
Polymorphic Intersection TypeAssignmentfor Rewrite
Systemswith Abstraction and

�
-rule

SteffenvanBakel� FrancoBarbanera� MaribelFerńandez�
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Abstract

We definetwo type assignmentsystemsfor first-orderrewriting extendedwith application, � -abstraction,
and � -reduction,usingacombinationof intersectiontypesandsecond-orderpolymorphictypes.Thefirst system
is thegeneralone,for whichweprovesubjectreduction,andstrongnormalisationof typeableterms.Thesecond
is a decidablesubsystemof thefirst, by restrictingto rank2 (intersectionandquantified)types.For this system
wedefine,usinganextendednotionof unification,a notionof principaltypingwhich is moregeneralthanML ’s
principaltypeproperty, sincealsothetypesfor thefreevariablesof termsareinferred.

Intr oduction

Sincethefirst investigationson combinationsof LambdaCalculus(LC) andTermRewriting Systems
(TRS) [13, 19, 14, 26], this topic hasdrawn attentionfrom the theoreticalcomputersciencecommu-
nity. At first, theareaof programminglanguagedesignwasconsiderto be thetypical field on which
the theoreticalresultsfor combinationsof thetwo computationalparadigmscouldbetterexploit their
potentialities.Lateron, theevolution of interactive proof developmenttoolswith inductive types,and
theoremproversin general,disclosedanumberof possibleapplications.

Apart from thepracticaloutcome,mostof thetheoreticalinvestigationsin this particularfield have
shown thattypedisciplinesprovideanoptimalenvironmentin whichrewrite rulesand � -reductioncan
interactwithout lossof theirusefulproperties[14, 15,26,9, 10,7]. Typedisciplinescomein two main
flavours: explicitly typed(alsocalledà la Church) and typeinferencesystems(à la Curry). Systems
basedon thelattersortof typedisciplineareof greatinterestfrom thepoint of view of programming
languagedesign. In fact, they save the programmerfrom specifyinga type for eachvariable(i.e. no
typeannotationis required).Mostof theresultsaboutcombinationsof LC andTRS, however, concern
systemswhichareexplicitly typed.

In the context of the LC alone,type inferencedisciplineshave beenwidely studied,in particular
with intersectiontypes,andsomework hasalsobeendonefor TRS alone,moreprecisely, for Curryfied
TRS (CuTRS) [8] which arefirst-orderTRS with application,thatcorrespondto the TRS underlyingthe
programminglanguageClean[34]. TheinteractionsbetweenLC andTRS for typesystems̀a la Curry,
instead,hasnotbeenextensively investigated.They werefirst studiedin [7], whereCuTRS extendedwith�

-abstractionand � -reductionweredefined,togetherwith a notionof intersectiontypeassignmentfor
boththeLC andtheTRS fragments.In thispaperwecarryonthisstudyby takingexplicit polymorphism
into account,namelythepossibility, from theprogramminglanguagepoint of view, of usingthesame
programwith argumentsof differenttypes.
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Wetake into accountalsoanotherimportantfeatureof typesystemsfor programminglanguages:the
notionof principal type, that is, a typefrom which all theothertypesof a termcanbederived. As a
matterof factweconsideranevenstrongerpropertythanprincipaltypes:theprincipal typingproperty.
This meansthat any typing judgementfor a termcanbe obtainedfrom the principalone,that is, not
only the type but also the basis(containingthe type assumptionsfor the free variables)is obtained.
Thepragmaticvalueof this propertyis demonstratedin [25], whereit is shown that,unlike principal
types,principal typingsprovide supportfor separatecompilation,incrementaltype inference,andfor
accuratetypeerrormessages.

Thetypesystemof ML is polymorphicandhasprincipaltypes,but its polymorphismis limited (some
programsthat arisenaturallycannotbe typed),andit doesnot have principal typings(see[17, 25]).
SystemF [23] providesa muchmoregeneralnotionof polymorphism,but lacksprincipal types,and
type inferenceis undecidablein general(althoughit is decidablefor somesubsystems,in particular
if we considertypesof rank 2 [27]). Intersectiontype systems[12] are somewherein the middle
with respectto polymorphism,andhave principal typings.But typeassignmentis againundecidable;
decidabilityis recoveredif we restrictourselvesto intersectiontypesof finite rank[29].

In [24], asystemfor LC combiningintersectiontypesandSystemF waspresented,whichhasprinci-
pal typings(see[32]). In this paperweextendtheapproachof thatsystemto acombinationof LC and
CuTRS. In otherwords,weextendthetypesystemof [7] further, adding‘ � ’ asanextratype-constructor
(i.e. explicit polymorphism).Although extendingthe setof typesby adding‘ � ’ doesnot extendthe
expressivity of thesystemin termsof typeableterms,thesetof assignabletypesincreases,andtypes
canbetterexpressthebehaviour of terms(see[16]). Theresultingsystemhastheexpectedproperties:
SubjectReduction,andStrongNormalizationwhenthe rewrite rulesusea limited form of recursion
(inspiredby the GeneralSchemaof JouannaudandOkada[26]). The proof of the latter follows the
methodof Tait-Girard’s reducibilitycandidates,extendedin orderto takethepresenceof (higher-order)
algebraicrewriting into account.

In view of theabove results,two questionsarisenaturally:

i) Is theRank2 combinationof SystemF andtheIntersectionSystemalsodecidable?

ii) Doesit have theprincipaltypingproperty?

We answerthesequestionsin the affirmative. The restrictionto typesof rank 2 of the combined
systemof polymorphicand intersectiontypesis decidable.This restrictedsystemcanbe seenasa
combinationof thesystemsconsideredin [6] and[27]. Thecombinationis two-fold: notonly thetype
systemsof thosetwo papersarecombined(resp.intersectionandpolymorphictypesof rank 2), but
alsotheir calculi arecombined(resp.CuTRS andLC). In our Rank2 systemeachtypeabletermhasa
principal typing. This is thecasealsoin theRank2 intersectionsystemof [6], but not in theRank2
polymorphicsystemof [27]. For thelatter, a typeinferencealgorithmof thesamecomplexity of thatof
ML wasgivenin [28], wheretheproblemsthatoccurdueto thelackof principaltypesarediscussedin
detail. Our Rank2 systemgeneralizesalsoJim’s system	 � [25], which is a combinationof ML-types
andRank2 intersectiontypes. Having Rank2 quantifiedtypesin the systemallows us to type for
instancetheconstantrunST usedin [31], whichcannotbetypedin 	 � .

This paperis organisedasfollows: In Section1 we defineTRS with application,
�
-abstractionand� -reduction(TRS 
 � ), andin Section2 the typeassignmentsystem.Section3 dealswith thestrong

normalizationpropertyfor typeableterms,andin Section4 we prove a confluenceresult.In Section5
we presenttherestrictionof thegeneraltypeassignmentsystemto Rank2; finally, Section6 contains
theconclusions.
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1 Term Rewriting Systemswith
�

-reductionrule

In this section,we will presenta combinationof untypedLambdaCalculuswith untypedAlgebraic
Rewriting, obtainedby extendingfirst-orderTRS with notionsof applicationandabstraction,anda � -
reductionrule. Wecanlook atsuchcalculialsoasextensionsof theCurryfiedTermRewriting Systems
(CuTRS) consideredin [3, 8], by adding

�
-abstractionanda � -reductionrule. We assumethereaderto

befamiliarwith LC [11] andreferto [30, 18] for rewrite systems.

Definition 1.1 i) An alphabetor signature � consistsof acountable,infinite set � of variables
 ��� 
 ��� 
 ��������� (or 
 ��������� 
�� ��� � ������� ), anon-emptyset � of functionsymbols� , � , . . . , eachwith
afixedarity, andaspecialbinaryoperator, calledapplication( ��� ).

ii) ThesetT  !� � � " of terms, rangedover by # , is definedby:

# $%$'& 
 ( �  )# � �������*� #,+�" ( ���  )# � � # � " ( � 
 � #
Wewill considertermsmodulo - -conversion.
A context is a termwith ahole,andit is denotedasusualby C[ ].

iii) a) A neutral termis a termnotof theform
� 
 � # .

b) A lambdaterm is a termnotcontainingfunctionsymbols.

c) An algebraic term is a termcontainingneither
�

nor ��� .
Thesetof freevariablesof a term # is definedasusual,anddenotedby FV  )#." .

A term-substitutionis anoperationon termswheretermsvariablesarereplacedby terms;asusual
for term-substitutionin systemswith abstraction,wewill considertermsmodulo - -conversionto avoid
nameclashes.To denotea term-substitution,weusecapitalcharacterslike ‘R’, insteadof Greekchar-
acterslike‘ / ’, whichwill beusedto denotetypes.Sometimesweusethenotation0 
 � 12 # �3�������*� 
 + 12# +54 . Wewrite # R for theresultof applyingtheterm-substitutionR to # .

ReductionsonT  !� � � " aredefinedthroughrewrite rulestogetherwith a � -reductionrule.

Definition 1.2 (Reduction) i) A rewrite rule is apair  76 ��8 " of terms.Often,a rewrite rulewill geta
name,e.g.r , andwewrite 6 2 r 8 . Threeconditionsareimposed:6 9: � , 6 is analgebraicterm,
andFV  8 "<; FV  76=" .

ii) A rewrite rule 6 2 8 determinesasetof rewrites 6 R 2 8 R for all term-substitutionsR. Theleft
handside 6 R is calleda redex, theright handside 8 R its contractum. Likewise,for any # and > ,
theusualnotionof � -reduction���  � 
 � # � >?" 2 @ #.ACB*DE F�G is alsoa rewrite; ���  � 
 � # � >?" is called
a redex, and # ACB*DE F�G its contractum.

iii) A redex # maybesubstitutedby its contractum# � insideacontext C[ ]; thisgivesriseto rewrite
stepsC HI#�J 2 C HI# � J . Concatenatingrewrite stepswehave rewrite sequences#LK 2 # �M2 # � 2 N�N�N .
If #OK 2 N�N�NP2 # + ( Q R ST" wealsowrite #LK 2 U # + , and #LK 2 V # + if #LK 2 U # + in onestepor more.

Definition 1.3 A TermRewriting Systemwith � -reductionrule (TRS 
 � ) is definedby apair  =� � R "
of analphabet� andasetR of rewrite rules.

Notethatin contrastwith CuTRS, therewrite rulesconsideredin thispapermaycontain
�
-abstractions

in theright-handsides.

We take theview thatin a rewrite ruleacertainsymbolis defined.

Definition 1.4 In a rewrite rule �  )# � �������W� #,+�" 2 r 8 , � is calledthedefinedsymbolof r , andr is said
to define� . � is a definedsymbol, if thereis a rewrite rule thatdefines� , and X : � is calleda
constructorif X is notadefinedsymbol.
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Noticethat‘ ��� ’ cannotbea definedsymbolsinceit cannotappearin theleft-handsideof a rewrite
rule.

Definition 1.5 Let  =� � R " bea TRS 
 � .
i) A termis in normalform if it containsno redex.

ii) A term # is stronglynormalisableif all therewrite sequencesstartingwith # arefinite, andwe
will write Y[Z  )#." if # is stronglynormalisable.

iii)  =� � R " is stronglynormalisingif every termis.

iv)  =� � R " is confluentif for all # suchthat # 2 U > and # 2 U]\ , thereexists ^ suchthat > 2 U ^ and

\ 2 U ^ .
Example1.6 Thefollowing is asetof rewrite rulesthatdefinesthefunctionsappend andmap on lists
andestablishestheassociativity of append. Thefunctionsymbolsnil andcons areconstructors.

append  nil � 6_" 2 6
append  cons  
 � 6_" � 6 � " 2 cons  
 � append  76 � 6 � "�"
append  append  76 � 6 � " � 6 �`� " 2 append  76 � append  76 � � 6 �a� "�"
map  cb � nil " 2 nil
map  cb � cons  ��� 6_"�" 2 cons  7���  cb ��� " � map  cb � 6_"�"

Sincevariablesin TRS 
 � maybesubstitutedby
�
-expressions,weobtaintheusualfunctional

programmingparadigm,extendedwith definitionsof operatorsanddatastructures.Notice,however,
thatweobtainmore:in functionalprograms,theset � is dividedinto functionsymbolsand
constructors, and,in rewrite rules,functionsymbolsarenotallowedto appearin ‘constructor
position’andvice-versa.Thisdoesnothold for TRS 
 � : thesymbol‘append’ appearsin thethird
rule in bothfunctionandconstructorposition.

2 A Polymorphic Intersection Systemfor TRS d �

In this sectionwe definea typeassignmentsystemfor TRS
 � , thatcanbeseenasanextension(by
adding‘ � ’) of the intersectionsystempresentedin [7]. We usepolymorphicstrict intersectiontypes,
definedover a setof type-variablesandsorts(typeconstants),usingarrow, intersectionanduniversal
quantifiers.We assumethereaderto befamiliar with intersectiontypeassignmentsystems,andrefer
to [12, 2, 5] for moredetails.

Severalsystemscanbeconsideredasfragmentsof our typeassignmentsystem:

i) Thesystemof [7]: � -freefragment

ii) Thesystemof [8]:
�
-free, � -freefragment

iii) Thesystemof [5]: sort-free,� -free,LC-fragment

iv) Thetypeassignmentversionof SystemF [23] : intersection-freeLC-fragment

v) Thesystemof [32]: sort-freeLC-fragment

Indeed,thelattersystemis notaproperfragment,sinceweusestrict intersectiontypes(i.e.aninter-
sectiontypecannotbetheright-handsideof anarrow type). However this is not anactualdifference,
sincetheuseof strict intersectiontypes,while simplifying the typing procedures,doesnot affect the
typing power. Any termtypeablein thefull intersectiontypedisciplinecanbegivena strict typeand
vice-versa[2].

For whatconcernsSystemF, its typeassignmentversioncanbeseenasa fragmentof our system,
but our systemis not a pureintersection-extension: we cannotquantifyintersectiontypes.Again, this
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is nota realproblem:for any universallyquantifiedintersectiontype �]- � / �fe / � wehave anequivalent
typeof theform  g�h- � / � " e  g�]- � / � " .

For LC, atypeassignmentsystemthatcombinestheintersectionsystem[12] with SystemF hasbeen
definedin [24] andits principaltypepropertyhasbeenstudiedin [32]. As far astypesareconcerned,
thedifferencebetweenoursystemandthelatteris thatweaddconstanttypes,andusestrict intersection
types.

2.1 Types

Weusestrict intersectiontypesoveraset i & j k l of type-variables, andasetY of sorts. For various
reasons(definitionof operationson types,definitionof unification),we will distinguishsyntactically
between(namesof) freetype-variables(which belongto j ) and(namesof) boundtype-variables(inl ).

Definition 2.1.1 (Types) Let j & 0nmoK � m �p������� 4 , l & 0*-qK � - �p������� 4 , and Y & 0n^*K � ^ �p������� 4 all be
denumerablesets.r s, thesetof polymorphicstrict types, and r , thesetof polymorphicstrict
intersectiontypes, aredefinedby:

r s $%$'& m ( ^ (  7r 2 r s" ( �h- � r s Ha-tsumvJr $%$'&  7r s w N�N�N w r s "
To avoid parenthesesin the notationof types, ‘ 2 ’ is assumedto associateto the right and, as

in logic, ‘ e ’ binds strongerthan ‘ 2 ’, which binds strongerthan ‘ � ’; so x ezy 2 �h- �a{|2 } standsfor � )x e�y " 2  g�]- �  {~2 } "�"�" . Also �]- � / is usedasabbreviation for �h- �3� �h- ������� �h- + � / , andweassumethat
eachvariableis boundatmostoncein a type(renamingif necessary).In themeta-language,wedenote
by /�Ha��sum|J (resp./�Ha��s�-|J ) thesubstitutionof thetype-variable m (resp.- ) by � in / .

FV  7/�" , thesetof freevariablesof a type / is definedasusual(notethatby construction,FV  7/�" ;j " . A typeis calledclosedif it containsno freevariables,andgroundif it containsnovariablesatall.

Definition 2.1.2 (Relationson types) Therelation � is definedastheleastpre-order(i.e. reflexive
andtransitive relation)on r suchthat:

��Q R � � � ��� �5� Q Ha/ � e N�N�N e / + � /���J�]- � / � /�Ha��s�-|J/ � �h- � / � - not in /��Q R � � � ��� �5� Q Ha/ � /[��J � / � / � e N�N�N e / +/ � � � �h- � /�Ha-tsumvJ�� �h- � �|Ha-tsumvJx � / � � � y � / 2 � � x 2 y
Theequivalencerelation � on typesis definedby: / � � �W� / � � � / , andwewill work with
typesmodulo � .

Notice that r s is a propersubsetof r , andthat / 2  7� e x�" is not a type in r (it is not strict). To
obtaina notion of type assignmentthat is a true extensionof SystemF, the ‘ � ’ type-constructoris
allowed to occuron the right of anarrow, soa type like / 2 �]- � � is well-defined.Also notethatwe
cannotquantifyintersectiontypes,but wehave equivalenttypesof theform  g�]- � / � " e  g�h- � / � " .
2.2 Typeassignment

Beforecomingto thedefinitionof typeassignment,we introducethenotionof basis.

Definition 2.2.1 (StatementandBasis) i) A statementis anexpressionof theform #f$�/ , with / : r
and # : T  !� � � " . # is thesubjectand / thepredicateof #�$�/ .
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ii) A basis � is apartialmappingfrom variablesto types,representedassetof statementswith only
distinctvariablesassubjects.

iii) For bases� �3�������*� � + , thebasis� 0*� �p�������*� � +54 is definedby: 
 $�/ � e N�N�N e /�� : � 0*� �p�������W� � +�4
if andonly if 0 
 $�/ �p�������p� 
 $�/�� 4 is the(non-empty)setof all statementsabout
 thatoccurin� ��� N�N�N]� � + .

iv) Weextend � and � to basesby: � � � � if andonly if for every 
 $�/ � : � � thereis an 
 $�/ : �
suchthat / � / � , and � � � � if andonly if � � � � � � .

Noticethatif Q & S , then � 0*� �p�������*� � +54 & � . Wewill oftenwrite � � 
 $�/ for thebasis� 0*� � 0 
 $�/ 4�4 ,
when 
 doesnotoccurin � , andwrite � � 
 for thebasisobtainedfrom � by removing thestatement
thathas
 assubject.

Oneof the main featuresof type assignmentsystems,andintersectionsystemsin particular, is to
provide flexibility of typing. This featureseemsin contrastwith thetype rigidity implicitly possessed
by functionsymbols.They have precisearitiesandaprecisefunctionalbehaviour, asexpressedby the
rewriting rules.Developinga typeassignmentsystemcontainingfunctionsymbolsnecessarilyimplies
asortof mediation,for whatconcernsalgebraicterms,betweenflexibility andrigidity. Weachieve this
by usingan environmentproviding a type for eachfunction symbol. This approach,however, is not
rigid: from the type provided by the environmentwe canderive many typesto be usedfor different
occurrencesof thesymbolin a term,all of them‘consistent’with thatprovidedtype.

Definition 2.2.2 (Environment) An environmentis amapping� $�� 2 r s.

2.2.1 Operationson Types

In orderto obtainvalid instancesof thetypeprovidedby anenvironmentfor a functionsymbolwewill
useoperationswhicharestandardin typesystemswith intersectiontypes,suitablymodifiedin orderto
take into accountthepresenceof universalquantifiers.Theseoperationsare: substitution, expansion,
lifting andclosure.

In type systemsbasedon arrow typeswith type-variables,the operationof substitutiongenerates
all valid instancesof a given type by replacingtypesfor type variables. In presenceof intersection
types,valid instancescouldalsobetheresultof replacing(sub)typesby theintersectionof anumberof
renamedcopiesof that (sub)type.This is (roughly)what is performedby theoperationof expansion.
Theoperationof lifting, instead,generatesinstancesof typesusingthe‘ � ’ relation.Thelastoperation
we consider, closure, is not presentin othertypesystemswith intersectiontypesandhasbeendevised
to dealin particularwith universalquantification.

In thefollowing weshallhave to considerthenotionof principal typingfor a term,thatis thetyping
from which all thepossibletypingsfor thetermcanbederived. This canbeachievedby meansof the
above discussedoperations.This impliesthatweshallhave to definetheabove operationsnotonly on
types,but alsoon typederivations(denotedby � ��� #f$�/ , where � is a basisand / a type). We shall
usethesamesymbolsto denotethetwo versionsof theoperations,sincethecontext will alwaysclarify
any possibleambiguity.

We will show thatall operationsaresoundin thesensethatthey preserve typeability, andtherefore
well-definedwhenextendedtoderivations.Thatis, for any operation��� , if � ��� #f$�/ then���  7� �¡� #�$�/�"
is acorrectderivation.Of coursethevariantsof theoperationsonderivationscanbecomposed.

Substitution. We will definesubstitutionasusualin first-orderlogic, but avoid to go out of theset
of polymorphicstrict intersectiontypes.For example,thereplacementof m by � � e � � would transform/ 2 m into / 2 � � e � � , which is not in r . Thefollowing definitiontakesthis factinto account.
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Definition 2.2.3 (Substitution) Thesubstitution cm 12 x�" $¢r 2 r , where m is a type-variablein j
and x : r s, is definedby:

 cm 12 x�"n cm£" & x cm 12 x�"n cm � " & m � � if m � 9& m cm 12 x�"n c^�" & ^ cm 12 x�"n 7-t" & - cm 12 x�"n 7/ 2 ��" &  cm 12 x�"u 7/�" 2  cm 12 x�"? 7��"
 cm 12 x�"n 7/ � e N�N�N e / + " &  cm 12 x�"u 7/ � " w N�N�N w  cm 12 x�"u 7/ + " cm 12 x�"n g�h- � /�" & �h- �  cm 12 x�"n 7/�"

Wewill use ¤ to denoteagenericsubstitution.Substitutionsextendto basesin thenaturalway:
S 7� "£& 0 
 $ S )x�" (n
 $¥x : � 4 .

For substitutions,thefollowing propertieshold:

Property2.2.4 LetSbea substitution.

i) If / � � , thenS 7/�"?� S 7��" .
ii) If � � � � , thenS 7� "h� S 7� � " .

Proof: Thesecondpartis aconsequenceof thefirst, which is shown by inductionon thedefinitionof
‘ � ’.

Expansion. As mentionedabove, the operationof expansiondealswith the replacementof a sub-
typeof a typeby anintersectionof a numberof renamedcopiesof thatsub-type.Whena sub-typeis
expanded,new typevariablesaregenerated,andothersub-typesmight beaffected(e.g.theexpansion
of � in / 2 � might affect also / : intuitively, eachrenamedcopy of � will have anassociatedcopy of/ ; see[36] for a detailedexplanation).Groundtypesarenot affectedby expansionssinceall renamed
copiescoincide(and / e / � / ).

Two differentdefinitionsof expansionappearin theliteraturefor LC, dependingonwhetheroneuses
asetof types(seee.g.[36]) or asetof typevariables(seee.g.[5]) to computethesetof typesaffected
by theexpansion.Our definitionis inspiredby [36]; theextensionto dealwith typescontainingsorts
hasalreadybeendonein [20], herequantifiersarealsotakeninto account.

We considerexpansionsdeterminedby threeparameters:thesub-typeto beexpanded,thenumber
of copiesthathave to begenerated,andthesetof typesaffectedby theexpansion.Thethird parameter
is not presentin standarddefinitionsof expansionsinceit canbe “computed”,however we preferto
addit sinceit simplifiesthe definition. Of course,we will only apply an expansionto a type (or to
a typederivation) if they arecompatible, that is, if the third parameterof theexpansioncontainsthe
correspondingsetof affectedtypes.

Thetypesmodifiedby theexpansion¦ y � Q � � § will bethosethatendwith a typein � . Thenotionof
last sub-typesin astrict typeplaysanimportantrole in thisoperation.

Definition 2.2.5 Thesetof last sub-typesof a type � : r s, denotedby last  7��" , is definedby:

last  cm£" & 0nm 4
last  c^�" & 0n^ 4
last  7/ 2 x�" & 0*/ 2 x 4 � last  )x�"
last  g�h- � /�" & 0¨�h- � / 4 � last  7/�H¥mq©�s�-|Jª" �

Note that for typesof the form �]- � / , accordingto our convention / is not a well-formedsub-type
(freevariablesmustbelongto j ). For this reasonweconsideramappingl 2 j thatassociatesto each- a differentfresh mq© : j , andrename- in / , using mq© . In this waywecandefinesub-typesof types
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in r , asusual.

Wedefinenow thenotionof compatibilitybetweenanexpansionanda typederivation(it appliesto
typesasparticularcase).

Definition 2.2.6 (Compatibility) Werepresentaderivation � ��� #f$�/ by a triple ¦7� � / ��« § where� is
abasis,/ a type,and « thesetof typesassignedto thefunctionsymbolsof # in thederivation.An
expansionEx¬'­¯® + ®±°]² (wherey is a typein r , Q R ³ , and � a finite setof types)is compatiblewith a
derivationrepresentedby ¦7� � / ��« § if theset � containstheset ´ ­  �¦7� � / ��« §�" definedasfollows:

i) Any non-closedstrict sub-typeof y is in ´ ­  �¦7� � / ��« §�" .
ii) Let � beanon-closedstrict (sub)typeoccurringin ¦7� � / ��« § . If � � is amostgeneralinstance

(with respectto theuniversalquantifiers)of � suchthat last  7� � " e ´ ­  �¦7� � / ��« §�" 9& � , then� � : ´ ­  �¦7� � / ��« §�" .
iii) Any non-closedstrict sub-typeof � : ´ ­  �¦7� � / ��« §�" is in ´ ­  �¦7� � / ��« §�" .

An expansionEx¬'­¯® + ®±°]² is compatiblewith a type � if it is compatiblewith thetriple ¦c� � � � �µ§ .
Thedefinitionof expansion,alreadynon-trivial in theintersectionsystem,becomesquiteinvolvedin

thepresenceof universalquantifiers.We defineit in two steps.First,giventheset � of typesaffected
by theexpansion,we seewhich arethe variablesthatwill needto be renamed(for freevariableswe
usesubstitutionsin order to do the renamings,but we alsoneedto renameboundvariables;those
renamingsarenot substitutionsaccordingto our definition,but by abuseof terminologywe call them
substitutionsaswell). Then, if the expansion ¦ y � Q � � § is compatiblewith the type � that we want
to expand,we traverse� top-down searchingfor maximalsub-typeswhoselastsub-typesarein � or
have aninstance(obtainedby replacingboundvariablesby types)in � . Thosesub-typesof � will be
replacedby intersectionsof renamedcopies.

Definition 2.2.7 (Expansion) Let y bea typein r , Q R ³ , and � afinite setof types.Theexpansion
determinedby ¦ y � Q � � § , denotedby Ex¬'­¯® + ®±°]² , is definedasfollows:

(Renamings): Let ¶ & 0nm � �������W� m � 4 bethesetof freetypevariablesoccurringin � , andlet ¤ �
( ��� ��� Q ) bethesubstitutionthatreplacesevery m]· by a freshvariablem �· , andevery -]· and mo©p¸
by - �· (actually, ¤¡� is justa renaming).

(Expansionof a type): For any � : r (without lossof generalityweassumethatits boundvariables
aredisjointwith thoseof y � � ) compatiblewith theexpansionEx¬'­µ® + ®±°]² , thetypeEx¬'­µ® + ®±°]²¹ 7��" is
obtainedoutof � by traversing � top-down andreplacingin � amaximalnon-closedsub-type�
suchthatthereexistsamostgeneralinstance(w.r.t. theuniversalquantifiers)� � of � with
last  )� � " e � 9& �
a) by ¤ �  )��" w N�N�N w ¤ +  )��" if � � & � ,

b) otherwiseby º
��» · »¢¼

 =¤ �  )� �· " w N�N�N w ¤ +  )� �· " w �|¤��L 7- " � Ex¬�­¯® + ®±°h²  )xhHa½O· s�- Jª"¨Ha- s�½O· Jª"
if � & �h- � x , � �· ( ��� ¾ � � ) areall themostgeneralinstancesof � satisfyingthecondition,
and ½O· arefreshconstantsreplacingthevariablesinstantiatedin theinstance� �· of � .

(Expansionof a derivation): Let � ��� #f$�/ bea type-derivation(representedby thetriple ¦7� � / ��« § )
compatiblewith Ex¬'­¯® + ®±°]² . Theresultof theapplicationof theexpansionis thena triple:

¦C0 
 $ Ex¬'­¯® + ®±°]²� )x¿" (n
 $¥x : � 4 � Ex¬'­¯® + ®±°]²� 7/�" � 0 Ex¬'­¯® + ®±°]². )x�" ( x : « 4 §
Wewill prove below thatthis triple representsacorrectderivation(i.e.expansionsaresoundon
derivations).

Someexplanationsare in order. The resultof an operationof expansionis not uniquebecauseit
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dependson thechoiceof new variablesin part (Renamings) of thedefinition;but it is uniquemodulo
renamingof variables(and this is sufficient for our purpose). It is always a type in r : we never
introduceanintersectionat theright-handsideof anarrow type,andneverquantifyanintersectiontype
(seepart(Expansionof a type)). A typemightbeaffectedby anexpansionevenif its freevariablesare
disjoint with thoseof thesub-typeto beexpanded.Thereasonis thatuniversallyquantifiedvariables
representan infinite set of terms(their instances),so if one instanceis affected,the whole type is
affected. If we areapplyingan expansionoperationto a universallyquantifiedtype,someinstances
maybeexpanded(if their lastsub-typesarein thesetof affectedtypes)whereasothersarenot (if their
lastsub-typesarenot in this set). In this casetheexpansionof theuniversallyquantifiedtypewill be
theintersectionof theexpansionsof eachclassof instances.Sincethereis only a finite setof affected
types,theoperationis well defined.

Example2.2.8 Let { be  cm �À2 m � " 2  cm �Á2 m � " 2 m �p2 m � , andExbetheexpansiondeterminedby¦cm �p� ³ � 0nm �n� m �Á2 m �p� m � 4 § . First,wecheckthatthisexpansionis compatiblewith { : indeed,theset´ ÂÄÃp �¦c� �L{o� �µ§�" & 0nm �p� m �Å2 m �p� m � 4 . Thenwecomputethesetof variablesthatwill berenamed:¶ & 0nm �*� m � 4 . Theresultof theexpansionof { is:

Ex  { "Æ&  � cm �� e m � � " 2 m � " 2  � cm �� 2 m �� " e  cm �� 2 m � � "�" 2  cm �� e m �� " 2 m ���
Considernow a typewith universalquantifiersandfreevariables,suchas

{ & �h- � �]- �n�  cm ��2 - � " 2  7- �Á2 m � " 2 - �Ç2 - ���
Then ´ ÂÄÃp �¦c� �L{o� �µ§f" & 0nm �p� �h- ���  cm �À2 m � " 2  7- �Á2 m � " 2 - �Á2 m �p� cm �À2 m � " 2  cmo©�È 2 m � " 2 mo©�È 2 m �p� m �À2 m �p� mo©�È 2 m �p� mq©�È 4
Let Exbetheexpansiondeterminedby ¦cm � � ³ � ´ ÂÄÃ  �¦c� �L{o� �µ§f"�§ , which is obviouslycompatiblewith { .
Then ¶ & 0nm � 4 and

Ex  { " &  g�h- � �  cm �� 2 m �� " 2  7- � 2 m �� " 2 - � 2 m �� " w  g�h- � �  cm � � 2 m � � " 2  7- � 2 m � � " 2 - � 2 m � � " w g�h- � �]- �� �h- �� �  cm �� w m � � 2 - � " 2  � 7- �� 2 m �� " w  7- �� 2 m � � "�" 2 - �� w - �� 2 - � " �
For anexamplewith sorts,consider{ &  cm �À2 ^u" 2 m � , andlet Exbetheexpansiondeterminedby¦cm �À2 ^ � ³ � 0nm �32 ^ � m � 4 § , which is compatiblewith { sincé ÂÉÃ E Ê  �¦c� �L{o� �µ§f"£& 0nm �32 ^ � m � 4 � Then¶ & 0nm � 4 andEx  { "Æ&  � cm �� 2 ^u" e  cm � � 2 ^�"�" 2 m � �
If weapplyinsteadtheexpansiondeterminedby ¦cm ��� ³ � ´ Â¯Ë� �¦c� �L{Ì� �µ§�"�§ to { , where

´ Â¯Ën �¦c� �L{o� �µ§f" & 0nm ���  cm �32 ^u" 2 m �Å� m �32 ^ � m � 4 , and¶ & 0nm � � m � 4 �
weobtainEx  { "Æ&  � cm �� 2 ^�" 2 m �� " e  � cm � � 2 ^�" 2 m �� " .

For anoperationof expansionthefollowing propertyholds:

Property2.2.9 LetEx & ¦ y � Q � � § beanexpansioncompatiblewith a derivationrepresentedby¦7� � / ��« § . If 
 $¥x : � and x � / , thenEx  )x�"h� Ex  7/�" .
Proof: By inductionon thedefinitionof � .

Lifting . Theoperationof lifting replacesbasisandtypeby a smallerbasisanda larger type, in the
senseof ‘ � ’ (see[4] for details). This operationallows us to eliminateintersectionsanduniversal
quantifiers,usingthe ‘ � ’ relation. Whenapplyinga lifting to a derivation � �¡� #�$�/ we will usethe
pair ¦7� � /�§ to representthederivation.

Definition 2.2.10 (Lifting) An operationof lifting is determinedby a pairL & Í ¦7� K � ��KÁ§ � ¦7� �p� � � §�Î
suchthat ��K � � � and � � � � K , andL  �¦7� � /�§�"�& ¦7� � � / � § where

/ � & � �3� if / & ��K �/ � & / � otherwise
� � & � ��� if � & � K� � & � � otherwise
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A lifting on typesis determinedby apair L & ¦7� K � � � § suchthat � K � � � andis definedby

L  7/�" & � � � if / & � K& / � otherwise

Closure. Theoperationof closure introducesquantifiers,takinginto accountthebasiswherea type
is used.

Definition 2.2.11 (Closure) A closure is anoperationcharacterisedby a type-variable m . It is
definedby:

Cl Â  �¦7� � /�§." & ¦7� � �h- � /�Ha-tsumvJª§ � if m doesnotappearin � ( - is a freshvariable)& ¦7� � /�§ � otherwise

It is extendedto typesby: Cl Â  7/�"�&  7��" , if Cl Â  �¦c� � /�§¹"£& ¦c� � ��§ .
Chainsof operations. Theset Ï h of chainsfor typesis definedasthesmallestsetcontainingexpan-
sions,substitutions,liftings, andclosureson types,thatis closedundercomposition.

Definition 2.2.12 (Chainson types) i) A chain is anobject HÑÐ �p�������*� Ð + J , whereeachÐ � is an
operationof substitution,expansion,lifting, or closure,and

HÑÐ �p�������*� Ð + J¹ 7/�"�& Ð +  N�N�N  =Ð �  7/�"�" N�N�N " �
ii) Onchainstheoperationof concatenationis denotedby Ò , and:

HÑÐ �p�������W� Ð ��J Ò HÑÐ � V �3�������*� Ð + J]& HÑÐ �p�������*� Ð + J �
iii) WesaythatCh� & Ch� , if for all / , Ch�  7/�"<& Ch�  7/�" .
iv) Weextendthenotionof compatibilityto chainsby: Ch is compatiblewith � �¡� #�$�/ if, for all

expansionsEx thatoccurin Ch (soCh & Ch� Ò HExJ Ò Ch� ), Ex is compatiblewith
Ch�  7� �¡� #f$�/�" .

Noticethat,althoughtheoperationof substitutionseemsredundant,in thatonecouldsimulatesub-
stitutionvia closureandlifting, this is only thecasefor typevariablesthatdonotoccurin thebasis; to
instantiatetype-variablesthatoccurin thebasisaswell, substitutionon typesis essential.

2.2.2 TypeAssignmentRules

Wespecifyhow to typetermsthroughthepresentationof typeassignmentrules.To dealwith function
symbolswe usean environment Ó andthe operationson typesdefinedabove: the typesassignedto
occurrencesof functionsymbolsareobtainedfrom thetypeprovidedby theenvironmentby makinga
chainof operations.

Definition 2.2.13 (TypeAssignmentRules) i) Typeassignment(with respectto Ó ) is definedby the
following naturaldeductionsystemin sequentform (whereall typesdisplayedarein Ô s, except
for Õ?Öp×�Ø�Ø�ØW×�Õ[Ù in rule Ú!Û Ü and Õ in rules Ú=Ý EÜ , Ú=Ý I Ü , and Ú,Þ Ü ). Notetheuseof achainof
operationsin rule Ú!Û Ü .ßáà Õ â ã Ú7Õ Þ ä�ÜÚ,Þ Ü : ã å�æ ßáà ä

ã å�æ ç à Õ?Ö è�è�è ã å�æ ç à Õ�ÙÚcé I Ü : Ú)ê ë ìÁÜã å¡æ ç à Õ?Ö�é è�è�è é[Õ�Ù
ã å æ ç Ö à Õ�Ý ä ã å æ çLí à ÕÚ=Ý EÜ : ã å¡æ îÆï Ú)ç¹Ö3×�ç í Ü à ä

ã × ßáà Õ å æ ç à äÚ=Ý I Ü : ã å æ ð ß Ø¥ç à Õ�Ý ä
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ã å æ ç à Õ Ö è�è�è ã å æ ç à Õ ÙÚ!Û Ü : (a)ã å æ ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü à Õ
ã å æ ç à ÕÚgò I Ü : (b)ã å æ ç à òhóôØ�Õ�HaótõuövJ

ã å æ ç à ò]óôØ�ÕÚgò EÜ : ã å æ ç à Õ�Haä�õ�ó|J
a) If thereexistsachainChon typessuchthat Õ Ö Ý è�è�è Ý Õ Ù Ý Õ ÷ Ch Ú)Ó Ú ñ Ü�Ü .
b) If ö doesnotoccur(i.e. is not free)in ã .

ii) If ã å æ ç à Õ is derivablein thissystem,wewrite ã å æ ç à Õ .

As saidbefore,theuseof anenvironmentin rule Ú!Û Ü introducesa notionof polymorphismfor our
function symbols,which is an extension(with intersectiontypesand generalquantification)of the
ML-style of polymorphism.The environmentreturnsthe ‘principal type’ for a functionsymbol; this
symbolcanbeusedwith typesthatare‘instances’of its principaltype,obtainedby applyingchainsof
operations.

Note that the rule Ú,Þ Ü is only definedfor variables,andwe have a Úgòhø Ü -rule for arbitrary terms
but not an Úcé EÜ -rule. Indeed,the Úcé EÜ -rule for arbitrarytermscanbeadmittedto this systemof rules
without extendingits expressive power. On theotherhand,the Úgòhø Ü -rule cannotbederivedif it is not
presentin thesystem.Thisasymmetrycomesfrom thefactthatour typesarestrictwith respectto ‘ é ’,
but notwith respectto ‘ ò ’.

Example2.2.14 Wecanderive å¡æ ð ß�ùzú Ø ß Ú ùzú Ü à ÚcöÆÖÀÝ ö í Ü�Ý ÚcöqûÁÝ öÆÖÀÜ�Ý öqûÁÝ ö í asfollows,whereã ÷ ü ßáà ö Ö Ý öoí�× ù¡à ö û Ý ö Ö × ú�à ö ûný :
ßáà ö Ö Ý öoí�â ã
ã å æ ß�à ö Ö Ý öqí

ù�à ö û Ý ö Ö â ã
ã å æ ù�à ö û Ý ö Ö

ú¿à ö û â ã
ã å æ ú¿à ö û

ã å æ ùzú�à ö Ö
ã å�æ ß Ú ùzú Ü à ö í

ã þ ú å æ ð ú Ø ß Ú ùzú Ü à ö û Ý öqí
ã þ ù × ú å æ ð ùzú Ø ß Ú ù¿ú Ü à Úcö û Ý ö Ö Ü�Ý ö û Ý öoí

å¡æ ð ß�ùzú Ø ß Ú ùzú Ü à ÚcöÆÖ3Ý ö í Ü�Ý ÚcöqûÁÝ öÆÖÀÜ�Ý öqûÁÝ ö í
andalso å æ ð ß�ù¿ú Ø ß Ú ùzú Ü à òhó û óqí�Ø!Úcö Ö Ý óoíÁÜ�Ý Ú7ó û Ý ö Ö Ü�Ý ó û Ý óoí with aderivation ÿ of theform:

...

å¡æ ð ß�ù¿ú Ø ß Ú ùzú Ü à ÚcöÆÖÀÝ ö í Ü�Ý ÚcöqûÁÝ öÆÖÀÜ�Ý öqûÁÝ ö í
å æ ð ß�ùzú Ø ß Ú ù¿ú Ü à ò]óoínØ!Úcö Ö Ý óqíÇÜ�Ý Úcö û Ý ö Ö Ü�Ý ö û Ý óoí

å æ ð ß�ùzú Ø ß Ú ùzú Ü à ò]ó û óoí�Ø!Úcö Ö Ý óqíÁÜ�Ý Ú7ó û Ý ö Ö Ü�Ý ó û Ý óoí
Noticethatthesub-derivationfor å æ ð ß�ùzú Ø ß Ú ùzú Ü à Úcö Ö Ý öqíÁÜ�Ý Úcö û Ý ö Ö Ü�Ý ö û Ý öqí in ÿ is exactly
theonegivenabove, in thesensethatno ó appearsthere.
Now, performingtheexpansionsof Example2.2.8, weobtainthestatements

å æ ð ß�ùzú Ø ß Ú ùzú Ü à Ú�Úcö ÖÖ é5ö í Ö Ü�Ý öoíÁÜ�Ý Ú�Úcö Öû Ý ö ÖÖ ÜLé|Úcö íû Ý ö í Ö Ü�Ü�Ý Úcö Öû é�ö íû Ü�Ý öqí
and å æ ð ß�ùzú Ø ß Ú ùzú Ü à Õ Ö é[Õ�í3é[Õ û
where Õ Ö ÷ òhó û Ø!Úcö ÖÖ Ý ö ÖÖ Ü�Ý Ú7ó û Ý ö ÖÖ Ü�Ý ó û Ý ö ÖÖ ,Õ�í ÷ òhó û Ø!Úcö í Ö Ý ö í Ö Ü�Ý Ú7ó û Ý ö í Ö Ü�Ý ó û Ý ö í Ö , andÕ û ÷ òhóoí.òhó Öû ò]ó íû Ø!Úcö ÖÖ�� ö í Ö Ý óoíÁÜ�Ý Ú�Ú7ó Öû Ý ö ÖÖ Ü � Ú7ó íû Ý ö í Ö Ü�Ü�Ý ó Öû�� ó íû Ý óoí�×
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whicharederivedasbelow (where,in thederivations,wewill omit thepremissefor rule Ú,Þ Ü (of the
shape‘ ßáà Õ â ã ’) aswell as ö for lackof space).
Take ã ÷ ü ß à ö ÖÖ Ý ö ÖÖ × ù à ö û Ý ö Ö × ú�à ö ûÁý , then,for å æ ð ß�ù¿ú Ø ß Ú ùzú Ü à Õ Ö :

ã å æ ßáà ÖÖ Ý ÖÖ
ã å�æ ù�à ûÇÝ ÖÖ ã å�æ ú¿à û

ã å æ ùzú�à ÖÖ
ã å æ ß Ú ùzú Ü à ÖÖ

ã þ ú å æ ð ú Ø ß Ú ùzú Ü à û Ý ÖÖ
ã þ ù × ú å æ ð ùzú Ø ß Ú ùzú Ü à Ú û Ý Ö Ü�Ý û Ý ÖÖ

å æ ð ß�ù¿ú Ø ß Ú ùzú Ü à Ú Ö Ö Ý ÖÖ Ü�Ý Ú û Ý ÖÖ Ü�Ý û Ý ÖÖ
å æ ð ß�ùzú Ø ß Ú ùzú Ü à ò]ó û Ø!Ú ÖÖ Ý ÖÖ Ü�Ý Ú7ó û Ý ÖÖ Ü�Ý ó û Ý ÖÖ

Thederivationfor å æ ð ß�ùzú Ø ß Ú ùzú Ü à Õ�í is similar to theoneabove, just replaceö ÖÖ by ö í Ö .
Take ã ÷ ü ß à Úcö ÖÖ é�ö í Ö Ü�Ý öqí�× ù à Úcö Öû Ý ö ÖÖ ÜLé|Úcö íû Ý ö í Ö Ü¹× ú¿à ö Öû é�ö íû ý , then,for å æ ð ß�ùzú Ø ß Ú ùzú Ü à Õ û :

ã å æ ßáà Ú ÖÖ é í Ö Ü�Ý í

ã å æ ù¡à Öû Ý ÖÖ ã å æ ú�à Öû
ã å æ ùzú¿à ÖÖ

ã å æ ù�à íû Ý í Ö ã å æ ú¿à íû
ã å æ ù¿ú¿à í Ö

ã å æ ù¿ú¿à ÖÖ é í Ö
ã å æ ß Ú ùzú Ü à í

ã þ ú å�æ ð ú Ø ß Ú ùzú Ü à Ú Öû é íû Ü�Ý í
ã þ ù × ú å æ ð ù¿ú Ø ß Ú ùzú Ü à Ú�Ú Öû Ý ÖÖ ÜLéáÚ íû Ý í Ö Ü�Ü�Ý Ú Öû é íû Ü�Ý í

å æ ð ß�ùzú Ø ß Ú ùzú Ü à Ú�Ú ÖÖ é í Ö Ü�Ý íÁÜ�Ý Ú�Ú Öû Ý ÖÖ ÜLé|Ú íû Ý í Ö Ü�Ü�Ý Ú Öû é íû Ü�Ý í
å¡æ ð ß�ùzú Ø ß Ú ùzú Ü à òhó íû Ø!Ú ÖÖ � í Ö Ý í Ü�Ý Ú�Ú Öû Ý ÖÖ Ü � Ú7ó íû Ý í Ö Ü�Ü�Ý Öû � ó íû Ý í

å æ ð ß�ùzú Ø ß Ú ùzú Ü à òhó Öû ò]ó íû Ø!Ú ÖÖ � í Ö Ý íÇÜ�Ý Ú�Ú7ó Öû Ý ÖÖ Ü � Ú7ó íû Ý í Ö Ü�Ü�Ý ó Öû � ó íû Ý í
å æ ð ß�ùzú Ø ß Ú ùzú Ü à ò]óoí�ò]ó Öû ò]ó íû Ø!Ú ÖÖ�� í Ö Ý óoípÜ�Ý Ú�Ú7ó Öû Ý ÖÖ Ü � Ú7ó íû Ý í Ö Ü�Ü�Ý ó Öû�� ó íû Ý óoí�×

Finally, combiningthesethreederivations,weobtain:
...

å¡æ ð ß�ù¿ú Ø ß Ú ùzú Ü à Õ?Ö
...

å�æ ð ß�ùzú Ø ß Ú ù¿ú Ü à Õ í
...

å¡æ ð ß�ùzú Ø ß Ú ùzú Ü à Õ�û Úcé I Üå æ ð ß�ùzú Ø ß Ú ùzú Ü à Õ Ö é[Õ�í3é5Õ û
Similarly, wecanbuild a derivationfor

å æ ð ß�ù¿ú Ø ß Ú ùzú Ü à ò]ó û óoí�ó Ö Ø!Ú7ó Ö Ý óoípÜ�Ý Ú7ó û Ý ó Ö Ü�Ý ó û Ý óoí
which is in facttheprincipaltypefor this term.Wecanalsodefinea function ñ whichplaysthesame
roleasthis ð -term,usinga rewrite rule

ñ Ú ß × ù × ú Ü<Ý î�ï�Ú ß ×�î�ï Ú ù × ú Ü�Ü¹Ø
Theterm ñ Ú ß × ù × ú Ü is typeablewith respectto anenvironmentwhere

Ó Ú ñ Ü ÷ ò]ó û óoí¨ó Ö Ø!Ú7ó Ö Ý óoíÁÜ�Ý Ú7ó û Ý ó Ö Ü�Ý ó û Ý óoí orÓ Ú ñ Ü ÷ Úcö Ö Ý öqíÁÜ�Ý Úcö û Ý ö Ö Ü�Ý ö û Ý öqí�Ø
2.3 Soundnessof operationson derivations

Thefour operationsdefinedabove aresoundin thesensethat,whenappliedto a derivation,they yield
aderivation.Wewill show this resultfor eachof theindividual operations.
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Theorem2.3.1 (Soundnessof Substitution) Let � bea substitutionand Ó anenvironment,thenã å æ ç à Õ impliesSÚ7ã Ü£å æ ç à SÚ7Õ�Ü .
Pr
�

oof: By inductionon thestructureof derivations.Theonly interestingcasesare:
( Þ ): Then ç�� ß and ã Þ ü ßáà Õ ý . By Lemma2.2.4(ii) , SÚ7ã ÜhÞ ü ß�à SÚ7Õ�Ü ý , soSÚ7ã Ü�å¡æ ß�à SÚ7Õ�Ü .
(Û ): Then ç	� ñ Ú)ç Ö ×�Ø�Ø�ØW×�ç Ù Ü , thereare Õ Ö ×�Ø�Ø�Øp×�Õ Ù â Ô andachainChsuchthat,for every ì�Þ 
5Þ ê ,ã å æ ç�� à Õ
� andCh Ú)Ó Ú ñ Ü�Ü<÷ Õ Ö Ý è�è�è Ý Õ Ù Ý Õ . Thenby induction,SÚ7ã ÜÆå æ ç�� à SÚ7Õ
�=Ü , for everyì�Þ 
�Þ ê ; since HSJ�� Ch is achainand

Ú�HSJ�� ChÜnÚ)Ó Ú ñ Ü�Ü ÷ SÚ7Õ Ö Ü£Ý è�è�è Ý SÚ7Õ Ù ÜÆÝ SÚ7Õ�Ü¹×
by Ú!Û Ü alsoSÚ7ã Ü£å æ ç à SÚ7Õ�Ü .

(ò I): Thenthereexistsa ä suchthat Õ ÷ òhóôØ�ä|HaótõuövJ , ã å æ ç à ä , and ö doesnotoccur(free)in ã . By
induction,SÚ7ã Ü�å¡æ ç à SÚ7ä�Ü . Without lossof generality, wecanassumethatSÚcötÜ<÷ ö , thenòhóôØ SÚ7ä�Ü¨HaótõuövJ~÷ SÚgò]óôØ�ä|Haó£õuö|JªÜ . Therefore,if ö occursin ä , it alsooccursin SÚ7ä�Ü , andit will not
occurin SÚ7ã Ü . But then,by rule Úgò I Ü , alsoSÚ7ã Ü£å æ ç à òhóôØ SÚ7ä�Ü¨Haótõuö|J .

(ò E): Thenthereare äP×�� suchthat Õ ÷ ä|H���õ�ó|J , and ã å�æ ç à ò]óôØ�ä . By induction,SÚ7ã Ü�å¡æ ç à SÚgòhóôØ�ä�Ü .
SinceSdoesnotaffectboundvariables,alsoSÚ7ã Ü�å æ ç à ò]óôØ SÚ7ä�Ü . Then,by rule Úgò EÜ , weget
SÚ7ã ÜÆå æ ç à SÚ7ä�Ü¨HSÚ���Ü�õ�ó|J , andSÚ7ä�Ü¨HSÚ���Ü�õ�ó|J|÷ SÚ7ä|H���õ�ó|JªÜ .

Theorem2.3.2 (Soundnessof Lifting) Let � bea lifting and Ó anenvironment,then ã å¡æ ç à Õ
impliesL Ú7ã Ü�å æ ç à L Ú7Õ�Ü .
Proof: NoticethatL Ú7ã ÜhÞ ã and Õ Þ L Ú7Õ�Ü . Theproof is doneby inductionon thestructureof
derivations.
( Þ ): Then ç�� ß andthereexistsa ä suchthat ßáà ä â ã , with ä Þ Õ . SinceL Ú7ã ÜhÞ ã , thereexistsa �

suchthat ßáà � â L Ú7ã Ü , and � Þ ä Þ Õ Þ L Ú7Õ�Ü . But then,by rule Ú,Þ Ü , L Ú7ã Ü�å æ ßáà L Ú7Õ�Ü .
(Û ): Then ç�÷ ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü , andthereare Õ Ö ×�Ø�Ø�Ø*×�Õ Ù suchthat,for ì�Þ 
5Þ ê , ã å æ ç�� à Õ
� , andthere

existsachainChsuchthatCh Ú)Ó Ú ñ Ü�Ü<÷ Õ Ö Ý è�è�è Ý Õ Ù Ý Õ . SinceL Ú7ã Ü]Þ ã , by induction
L Ú7ã ÜÆå æ ç�� à Õ
� , for ì�Þ 
�Þ ê . SinceÕ Þ L Ú7Õ�Ü ,

L ÷ � ���É×�Õ Ö Ý è�è�è Ý Õ Ù Ý Õ��¹×����É×�Õ Ö Ý è�è�è Ý Õ Ù Ý L Ú7Õ�Ü����
is a lifting, so H L J � Ch Ú)Ó Ú ñ Ü�Üô÷ Õ Ö Ý è�è�è Ý Õ Ù Ý L Ú7Õ�Ü , andL Ú7ã Ü£å æ ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü à L Ú7Õ�Ü by
rule Ú!Û Ü .

( Ý E): Then ç�÷ î�ï Ú)ç¹Öp×�ç í Ü , andthereis a � suchthat ã å�æ ç¹Ö à ��Ý Õ , and ã å�æ ç í à � . SinceÕ Þ L Ú7Õ�Ü ,
also ��Ý Õ Þ �¿Ý L Ú7Õ�Ü , soby induction,L Ú7ã Ü£å æ ç Ö à �¿Ý L Ú7Õ�Ü and,by rule Ú=Ý EÜ , also
L Ú7ã ÜÆå æ î�ï Ú)ç Ö ×�çLíÁÜ à L Ú7Õ�Ü .

( Ý I): Then ç�÷ ð ß Ø¥ç�� , andthereare ��×�� suchthat Õ ÷ ��Ý � and ã × ßáà � å�æ ç�� à � , and  p×"! suchthat
L Ú7Õ�Ü<÷ !~Ý  , and ! Þ ��×�� Þ  . Then,by inductionL Ú7ã Ü¹× ßáà ! å æ ç�� à  , andtherefore,by ruleÚ=Ý I Ü , alsoL Ú7ã Ü£å æ ð ß Ø¥ç#� à !|Ý  .

(ò I): Then Õ ÷ òhóôØ$�hHaótõuövJ , and ã å�æ ç à � . SinceòhóôØ$�hHaótõuö|J�Þ L Ú7Õ�Ü , by definitionof ‘ Þ ’, either:
(L Ú7Õ�Ü�÷ �hH��oõuö|J ): By induction,L Ú7ã Ü�å¡æ ç à � , and,usingrule Úgò I Ü weobtain

L Ú7ã Ü�å æ ç à òhóôØ$�hHaótõuövJ (without lossof generalityweassumethat ö doesnotoccurin L Ú7ã Ü ).
Now, using Úgò EÜ weobtainL Ú7ã ÜÆå æ ç à �hH��oõuövJ .

(L Ú7Õ�Ü�÷ ò]ó��7Ø�Õ , with ó�� fresh): By induction,L Ú7ã Ü�å¡æ ç à � , and,sinceó%� is fresh,
L Ú7ã Ü�å æ ç à òhó��)Ø�Õ , by rule Úgò I Ü .

(L Ú7Õ�Ü�÷ ò]óôØ$�<Haó£õuö|J , with � Þ � ): Then,by induction,L Ú7ã Ü�å æ ç à � , andL Ú7ã Ü£å æ ç à òhóôØ$�<HaótõuövJ
by rule Úgò I Ü .

( é I): Then Õ ÷ Õ Ö é è�è�è é�Õ Ù , and,for ì�Þ 
5Þ ê , ã å æ ç à Õ
� . Thenthereis an ì�Þ 
5Þ ê , suchthatÕ
�zÞ L Ú7Õ�Ü . Then,by induction,L Ú7ã Ü£å æ ç à L Ú7Õ�Ü .
A directconsequenceof this theoremis thatthefollowing derivationrule is admissible.
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ã å�æ ç à Õ Ú7Õ Þ ä�Üã å æ ç à ä
Also, thefollowing is immediate.

Corollary 2.3.3 ã å æ ç à Õ Ö é è�è�è é5Õ Ù , if andonly if ã å æ ç à Õ&� , for all ì�Þ 
5Þ ê .

Theorem2.3.4 (Soundnessof Expansion) LetEx ÷ ���£×�ê£×�î � beanexpansioncompatiblewith the
derivation ã å�æ ç à Õ representedby �7ã ×�Õ]×�ø � . If ExÚ��7ã ×�Õ]×�ø �.ÜÆ÷ �7ã �)×�Õ��ª×�ø �'� , then ã �5å�æ ç à Õ�� .
Proof: By inductionon thestructureof derivations.
( Þ ): Then ç�� ß andthereexists ä suchthat ß�à ä â ã , with ä Þ Õ . By Property2.2.9, ExÚ7ä�Ü Þ ExÚ7Õ�Ü ,

thenby rule Ú,Þ Ü , ã �5å æ ßáà Õ�� .
(Û ): Then ç�÷ ñ Ú)ç Ö ×�Ø�Ø�ØÁ×�ç#( Ü , andthereare Õ Ö ×�Ø�Ø�ØW×�Õ&( suchthat,for ì�Þ 
�Þ ) , ã å æ ç�� à Õ
� , andthere

existsachainChsuchthatCh Ú)Ó Ú ñ Ü�Ü<÷ Õ?ÖÀÝ è�è�è Ý Õ ( Ý Õ . Wedistinguishthreecases:
a) If Õ � ÷ ExÚ7Õ�Üô÷ * Ö�+-,.+�Ù � , Ú7Õ�Ü thenExÚ7Õ
�CÜ£÷ * Ö�+-,/+�Ù � , Ú7Õ&�CÜ and

ExÚ7Õ Ö Ý è�è�è Ý Õ&( Ý Õ�ÜÆ÷ 0Ö�+-,/+�Ù � , Ú7Õ Ö Ý è�è�è Ý Õ
( Ý Õ�Ü¹×
sincetheexpansionis compatiblewith thederivation.By induction,ExÚ7ã Ü£å æ ç�� à ExÚ7Õ
� Ü .
Therefore,by Corollary2.3.3, ExÚ7ã Ü�å¡æ ç � à �1,¯Ú7Õ � Ü , andusingrule Ú!Û Ü with H2�1,¨J3� Ch, wecan
derive ExÚ7ã Ü£å æ ç à � , Ú7Õ�Ü . We thenobtain ã ��å æ ç à Õ�� usingrule Úcé I Ü .

b) If ExÚ ChÚ)Ó Ú ñ Ü�Ü<÷ ExÚ7Õ Ö Ü�Ý Ø�Ø�ØÀÝ ExÚ7Õ Ù Ü�Ý ExÚ7Õ�Ü then,sinceby induction
ExÚ7ã Ü�å¡æ ç � à ExÚ7Õ � Ü , wecanapplyrule Ú!Û Ü with achain HExJ1� Ch to obtain ã ��å�æ ç à Õ�� .

c) Otherwise,Õ is auniversallyquantifiedtypewheresomeinstancesareexpandedasin part(a)
andsomeinstancesasin part(b). ThenExÚ7Õ�Ü is anintersectiontypewherethederivationfor
eachcomponentcanbeobtainedasin part(a) andpart(b), andcombinedusingrule Úcé I Ü .

( Ý E): Then ç�÷ î�ï Ú)ç Ö ×�çLípÜ , andthereis a � suchthat ã å æ ç Ö à ��Ý Õ , and ã å æ çLí à � . By induction,
ExÚ7ã Ü£å¡æ ç Ö à ExÚ��¿Ý Õ�Ü , andExÚ7ã Ü£å¡æ ç í à ExÚ��¿Ü . Weconsidertwo cases:
a) If ExÚ���Ý Õ�ÜÆ÷ * Ö�+-,/+�Ù � , Ú���Ý Õ�Ü thenalsoExÚ���Ü�÷ * Ö�+-,/+�Ù � , Ú���Ü and

ExÚ7Õ�Ü<÷ * Ö�+-,/+�Ù � , Ú7Õ�Ü , sincetheexpansionis compatiblewith thederivation.Then,by
Corollary2.3.3, ExÚ7ã Ü£å æ ç Ö à � , Ú���Ý Õ�Ü , andExÚ7ã Ü�å æ çLí à � , Ú���Ü . Therefore,usingrulesÚ=Ý EÜ and Úcé I Ü weobtainExÚ7ã Ü£å æ îÆï Ú)ç Ö ×�çLíÁÜ à ExÚ7Õ�Ü .

b) Otherwise,ExÚ���Ý Õ�Ü�÷ ExÚ���Ü�Ý ExÚ7Õ�Ü . ThenExÚ7ã Ü�å æ îÆï Ú)ç Ö ×�çOíÁÜ à ExÚ7Õ�Ü follows by
inductionusingrule Ú=Ý EÜ .

( Ý I): Then ç�÷ ð ß Ø¥ç�� , andthereare ��×�� suchthat Õ ÷ ��Ý � and ã × ßáà � å�æ ç�� à � . Then,by induction
Ex Ú7ã Ü¹× ßáà ExÚ���Ü�å æ ç#� à ExÚ��oÜ . If ExÚ��¿Ý �oÜ is anintersectionof renamedcopies,weproceedasin
thepreviouscases.Otherwise,ExÚ���Ý �oÜ£÷ ExÚ���Ü�Ý ExÚ��oÜ . Sinceby induction
ExÚ7ã Ü¹× ßáà ExÚ���ÜÆå æ ç � à ExÚ��oÜ , usingrule Ú=Ý I Ü weobtainExÚ7ã Ü�å æ ç à ExÚ7Õ�Ü .

(ò I): Then Õ ÷ òhóôØ$�hHaótõuövJ , and ã å æ ç à � , whereö doesnotoccurin ã . If ExÚ7Õ�Ü is anintersectionof
renamedcopiesof Õ , thensois ExÚ���Ü , andby inductionExÚ7ã ÜÆå æ ç à ExÚ��¿Ü . Using
Corollary2.3.3andrule Úgò I Ü weobtainExÚ7ã Ü�å æ ç à ExÚ7Õ�Ü . Otherwise,thereis aninstanceof Õ
(w.r.t. thequantifiers)whoseexpansionis notanintersectionof renamedcopies.Since,without
lossof generality, wecanassumethat ö is not in î , alsotheexpansionof � is in Ô s in thiscase.
Then,by inductionandrule Úgò I Ü weobtainExÚ7ã Ü£å æ ç à ExÚ7Õ�Ü .

(òhø ): Then Õ ÷ Õ��cHaä�õ�óvJ and ã å¡æ ç à ò]óôØ�Õ�� .
By induction,ExÚ7ã Ü�å æ ç à ExÚgòhóôØ�Õ�� Ü . Sinceall theinstancesof ò]óôØ�Õ�� aretakeninto accountin
ExÚgò]óôØ�Õ � Ü , in particularweobtainExÚ7ã Ü£å æ ç à ExÚ7Õ�Ü using Úgòhø Ü .

( é I): Then Õ ÷ Õ Ö é è�è�è é�Õ Ù , and,for ì�Þ 
�Þ ê , ã å æ ç à Õ&� . Then,by inductionandrule Úcé I Ü wededuce
ExÚ7ã Ü£å æ ç à ExÚ7Õ�Ü .
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Theorem2.3.5 (Soundnessof Closure) LetCl ÷ �cö4� bea closure such thatCl Ú��7ã ×�Õ��.Ü�÷ �7ã ��×�Õ��5� ,
and Ó anenvironment.Then ã å æ ç à Õ implies ã �5å æ ç à Õ�� .
Pr
�

oof: Directby definitionof closure,usingrule Úgò I Ü .
We thenhave:

Theorem2.3.6 (Soundnessof Chains) Let ã å�æ ç à Õ , Chbea compatiblechain,and Ó an
environment.ThenCh Ú7ã å æ ç à Õ�Ü£÷ Ch Ú7ã Ü£å æ ç à Ch Ú7Õ�Ü .
2.3.1 TypeAssignmentfor Rewrite Rules

Being able to infer a type for a term doesnot give any guaranteeaboutthe typing of the termsin
any reductionpathout of it. Indeedwe needto make surethat the rewrite rulesrespectthe intended
functionalbehaviour for the function symbolsof the signatureexpressedby the environment. The
environment,however, doesnot expressa strict conditionon the type of function symbols,leaving
roomto flexibility by letting ususedifferentconsistentinstancesof thetypeof a symbolfor different
occurrencesof it. So,we would like to have a certaindegreeof flexibility alsoin theuseof rewriting
rules,without losingthepropertyof subjectreduction,which is essentialin typesystems.In orderto
achieve this we definea notionof typeassignmenton rewrite rules,asdonein [8], usingthenotionof
principalpair (alsocalledprincipal typing). Thetypeabilityof rulesensuresconsistency with respect
to theenvironment.

Definition 2.3.7 (Principal pair) �76 ×98�� is calledaprincipal pair for ç with respectto Ó , if 6 å�æ ç à 8 ,
andfor all ã å æ ç à Õ , thereis achainChcompatiblewith 6 å æ ç à 8 suchthatCh Ú��76 ×98���Ü£÷ �7ã ×�Õ�� .
Definition 2.3.8 i) Wesaythat :|Ý ; â R with definedsymbol ñ is typeablewith respectto Ó , if

thereare 6 , and 8 â Ô suchthat:

a) �76 ×98�� is aprincipalpair for : with respectto Ó , andeachchainChcompatiblewith 6 å æ : à 8
is compatiblewith 6 å æ ; à 8 .

b) In 6 å æ : à 8 and 6 å æ ; à 8 all occurrencesof ñ in sideconditionsto rule Ú!Û Ü aretypedwithÓ Ú ñ Ü .
ii) Wesaythat Ú=< × R Ü is typeablewith respectto Ó , if all r â R are.

Notice that, by the formulationof part (i.a), the setof typespermittedto occurin the derivation for6 å æ ; à 8 is restricted.

Notethatfor a rule ñ Ú)ç Ö ×�Ø�Ø�ØÁ×�ç Ù Ü<Ý ; to betypeable,Ó Ú ñ Ü mustbeof theform Õ Ö Ý Ø�Ø�ØÀÝ Õ Ù Ý Õ .
Although Ó Ú ñ Ü cannothave anoutermostuniversalquantifier, its freevariablesplay thesamerole as
universallyquantifiedvariables(sincethey canbeinstantiatedby substitutionoperations).In particular,
for thepolymorphicidentity function > wewill useÓ Ú7>ÄÜÆ÷ ö£Ý ö .

Example2.3.9 Weshow now thetypeassignmentfor therewrite rule ÿ Ú ß Ü�Ý îÆï�Ú ß × ß Ü in an
environmentÓ whereÓ Ú7ÿ ÜÆ÷ Úcö Ö Ý öqíÁÜLé�ö Ö Ý öoí . Let ã ÷ ü ßáà Úcö Ö Ý öqíÁÜLé�ö Ö�ý , thenßáà Úcö Ö Ý öoíÁÜLé�ö Ö â ã

ã å æ ßáà ö Ö Ý öoí
ßáà Úcö Ö Ý öqíÁÜLé�ö Ö â ã

ã å æ ßáà ö Ö
ã å æ ß à Úcö Ö Ý öqíÁÜLé�ö Ö

ã å æ ÿ Ú ß Ü à öqí
Indeed,this is aprincipalderivationfor ÿ Ú ß Ü . In orderto typetherewrite rulewehave to show thatü ßáà Úcö Ö Ý öqíÁÜLé�ö Ö�ý å æ î�ï�Ú ß × ß Ü à öqí , which is easy:let ã ÷ ü ß�à Úcö Ö Ý öoíÁÜLé�ö ÖÀý , then:
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ßáà Úcö Ö Ý öoíÁÜLé�ö Ö â ã
ã å æ ß à Úcö Ö Ý öqíÁÜ

ßáà Úcö Ö Ý öqíÁÜLé�ö Ö â ã
ã å æ ß à ö Ö

ã å æ î�ï Ú ß × ß Ü à öoí
Wewill only considerTRS ? @ thataretypeablewith respectto agivenenvironmentÓ .

2.3.2 SubjectReduction

We will now show thatreductionspreserve typesin our system.In theproof of SubjectReductionwe
will useonemorelemma:

Lemma2.3.10 Let Ó beanenvironment,ç a term,andR a term-substitution.
i) If ã å æ ç à Õ and ã � is a basissuch that ã ��å æ ß R à � for everystatementß�à � â ã , then ã ��å æ ç R à Õ .

ii) If there are ã and Õ such that ã å æ ç R à Õ , thenfor every ß occurringin ç there is a type � B such
that ü ßáà � B A ß occursin ç ý å æ ç à Õ , and ã å æ ß R à � B .

Proof: By inductionon thestructureof derivations.

Theorem2.3.11 (SubjectReductionTheorem) If ã å æ ç à Õ and ç�Ý ç � , then ã å æ ç � à Õ .
Proof: For a @ -reductionsteptheproof is standard,soweconsideronly thecaseof a rewrite step.Let:|Ý ; bethetypeablerewrite ruleappliedin therewrite stepçÆÝ ç � . Wewill prove thatfor every
term-substitutionR andtype � , if ã å¡æ : R à � , then ã å¡æ ; R à � , whichprovesthetheorem.
Sincer is typeable,thereare 6 ×98 suchthat �76 ×98�� is aprincipalpair for : with respectto Ó , and6 å æ ; à 8 . SupposeR is a term-substitutionsuchthat ã å æ : R à � . By Lemma2.3.10(ii) thereis a ã �
suchthatfor every ßáà � â ã � , ã å æ ß R à � , and ã � å æ : à � . Since �76 ×98�� is a principaltyping for : with
respectto Ó , by Definition2.3.7thereis achainChcompatiblewith �76 ×98�� suchthat
Ch Ú��76 ×98��¹Ü£÷ �7ã �)×��B� . Since6 å æ ; à 8 , by Theorem2.3.6also ã ��å æ ; à � . Thenby Lemma2.3.10(i)ã å æ ; R à � .

3 StrongNormalisation

As mentionedin the introduction,typesserve not only asspecificationsandasa way to ensurethat
programs‘cannotgo wrong’ duringexecution,but alsoto ensurethatcomputationsterminate.In fact,
this is a well-known propertyof the intersectionsystemfor LC, andof SystemF, but the situationis
different in TRS (a rule ç Ý r ç may be typeable,althoughit is obviously non-terminating).In this
section,wewill focuson therestrictionsnecessaryto obtainastrongnormalisationresult.

3.1 The GeneralScheme

Inspiredby the work of JouannaudandOkada[26], who defineda generalschemeof recursionthat
ensuresterminationof higher-orderrewrite rulescombinedwith LC, we will definea generalscheme
for TRS ? @ , suchthat typeability of Ú=< × R Ü in the (second-order)polymorphicintersectionsystem
definedin thispaperimpliesstrongnormalisationof all typeableterms.

Definition 3.1.1 (General Schemeof Recursion) Let < beasignaturewith asetof functionsymbolsÛ Ù ÷ C D ü ñ Ö ×�Ø�Ø�Øp× ñ Ù ý , whereñ Ö , . . . , ñ Ù will bethedefinedsymbols,and C thesetof
constructors.Wewill assumethat ñ Ö , . . . , ñ Ù aredefinedincrementally(i.e. thereis nomutual
recursion),by typeablerulesthatsatisfythegeneral scheme:

ñ � Ú C H ß J × ù ÜÆÝ C� H ñ � Ú C ì ß × ù Ü¹×�Ø�Ø�Ø*× ñ � Ú C( H ß J × ù Ü¹× ù JC×
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whereß × ù aresequencesof variablessuchthat ß E ù ; C HzJ , C� HÉJ , C ì ×�Ø�Ø�ØÁ× C( HÄJ aresequencesof
contexts in F Ú!Û ��G Öp×�H Ü ; andfor every ì�Þ I Þ ) , C H ß J � mul C,�H ß J , whereJ is thestrictsubterm
ordering(i.e. � denotesstrict super-term)andmuldenotesmulti-setextension.Moreover, in the
principalderivation 6 å æ ñ � Ú C H ß J × ù Ü à 8 of ñ � Ú C H ß J × ù Ü , thetypesassociatedto thevariablesù in 6
arethetypesof thecorrespondingargumentsof ñ � in Ó Ú ñ � Ü .

This generalschemeis a generalisationof primitive recursion.It imposestwo mainrestrictionson
the definition of functions: the termsin the multi-setsC,�H ß J aresub-termsof termsin C H ß J (this is
the ‘primitive recursive’ aspectof thescheme),andthevariablesß mustalsoappearasargumentsin
the left-handsideof the rule. Both restrictionsareessentialin theproof of theStrongNormalisation
Theorembelow. The lastonecanbereplacedby a typing condition,requiringthat thevariablesin ß
thatarenot includedin ù canonly beassignedbasetypes.Also, insteadof themulti-setextensionof
thesubtermordering,a lexicographicextensioncanbeused,or evena combinationof lexicographic
andmulti-set(see[21] for detailsaboutthesevariantsof thescheme).

Notethatalthoughthegeneralschemehasaprimitiverecursiveaspect,it allowsthedefinitionof non-
primitive functionsthanksto thehigher-orderfeaturesavailablein TRS ? @ : for example,Ackermann’s
functioncanberepresented. K

Ú7LTÜ Ý ð ß Ø Succ Ú ß ÜK
Ú Succ Ú ß Ü�Ü Ý ð ù ØNM Ú

K
Ú ß Ü¹× ù Ü

M Ú'O�×9LTÜ Ý î�ï Ú'O�× Succ Ú7LTÜ�ÜM Ú'O�× Succ Ú ù Ü�Ü Ý î�ï Ú'O�×9M Ú'O�× ù Ü�Ü
whereSucc is thesuccessorfunction.

Also therewrite rulesof CombinatoryLogic arenot recursive,so,in particular, satisfythescheme.

3.2 The strongnormalisation theorem

We shallprove that,whentherewrite rulessatisfythegeneralschema,every typeabletermis strongly
normalisable.This will bedoneusingTait-Girard’s method[22] andthetechniquesdevisedin [26] in
orderto copewith someof thedifficultiesthatthepresenceof algebraicrewriting makesarise.

Fromnow onall therewrite ruleswill beassumedto satisfythegeneralschema.

In thefollowing, asequenceP Ö ×�Ø�Ø�Ø*×QP Ù of elementswill bedenotedby P . Thelengthof thesequence
will bedenotedby A P A (so A P Ö ×�Ø�Ø�Ø*×QP Ù A ÷ ê ). In this sectionwe shallnot distinguishbetweenfreeand
boundtype variables. Type variableswill be denotedby ö<×¹ö � ×¹ö Ö ×�Ø�Ø�Ø . Recall that a term is called
neutral if it is notanabstraction.

Definition 3.2.1 A ReducibilityCandidateof type ä is aset R S of termstypeablewith ä andsuch
that:
(C1): If ç?â R S , then ç is stronglynormalisable,T&U Ú)ç�Ü .
(C2): If ç?â R S and ç�Ý V]ç�� , then ç���â R S .

(C3): If ç is neutralandtypeablewith type ä , andif, for every W , ç�Ý W implies W â R S , then ç]â R S .

Notethatany reducibility candidatecontainsall theterm-variablesandthat,for any type � , T&U X is
a reducibilitycandidate.

Definition 3.2.2 Let � bea type,andlet R Y beasequenceof reducibilitycandidatesR Y[ZÖ ×�Ø�Ø�ØÁ×�R Y]\Ù
suchthat A R Y A ÷ A ö A , where ünö ý ^ FV Ú���Ü ; thenwecandefinethesetof termsRed X H�R Y õuö J by
inductionon � , asfollows:

(� � _ ): Red `*H�R Y õuö J]÷ T&U ` .
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(� � ö � ): Red acb¹H�R Y õuö J?÷ R Y�b� .

(� � Õ|é[ä ): Red d é S H�R Y õuö J]÷ Red d�H�R Y õuö J � Red S H�R Y õuö J .
(� � Õ�Ý ä ): Red d E S�H�R Y õuö J is thesetof termsç typeablewith Ú7Õ�Ý ä�Ü¨He! õuö J andsuchthat,for everyW â Red d�H�R Y õuö J , îÆï Ú)çf×�W?Ü?â Red S H�R Y õuö J .
(� � òhó��)Ø�ä ): Red fhgjilkmS�H�R Y õuö J is thesetof termsç typeablewith ò]ó���Ø�ä|He! õuö J andsuchthat,for any

type  andreducibilitycandidateT n , çhâ Red S�H�R Y õuö ×�T nÇõ�ó%�'J .
Fromnow on, whenconsideringa sequenceR Y in a Red X H�R Y õuö J , we shall alwaystacitly assume

A R Y A ÷ A ö A and ünö ý ^ FV Ú���Ü .
Lemma3.2.3 Red X H�R Y õuö J is a reducibilitycandidateof type �hHe! õuö J .
Proof: By inductionon thestructureof � .
(� � _ ): By definitionRed X H�R Y õuö J ÷ T1U ` . It is straightforwardto checkthat T1U ` satisfies(C1),

(C2) and(C3).

(� � ö%� ): Immediateby definition,sinceR Y]b� is a reducibilitycandidateof type !-� .
(� � Õ|é[ä ): Wehave first to show that,if ç]â Red d H�R Y õuö J � Red S�H�R Y õuö J , then ç is typeablewithÚ7Õ|é[ä�Ü¨He! õuö J . By inductionRed d H�R Y õuö J andRed S�H�R Y õuö J arereducibilitycandidatesof typeÕ�He! õuö J and ä|He! õuö J , respectively. Henceç is typeableby Õ�He! õuö J and ä|He! õuö J . SinceÚ7Õ|é[ä�Ü¨He! õuö J�� Õ�He! õuö J � ä|He! õuö J , by definitionof oursystemwegetthat ç is typeablewithÚ7Õ|é[ä�Ü¨He! õuö J . Wehave now to prove theotherpropertiesof a reducibilitycandidate,namely(C1),

(C2) and(C3). Theseareeasilyinferredby thefactthatRed X H�R Y õuö J is theintersectionof two
reducibilitycandidates.

(� � Õ�Ý ä ): By definition3.2.2wehave thatif ç?â Red X H�R Y õuö J then ç is typeablewith Ú7Õ�Ý ä�Ü¨He! õuö J .
Wecanprove now theotherpropertieswhichmusthold for a reducibilitycandidate.
(C1): Let ç]â Red X H�R Y õuö J . By inductionbothRed d�H�R Y õuö J andRed S H�R Y õuö J arereducibility

candidates.Hence,sinceany reducibilitycandidatecontainsall thevariables,by Definition
3.2.2, wehave that î�ï Ú)çf× ß Ü?â Red S�H�R Y õuö J and,by (C1), îÆï Ú)çf× ß Ü is stronglynormalisable.
Thusalso ç is stronglynormalisable.

(C2): Let ç]â Red X H�R Y õuö J , with ç�Ý V]ç�� , andlet W â Red d H�R Y õuö J . By Definition3.2.2, wehaveî�ï Ú)çf×�W?Ü?â Red S[H�R Y õuö J . Henceî�ï Ú)ç�×�W Ü�Ý V?î�ï Ú)ç��7×�W?Ü and î�ï Ú)ç��7×�W Ühâ Red S�H�R Y õuö J , by
(C2). By SubjectReduction(Theorem2.3.11) and(C2), weobtain ç���â Red X H�R Y õuö J .

(C3): Let ç beneutralandtypeablewith �hHe! õuö J , andlet usassumethat

òoWáØ¥ç�Ý W p W â Red X H�R Y õuö J=Ø
Wehave to prove that

ò�q Ø!Ú�q â Red d H�R Y õuö Jrp î�ï Ú)çf×�q Ü?â Red S H�R Y õuö JªÜ¹Ø
Let then s â Red d�H�R Y õuö J . Sinceç is typeablewith Ú7Õ�Ý ä�Ü¨He! õuö J and,by induction, s is
typeablewith Õ�He! õuö J , î�ï Ú)ç�×�s¿Ü is typeablewith ä|He! õuö J . Moreover î�ï Ú)çf×�s�Ü is a neutralterm
andthus,since(C3) holdsfor Red S[H�R Y õuö J by induction,to prove thatî�ï Ú)çf×�s�Ü?â Red S H�R Y õuö J , it sufficesto show thatfor any tç suchthat î�ï Ú)çf×�s�Ü<Ý tç ,tç?â Red S H�R Y õuö J . By (C1) for Red d�H�R Y õuö J , s is stronglynormalisable.Wenow proceedby
inductionon theheightof thereductiontreeof s .
Sinceç is neutral,thereductionfrom îÆï Ú)çf×�s�Ü to tç hasnecessarilyto occureitherin ç or in s .
1) If tçr� îÆï Ú)ç��)×�s�Ü with ç�Ý ç�� then,by ourassumptionç���â Red X H�R Y õuö J andhence,by

definitionof Red X H�R Y õuö J wehave îÆï Ú)ç � ×�s�Ühâ Red S H�R Y õuö J .
2) If tçr� îÆï Ú)çf×�su� Ü with s Ý sv� , then,by (C2) for Red d H�R Y õuö J wehave sv��â Red d H�R Y õuö J .

Sincethereductiontreeof s � is strictly shorterthantheoneof s , by inductionweobtainî�ï Ú)ç�×�s � Ühâ Red S H�R Y õuö J .
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(� � ò?ö���Ø�ä ): Any elementof Red fjajilkmSzH�R Y õuö J is typeablewith ò ö%�ªØ�ä|He! õuö J by definition.Wenow
checkthattheotherconditionshold.

(C1): Let ç]â Red fja i kmS�H�R Y õuö J , let  beanarbitrarytypeandlet T n bea reducibilitycandidatefor (thestronglynormalisabletermstypeablewith  , for instance).Then,by definition,ç?â Red S H�R Y õuö ×�T n õuö � J . Sincefor Red S H�R Y õuö ×�T n õuö � J theinductionhypothesisapplies,by
(C1) wegetthat ç is stronglynormalisable.

(C2): Let ç]â Red fjawixkmS�H�R Y õuö J with ç�Ý Vhç�� . By definition,for all types andcandidatesT n we
have ç]â Red S H�R Y õuö ×�T n õuö � J . Hence,by inductionand(C2), ç � â Red S H�R Y õuö ×�T n õuö � J for all
types  andcandidatesT n . Thus,by definitionandSubjectReduction,ç � â Red fja i kmS H�R Y õuö J .

(C3): Let ç beneutralandtypeablewith ò ö%�)Ø�ä|He! õuö J andlet usassume

òoWáØ¥ç�Ý W p W â Red fja i kmS H�R Y õuö J=Ø
Takingany type  andany candidateT n for it, wehave,by definition,that

òoWáØ¥ç£Ý W p W â Red S H�R Y õuö ×�T n õuö � J=Ø
Sincetheinductionhypothesisappliesfor Red S�H�R Y õuö ×�T n�õuö�� J , by (C3) wehave that,for any
type  andany candidateT n for it, ç?â Red S�H�R Y õuö ×�T n3õuö%� J , andhence,by definition,ç?â Red fja i kmS H�R Y õuö J .

Lemma3.2.4 (Red-substitutionLemma)

Red dzy S|{�ah} H�R Y õuö J � Red d�H�R Y õuö × Red S[{�a H�R Y õuö J%J=Ø
Proof: By inductionon thestructureof Õ .

Lemma3.2.5 Let ä Þ Õ . Then,for anyreducibilitycandidatesR Y :
Red S H�R Y õuö J E Red d H�R Y õuö J=Ø

Proof: By inductionon thedefinitionof Þ .
(ò ì�Þ 
�Þ ê Ú)ê ë ìÁÜMHaÕ Ö é è�è�è é[Õ Ù Þ Õ
�!J ): Easy.

(ò ì�Þ 
�Þ ê Ú)ê ë ìÁÜ Õ Þ Õ
� p Õ Þ Õ Ö é è�è�è é[Õ Ù ): Easy.

( Õ Þ Õ��-~ ä Þ ä��Bp Õ��!Ý ä Þ Õ�Ý ä�� ): Let ç?â Red d[i E S[H�R Y õuö J . Then,by definition, ç is typeablewithÕ�� Ý ä and òoWáØ!Ú�W â Red d i H�R Y õuö Jrp î�ï Ú)çf×�W?Ü?â Red S H�R Y õuö JªÜ¹Ø
In orderto prove that ç?â Red d E S�i,H�R Y õuö J wefirst noticethat,by Theorem2.3.2, ç is also
typeablewith Õ�Ý ä � . Now, to show that

òoWáØ!Ú�W â Red d H�R Y õuö Jrp î�ï Ú)çf×�W?Ü?â Red S�i H�R Y õuö JªÜ¹×
take W â Red d�H�R Y õuö J . By inductionRed d�H�R Y õuö J E Red d[iLH�R Y õuö J . HenceW â Red d[i H�R Y õuö J
andby assumptionî�ï Ú)çf×�W?Ü?â Red S�H�R Y õuö J . Againby induction, îÆï Ú)çf×�W?Ü?â Red S i H�R Y õuö J .

(ò?ö��)Ø�Õ Þ Õ�Haä�õuö%� J ): Let çhâ Red fja i k d H�R Y õuö J . By definition,for any type  andreducibilitycandidateT n , çhâ Red d H�R Y õuö ×�T n3õuö%� J . In particular, ç?â Red d H�R Y õuö × Red S[H�R Y õuö Jªõuö�� J . By the
Red-substitutionLemma3.2.4, weobtain ç]â Red dzy S|{�a i } H�R Y õuö J .

( Õ Þ ä p ò?ö � Ø�Õ Þ ò ö � ä ): By induction,for any reducibilitycandidatesR Y , T n :
Red S H�R Y õuö ×�T n õuö � J E Red d H�R Y õuö ×�T n õuö � J=Ø

Then,by Definition3.2.2, it follows thatfor any reducibilitycandidateR Y
Red fjawi�kmS H�R Y õuö J E Red fjaji�k d H�R Y õuö J=Ø

( Õ Þ ò ö%�)Ø�Õ with ö%���â FV Ú7Õ�Ü ): Since ö����â FV Ú7Õ�Ü , for any type  andcandidateT n ,
Red d H�R Y õuö J�� Red d H�R Y õuö ×�T n3õuö%�'J . Hence,by definition,wehave that
Red d H�R Y õuö J E Red fja�k d H�R Y õuö J=Ø
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(ò?ö��)Ø�Õ�Ý ä Þ Õ�Ý ò ö%�ªØ�ä with ö%���â FV Ú7Õ�Ü ): Let ç?â Red fjajilk d E S�H�R Y õuö J . Then,by Definition3.2.2, ç is
typeablewith Úgò?ö��)Ø�Õ�Ý ä�Ü¨He! õuö J and,for any type  andreducibilitycandidateT n ,

ç?â Red d E S H�R Y õuö ×�T n õuö � J=Ø
Thismeansthat,usingthedefinitionof Red d E S�H�R Y õuö ×�T n�õuö�� J , for any type  andreducibility
candidateT n ,

òoWáØ!Ú�W â Red d H�R Y õuö ×�T n õuö � Jrp îÆï Ú)çf×�W?Ü]â Red S H�R Y õuö ×�T n õuö � JªÜ¹Ø
Sinceö � �â FV Ú7Õ�Ü , Red d�H�R Y õuö ×�T n õuö � J�� Red d�H�R Y õuö J andhence,for any W â Red d�H�R Y õuö J we
have that,for any  andcandidateT n , î�ï Ú)çf×�W?Ü?â Red S�H�R Y õuö ×�T n3õuö%�'J . Then,by Theorem2.3.2,ç is alsotypeablewith Õ�Ý ò ö%�)Ø�ä|He! õuö J . Thus çhâ Red d E fja i kmS�H�R Y õuö J .

Definition 3.2.6 i) A term ç typeablewith type ä is reducibleif it is in Red S�H�T&U � õ�� J , where� are
thefreevariablesof ä .

ii) Let ã ÷ ü ß Ö à Õ Ö ×�Ø�Ø�Øp× ß Ù à Õ Ù5ý beabasisandlet FV Ú7Õ Ö ×�Ø�Ø�Øp×�Õ Ù Ü E ünö ý . Moreover, let ! bea
sequenceof typessuchthat A ! A ÷ A ö A andlet R Y beasequenceof reducibilitycandidates.A
term-substitutionR is R Y -reduciblefor ã if, for every ß � à Õ
��â ã , ß � R â Red d b H�R Y õuö J .

Termscan,asusual,beseenastrees;thesub-termof ç atpositionï will bedenotedby ç A�� , and ç�H�W5J �
will denotetheresultof replacing,in ç , thesub-termat positionï by W .

We shall prove our strongnormalisationresultby showing that every typeableterm is reducible.
This impliesstrongnormalisationby Lemma3.2.3and(C1). In orderto show thatany typeableterm
is reducibleweneedto prove astrongerproperty, for whichwewill needthefollowing ordering.

Definition 3.2.7 i) Let ‘ � IN’ denotethestandardorderingonnaturalnumbers,andlex, mul denote
respectively thelexicographicandmulti-setextensionof anordering.Let ‘ ��� ’ standfor the
well-foundedencompassmentordering,i.e. W ���4s if W �� s modulorenamingof variables,andW A�� ÷ s R for somepositionï â W andterm-substitutionR. Notethatencompassmentcontains
strictsuper-term(‘ � ’).

ii) Wedefinetheordering‘ � SN’ on triples– consistingof anaturalnumber, a term,andamulti-set
of terms– astheobject Ú�� IN × ��� ×*Ú=Ý D � Ü"�B���=Ü"�����¿Ø

iii) Wewill interprettheterm W R by thetriple ��
.×�Wá×¨ü R ý ��÷ � Ú�W RÜ , where� 
 is themaximalsuper-index of thefunctionsymbolsbelongingto W ,� ü R ý is themulti-set ü ß R A ß â Var Ú�W?Ü ý .
Thesetriplesarecomparedin theordering‘ � SN’.

WhenR is R Y -reduciblefor somebasiscontainingthefreevariablesof W , then,by (C1), every ç inü R ý is stronglynormalisable,sotherewrite relation‘ Ý ’ is well-foundedon ü R ý . Also, sincetheunion
of therelation‘ � ’ with a terminatingrewrite relationis well-founded[18], therelation‘ Ú=Ý D � Ü ( F�� ’
is well-foundedon ü R ý . Hence,with suchterm-substitutions,‘ � SN’ is awell-foundedordering.

We will use‘ � SNÙ ’ whenwe want to indicatethat the ê -th elementof the triple hasdecreasedand
thefirst ê4� ì have not increased.

Wewould like to stressthatwedonot just interpretterms,but pairsof termsandterm-substitutions.
This impliesthatalthoughit canbethatthetermsç R Z and ç R� areequal,their interpretationsneednot
beequalaswell.

Wenow cometo themaintheoremof this section.

Property3.2.8 Let ã å æ ç à Õ , where ã ÷ ü ß Ö à Õ Ö ×�Ø�Ø�Øp× ß Ù à Õ Ù5ý , andlet FV Ú7Õ Ö ×�Ø�Ø�ØÁ×�Õ Ù ×�Õ�Ü E ünö ý .
Then,givena sequenceof types! such that A ! A ÷ A ö A anda sequenceof reducibilitycandidatesR Y , if
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R is a term-substitutionthat is R Y -reduciblefor ã , then ç R â Red d H�R Y õuö J .
Proof: SeetheAppendix.

Theorem3.2.9 (StrongNormalisation) Anytypeabletermis stronglynormalisable.

Proof: By Property3.2.8, it easilyfollows thatany typeabletermis reducible.Strongnormalisation
thenfollows from Lemma3.2.3and(C1).

4 Confluence

Usingthepreviousstrongnormalisationresult,we aregoingto show thattheabsenceof critical pairs
in a typeableTRS ? @ impliesconfluenceon typeableterms.

Definition 4.1 If :�Ý ; and _ Ý ç aretwo rewrite rules(weassumethatthevariableswererenamed
sothatthereis novariablethatoccursin both),ï is thepositionof anon-variablesubtermof _ and �
is amostgeneralunifierof _ A�� and : , then Ú)ç��£×Q_|�<H�;j�hJ � Ü is acritical pair formedfrom thoserules.
Notethatthesecondrulemaybea renamedversionof thefirst. In thiscaseasuper-positionat theroot
positionis notconsideredacritical pair.

Wewill prove thattheabsenceof critical pairsimplieslocal confluence, anduseNewman’sLemma
[33] to deduceconfluencefrom strongnormalisationandlocal confluence.Let usrecall thedefinition
of local confluence:

Definition 4.2 A reductionrelation Ý is locally confluentonaset F of terms,if for any çf×�s Ö ×�s í â F
suchthat ç<Ý sÄÖ and ç�Ý s í , thereexists s�û£â F suchthat sÄÖ Ý V s û and s í Ý V�s�û .
Theorem4.3 A typeableTRS ? @ Ú=< × R Ü is locally confluenton typeabletermsif it doesnothave
critical pairs.

Proof: By theSubjectReductionTheorem,all rewrite sequencesstartingfrom atypeabletermremain
insidethesetof typeableterms.Westudytheinteractionsbetweenthetwo classesof reductionswe
have: @ -reductions,andreductionsusingR.
Theabsenceof critical pairsguaranteesnosuper-positionbetweentherewrite rules.It is well-known
thatthis implieslocalconfluenceof first-orderrulesonalgebraicterms.Theextensionto terms
containingð -abstractionsis standard:weabstractwith term-variablesthesub-termsthathave a ð at
theroot, takingcareof usingthesamevariablefor identicalsub-termssincerewrite rulesmaybenon
left-linear(see[9] for details).Theextensionto rulescontainingð -abstractiononly in theright-hand
side(asin oursystems)is alsostraightforward.
Since@ -reductionsareconfluenton ð -termscontainingconstants,theonly remainingcaseto studyis
theinteractionof @ -reductionswith reductionsusingR. But sinceby definitionof rewrite rule, the
symbol î�ï cannotappearin a left-handside,thereis nosuper-positionbetween@ andotherrules.
Thiscompletestheproof.

5 Restriction to Rank2

In this section,we will presenta decidablerestrictionof the type systemaspresentedabove, based
on typesof rank2. AlthoughtheRank2 intersectionsystemandtheRank2 polymorphicsystemfor
LC typeexactly thesamesetof terms[37], their combinationresultsin a systemwith moreexpressive
power: polymorphismcanbeexpresseddirectly (usingtheuniversalquantifier)and,moreover, every
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typeabletermhasaprincipaltype,aswewill show below. Thelatterpropertydoesnotholdin asystem
without intersection.

5.1 Rank 2 type assignment

In this subsection,we will briefly discussa notionof Rank2 type assignment(the systempresented
hereis not theonly onepossible:a variantcouldbeto consideralsotheemptyintersection,i.e. to use
thetypeconstant� , but wewill not take thatdirectionhere).

Thepolymorphicintersectiontypesof Rank2, Ô 2, area truesubsetof thesetof polymorphicinter-
sectiontypesasdefinedin Definition2.1.1.

Definition 5.1.1 (Rank2 typesandbases) i) Wedefinepolymorphicintersectiontypesof Rank2 in
layers: Ô C areCurry types,Ô fC arequantifiedCurry types,Ô 1, typesof rank1, areintersectionsof
quantifiedCurry types,and Ô 2 aretypesof Rank2:

Ô C
à%à ÷ ö A _ A Ú7Ô C Ý Ô C ÜÔ fC à%à ÷ Ô C A Úgò]óôØ�Ô fC Haótõuö|JªÜÔ 1
à%à ÷ Ú7Ô fC � è�è�è � Ô fC ÜÔ 2
à%à ÷ Ô C A Ú7Ô 1 Ý Ô 2 Ü

Weomit bracketsasbefore.

ii) A Rank2 basisis abasisin whichall typesarein Ô 1.

Below, wewill defineaunificationprocedurethatwill recursively gothroughtypes.However, using
thesetsdefinedabove,noteverysub-typeof a typein Ô 2 is a typein thatsameset.For example,ó£Ý ö
is not a type in any of the setsdefinedabove; however, òhóôØ�ótÝ ö â Ô fC , andthereforeit canbe that,
whengoingthroughtypesin Ô 2 recursively, ótÝ ö hasto bedealtwith. Sincethedistinctionbetween
freeandboundvariablesis essential,we introduce,for every set Ô�� definedabove, alsotheset Ô �� of
types,thatcontainsalsofreeoccurrencesof ó s. Wewill not alwaysusethe‘ � ’ whenspeakingof these
sets,however; it will beclearfrom thecontext whichsetis intended.

As for Ô , we will considera relationon types, Þ 2, but onethat is not the restrictionto Ô 2 of the
relation Þ definedin Definition2.1.2; noticethatthepartcorrespondingto ‘ Õ Þ 2 òhóôØ�Õ , if ó not in Õ ’
is missing.

Definition 5.1.2 (Relationson types) Ontypes,thepre-order(i.e. reflexive andtransitive relation)Þ 2 is definedby:

Õ Ö é è�è�è é�Õ Ù Þ 2 Õ
�,× ÚLì�Þ 
5Þ êoÜò]óôØ�Õ�Haó£õuö|J Þ 2 Õ�Haä�õuö|J=× Ú7ä â Ô C Üò�ì�Þ 
�Þ ê£Ø�Õ Þ 2 Õ � p Õ Þ 2 Õ?Ö¹é è�è�è é5Õ�Ù Ú)ê ë ìÁÜ� Þ 2 Õ]×�ä Þ 2 � p Õ�Ý ä Þ 2 �¿Ý �£× Ú7äP×�� â Ô 2 ÜÕ Þ 2 ä p ò]óôØ�Õ�Haó£õuö|J�Þ 2 òhóôØ�ä|HaótõuövJ=Ø
Theequivalencerelation‘ � 2 ’ is definedby: Õ � 2 ä �|p Õ Þ 2 ä Þ 2 Õ , andweextend‘ Þ 2 ’ to bases
in thesamewayasdonefor ‘ Þ ’.

For Þ 2 , thefollowing propertieshold:

Lemma5.1.3 i) If Õ â Ô C and Õ Þ í�ä â Ô 2, then ä â Ô C.

ii) If Õ â Ô 1, Õ Þ í�ä â Ô 2, and Õ doesnotcontain‘ ò ’, thenneitherdoesä .

iii) If Õ Þ 2 ä Ö é è�è�è é[ä Ù , then,for all ì�Þ 
�Þ ê , Õ Þ 2 ä � .
Proof: Easy.
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TheRank2 versionsfor thevariousoperationsaspresentedbelow aredefinedin muchthesameway
asin [6], with theexceptionof theoperationof closureandlifting, thatwerenotusedthere.

The first threeoperationsusedfor the Rank 2 systemare straightforward variantsof operations
definedfor thefull system.

Definition 5.1.4 i) SubstitutionÚcö ¡Ý ��Ü à Ô 2 Ý Ô 2 is definedasin Definition2.2.3, but with the
restrictionthat � â Ô C. WeuseId ¢ for thesubstitutionthatreplacesall variablesby themselves,
andwrite T for thesetof all substitutions.
For thesake of clarity, andin orderto avoid writing HSÖp×�Ø�Ø�Øp× SÙ¯J for achainof single
type-variablesubstitutions,wewill closethesetof substitutionfor composition‘ � ’: for
substitutionsSÖ × Sí , thesubstitutionSí£� SÖ is definedasSí£� SÖ Ú7Õ�Üô÷ Sí¿Ú SÖ Ú7Õ�Ü.Ü .

ii) Lifting is definedasin Definition2.2.10, but with therestrictionthat‘ Þ ’ is takento be‘ Þ 2’ of
Definition5.1.2.

iii) Closure is definedasin Definition2.2.11asa pairof types �7Õ]×¹ö4� , with therestrictionthatÕ â Ô fC : �7Õ]×¹ö¤� Ú��7ã ×�ä Ö é è�è�è é�ä Ù ��ÜÆ÷ �7ã ×�ä �Ö é è�è�è é5ä �Ù �
where,for all ì�Þ 
�Þ ê ,

ä �� ÷ ò]óôØ�Õ�Haó£õuö|J=× if ä �á÷ Õ , and ö doesnotappearin ã ( ó is a freshvariable),andä��� ÷ ä � × otherwise.

Thevariantof expansionusedin theRank2 systemis quitedifferentfrom thatof Definition2.2.7.
Thereasonfor this is thatexpansion,normally, increasestherankof a type:

�cö Ö ×Q¥z�uÚ��Cü ßáà ö Ö Ý öoí ý ×¹ö Ö ��Ü�Úcö Ö Ý öqíÁÜ�÷ Úcö ÖÖ é5ö í Ö Ü�Ý öoí�×
a featurethat is of coursenot allowed within a systemthat limits the rank of types. Sincebelow
expansionis only usedin very precisesituations(within the procedureunifyf2, and in the proof of
Theorem5.3.8), thesolutionis relatively easy:in thecontext of Rank2 types,expansionis only called
ontypesin Ô fC , soit is definedto workwell there,by replacingall typesbyanintersection;in particular,
intersectionsarenotcreatedat theleft of anarrow.

Definition 5.1.5 Let ã beaRank2 basis,Õ â Ô 2, and ê ë ì . The ê -fold Rank2 expansionwith
respectto thepair �7ã ×�Õ�� , ê�¦x§B¨ dh© à Ô 2 Ý Ô 2 is constructedasfollows: SupposeV ÷ ünö Ö ×�Ø�Ø�ØW×¹ö�( ý is
thesetof all (free)variablesoccurringin �7ã ×�Õ�� . Choose) ª ê differentvariablesö ÖÖ ×�Ø�Ø�ØW×¹ö Ù Ö , . . . ,ö Ö( ×�Ø�Ø�Ø*×¹ö Ù( , suchthateachö �, ( ì�Þ 
5Þ ê , ì�Þ I Þ ) ) doesnotoccurin V. Let S� bethesubstitution
thatreplacesevery ö , by ö �, . ThenRank2 expansionis definedon types,bases,andpairs,
respectively, by: ê�¦x§B¨ dh© Ú7ä�Ü ÷ SÖ Ú7ä�Ü � è�è�è � SÙ Ú7ä�Üf×ê ¦x§B¨ dh© Ú7ã � Ü ÷ ü ßáà ê ¦x§B¨ dh© Ú���Ü A ßáà � â ã ý ×ê ¦x§B¨ dh© Ú��7ã �)×�Õ��5��Ü ÷ �)ê ¦x§«¨ d¬© Ú7ã �!Ü¹×�ê ¦x§B¨ dh© Ú7Õ�� Ü��¹Ø
Noticethat,if ä â Ô 2, it canbethatSÖ Ú7ä�Ü � è�è�è � SÙ Ú7ä�Ü is nota legal type.However, sinceeach
S��Ú7ä�Ühâ Ô 2, for ì�Þ 
�Þ ê , for thesake of clarity, wewill not treatit separately(seealsoLemma
5.1.13).

Noticethatwehave noneedfor thethird parameter‘ î ’ in thisnotionof expansion.SinceRank2
expansionessentiallyis just thecombinationof anumberof substitutionsby meansof rule Úcé I Ü , we
donotneedto calculatethesetof affectedtypes,for which thethird parameterwasadded.

Sinceall resultsin this sectionregardtheRank2 system,we will use‘expansion’ratherthan‘Rank 2
expansion.’

As before,operationswill begroupedin chains.
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Definition 5.1.6 A Rank2 chain (or R2-chainfor short)is a chainChof operations,composedof at
mostoneexpansion,at mostonesubstitution,atmostonelifting, andanumber( ë L ) of closures:

Ch ÷ HEx× S× L × Cl Ö ×�Ø�Ø�Ø Cl ( J ÷ HEx× S× L × ClJ=Ø
For chains,thefollowing propertieshold:

Lemma5.1.7 LetChbeanR2-chain.

i) If Õ â Ô C, andCh Ú7Õ�Ü?â Ô 2, thenCh Ú7Õ�Ü]â Ô C, andthere is a substitutionSsuch that
Ch Ú7Õ�ÜÆ÷ SÚ7Õ�Ü .

ii) If Õ â Ô 2, andCh Ú7Õ�Ühâ Ô fC , thenthere are a substitutionS, andclosuresCl Öp×�Ø�Ø�ØW× Cl Ù , such that
Ch Ú7Õ�ÜÆ÷ HS× Cl Ö ×�Ø�Ø�Ø*× Cl Ù J¹Ú7Õ�Ü .

iii) If Õ â Ô C, andCh Ú7Õ�Ü?â Ô 1, thenthere existsa lifting-freeR2-chainCh� such that
Ch Ú7Õ�ÜÆ÷ Ch� Ú7Õ�Ü .

iv) If Õ â Ô 2, andCh Ú7Õ�Ühâ Ô C, thenthere is a substitutionSsuch thatCh Ú7Õ�Ü�÷ SÚ7Õ�Ü .
v) If Õ â Ô 2, andCh Ú7Õ�Ühâ Ô 2, thenthere are substitutionS,andlifting L such that

Ch Ú7Õ�ÜÆ÷ HS× L J�Ú7Õ�Ü .
Proof: For partone,clearlyexpansionandclosurearenotneeded,andby Lemma5.1.3(i), neitheris
lifting. Theotherpartsarejustgeneralisationsof thefirst.

Wenow cometo thedefinitionof Rank2 typeassignment.

Definition 5.1.8 i) A Rank2 environmentÓ is amappingfrom Û to Ô 2.

ii) Rank2 typeassignmenton termsis definedby thefollowing naturaldeductionsystem:

ßáà Õ â ã
(a)Ú,Þ 2 Ü : ã å 2æ ßáà ä

ã å 2æ ç à Õ Ö è�è�è ã å 2æ ç à Õ ÙÚcé I Ü : (c)ã å 2æ ç à Õ Ö é è�è�è é[Õ Ù
ã å 2æ ç Ö à Õ�Ý ä ã å 2æ çLí à ÕÚ=Ý EÜ : ã å 2æ îÆï Ú)ç¹Ö3×�ç í Ü à ä

ã × ßáà Õ å 2æ ç à äÚ=Ý I Ü : ã å 2æ ð ß Ø¥ç à Õ�Ý ä
ã å 2æ ç à ÕÚgò I Ü : (b)ã å 2æ ç à òhóôØ�Õ�HaótõuövJ

ã å 2æ ç à Õ Ö è�è�è ã å 2æ ç à Õ ÙÚ!Û Ü : (d)ã å 2æ ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü à Õ
a) If Õ Þ 2 ä , Õ â Ô 1, and ä â Ô C.

b) If ö doesnotoccurin ã , and Õ â F f­ .

c) If ê ë ì , and Õ � â Ô fC , for every ì�Þ 
5Þ ê .

d) If ñ â Û , andthereexistsachainChsuchthat Õ Ö Ý è�è�è Ý Õ Ù Ý Õ ÷ Ch Ú)Ó Ú ñ Ü�Ü .
Noticethat,sincequantificationeliminationis implicit in rule Ú,Þ 2 Ü , whenrestrictingtheuseof the

quantifierto theleft of arrowsonly, thereis no longerneedfor ageneralÚgò EÜ rule;asrule Úcé EÜ , its use
is in a strict systemlimited to variables,andthereits actionsarealreadyperformedby Ú,Þ 2 Ü . In fact,
thischangeis justifiedby Lemma5.1.11.

Example5.1.9 Wecanderive bothù�à Ú7Õ�Ý ä�ÜLé5Õ â ü ù�à Ú7Õ�Ý ä�ÜLé�Õ ý
ü ù¡à Ú7Õ�Ý ä�ÜLé[Õ ý å 2æ ù¡à Õ�Ý ä

ù¡à Ú7Õ�Ý ä�ÜLé5Õ â ü ù¡à Ú7Õ�Ý ä�ÜLé5Õ ý
ü ù�à Ú7Õ�Ý ä�ÜLé5Õ ý å 2æ ù¡à Õ

ü ù�à Ú7Õ�Ý ä�ÜLé�Õ ý å 2æ ùÉù�à ä
� å 2æ ð ù Ø ùÉù à Ú7Õ�Ý ä�ÜLé5Õ�Ý ä
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and ù�à òhóôØ�ó â ü ù�à òhóôØ�ó ý
ü ù¡à ò]ó<Ø�ó ý å 2æ ù¡à Õ�Ý ä

ù�à ò]ó<Ø�ó â ü ù�à ò]ó<Ø�ó ý
ü ù¡à ò]ó<Ø�ó ý å 2æ ù¡à Õ

ü ù�à ò]óôØ�ó ý å 2æ ùÉù�à ä
� å 2æ ð ù Ø ùÉù à ò]óôØ�ó£Ý ä

Wewill now show thattheabove definedoperationsaresound.First,weshow this for substitution.

Lemma5.1.10 If ã å 2æ ç à Õ , andSis a substitution,thenSÚ7ã Ü£å 2æ ç à SÚ7Õ�Ü .
Proof: By inductionon thestructureof derivations.

( Þ 2): Then çÆ÷ ß ×�Õ â Ô C, andthereis � â Ô 1 suchthat ßáà � â ã and � Þ 2 Õ . SinceSÚ���ÜhÞ 2 SÚ7Õ�Ü , andßáà SÚ��¿Ü~â SÚ7ã Ü , alsoSÚ7ã ÜÆå 2æ ßáà SÚ7Õ�Ü .
(Û ): Then ç�÷ ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü , andthereare Õ Ö ×�Ø�Ø�Ø*×�Õ Ù suchthat,for ì�Þ 
5Þ ê , ã å 2æ ç�� à Õ
� , andthere

existsachainChsuchthatCh Ú)Ó Ú ñ Ü�Ü<÷ Õ?ÖÀÝ è�è�è Ý Õ�ÙPÝ Õ . By induction,for ì�Þ 
5Þ ê ,
SÚ7ã ÜÆå 2æ ç�� à SÚ7Õ
�=Ü , andsince

HSJ � Ch Ú)Ó Ú ñ Ü�Ü<÷ SÚ7Õ Ö Ü�Ý è�è�è SÚ7Õ Ù Ü�Ý SÚ7Õ�Ü¹×
by rule Ú!Û Ü weobtainSÚ7ã Ü£å 2æ ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü à SÚ7Õ�Ü .

( Ý E): Then ç�÷ î�ï Ú)ç Ö ×�çLípÜ , andthereis a � â Ô 1 suchthat ã å 2æ ç Ö à ��Ý Õ , and ã å 2æ çOí à � . By
induction,SÚ7ã Ü�å 2æ ç Ö à SÚ���Ý Õ�Ü , andSÚ7ã Ü£å 2æ çOí à SÚ���Ü , so,by rule Ú=Ý EÜ ,
SÚ7ã ÜÆå 2æ î�ï Ú)ç Ö ×�çLíÁÜ à SÚ7Õ�Ü .

( Ý I): Then ç�÷ ð ß Ø¥ç � , andthereare ��×�� suchthat Õ ÷ ��Ý � and ã × ßáà � å 2æ ç � à � . By induction,
SÚ7ã Ü¹× ßáà SÚ��¿ÜÆå 2æ ç � à SÚ��oÜ , so,by rule Ú=Ý I Ü , SÚ7ã ÜÆå 2æ ð ß Ø¥ç � à SÚ���Ý �oÜ .

(ò I): Then Õ ÷ òhóôØ$�hHaótõuövJ , and ã å 2æ ç à � . By induction,SÚ7ã Ü�å 2æ ç à SÚ���Ü . Wecanassume,without
lossof generality, that ö is notaffectedby S, so, ö occursin � if andonly if it occursin SÚ���Ü .
Therefore,by rule Úgò I Ü , alsoSÚ7ã Ü£å 2æ ç à SÚ���Ü¨HaótõuövJ , soSÚ7ã Ü�å 2æ ç à SÚ��hHaótõuövJªÜ .

( é I): Then Õ ÷ Õ?Öfé è�è�è é�Õ�Ù , and,for ì�Þ 
5Þ ê , ã å 2æ ç à Õ � . Then,by induction,for all ì�Þ I Þ ) ,
SÚ7ã Ü�å 2æ ç à SÚ7ä , Ü , so,by rule Úcé I Ü , alsoSÚ7ã Ü£å 2æ ç à SÚ7ä Ö é è�è�è é5ä ( Ü .

Thenext lemmastatesessentiallythatlifting is asoundoperation.

Lemma5.1.11 If ã å 2æ ç à Õ , andlet ã �)×�ä besuch that ã �uÞ 2 ã , and Õ Þ 2 ä , then ã ��å 2æ ç à ä .

Proof: By inductionon thestructureof derivations.Firstwedealwith thecasethat ä is notan
intersection.

( Þ 2): Then çÆ÷ ß ×�Õ â Ô C, andthereis � â Ô 1 suchthat ßáà � â ã and � Þ 2 Õ . Sinceã � Þ 2 ã , thereis� � â Ô 1 suchthat ßáà � � â ã � and � � Þ 2 � Þ 2 Õ . SinceÕ Þ 2 ä , also � � Þ 2 ä and ã � å 2æ ßáà ä . (Notice
that,since Õ â Ô C and Õ Þ 2 ä , Õ ÷ ä .)

(Û ): Then ç�÷ ñ Ú)ç¹Öp×�Ø�Ø�Øp×�ç Ù�Ü , andthereare Õ?Ö3×�Ø�Ø�Ø*×�Õ�Ù suchthat,for ì�Þ 
5Þ ê , ã å 2æ ç � à Õ � , andthere
existsachainChsuchthatCh Ú)Ó Ú ñ Ü�Ü<÷ Õ Ö Ý è�è�è Ý Õ Ù Ý Õ . Sinceã ��Þ 2 ã , by inductionã ��å 2æ ç�� à Õ&� , for ì�Þ 
�Þ ê . SinceÕ Þ 2 ä ,

L ÷ � ���É×�Õ Ö Ý è�è�è Ý Õ Ù Ý Õ��f×����É×�Õ Ö Ý è�è�è Ý Õ Ù Ý ä®���
is a lifting, so H L J � Ch Ú)Ó Ú ñ Ü�Üô÷ Õ Ö Ý è�è�è Ý Õ Ù Ý ä , and ã � å 2æ ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü à ä by rule Ú!Û Ü .

( Ý E): Then ç�÷ î�ï Ú)ç Ö ×�çLípÜ , andthereis a � â Ô 1 suchthat ã å 2æ ç Ö à ��Ý Õ , and ã å 2æ çOí à � . SinceÕ Þ 2 ä , also ��Ý Õ Þ 2 ��Ý ä , soby induction, ã � å 2æ ç Ö à �¿Ý ä and,by rule Ú=Ý EÜ , alsoã ��å 2æ î�ï Ú)ç Ö ×�çLíÁÜ à ä .

( Ý I): Then ç�÷ ð ß Ø¥ç�� , andthereare ��×�� suchthat Õ ÷ ��Ý � and ã × ßáà � å 2æ ç�� à � , and  p×"! suchthatä ÷ !~Ý  , and ! Þ 2 ��×�� Þ 2  . Then,by induction ã ��× ß�à ! å 2æ ç�� à  , andtherefore,by rule Ú=Ý I Ü ,
also ã �5å 2æ ð ß Ø¥ç�� à !|Ý  .
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(ò I): Then Õ ÷ òhóôØ$�hHaótõuövJ , and ã å 2æ ç à � . SinceòhóôØ$�hHaótõuö|J�Þ 2 ä , by definitionof ‘ Þ 2’, either:

( ä ÷ �hH��oõuö|J , with � â Ô C): By induction, ã � å 2æ ç à � , and,by Lemma5.1.10, ã � å 2æ ç à �hH��oõuö|J
(noticethat ö occursin � only).

( ä ÷ ò]óôØ$�<Haó£õuö|J , with � Þ 2 � ): Then,by induction, ã ��å 2æ ç à � , and ã ��å 2æ ç à òhóôØ$�<HaótõuövJ by ruleÚgò I Ü .
( é I): Then Õ ÷ Õ Ö é è�è�è é�Õ Ù , and,for ì�Þ 
5Þ ê , ã å 2æ ç à Õ
� . Thenthereis an ì�Þ 
5Þ ê , suchthatÕ
�zÞ 2 ä . Then,by induction, ã ��å 2æ ç à ä .

If ä ÷ änÖ¹é è�è�è é[äÀÙ , then,by Lemma5.1.3(iii) , for all ì�Þ 
�Þ ê , Õ Þ 2 ä � . Theresultthenfollows from
theabove,andrule Úcé I Ü .

Thenext lemmastatesthatclosureis asoundoperation.

Lemma5.1.12 If ã å 2æ ç à ä andlet Cl ÷ �7Õ]×¹ö¤� bea closure such that Cl Ú��7ã ×�ä®��Ü£÷ �7ã � ×��1� , thenã ��å 2æ ç à � .

Proof: Let ä ÷ ä Ö é è�è�è é[ä Ù Ú)ê ë ìÁÜ , then �7Õ]×¹ö4��Ú��7ã ×�ä Ö é è�è�è é�ä Ù ��Ü�÷ �7ã ×�ä �Ö é è�è�è é�ä �Ù � so ã � ÷ ã and,
for all ì�Þ 
�Þ ê ,� ö occursin ã , and ä �v÷ Õ , andtheresultis trivial, or� ö doesnotoccurin ã , ä �|÷ Õ , and ä��� ÷ ò]óôØ�Õ�HaótõuövJ , andtheresultfollows from rule Úgò I Ü .

Sinceexpansionjustcreatesanintersectionof types,it couldbethatthetypecreatedis not in Ô 2, but
wouldbeanintersectionof typesfrom thatset.Therefore,wecannotshow ageneralsoundnessresult.
However, wecanshow thefollowing:

Lemma5.1.13 LetExbeanexpansion,andlet Ex Ú7Õ�Ü<÷ Õ Ö é è�è�è é�Õ Ù . If ã å 2æ ç à Õ , then,for everyì�Þ 
5Þ ê , there is a ã � such that ã � å 2æ ç à Õ
� .
Proof: By Definition5.1.5, therearesubstitutionsSÖ ×�Ø�Ø�Ø*× SÙ suchthat,for every ì�Þ 
�Þ ê ,
Ex Ú7Õ�Ü�÷ SÖ Ú7Õ�Ü � è�è�è � SÙ Ú7Õ�Ü . Theresultthenfollows from Lemma5.1.10(noticethatã � ÷ S��Ú7ã Ü ).

In caseexpansiongetsappliedto a typein Ô 1, theresultis stronger.

Lemma5.1.14 LetExbeanexpansion.If Õ â Ô 1 and ã å 2æ ç à Õ , thenEx Ú7ã Ü£å 2æ ç à Ex Ú7Õ�Ü .
Proof: By thepreviouslemma,if Ex Ú7Õ�Ü�÷ Õ Ö é è�è�è é5Õ Ù , then,for every ì�Þ 
5Þ ê , thereis a ã � such
that ã � å 2æ ç à Õ
� . SinceÕ â Ô 1, alsoeachÕ&�zâ Ô 1. NoticethatEx Ú7ã Ü]Þ 2 S��Ú7ã Ü , for ì�Þ 
5Þ ê , so,by
Lemma5.1.11andrule Úcé I Ü , wegettheresult.

Wehave now thefollowing result:

Lemma5.1.15 If Õ â Ô 1, ã å 2æ ç à Õ , andCh is a chainsuch thatCh Ú��7ã ×�Õ��.Ü�÷ �7ã �7×�Õ��5� , thenã � å 2æ ç à Õ � .
Proof: By lemmas5.1.10to 5.1.13.

Thefollowing propertiesof R2-chainswill beusedin theproofof Theorem5.3.8below.

Lemma5.1.16 i) If there existsanR2-chainChsuch thatCh Ú��76 D ü ß�à°¯ ý ×98���Ü�÷ �7ã D ü ßáà � ý ×��B� ,
where 8�×�� â Ô 2, thenthere existsanR2-chainCh� such that Ch� Ú��76 × ¯ Ý 8���Ü�÷ �7ã ×���Ý �B� .

ii) If there existsanR2-chainChsuch thatCh Ú��76 ×98���Ü�÷ �7ã ×��B� , where 8�×�� â Ô 2, thenthere exists
anR2-chainCh� such thatCh� Ú��76 ×¹ö£Ý 8���Ü£÷ �7ã ×¹ötÝ �B� , where ö is a freshtypevariable.

Proof: Straightforward.
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5.2 Unification of Rank 2 Types

In the context of types,unification is a procedurenormally usedto find a commoninstancefor de-
mandedandprovidedtypefor applications,i.e: if ç Ö hastype Õ�Ý ä , and çLí hastype � , thenunification
looks for a commoninstanceof the types Õ and � suchthat î�ï Ú)ç Ö ×�çOíÇÜ canbe typedproperly. The
unificationalgorithmunifyf2 presentedin thenext definitiondealswith just thatproblem.This means
that it is not a full unificationalgorithmfor typesof Rank2, but only analgorithmthatfindsthemost
generalunifying chainfor demandedandprovidedtype. It is definedasa naturalextensionof Robin-
son’s well-known unificationalgorithmunify [35], andcanbe seenasan extensionof the notion of
unificationaspresentedin [6], in thatit dealswith quantificationaswell.

Definition 5.2.1 Unificationof Curry types(extendedwith boundvariablesandtypeconstants)is
definedby:
unify à Ô �C ª Ô �C Ý T .

unify Úcöô×�ä�Ü ÷ Úcö ¡Ý ä�Ü¹× if ö doesnotoccurin ä , or ö ÷ ä
unify Ú7óô×�ótÜ ÷ Id ¢�×
unify Ú�_µ×Q_�Ü ÷ Id ¢�×
unify Ú7Õ]×¹ötÜ ÷ unify Úcöô×�Õ�Ü¹×
unify Ú7Õ�Ý äP×���Ý �oÜ ÷ Sí£� SÖ × where SÖ ÷ unify Ú7Õ]×���Ü¹×

Sí ÷ unify Ú SÖ Ú7ä�Üf× SÖ Ú��oÜ.Ü¹Ø
(All non-specifiedcases,like unify Ú7ó Ö ×�óqíÁÜ with ó Ö �÷ óoí , fail.)

It is worthwhile to noticethat the operationon typesreturnedby unify is not really a substitution,
sinceit allows,e.g., ö ¡Ý ó , withoutkeepingtrackof thebinderfor ó . Thispotentiallywill createwrong
results,sinceunificationcannow substituteboundvariablesin unboundplaces.Therefore,specialcare
hasto be taken beforeapplyinga substitution,to guaranteeits applicationto the argumentactsasa
‘real’ substitution.

Thefollowing propertyis well-known, andformulatesthatunify returnsthemostgeneralunifier for
two Curry types,if it exists.

Property5.2.2 ([35]) For all Õ]×�ä â Ô C, substitutionsSÖ × Sí : if SÖ Ú7Õ�Ü�÷ SíPÚ7ä�Ü , thenthere are
substitutionsSF andS� such that

SF ÷ unify Ú7Õ]×�ä�Ü¹× andSÖ¢Ú7Õ�Ü�÷ S� � SF Ú7Õ�Ü�÷ S� � SF Ú7ä�Ü�÷ Sí Ú7ä�ÜfØ
Theunificationalgorithmunifyf2 asdefinedbelow gets,typically, calledduringthecomputationof

the principalpair for anapplicationî�ï Ú)ç Ö ×�çOíÁÜ . Supposethe algorithmhasderived 6 Ö å 2æ ç Ö à 8 Ö and6 í å 2æ ç í à 8 í asprincipalpairsfor ç¹Ö and ç í , respectively, andthat 8?Ö ÷ Õ�Ý ä . Thusthe demanded
type Õ is in Ô 1 andtheprovidedtype 8�í is in Ô 2. In orderto beconsistent,theresultof theunification
of Õ and 8�í – a chainCh – shouldalwaysbe suchthat Ch Ú78�íÁÜhâ Ô 1. However, if 8�í �â Ô C, thenin
generalCh Ú78�íÁÜ �â Ô 1. To overcomethisdifficulty, analgorithmtoÔ C will beinsertedthat,whenapplied
to the type � , returnsa chainof operationsthat removes,if possible,intersectionsin � . This canbe
understoodby theobservationthat,for example,

Ú�Ú7Õ�Ý Õ�Ü�Ý Õ�Ý Õ�Ü�Ý Õ is asubstitutioninstanceof Ú�Úcö Ö Ý ö Ö Ü�Ý öqíÁÜ � Úcö û Ý ö�±nÝ ö%±nÜ�Ý öB²�Ø
Note that if quantifiersappearin � , toÔ C Ú���Ü shouldfail, sincequantifiersthatappearbeforeanarrow
cannotberemovedby any of theoperationson types.

Finally, unifyf2 Ú7Õ]× SíPÚ78�íÁÜ¹× Sí�Ú76oíÁÜ�Ü is called(with Sí ÷ toÔ C Ú78�íÁÜ ). The basisSí�Ú76oíÁÜ is neededto
calculatetheexpansionof SíPÚ78�íÁÜ in caseÕ is anintersectiontype.
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Definition 5.2.3 ThefunctiontoÔ C
à Ô 2 Ý T is definedby:

toÔ C Ú7Õ�Ü ÷ H Id ¢ÉJ=× if Õ â Ô C
toÔ C Ú�Ú7Õ Ö é è�è�è é�Õ Ù Ü�Ý �oÜ ÷ S� � SÙ × otherwise×

where S� ÷ unify Ú S��G Ö Ú7Õ Ö Ü�× S��G Ö Ú7Õ
��³ Ö Ü�Ü�� S�´G Ö × ÚLì�Þ 
�Þ ê4� ì�× with Sµ ÷ Id ¢�Ü¹× and
S� ÷ toÔ C Ú SÙ Ú��oÜ.Ü

(Again,noticethattoÔ C Ú7Õ�Ü fails if Õ contains‘ ò ’.)

Thealgorithmunifyf2 is calledwith thetypesÕ and�u� , thelatterbeing � in whichtheintersectionsare
removed(so �u��÷ toÔ C Ú��¿Ü�Ú���Ü ; noticethattoÔ C Ú��¿Ü is anoperationontypesthatremovesall intersections
in � , andneedsto beappliedto � ). Sincenoneof thederivationrules,noroneof theoperations,allows
for theremoval of a quantifierthatoccursinsidea type,if Õ ÷ ò]ó Ø�Õ � , theunificationof Õ with � � will
not remove the‘ ò]ó ’ part.

Thefollowing definitionpresentsthemainunificationalgorithm,unifyf2. It gets,typically, calledas

unifyf2 Ú7Õ]× Sí�Ú78�íÁÜ¹× SíPÚ76qíÅÜ�Ü
during the calculationof the principal pair for an application;after deriving 6 Ö å 2æ ç Ö à 8 Ö and 6qí å 2æçLí à 8�í asprincipalpairsfor ç Ö and çLí , respectively, with 8 Ö ÷ Õ�Ý ä andSí ÷ toÔ C Ú78�íÇÜ . Thebasisis
neededto calculatetheexpansionin caseÕ is anintersectiontype,assaidabove.

Definition 5.2.4 Let ¶ bethesetof all bases,and · h thesetof all chains.Thefunction
unifyf2 à Ô fC ª Ô C ª ¶ Ý · h is definedby:

unifyf2 Ú7Õ]×�äP×�ã Ü ÷ unify Ú7Õ]×�ä�Ü¹× if Õ â Ô C

unifyf2 Ú�Úgò]óÆÖ Ø�Õ ÖÀÜ � Ø�Ø�Ø � Úgò]ó�Ù Ø�Õ�Ù�Ü¹×�äP×�ã Ü ÷ HEx× SÙ¯J=× otherwise

where Ex ÷ ê�¦x§«¨ S © ×ä Ö é è�è�è é�ä Ù ÷ Ex Ú7ä�Ü , and
for every ì�Þ 
�Þ ê£× S� ÷ unify Ú S�´G ÖTÚ7Õ � Ü�×�ä � Ü�� S�´G Ö Ú with Sµ ÷ Id ¢ Ü¹Ø

It is worthwhile to noticethat unify, toÔ C, andunifyf2 all return lifting-free R2-chains.Moreover,
both unify and toÔ C returna substitution,and the R2-chainreturnedby unifyf2 Ú7Õ]×�ä�Ü actson Õ asa
substitution:theexpansionin thechainis definedfor thesake of ä only. Noticealsothatunifyf2 does
not really returna unifying chainfor its first two arguments;to achieve this,alsoclosureswould have
to beinserted.They arenotneededfor thepresentpurpose.

Theprocedureunifyf2 fails whenunify fails,andtoÔ C fails wheneitherunify fails or whentheargu-
mentcontains‘ ò ’. Becauseof thisrelationbetweenunifyf2 andtoÔ C ononeside,andunifyontheother,
theproceduresdefinedhereareterminatingandtypeassignmentin thesystemdefinedin this section
is decidable.

UsingProperty5.2.2, it is possibleto prove thefollowing lemma.

Lemma5.2.5 LetChbeanR2-chain.

i) If Õ â Ô 2, andCh Ú7Õ�ÜÆ÷ ä â Ô C, thenthere is a S� such thatS� � toÔ C Ú7Õ�Ü�Ú7Õ�Üô÷ ä .

ii) If Õ â Ô 2, andCh Ú7Õ�ÜÆ÷ ä â Ô 1, thenthere is anR2-chainCh� such that H toÔ C Ú7Õ�Ü J � Ch� Ú7Õ�Ü<÷ ä .

Proof: Easy, usingLemma5.1.7(iii) and(iv).

5.3 Principal pairs for terms

In thissubsection,theprincipalpairfor aterm ç with respectto theenvironmentÓ – ppæoÚ)ç�Ü – is defined,
consistingof basis6 andtype 8 . In Theorem5.3.8it will beshown that,for every term,this is indeed
theprincipalone.
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Noticethat,in thedefinitionbelow, if ppæqÚ)ç.Ü ÷ �76 ×98�� , then 8 â Ô 2. For example,theprincipalpair
for theterm ð ß Ø ß is ���É×¹ötÝ ö¤� , so,in particular, it is not ���É× òhóôØ�ótÝ ó¤� . Althoughonecouldarguethat
thelattertypeis more‘principal’ in thesensethat it expressesthegenericcharactertheprincipaltype
is supposedto have, we have chosento usethe former instead.This is mainly for technicalreasons:
becauseunificationis usedin thedefinitionbelow, usingthe latter type,we would oftenbe forcedto
remove theexternalquantifiers.Both typescanbeseenas‘principal’ though,since ò]óôØ�ó£Ý ó canbe
obtainedfrom ö£Ý ö by closure,and ö£Ý ö from òhóôØ�ótÝ ó by lifting.

Definition 5.3.1 Let ç bea termin T Ú!Û�×�H Ü . Usingunifyf2, ppæ Ú)ç�Ü is definedby:

i) ç	� ß . Thenppæ Ú ß ÜÆ÷ �Cü ßáà ö ý ×¹ö¤� .
ii) ç	� ð ß Ø¥ç � . Let ppæ Ú)ç � ÜÆ÷ �76 ×98�� , then:

a) If ß occursfreein ç#� , and ßáà Õ â 6 , thenppæ Ú ð ß Ø¥ç��!Ü�÷ �76 þ ß ×�Õ�Ý 8�� .
b) Otherwise,let ö bea freshvariable,andppæ Ú ð ß Ø¥ç��!Ü�÷ �76 ×¹ö£Ý 8�� .

iii) ç	� î�ï Ú)ç Ö ×�çLíÁÜ . Let ppæ Ú)ç Ö Ü�÷ �76 Ö ×98 Ö � , ppæ Ú)çOíÇÜÆ÷ �76oí�×98�í£� (choose,if necessary, trivial variants
suchthatthesepairsaredisjoint),andSí ÷ toÔ C Ú78�ípÜ , then

( 8 Ö â Ô C): ppæ Ú7î�ï Ú)ç Ö ×�çLíÁÜ�ÜÆ÷ �76 ×98�� , where

6 ÷ SÖ Ú7¸ ü�6 Ö × SíPÚ76oíÁÜ ý Üf×8 ÷ SÖ¢ÚcötÜ�×� Ö ÷ unify Ú78 Ö × Sí�Ú78�íÁÜ�Ý ö£Ü¹× andö is a freshvariableØ
( 8 �â Ô C): Assume8?Ö ÷ Õ�Ý ä . ppæoÚ7î�ï Ú)ç¹Öp×�ç í Ü�Ü�÷ �76 ×98�� , provided 6 and 8 containnounbound

occurrencesof ó s,where

6 ÷ SÚ7¸ ü�6 Ö × Ex Ú Sí�Ú76oíÁÜ.Ü ý Ü¹×8 ÷ SÚ7ä�Ü¹× andHEx× SJ ÷ unifyf2 Ú7Õ]× Sí¿Ú78�íÁÜ¹× SízÚ76oíÅÜ�Ü¹Ø
iv) ç	� ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü . Let, for every ì�Þ 
5Þ ê , ppæ Ú)ç�� Ü£÷ �76��L×98&�¹� (choose,if necessary, trivial

variantssuchthatthe �76 � ×98 � � aredisjoint in pairs),thenppæqÚ ñ Ú)ç¹Öp×�Ø�Ø�Ø*×�ç,Ù�Ü�Ü�÷ �76 ×98�� , provided6 and 8 containnounboundoccurrencesof ó s,where

6 ÷ SÙ Ú7¸ ü ExÖ Ú SÖ Ú76 Ö Ü.Ü¹×�Ø�Ø�Ø*× ExÙ Ú SÙ Ú76 Ù Ü�Ü ý ×8 ÷ SÙ Ú'!|Ü¹×! Ö Ý è�è�è Ý ! Ù Ý ! is a freshinstanceof Ó Ú ñ Ü¹× and
for every ì�Þ 
5Þ ê£× S� ÷ toÔ C Ú78
�=Ü¹×HEx� × S� � J ÷ unifyf2 Ú S�´G Ö Ú'! � Ü¹× S� Ú78 � Ü¹× S� Ú76 � Ü�Ü¹× and

S� ÷ S� � � S��G Ö Ú with Sµ ÷ Id ¢�Ü¹Ø
Sinceunifyor unifyf2 mayfail, notevery termhasaprincipalpair.

Noticethatclosuresarenotneededwhencalculatingthenew basisandtype.

Thetreatmentof ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü in Definition5.3.1is in factvery muchthesameasa repeatedtreat-
mentof î�ï Ú)ç Ö ×�çLíÇÜ . Thiscanbeunderstoodby observingthat,if Ó Ú ñ Ü�÷ Õ Ö Ý è�è�è Ý Õ Ù Ý Õ , then

ppæoÚ ñ Ú ß Öp×�Ø�Ø�Ø*× ß Ù�Ü�Ü ÷ �Cü ß Ö à Õ?Ö3×�Ø�Ø�Ø*× ß Ù à Õ�Ù ý ×�Õ�� , so
ppæ Ú ð ß Ö è�è�è ß Ù Ø ñ Ú ß Ö ×�Ø�Ø�Ø*× ß Ù Ü�Ü ÷ ���É×�Ó Ú ñ Ü���×

andthatthereforetheterms

ñ Ú)ç Ö ×�Ø�Ø�ØÁ×�ç Ù Ü and î�ï Ú è�è�è î�ï�Ú7î�ï Ú ð ß Ö è�è�è ß Ù Ø ñ Ú ß Ö ×�Ø�Ø�ØÁ× ß Ù Ü¹×�ç Ö Ü¹×�çLíÁÜ è�è�è ×�ç Ù Ü
shouldbetreatedin thesameway. It is for this reasonthat,in theproofsbelow, all attentionwill go to
thecaseç	� î�ï Ú)ç Ö ×�çLíÁÜ ; thecaseç�� ñ Ú)ç Ö ×�Ø�Ø�ØÁ×�ç Ù Ü is essentiallythesame.
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Example5.3.2 Take therewrite rulesandenvironment

>�Ú ß Ü Ý ß
ñ Ú ß Ü Ý ß
ñ Ú ß Ü Ý î�ï Ú ß × ß Ü

Ó Ú7>PÜ ÷ öÆÖÀÝ öÆÖ
Ó Ú ñ Ü ÷ Úgò]ó<Ø�ótÝ ótÜ�Ý ö Ö Ý ö Ö

andusingDefinition5.3.1, thefollowing caneasilybechecked: å 2æ ñ Ú ð ß ØN>�Ú ß Ü�Ü à öqíÇÝ öoí , andå 2æ >áÚ ð ß ØN>�Ú ß Ü�Ü à öqíÁÝ öqí . Thesetypesaretheprincipaltypesfor theseterms.

Example5.3.3 Theterm ð ß Ø ß Ú ð ù Ø ùÉù Ü doesnothave aprincipalpair. It is typeablein thefull system
of this paperby �oÝ � (where� ÷ Ú�Ú7Õ�Ý ä�ÜLé�Õ�Ý ä�Ü�Ý � , and ã ÷ ü ß�à �£× ù à Ú7Õ�Ý ä�ÜLé5Õ ý ).

ßáà � â ü ßáà � ý
ü ßáà � ý å æ ßáà �

ù�à Ú7Õ�Ý ä�ÜLé5Õ â ã
ã å¡æ ù¡à Õ�Ý ä

ù¡à Ú7Õ�Ý ä�ÜLé5Õ â ã
ã å�æ ù�à Õ

ã å æ ùÉù¡à ä
ü ßáà � ý å æ ð ù Ø ùÉù à Ú7Õ�Ý ä�ÜLé[Õ�Ý ä

ü ßáà � ý å�æ ß Ú ð ù Ø ùÉù Ü à �
� å æ ð ß Ø ß Ú ð ù Ø ùÉù Ü à �oÝ �

but it is notpossibleto typethis termin å 2æ : sincetoÔ C Ú�Ú7Õ�Ý ä�ÜLé[Õ�Ý ä�Ü will fail onunify Ú7Õ�Ý äP×�Õ�Ü ,ð ù Ø ùÄù canonly betypedwith aRank2 type,sothetypeof ß hasto beof Rank3.

Example5.3.4 Theprincipaltypefor ð ù Ø ùÉù is Ú�Úcö Ö Ý öqíÁÜLé�ö Ö Ü�Ý öqí (seeExample5.1.9), andthe
R2-chainof operationsthattransformsthepair ���É×*Ú�Úcö Ö Ý öqíÁÜLé�ö Ö Ü�Ý öoí£� into thepair ���É× òhóôØ�ótÝ öqí£�
is

Hº� ���É×*Úcö�ÖpÝ ö í ÜLé5ö�ÖÀÝ ö í �¹×����É× òhóôØ�ótÝ ö í ��� J
(noticethat ò]óôØ�ó Þ 2 Úcö�Ö�Ý ö í ÜLé�öÆÖ ). However, thisdoesnot imply thatthederivationfor thelatter
pair is obtainedby applying Ú,Þ Ü to thederivationfor theformer: Ú,Þ Ü canonly beappliedto
term-variables.However, becauseof Lemma5.1.11, weknow thataderivationexists,andascanbe
expected,thederivationfor � å æ ð ù Ø ùÄù à òhóôØ�ótÝ öqí canbeobtainedby applyinga lifting. Firstwe
derive theprincipalpair for ùÉù :ù�à Úcö�ÖÀÝ ö í ÜLé�öÆÖ�â ü ù¡à Úcö�ÖÀÝ ö í ÜLé�öÆÖ ý

ü ù�à Úcö Ö Ý öoípÜLé�ö Ö�ý å æ ù�à ö Ö Ý öoí
ù¡à Úcö�ÖÀÝ ö í ÜLé�öÆÖ�â ü ù�à ÚcöÆÖÀÝ ö í ÜLé�ö�Ö ý

ü ù�à Úcö Ö Ý öqíÁÜLé�ö Ö�ý å æ ù�à ö Ö
ü ù�à Úcö Ö Ý öqíÁÜLé�ö Ö�ý å æ ùÄù�à öoí

to whichweapplythelifting � �7ã ×¹öqí£�¹×��Cü ù�à ò]ó<Ø�ó ý ×¹öoíh��� (noticethatsincethis lifting changesonly
thebasis,wecanactuallyseeit asanoperationonderivations):ù�à òhóôØ�ó â ü ù�à òhóôØ�ó ý

ü ù�à ò]óôØ�ó ý å æ ù�à ö Ö Ý öqí
ù�à ò]óôØ�ó â ü ù�à ò]óôØ�ó ý
ü ù¡à ò]óôØ�ó ý å æ ù¡à ö Ö

ü ù�à ò]ó<Ø�ó ý å æ ùÄù�à öoí
to whichweapply Ú=Ý I Ü :

...

� å æ ð ù Ø ùÉù à ò]óôØ�ó£Ý öqí
Thefollowing lemmasareneededin theproofof Theorem5.3.8. Thefirst statesthatif achainmaps

theprincipalpairsof termsç¹Ö�×�ç í in anapplicationî�ï Ú)ç¹Öp×�ç í Ü to pairsthatallow theapplicationitself to
betyped,thenthesepairscanalsobeobtainedby first performingaunification.Thesecondgeneralises
this resultto arbitraryfunctionapplications.
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Lemma5.3.5 Let Õ â Ô 2, andfor 
£÷ ì�×Q¥ , ppæ Ú)ç � Ü�÷ �76 � ×98 � � , such that thesepairs are disjoint. Let
ChÖ × Chí beR2-chainssuch that

ChÖ Ú ppæ Ú)ç Ö Ü�Ü�÷ �7ã Ö ×�Õ�Ý ä®�¹× andChí¿Ú ppæ Ú)çLíÁÜ�ÜÆ÷ �7ã í�×�Õ��fØ
Thenthere areanR2-chainsChF andCh� , andtype � â Ô 2 such that

ppæ Ú7î�ï Ú)ç Ö ×�çOíÁÜ�Ü ÷ ChF Ú��7¸ ü�6 Ö ×96qí ý ×��»��Ü , and
Ch� Ú ppæ Ú7î�ï Ú)ç Ö ×�çOíÁÜ�Ü�Ü ÷ �7¸ ü*ã Ö ×�ã í ý ×�ä®�ÀØ

Proof: Let Sí ÷ toÔ C Ú78�íÁÜ , and 8 �í ÷ SíPÚ78�íÁÜ , 6 �í ÷ Sí¿Ú76oíÁÜ . Wedistinguishthecases:
( 8 Ö â Ô C): SinceChÖ Ú78 Ö Ü£÷ Õ�Ý ä â Ô 2, wehave that,by Lemma5.1.7(i), ChÖ 8 Ö â Ô C andthereis a

substitutionSÖ suchthatChÖµÚ78?ÖÀÜ�÷ SÖTÚ78?ÖfÜ . SinceChÖ containsnoclosurenorexpansion,there
is atmostonelifting L Ö suchthatChÖ ÷ HSÖ × L Ö J , andL Ö canatmostbeof thekind� �7ã Ö ×�Õ�Ý ä®�¹×��7ã ×�Õ�Ý ä®��� , with ã Þ ã Ö , andSÖ Ú76 Ö Ü£÷ ã Ö .
SinceChí�Ú78�íÁÜ£÷ Õ â Ô C, by Lemma5.2.5(i) thereis asubstitutionSû suchthat
Chí Ú78 í Ü�÷ S¼w8��í . Again,sinceChí containsnoclosurenorexpansion,thereis atmostonelifting
L í suchthatChí ÷ HSû � Sín× L ífJ , andL í canatmostbeof thekind � �7ã í�×�Õ��f×��7ã ×�Õ���� , withã Þ ã í , andSÖ Ú76oíÁÜ�÷ ã í .
Let ö bea freshtype-variable,andassume,without lossof generality, thatS¼�ö ÷ ä . Thenwe
have SÖTÚ78?ÖfÜ�÷ Õ�Ý ä ÷ S¼w8��í Ý ö , soby Property5.2.2, thereexistssubstitutionsSF × S� suchthat� F ÷ unify Ú78 Ö ×98��í Ý ö£Ü , andSÖ � Sû ÷ �B�l� SF ÷ Sû � SÖ .
Noticethat,sinceã Þ ã Ö and ã Þ ã í , L ÷ � �7¸ ü*ã Ö ×�ã í ý ×�ä®�f×��7ã ×�ä®��� is a lifting. Take
ChF ÷ HSF J , andCh� ÷ HSÖ � Sû × L J , and � ÷ ö .

( 8 Ö �â Ô C): Then,in particular, thereare � Ö â Ô 1 ×��vítâ Ô 2 suchthat 8 Ö ÷ � Ö Ý �ví .
NoticethatChÖ Ú78 Ö ÜÆ÷ ChÖ Ú�� Ö Ý �vípÜ�÷ Õ�Ý ä â Ô 2, so,by Lemma5.1.7(v), thereare
substitutionS, andlifting L suchthat

ChÖ¯Ú78 ÖÀÜ ÷ HS× L J¹Ú78?ÖÀÜ¹Ø
Sothereare ã � ë ã , Õ Þ � Ö , �ÄítÞ ä suchthat

SÚ78 ÖÀÜ£÷ SÚ�� ÖÀÝ � í Ü ÷ �5ÖfÝ � í , (SoSÚ�� ÖÀÜÆ÷ �5Ö ), and
L ÷ � �7ã ��×�� Ö Ý �Äí.�¹×��7ã ×�Õ�Ý ä®��� Ø

In particular,8 Ö ÷ � Ö Ý �ví�× so Ú�� Ö â Ô 1 ×��vítâ Ô 2 Ü8 Ö ÷ Úgò]ó Ö Ø½ Ö � è�è�è � òhó�( Ø½ �( Ü�Ý �víÅ× so Ú� , â Ô C ÚLì�Þ I Þ ) Ü¹×«�vítâ Ô 2 Ü
SÚ78 Ö Ü ÷ Úgò]ó Ö Ø SÚ� Ö Ü � è�è�è � ò]ó�( Ø SÚ� �( Ü�ÜÆÝ SÚ��víÁÜ ÷ � Ö Ý �Äí�Ø

Noticethat � �7ã ×�Õ��f×��7ã ×�� Ö ��� is a lifting, andChí � Hº� �7ã ×�Õ���×��7ã ×�� Ö ��� J¹Ú78�íÁÜ�÷ � Ö â Ô 1. Then,
by Lemma5.2.5(ii) , thereis a lifting-free R2-chainCh� suchthatCh� Ú78��í Ü£÷ � Ö . Then

Ch� ÷ HEx�7× S� × ClJ=× with Ex�LÚ78 �í Ü ÷ S� Ö Ú78 �í Ü�é è�è�è é S�Ù Ú78 �í Ü¹× (ò free)HEx� × S� J¹Ú��76 �í ×98��í ��Ü ÷ �7ã Öp× ¯ �¹× with ¯ ÷ S� Ú S� Ö Ú78��í Ü�ÜLé è�è�è é S� Ú S�Ù Ú78��í Ü�Ü¹× ”
Cl Ú��7ã × ¯ ��Ü ÷ �7ã ×�� Ö �¹× with � Ö ÷ ò]ó Ö Ø ¯ Öí é è�è�è é¢òhó�( Ø ¯ (í

So,for ì�Þ I Þ ) , SÚ� , Ü�÷ ¯ ,í ÷ S� Ú S�, Ú78��í Ü�Ü , and,by Property5.2.2, thereexistssubstitutions
S, F × S, suchthat

S, F ÷ unify Ú� , ×98 �í Ü
SÚ� , Ü�÷ S, Ú S, F Ú� , Ü�Ü�÷ ¯ ,í ÷ S, Ú S, F Ú78��í Ü�ÜÆ÷ S� Ú S�, Ú78��í Ü�Ü

SincethesubstitutionsS, F agreeon type-variables,without lossof generality, wecanassumethat
existssubstitutionsSÖ ×�Ø�Ø�Ø*× S( suchthat

S� ÷ unify Ú S��G Ö¢Ú� � Ü¹×98��í Ü�� S�´G Ö (with Sµ ÷ Id ¢ ), and
for ì�Þ I Þ ) , S, Ú SÙ Ú� , Ü�Ü ÷ ¯ ,í ÷ S, Ú SÙ Ú78 �í Ü�Ü

so,by Definition5.2.4

Ch�F ÷ unifyf2 Ú�Úgò]ó Ö Ø½ Ö Ü � Ø�Ø�Ø � Úgò]ó Ù Ø½ Ù Ü¹×98 �í ×96 �í Ü¹Ø
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exists.Take ChF ÷ HSí J � Ch�F , Ch� ÷ HSÖ � è�è�è � S( ×/� �7ã ×�� í �¹×��7ã ×�ä®��� J , and � ÷ � í .
Noticethat,sinceã canbeassumedto notcontainfreeoccurrencesof ó s, thelastchainis
well-defined.

Lemma5.3.6 Let Õ â Ô 2, and,for every ì�Þ 
5Þ ê , ppæ Ú)ç��=Ü�÷ �76��L×98&�¾� , such that thepairs �76��L×98
�=� and
thetype Ó Ú ñ Ü�÷ ! Ö Ý è�è�è Ý ! Ù Ý ! are disjoint,andlet Ch Ú ñ Ü¹× ChÖ ×�Ø�Ø�Ø*× ChÙ beR2-chainssuch that

Ch¿ Ú)Ó Ú ñ Ü�Üô÷ Õ Ö Ý è�è�è Ý Õ Ù Ý Õ and,for every ì�Þ 
�Þ ê£× Ch��Ú��76��L×98
�=�.Ü£÷ �7ã �L×�Õ
�=�fØ
Thenthere areR2-chainsChÀ andCh� such that

ppæ Ú ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü�Ü ÷ ChÀ�Ú��7¸ ü�6 Ö ×�Ø�Ø�Ø*×96 Ù�ý ×"!Á�.Ü¹× and
Ch� Ú ppæ Ú ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü�Ü�Ü ÷ �7¸ ü*ã Ö ×�Ø�Ø�Ø*×�ã Ù5ý ×�Õ��¨Ø

Proof: This is ageneralisationof theproofof thepreviouslemma.

Themainresultof thissectionthenbecomesthesoundnessandcompletenessresultfor ppæ .

Theorem5.3.7 (Soundnessof ppæ ) If ppæ Ú)ç.ÜÆ÷ �76 ×98�� , then 6 å 2æ ç à 8 .

Proof: By inductionon thestructureof terms.
(ç	� ß ): SinceppæoÚ ß ÜÆ÷ �Cü ßáà ö ý ×¹ö¤� , theresultfollows from rule Ú,Þ 2 Ü .
(ç	� ð ß Ø¥ç � ): a) If ß occursfreein ç � , thenthereare Õ]×98 suchthatppæ Ú ð ß Ø¥ç � Ü£÷ �76 ×�Õ�Ý 8�� , where

ppæqÚ)ç�� Ü£÷ �76 D ü ßáà Õ ý ×98�� . By induction, 6 × ßáà Õ å 2æ ç�� à 8 , and,by applyingrule Ú=Ý I Ü , also6 å 2æ ð ß Ø¥ç�� à Õ�Ý 8 .

b) Otherwise,thereare ö<×98 suchthatppæ Ú ð ß Ø¥ç��gÜ�÷ �76 ×¹ötÝ 8�� , whereppæ Ú)ç��gÜ�÷ �76 ×98�� , with ö
a freshvariable.By induction, 6 å 2æ ç#� à 8 . Sinceß doesnotoccurin 6 , wehave 6 × ßáà ö Þ 2 6 ,
and 6 × ßáà ö å 2æ ç � à 8 by Lemma5.1.11, andthen,by rule Ú=Ý I Ü , 6 å 2æ ð ß Ø¥ç � à ötÝ 8 .

(ç	� î�ï Ú)ç Ö ×�çLíÁÜ ): Thenthereare 6 Ö ×96oí suchthatppæ Ú)ç Ö ÜÆ÷ �76 Ö ×98 Ö � , ppæ Ú)çLíÁÜ£÷ �76qí�×98�í£� , and,by
induction, 6 Ö å 2æ ç Ö à 8 Ö and 6oí å 2æ çLí à 8�í . Theneither:
( 8 Ö â Ô C): Thenppæ Ú7î�ï Ú)ç Ö ×�çLípÜ�Ü�÷ � SÚ7¸ ü�6 Ö ×96qí ý Ü¹× SÚcö£Ü�� , where

S ÷ SÖ � Sí�×
SÖ ÷ unify Ú78 Ö × SíPÚ78�íÁÜ�Ý ötÜ¹×
Sí ÷ toÔ C Ú78 í Ü¹× andö is a freshvariable

Then,by thesoundnesslemmasabove,

SÚ76 Ö Ü�å 2æ ç Ö à SÚ78 Ö Ü andSÚ76oíÁÜÆå 2æ çLí à SÚ78�íÁÜ¹Ø
SinceSÖ Ú78 Ö Ü£÷ SÖ Ú Sí¿Ú78�ípÜ.Ý ötÜ , andSí doesnotaffectany variablein �76 Ö ×98 Ö � or ö , also
SÚ78 Ö Ü£÷ SÚ78�ípÝ ö£Ü . So,by rule Ú=Ý EÜ , SÚ7¸ ü�6 Ö ×96oí ý ÜÆå 2æ î�ï Ú)ç Ö ×�çLíÁÜ à SÚcö£Ü .

( 8 Ö ÷ Õ�Ý ä , with Õ â Ô 1, ä â Ô 2): Similar to thepreviouspart,usingunifyf2 ratherthanunify.

(ç	� ñ Ú)ç Ö ×�Ø�Ø�Ø*×�ç Ù Ü ): As thepreviouspart.

Theorem5.3.8 (Completenessof ppæ ) If ã å 2æ ç à Õ , thenthere are a basis6 andtype 8 such that
ppæ Ú)ç.Ü�÷ �76 ×98�� , andthere is anR2-chainChsuch thatCh Ú��76 ×98��¹Ü£÷ �7ã ×�Õ�� .
Proof: By inductionon thestructureof derivations.
( Þ 2): Then çÂ� ß , Õ â Ô C, andthereis ä â Ô 1 suchthat ßáà ä â ã and ä Þ 2 Õ . Also, 8 ÷ ö and6 ÷ ü ßáà ö ý . Sinceä Þ 2 Õ , ã Þ 2 ü ßáà Õ ý , so � �Cü ßáà Õ ý ×�Õ��f×��7ã ×�Õ���� is a lifting. Take

Ch ÷ H¥ö ¡Ý Õ]×/� �Cü ßáà Õ ý ×�Õ��f×��7ã ×�Õ�� � J .
(Û ): Then çr� ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü . Thereare Õ Ö ×�Ø�Ø�ØW×�Õ Ù suchthat,for every ì�Þ 
�Þ ê , ã å 2æ ç�� à Õ&� , andan

R2-chainCh¿ suchthatCh¿ Ú)Ó Ú ñ Ü�Üô÷ Õ Ö Ý è�è�è Ý Õ Ù Ý Õ . By induction,for ì�Þ 
�Þ ê , thereare�76��L×98
�=� , (disjoint in pairs)andanR2-chainCh� , suchthat

ppæ Ú)ç#� Ü£÷ �76�� ×98
�¹�¹× andCh��Ú ppæ Ú)ç��=Ü�ÜÆ÷ �7ã ×�Õ&�¾�fØ
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Sincethepairs �76 � ×98 � � aredisjoint, theR2-chainsCh� donot interfere.Assume,without lossof
generality, thatnoneof thetype-variablesoccurringin Ó Ú ñ Ü occurin any of thepairs �76�� ×98
�=� .
Then,by Lemma5.3.6, thereis anR2-chainChsuchthatCh Ú ppæ Ú ñ Ú)ç Ö ×�Ø�Ø�Øp×�ç Ù Ü�Ü�Ü<÷ �7ã ×�Õ�� .

( Ý E): Then çr� î�ï Ú)ç Ö ×�çLípÜ , andthereis a ä â Ô 2 suchthat ã å 2æ ç Ö à ä�Ý Õ , and ã å 2æ çOí à ä . By
induction,for 
£÷ ì�×4¥ , thereare 6��L×98
� , andR2-chainCh� suchthat

ppæ Ú)ç��=Ü�÷ �76��L×98&�¾�f× ChÖ Ú ppæ Ú)ç Ö Ü�Ü�÷ �7ã ×�ä�Ý Õ���× andChí�Ú ppæ Ú)çLíÁÜ�ÜÆ÷ �7ã ×�ä®�¹Ø
Then,by Lemma5.3.5, thereis anR2-chainChsuchthatCh Ú ppæ Ú7î�ï Ú)ç Ö ×�çOíÁÜ�Ü�Ü�÷ �7ã ×�Õ�� .

( Ý I): Then çr� ð ß Ø¥ç�� , andthereare ��×�� suchthat Õ ÷ ��Ý � , and ã × ß�à � å 2æ ç#� à � . Let
ppæ Ú)ç � ÜÆ÷ �76 � ×98 � � , then

(ß â FV Ú)ç � Ü ): Let ßáàº¯ â 6 � , then 6 ÷ 6 � þ ß , andppæ Ú ð ß Ø¥ç � ÜÆ÷ �76 × ¯ Ý 8 � � . By inductionthere
existsanR2-chainCh� suchthat

Ch� Ú��76 D ü ßáà½¯ ý ×98 � ��Ü£÷ �7ã D ü ßáà � ý ×��B�fØ
Then,by Lemma5.1.16(i), thereexistsanR2-chainCh�Ã� suchthat
Ch��� Ú��76 × ¯ Ý 8�����Ü�÷ �7ã ×���Ý �B� . Take Ch ÷ Ch�Ã� .

(ß �â FV Ú)ç � Ü ): Thenppæ Ú ð ß Ø¥ç � Ü�÷ �76 � ×¹ö£Ý 8 � � , where ö is a type-variablenotoccurringin any
othertype.By inductionthereexistsanR2-chainCh� suchthatCh� Ú��76 ×98��.ÜÆ÷ �7ã ×��B� . Then,
by Lemma5.1.16(ii) , thereexistsanR2-chainCh��� suchthatCh��� Ú��76 ×¹ötÝ 8���ÜÆ÷ �7ã ×¹ötÝ �B� .
Let Ch�Ã� ÷ HEx× S× L × ClJ , thentake Ch ÷ HEx× S��Úcö ¡Ý ��Ü¹× L × ClJ .

(ò I): Then Õ ÷ òhóôØ�ä|HaótõuövJ , and ã å 2æ ç à ä . Let ppæ Ú)ç.Ü�÷ �76 ×98�� , thenby inductionthereexistsan
R2-chainCh� suchthatCh� Ú��76 ×98��.Ü�÷ �7ã ×�ä®� . Take Cl ÷ �7äP×¹ö4� , andCh ÷ Ch� � HCl J .

( é I): Then Õ ÷ Õ Ö é è�è�è é�Õ Ù , and,for ì�Þ 
5Þ ê , ã å 2æ ç à Õ
� . Let ppæ Ú)ç.Ü£÷ �76 ×98�� , andlet Ex ÷ ê�¦ÅÄ1¨mÆ © ,
thenEx Ú��76 ×98���Ü�÷ �7¸ ü�6�ÖÁ×�Ø�Ø�ØW×96�Ù ý ×98?Öfé è�è�è é18�Ù1� , with eachpair �76 � ×98 � � a trivial variantof�76 ×98�� . So,without lossof generality, wecanevensayppæ Ú)ç.Ü£÷ �76�� ×98
�¹� , for all ì�Þ 
5Þ ê . By
induction,thereexist R2-chainsChÖ ×�Ø�Ø�Ø*× ChÙ suchthatfor ì�Þ 
�Þ ê , Ch�¨Ú��76��L×98
�Ç��ÜÆ÷ �7ã ×�Õ
�=� .
By Lemma5.1.7(ii) , Ch�|÷ HS�,× Cl�!J . Take Ch ÷ HEx× SÖ � è�è�è � SÙ × ClÙ ×�Ø�Ø�Ø*× ClÙ J .

6 Conclusions
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[8] S. vanBakel andM. Ferńandez.NormalizationResultsfor TypeableRewrite Systems.Informationand
Computation, 133(2):73–116,1997.
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Appendix

Property3.2.8 Let Î ÏÑÐ Ò�ÓNÔ , where Î Õ Ö[×ÙØ[ÓNÔ�ØÛÚ/Ü/Ü/Ü�Ú�×	Ý	ÓNÔ
Ý
Þ , andlet FV ß7Ô�Ø[Ú/Ü/Ü/Ü|Ú9Ô
Ý�Ú9Ô�à á Öhâ Þ .
Then,givena sequenceof typesã suchthat äåã äuÕ äÃâ ä anda sequenceof reducibilitycandidatesæ ç , if
R is a term-substitutionthatis æ ç -reduciblefor Î , then Ò R è Red é�H�æ ç êwâ J .
Proof: By Nötherianinductionon ‘ ë SN’. If Ô ì Ô�ØQí�î/î/îºí&Ô
Ý , then,by definition,wehave to prove
that,for any ï�ð ñ
ð ò , Ò R è Red é/ó¹H�æ ç êwâ J . Thus,without lossof generalitywecanconsiderÔ not to
beanintersection.
Let ã and æ ç beasin thehypothesisof thepropertyandlet R Õ Ö[× Øhôõ öÙØ Ú/Ü/Ü/Ü[Ú�× Ý�ôõ ö®Ý Þ . We
distinguishthecases:

i) Ò is aneutralterm.If Ò is avariable×3÷ , thenwehave necessarilythat Ô-÷rð Ô . SinceR isæ ç -reduciblefor Î , ×3÷ R è Red ø�H�æ ç êwâ J , and,by Lemma3.2.5, wehave alsothat×3÷ R è Red é H�æ ç êwâ J . So,without lossof generalitywecanassumethat Ò is notavariable.This
impliesthatalso Ò R is neutral.If Ò R is irreducible,then Ò R è Red é H�æ ç êwâ J holdsby (C3).
Otherwise,let Ò R õ Ò�� at positionù . Wewill prove either Ò R è Red é�H�æ ç êwâ J itself, or proveÒ�� è Red é�H�æ ç êwâ J andapply(C3).
a) ù Õ úûù	� , whereÒ|äýü ì ×	þ è ÿ . Sotheredex is in asub-termof Ò R thatis introducedby the

term-substitution.Let � beanew variable.
Take now R� suchthatR� Õ R

� Ö�� ôõ Ò � äýü[Þ . Notethat Ò R äýü õ Ò � äýü at positionù � . SinceÒ R ä ü è Ö R Þ andR is assumedto be æ ç -reduciblefor Î , also Ò R ä ü è Red é/ó�H�æ ç êwâ J holds.So,
by (C2) wehave thatalso Ò��=äýü è Red é/ó�H�æ ç êwâ J holds.Thenwehave thatR� is æ ç -reducible
for Î Ú��1Ó½Ô
þ .
Now, if thevariable×	þ ( ì Ò[ä ü ) hasexactlyoneoccurrencein Ò , then Òrì ÒÇH���J'ü modulo
renamingof variables.Otherwise,Ò ����Ò�H���J ü . In thefirst case(sinceR containsa termthatis
rewritten to getR� ) wehave � ß�Ò Ràrë SN	 � ß�Ò�H��uJ R
ü à , and� ß�Ò Ràrë SN� � ß�Ò�H���J R
ü à in thesecond

case.Bothcasesyield, by induction, Ò�H���J R
ü è Red é H�æ ç êwâ J . Notethat Ò�H��uJ R
ü ì Ò � .
b) Now assumethat ù is anon-variablepositionin Ò . Weanalyzeseparatelythecases:

1) ù is not therootposition.Notethat Ò[ä
� R ì Ò R ä
� . Let ��� ( � è � ) bea typeassignedto Ò[ä
�
in thederivationof Î Ï�Ð Ò�ÓNÔ , thenÒ R ä
� è Red ø�� H�æ ç êwâ J (1)
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holdsby induction.Let � bea new variable,andtake R� suchthatR� Õ R
� Ö�� ôõ Ò R ä ü Þ .

By (1), andsince

Red
�

����� ø�� H�æ ç êwâ J�ì ������ Red ø�� H�æ ç êwâ J=Ú
R� is reduciblefor Î � Ö��1Ó � ����� ��� Þ . Moreover Î � Ö��1Ó � ����� ���cÞ Ï�Ð Ò�H��uJ ��ÓNÔ . Now,
since,Ò � � Ò�H���J � , wehave that � ß�Ò Ràrë SN� � ß�Ò�H���J R
� à , andhenceÒ R è Red é H�æ ç êwâ J becauseÒ R ì Ò�H���J R
� and,by induction, Ò�H��uJ R
� è Red é�H�æ ç êwâ J .

2) ù is therootposition.Thenthepossiblecasesfor Ò are:
A) ÒÂì ! ß�Ò ØÁÜ/Ü/Ü Ò�Ý1à , whereat leastoneof the Ò�þ ’s is notavariable,and ! is eithera

definedsymbolof arity ò , or ! ì "Âù and ò Õ # . Take now �cØÛÚ/Ü/Ü/Ü�Ú��[Ý new variables
andR� suchthatR� Õ R

� Ö��cØ ôõ ÒQØ R Ú/Ü/Ü/Ü|Ú��[Ý ôõ Ò#Ý R Þ . SinceÒ � � Ò�þ , � ß�Ò RàÂë SN� � ß�Ò#þ Rà .
Thenif Î ÏÑÐ Ò#þ�Ó%$/þ , Ò�þ R è Red & ó H�æ ç êwâ J holdsby induction,andhenceR� isæ ç -reduciblefor Î � Ö��cØ[Ó%$wØ[Ú/Ü/Ü/Ü|Ú��.ÝÑÓ%$/Ý
Þ . SinceÒ � � ! ß'�cØ[Ú/Ü/Ü/Ü[Ú��[Ý
à , wehave
� ß�Ò Ràrë SN� � ß'! ß'�cØÛÚ/Ü/Ü/Ü�Ú��[Ý1à R
 à . Now, ! ß'�cØ£Ú/Ü/Ü/Ü[Ú��[Ý
à R
 ì Ò R and

Î � Ö��cØ£Ó%$wØ/Ú/Ü/Ü/Ü�Ú��[Ý®Ó%$/Ý Þ Ï�Ð ! ß'�cØ[Ú/Ü/Ü/Ü�Ú��[Ý»àQÓ Ô�Ü
Hence,by induction,Ò R è Red é H�æ ç êwâ J .

B) ÒÂì ! � ß'�cØ[Ú/Ü/Ü/Ü�Ú��[Ý»à where� Ø[Ú/Ü/Ü/Ü�Ú��[Ý aredifferentvariables.(If �[þÁì � ÷ for someñ (Õ ) , wecanreasonasin thecaseabove, taking � �Ø Ú/Ü/Ü/Ü|Ú�� �Ý , new pair-wisedistinct
variables,andR�®Õ Ö�� � Ø ôõ �cØ R Ú/Ü/Ü/Ü[Ú�� �Ý ôõ �[Ý R Þ .) Then Ò R mustbeaninstanceof the
left-handsideof a ruledefining ! � , thatis a ruleof theform

! � ß C H × J Ú+* à õ C� H,! � ß C ï × J Ú+* àQÚ/Ü/Ü/Ü�Ú�! � ß C- H × J Ú+* àQÚ+* J=Ü
Thereforewehave Ò R ì ! � ß'�cØ[Ú/Ü/Ü/Ü|Ú��.Ý à Rì ! � ß C H . J Ú+/ àõ C� H,! � ß C ï0. J=Ú+/ àQÚ/Ü/Ü/Ü�Ú�! � ß C- H . J Ú+/ àQÚ+/ Jì Ò � Ú
whereC H . J Ú+/ areall termsin Ö R Þ , andhence,by hypothesis,for suitableñ ’s, they
belongto Red é/ó H�æ ç êwâ J . Now wewill deduceÒ � è Red é H�æ ç êwâ J in threesteps:
(StepI): Let R� betheterm-substitutionthatmaps! � ß C H½× J Ú+* à to ! � ß C H . J Ú+/ à	ì Ò R.

By thedefinitionof thegeneralscheme,× á * andhence. á / . Then,since/
aretermsin Ö R Þ , by hypothesiswehave / è Red Ô�Ø H�æ ç êwâ J , whereÔ�Ø á Ô . We
cantheninfer that . è Red Ô � H�æ ç êwâ J , whereÔ � á Ô�Ø .
Takeaderivationfor our term ! � ß C H . J Ú+/ à . Let 1 . bethetypesgivento . in the
derivation.Now, by SubjectReduction(Theorem2.3.11) it is easyto checkthat,
for every ï�ð ) ð 2 and ïrð �-�cð äC ä it is possibleto typeC÷ 
� H × J from thebasisÖ[×�Ó31 . Þ . Wecanshow thatR� is æ ç -reduciblefor Ö[×%Ó41 . Þ , asfollows:
Consideraderivationfor theprincipalpairof theleft handsideof therule:

* Ó%5 Ú/Ü/Ü/Ü1Ï�Ð ! � ß C H½× J Ú+* àQÓ%5 �
andassumethat 6 ß'! � à4Õ 5�Ø õ î/î/î õ 5�Ý õ Ô . Notethatby thedefinitionof the
generalscheme,thetypesappearingin theprincipalbasisfor thearguments* of
! � arethetypesrequiredby 6 ß'! � à . All thetypes� usedfor × á * in this
derivationsatisfy 5 ð � . Any valid derivationfor aninstanceof theleft-handside
canbeobtainedby achainof operationsappliedto theprincipalone,in particular
thederivationthatassignsthetypes1 to theoccurrencesof × in C H½× J and Ô � to the
occurrencesof × in * . Hence,thereis achainof operationsthattransforms5 intoÔ � and � into 1 . Recallthatsubstitutionandexpansionspreserve the ð relationon
types.Lifting andclosurecantransform5 or its instancesinto smallertypes,

36



hence,still smallerthan � . In thiswaywecanbuild aderivationfor ! � ß C H7. J Ú+/ à
wherethetypes1 . assignedto . aresuchthat Ô � ð 1 . . Now, by Lemma3.2.5, we
have . è Red 1 . H�æ ç êwâ J , thatis R� is æ ç -reduciblefor Ö[×%Ó41 . Þ 1.
For every ï�ð ) ð 2 , ! � doesnotoccurin C H�)ÉJ (by definitionof thegeneral

scheme),hencefor every ïrð �-�cð äC H8)ÄJ ä , � ß'! � ß'�cØ[Ú/Ü/Ü/Ü£Ú��[Ý1à R àrë SNØ � ß C÷ 
� H½× J R
 à .
Now, sinceR� is æ ç -reduciblefor Ö[×%Ó41 . Þ , it is possibleto applytheinduction

hypothesisobtainingC÷ 
� H × J R
 è Red ø:9 � 
 H�æ ç êwâ J for any type � ÷ � 
 wecangive to
C÷ 
� H½× J from thebasisÖ[×%Ó41 . Þ . In particularwhen � ÷<;ûõ Ü/Ü/Ü õ � ÷�=-õ >Ô ÷ is thetype

usedfor ! � in thesub-derivationfor theright handsideof our reductionrule
having ! � ß C÷5H × J Ú+/ à asthesubjectof theconclusion.

(StepII ): Let, for ï�ð ) ð 2 , R÷ betheterm-substitutionsuchthat

! � ß'�cØ[Ú/Ü/Ü/Ü[Ú���?ÛÚ+* à R9 ì ! � ß C÷5H7. J Ú+/ àrì ! � ß C÷�H½× J Ú+/ à R

( @ Õ äC ä ). By (StepI), R÷ is æ ç -reduciblefor

Î � Õ Ö��cØ[Ó3� ÷�; Ú/Ü/Ü/Ü�Ú���? 9 Ó3� ÷BA 9 Ú+*�ÓNÔ�Ø ÞzÚ
whereÔ Ø á Ô . SinceC� -DC�E C H�)ÉJ , and� is closedunderterm-substitution,also

C
R
 � -DCFE C H�)ÉJ R


. So � ß'! � ß'� Ø[Ú/Ü/Ü/Ü|Ú��[Ý
à R àrë SN	 � ß'! � ß'�cØ[Ú/Ü/Ü/Ü[Ú���? 9 Ú+* à R9 à , and
therefore,by induction, ! � ß'�cØ[Ú/Ü/Ü/Ü�Ú���? 9 Ú+/ à R9 è Red Gé<9 H�æ ç êwâ J .

(StepIII ): Let >. bethetermobtainedby replacing,in theright-handsideof therule,
theterms! � ß C ï0. Ú+/ àQÚ/Ü/Ü/Ü£Ú�! � ß C- H . J Ú+/ à by freshvariables� � Ø Ú/Ü/Ü/Ü£Ú�� �- , thatis,
>. Õ C� H,� � Ø Ú/Ü/Ü/Ü[Ú�� �- Ú+* J . Let R�Ã� betheterm-substitutionsuchthat

>. R
H
 ì C� H,! � ß C ï0. Ú+/ àQÚ/Ü/Ü/Ü�Ú�! � ß C- H . J Ú+/ àQÚ+/ J=Ú
then Ò R õ >. R
H
 . Noticethat,by (StepII ), R��� is æ ç -reduciblefor thebasisÎ �Ã�
Õ Ö��c�Ø Ó >Ô Ø Ú/Ü/Ü/Ü�Ú�� �- Ó >Ô - Ú+*�ÓNÔ Ø Þ , whereÔ Ø á Ô . Whenan ! ÷ occursin >. then,by
thegeneralscheme,) I � and,therefore,� ß'! � ß'�cØ[Ú/Ü/Ü/Ü[Ú��[Ý
à R àÂë SNØ � ß >. R
H
 à .
Hence, >. R
H
 è Red é H�æ ç êwâ J , by induction.SinceÒ � ì >. R
H
 , wegetÒ � è Red é H�æ ç êwâ J .

C) ÒÂì "rù ß'�cØ[Ú�� � à where�cØ[Ú�� � è ÿ . Weprove thispartby inductionon thestructureof
thederivationfor Î Ï�Ð "rù ß'�cØ[Ú�� � àQÓ½Ô .
( ð àQÚ�ßKJ ): Not applicable.

( õ E): Thenthereis a � suchthat Î Ï�Ð �cØ[Ó3� õ Ô and Î Ï�Ð � � ÓL� . Then,by rule ß�ð à ,
thereare 1 Ø Ú+1 � suchthat Ö�� Ø Ó%1 Ø Ú�� � Ó%1 � Þ á Î , 1 Ø ð � õ Ô , and 1 � ð � . Since� Ø R
and � � R are æ ç -reduciblein Î , wehave �cØ R è Red M ; H�æ ç êwâ J , and
� � R è Red MON H�æ ç êwâ J . Then,by Lemma3.2.5, also �cØ R è Red øQP é H�æ ç êwâ J , and
� � R è Red ø H�æ ç êwâ J . Then,by Definition3.2.2, "rù ß'�cØ R Ú�� � R à è Red é H�æ ç êwâ J .
Noticethat "rù ß'� Ø R Ú�� � R à is thesameas "rù ß'� Ø Ú�� � à R.

( í I): Then Ô ì �hØQí�î/î/î°íR�0- . Thethesisfollows easilyby induction,since

Red ø ; íTS%S%S í øVU H�æ ç êwâ J�ì Red ø ; H�æ ç êwâ JXW î/î/îYW Red øVU H�æ ç êwâ J=Ü
(Z E): Then Ô ì Ô � H��®êwâ � J wherethetypein thepremiseof therule is Z�â � ÜNÔ � . Since

Z�â%��ÜNÔ��zð Ô��cH��®êwâ%� J , theresultfollows by inductionandLemma3.2.5.

(Z I): Then Ô ì Z�â � ÜNÔ � and Î Ï�Ð Ò�ÓNÔ � . Moreover, â � (è FV ß7Ô�ØÛÚ/Ü/Ü/Ü�Ú9Ô
Ý1à . By induction,
for any sequenceof typesã Ú\[ suchthat äåã Ú\[�äuÕ äÃâ ÚQâ��¹ä andany sequenceof
reducibilitycandidatesæ ç Ú+] ^ : if R is a term-substitutionæ ç Ú+] ^ -reduciblefor Î ,
then Ò R è Red é 
 H�æ ç êwâ Ú+] ^/êwâ�� J . Since â%�_(è FV ß7Ô�Ø[Ú/Ü/Ü/Ü£Ú9Ô
Ý1à , it follows that,for

1With theversionof theschemethatdoesnot require ` a b but assumesthat thetermsin ` thatdo not appearin b are
assignedbasetypes,wecandeducethatR
 is reduciblebecausecQd ef` g .
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any ï�ð ) ð ò ,
Red é<9 H�æ ç êwâ Ú+] ^ êwâ � J�ì Red é<9 H�æ ç êwâ J=Ü

Thismeansthata term-substitutionwhich is æ ç Ú+] ^ -reduciblefor Î , is alsoæ ç -reduciblefor Î . Hencewecanrestatetheinductionhypothesisasfollows: for
any sequenceof typesã suchthat äåã ä Õ äÃâ ä andany sequenceof reducibility
candidatesæ ç , if R is a term-substitutionæ ç -reduciblefor Î , thenfor any type [
andreducibilitycandidate] ^ , Ò R è Red é 
 H�æ ç êwâ Ú+] ^Ûêwâ�� J . By definitionof
reducibilitycandidatesthismeansthat "Âù ß'� Ø[Ú�� � à R è Red hXi 
kj é 
 H�æ ç êwâ J .

ii) Ò is notneutral.Let Òrì l1×%Ü ö .
Wecanproceedby inductionon thestructureof thederivationof Î ÏÑÐ l&×�Ü ö Ó Ô . Theargumentis
similar to thatusedfor thecaseÒrì "Âù ß'� Ø[Ú�� � à . Weprove only theinterestingpart,whenthelast
rule is ß õ I à , and Ô ì 1 õ m . Thenweneedto show that,given . suchthat . è Red MÄH�æ ç êwâ J , we
have that "rù ß�Ò R Ú+.»à è Red nhH�æ ç êwâ J . Sincetheterm "rù ß�Ò R Ú+.1à is neutral,by (C3) it is enoughto
prove Ò � è Red n H�æ ç êwâ J for all Ò � suchthat "rù ß�Ò R Ú+.1à õ Ò � . Thiswill beprovedby inductionon
thesumof thelengthof therewrite sequencesoutof . andoutof R. Notethatsince. andR are
reducible,by (C1) ]Ro ßp.1à and ]qo ß'r à .
(Base): If . andR arein normalform, theonly reductionstepoutof "rù ß�Ò R Ú+.1à canbe:

"rù ß�ßsl1×%Ü ö à R Ú+.1à õ Ò � ì ö R
 Ú
whereR� ì R

� Ö[× ôõ .
Þ . R� is reduciblebecause. è Red MÉH�æ ç êwâ J . Now, since ßsl1×%Ü ö à � � ö ,
� ßsl1×%Ü ö R àrë SN� � ß ö R
 à . By inductionwehave ö R
 è Red n H�æ ç êwâ J . Notethat ö R
 ì Ò � .

(Inductionstep): Otherwise,thereductionstepoutof "rù ß�Ò R Ú+.1à musttake placeinside . or R.
Then Ò�� is computableby induction.
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