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Abstract

Given an iterated function system consisting of a finite number of contracting
affine maps on the plane and given any point of the plane, we obtain a circle
centred at that point which contains the attractor of the IFS. We then find
the point on the plane such that the bounding circle centred at that point has
minimum radius.

Let fi, fa...,fn :R?2 — R? be contracting maps on the plane, and assume that f; has
contractivity factor s; for 1 =1,...,N.
Given any point in the plane, we will obtain a bounding circle centred at this
point for the area occupied by the attractor of the IFS generated by fi’s.
More precisely, let u € R? be any point. We obtain a circle centred at u which
contains the attractor [Eda93a]. Put
|u — fiu)|

R(u) = maxlsisN——l—_—Si——.

If v € R?is any point with |u— v| < R(u), then, for any i =1,..., N, we have

lu=fio)] < Ju— filw)|+[fi(w) = fi(v)] < (1= si)R(u) + si|u = v|
< (1-s8;)R(u)+ s;R(u) = R(u).

In other words, the disk centred at w with radius R(u) is mapped into itself by each
of the maps f;; it, therefore, contains the attractor of the IFS. In applications, we
are usually interested in a square which contains the attractor. Clearly, for any point
« in the plane, the square with centre u and sides of length 2R(u) parallel to the
coordinate axes is a bounding square. '

Assume that f;’s are affine transformations. In matrix notation, an affine map
f:R? — R? is of the form:

()=o) = (e ) (5) = (0):

The contractivity factor of f is the least number s such that

\ﬂzll —a5)? + (31 — ¥3)* < 3(\/(% —22)* + (y1 — ¥2)%)-



It is given by [Eda93b]

s=fat s+ flam e

where a = (a? +¢?)/2, B = (b2 +d?)/2, and 7 = ab + cd.
Now, we would like to find v = (z,y) with minimal value of R(u). Let N = 2.
Then,
R*(u) =
(a1z + b1y +e1 —2)’ + (c1z + diy + hi — y)? (a2 + boy + €3 — €)% + (coz + day + hy — y)?
(1-s1)2 ’ (1-s2)2

The two elliptic cones

}

max{

(12 + b1y +e1 — 2)2+ (c1z + dyy + hy — y)?
z1(z,y) = (1= s1)2

and
(agz + boy + €2 — )2 + (co2 + day + ho — y)?
22(1:7 y) = 2
(1 - 52)

have their vertices at the fixed points of f; and f; respectively, and meet in a conic
section. The point u = (z,y) in their intersection which gives the minimum value of
z is the required point. Using Lagrange’s multipliers, this is obtained by minimising
the function
g(:l:, yv/\) = Zl(xay) + /\[Z](:L‘, y) - 22(1:’ y)] =
(mz+biy+e —2)?+(az+diy+h—y)?
e i

(mz+biy+er—a) +(az+diy+hi—y)® (a2+by+er—2)°+ (22 +doy+ho— y)z]
(1—s1)2 (1-s2)?
with respect to z,y, A.
For N = 3, the required point is the intersection of the three cones z;, 2; and 23
if indeed they meet. Otherwise, it is at one of the three minimums of their pairwise
intersections. This easily generalises to N >3 by recursion.
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