expressionswe obtainthe usualfunctional
programmingparadigmextendedwith definitionsof operatorsanddatastructuresNotice, however,
thatwe obtainmore:in functionalprogramsthe setF is dividedinto functionsymbolsand
constructos, and,in rewrite rules,functionsymbolsarenot allowedto appeain ‘constructor
position’ andvice-versa.This doesnot hold for TRs+ 3: thesymbol‘append’ appearsn thethird
rulein bothfunctionandconstructoposition.

2 A Polymorphic Intersection Systemfor TRs+ 3

In this sectionwe definea type assignmensystemfor TRS+ 3, thatcanbe seenasan extension(by
adding'V’) of the intersectiorsystempresentedn [7]. We usepolymorphicstrictintersectiontypes,
definedover a setof type-\variablesandsorts(type constants)usingarrow, intersectioranduniversal
guantifiers.We assumehe readerto be familiar with intersectiorntype assignmensystemsandrefer
to[12, 2, 5] for moredetails.

Severalsystemsanbe consideredsfragmentsof ourtypeassignmensystem:

i) Thesystenof [7]: V-freefragment

i) Thesystenof [8]: A-free,V-freefragment

iii) Thesystemof [5]: sort-free V-free,Lc-fragment

iv) Thetypeassignmentersionof SystemF [23] : intersection-free c-fragment

v) Thesystemof [32]: sort-freeLc-fragment

Indeed thelattersystemis nota properfragmentsincewe usestrict intersectiortypes(i.e. aninter
sectiontype cannotbe theright-handsideof anarraw type). However this is not anactualdifference,
sincethe useof strict intersectiorntypes,while simplifying the typing proceduresgdoesnot affect the
typing power. Any termtypeablein thefull intersectiortype disciplinecanbe givena strict type and
vice-versa[2].

For what concernsSystemF, its type assignmentersioncanbe seenasa fragmentof our system,
but our systemis not a pureintersection-etensio: we cannotquantifyintersectiortypes.Again, this



is notarealproblem:for ary universallyquantifiedintersectiortypeVa.o1nos we have anequialent
typeof theform (Va.o1)n(Va.oz).

For Lc, atypeassignmensystenthatcombinegheintersectiorsysten12] with SystenmF hasbeen
definedin [24] andits principaltype propertyhasbeenstudiedin [32]. As far astypesareconcerned,
thedifferencebetweerour systemandthelatteris thatwe addconstantypes,andusestrictintersection

types.

2.1 Types

We usestrictintersectiortypesoverasetV = ®u.4 of type-variablesandasetS of sorts For various
reasongdefinition of operationson types,definition of unification),we will distinguishsyntactically
between(namesof) freetype-\ariables(which belongto ®) and(namesof) boundtype-\ariables(in
A).

Definition 2.1.1 (Types) Let ® = {¢o, ¢1,...}, A ={ap, a1,...}, andS = {sg, s1,...} all be
denumerablsets.7s, the setof polymorphicstrict types and7, the setof polymorphicstrict
intersectiontypes aredefinedby:

Ts u= @|s|(T = Ts) | Vo Tsle/ ]

T == (TsN---N7Ts)

To avoid parenthese the notationof types,‘—’ is assumedo associatgo the right and, as
in logic, ‘n’ binds strongerthan‘—’, which binds strongerthan‘Y’; so pnu—Va.y—4§ standsfor
((pnp)—(Va.(y—46))). Also Va.o is usedasabbreiation for Vay .Vay . . . Vo, .0, andwe assumehat
eachvariableis boundat mostoncein atype(renamingf necessary)in themeta-languageye denote
by o[7/¢] (resp.o(r/a]) thesubstitutionof thetype-\ariabley (resp.a) by 7 in o.

FV(o), thesetof freevariablesof atype o is definedasusual(notethatby constructionFV(c) C
). A typeis calledclosedif it containsno freevariablesandgroundif it containsno variablesatall.

Definition 2.1.2 (Relationsontypes) Therelation< is definedastheleastpre-order(i.e. reflexive
andtransitive relation)on 7 suchthat:

Vn>1,V1i<i<n[oin---no, < o
Va.o < o[r/a]
o < Va.o, anotin o
VnEl,Vlgzgn[ogoz] = o< oin-Noy
o<1 = Vaola/p] <Var|a/y]
pLo&T<u = o=7<p—=>p

Theequvalencerelation ~ ontypesis definedby: 0 ~ 7 <= ¢ < 7 < ¢, andwe will work with
typesmodulo ~ .

Notice that 7s is a propersubsetof 7, andthato— (7np) is notatypein T (it is not strict). To
obtaina notion of type assignmenthat is a true extensionof SystemF, the 'Y’ type-constructois
allowedto occuron theright of anarrow, soatypelike c—Va.7 is well-defined. Also notethatwe
cannotguantifyintersectiortypes,but we have equivalenttypesof theform (Va.o;)n(Va.os).

2.2 Typeassignment

Beforecomingto the definitionof typeassignmentye introducethe notionof basis.

Definition 2.2.1 (StatemenandBasis) i) A statemenis anexpressiorof theform ¢:o, with o € T
andt € T(F X). t is thesubjectando thepredicateof ¢:o.



i) A basisB is apartialmappingfrom variablegto types representedssetof statementsvith only
distinctvariablesassubijects.

i) ForbasesBy, ..., By, thebasisll{By,..., B,} isdefinedby: z:01n- - -noy, € II{By,..., B}
if andonlyif {z:01,...,z:0n,} isthe(non-empty)setof all statementaboutz thatoccurin
B1U -+ UB,.

iv) Weextend < and ~ to basesdy: B < B’ if andonly if for every z:0’ € B’ thereis anz:o € B
suchthato < o', andB ~ B’ if andonlyif B < B' < B.

Noticethatif n = 0, thenTI{ By, ..., B,} = 0. Wewill oftenwrite B, z:o for thebasisll{ B, {z:0}},
whenz doesnotoccurin B, andwrite B\ z for the basisobtainedrom B by remaring the statement
thathasz assubject.

Oneof the main featuresof type assignmensystemsand intersectionsystemsn particular is to
provide flexibility of typing. This featureseemsn contrastwith the type rigidity implicitly possessed
by functionsymbols.They have precisearitiesanda precisefunctionalbehaiour, asexpressedy the
rewriting rules. Developingatypeassignmensystemcontainingfunctionsymbolsnecessarilymplies
asortof mediationfor whatconcernslgebraiderms betweerflexibility andrigidity. We achieve this
by usingan ervironmentproviding a type for eachfunction symbol. This approachhowever, is not
rigid: from the type provided by the ervironmentwe canderive mary typesto be usedfor different
occurrencesf thesymbolin aterm,all of them‘consistent'with thatprovidedtype.

Definition 2.2.2 (Environment) An ervironmentis amapping€ : F — 7Ts.

2.2.1 Operationson Types

In orderto obtainvalid instance®f thetype providedby anenvironmentfor afunctionsymbolwe will
useoperationsvhich arestandardn type systemswith intersectiortypes,suitablymodifiedin orderto
take into accountthe presencef universalquantifiers. Theseoperationsare: substitution expansion
lifting andclosue.

In type systemsbasedon arrov typeswith type-\ariables,the operationof substitutiongenerates
all valid instancesf a given type by replacingtypesfor type variables. In presencef intersection
types,valid instancesouldalsobetheresultof replacing(sub)typedy theintersectiorof anumberof
renamedtopiesof that (sub)type.Thisis (roughly)whatis performedby the operationof expansion
Theoperatiorof lifting, insteadgeneratemstance®f typesusingthe’ <’ relation. Thelastoperation
we considerclosue, is not presenin othertype systemsawith intersectiortypesandhasbeendevised
to dealin particularwith universalquantification.

In thefollowing we shallhave to considetthenotionof principal typingfor aterm,thatis thetyping
from which all the possibletypingsfor thetermcanbe derived. This canbe achiezed by meansof the
above discusseaperationsThis impliesthatwe shallhave to definethe abore operationgiot only on
types,but alsoon type dervations(denotedoy B F¢ t:o, whereB is abasisando atype). We shall
usethesamesymbolsto denotethetwo versionsof theoperationssincethe context will alwaysclarify
ary possibleambiguity

We will shav thatall operationsaresoundin the sensehatthey presere typeability andtherefore
well-definedvhenextendedo derivations.Thatis, for ary operatiorop, if B ¢ t:0 thenop(B k¢ t:0)
is acorrectderiation. Of coursethe variantsof the operationn derivationscanbe composed.

Substitution. We will definesubstitutionasusualin first-orderlogic, but avoid to go out of the set
of polymorphicstrictintersectiortypes.For example thereplacemenof ¢ by 7N, would transform
o—p into o—71N79, Whichis notin 7. Thefollowing definitiontakesthis factinto account.



Definition 2.2.3 (Substitution) Thesubstitution(p—p) : T — T, whereyp is atype-\ariablein &
andp € 7Ts, is definedby:

(p—p)(p) =p

(p=p)(#") = ¢, ifg £

(prrp)(s) = s

(prp) (@) = «

(pr>p)(0—7) = (prp)(0) = (prrp) (1)
(prrp)(o1n-non) = (p—=p)(o1)N -+ N(prp)(on)
(p—=p)(Va.o) = Voa.(p—p)(0)

We will useS to denotea genericsubstitution.Substitutionextendto basesn the naturalway:
S(B) = {z:S(p) | z:p € B}.

For substitutionsthefollowing propertieshold:

Property2.2.4 LetSbea substitution.
) If o <7,thenS(o) < (7).
i) If B<B',thenS(B) < S(B').

Proof: Thesecondrartis aconsequencef thefirst, whichis shavn by inductionon the definition of
<, ]

Expansion. As mentionedabove, the operationof expansiondealswith the replacemenof a sub-
type of atype by anintersectiorof a numberof renamedcopiesof thatsub-type.Whena sub-typeis
expandednew typevariablesaregeneratedandothersub-typesnight be affected(e.g.the expansion
of 7 in c—7 mightaffectalsoos: intuitively, eachrenamectopy of 7 will have anassociatedopy of
o; see[36] for adetailedexplanation).Groundtypesarenot affectedby expansionssinceall renamed
copiescoincide(andono ~ o).

Two differentdefinitionsof expansiorappeain theliteraturefor Lc, dependingopnwhethermoneuses
asetof types(seee.g.[36]) or asetof typevariablegseee.g.[5]) to computethe setof typesaffected
by the expansion.Our definitionis inspiredby [36]; the extensionto dealwith typescontainingsorts
hasalreadybeendonein [20], herequantifiersarealsotakeninto account.

We considerexpansiongdeterminedy threeparametersthe sub-typeto be expandedthe number
of copiesthathave to be generatedandthe setof typesaffectedby theexpansion.Thethird parameter
is not presentin standarddefinitionsof expansionsinceit canbe “computed”, however we preferto
addit sinceit simplifiesthe definition. Of course,we will only apply an expansionto a type (or to
atypederivation)if they arecompatible thatis, if the third parametenf the expansioncontainsthe
correspondingetof affectedtypes.

Thetypesmodifiedby theexpansion{u, n, A) will bethosethatendwith atypein A. Thenotionof
last sub-typesn astricttype playsanimportantrole in this operation.

Definition 2.2.5 Thesetof lastsub-type®f atyper € Ts, denotedy last(7), is definedoby:

last(o) = {¢}

last(s) = {s}

last(c—p) = {o—p} Ulast(p)
last(Va.o) = {Va.o} Ulast(o[pa/a])-

Note thatfor typesof theform Va.o, accordingto our corventiono is not a well-formedsub-type
(freevariablesmustbelongto ®). For thisreasorwe considera mapping4— ® thatassociate® each
« adifferentfreshp, € ®, andrenamex in o, usingyp,,. In this way we candefinesub-typesf types



in 7, asusual.
We definenow the notionof compatibility betweeranexpansiorandatypederivation (it appliesto
typesasparticularcase).

Definition 2.2.6 (Compatibility) We represena deriation B t-¢ t:0 by atriple (B, o, E) whereB is
abasiso atype,and E thesetof typesassignedo the functionsymbolsof ¢ in thedervation. An
expansiorex,, ,, 4y (Wherey isatypein 7, n > 2, and A afinite setof types)is compatiblewith a
derivationrepresentetly (B, o, E) if thesetA containsthesetL,({B, o, E)) definedasfollows:
i) Any non-closedbtrict sub-typeof 41 isin £,((B, o, E)).
i) Let beanon-closedstrict(sub)typeoccurringin (B, o, E). If 7’ is amostgenerainstance
(with respecto theuniversalquantifiersof 7 suchthatlast(r')nL,((B, o, E)) # 0, then
e L,(B,o,E)).
iii) Any non-closedstrict sub-typeof 7 € L,((B, 0, E)) isin L,((B, 0, E)).
An expansiorEx,, , 4y is compatiblewith atyper if it is compatiblewith thetriple (@, 7, ).

Thedefinitionof expansionalreadynon-trivial in theintersectiorsystempecomegjuiteinvolvedin
the presencef universalquantifiers.We defineit in two steps.First, giventheset A of typesaffected
by the expansion,we seewhich arethe variablesthatwill needto be renamedfor free variableswe
usesubstitutionsn orderto do the renamings but we also needto renameboundvariables;those
renamingsarenot substitutionsaccordingto our definition, but by abuseof terminologywe call them
substitutionsaswell). Then,if the expansion{u,n, A) is compatiblewith the type 7 that we want
to expand,we traverser top-davn searchingor maximalsub-typesvhoselastsub-typesarein A or
have aninstance(obtainedby replacingboundvariablesby types)in A. Thosesub-typesof + will be
replacedy intersection®f renamedopies.

Definition 2.2.7 (Expansion) Let u beatypein 7, n > 2, and A afinite setof types.Theexpansion

determinedy (u, n, A), denotedoy Ex, » 4y, is definedasfollows:

(Renamingp LetV = {p1,...,on } bethesetof freetypevariablesoccurringin A, andlet S;
1< i< n) bethesubstitutiorthatreplacesevery ¢; by afreshvariablego;'-, andevery a; andepq,
by o (actually S; is justarenaming).

(Expansiorof atypd: Forary 7 € T (withoutlossof generalitywe assumehatits boundvariables
aredisjointwith thoseof 1, A) compatiblewith theexpansiorEx,, , 4, thetypeEx, , 4)(7) is
obtainedout of ~ by traversingr top-davn andreplacingin 7 amaximalnon-closedub-types
suchthatthereexistsa mostgenerainstancgw.r.t. the universalquantifiers)s’ of 8 with
last(8')nA # 0
a) by S1(B)N -+~ NSy (B) if B/ = B,

b) otherwiseby
() (Su(B)) N -+ N Su(B5) NVSi(@)EX i, ) (plE5/0) [/55))
1<j<p
if 8 =Va.p, ﬁ; (1 <7 <p) areall themostgenerainstance®f g satisfyingthe condition,
andc; arefreshconstantseplacingthevariablesinstantiatedn theinstance@ of B.

(Expansiorof a derivation): Let B I-¢ t:0 beatype-dewation (representedly thetriple (B, o, E))

compatiblewith Ex, » 4)- Theresultof theapplicationof the expansionis thenatriple:

<{$:Ex<u,n,A) (P) | Tp€ B}7 EX(,u,,n,A) (U), {Ex(u,n,A) (p) | pe E}>
Wewill prove below thatthistriple representa correctderiation(i.e. expansionsresoundon
derivations).

Someexplanationsarein order The resultof an operationof expansionis not uniqguebecauset



dependon the choiceof new variablesin part(Renamingsof the definition; but it is uniquemodulo
renamingof variables(and this is sufficient for our purpose). It is alwaysa typein 7: we never
introduceanintersectiorattheright-handsideof anarrav type,andnever quantifyanintersectiortype
(seepart(Expansiorof atypd). A typemight beaffectedby anexpansiorevenif its freevariablesare
disjoint with thoseof the sub-typeto be expanded.The reasoris thatuniversallyquantifiedvariables
represenan infinite setof terms(their instances)so if oneinstanceis affected,the whole type is
affected. If we areapplyingan expansionoperationto a universally quantifiedtype, someinstances
maybe expandedif theirlastsub-typesarein the setof affectedtypes)whereaothersarenot (if their
lastsub-typesarenotin this set). In this casethe expansionof the universally quantifiedtype will be
theintersectiorof the expansionf eachclassof instancesSincethereis only afinite setof affected
types,theoperationis well defined.

Example2.2.8 Let~y be (p1—¢2)—(p3—¢1)—p3—p2, andExbethe expansiondeterminedy
(p1,2, {1,301, ps}). First,we checkthatthis expansionis compatiblewith -y: indeed theset
Ly, ((0,7,0)) = {e1, p3—¢1, @3} Thenwe computethe setof variablesthatwill berenamed:
V = {1, 3}. Theresultof the expansionof ~ is:

EX(7) = ((pine?)—=w2) = ((p3—01)N(p3—=¢1)) = (93n03) = .
Considemow atypewith universalquantifiersandfreevariablessuchas
v = VaoVas.(p1—ag)— (ag— 1) —ag—ag,

Then ,C@l((@,’)’,@)) = {g01,Vag.(g01—>g01)—>(a3—><p1)—>a3—><p1,
(P1=01) = (Pas—$1) = Paz—P1, P1P1, Paz =1, Pasg |
Let Exbethe expansiondeterminedy (1,2, L, ((0,7,0))), whichis obviously compatiblewith ~.
ThenV = {¢1} and
EX(v) = (Yas.(pi—¢1)—=(as—p1)—as—p1) N (Vos.(¢f =¢7) = (as—¢f) —az—¢f) N
(VaVagVod. (e Npi—az)—((a3—¢i) N (af—pl))—as Nag—as).
For anexamplewith sorts,considery = (p1—s)—2, andlet Ex bethe expansiondeterminedy
(13,2, {p1—+s,¢1}), whichis compatiblewith v sinceL,, ,s({0,7,0)) = {¢1—s, ¢1}. Then
V = {1} andEX(y) = ((p1—s)n(pF—s)) 2.
If we applyinsteadthe expansiondeterminedy (s, 2, L, ((0,7,0))) to v, where
Loy ((0,7,0)) = {2, (p1—5)—p2, 01,1}, and
V = {201},
we obtainEx(y) = ((p1—s)—=w3)n((pi—s5)—=¥3).

For anoperationof expansiorthefollowing propertyholds:

Property2.2.9 LetEx= (u,n, A) bean expansioncompatiblewith a derivationrepresentedy
(B,o,E). If z:p€ B andp < o, thenEx(p) < Ex(o).
Proof: By inductiononthedefinitionof <. ]

Lifting . The operationof lifting replaceshasisandtype by a smallerbasisanda larger type, in the
senseof ‘<’ (see[4] for details). This operationallows us to eliminateintersectionsand universal
guantifiers,usingthe ‘<’ relation. Whenapplyinga lifting to a derivation B ¢ ¢:0 we will usethe
pair (B, o) to representhederivation.

Definition 2.2.10 (Lifting) An operatiorof lifting is determinedy a pairL = <(Bg, 79), (B1, 71)>
suchthatry < 7y andB; < By, andL((B, o)) = (B’,¢') where
o = T1, ifO':T(), B = Bl, IfB:BO

o' = o, otherwise B'" = B, otherwise



A lifting ontypesis determinedy apairL = (7, 71) suchthatry < 7; andis definedby

L) = n, ifo=m
= o, Otherwise

Closure. Theoperationof closue introducesquantifierstaking into accounthe basiswherea type
is used.

Definition 2.2.11 (Closue) A closue is anoperationcharacterisetly atype-\ariableyp. It is
definedby:

Cl,((B,o)) = (B,VYa.ola/y]), if p doesnotappeain B (« is afreshvariable)
= (B,o), otherwise
It is extendedto typesby: Cl, (o) = (1), if Cl,((0,0)) = (0, 7).

Chainsof operations. ThesetCh of chainsfor typesis definedasthe smallestsetcontainingexpan-
sions,substitutionsliftings, andclosuren types,thatis closedundercomposition.

Definition 2.2.12 (Chainsontypes) i) A chainis anobject[Oy,...,0,], whereeachQ; is an
operationof substitutiongxpansionlifting, or closure,and
[O1,...,0,](0) = On(--- (0O1(0)) - --)-
i) Onchainstheoperationof concatenatioiis denotedy *, and:
[017---7Oi] * [Oi+17---70n] = [O1,...,On].
i) WesaythatCh, = Ch, if for all o, Chy (o) = Chy(0).
iv) We extendthenotionof compatibilityto chainsby: Chis compatiblewith B \-¢ t:o if, for all

expansion€Exthatoccurin Ch(soCh= Ch; x [Ex] x Chy), Exis compatiblewith
Chy (B F¢ t:o).

Noticethat,althoughthe operationof substitutionseemgedundantin thatonecould simulatesub-
stitutionvia closureandlifting, thisis only thecasefor typevariableghatdo notoccurin thebasis to
instantiateype-variablesthatoccurin the basisaswell, substitutionon typesis essential.

2.2.2 TypeAssignmentRules

We specifyhow to typetermsthroughthe presentatiorf typeassignmentules. To dealwith function
symbolswe usean ervironment& andthe operationson typesdefinedabove: the typesassignedo
occurrencesf functionsymbolsareobtainedirom the type provided by the ervironmentby makinga
chainof operations.

Definition 2.2.13 (TypeAssignmenRules) i) Typeassignmenfwith respecto £) is definedby the
following naturaldeductionsystemin sequenform (whereall typesdisplayedarein 7s, except

foroy,...,0p inrule (F) ando in rules(—E), (—1), and(<)). Notetheuseof achainof
operationsn rule (F).
:0€B Btegtioy -+ Blgto
() = (o<7) () £ 1)
Btgax:r B¢ t:o1n- - noy,
Bl¢e tii:o—T B¢ ty:o B,z:0 ¢t
(—E): (=) ————
Btg Ap(ty,to):T Btg Ar.t:o—T
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Btgtioy - Bbltgtioy,

(%): Bbtg F(t1,...,tn):0 @

B¢ tio B¢ tVa.o

() B k¢ t:Va.ola/y)] (b) (VE): B k¢ t:o[T/a]

a) If thereexistsachainChontypessuchthato;—- - -—o,—0c = Ch(E(F)).
b) If © doesnotoccur(i.e.is notfree)in B.
ii) If B k¢ t:0 isderivablein this systemwe write B ¢ t:0.

As saidbefore,the useof anernvironmentin rule (F) introducesa notion of polymorphismfor our
function symbols,which is an extension(with intersectiontypesand generalquantification)of the
ML-style of polymorphism. The ervironmentreturnsthe ‘principal type’ for a function symbol; this
symbolcanbe usedwith typesthatare‘instances’of its principaltype, obtainedby applyingchainsof
operations.

Note thatthe rule (<) is only definedfor variables,andwe have a (VE)-rule for arbitraryterms
but notan (nE)-rule. Indeed the (nE)-rule for arbitrarytermscanbe admittedto this systemof rules
without extendingits expressie power. Onthe otherhand,the (VE)-rule cannotbe deriedif it is not
presentin thesystem.This asymmetrycomesrom thefactthatour typesarestrict with respecto ‘n’,
but notwith respecto ‘Y'.

Example2.2.14 We canderive b¢ Azyz.z(yz) : (p1—p2) = (p3—p1)—p3—¢o asfollows, where
B = {z:p1—p2, Y1301, 203}
yip3—p1 €B zip3 € B

Tip1— P € B B¢ Y:p3—r 1 B¢ 2:p3

B Fg z:p1— o B Fg yzipr

Blte x(yz) : 2
B\z Fg Az.z(yz) : p3—p2

B\y,z Fe Myz.xz(yz) : (p3—91)—p3—>p2

Fe Azyz.z(yz) : (p1—92) = (p3—1) @300
andalsor¢ Azyz.z(yz) : Yagas.(p1—az)—(as—p1) —as—ag With aderivation D of theform:

Fe Azyz.z(y2) : (P1—92) = (P3—91)—p3—>p2

Fe Axyz.z(yz) : Vag.(p1—as) = (p3—¢1) —p3—an

Fe Aryz.z(yz) : Vazas.(p1—a0) = (as—¢1) >az—as
Noticethatthesub-dewationfor ¢ Azyz.z(yz) : (p1—=p2)—=(ps—=91)—p3—+p2 in D is exactly
theonegivenaborve, in thesensdhatno a appearshere.

Now, performingthe expansion®f Example2.2.8 we obtainthe statements

Fe Azyz.z(yz) : ((e1ne?)—p2)— ((05—01)N(03—¢7)) = (05NP3) =2

and
Fe Azyz.z(yz) : o1Noanos
where 01 = Vas.(pl =)= (a3—pl)—az—el,
oy = Voz.(pl—=97)— (a3 —=pt)—az—t, and
o3 = VagVaiVa3.(pl N2 —as)—((ad—pi) N (a3—¢?))—ai Na3—as,
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which arederivedasbelav (where,in thederivations,we will omit the premissdor rule (<) (of the
shapéz:o € B’) aswell asy for lack of space).
Take B = {z : pi =,y : p3—¢1, z:p3}, thenfor e Azyz.z(yz):01:

Bl—gy:3—>% Blgz:s

Bl—gm:%—ﬁ Bl—gyz:%
Blrgz(yz): 1
B\zlFg Mz.z(yz) : 3—1

B\y,z be Ayz.z(yz) : (3—1)— 31

Fe Azyz.a(yz) : (12 1)—= (32 1) =31

Fe Aryz.z(yz) : Vas.( %—) %)—)(a3—> %)—>a3—>%

Thederwationfor ¢ Azyz.z(yz):04 is similarto the oneabove, justreplacep! by ¢?.
Take B = {z : (pInp?)—=p2,y : (p3—o)n(wd—p?), 2:p3np3}, then,for k¢ Aryz.z(yz2) : o3:

Bleyi—i Blegzy Brey3—? Blez3
B¢ yz:% B¢ yz:%
B¢ z:(1n?)—o B kg yz:ing
B¢ z(yz) 2
B\z Fg Mz.z(yz) : (3n3)—
B\y,z Fe Ayz.a(yz) : ((3-1)n(3-7))—=(5n5) =2

Fe Azyz.z(yz) : ((101)—>2) —=(=1)n(E 7))~ (3n3) 2
a3. (1
(i

e Aayz.a(yz) 1 Vos.(1 NT—2) = ((3—1) N (e5-1)) >3 N a3

Fe Aryz.z(yz) : Va3Va3 1—)2) ((aé—)%) N (a%—)f))—)aé N a§—>2

Fe Azyz.z(yz) : YaoVadVai.(1 N3—ag)—((ad—1) N (a3—32))—ai Na3—ag,
Finally, combiningthesethreederivations,we obtain:

Fe Azyz.z(yz) : o1 Fe Azyz.z(yz) : oo Fe Azyz.z(yz) : o

2 ()

Fe Azyz.z(yz) : o1noanos
Similarly, we canbuild a derivationfor
Fe Azyz.z(yz) : Vagasas. (o —ae)— (ag—aq ) —az—as

whichis in factthe principaltypefor thisterm. We canalsodefinea function F’ which playsthesame
role asthis A-term,usingarewrite rule

F(z,y,2) — Ap(z, Ap(y, 2)).
Theterm F(z,y, z) is typeablewith respecto anenvironmentwhere
E(F) = Vazasay.(ag—an)—(az—ar)—az—ay Of
E(F) = (pr1=p2)(p3—p1) P32

2.3 Soundnesf operationson derivations

Thefour operationglefinedabore aresoundin the sensahat, whenappliedto a derivation, they yield
aderiation. We will shav thisresultfor eachof theindividual operations.

12



Theoem?2.3.1 (Soundnessf Substitution) Let S bea substitutiorand£ an ervironmentthen

B k¢ t:0 impliesS(B) ¢ t:S(0).

Proof: By inductiononthestructureof derivations.Theonly interestingcasesare:

(<): Thent =z andB < {z:0}. By Lemma2.2.4(ii), S(B) < {z:S(0)}, SOS(B) ¢ z:5(0).

(F): Thent=F(t1,...,t,), thereareoy,...,0, € T andachainCh suchthat,for every1 <i <n,
B k¢ ti:o; andCh(E(F)) = 01—+ - -—0o,—0. Thenby induction,S(B) t¢ t;:S(0;), for every
1 <14 <n; since[§oChis achainand

([SeCh)(E(F)) = S(o1) = +++ = S(on) — Ho),
by (F) alsoS(B) t¢ t:S(0).

(VI): Thenthereexistsar suchthate = Va.7[a/], B k¢ t:7, andp doesnotoccur(free)in B. By
induction,S(B) F¢ t:S(7). Withoutlossof generalitywe canassuméhatS(¢) = ¢, then
Va.S(1)[a/p] = S(Va.T[a/p]). Thereforejf ¢ occursin 7, it alsooccursin S(7), andit will not
occurin S(B). Butthen,by rule (V1), alsoS(B) ¢ t:Va.S(7) [/ ).

(VE): Thentherearer, p suchthato = 7[p/a|, andB F¢ t:Va.7. By induction,S(B) F¢ t:S(Va.1).
SinceSdoesnotaffect boundvariablesalsoS(B) ¢ t:Va.S(7). Then,by rule (VE), we get
S(B) ¢ #:8()[S(p) /], andS(7)[S(p) /o] = S(7]p/c]).

Theoem2.3.2 (Soundnessf Lifting) Let L bealifting and€ anernvironmentthenB ¢ t:o

impliesL(B) t¢ t:L(o).

Proof: NoticethatL(B) < B ando < L(o). Theproofis doneby inductionon the structureof

dervations.

(<): Thent =z andthereexistsa T suchthatz:7 € B, with 7 < ¢. SinceL(B) < B, thereexistsa p
suchthatz:p € L(B), andp <7 <o <L(0). Butthen,by rule (<), L(B) ¢ z:L(0).

(F): Thent = F(t1,...,t,), andthereareoy, ..., o, suchthat,for 1 <i <n, B ¢ t;:0;, andthere
existsachainCh suchthatCh(€(F)) = 01— - -—0o,—0. SinceL(B) < B, by induction
L(B) k¢ ti:04, for 1 <i<n. Sinces <L(0),

L=<(0,01—--—op—0),(0,01— - 20op—L(0))>
is alifting, so[L] * Ch(§(F)) = 01— -+ —0o,—L(0), andL(B) kg F(t1,...,t,):L(o) by
rule (F).
(—E): Thent = Ap(t1,t2), andthereis ap suchthatB ¢ t1:p—c, andB F¢ to:p. Sinceo <L (o),
alsop—o < p—L(0), sobyinduction,L(B) ¢ t1:p—L (o) and,by rule (—E), also
L(B) kg Ap(t1,t2):L(0).
(—1): Thent = \z.t', andtherearep, u suchthate = p—u andB, z:p k¢ t':p4, andd,  suchthat
L(o) = y—4, andy < p, u < 4. Then,by inductionL(B), z:y ¢ t':6, andtherefore py rule
(—1), alsoL(B) Fg Az.t'":y—4.
(VI): Theno = Ya.p[a/¢], andB k¢ t:p. SinceVa.pla/¢] <L (o), by definitionof * <, either:
(L(o) = plu/¢]): By induction,L(B) k¢ t:p, and,usingrule (VI) we obtain
L(B) F¢ t:Va.p[a/¢] (withoutlossof generalitywe assumehaty doesnotoccurin L(B)).
Now, using(VE) we obtainL(B) ¢ t:p[u/¢].

(L(o) = Vd!.o, with o/ fresh: By induction,L(B) k¢ t:p, and,sinced’ is fresh,
L(B) k¢ t:Va!'.o, by rule (V1).

(L(o) = Va.ula/¢], with p < p): Then,by induction,L(B) k¢ t:u, andL(B) k¢ t:Va.u[a/¢]
by rule (VI).

(nD): Theno = o1n- - -noy,, and,for 1 <i <n, B k¢ t:0;. Thenthereis an1 <17 <n, suchthat
0; <L(o). Then,byinduction,L(B) k¢ t:L(0). ]

A directconsequencef this theoremis thatthefollowing derivationrule is admissible.
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Also, thefollowing is immediate.

Comwllary 2.3.3 B k¢ t:o1n- - -noy, if andonlyif B k¢ t:0;, forall 1 <i<n.

Theoem?2.3.4 (Soundnessf Expansion) LetEx= (u, n, A) beanexpansioncompatiblewith the
derivationB t¢ t:o representedy (B, o, E). If EX((B, 0, E)) = (B',0', E'), thenB' \-¢ t:o'.
Proof: By inductiononthestructureof derivations.

(<): Thent =z andthereexists T suchthatz:7 € B, with 7 < . By Property2.2.9 Ex(1) < Ex(o),
thenby rule (<), B’ b¢ z:0”.

(F): Thent = F(ty,...,t,), andthereareo, ..., o, suchthat,for 1 <i<m, B ¢ t;:0;, andthere
existsachainCh suchthatCh(€ (F)) = 01— - -—o,,—0. We distinguishthreecases:

a) If o/ = Ex(0) = Ni<j<n Sj(0) thenEX(oi) = N1 <<y, Sj(0i) and

Ex(o1—-—om—0) = (] Sjlor—--—om—0),
1<j<n

sincethe expansions compatiblewith thederiation. By induction,EX(B) ¢ t;:Ex(o;).
Thereforepy Corollary2.3.3 EX(B) F¢ t;:5;(0;), andusingrule (F) with [S;] * Ch, we can
derive EX(B) k¢ t:S;(0). WethenobtainB’ ¢ t:¢' usingrule (nl).

b) If EX(Ch(E(F)) = EX(o1)— ... —~EX(0,,)—>EX(¢) then,sinceby induction
EX(B) k¢ ti:Ex(0;), we canapplyrule (F) with achain[EX * Chto obtainB’ +-¢ t:0”.

c¢) Otherwiseg is auniversallyquantifiedtypewheresomeinstancesreexpandedasin part(a)
andsomeinstancessin part(b). ThenEx(c) is anintersectiortypewherethe derivation for
eachcomponentanbeobtainedasin part(a) andpart(b), andcombinedusingrule (nl).

(—E): Thent = Ap(t1,t2), andthereis ap suchthat B ¢ t1:p—0, andB t¢ t9:p. By induction,
EX(B) F¢ t1:EX(p—0), andEX(B) ¢ t2:EX(p). We considertwo cases:

a) If EX(p—0) = Ni<j<n Sj(p—0) thenalsoEX(p) = N;<;<, 5j(p) and
Ex(0) = Ni<j<n Sj(), sincetheexpansionis compatiblewith thederiation. Then,by
Corollary2.3.3 EX(B) F¢ t1:5;(p—0), andEX(B) k¢ t2:5;(p). Thereforeusingrules
(—E) and(nl) we obtainEx(B) ¢ Ap(ti1,t2):EX(0).

b) Otherwise Ex(p—0c) = EX(p)—ExX(c). ThenEX(B) k¢ Ap(t1,t2):Ex(o) follows by
inductionusingrule (—E).

(—=1): Thent = \z.t', andtherearep, u suchthate = p—u andB, z:p k¢ ;4. Then,by induction
Ex(B), z:EX(p) Fg¢ t":Ex(u). If EX(p—p) is anintersectiorof renamedopieswe proceedasin
thepreviouscasesOtherwise Ex(p— 1) = EX(p)—EX(u). Sinceby induction
EX(B),z:EX(p) ¢ t":EX(11), usingrule (—1) we obtainEx(B) k¢ t:EX(0).

(VI): Theno = Ya.p[a/¢], andB k¢ t:p, wherep doesnotoccurin B. If Ex(o) is anintersectiorof
renamecaopiesof o, thensois EX(p), andby inductionEx(B) ¢ t:Ex(p). Using
Corollary2.3.3andrule (VI) we obtainEx(B) F¢ t:Ex(c). Otherwisethereis aninstanceof o
(w.r.t. thequantifiersyvhoseexpansionis notanintersectiorof renamedopies.Since,without
lossof generalitywe canassumehat is notin A, alsotheexpansionof p is in 7sin thiscase.
Then,by inductionandrule (V1) we obtainEX(B) ¢ t:Ex(o).

(VE): Theno = o’[r/a] andB ¢ t:Va.o'.

By induction,Ex(B) k¢ t:Ex(Va.c'). Sinceall theinstance®f Va.o' aretakeninto accounin
Ex(Va.o'), in particularwe obtainEx(B) t¢ t:Ex(c) using(VE).

(nl): Theno = o1n- - -noy,, and,for 1 <i <n, B k¢ t:0;. Then,by inductionandrule (nl) we deduce

Ex(B) F¢ t:Ex(0). ]
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Theoem?2.3.5 (Soundnessf Closure) LetCl = () bea closue sut thatCI((B, o)) = (B', ¢'),
and& anenvironmentThenB t¢ t:o impliesB’ ¢ t:o’.

Proof: Directby definitionof closure usingrule (V1). ]
We thenhave:

Theoem?2.3.6 (Soundnessf Chains) Let B ¢ t:0, Chbea compatiblechain,and& an
environment.ThenCh(B k¢ t:0) = Ch(B) F¢ t:Ch(o).

2.3.1 Type Assignmentfor Rewrite Rules

Being ableto infer a type for a term doesnot give ary guaranteeaboutthe typing of the termsin
ary reductionpathout of it. Indeedwe needto make surethatthe rewrite rulesrespectheintended
functional behaiour for the function symbolsof the signatureexpressedy the ervironment. The
ervironment, howvever, doesnot expressa strict conditionon the type of function symbols,leaving
roomto flexibility by letting us usedifferentconsisteninstance®of thetype of a symbolfor different
occurrencesf it. So,we would like to have a certaindegreeof flexibility alsoin the useof rewriting
rules,without losingthe propertyof subjectreduction whichis essentialn type systems.In orderto
achieve this we definea notion of type assignmenbn rewrite rules,asdonein [8], usingthe notion of
principal pair (alsocalledprincipaltyping). The typeability of rulesensuresonsisteng with respect
to theervironment.

Definition 2.3.7 (Principal pair) (P, r) is calleda principal pair for ¢ with respecto &, if P b¢ t:,
andfor all B k¢ t:0, thereis achainCh compatiblewith P ¢ t:wsuchthatCh((P, 7)) = (B, o).

Definition 2.3.8 i) Wesaythat! — r € R with definedsymbol F is typeablewith respecto &, if
thereare P, andw € T suchthat:

a) (P, ) is aprincipalpairfor [ with respecto £, andeachchainCh compatiblewith P ¢ I:7
is compatiblewith P ¢ r:m.
b) In P ¢ I:m andP ¢ r:m all occurrencesf F' in sideconditionsto rule (F) aretypedwith
E(F).
i) Wesaythat(X, R) is typeablewith respecto &, if allr € R are.

Notice that, by the formulationof part(i.a), the setof typespermittedto occurin the derivation for
P ¢ rmisrestricted.

Notethatfor arule F(t4,...,t,) — r to betypeable£(F) mustbeof theformo1— ... o, —0.
Although & (F') cannothave an outermosuniversalquantifier its free variablesplay the samerole as
universallyquantifiedvariableqsincethey canbeinstantiatedy substitutioroperations)In particular
for the polymorphicidentity functionI we will use&(I) = p—.

Example2.3.9 We shav now thetypeassignmentfor therewrite rule D(z) — Ap(z,z) in an
environment€ where€(D) = (p1—p2)Np1—w2. Let B = {z:(¢1—¢2)np1 }, then

z:(p1—p2)Np1 € B z:(p1—p2)Np1 € B

B Fg z:01—o B Fg z:pq

Blez: (p1—p2)ner
B¢ D(z) : ¢2
Indeedthisis aprincipalderivationfor D(z). In orderto typetherewrite rule we have to shav that
{z:(p1—=p2)np1} Fe Ap(z,x) : @9, Whichis easy:let B = {z:(¢1—w2)ng1 }, then:
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z:(p1—=p2)Np € B z:(p1—p2)Np1 € B
Blgx: (p1—p2) Blex:p
Ble Ap(z,z) : p2

Wewill only considerTrRs + 3 thataretypeablewith respecto a givenervironment€.

2.3.2 SubjectReduction

We will now shaw thatreductiongresere typesin our system.In the proof of SubjectReductionwe
will useonemorelemma:

Lemma2.3.10 Let& beanervironment aterm,andR a term-substitution.
) If B ¢ t:0 and B’ is abasissud that B’ ¢ zR:p for everystatement:p € B, thenB' I-¢ tR:o.
i) If thereare B ando sud that B ¢ tR:o, thenfor everyz occurringin ¢ theris a typep, sut
that{z:p, | = occursin t} ¢ t:0,and B ¢ zR:p,.
Proof: By inductiononthestructureof derivations. [ |

Theoem2.3.11 (SubjectReductionTheorem) If B ¢ t:0 andt — ¢/, thenB k¢ t':0.

Proof: Fora g-reductionstepthe proofis standardsowe considemonly the caseof arewrite step.Let
[ — r bethetypeablerewrite rule appliedin therewrite stept — t'. We will prove thatfor every
term-substitutiorR andtype i, if B ¢ IR:i, thenB ¢ rR:y, which provesthetheorem.

Sincer is typeablethereare P,  suchthat(P, ) is aprincipalpair for [ with respecto £, and

P k¢ r:m. SupposeR is aterm-substitutiorsuchthat B ¢ [R:i. By Lemma2.3.1Q(ii) thereis a B’
suchthatfor every z:p € B', B ¢ zR:p, andB’ ¢ I:11. Since(P, ) is a principaltyping for [ with
respecto &, by Definition2.3.7thereis a chainCh compatiblewith (P, ) suchthat

Ch((P, 7)) = (B', u). SinceP k¢ r:m, by Theoren2.3.6alsoB’ ¢ r:u. Thenby Lemma2.3.1Q(j)
B¢ rRep. |

3 StrongNormalisation

As mentionedin the introduction,typessene not only asspecificationsandasa way to ensurethat
programscannotgo wrong’ duringexecution,but alsoto ensurethatcomputationgerminate.In fact,
this is a well-known propertyof the intersectionsystemfor Lc, andof SystemF, but the situationis
differentin TRs (arulet — ¢t may be typeable,althoughit is obviously non-terminating).In this
sectionwe will focusontherestrictionsnecessaryo obtaina strongnormalisatiorresult.

3.1 The General Scheme

Inspiredby the work of Jouannaudnd Okada[26], who defineda generalschemeof recursionthat
ensuregerminationof higherorderrewrite rulescombinedwith Lc, we will definea generalscheme
for TRS+ 3, suchthat typeability of (X, R) in the (second-orderpolymorphicintersectionsystem
definedin this paperimpliesstrongnormalisatiorof all typeableterms.

Definition 3.1.1 (Geneal Sthemeof Recusion) Let X beasignaturewith a setof functionsymbols
Fn=QU{F!,... F"}, whereF!, ..., F" will bethedefinedsymbols,andQ thesetof
constructorsWe will assumehatF!, ..., F™ aredefinedincrementally(i.e. thereis no mutual
recursion)py typeablerulesthatsatisfythegeneal scheme

F'(C[z],5) - C'[F (CIZ, D), ..., F' (Cn[7}, ). 7],
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wherez, 7 aresequencesf variablessuchthatz C 7; C[],C'[],C1,...,C,,[ ] aresequencesf
contetsin T'(F;—1, X); andfor every 1 < j <m, C[Z]>my C;[Z], wherea is the strictsubterm
ordering(i.e.r> denotestrict supefterm)andmul denotesnulti-setextension.Moreover, in the

principalderiation P ¢ F* (C[z],7):w of F* (C[z], ), thetypesassociateto thevariablesy in P
arethetypesof thecorrespondingirgumentsof F* in £(F?).

This generalschemds a generalisatiormf primitive recursion.It imposeswo main restrictionson
the definition of functions: the termsin the multi-setsC; [z] are sub-termsof termsin Clz] (this is
the ‘primitive recursve’ aspecbf the scheme)andthe variablesz mustalsoappearasargumentsn
theleft-handsideof the rule. Both restrictionsare essentialn the proof of the StrongNormalisation
Theorembelov. Thelastonecanbe replacedby a typing condition,requiringthatthe variablesin z
thatarenotincludedin i canonly be assignedasetypes. Also, insteadof the multi-setextensionof
the subtermordering,a lexicographicextensioncanbe used,or even a combinationof lexicographic
andmulti-set(see[21] for detailsaboutthesevariantsof the scheme).
Notethatalthoughthegeneraschemdasaprimitive recursie aspectit allowsthedefinitionof non-
primitive functionsthanksto thehigherorderfeaturesavailablein TRs+ 3: for example Ackermanns

functioncanberepresented.

h(0) —  Az.Succ(z)
h(Succ(z)) — \y.H(h(z),y)

H(g,0) — Ap(g, Succ(0))
H(g,Succ(y)) — Ap(g,H(g,y))
whereSucc is thesuccessaofunction.
Also therewrite rulesof CombinatoryLogic arenotrecursve, so,in particular satisfythe scheme.

3.2 The strongnormalisation theorem

We shallprove that,whenthe rewrite rulessatisfythe generakchemaevery typeabletermis strongly
normalisable Thiswill bedoneusingTait-Girards method[22] andthetechniqueglevisedin [26] in
orderto copewith someof thedifficultiesthatthe presencef algebraicewriting makesarise.

Fromnow onall therewrite ruleswill beassumedo satisfythegeneralkchema.

In thefollowing, asequencey, . . ., e, of elementwill bedenotedby e. Thelengthof thesequence
will bedenoteddy |e| (so|eq,...,e,| = n). In this sectionwe shallnot distinguishbetweerfree and
boundtype variables. Type variableswill be denotedby ¢, ¢, 1,.... Recallthatatermis called
neutil if it is notanabstraction.

Definition 3.2.1 A ReducibilityCandidateof typer is asetR™ of termstypeablewith 7 andsuch
that:

(CD: If t e R™, thent is stronglynormalisableSN (t).
(C2: If te R™ andt —* ¢, thent' e R™.
(C3): If tis neutralandtypeablewith typer, andif, for everyu, t — uw impliesu € R™, thent e R".

Notethatary reducibility candidatecontainsall the term-\ariablesandthat, for ary type p, SN'” is
areducibility candidate.

Definition 3.2.2 Let p beatype,andlet R7 beasequencef reducibility candidateR}*, ..., R}
suchthat|R7| = ||, where{z} D FV(p); thenwe candefinethesetof termsRed *[R? /%] by
inductionon p, asfollows:

(0 = s): Red*[R7/g] = SN.
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(0 = pi): Red ¥ [R7/5] = RT".

(p = ont): Red"[R7/7] = Red °[R7 /@] NRed " [R7 /7).

(0 = 0—7): Red°>7[R7/7] is thesetof termst typeablewith (o—7)[7/%] andsuchthat,for every
u€ Red?[RY/7], Ap(t,u) € Red"[R7 /7.

(p = Vo!.7): Red "' "[R7 /5] is the setof termst typeablewith Vo .7[7/7] andsuchthat, for ary
typed andreducibility candidateS?, t € Red "[R7 /3, S° /o/].

Fromnow on, whenconsideringa sequenc&” in a Red”’[R7/g|, we shall alwaystacitly assume
IR = |7l and{p} 2 FV(p).

Lemma3.2.3 Red *[R7/g) is a reducibilitycandidateof typep[7/%)].

Proof: By inductiononthestructureof p.

(0 = s): By definitionRed ”[R7 /@] = SN*. It is straightforvardto checkthat SA* satisfieC1),
(C2) and(C3).

(0 = ¢i): Immediateby definition,sinceR;* is areducibility candidateof type-y;.

(0 = ont): We havefirst to shaw that,if € Red ?[R? /%] N Red "[R7 /%], thent is typeablewith
(onT)[7/%]. By inductionRed °[R7/%] andRed "[R" /] arereducibility candidatesf type
o[y/®] andr[y/7|, respectrely. Hencet is typeableby o[y/%] andr[7y/7]. Since
(enT)[7/%] = o[¥/®] N T[7/7], by definitionof our systemwe getthatt is typeablewith
(on7)[7/%]. We have now to prove the otherpropertieof areducibility candidatenamely(C1),
(C2) and(C3). Theseareeasilyinferredby thefactthatRed *[R7/g) is theintersectiorof two
reducibility candidates.

(p = o—7): By definition3.2.2we have thatif ¢ € Red ?[R? /7] thent is typeablewith (c—7)[7/7)].
We canprove now the otherpropertiesvhich musthold for areducibility candidate.

(C1): Lett € Red?[R7/7]. By inductionbothRed °[R7/7] andRed " [R? /%] arereducibility
candidatesHence sinceary reducibility candidatecontainsall the variablespy Definition
3.2.2 wehavethat Ap(t, ) € Red "[R7/%] and,by (C1), Ap(t, z) is stronglynormalisable.
Thusalsot is stronglynormalisable.

(C2): Lett € Red[R7 /7], with t —* ¢/, andlet u € Red °[R7 /3. By Definition3.2.2 we have
Ap(t,u) € Red"[R7/%]. HenceAp(t,u) —* Ap(',u) andAp(t',u) € Red"[R7 /7], by
(C2). By SubjectReductionTheoren?.3.19) and(C2), we obtaint’ € Red”[R7/3).

(C3): Lett beneutralandtypeablewith p[y/p], andlet usassumehat

Vu.t — u = u € Red’[R7/7].
We have to prove that
Vw.(w € Red’[R7 /7] = Ap(t,w) € Red"[R"/7)).
Letthenv € Red °[R?/%]. Sincet is typeablewith (c—7)[7/%] and,by induction,v is
typeablewith o[7/7], Ap(t,v) is typeablewith 7[y/p]. Moreover Ap(t,v) is aneutralterm
andthus,since(C3) holdsfor Red "[R? /7] by induction,to prove that
Ap(t,v) € Red[R7/%], it suficesto shaw thatfor ary  suchthat Ap(t,v) — £,
t € Red"[R7/7)]. By (C1) for Red °[R? /], v is stronglynormalisableWe now proceedoy
inductiononthe heightof thereductiontreeof v.
Sincet is neutral the reductionfrom Ap(t, v) to ¢ hasnecessarilyo occureitherin ¢ orin v.
1) If £ = Ap(#',v) with t — #' then,by our assumptiort’ € Red *[R? /] andhence by
definitionof Red ?[R" /7] we have Ap(t',v) € Red " [R" /7.
2) If £ = Ap(t,v') with v — o', then,by (C2) for Red °[R7 /7] we have v’ € Red 7[R /7).
Sincethereductiontreeof v’ is strictly shorterthanthe oneof v, by inductionwe obtain
Ap(t,v') €Red"[R7 /7).
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(p = V¢'.7): Any elemenbf Red "¢ 7[R7 /7] is typeablewith Vy'.7[7/%] by definition. We now
checkthatthe otherconditionshold.

(C1): Lett € Red " "[R7/7], let § beanarbitrarytypeandlet S° beareducibility candidatedor
¢ (thestronglynormalisableéermstypeablewith ¢, for instance).Then,by definition,

t €Red"[R7/p,S%/¢']. Sincefor Red "[R7/p, S? /'] theinductionhypothesisapplies by
(C1) we getthatt is stronglynormalisable.

(C2): Lett e Red "' "[R7 /3] with t —* '. By definition, for all typess andcandidatess® we
havet € Red"[R" /5, S? /¢']. Hence by inductionand(C2), #' € Red "[R" /5, S° /'] for all
typesé andcandidatess?. Thus,by definitionandSubjectReduction’ € Red " 7[R7 /7.

(C3): Lett beneutralandtypeablewith V¢'.7[7/7] andlet usassume

Vu.t — u = u e Red """ [R7/g].
Takingary typeé andary candidateS? for it, we have, by definition, that
Vu.t — u = ucRed"[R7/p,8° /4.
Sincetheinductionhypothesisappliesfor Red " [R? /5, S? /'], by (C3) we have that,for ary
typed andary candidateS? for it, ¢t € Red "[R7/%, S° /'], andhence by definition,
t € Red "' T[R7 /3. ]

Lemma3.2.4 (Red-substitution_Lemma)

Red?l"/¢I[R7/g] = Red?[R7/p,Red /*[R7/q]].
Proof: By inductiononthestructureof o. [ |

Lemma3.2.5 Letr < . Then,for anyreducibilitycandidatesR "
Red"[R7/¢] C Red’[R7/g].
Proof: By inductiononthedefinitionof <.
(V1<i<n (n>1) [o1n- - no, <o;]): Easy
Vi<i<n(n>1)o<o0; = o <oin---Noy,): Easy
(0<o' & T<7" = o'»7<o—7'): Lett € Red? ?7[R7/g]. Then,by definition, is typeablewith
o'—7and
Vu.(u € Red? [R7/g] = Ap(t,u) € Red"[R7/3]).
In orderto prove thatt € Red “~*"' [R7/5] we first noticethat,by Theoren?2.3.2 ¢ is also
typeablewith c—7’. Now, to shav that
Vu.(u€Red?[R7/@] = Ap(t,u) eRed” [R7/g)),
take u € Red “[R7/7]. By inductionRed ?[R7/7] C Red? [R7/%]. Henceu € Red ? [R7 /7]
andby assumptiomp(t, u) € Red "[R7/3]. Againby induction, Ap(t,u) € Red ™ [R7 /%]
(V¢'.o <ofr/¢]): Lett € Red "7 [R7/5). By definition,for ary typed andreducibility candidate
S%, teRed?[R7/3,S°/¢']. In particular t € Red °[R7 /@, Red " [R7 /7] /). By the
Red-substitution_emma3.2.4 we obtaint € Red °["/¢1[R7 /g].
(0 <71 = V¢'.o0 <V¢'7): By induction,for ary reducibility candidate®R?, S?:
Red"[R7/,8°/¢] C Red“[RV/,8° /']
Then,by Definition3.2.2 it follows thatfor ary reducibility candidateR”
Red "¥'"[R7/%] C Red V¥’ [R7 /.
(o <V¢'.o with o' & FV(0)): Sincey' ¢ FV(o), for ary typed andcandidates?,
Red’[R?/g] = Red°[R /3, S’ /¢']. Hence by definition,we have that
Red°[R7/g] C Red "*-°[R7 /7).
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(V' .o—T < o=V .1 with' & FV(0)): Lett € Red "' -“~7[R7/7]. Then,by Definition3.2.2 t is
typeablewith (V'.c—7)[7/%] and,for ary typed andreducibility candidateS?,
t€Red 7 "[R7/p,8°/¢].
This meanghat, usingthe definitionof Red °>7[R7/z, S° /'], for ary typed andreducibility
candidateS?,

Vu.(u € Red°[R7/3,8° /¢'] = Ap(t,u) € Red"[R7/5,8°/4]).
Sincey' ¢ FV(o), Red°[R7/7,S°/¢'] = Red°[R7 /] andhencefor ary u € Red °[R7 /7] we
have that,for ary § andcandidateS®, Ap(t,u) € Red ™[R/, S /¢']. Then,by Theoren?.3.2
t is alsotypeablewith c—V¢'.7[y/7)]. Thust € Red 7~Y¢"[R7 /7). m

Definition 3.2.6 i) A termt typeablewith type is reducibleif it isin Red "[SNX/X], whereX are
thefreevariablesof 7.
i) Let B ={z;:01,...,zn:0,} beabasisandlet FV(o1,...,0,) C {®}. Moreover, lety bea
sequencef typessuchthat|y| = || andlet R” beasequencef reducibility candidatesA
term-substitutiorR is R7-reduciblefor B if, for every z;:0; € B, z;R € Red 7[R /7).

Termscan,asusual beseenastrees;the sub-termof ¢ at positionp will bedenotedoy ¢|,, andt[u],
will denotetheresultof replacing.n ¢, thesub-termat positionp by u.

We shall prave our strongnormalisationresultby shaving that every typeableterm is reducible.
This implies strongnormalisatiorby Lemma3.2.3and(C1). In orderto shav thatary typeableterm
is reduciblewe needto prove a strongermproperty for which we will needthefollowing ordering.

Definition 3.2.7 i) Let'>)’ denotethestandardrderingon naturalnumbersandlex, mul denote
respectiely thelexicographic andmulti-setextensionof anordering.Let ‘>’ standfor the
well-foundedencompassmewirdering,i.e. u v if u # v modulorenamingof variablesand
ul, = vR for somepositionp € u andterm-substitutiorR. Notethatencompassmegbntains
strictsuperterm(‘>").

i) We definetheordering'>>SN on triples— consistingof a naturalnumber aterm,anda multi-set
of terms— asthe object
(>|N7 >, (_> U l>)mul)lez-
iii) Wewill interpretthetermuR by thetriple (i, u, {R}) = Z(uR), where
¢ i isthemaximalsuperindex of thefunctionsymbolsbelongingto u,
e {R} isthemulti-set{zR | z € Var(u)}.
Thesetriplesarecomparedn the ordering >SN,

WhenR is R7-reduciblefor somebasiscontainingthe free variablesof «, then,by (C1), everyt in
{R} is stronglynormalisablesotherewrite relation‘ -’ is well-foundedon {R}. Also, sincetheunion
of therelation‘s>" with aterminatingrewrite relationis well-founded[18], therelation' (— U>) 1’
is well-foundedon {R}. Hence with suchterm-substitutions,>>SN’ is awell-foundedordering.

We will use'>>N whenwe wantto indicatethatthe n-th elementof the triple hasdecreasednd
thefirstn—1 have notincreased.

We would like to stresghatwe do notjustinterpretterms,but pairsof termsandterm-substitutions.
Thisimpliesthatalthoughit canbethatthetermst®t andtR areequaltheir interpretationsieednot
beequalaswell.

We now cometo the maintheoremof this section.

Property3.2.8 LetB t¢ t:0, whee B = {z1:01,...,z5:0,}, andletFV(oy, ..., 0n,0) C {3}
Then,givena sequencef typesy sud that|§| = || anda sequencef reducibilitycandidatesR?, if
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R is aterm-substitutiorthatis R7-reduciblefor B, thentR € Red 7[R /7).
Proof: Seethe Appendix.

Theoem3.2.9 (StrongNormalisation) Anytypeableermis strongly normalisable

Proof: By Property3.2.8 it easilyfollows thatary typeabletermis reducible.Strongnormalisation
thenfollows from Lemma3.2.3and(C1). ]

4 Confluence

Usingthe previous strongnormalisatiorresult,we aregoingto shav thatthe absencef critical pairs
in atypeableTrRs + 3 impliesconfluenceon typeableterms.

Definition 4.1 If | — r ands — ¢ aretwo rewrite rules(we assumehatthe variablesnvererenamed
sothatthereis no variablethatoccursin both),p is the positionof a non-\ariablesubtermof s andu
is amostgeneraunifier of s|, andl, then(tu, su[ru),) is acritical pair formedfrom thoserules.
Notethatthe secondule maybearenamedrersionof thefirst. In this casea supefpositionattheroot
positionis not considered critical pair.

We will prove thattheabsencef critical pairsimplieslocal confluenceanduseNewmans Lemma
[33] to deduceconfluenceérom strongnormalisatiorandlocal confluence Let usrecallthe definition
of local confluence:

Definition 4.2 A reductionrelation— is locally confluenton asetT of terms,if for ary t,vi,vo €T
suchthatt — vy andt — v9, thereexistsvs € T' suchthatv; —* vz andvy —* vs.

Theoem4.3 AtypeableTrRs+ 3 (X, R) is locally confluenbntypeabletermsif it doesnothave
critical pairs.

Proof: By the SubjectReductioriTheoremall rewrite sequencestartingfrom atypeableiermremain
insidethe setof typeableterms.We studytheinteractionsdetweerthetwo classe®f reductionsve
have: g-reductionsandreductionausingR.

Theabsencef critical pairsguaranteeno superpositionbetweertherewrite rules. It is well-knovn
thatthisimplieslocal confluenceof first-orderruleson algebraiderms.The extensionto terms
containingh-abstractionss standardwe abstractvith term-\ariablesthe sub-termghathave a A at
theroot, taking careof usingthe samevariablefor identicalsub-termssincerewrite rulesmaybenon
left-linear (see[9] for details). The extensionto rulescontainingh-abstractioronly in theright-hand
side(asin our systemsjs alsostraightforvard.

Sinceg-reductionsaareconfluenton A-termscontainingconstantsthe only remainingcaseto studyis
theinteractionof g-reductionswith reductionausingR. But sinceby definitionof rewrite rule, the
symbol Ap cannotappeain aleft-handside,thereis no superpositionbetweerg andotherrules.
This completeghe proof. [ |

5 Restriction to Rank?2

In this section,we will presenta decidablerestrictionof the type systemas presentedibore, based
ontypesof rank2. Althoughthe Rank?2 intersectiorsystemandthe Rank?2 polymorphicsystemfor
LC type exactly the samesetof terms[37], their combinatiorresultsin a systemwith moreexpressie
power: polymorphismcanbe expressedlirectly (usingthe universalquantifier)and, morewer, every
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typeablegermhasaprincipaltype,aswewill shav belown. Thelatterpropertydoesnotholdin asystem
withoutintersection.

5.1 Rank 2 type assignment

In this subsectionwe will briefly discussa notion of Rank2 type assignmen(the systempresented
hereis notthe only onepossible:a variantcould be to consideralsothe emptyintersectionj.e. to use
thetype constanty, but we will nottake thatdirectionhere).

The polymorphicintersectiontypesof Rank2, 7>, area true subsebf the setof polymorphicinter
sectiontypesasdefinedin Definition2.1.1

Definition 5.1.1 (Rank2 typesandbases) i) We definepolymorphicintersectiortypesof Rank2 in
layers:T¢ areCurrytypes,Tg arequantifiedCurry types, 7y, typesof rank 1, areintersection®f
quantifiedCurry types,and7; aretypesof Rank2:

Tc == ¢|s|(Tc = Tc)
T == To| (Va.Td[e/¢))
T o= (7’gﬂ ﬂTg)
T2 u= Tc| (L= T2)
We omit bracletsasbefore.
i) A Rank2 basisis abasisin which all typesarein 75.

Below, we will defineaunificationprocedurehatwill recursvely gothroughtypes.However, using
the setsdefinedabore, notevery sub-typeof atypein 7, is atypein thatsameset. For example,a—¢
is not a typein ary of the setsdefinedabove; however, Va.a— ¢ € T, andthereforeit canbe that,
whengoingthroughtypesin 7> recursvely, a— hasto be dealtwith. Sincethedistinctionbetween
free andboundvariablesis essentialwe introduce,for every set7; definedabove, alsothe set7;’ of
types,thatcontainsalsofreeoccurrencesf as. We will notalwaysusethe‘”” whenspeakingof these
sets however; it will beclearfrom the contet which setis intended.

As for T, we will considera relationon types,<,, but onethatis not the restrictionto 7, of the
relation< definedin Definition2.1.2 noticethatthe partcorrespondingo ‘o <, Va.o, if a notin ¢’
iS missing.

Definition 5.1.2 (Relationsontypes) Ontypes,thepre-orderi.e. reflexive andtransitive relation)
<, is definedby:

oin--Nop, <o 0oy (1<i<n)
Va.ola/e] <2 o[r/¢], (reTc)
Vi<i<n.o<po; = oc<o01N--Noy, (n>1)

p<20,7<opu = 0—=T<pp—p, (T, €T2)

0<o7 = VYaola/p] <sVa.r[a/g].

Theequialencerelation® ~5 " is definedby: o ~> 7 <= o <57 <50, andwe extend’ <, to bases
in thesameway asdonefor * <.

For <5, thefollowing propertieshold:

Lemmab.1.3 i) If o € Tc ando < o7 € Tp, thent € T¢.
i) If 0 € T1,0 <91 € Tp, ando doesnotcontain‘V’, thenneitherdoesr.
i) If o <omn---n1y, thenforall 1<i<n,o<o7;.
Proof: Easy ]
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TheRank?2 versiondor thevariousoperationaspresentedhelov aredefinedin muchthesameway
asin [6], with the exceptionof the operationof closureandlifting, thatwerenotusedthere.

The first three operationsusedfor the Rank 2 systemare straightforvard variantsof operations
definedfor thefull system.

Definition 5.1.4 i) Substitution¢+ p) : T2 — T is definedasin Definition2.2.3 but with the
restrictionthatp € 7c. We useldg for the substitutiorthatreplacesll variablesby themseles,
andwrite S for thesetof all substitutions.

For the sale of clarity, andin orderto avoid writing [S,, .. ., S;] for achainof single
type-variablesubstitutionsye will closethe setof substitutiorfor compositiono’: for
substitutionsS, , S,, the substitutionS,o S, is definedasS;0S, (o) = S (S (0)).

i) Lifting is definedasin Definition2.2.1Q but with therestrictionthat’ <’ is takento be* <y’ of
Definition5.1.2

iif) Closueis definedasin Definition2.2.11asa pair of types(o, ¢), with therestrictionthat
ceTd:
(o,0) (B, m1n-+:N73,)) = (B, 7{n---n7,)
whereforall 1 <i<n,
= VYa.ola/y], if 1, =0, andy doesnotappeain B (« is afreshvariable),and
Tl = 7, otherwise.

Thevariantof expansionusedin the Rank2 systemis quite differentfrom thatof Definition2.2.7.
Thereasorfor thisis thatexpansionnormally increasesherankof atype:

(1, 2) ({z: 0192}, 1)) (P1=92) = (p100T) =2,
a featurethat is of coursenot allowed within a systemthat limits the rank of types. Sincebelov
expansionis only usedin very precisesituations(within the procedureunifyg, andin the proof of
Theorenb.3.8, the solutionis relatively easy:in the context of Rank?2 types,expansioris only called
ontypesin 77, soit is definecto work well there by replacingall typesby anintersectionjn particular
intersectiong@renot createdattheleft of anarrow.

Definition 5.1.5 Let B beaRank2 basisg € T, andn > 1. Then-fold Rank2 expansiorwith
respecto thepair (B, o), n(p s : T2 — T2 is constructedsfollows: Suppose/ = {¢1, ..., pn} is
thesetof all (free)variablesoccurringin (B, o). Choosen x n differentvariablespi, ..., 7, ...,
Prn» - - - » Py, SUChthateachy!, (1 <i<n, 1< j <m) doesnotoccurin V. Let S bethesubstitution
thatreplacesevery ¢; by ¢%. ThenRank2 expansionis definedon types,basesandpairs,
respectiely, by:

n(5,q)(7) = Si(r)N - NS(7),

n(B,q) (B’) = {z:n(p,)(p) | z:p € B},

ey ((B',0") = (npq(B'),npe(0")).
Noticethat,if 7 € T, it canbethatS; (7) N --- NS, (7) is notalegal type. However, sinceeach
S (1) € To, for 1 <1 <n, for thesale of clarity, we will nottreatit separatelyseealsoLemma
5.1.13.

Noticethatwe have no needfor thethird parameterA’ in this notionof expansion.SinceRank2
expansioressentiallyis justthe combinationof a numberof substitutiondy meansof rule (nl), we
do notneedto calculatethe setof affectedtypes,for which thethird parametewasadded.

Sinceall resultsin this sectionregardthe Rank2 systemwe will use‘expansion’ratherthan‘Rank 2
expansion.

As before,operationsill begroupedn chains.
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Definition 5.1.6 A Rank2 chain (or R2-chainfor short)is a chainCh of operationscomposeaf at
mostoneexpansionat mostonesubstitutionat mostonelifting, andanumber(> 0) of closures:

Ch=[Ex S L,Cly,...Cl,] = [Ex SL,CI.
For chains thefollowing propertieshold:

Lemmab.1.7 LetChbeanR2-dain.

) If o € Tc, andCh(o) € T2, thenCh(o) € T¢, andthere s a substitutionS sud that
Ch(o) = (o).
i) If o €T, andCh(o) € 7Y, thenthere are a substitutionS, andclosuesCly, . .., Cl,, sud that
Ch(s) = [SCly,...,Cl,](0).
iii) If o € Tc, andCh(o) € T1, thenthere existsa lifting-free R2-chain CH sud that
Ch(c) = CH (o).
iv) If o € T, andCh(o) € T¢, thenthere is a substitutionSsud that Ch(c) = S(o).
V) If 0 € T, andCh(o) € 75, thenthere are substitutionS, andlifting L sud that
Ch(c) =[S L](0).
Proof: For partone,clearlyexpansiorandclosurearenotneededandby Lemma5.1.3(i), neitheris
lifting. Theotherpartsarejustgeneralisationsf thefirst. [ |

We now cometo the definitionof Rank2 typeassignment.

Definition 5.1.8 i) A Rank2 ernvironment is amappingfrom F to 7.
i) Rank2 typeassignmenontermsis definedby thefollowing naturaldeductionsystem:

T:0 €B BF2 to -+ BF2to
(<2): —% — (@ (nl): —— £ ()
B I—% T:T B l—% t:o1N: - Noy,
(E): B l—g t1:0—T B I—g to:o (S1): B,z:0 l—g t:T

B l—% Ap(ti,ta):T B l—g Az.t:o—T
B l—% t:o

B F% t:Ya.ola/y]

B I—g tioy -+ B I—% tiop
BFZ2 F(ty,...,t,):0

(V1): (b) (F): (d)

a)lf o <o7,0€7,andr € Tc.

b) If ¢ doesnotoccurin B, ando € T}.

c) If n > 1,ando; € 7Y, for every1 <i <n.

d) If F' € F, andthereexistsachainChsuchthato;—- - -—0,—0 = Ch(E(F)).

Noticethat, sincequantificatioreliminationis implicit in rule (<), whenrestrictingthe useof the
quantifierto theleft of arrovs only, thereis nolongerneedfor ageneralVE) rule; asrule (nE), its use
is in a strict systemlimited to variablesandthereits actionsarealreadyperformedby (<5). In fact,
this changds justifiedby Lemma5.1.11

Examples.1.9 We canderive both
y:(o—1)no € {y:(c—7)no} y:(c—=1)no € {y:(c—T1)nc}

{y:(c—T)nc} l—g Yo—T {y:(c—7)nc} l—g TH

{y:(c—=7)nc} l—g Yy T

02 Ayyy : (c—=7)no—T
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and
yVa.a € {y:Va.a} yVa.a € {y:Va.a}

{y:Va.a} F2 y:o—T {yVa.a} F2 y:o

{y:Va.a} F2 yy:T
0 F% Ay.yy : Va.a—T

We will now shav thattheabore definedoperationsaresound.First, we shav this for substitution.

Lemmab.1.10 If B +2 t:0, andSis a substitutionthenS(B) 2 #:S(o).

Proof: By inductiononthestructureof derivations.

(<2): Thent = z, 0 € T, andthereis p € T suchthatz:p € B andp <, 0. SinceS(p) <, §(o), and
z:S(p) € S(B), alsoS(B) 2 z:S(0).

(F): Thent = F(ty,...,t,), andthereareoy, ..., o, suchthat,for 1 <i<n, B l—g t;:0;, andthere
existsa chainCh suchthatCh(£(F)) = 01— - -—op—0. By induction,for 1 <i <n,

S(B) +% t;:S(c;), andsince
[§ * Ch(E(F)) = S(o1)— - - S(on)—>S(0),
by rule (F) we obtainS(B) 2 F(ty,...,t,):S(0).

(—E): Thent = Ap(t1,1,), andthereis ap € T suchthat B 2 t1:p—0, andB +2 t,:p. By
induction,S(B) 2 t,:S(p—0), andS(B) F2 t5:S(p), so,by rule (—E),
S(B) % Ap(t1,t2):(0).

(—1): Thent = A\z.t', andtherearep, 1 suchthate = p—p andB, z:p F% t':u. By induction,
S(B), z:S(p) F2 t":S(u), so,by rule (—1), S(B) F2 \z.t":S(p—p).

(V1): Theno = Ya.p[a/¢], andB 2 t:p. By induction,S(B) F2 +:S(p). We canassumewithout
lossof generalitythaty is notaffectedby S so,¢ occursin p if andonly if it occursin S(p).
Thereforepy rule (Y1), alsoS(B) +2 #:S(p)[e/¢], SOS(B) F2 t:S(p[a/¢]).

(nD): Theno = o1n- - \noy,, and,for1 <i<n, B Fg t:0;. Then,by induction,for all 1 < j <m,
S(B) -2 t:5(7}), so,by rule (nl), alsoS(B) 2 :S(1yn- - -N7y,). m

Thenext lemmastatesssentiallythatlifting is a soundoperation.

Lemma5.1.11 If B 2 t:0, andlet B', 7 besuch that B' <, B, ando <, 7, thenB' -2 t:7.

Proof: By inductiononthe structureof derivations.Firstwe dealwith the casethatr is notan

intersection.

(<2): Thent = z, 0 € T, andthereis p € 71 suchthatz:p € B andp <, 0. SinceB’ <, B, thereis
p' € T; suchthatz:p’ € B' andp’ <, p <, 0. Sinces <57, alsop’ <» 7 andB' % z:7. (Notice
that,sincec € Tcando <o 7,0 = 7.)

(F): Thent = F(ty,...,t,), andthereareoy, ..., o, suchthat,for 1 <i<n, B |—§ ti:o;, andthere
existsachainChsuchthatCh(& (F)) = 01—+ - -—o,—0. SinceB’ <, B, by induction
B’ l—% t;:0q, for 1 <i<n. Sinces <, 7,

L=<(0,01—--—op—0), (0,01 - —0,—T)>
is alifting, so[L] * Ch(£(F)) = g1—--—0on—7,andB’ k2 F(ty,...,t,):7 by rule (F).

(—E): Thent = Ap(t1,t2), andthereis ap € 71 suchthat B l—g t1:p—o,andB l—% ta:p. Since
o <, 1,alsop—o <5 p—7, soby induction,B’ I—% t1:p—7 and,by rule (—E), also
BI I—g Ap(tl,tg)lT.

(—1): Thent = \z.t/, andtherearep, 1 suchthato = p—u andB, z:p % t':11, ands, v suchthat
T = y—4, andy <, p, u <» 8. Then,by inductionB’, z: -2 t':4, andthereforepy rule (—1),
alsoB' 2 \z.t':y—4.
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(V1): Theno = Va.pla/y], andB 2 t:p. SinceVa.p[a/¢] <7, by definitionof ‘<, either:
(1 = p[u/ ), with u € Tc): By induction, B’ -2 t:p, and,by Lemma5.1.1Q B’ F2 t:p[u/ ]
(noticethat occursin p only).
(1 = Ye.ula /], with p <5 u): Then,by induction, B’ +% ¢:u, and B’ 2 t:Vav.u[a/ ] by rule
(V1).
(nD: Theno = o1n- - \noy,, and,for 1 <i<n, B F% t:0;. Thenthereis anl <7 <n, suchthat
;i <o 7. Then,by induction,B’ +-2 t:7. n

If 7 = 7N N7, then,by Lemmab.1.3(iii), for all 1 < i <n, o <5 7;. Theresultthenfollows from
theabove, andrule (nl).

Thenext lemmastateghatclosureis a soundoperation.

Lemm&s.1.12 If B F% t:7 andlet Cl = (o, ¢) beaclosue sud thatCl((B, 7)) = (B’, p), then
B’ I—% t:p.
Proof: LetT = 1n-- N7, (n > 1), then(o, @) ((B, 1N - -n7,)) = (B, 7in---n7),) SOB' = B and,
forall1<i<n,

e (p occursin B, andr; = o, andtheresultis trivial, or

e p doesnotoccurin B, 7; = o, andr; = Va.o[a/¢], andtheresultfollows fromrule (V1). m

Sinceexpansiorjustcreatesnintersectiorof types,it couldbethatthetypecreateds notin 75, but
would beanintersectiorof typesfrom thatset. Thereforewe cannotshav a generaksoundnesgesult.
However, we canshaw thefollowing:

Lemmab.1.13 LetExbeanexpansionandlet Ex(c) = oyn- - -noy,. If B 2 t:o, then,for every
1<i<n,therisaB' suhthat B’ FZ t:0;.

Proof: By Definition5.1.5 therearesubstitutionss;, . . ., S, suchthat,for every1 <i <n,
Ex(c) = Si(o)N -+ NS, (o). Theresultthenfollows from Lemma5.1.10(noticethat

B' = 5/(B)). ]

In caseexpansiongetsappliedto atypein 71, theresultis stronger

Lemmab.1.14 LetExbeanexpansionlf o € 7; and B 2 t:o, thenEx(B) +2 #:Ex(o).

Proof: By thepreviouslemma,if Ex(c) = o1n- - -no,, then,for every 1 <i <n, thereis a B’ such
that B’ Fg t:0;. Sinceo € T, alsoeacho; € 71. NoticethatEx(B) <, S (B), for 1 <7 <n, so,by
Lemmab.1.11andrule (nl), we gettheresult. ]

We have now thefollowing result:
Lemmab.1.15 If o € T, B 2 t:0, andChis a chainsud that Ch((B, o)) = (B', o'}, then

B’ I—% t:o’.
Proof: By lemmas5.1.10t05.1.13 [ |

Thefollowing propertiesof R2-chainswill beusedin the proofof Theorenb.3.8below.

Lemmab.1.16 i) If there existsan R2-chain Chsud thatCh((P U {z:v}, 7)) = (BU{z:p}, ),
whee r, i1 € T, thenthere existsan R2-chain CH sud that CH ((P, v—)) = (B, p—pu).

i) If there existsan R2-chain Ch sud thatCh((P, 7)) = (B, u), whee , u € T, thenthere exists
anR2-dain CH sut thatCH ((P, p—n)) = (B, p—pu), whee ¢ is a freshtypevariable

Proof: Straightforvard. ]

26



5.2 Unification of Rank 2 Types

In the context of types,unificationis a procedurenormally usedto find a commoninstancefor de-

mandedandprovidedtypefor applicationsij.e: if ¢; hastypeo—7, andt, hastype p, thenunification
looks for a commoninstanceof the typeso andp suchthat Ap(t¢1,t2) canbe typedproperly The

unificationalgorithmunifyg presentedn the next definition dealswith just that problem. This means
thatit is notafull unificationalgorithmfor typesof Rank2, but only analgorithmthatfindsthe most
generalunifying chainfor demande@andprovidedtype. It is definedasa naturalextensionof Robin-

sons well-known unificationalgorithmunify [35], and canbe seenas an extensionof the notion of

unificationaspresentedh [6], in thatit dealswith quantificationaswell.

Definition 5.2.1 Unificationof Currytypes(extendedwith boundvariablesandtype constantsjs
definedby:
unify: 74 x 76 = S.

unify(p, 7) = (p+—71), if p doesnotoccurin 7,0rp = 7
unify(ca, a) = lIdg,

unify(s, s = Idg,

unify(o, ) = unify(p,0),

unify(c—7, p—p) = S$08;, where S, = unify(o, p),

S = unify(S,(7), Si(w)-

(All non-specifiedaseslike unify(ay, az) with ag # a9, fail.)

It is worthwhileto noticethatthe operationon typesreturnedby unify is not really a substitution,
sinceit allows, e.g.,o— «, withoutkeepingtrackof thebinderfor a.. Thispotentiallywill createnrong
results sinceunificationcannow substitutdooundvariablesn unboundolaces.Therefore specialcare
hasto be taken beforeapplyinga substitution,to guaranteets applicationto the agumentactsasa
‘real’ substitution.

Thefollowing propertyis well-knowvn, andformulateghatunify returnsthe mostgeneralunifier for
two Currytypes,if it exists.

Property5.2.2 ([35]) For all o, 7 € T¢, substitutionss;, S;: if S; (o) = S;(7), thenthere are
substitutionsS, andS sud that

S, = unify(o, 7), andS, (o) = SoS,(0) = SoS,(7) = S (7).

The unificationalgorithmunifyg asdefinedbelown gets,typically, calledduringthe computationof
the principal pair for an applicationAp(t1,t2). Supposehe algorithmhasderived P; Fg t1:m and
P, Ff- to:mo asprincipal pairsfor ¢; andis, respectiely, andthatm; = o—7. Thusthe demanded
typeo is in 71 andthe providedtype s is in 75. In orderto be consistentthe resultof the unification
of o andm, — a chainCh — shouldalwaysbe suchthat Ch(wy) € 71. However, if o & Tc, thenin
generalCh(ws) ¢ 71. To overcomethisdifficulty, analgorithmto7c will beinsertedhat,whenapplied
to the type p, returnsa chainof operationghat removes,if possible,intersectionsn p. This canbe
understoody theobserationthat,for example,

((c—0)—0o—0)—0 is asubstitutioninstanceof ((p1—¢1)—p2) N (Y3—=Ps—>pa)—ps.

Notethatif quantifiersappeatin p, td7c(p) shouldfail, sincequantifiersthatappeatbeforean arrav
cannotberemoredby ary of the operation®ontypes.

Finally, unify3 (o, S,(m2), S () is called (with S, = td7c(m2)). ThebasisS, (P,) is neededo
calculatethe expansionof S, (ms) in caser is anintersectiortype.
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Definition 5.2.3 Thefunctionto7¢ : 7, — S is definedby:
to7c (o) = [ldg], foeTc
to7c((o1n-+:nop)—p) = SoS,, otherwise
where S = unify(S;_1(01),S 1(0i41))0S 1, (1<i<n—1, with § = Idg), and
S = td7c(Su(w)

(Again, noticethatta7¢ (o) failsif o containsV’.)

Thealgorithmunify\é is calledwith thetypeso andy’, thelatterbeingp in whichtheintersectionsre
removed(sop’ = td7c(p) (p); noticethattd7c (p) is anoperatiorontypesthatremovesall intersections
in p, andneedgo beappliedto p). Sincenoneof thederivationrules,nor oneof the operationsallows
for theremaoval of a quantifierthatoccursinsideatype,if ¢ = Va.o’, theunificationof o with o’ will
notremovethe‘Va' part.

Thefollowing definitionpresentshe main unificationalgorithm,unifyg. It gets,typically, calledas

unify} (0, Sy (m2), S (P2))
during the calculationof the principal pair for an application;after derving P, Fg t1:m and Py Fg
to:mo asprincipal pairsfor ¢; andt,, respectiely, with 71 = o—7 andS, = td7¢ (). Thebasisis
neededo calculatehe expansionin cases is anintersectiortype,assaidabore.

Definition 5.2.4 Let B bethesetof all basesandCh the setof all chains.Thefunction
unifyd : 7¢ x Tc x B — Chis definedby:

Unify;(UaTyB) = unify(o,7), ifoeTc
unifyl ((Vag.o1) N ... N(Vag.on),7,B) = [ExS,],  otherwise
where EX = ng.,
nn---n1, = EX(7),and

forevery1<i<n, § = unify(S_1(0y),7)0S_1 (with § = Idg).

It is worthwhile to noticethat unify, to7¢, and unify\é all returnlifting-free R2-chains.Moreover,
both unify andtd7¢ returna substitution,and the R2-chainreturnedby unifyg (o,7) actson o asa
substitution:the expansionin the chainis definedfor the sale of 7 only. Notice alsothatunify\g does
not really returna unifying chainfor its first two argumentsto achiese this, alsoclosuresvould have
to beinserted.They arenotneededor the presenpurpose.

The procedureunifyg fails whenunify fails, andto7¢ fails wheneitherunify fails or whenthe argu-
mentcontainsV'. Becausef thisrelationbetweemnifyg andtd7c ononeside,andunify ontheother
the procedureslefinedhereareterminatingandtype assignmenin the systemdefinedin this section
is decidable.

UsingProperty5.2.2 it is possibleto prove thefollowing lemma.

Lemmab.2.5 LetChbean R2-dain.

i) If o € T2, andCh(o) = 7 € T¢, thentheris a S sut that Sotd7¢ (o) (o) = 7.

i) If o €T, andCh(c) = 7 € T1, thenther is an R2-chain CH sud that[to7¢(o)] * CH (o) = 7.
Proof: EasyusingLemma5.1.7(iii) and(iv). ]

5.3 Principal pairs for terms

In thissubsectiontheprincipalpairfor atermt with respecto theervironment€ —ppe (¢) —is defined,
consistingof basisP andtype. In Theorenb.3.8it will beshawvn that,for every term,thisis indeed
theprincipalone.
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Noticethat,in thedefinitionbelow, if ppe (t) = (P, 7), thenw € T,. For example,the principal pair
for theterm\z.z is (0, p— ), S0,in particular it is not (), Va.a—«) . Althoughonecouldamguethat
thelattertypeis more‘principal’ in the sensdhatit expresseshe genericcharactethe principaltype
is supposedo have, we have chosento usethe formerinstead. This is mainly for technicalreasons:
becauseinificationis usedin the definition below, usingthe latter type, we would often be forcedto
remove the externalquantifiers.Both typescanbe seenas‘principal’ though,sinceVa.a—« canbe
obtainedrom ¢— ¢ by closure andy— ¢ from Ya.a—« by lifting.

Definition 5.3.1 Let¢ beatermin T(E X). Usingunify}, ppe () is definedoy:

i) t=z. Thenpe (z) = ({z:0}, ).

i) t=Az.t'. Letpp (') = (P, ), then:
a) If z occursfreein t', andz:o € P, thenpp: (A\z.t') = (P\z,0c—).
b) Otherwiselet ¢ beafreshvariable,andpp: (Az.t') = (P, p—).

i) t=Ap(t1,t2). Letppe(t1) = (P1,m1), PR (t2) = (P2, m2) (Chooseif necessarytrivial variants
suchthatthesepairsaredisjoint),andS, = to7¢(m2), then
(m1 €Tc): pre(Ap(t1,t2)) = (P, m), where

P = S(I{P,$(P)}),

™ = Si(¢),

S1 = unify(m, S () =), and
@ is afreshvariable

(m & Tc): Assumer; = o—. pRe(Ap(t1,t2)) = (P, ), provided P andrw containno unbound
occurrencesf as,where

P = S(I{P,EX($(R))}),
n© = (1), and
[ExS = unify; (0,5 (m2), S (P))-

V) t=F(t1,...,t,). Let, forevery1 <i<mn, pr(t;) = (P, m;) (chooseijf necessaryrivial
variantssuchthatthe (P;, m;) aredisjointin pairs),thenppe (F'(¢1, ..., t,)) = (P, ), provided
P andw containno unboundoccurrencesf as, where

P = S(I{EX (S (P1));- - X (Sa(Pn))
™ = S'(v),
y1—--—y,— is afreshinstanceof £(F'), and
foreveryl<i<n, § = tolc(m),
[Ex,S'] = unify (S~ (7), Si(m), S (P)), and

S = S'oS7! (with S = Ids).

Sinceunify or unify\é mayfail, notevery termhasa principalpair.

Noticethatclosuresarenot neededvhencalculatingthe new basisandtype.

Thetreatmenof F (¢1,...,t,) in Definition5.3.1is in factvery muchthe sameasarepeatedreat-
mentof Ap(ti1,t2). Thiscanbeunderstoody observinghat,if £(F) = 01— --—0o,—0, then

pre (F(x1,...,2T5)) = ({z1:01,...,2n:0,},0), SO
pre(Azy -z F(z1,...,2,)) = (0,E(F)),
andthatthereforetheterms

F(t1,...,tp) andAp(--- Ap(Ap(Az1 - - . F (21, ..., Tn),t1),t2) -+ -, Tpn)

shouldbetreatedn thesameway. It is for thisreasorthat,in the proofsbelaw, all attentionwill goto
thecaset = Ap(t1,t2); thecaset = F(t4, ..., t,) is essentialljthe same.
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Examples.3.2 Take therewrite rulesandervironment

I(.’I}) — T £ (I) = pioor
F(z P
FECC; :>> Ap(z,xz) E(F) = (Na.a—a)—=p1—p1

andusingDefinition5.3.1, thefollowing caneasilybe checled: -2 F (Az.I(z)) : pa—2, and
F% I(Az.I(z)) : pa—o. Thesetypesarethe principaltypesfor theseterms.

Example5.3.3 ThetermAz.z(A\y.yy) doesnothave a principalpair. It is typeablen thefull system
of this papery p—p (Wherey = ((c—7)no—71)—p, andB = {z:u,y : (c—7)Nc}).
y:(c—=T)noc € B y:(c—1)noc € B

Blg y:o—t Blgyo
€ {z:p} Btgyy:r
{z:u} Fe z:p {z:u} Fe Myyy : (c—=7)no—T

{z:p} Fe z(Myyy) < p
0 be Az.z(Ay.yy) : u—p

but it is not possibleto typethis termin -2: sinceto7¢ ((o—7)no—7) will fail onunify(c—7, o),
Ay.yy canonly betypedwith aRank2 type,sothetypeof z hasto be of Rank3.

Examples.3.4 Theprincipaltypefor Ay.yy is ((p1—p2)Ne1)—¢2 (SeeExample5.1.9, andthe
R2-chainof operationghattransformshepair (0, ((;o1—p2)Np1)—p2) into the pair (B, Va.a—¢2)
is
[<(0, (p1—2p2)Np1—p2), (0, Va.a—p2) >]
(noticethatVa.a <5 (p1—¢2)ne1). However, this doesnotimply thatthederivationfor thelatter
pairis obtainedby applying(<) to the deriationfor theformer: (<) canonly beappliedto
term-\ariables However, becaus®f Lemmab.1.11 we know thata derivation exists,andascanbe
expectedthedervationfor () ¢ Ay.yy : Va.a— s canbeobtainedby applyingalifting. Firstwe
derive the principal pair for yy:
y:(p1—=p2)ner € {y:(pr—=p2)nprt  yi(pr—p2)ner € {y:(p1—p2)ner}
{y:(e1—=p2)np1} Fe yrp1—p0 {y:(p1—=p2)ner} Fe g1

{y:(pr1—=p2)np1} Fe yypo
to whichwe applythelifting <(B, ¢2), ({y:Va.a}, v2)> (noticethatsincethislifting changeonly
thebasiswe canactuallyseeit asanoperationon derivations):

yVa.a € {y:Va.a} yVa.a € {y:Va.a}

{yVa.a} Fe yip1—p9 {yVa.a} Fe y:or
{yVa.a} e yypo

to whichwe apply (—1):

0 Fe Ay.yy : Va.a—p9

Thefollowing lemmasareneededn the proofof Theorenb.3.8 Thefirst stateghatif achainmaps
the principal pairsof termst,, t, in anapplicationAp(t1, t2) to pairsthatallow theapplicationitself to
betyped,thenthesepairscanalsobeobtainedy first performinga unification. Thesecondyeneralises
thisresultto arbitraryfunctionapplications.
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Lemmab.3.5 Leto € 7o, andfori = 1,2, pre (t;) = (B, m;), sud thatthesepairs are disjoint. Let
Chy, Chy, be R2-chainssud that

Chy (pre (t1)) = (B1,0—7), andChy (pe (t2)) = (Ba, o).
Thenthere are an R2-chainsCh, andCh,, andtypep € 7 sud that

pre (Ap(ti,t2)) = Ch,({II{P1, P},p)), and
Chy (pre(Ap(ti,t2))) = (I{B1, B2}, 7).

Proof: LetS, = to7c(m2), andrh, = Sy(me), Py = S(P,). We distinguishthe cases:

(m1 € Tc): SinceChy (1) = o—71 € T2, we have that,by Lemmab.1.7(i), Chym; € Tc andthereis a
substitutionS; suchthatCh (1) = S (7). SinceCh; containsno closurenor expansionthere
is atmostonelifting L; suchthatCh, = [S;, L], andL; canatmostbeof thekind
<(Bi1,0—T),(B,c—1)>,with B < By, andS, (P;) = B.

SinceChy (my) = o € Tc, by Lemmab.2.5(i) thereis a substitutionS; suchthat

Chy(m2) = S37,. Again, sinceCh, containsno closurenor expansionthereis at mostonelifting
Ly suchthatCh, = [S;0S,, Ly], andL, canatmostbeof thekind <(Bs, o), (B, o) >, with

B < By, andSl (Pg) = Bs.

Let ¢ beafreshtype-\ariable,andassumewithoutlossof generalitythatS3¢ = 7. Thenwe
have S (m1) = o—71 = SB1h—, soby Property5.2.2 thereexists substitutionsS,, S suchthat
Sy = unify(my, 7h—p), andS 0SS = §'0S, = $08,.

Noticethat,sinceB < B; andB < By, L = <(II{ By, B2}, 1), (B, 7)> is alifting. Take

Ch, = [S,], andCh, = [S;0$;, L], andp = ¢.

(m1 & Tc): Then,in particularthereareu; € Tq, ue € T2 suchthatm, = pup— puo.

NoticethatCh (1) = Chy (u1—p2) = o—7 € Tp, s0,by Lemmab.1.7(v), thereare
substitutionS, andlifting L suchthat

Chi(m) = [SL](m).
Sothereare B’ > B, o < p1, p2 < 7 suchthat

S(mi) = S(u1—p2) = p1—p2, (S0S(u1) = p1), and
L = <(B',p1—p2),(B,o0—7)>.

In particular
™ = W1—u2, SO (11 €Ty, p2 €7T2)
T = (Va_lél N--- ﬂVOt_m(Sm) — U2, SO ((SJ ETC (1S] Sm), 12 67'2)

S(?Tl) = (V(TlS(él) n--- ﬂVa_mS(6m)) — S(/j,g) = p1—p2.
Noticethat<(B, o), (B, p1)> is alifting, andCh, * [<(B,c), (B, p1)>](m2) = p1 € T1. Then,
by Lemmab5.2.5(ii), thereis alifting-free R2-chainCh suchthatCH (7)) = p1. Then

CH = [EX,S,CI, with EX(m) = S (mj)n---nS, (), (v free)
[EX,S]L(PQI,TFIQ» = <B17V>7 with v = S(Sl(ﬂé))ﬂﬂg(g‘n(ﬂé)x )
Cl((B,v)) = (B,p1), with p1 = Vagvin---nVag,.v

So,for1<j <m, §(4;) = v = S (S;(m5)), and,by Property5.2.2 thereexists substitutions
S, 9 suchthat

S, = unify(d;, )
S(d;) = S (S,(6)) = v3 =9I (8,(m)) = S(Sj(m3))
Sincethe substitutionsS], agreeon type-\ariableswithoutlossof generalitywe canassumehat

existssubstitutionss,, .. . , S,, suchthat
S = unify(S_1(6),75)oS 1 (with § = Ids), and
for 1<j <m, §(S(¢)) = 14 =95 (Si(nh))
so,by Definition5.2.4

CH, = unify} (Yag.01) N ... N (Va,.6,), 7, Pb).
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exists. Take Ch, = [S;] * CH,, Ch, = [Slo---0S™, <(B, p2), (B, 7)>],andp = p2. m
Noticethat,since B canbeassumedo not containfree occurrencesf as, thelastchainis
well-defined.

Lemm&b.3.6 Leto € T, and,for everyl <i <n, pg(t;) = (P;, m;), sud thatthe pairs (P;, r;) and
thetypel (F) = y1—- - -—,—y aredisjoint,andlet Ch(F'), Chy, ..., Ch, beR2-hainssud that
Chp (E(F)) = 01— --—0op,—0o and,for every 1 <i<n,Ch;((P;, m;)) = (B, 03).
Thenthere are R2-dhainsCh, andCh, sud that
PR (F(t1,...,tn)) = Chy((II{Py,...,P,},7)), and

Ch,(pre (F (t1,---,tn))) = (II{Bi,...,Bp},0).
Proof: Thisis ageneralisatiomf the proof of the previouslemma. ]

Themainresultof this sectionthenbecomeshe soundnesandcompleteneseesultfor pp:.

Theoem5.3.7 (Soundnessf pe) If ppe(t) = (P, w), thenP l—g tum.
Proof: By inductiononthestructureof terms.
(t=1z): Sinceppe (z) = ({z:p}, v), theresultfollows from rule (<5).
(t=MXz.t'): a) If z occursfreein ¢/, thenthereareo, = suchthatpp: (Az.t') = (P,oc—), where
pre (t) = (P U{z:0},). By induction,P, z:o -2 t':x, and,by applyingrule (—1), also
P I—g Mz to—m.
b) Otherwisetherearep, = suchthatpp (Az.t') = (P, o— =), wherepg: (') = (P, w), with ¢
afreshvariable.By induction,P l—g t':w. Sincex doesnotoccurin P, wehave P, z:p <5 P,
andP, z:p % t":7 by Lemma5.1.11, andthen,by rule (—1), P F2 \z.t":p—.
(t= Ap(t1,t2)): ThenthereareP;, P, suchthatpp: (t1) = (P1, m), PR (t2) = (P2, m2), and,by
induction,P; 2 t;:m; andP; % ty:my. Theneither:
(m1 € Tc): Thenpp: (Ap(t1,t2)) = (S(I{ P, P»}), S(¢)), where
S = §05,
S = unify(my, S (m2)—¢),
S = toTc(me), and
¢ Iis afreshvariable
Then,by thesoundnestemmasabore,
S(Py) F2 t1:S(mr1) andS(Py) F% t9:S(my)-
SinceS; (1) = S (S (m2)—), andS, doesnotaffectary variablein (P, 71) or ¢, also
S(?Tl) = S(T('Q—ﬂp). SO,by rule (—>E), S(H{P17P2}) Fg Ap(tl,tg)!S((p).
(m = o—7,witho € T1, T € T): Similarto the previous part,usingunifyg ratherthanunify.
(t=F(t1,...,tn)): Asthepreviouspart. [ ]

Theoem5.3.8 (Completenessf pp) If B F% t:0, thenthere are a basisP andtyper sud that
pre(t) = (P, ), andthereis an R2-cain Chsut thatCh((P, 7)) = (B, o).
Proof: By inductiononthestructureof derivations.
(<5): Thent = z, o € Tc, andthereis T € T; suchthatz:7 € B andr <5 ¢. Also, m = ¢ and
P = {z:p}. Sincer <p 0, B<p{z:0}, so<({z:0},0),(B,o)> isalifting. Take
Ch= [prr0, <({z:0},0), (B, 0)>].
(F): Thent = F(t4,...,t,). Thereareoy,..., o, suchthat,forevery1 <i<n, B F% t;:0;, andan
R2-chainChg suchthatChg (£(F)) = 01—+ - -—0,—0. By induction,for 1 <i <n, thereare
(P;, m;), (disjointin pairs)andanR2-chainCh;, suchthat

PR (t;) = (P, m;), andCh; (pre (t:)) = (B, 03)-

32



Sincethepairs(P;, 7;) aredisjoint,the R2-chaingCh; do notinterfere.Assumewithoutlossof
generalitythatnoneof thetype-\ariablesoccurringin £ (F’) occurin ary of thepairs(P;, m;).
Then,by Lemma5.3.6 thereis anR2-chainCh suchthatCh(pp: (F (t1, - .- ,t,))) = (B, o).

(—E): Thent = Ap(t,,t2), andthereis aT € T suchthat B 2 t,:7—0, andB +2 ty:7. By
induction,fori = 1, 2, thereareP;, ;, andR2-chainCh; suchthat

PRe(t:) = (Pi, mi), Chy(pRe (t1)) = (B, 7—0), andChy (pre (t2)) = (B, 7).

Then,by Lemma5.3.5 thereis anR2-chainCh suchthatCh(pp: (Ap(t1,t2))) = (B, o).

(—1): Thent = A\z.t', andtherearep, u suchthate = p—u, andB, z:p F‘% t':u. Let

pr (t') = (P',='), then

(z € FV(t")): Letz:v € P', thenP = P'\z, andpp (Az.t'") = (P,v—7'). By inductionthere
existsanR2-chainCH suchthat

CH((PU{z:v}, ') = (BU{z:p}, ).
Then,by Lemma5.1.16(i), thereexistsanR2-chainCh’ suchthat
CH'((P,v—')) = (B, p—u). Take Ch= CH'.

(z & FV(¥')): Thenpp: (Az.t") = (P', p—7'), whereyp is atype-\ariablenot occurringin ary
othertype. By inductionthereexistsan R2-chainCh suchthatCH ((P, rr)) = (B, ). Then,
by Lemmab.1.1§(ii), thereexistsanR2-chainCh’ suchthatCh' (( P, p—)) = (B, o—pu).
Let Ch’ = [Ex, S L, Cl, thentake Ch = [Ex, So(¢+p), L, CI].

(VI): Theno = Ya.7[a/¢], andB F% t:7. Letppe (t) = (P, ), thenby inductionthereexistsan

R2-chainCH suchthatCH ((P, 7)) = (B, 7). Take Cl = (7, ), andCh= CH x [CI].

(nl): Theno = o1n---noy,, and,for1 <i<n, B F% t:o;. Letpp (t) = (P, ), andlet ExX= np 1,
thenEx((P, w)) = (II{ Py, ..., P}, min - - - nmp), With eachpair (P;, 7;) atrivial variantof

(P, ). So,withoutlossof generalitywe canevensaypp: (t) = (P;, m;), forall 1 <i <n. By

induction,thereexist R2-chainChy, .. ., Ch, suchthatfor 1 <i <n, Ch;((P;, m;)) = (B, ;).

By Lemmab5.1.7(ii), Ch; = [S;, Cl;]. Take Ch= [EX, Sj0 - -+ 0S,,Clp, ..., Cl,)]. n

6 Conclusions
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Appendix

Property3.2.8 Let B ¢ t:o, whereB = {z1:01,...,Tp:0,}, andlet FV(oy,...,0,,0) C {7}.
Then,givena sequencef typesy suchthat|5| = || anda sequencef reducibility candidatesR?, if
R is aterm-substitutionhatis R-reduciblefor B, thentR € Red 7 [R"/%].

Proof: By Notherianinductionon>>SN. If ¢ = o1n- - -na,, then,by definition,we have to prove
that,for ary 1 <4 <n, tR€ Red %/ [R7/3]. Thus,withoutlossof generalitywe canconsiders notto
beanintersection.
Lety andR” beasin the hypothesi®f the propertyandlet R = {z1—uy, ..., T, +—u, }. We
distinguishthe cases:
i) tisaneutralterm.If ¢ is avariablez;, thenwe have necessarilghato; <o. SinceR is
R7-reduciblefor B, z;R € Red "[R7/g], and,by Lemma3.2.5 we have alsothat
z;R e Red °[R7/7]. So,withoutlossof generalitywe canassumehatt is notavariable. This
impliesthatalsotR is neutral.If tRis irreducible thentR € Red ?[R7/%] holdsby (C3).
Otherwiselet tR — #' at positionp. We will prove eithertR € Red °[R7/7] itself, or prove
t' € Red?[R? /] andapply (C3).
a) p = gp’, wheret|, = z; € X. Sotherede is in asub-termof ¢R thatis introducedby the
term-substitutionLet z beanew variable.
Take now R suchthatR’ = RU {z—'|,}. NotethattR|, — /|, atpositionp’. Since
tR|, € {R} andR is assumedo be R7-reduciblefor B, alsotR|, € Red ?[R7/3] holds.So,
by (C2) we have thatalso#|, € Red i [R7 /%] holds. Thenwe have thatR' is R7-reducible
for B, z:0;.
Now, if thevariablez; (= ¢|,) hasexactlyoneoccurrencen ¢, thent = ¢[z], modulo
renamingof variables Otherwisef >t[z],. In thefirst case(sinceR containsa termthatis
rewritten to getR’) we have Z(tR) >$NZ(¢[2)R ), andZ(tR) >SNZ(#[2]R ) in thesecond
caseBoth cases/ield, by induction,t[2]} € Red ”[R7/g]. Notethatt[2]} =1t
b) Now assumehatp is anon-\ariablepositionin ¢. We analyzeseparatelyhe cases:
1) p is nottherootposition.Notethatt|,R = tR|,,. Let 7, (k € K) beatypeassignedo ¢|,
in thederivationof B F¢ t:0, then

Rl € Red ™ [R7/g] (1)
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holdsby induction.Let z beanew variable,andtake R’ suchthatR’ = RU {z—tR|,}.
By (1), andsince
Red (Ve x™“[R7/g] = [ Red""[R7/7],

R’ is reduciblefor B U {z: N}, ¢ x Tk }- Moreoﬁaﬁg U{z: Nk e x Tk} Fe t[z]p:o. Now,

sincet > t[2],, we have thatZ(¢R) >$NZ(#[2]R ), andhenceR € Red ?[R7 /7] because

tR= t[z];*' and,by induction,t[z]ﬁ' € Red?’[R7 /7).

2) p istherootposition. Thenthe possiblecasedor ¢ are:

A) t = F(t;...t,), whereatleastoneof thet;’sis notavariable,and F' is eithera
definedsymbolof arity n, or F = Ap andn = 2. Take now z1, ..., z, new variables
andR’ suchthatR’ = RU {z;—~#4,R, ..., z,—,R}. Sincett;, T(tR) >SNT(#;R).
Thenif B k¢ t;:&;, t;R € Red % [R7/p] holdsby induction,andhenceR’ is
R)-reduciblefor B U {z1:£1, . .., z0:&, }. Sincets F(zy,. .., z,), we have
Z(R) SSNT(F(z,...,2)R). Now, F(z1,...,2,)R =tRand

BU{z1:&1,. .., 2n:én} Fe F(21,...,2n):0.
Hence by induction,tR € Red 7[R /7).

B) t = F¥(z1,...,2,) Wherezy, ..., z, aredifferentvariables (If z; = z; for some
i # j, we canreasorasin thecaseabove, takingzi, . . ., z,,, new pairwise distinct
variablesandR’ = {z|—xR,..., 2!, —2,R}.) ThentR mustbeaninstanceof the
left-handsideof arule definingF’“, thatis arule of theform

F*(C[z],5) — C'[F*(Clal,y), ..., F*(Cu[z], 7). 7).
Thereforewe have
tR

n-d
Q
"~
=
0
=
<l
8
o
Eal
0
3
=)
8
=

whereClv), w areall termsin {R}, andhencepy hypothesisfor suitablei’s, they

belongto Red i [R7/%]. Now we will deducet’ € Red °[R7/%] in threesteps:

(Stepl): Let R’ betheterm-substitutiorthatmapsF* (C[z], ) to F* (C[v], w) = tR.
By thedefinitionof thegenerakchemez C 7 andhencer C w. Then,sincew
aretermsin {R}, by hypothesisve have w € Red 71[R7/7], whereat C 7. We
cantheninfer thatv € Red ‘7_2[77/@, wherez; C 7.
Take aderivationfor ourterm F* (C[v], w). Let p; bethetypesgivento v in the
derivation. Now, by SubjectReduction(Theoren®.3.1]) it is easyto checkthat,
for every1 < j <m andl <k’ <|C]| it is possibleto typeCy, [z] from thebasis
{z7p5}. We canshaw thatR’ is R7-reduciblefor {7755}, asfollows:
Consideraderivationfor the principalpair of theleft handsideof therule:

U, ... ke F*(C[Z], 7).y’

andassumehat& (F*) = py— - - - —u, —o. Notethatby thedefinitionof the
generakchemethetypesappearingn the principalbasisfor theamgumentsj of
F* arethetypesrequiredby £(F*). All thetypes7 usedfor z C 7 in this
derivationsatisfyz < 7. Any valid dervationfor aninstanceof theleft-handside
canbeobtainedby a chainof operationsppliedto the principalone,in particular
thederivationthatassignghetypesp to the occurrencesf z in (ﬁ andos to the
occurrencesf 7 in 7. Hence thereis achainof operationghattransformsz into
oz and7 into p. Recallthatsubstitutiorandexpansiongresere the < relationon
types.Lifting andclosurecantransformg or its instancesnto smallertypes,
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hencestill smallerthan7. In this way we canbuild aderivationfor F* (C[v), @)
wherethetypespy assignedo v aresuchthatos < pg Now, by Lemma3.2.5 we
have 7 € Red PU[R7/7], thatis R’ is R7-reduciblefor {zzpg}*.

For every 1 < j <m, F¥ doesnotoccurin C[4] (by definitionof thegeneral
scheme)hencefor every 1 < k' < |C[4]|, Z(F* (21, - . ., z,)R) >>15NI(CJ-;c [g—a]Rl).
Now, sinceR’ is R-reduciblefor {zzpg}, it is possibleto applytheinduction
hypothesi?.)btaininng;c [Z] R' ¢ Red i [R7/%] for ary typeT;,, we cangive to
Cj, [z] from thebasis{z7pg}. In particularwhenT;, — ... —;,—6; is thetype
usedfor F* in the sub-dewation for theright handsideof our reductionrule

having F* (C;[z], w) asthesubjectof theconclusion.
(Stepll): Let, for 1 < j <m, R; betheterm-substitutiorsuchthat

F¥(z1,..., 2, 7)% = F}(C[nl w) = F¥(C;[z], m)F
(c = |C]). By (Stepl), R; is R7-reduciblefor

I —_— . . . . 17T
B' = {z1:1j,,... ,zcj.chj,y.ol},

whereaT C 7. SinceQ>,,,,;C|j], and> is closedunderterm-substitutionalso

CRIDmulC[j]R SOZ(F*(z1,...,20)R) SINT(F* (21,. .., 2,,7)7), and
thereforepy induction, F* (21, . .., z;, W) € Red % [R7/7].

(Steplll): Let o bethetermobtainedoy replacing,in theright-handsideof therule,
thetermsF* (Cl13, W), . .., F*(C,,[v], @) by freshvariables!, ..., 2, thatis,

v =C[7,...,2,,7]. LetR" betheterm-substitutiorsuchthat
R = C'[F*(CIv,w), ..., F¥ (C [T}, m), w),
thentR — 5R". Noticethat, by (Stepll), R” is R?-reduciblefor the basis
B" = {2}:61,..., 2 :6m, F01}, whereat C @. Whenan F/ occursin ¢ then,by
thegenerascheme; < k and thereforeZ(F* (zy,. .., z,)R) >NTGR).
HencesR" € Red 7[R /%], by induction.Sincet’ = R’ weget
t' € Red “[R7/7].
C) t = Ap(z1, z2) Wherezy, zo € X'. We prove this partby inductionon the structureof
thedervationfor B ¢ Ap(z1,22):0.

(<), (F): Notapplicable.

(—E): Thenthereisar suchthatB F¢ z1:7—0 andB k¢ zo:7. Then,by rule (<),
therearep, p2 suchthat{z:p1, z0:p2} C B, p1 <7—0, andp, < 7. Sincez R
andz,R areR7-reduciblein B, we have z;R € Red *[R7 /7], and
zReRed”2[R7/p]. Then,by Lemma3.2.5 alsoz; R e Red "7 [R7 /7], and
2R e Red "[R7 /). Then,by Definition3.2.2 Ap (2R, %R) € Red °[R"/7].
Noticethat Ap(z1 R, 2oR) is thesameas Ap(z1, z2)R.

(n1): Theno = 7n- - :-n7y,. Thethesisfollows easilyby induction,since

Red MM [R7/g] = Red ™ [R7/g]N --- N Red ™ [R7/7].

(VE): Theno = o'[1/¢'] wherethetypein thepremiseof theruleis V¢'.o’. Since
Vy'.o! <d'[1/¢'], theresultfollows by inductionandLemma3.2.5

(V1): Theno = V¢'.0' andB +¢ t:o’. Moreover, ¢’ & FV(o1,...,0,). By induction,
for ary sequencef typesy, § suchthat|y, | = |p, ¢'| andary sequencef
reducibility candidateR?, S: if R is aterm-substitutioR?, S?-reduciblefor B,
thentR € Red 7' [R7 /5, 8% /). Sincey' & FV(ay, ..., ay), it follows that, for

Iwith the versionof the schemehatdoesnot requires C w but assumeshatthetermsin & thatdo not appeaiin @ are
assignedaseypes,we candeduceahatR’ is reduciblebecaus&SN (7).

37



ary 1<j5<n,
Red % [R7/p,8°/¢'] = Red % [R7/5].
This meanghata term-substitutionwhichis R7, S°-reduciblefor B, is also
R7-reduciblefor B. Hencewe canrestatetheinductionhypothesisasfollows: for
ary sequencef typesy suchthat|y| = || andary sequencef reducibility
candidateR, if R is aterm-substitutiorR7-reduciblefor B, thenfor ary typed
andreducibility candidateS?, tR ¢ Red ”' [R7/p, S? /¢']. By definitionof
reducibility candidateshis meanshat Ap(z1, z2)R € Red V7' [R7/g).
i) ¢isnotneutral.Lett = Az.u.
We canproceeddy inductionon the structureof thedervationof B F¢ Az.u:0. Theaguments
similarto thatusedfor thecaset = Ap(z1, z2). We prove only theinterestingpart,whenthelast
ruleis (—1), ando = p— 3. Thenwe needto shaw that,givenv suchthatv € Red/’[ﬁ/@], we
have that Ap(tR v) € Red ?[R7/g]. Sincetheterm Ap(tR v) is neutral,by (C3) it is enoughto
prove t’ € Red #[R7 /7] for all ¢’ suchthat Ap(tR, v) — . Thiswill beprovedby inductionon
thesumof thelengthof the rewrite sequencesut of v andout of R. Notethatsincev andR are
reducible by (C1) SN (v) andSN(R).
(Bass: If v andR arein normalform, theonly reductionstepout of Ap(tR, v) canbe:
Ap((Az.u)Rv) = ¢ = uR
whereR’' = RU {z+—v}. R isreduciblebecause € Red ”[R?/%]. Now, since(Az.u) >,
Z(Mz.uR) >SNT(uR). By inductionwe have uR € Red #[R7/7]. NotethatuR = ¢'.
(Inductionstep: Otherwisethereductionstepoutof Ap(tR,v) musttake placeinsidev or R.
Thent' is computabléoy induction. [ |
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