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Abstract

A primal-dual interior point algorithm for solving general nonlinear programming
problems is presented. The algorithm solves the perturbed optimality conditions by
applying a quasi-Newton method, where the Hessian of the Lagrangian is replaced
by a positive definite approximation. An approximation of Fletcher’s exact and
differentiable merit function together with line-search procedures are incorporated
into the algorithm. The line-search procedures are used to modify the length of
the step so that the value of the merit function is always reduced. Different step-
sizes are used for the primal and dual variables. The search directions are ensured
to be descent for the merit function, which is thus used to guide the algorithm
to an optimum solution of the constrained optimisation problem. The monotonic
decrease of the merit function at each iteration, ensures the global convergence
of the algorithm. Finally, preliminary numerical results demonstrate the efficient
performance of the algorithm for a variety of problems.
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1 Introduction

Interior point methods are a successful and efficient class of techniques for solving large-
scale Linear Programming (LP) problems. After the announcement of the first interior
point method with polynomial complexity by Karmarkar [20], there has been a wide inter-
est in the application of these methods in LP. Among different interior point approaches,
primal-dual algorithms have attracted most of the interest. Computational experiments
(eg, [24], [3]) and theoretical developments (eg, [5], [29]) have shown that they perform
much better than other interior point algorithms and outperform the simplex method in
many large-scale LP problems.

The computational success of primal-dual interior point methods in linear program-
ming has motivated substantial interest in their application in Nonlinear Programming
(NLP). Most of the effort has been focused on convex Quadratic Programming (QP)
(see for example [13], [23]) and convex NLP problems (see for example, [17], [16], [14]),
demonstrating that primal-dual interior point methods can solve those problems efficiently.
However, only recently general (non-convex) NLP problems have been the subject of re-
search in this area. El-Bakry et al. [27], McCormick and Falk [8], and Yamashita [9] have
developed globally convergent primal-dual algorithms for that class of problems. Also
Lasdon et al. [12] have considered various primal-dual formulations of those problems and
reported their computational experience.

In this paper, we discuss a primal-dual interior point algorithm for general (non-
convex) NLP problems. We are interested in problems with both equality and inequality
constraints, and for notational simplicity we consider the NLP problem

(1)
ST g(x)=0, >0

where z = (z!,...,2™")7, and f : R* = R, g : R* — R7 are given smooth functions. The

Lagrangian function of problem (1) is

L(z,y,2) = f(z) =y g(z) — 2"z (2)

where y € R? and z € R" are the Lagrange multiplier vectors of the equality and inequality
constraints, respectively. The first order necessary conditions for a local minimiser z, of
problem (1) are

Vf(ze)— V9($*)Ty* —ze = 0,
XiZie = 0, x4,2,2>0

where X, = diag{z!,...,2"}, Z, = diag{z},...,2"}, and Vg denotes the Jacobian matrix
of the equality constraints.



Interior point methods solve problem (1) by solving the parametrised equality con-
strained problems

min  B(u;p) = f(z) — p 50 log(x) "
ST g¢g(x)=0

for a decreasing sequence of positive barrier parameters u, converging to zero. The objec-
tive function of the parametrised problems (4) is the classical logarithmic barrier function,
first introduced by Frisch [6]. Since the logarithm is not defined for non-positive values,
the objective function of (4) is defined only in the interior of the feasible region. Fiacco and
McCormick [1] have shown under certain assumptions that, if z(x) is the exact solution of
problem (4) with u fixed, then the sequence {z(u)} generated as p — 0, converges to an
optimum solution z, of the initial problem (1). The solution of problem (4) is determined
by solving its first order optimality conditions. The solution of these conditions is found
by using Newton’s method, which is efficient for convex programming.

Our approach for solving problem (1) is to use the primal-dual interior point framework
[15] to handle the inequality constraints and a Sequential Quadratic Programming (SQP)
framework [4] to handle the equality constraints. The motivation of our work is based
on the observation that the solution of the first order optimality conditions of any NLP
problem, which is the core of interior point algorithms, is not sufficient to guarantee
the convergence to an optimum solution, unless the problem is convex. In other words,
the algorithm applied, for example, on a minimisation problem, may converge to a local
maximum or even worse to a saddle point, since the first order optimality conditions are
also satisfied at those points.

To avoid such situations, a merit function is incorporated within the primal-dual inte-
rior point algorithm. The adopted merit function has the property that its unconstrained
minimisers are solutions of the initial problem (1). The purpose of the merit function
is to guide the iterates of the algorithm to a minimiser of the initial problem. This is
achieved by ensuring that the merit function is decreased sufficiently at each iteration of
the algorithm.

Merit functions have been used extensively in SQP algorithms to achieve global con-
vergence. Recently, some merit functions have been used in interior point methods. One
example is the merit function which uses the logarithmic barrier function for the inequality
constraints and the classical quadratic penalty function for the equality constraints. That
merit function was proposed independently by Vanderbei and Shanno [25], and Akrotiri-
anakis and Rustem [11] and derives mainly from the merit function proposed and studied
by Rustem [2] in the context of SQP methods. Other merit functions have been proposed
and analysed by Yamashita [9], Gay et al. [7], and Gajulapalli and Lasdon [26].

This paper is organised as follows. In section 2 we present the basic framework of
primal-dual interior point methods for NLP problems. In section 3 we analyse the adopted
merit function and line search rules. In Section 4 we discuss the global convergence of the
algorithm. Finally, in Section 5 we report our computational experience.



2 Primal-Dual Interior Point Methods

Primal-dual interior point algorithms find the solution of the initial problem (1), by solving
barrier problems (4) for a sequence of strictly positive barrier parameters. They consist
of two types of iterations: inner and outer. The inner iterations are associated with the
solution of the barrier problem (4) for a fixed value of the barrier parameter y, whereas
the outer iterations are associated with the reduction of p.

For u fixed, the Lagrangian function of problem (4) is

n
Lp(z,y;p) = f(z) — pY_log(z") — y"g(z) (5)
i=1
and its first order optimality conditions are given by the system of equations

Vf(x) = Vg(z)'y —pX"e = 0

g(lz) = 0.

where X = diag{z"),...,™} and e = (1, ...,,1)T.
Introducing the non-linear transformation z = uX ~'e, the above system of equations
can be written as

Vf(z) = Vg@)y—z = 0
glz) = 0 (7)
XZe—pe = 0,

where Z = diag{z"),...,2(™} and z,z > 0. The introduction of this transformation is
essential to the numerical success of the method since system (7) is more stable than
system (6).

Also, equations (7) differ from the optimality conditions (3) of the initial problem only
in the third equation, known as the complementarity condition. Due to this difference,
system (7) is referred to as the perturbed optimality conditions of the initial problem. For
positive values of i, the solutions (x(u),y(u), z(1)) of the perturbed optimality conditions,
lie in the interior of the feasible region, and form the so-called central path [15]. As u — 0,
equations (7) approximate (3) with increasing accuracy. Consequently, the central points
(x(p),y(p), z(p)) converge to a point satisfying the optimality conditions (3) of the initial
problem.

Primal-dual algorithms use Newton’s method to solve the perturbed optimality condi-
tions (7). At the k-th iteration and for u fixed, the first order change of system (6) yields



the linear system of equations

Hy,  —Vg(zp)t -1 Axy, VeLl(xk, Yk, 2k)
Vg(xy) 0 0 Ay | = — g9(wr) (8)
Zk 0 X, J Az, Xy, Zpe — pe

where Hy, is the Hessian matrix of the Lagrangian function (2), or an approximation to it.
If we define wy, = (zg, yk, 2r) and Awy, = (Azy, Ayg, Azg), system (8) can be written in a
more convenient and concise form as

J(wi) Awy, = —F (wg; p), (9)
where F'(wy;p) is the vector containing the perturbed optimality conditions, and J(wy)
is the corresponding Jacobian matrix.

If we solve the third equation of the Newton system (8) for Az, we obtain

Az = —Xk_leAxk — 2, + ,uXk_le. (10)

Substituting (10) into the first equation of (8) we obtain the reduced system of optimality
conditions

Hy+ X, 'Z, —Vg(zp)T Axy, VL (Zg, yi; 1)
Vg(zk) 0 Ay 9(@k)
The Newton direction Awy, is then used to find the next iterate
Wit1 = wg + ApAwy,

where A, = diag{og, I, oy Iy, o2, 1} and I, I, are the n-th and ¢-th order identity
matrices respectively. The step-lengths oy, , oy, , and a,, are in the interval (0, 1] and may

all be equal to or different from each other. Furthermore, ay, < O‘ZZM and a,, < a'%

2
where
) )
mar __ N .
g, = fylréljagxn{ A:pg) c Az’ < 0} (12)
and
2 AL
maxr __ o .
= yll%agxn{ Azl(cj) t Az <0} (13)

represent the maximum allowable step sizes, which guarantee that the iterates zj and zj



always remain strictly feasible, for some 7 € (0,1).

The distance of the current point from the central path is measured by the Euclidean
norm of the perturbed optimality conditions, i.e., || F'(wg; ) ||. Once this measure is less
than a certain threshold value, the barrier parameter is reduced and the whole process is
repeated until the barrier parameter becomes zero.

3 Merit function and step-size rules

The aim of the merit function is to provide a measure of progress towards an optimum
solution of the barrier problems (4) as well as the initial problem (1). This is achieved by
ensuring that it decreases at each iteration of the algorithm. A procedure for adjusting the
step lengths of the variables is used in order to guarantee that the merit function decreases
at each iteration. Interior point methods use the logarithmic barrier function to eliminate
the inequality constraints of the initial problems. However, they do not provide any means
to eliminate the equality constraints, which are carried over without any transformation to
the barrier problems. Therefore the merit function is a combination of the barrier function
and the equality constraints.
Throughout the paper the following assumptions hold.

Assumptions:

A1l: The second order derivatives of the objective function f and the constraints g are
continuous.

A2: The columns of the matrix [Vg(z),e; : j € IJ] are linearly independent, where
I9 = {j : liminfy_, :1:56]) =0, 7 =1,2,..,n} and e; represents the j-th column of

the n x n identity matrix. Also the sequence {z} is bounded.

A3: Strict complementarity of the solution wy, = (%, y«, 2«) is satisfied, that is if zi >0
then 22 = 0, for i = 1,2, ...,n and vice versa.

A4: The second order sufficiency condition for optimality is satisfied at the solution
point, i.e., if for all vectors 0 # v € R" such that V¢ (z,)"v =0, j = 1,2,....q,
and e]Tv =0, for j € IV, then v"'V2_L(x,y, z)v > 0. Also, the approximation matrix
Hj, is such that

1
A lo |°< " Hyo < My || v |® (14)

where M is a positive constant and the matrix Hy + X, 1Z, is non-singular.

Furthermore we use the notation fi = f(x), gr = g(zx), to denote the values of the
objective and constraint functions at the k-th iteration. The Euclidean norm is denoted

by [ I



3.1 Description of the merit function

The merit function used by our algorithm is based on the exact and differentiable penalty
function developed by Fletcher [22]. For the barrier problem (4) it has the form

¢(a) = Bla; ) — g(@) §(x) + %c Ig(z) |7, (15)
where ¢ > 0 is the penalty parameter and
i(2) = [Vg@) Vo(@)] " Vala)VB(: ). (16)

Note that the multipliers §(z) in the merit function ¢(z) are the least squares estimates
of the optimal Lagrange multipliers of the barrier problem (4). Furthermore, since they
are continuous functions of z, they provide increasingly more accurate approximations of
the optimal Lagrange multipliers as the algorithm proceeds.

The function ¢(x) has the essential property of a merit function [21], that is, for u
fixed, z(p) is a local minimum of ¢ if and only if it is a local minimum of the barrier
problem (4). However, its major disadvantage is that its gradient depends on the second
derivatives of the objective and constraint functions, due to the function §(z). Hence if ¢
is to be used in a line search procedure of the form

b(zk + g Azy) < d(zr) + pas, Vo(zr) Azy, (17)

where p € (0,1), the computational effort required for the calculation of V¢(zp) may
damage the performance of the algorithm. To overcome this difficulty, we use an approxi-
mation of the merit function ¢ defined by Powell and Yuan [19]. That approximation has
the useful property that its derivative does not depend on the second derivatives of the
objective or constraint functions.

Suppose that at the k-th iteration, the Newton direction (Azy, Ayk,Azi) has been
determined and a trial step oy, ; is available. Since g(z) is a continuous function, we have

U(zk + oy, jAxk) = Uk + 7 [U(zr + g, iATE) — k),

for 7 € [0, 1], where g = ¢(zf). Similarly, the values of the merit function ¢ between the
points zj and z + ay, ;Azy can be approximated by the univariate function

Op(Tm,,i) = Blog + Ty, Az )
— [k + TGk + awy iDzy) — 9] gl + Ta, iAxy)

1
+5k,i | g(zk + Taa, iAzk) |, (18)

The strategies that determine the step sizes o, ; and the penalty parameters c;; for
different ¢, are described in the following sections.
By direct substitution we can see that the approximate merit function ®; has the



property
(I)k(()) = ¢($k) and (I)Ic(awk,i) = ¢($k + ozxk,iAmk) (19)

This property suggests that the line search procedure (17) can be replaced by
O (i) < 2p(0) + parg, i (0) (20)

where ®/(0) is the first derivative of ®; with respect to 7 at 7 = 0, defined as

®,.(0) = VB(zp) Az — [§(x + a,iAzr) — T6]" g

a.’tk,i

— Gt VarAzy, —cri | gx |17 - (21)

Since ®).(0) does not require the calculation of second derivatives of the objective and
constraint functions, the approximate merit function @ is preferable to the initial exact
penalty function ¢.

3.2 Penalty parameter selection and step size rules

In this section we describe the mechanism which ensures that Az, is a descent direction for
the approximate merit function ®4, and the procedure for adjusting the step size ay, ; to
guarantee reduction of ®; at each iteration. We also describe the strategy that determines
the common step size «, for the dual variables y, z. The analysis assumes that the barrier
parameter 4 is fixed. By noting that the decrease of the approximate merit function and
equations (19) guarantee the decrease of the initial exact merit function ¢, we show that
the algorithm converges to a central point satisfying system (7).

In order to guarantee that @y is reduced at each iteration &, the derivative ®}(0) must
be negative. From the definition of ®} (0) we can see that if the penalty parameter cj; is
large enough then @ (0) can be negative. At the current iteration k, we select the value
of the penalty parameter c; such that the descent condition

1 _ 1
®;(0) < —3 [Ag(Hk + X Z) A+ e | gn ||2] < =70k |l g [P0 (22)

is satisfied. The index ¢ represents the number of times the descent condition has been
checked at the k-th iteration.

Condition (22) is a modification of the corresponding condition defined by Powell and
Yuan [19]. The matrix Hy + X, 17, represents an approximation of the Hessian matrix

VioLp(@, y; 1) = Hi + p X, *
of the Lagrangian (5) of the barrier problem. The use of Hy+X ' Zj, instead of V2, L (2, yk; 1)

is justified by the fact that our algorithm determines the Newton direction by solving the
primal-dual system (8).



If (22) is satisfied, the penalty parameter does not increase, i.e., cj 41 = ¢, Other-
wise, the penalty parameter is determined by

AT (Hy + X, 1 Zp) Ay,

Chit1 = max{2c;, —2 ,
' ' I gr |12
2 1 _
“ Tk “2 [ EAz(Hk + Xk IZk)Ak + ngAxk
I .~ AT T
o [ 9(7k + auy iDzk) — Uk | 9k — Ui VorAzy |} (23)
N2

The new value ¢y ;41 of the penalty parameter guarantees that @) (0) < 0, since (22)
is satisfied. We then check if inequality (20) is satisfied for ¢j ;41 and the current value
of the step size ay, ;. If it is not satisfied we reduce the step-size by choosing the new
one, o, jt1, from the interval [B1ay, i, B2y, i], for some B, B2 € (0,1) and B; < . This
process is repeated until (20) is satisfied for the corresponding values of ¢ ;41 and oy, it1-
If on the other hand, (22) is satisfied for ¢ ;41 and oy, ; we set

Tyl = Tk + Qg ;AT and cpp10 = Crivt (24)

For the calculation of the new iterate of the dual variables z we use the information
provided by the new primal iterate zj, 1. This is a modification of the strategy suggested
by Yamashita [9] and Yamashita and Yabe [10].

)

While the barrier parameter pu is fixed, we determine a step «y,’ along the direction

Az,(cj ), for each dual variable z,(cj ), 7 =1,2,...n, such that the box constraints

o) = max{a > 0: LBY < (&) + a,, 0a) (2 + arz))) <UBY}.  (25)

2k

are satisfied. The lower bounds LB,(j ) and upper bounds UB,(j ), j=1,2,...,n are defined
as

LB,(cj) = min{%mu, (x,gj) + axkAac,(cj))z(j)}, (26)
and . . . .
UB,(CJ) = max{2Myp, (w,(c]) + ag, Aw,(c]))zm}, (27)

where the parameters m and M are chosen such that

(1 —7)(1 — ) min {22}

0 < m < min{l, ( 0); 1, (28)
and () (9)
. J J

M > max{1, BT 2y (29)

with 4 € (0,1) and Mj a positive large number. These two parameters are always fixed
to constants which satisfy (28) and (29), while y is fixed. The values of m and M change



when the barrier parameter p is decreased. _
The common dual step length «,, is the minimum of all individual step lengths agj )
with the restriction of being always not more that one, namely

— i i (4)
o, =min{l, lg;lgn{aZk |32 (30)

The step-size for the dual variables y can be either ay, =1 or oy, = .

The difference between the present step-size rule and the one proposed in [10] lies in
the definition of the lower bounds LB,(Cj), j = 1,2,...,n of the box constraints (25). In
particular, the term 1 — v/(Mp)* € (0,1) in the definition of the parameter m, given
by (28), results in the lower bounds LB,(cj ) being smaller than the corresponding bounds
defined in [10]. Consequently, the step lengths ., are larger than those in [10]. Also by
noting that

lim (1 —v/(Mo)") =1 -
n—

and
z,(c]) +azkAz,(c]) > (1 —’y)z,(c]) >0, forall j =1,2,..n

it can be shown that asymptotically the algorithm accepts the maximum allowable step
for the dual variables.

A summary of the procedure we use to find the new penalty parameter and different
step-sizes for the primal and dual variables of the problem is described bellow

Algorithm 1 Solution of the Barrier problems (4)

At the beginning of the k-th iteration the following items are available:
A point (2, Yk, 2k) such that z, zx > 0, and parameters p > 0, ¢ o > 0,
n.p >0, B, B2 € (0,1) with 81 < s

Repeat until || F(zk, yi, 215 ) [|< npe
Compute Newton direction (Axzy, Ay, Azk), by solving system (8)
Set ¢ = 0 and oy ; = ag}*”

If (22) is satisfied then set cj i11 = ¢k

Else compute ¢y, i1 from (23)

Repeat until (20) is satisfied
Choose a1 € [B1 0, i, oz, i)
Set i =7+1
End
Set i =1, Tkt1 = T + Oéwk,ikAik and Ckt1,0 = Ck,i
Compute the dual step-size «,, from (30)

Set 21 = 2 + @z, Az and Y1 = yp + az, Ayg
Set k=k+1

End

From the above discussion, we can derive that the values of the penalty parameter are

10



non-decreasing and either one of the two cases may happen

Chyit+l = Ckji OF Ckitl > 2Ck (31)
A critical issue with equation (23) is that a division by zero may occur when the

current point satisfies the equality constraints. The following proposition shows that this
does not occur as long as the Hessian matrix Hy, (or its approximation) is positive definite.

Lemma 1 Let | (Axzy, Ay, Azi) ||> 0, the descent condition (22) not be satisfied and

the matriz Hy, be positive definite. Then we have || gi ||# 0.

Proof Assume on the contrary that || gx ||= 0. Then from the violation of the descent
condition (22) we have

1
kaTAack — /J,GTAXIC_IA(II]C > —§A(L{(Hk + Xk_IZk)A(IIk (32)

Pre-multiplying the first equation of system (11) by Azl we have
Azp Vil — pAzf X, te = — Azl (Hy + X, ' Z) Ay, (33)

Substituting (33) into (32) yields
T -1 1 T -1
—Azy, (Hp + ch Zy)Axy > —§A(L‘k (Hp + ch Zy ) Axy, (34)

Recalling that the elements of the diagonal matrix X L Z,. are positive for every iteration,
from (34) we can obtain
~ Azl HyAzy, >0 (35)

which contradicts the assumption that the Hy is positive definite. Hence || gx ||# 0. .

An immediate consequence of Lemma 1 is that the descent condition (22) is satisfied
when || g¢ [|[= 0, i.e., when feasibility of the equality constraints has been achieved.

Corollary 1 Let || (Axg, Ay, Azg) ||> 0, the matriz Hy be positive definite and || g ||=
0. Then the descent condition (22) is satisfied for the current value cy; of the penalty

parameter, and therefore cj ;11 = cy ;.

Proof It suffices to show that

1 _
}(0) + 5 | AL (Hy + X" Zi) A+ e || gi 7] <0 (36)

11



From (21), and the assumption that || gx ||= 0 we have
P5.(0) = VIl Awg — pe” X7 Ay,
Using (33) the above equation becomes
P1.(0) = —Az} (Hy + X' Zy) Ay (37)

From (37) and the assumptions that Hj is positive definite and || g ||= 0, it is clear that
(36) is satisfied. .

Furthermore each component of the sequence {z} is bounded above by Assumption
(A2), and away from zero by the existence of the logarithmic barrier term. The next
lemma, proved by Yamashita [9], states that the sequence {zj} has similar properties.

Lemma 2 While u is fized, the lower bounds LB,i and the upper bounds UB,i, 1 =
1,2,...,n, of the box constraints in the dual step-size rule, are bounded away from zero
and bounded from above respectively, if the corresponding components x};, of the iterates

xi are also bounded above and away from zero.

Proof The proof can be found in [9]. .

A result of the above lemma is that the elements of the diagonal matrix X, 17, are
bounded above and away from zero. Also from (14) there exists a positive constant My
such that

1 2T -1 2
g, 10 <o (He + X Zg)o < Mo | v (38)

Based on the above property of the matrix Hy + X~ le, we can derive a useful upper

bound on the derivative @} (0) of the approximate merit function.

Lemma 3 The descent condition (22), Assumptions (A1)-(A4) and (38) imply the in-
equality
©3,(0) < —C || Azy, 1%, (39)

where ¢ > 0.

Proof The proof is similar to that in [19]. For all iterations & > 0, define v € (0, c0) such

that
11
2w || Hy + X712 || +0° || H + X712 ||< 3% (40)

where My is defined in (38). Furthermore the direction Az can be written as
Az = Az + Al (41)

12



where A$g) and A:I?gf) are the projections of Azy, at the range space of Vgi and the null
space of Vg, respectively. Hence the vectors A$§c ) and A:I:( ) have the properties

VorAzl? =0 and (Az{")"AzP =0 (42)
Substituting (41) into the second equation of system (11), and using the first equation of

(42) we have
Vgelay! = gy

Using Assumption (A2), the above equation yields
| Az 1< M || g | (43)
where M3 is a positive constant. Also from (38) we have
(AT (Hy + X, Zi) Al < My || Axd) |2 (44)

We distinguish two cases. If || A$k > v | A:Ek ||, then from (43), using (40), (41) and
the second part of (42) yields

Ac || + || A |)? | Az, ||?
2> A 2 (H k k 4
“ 9k “ 2 “ “ M2 (1+l/ 1) M32(1—|-l/_1)2 ( 5)
If || A:ch) < v Ax,(f) ||, then from (40) and (44) we have
Al (Hy + X Z) Az, = (AzY + AsT (Hy + X, Z) (A + Az?)
1 -
> | Aa? P (57 =2 || Hi+ X7 2 |
2
—v* | He+ X 2 )
1 1
> g A 1P
2
. _;(n Axk’ |+ 1l Az )
2 M2 (1 + V)2
11 || Az |?
= 4
2M; (1+0v)% (46)
Substituting (45) into the last inequality of (22) yields
1 Ay, |2 1 Ay, ||?

4RI 2 S A2 )2

where ¢; o is the initial value of the penalty parameter. Similarly substituting (46) into

13



the middle inequality of (22) yields

, 11 | Az |?
< - - n==r U
(0 < 4 My (1+v)2 (48)

Finally from (47) and (48) we can derive that if

1 1 1
MI(L+v )2 My (1 +0)2

}

1
¢ = 1 min{c; o

then (39) holds. .

We next show that i; in Algorithm 1, is always finite. This means that the step size
0z, i 1s bounded away from zero.

Lemma 4 Let || (Axg, Ayg, Azg) ||> 0 and the descent condition (22) hold. Then iy is
finite.

Proof The proof is similar to that in [19]. Assume on the contrary that i, becomes
infinity. Then for all 1 =0, 1,2, ..., we have

D (0t i) — @1 (0) > pora, i 2% (0) (49)

From (31) we can derive that either

lim ¢ ; = o0 (50)
1—00
or
Chi = Chi. =T, for all i > i, (51)

First we assume that (50) holds. This means that the descent condition (22) does not hold
and the penalty parameter needs to increase infinitely many times. From the violation of
(22) we have

1
VB(zp; p)" Azy — G VarAzy + §Ax{(Hk + X' Zp) Ay,

1 . . 1
[§(zx + oy iAzk) — 0] gk > e |l gk |1 (52)

aa:k,i 2

Moreover from Lemma 1 we have that || gi ||# 0. Hence, from (50), we can derive that
the left hand side of inequality (52) becomes unbounded, as i — oo. However only the
term

[9(xg + awy iAzg) — k)" gr

Qg i

depends on ¢ and due to the continuity of the second derivatives and the full rank of ngT,
(52) remains finite. This shows that (50) is impossible.

14



Assume that (51) holds. Then for all i > i, from the first order Taylor expansion of
®;. we have

P (0gy,i) — Pr(0) — pag, iPp(0) = (1 — p)ag, i Pp(0) + o(az, ) (53)

From Lemma 3 we deduce that the right hand side of (53) becomes negative as ¢ — oo,
which contradicts (49). .

The next lemma shows that the sequence of penalty parameters {c;} is bounded, i.e.,
the penalty parameter does not increase infinitely.

Lemma 5 Let Assumptions (A1)-(A4) hold and the barrier parameter u be fized. Then

there exists an iterate k. and a constant ¢ € [0,00), such that
Chyi = Ch.,0 =€ (54)

for all k >k, and 0 <14 < .
Proof Since ¢ ; satisfies only one of the conditions in (31) it is sufficient to show that

there exists a constant ¢ such that the descent condition (22) is satisfied if ¢;; > . We
first need to show that

VB(z; 1) Ay + Ay (Hy, + X, ' Zi) Az — 0 Vagp Az, = O(|| Azge ||l g ) (55)
Pre-multiplying by Az the first equation of system (11) we have
Azp (Ve — X, 'e) + Azp (Hp + X ' Z) Azy, = —Axf Vgl T, (56)

where 7, = yr + Ay. Adding Am{ngngk to both sides of (56) and using the second
equation of (11) yields the bound

Az (Vi — nXy ' e) + Az (Hy + X' Zp) Azg | = |Axg Vg (G5 — )]
< g 11Tk — G (57)

N

Moreover, from Assumption (A2) we have the condition

17— e | = Ol Vi T, — Vi iw |l)
= O VoG + Ve —uX el + | Voiox + Vi — X, el
= O(| (Hy + X}, Z) Az ) (58)

where the last equation derives from the definition of §j; as the least squares approximation
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of the Lagrange multipliers, which gives the inequality
I Vgk g+ V fi — nXi e || Var T + Vi — pX; e |l

Therefore (55) follows from the fact that the matrices Hy + X, 'Z), are bounded (see
Assumption A4 and (38)). The rest of the proof is similar to Lemma 3.4 in [19]. .

Having established that the sequences of iterates {zj;} and {2} are bounded above
and away from zero, we show that the iterates {yx}, & > 0 are also bounded. In particular
Lemma 7 shows that if at each iteration of the algorithm we take a unit step along the
direction Ay, then the resulting sequence {yx + Ay} is bounded. In addition to this,
Lemma 7 also shows that the Newton direction Awy = (Axzy, Ayg, Azi) is bounded, for
fixed u. We first establish the following technical result.

Lemma 6 Let wy is a sequence of vectors generated by Algorithm 1 for fized p. Then the

matriz sequence {©; '} is bounded, where

0 Vi

Op = 1
Vgl Hy+X;'Z,

Proof The inverse of the partitioned matrix @y is

N AY A Vg% Vgl 1V g,

>
|

Vgl Vg Vgl ! Qe — UVl Vo Val] 'VarQy

where Q; = (Hy, —i—Xk_le)*l. According to Assumption (A4), and Lemma 2, the matrices
Q and [ngQng,{]*l exist and are bounded. Hence the matrix @,;1 is bounded, since
all matrices involved in it are bounded. °

Lemma 7 Let wy be a sequence of vectors generated by Algorithm 1 for fized . Then
the sequence of vectors {(Axy, yx + Ayg, Azg)} is bounded.
Proof Re-arranging the system (11) yields

0 Vg Y, Gk
=— (59)

Vgl Hy+X;'Z Az, Vi —uX; e

where y;, = yi + Ayg. From the previous lemma we have that the inverse of the matrix in
the left side of (59) exists and is bounded. Hence the sequences {Azj} and {y}.} are also
bounded. Considering now (10), we deduce that the sequence {Az;} is bounded. .
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We then show that the direction Ax; becomes small.

Lemma 8 Let Assumptions (A1)-(A4) hold. Then we have
lim Az, =0 (60)
k—o00

Proof The proof is similar to that in Powell and Yuan [19]. From Lemma 5 we know that
there exists an iteration k, such that for every iteration & > k, the penalty parameter
does not increase more than a constant €. From (19) and (20), the exact merit function
¢ is monotonically decreasing for all k& > k., and therefore the sequence {¢(xy) : k > k.}
is convergent. We then show that for p fixed and k > k., if || Az [|> 0, i.e., zj is not
on the central path, the Algorithm 1 will find a new primal iterate zy1 = =1 + oy, i Az
such that

d(zp11;C) < d(zg;€). (61)

Hence Axy, is a descent direction for the exact merit function ¢.
From the first order Taylor expansion of the approximate merit function ®, for k > k,,

we have
Dy (agy,i) — Pr(0) — pag, i®;,(0) = (1 — p)ag,iP)(0) + P, (62)
where
Yk = Pplog,i) — Pr(0) — ag, i P5(0)
= G(Tk + Ay iDL ) — G215 C) — Ay i V(213 ©) T Ay,
[ (2 + a:vk,iAfEk) - ?Qk]Tgk - O‘xk,iAx;‘cpv?ﬁgk- (63)

From (63) we can see that
|k,

Furthermore, from (64) we can see that there exists a constant € > 0, such that, if oy, ; <€,
then the right hand side of (62) can be negative i.e.,

= 0(0u,, i) (64)

Pri < —(1 = p)ag, i P4(0) < (1 — p)ag, ie” (65)

Hence at the k-th iteration the step length is at least 51é > 0. From (62), using (19) and
(65), we have

P(zg;T) — () + oy i Azg; 0) D(0) — Pp(0wy i) > —pag,,iP,(0)

pBiéCe? >0

AV

which shows that (61) is true. .

The next theorem shows that, while the barrier parameter p is fixed, the iterates
(K, yk, zk) converge to a point satisfying the perturbed optimality conditions (7).
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Theorem 1 Let the Assumptions (A1)-(A4) hold and let u be fized. Then Algorithm 1

terminates at a point, satisfying the perturbed optimality conditions (7).

Proof We first prove that for £ sufficiently large, the dual step, ., , becomes unity, by
showing that

li Azp —pXile|=0.

Jm | 2k + Azg — pX; e =0 (66)

By adding —,uX,;}le to both sides of (10) yields
| 2n+ Az —pXihell < | =X Zi | Aa 1+ | X = X051 lell (67)

Moreover

- - 1 1
| X" - inl 12 < nlféljagxn{(@ - W)Q}
Ty Lt1
a2
SIS ()2 ()2

}
Since we always have ag, € (0,1], (Ax,gj))2 <|| Az, ||? and the sequence {z;} is bounded
away from zero, from the above inequality and (60) we can show that

: —1 -1 2 : | Az |2
khm | X, =X I < n lim max ROCYNORY
—00 k—o001<j<n (xkj )2 (ka_H)Q

Y =0 (68)

Hence letting £ — oo in (67), and using (60) and (68) it can be deduced that (66) holds.
Consequently, zp11 = 2z + Az, for k sufficiently large.

Furthermore, using (10) and for & sufficiently large, the complementarity condition
becomes

Xir12b41 = Xiy1 (2 + Azg) = X1 X (= Zp Az + pe) (69)

From (60) and the fact that the elements of the diagonal matrix X;1X, ' can be written
as

(7) )
x A
k(-‘.')l =1 +Oka%, forall j =1,2,...,n,
we can derive that
lim X1 X' =1, (70)
k—o0

where I, is the n x n identity matrix. Letting k¥ — oo in (69), and using (60) and (70)
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yields
im Xp 12641 = Xu(p)ze(p) = pe (71)
k—o00

Also for k — oo, the second equation of system (11) and (60) yield

(VgrAzy) = g(z.(p)) =0 (72)

Jin
The first equation of the system (11) can be written as

Vi— ngTyk_H + C*Vgg’gk — uX,;le = —(H + X,;le)Amk
where yi11 = yr + Ayg. Letting & — oo, and using (60) the above equation yields

Jim | V£ = Vi g1 + eV gr — pXy e =0 (73)

From the assumptions that the functions f and g have continuous gradients and Vg,{ has
full column rank and using (68), equation (73) yields

. T _
klggo IV fet1 — Vi p1Uks1 + eV grr1 — pXp e =0
or equivalently

VF (@e(1) = V(e (1) Ty (1) + eV gz (1) g(@4 (1)) — pXa(p) e =0 (74)

From (74), (72) and (71) we can conclude that the vector (z.(u),ys(p),z«(1)) is a
solution of the perturbed optimality conditions (8). .

4 Global convergence

In this section we discuss the convergence of the algorithm for a decreasing sequence of
positive barrier parameters {u! : | = 0,1,2,...}. Theorem 1 guarantees that if u = p', for

some [ > 0, there is an iteration k such that for all k > k

| F(wk, Y, 25 1) || < (75)

for some 1 > 0. At this point the barrier parameter is reduced, i.e., p = p!*' < p! and
the iterations proceed. If we define

(ilagla gl) = (IEk,yk,Z];)
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then the sequence {(z!,7,2') : 1 =0,1,2,...} approximates the sequence of central points
(@), (), 2(ul)) 1= 0,1,2, ..},

Algorithm 2, below, provides the a description of the main steps performed when the
barrier parameter changes.

Algorithm 2

Initialisation: Choose a starting point (xg, yo, 20) such that zg, zg > 0.
Choose initial values for the penalty cpo > 0 and barrier parameter ul > 0.
Select the parameters n > 0,¢,6 € (0,1)
Set k=0,1=0and (2,7, 2") = (zk, yr, 21)-
Repeat until || F(z, i, 2 0) ||< €

Apply Algorithm 1 to find a point (zj, y;, 2;), such that

| F (g, v 23 1)) 1< it

Set (il’gl’gl) = (xfgay]}az]})a N’H_l = eﬂl, I=1+1

End

Note that the index [ is used to count the outer iterations (i.e., number of times the
barrier parameter is reduced), whereas the index &, which changes within Algorithm 1, is
used to count the total number of iterations needed to find an optimal solution of problem
(1). In the sequel we show that the sequence {(#',¢',2!) : I = 0,1,2,...} generated by
Algorithm 2, converges to a point (z*,3*, 2*) which is an optimal solution of the original
problem (1).

For a given € > 0, consider the set of all the approximate central points, generated by
Algorithm 1

S(e) = {4 2" e <| F(&, 4" 2500 1<) F(3°,9°,2%, 10) ||, Vil < p°}.

If € > 0 then the step-size rules, described in section 3 guarantee that @',z € S(e) are
bounded away from zero, for | > 0. Consequently (') is also bounded away from zero
in S(e). The following lemma shows that the sequence {§'} is bounded if the sequence
{#'} is also bounded.

Lemma 9 Let the columns of Vg(&') be linearly independent and the iterates Z' be in a

compact set for | > 0. Then there exists a constant My > 0 such that

17 1< My(1+ |1 2 ).
Proof By defining r' = Vf(#!) — 2! — Vg(#))T§ and solving for Vg(#')T/' we obtain

Ve@Eh Ty =vfEh -2 -l
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From our assumptions the above equation can be written as

g = [Ve@)ve@) "' ve@") (V@) — )
~[Vg(@")Vy(@') '] Vg(a") 2.

Taking norms in both sides of the above equation yields

g < I1IVg@E)Ve@) 17 'vg@) ||| VIE) -]
+ 1 [Vg(@) V(@) vg@) || 11 2 |
< My(1+ || 2 ).

where the constant My is defined as

My > max{]| [Vg(@)Vg(e)" ] Va(e) | | VI~ ||,
I [Vg(z")Vg(z") T tVg(@) || }.

and is finite according to our assumptions. °

Lemma 10 Let (3',7,2') € S(€) for all 1 > 0. Then the sequence {(Z',7,2")} is bounded

above.

Proof From Lemma 9, it suffices to show that the sequences {'} and {#'} are bounded
from above. By assumption (A2), the sequence {#'} is bounded. Assume that there exists
a non-empty set I°°, which contains the indices j of those elements, (1), of the vector
z!, for which limy_,+(2')) = co. From the boundedness of the sequences { (&) (1))},
j =1,2,...,n, we obtain liminf;_,,(2))/) = 0, for those indices j € I%°. Furthermore
from the definition of the set I2, in Assumption (A4), it is evident that 1% C I9.

xT)

From (75) and the fact that {u/} — 0 we have that the sequence

{I1vf@") =2 = vg@) g I}

is bounded. Using this and the fact that {|| Vf(i') ||} is bounded, we conclude that
{]| =2 = vg(@)T§" ||} is also bounded. Hence, we have

|2+ Vo7 |
G |

0 (76)

By setting @' = (',2))/ || (#*,2") ||, we have {@'} bounded and {@'} — @*. It is clear
that | @* ||= 1 and the components of 4*, corresponding to those indices j & I, i.e.,
{(2HY} < oo, are zero. If 4* is the vector consisting of the components of @* which
correspond to the indices j € I°, then || * ||=|| @* ||= 1. Furthermore, from (76) we have
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Vo) 'y +2 _ [Ve(@)", L] (7,2

_ AT i 10 ‘
G R AR A A g

However, this result contradicts Assumption (A2). Hence, the set IS° is empty, or for
all indices j = 1,2, ...,n, the sequences {(2')()} are bounded. Consequently, {#'} is also
bounded. °

The following theorem shows that the sequence {(z!, 3, )} converges to an optimum
point (Z*,¢*, 2*) of the initial constrained optimisation problem (1).

Theorem 2 Let {u'} is a positive monotonically decreasing sequence of barrier parame-
ters with {u'}y — 0, and let {(z',9', ") : 1 > 0} be a sequence of approzimate central points
satisfying (75). Then the sequence {(Z',§', ")} is bounded and its limit point (&*, ", 5*)
satisfies the first order optimality conditions of problem (1).

Proof From Lemma 9 the sequence {(i!,7,3')} is bounded. Then it is convergent and
let (Z*,9*,#*) be its limit point. From (75) and the fact that u! — 0 we easily obtain that

limy_so || F(3, 9, 2") ||= 0. Therefore,

V(@) -2 - Vg@)yt = 0

Clearly from the above equations we may derive that (Z*,7*, 2*) is an optimum point of
the initial constrained optimisation problem (1). .

5 Numerical Results

The algorithm described in the previous sections has been implemented using standard C,
on a Dual processor Sun UltraSparc-2, 167 MHz, with 256 megabytes of RAM, running
Solaris (release 5.5.1). The test-problems were drawn from the Hock and Schittkowski
collection [28]. For most of the problems we used the starting points recommended by in
[28].

The various parameters used in Algorithms 1 and 2 are selected as follows: cog = 0, n =
1000, B; = 0.05, B2 = 0.5, p = 1073, v = 0.995 § = 0.95 and ey = 10~8. Furthermore, since
the values @4 (0), Pr(ay, i) and P} (0) are available, they can be used to provide a quadratic
interpolation of the approximate merit function ®4(c), with o € [Bi1ay, i, B2y, i]- Thus
the new step-size oy, ;11 is given by

Qg ip1 = max { By, min{ Bo, B} } i
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where

2 [®k(a, i) — Pr(0) — 0, i, (0)]
Moreover, the matrices Hy, which approximate the Lagrangian Hessian, are calculated

by using Powell’s technique [18] for preserving positive definiteness. Hence Hj, is updating
according to

ﬁxk,i =

_ HypypiHy | i

Hy = H,
pl Hypy, plry,

where

Pk = Tpt1 — Tk

@ = VLIp(Tit1,Yk+1; 1) — VLB(Zk, Yrt1; 1)

e = wpk + (1 —wp)Hepg
and

1, if pTqr > 0.2pF Hypy,

UJ]C =
0.8pF Hypr/(pE Hipr, — piry), if pf e < 0.2p] Hypy,

The scalar wy is introduced to assure that pfrk is positive for all k£, so that positive
definiteness of the sequence of matrices {Hy} is satisfied. The identity matrix was used
as the initial matrix of the sequence {Hy}.

In Algorithm 2, the value of the barrier parameter is reduced by a constant factor
0 = 0.95. This constant reduction is sufficient to guarantee the convergence of our method
to an optimum solution of the initial problem (1). However, the efficiency of any primal-
dual interior point algorithm heavily depends on the speed by which p approaches zero.

To accelerate our algorithm we used a strategy where the barrier parameter does not
decrease by a constant factor. The reduction strategy derives from two other strategies,
presented by Lasdon et al. [12] and Gay et al. [7]. The basic characteristic of our strategy
is that, it determines the new value of u, by taking into consideration the distance of the
current point (Zg, Yy, 2x) from the central path and the optimum solution of the initial
problem. The barrier reduction strategy is shown in bellow

Barrier reduction strategy
If | F@k, Yk, zk; ') l2< np' or k> 5 then
p 1 = min{0.954',0.01(0.95)% || F(zk, yk, 2k; 0) ||2}

If || F(zk, yr, 25 1) [|2< 0.1nu! then
If 4! < 107* then
'+ = min{0.854',0.01(0.85)% 27 || F(xk, yr, 243 0) |2}
Else
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p!*! = min{0.854', 0.01(0.85)* || F(zx, yk, 23 0) [|2}

The vectors F(z,yk, zx; p') and F(zp,yr, 2x;0) represent the perturbed and unper-
turbed optimality conditions. The threshold determining whether the barrier parameter
is going to decrease is initially checked. If the current point is close enough to the central
path (i.e., if | F(z, yr, 2r; p') |]2 < 0.1nu') and the optimum solution (i.e., if u! < 107%),
then the barrier parameter is reduced faster, since it is multiplied by the factor (0.85)27,
where o > 0. If it is only close to the central path and not close to the optimum solu-
tion then the barrier parameter is still reduced but not as fast as before, since it is now
multiplied by the larger factor (0.85)?. Hence, o can be thought of as a parameter which
accelerates the decrease of u at appropriate points. In our numerical tests, this barrier
reduction rule has performed very effectively. All the numerical results have been obtained
by using the above strategy, with ¢ = 5.

Table 1 summarise the numerical results, where we use the following abbreviations

Prob: The problem number given in the Hock and Schittkowski collection [28].

Iter: The total number of iterations required to find an optimum solution of the initial
constrained problem (1).

co,0: The initial value of the penalty parameter.
¢x: The final value of the penalty parameter.
k.: The iteration after which the penalty parameter was unchanged.

The algorithm described in the previous sections solved successfully all the problems
to the desired accuracy. For all the problems the starting points recommended in [28] were
used. The behaviour of the penalty parameter was quite stable. In most of the problems
its initial value was set to zero. Its final value remained relatively low and became constant
in early iterations.

Finally it should be mentioned that the incorporation of the merit function into the
primal-dual framework prevented the algorithm from converging to a local maximum or
other stationary points. These results are quite encouraging and indicate that merit
functions a very important role in the design of primal-dual interior point algorithms for
general nonlinear programming problems.
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Prob. | Iter. | co,0 Cx ks« || Prob. | Iter. | co,0 Cx ky
5 8 0 0 1 73 7 0 8.2 1
10 14 0 305.4 10 76 8 0 22 3
11 8 0 99.16 4 83 7 0 0 1
12 11 0 0 1 84 16 0 0 1
14 10 | 107 | 2x107 | 9 93 14 | 0 | 7.2x10° | 9
22 9 0 0 1 95 14 0 0 1
24 9 0 0 1 96 13 0 0 1
27 20 0 5.7x10* | 15 97 20 0 0 1
32 14 0 0 1 98 17 0 0 1
33 12 0 0 1 100 18 0 | 4.2x10° | 11
34 10 0 1.2 6 104 16 0 | 9.8x10* | 14
35 7 0 27.03 2 105 36 0 0 1
43 15 0 17.5 4 108 18 0 32 4
57 15 | 1000 1000 1 110 8 0 0 1
59 13 0 0 1 112 23 0 0 1
64 18 0 2.6x101° | 16 113 12 0 23 3
65 10 0 0 1 114 17 0 | 35%x10° | 6
66 11 0 2.9x10% | 8 117 22 | 200 | 1.4x10% | 17
71 10 0 0.7 2 118 12 0 0 1
72 11 0 6.6x10° | 8 119 19 0 | 4.7x10% | 4

Table 1: Numerical Results.
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