Computable Banach Spaces via Domain Theory^1

Abbas Edalat and Philipp Sünderhauf

Department of Computing, Imperial College 180 Queen’s Gate, London SW7 2BZ United Kingdom fae,ps15g@doc.ic.ac.uk

Abstract

This paper extends the domain-theoretic approach to computable analysis to complete metric spaces and Banach spaces. We employ the domain of formal balls to define a computability theory for complete metric spaces. For Banach spaces, the domain specialises to the domain of closed balls, ordered by reversed inclusion. We characterise computable linear operators as those which map computable sequences to computable sequences and are effectively bounded. We show that the domaintheoretic computability theory is equivalent to the well-established approach by Pour-El & Richards.

1 Introduction

This paper is part of a programme to introduce the theory of continuous domains as a new approach to computable analysis, mediating between the traditional approaches that are either machine oriented as e.g. Type 2 Theory of Effectivity (TTE) [12,20,22], the so-called Russian [4] and Polish [9,14] approaches and the Blum-Shub-Smale model [3], or which are analysis-oriented as the work of Hauck [11] and Pour-El & Richards [17]. For a more detailed discussion see the introduction of [7].

Continuous domains were introduced independently by Dana Scott [19] and Yuri Ershov [8]. Their traditional use is in programming semantics, but recently they were successfully employed as computational models for spaces

1 Work supported by the EPSRC project Foundational Structures for Computer Science at Imperial College.

Preprint submitted to Elsevier Preprint 15 December 1997 in classical mathematics. The survey paper [5] gives an overview over this subject.

A continuous domain is a partially ordered set equipped with the notions of completeness and approximation. The completeness axiom requires existence of least upper bounds for all directed subsets, approximation means that all elements arise as directed suprema of their essential parts or approximants. (All definitions are formally given below.) The approximation axiom provides the link to the machine-based level of recursion theory or Turing machines: We will enumerate a convenient set of approximants and let the machine operate on this set.

In our earlier paper [7], we started a systematic exploration of the use of domains for computable analysis by considering computability on the real line, the complex plane, and ⋛^n. It was shown that the resulting notion of computability is equivalent to the Polish approach and hence to the above mentioned TTE-approach and the work of Pour-El & Richards.

The present paper extends the domain-theoretic framework to deal with metric spaces and Banach spaces. The domain employed for this purpose is the domain of formal balls, defined in [6], which, for Banach spaces, coincides with the collection of all closed balls ordered by reversed set inclusion. Hence every point is represented as intersection of a shrinking sequence of balls, a straightforward generalisation of the well-established representation of real numbers by shrinking sequences of intervals.

Our main result is that the domain-theoretic notion of computability structure for a Banach space coincides with the notion of computability structure in terms of computable sequences suggested by Pour-El & Richards [17]. This latter notion is used by theoretical physicists such as in the work of Penrose [16]. The domain-theoretic setting gives rise in a natural way to a notion of computable operator. Such a definition does not appear in the work of Pour-El & Richards but is a natural and useful notion for classification of operators.

2 Preliminaries and Notations

2.1 Recursion theory

We will use the relevant notions from recursion theory as in the fairly standard language of Rogers [18]. The set {0, 1, 2, . . .} of natural numbers is denoted by ▲. The nth partial recursive function is denoted by ϕ_n, the nth recursively enumerable (r.e.) set by W_n, so that W_n = dom(ϕ_n). We will make use of a standard pairing function ⟨·, ·⟩: ▲×▲ → ▲ which could be defined as ⟨n, m⟩ = 1 2 (n^2 + 2nm + m^2 + 3n + m). The projections are denoted by π_1, π_2; they satisfy ⟨π_1(n), π_2(n)⟩ = n as well as π_1(⟨n, m⟩) = n and π_2(⟨n, m⟩) = m for all n, m ∈ ▲. As usual, a relation R ⊆ ▲ × ▲ is said to be r.e. if the set {⟨n, m⟩ | (n, m) ∈ R} is r.e. We will conveniently say that R is r.e. in n, m. Similarly for relations of higher arity.

Many of our results have the form “There is f with property A iff there is g with property B”. Sometimes, we add the phrase “This equivalence is effective.” This means that there are partial recursive function ψ_1, ψ_2: ▲ → ▲ such that if ϕ_n has property A then ψ_1(n) is defined and ϕ_{ψ1(n)} has property B and, conversely, if ϕ_m has property B then ψ_2(m) is defined and ϕ_{ψ2(m)} has property A. Similarly for r.e. sets in place of functions. This is referred to as uniformity by Rogers in loc.cit.

We will employ the dovetailing principle in the form of the following construction: Every r.e. set A ⊆ ▲ can be written as the union A = ⋃ n∈N^An^{of an}

increasing chain A_0 ⊆ A_1 ⊆ A_2 · · · such that the relation i ∈ A_n is recursive in i, n. To see that this is true, we take a Turing machine based approach to recursion theory. If M is a machine which produces a list of the elements of A, then define A_n to contain those elements produced after n steps of computation by M. A consequence of effectiveness of this construction is the Selection Theorem [18, Theorem 5-XVIII]. It says that there is a partial recursive function ψ: ▲ → ▲ such that ψ(n) is defined iff the set W_n is not empty in which case ψ(n) ∈ W_n.

2.2 Continuous domains

In the earlier paper [7], we gave a short introduction to continuous domains as computational models. Here we just cite the relevant definitions. See [1] for a detailed treatment of domain theory.

A directed complete partial order (dcpo) is a partially ordered set closed under suprema (we also say least upper bound or lub) of directed subsets. A dcpo is pointed, if it contains a least element ⊥. We write x = ⋁_↑ A to denote that the set A ⊆ D is directed and has lub x. If (D, ⊑) is a dcpo and x, y ∈ D then we say that x approximates y (x is way-below y, x ≪ y) if for every directed subset A ⊆ D with y ⊑ ⋁_↑ A there is some a ∈ A with x ⊑ a.

A continuous domain is a dcpo (D, ⊑) such that for every element x ∈ D the set ↓x = {y ∈ D | y ≪ x} is directed and has x as its supremum: ⋁_↑ ↓x = x. We often refer to a continuous domain simply as a domain.

The Scott-topology of a dcpo (D, ⊑) consists of all subsets O of D which are upwards closed (x ∈ O, x ⊑ y =⇒ y ∈ O) and inaccessible by directed suprema, i.e. if ⋁_↑ A ∈ O then O ∩ A ≠ ∅. If D is a continuous domain, then the sets ↑x = {y ∈ D | x ≪ y} for x ∈ D are Scott-open and the collection of these sets forms a base for the Scott-topology. A function f: (D, ⊑) → (E, ⊑) between dcpo’s is continuous with respect to the Scott-topologies on D and E if and only if it is monotone and preserves suprema of directed subsets: x ⊑ y implies f(x) ⊑ f(y) and f( ⋁_↑ A) = ⋁_↑ f(A). A function f between pointed domains is called strict if f(⊥) = ⊥. The collection of all Scott-continuous functions from D to E is denoted by [D → E]. It is endowed with the pointwise order, i.e., f ⊑ g iff f(x) ⊑ g(x) for all x ∈ D, which makes [D → E] a dcpo.

A subset B of a domain (D, ⊑) is a basis if every element of D is the directed supremum of all basis elements approximating it: x = ⋁_↑ (↓x ∩ B). A domain is ω-continuous if it has a countable basis.

If D and D^′ are domains then so is their direct product, D × D^′, partially ordered coordinatewise. The order of approximation on D × D is obtained coordinatewise and the Scott-topology coincides with the product topology of the Scott-topologies on the factors. A function f: D × D^′ → E is Scottcontinuous if and only if it is Scott-continuous in both variables separately.

The interval domain I is the collection of all compact intervals on ⋛, endowed with a least element: I = {[a, b] ⊆ ⋛ | a, b ∈ ⋛, a ≤ b} ∪ {⊥} The order is reversed subset inclusion, i.e. ⊥ ⊑ I for all I ∈ I and [a, b] ⊑ [c, d] iff a ≤ c and b ≥ d in the usual ordering of real numbers. One can think of the least element ⊥ as the set ⋛. Directed suprema are filtered intersections of intervals. The order of approximation is given by ⊥ ≪ I for all I ∈ I and [a, b] ≪ [c, d] iff a < c and b > d. The maximal elements are the intervals [a, a], i.e. the singleton sets. The real line is homeomorphic to the set of maximal elements of I endowed with the relative Scott-topology via x → {x}. Every continuous function f: ⋛ → ⋛ has a Scott-continuous extension g: I → I in the sense that g({x}) = {f(x)} holds for all x ∈ ⋛. There is a largest strict extension, given by g(I) = {f(x) | x ∈ I} for I ≠ ⊥.

For an interval I = [a, b] we define its width |I| = b − a, for I = ⊥ = ⋛ we set |I| = ∞.

2.3 Effectively given domains

We collect the necessary definitions and results on effective domain theory as presented in Section 3 of [7] along the lines of [23].

We say that an ω-continuous pointed domain (D, ⊑) with countable basis D_0 = {b_0, b_1, b_2, · · ·} is effectively given with respect to b if the relation b_n ≪ b_m is r.e. in n, m. An element x ∈ D is computable, if the set {n ∈ ▲ | b_n ≪ x} is r.e. We will assume without loss of generality that b_0 = ⊥. An element x ∈ D is computable iff it is the lub of an effective chain in D_0, i.e. iff there is f: ▲ → ▲ total recursive such that b_{f (0)} ⊑ b_{f (1)} ⊑ b_{f (2)} ⊑ · · · and x = ⋁_↑ n∈N^bf (n)^{. This}

equivalence is effective.

The computability structure on two effectively given domains induces an effective structure on their product as follows: If (D, ⊑) and (D^′, ⊑) are effectively given via (b_n)_{n∈}N and (b^′_n)_{n∈}N, respectively, then the product D × D^′ has the effective basis (b^∗_n)_{n∈}N with b^∗_{⟨n,m⟩} = (b_n, b^′_m).

An enumeration ξ_D of the set D_c of all computable elements is defined by constructing a total recursive function η_D: ▲ → ▲ with the property that for each natural number n the function ϕ_{ηD(n)} is total. Its range describes a chain b_{ϕηD(n)(0)} ⊑ b_{ϕηD(n)(1)} ⊑ · · · satisfying the condition that if ϕ_n did already describe a chain, then the lubs of the two chains coincide. The nth computable element ξ_D(n) is defined to be the lub ⋁_↑ i∈N^bϕη_D(n)(i)^{. Every element b}n^{from D}0

is computable, the index of b_n as a computable element of D is a recursive function of n. Least upper bounds of effective chains of computable elements are computable with effectively obtainable index.

Suppose that the domains (D, ⊑) and (D^′, ⊑) are effectively given via b and b^′, respectively. A continuous function f: D → D^′ is computable if the relation b^′_m ≪ f(b_n) is r.e. in n, m. An alternative characterization of computability for a continuous function f: D → D^′ is the existence of a total recursive function ψ: ▲ → ▲ such that f ∘ ξ_D = ξ_D0 ∘ ψ. A third characterization is in terms of computable sequences. A sequence (x_n)_{n∈}N in D is computable, if there is a total recursive function h: ▲ → ▲ such that x_n = ξ_D(h(n)). A continuous function is computable iff it maps computable sequences to computable sequences.

If f: D → D^′ is computable then the relation b^′_m ≪ f(ξ_D(n)) is r.e. in n, m. This means in particular that the relation b_n ≪ ξ_D(m) is r.e. in n and m.

2.4 Computability on the real line

Let us briefly state the relevant definition and results from [7]. We denote by q_0, q_1, q_2, . . . a standard numeration of the rationals, e.g. q_{⟨n,⟨m,k⟩⟩} =^{n−m}_{k+1} . The arithmetic operations +, −, ·, /, when defined, as well as the comparisons <, ≤, = and the absolute value function | · | on rationals are recursive in the indices.

The interval domain I is ω-continuous. An example for a countable basis is the collection I_0 of all intervals with rational endpoints together with the least element ⊥. We set I_0 = ⊥ and I_{⟨n,m⟩+1} = [q_n − |q_m|, q_n + |q_m|]

to enumerate this basis and consider the interval domain as effectively given with respect to I. Note that I_n ≪ I_m iff

n = 0 or ( m, n > 0 and |q_{π1(n−1)} − q_{π1(m−1)}| + |q_{π2(m−1)}| < |q_{π2(n−1)}| ) .

The resulting enumeration of the computable elements of I is denoted by ξ_I : ▲ → I. We say that a real number x is computable, if the set {x} is a computable element of the interval domain, and a sequence (x_n)_{n∈}N of real numbers is computable, if the sequence ({x_n})_{n∈}N is computable in I. In other words, if there exists f: ▲ → ▲ total recursive such that {x_n} = ξ_I (f(n)). The sequence is said to converge effectively to x ∈ ⋛, if there is g: ▲ → ▲ recursive (the modulus of convergence) such that k ≥ g(n) implies |x_k − x| ≤ 2^{−n}. If (x_n)_{n∈}N is an effectively convergent computable sequence, then its limit x is computable. Moreover, an index for {x} can be obtained effectively from the indices for the sequence and the modulus of convergence.

Our notions of computable number and sequence coincide with the classical notions, see e.g. [17]. Hence a real number x is computable iff there is a recursive function h: ▲ → ▲ such that |q_{h(n)} − x| ≤^1_{2n} for all n ∈ ▲, and a sequence (x_n)_{n∈}N is computable iff there is a recursive function r: ▲×▲ → ▲ such that |q_{r(n,k)} − x_n| ≤ 2^{−k} for all n, k ∈ ▲. A function f: ⋛ → ⋛ is computable iff there is an extension g: I → I (i.e. g({x}) = {f(x)} for all x ∈ ⋛) which is computable in the sense of Section 2.3. It follows that every computable function ⋛ → ⋛ is continuous. A continuous function is computable if and only if it maps computable sequences of intervals to computable sequences of intervals.

Our approach is equivalent to the classical definition of computable real function. Using the re-formulation of [10] which Pour-El & Richards employ as a starting point for a detailed treatment of computable analysis [17] this means that a function f: ⋛ → ⋛ is computable iff (1) it maps computable sequences to computable sequences and (2) it is effectively uniformly continuous on intervals [−n, n], i.e. there is a recursive function h: ▲^2 → ▲ such that |x − y| ≤^1_{2h(n,k)} & x, y ∈ [−n, n] implies |f(x) − f(y)| ≤^1_{2k} for all n, k ∈ ▲.

3 Computability on metric spaces

3.1 The domain of formal balls

Edalat and Heckman investigate in [6] the poset of formal balls which endows metric spaces with a computability structure similar to the interval domain for the reals. In the sequel, we will briefly give the relevant definitions.

Suppose (X, d) is a complete metric space. Let ⋛^+_0 = {x ∈ ⋛ | x ≥ 0} denote the set of nonnegative real numbers. We use the notation C(x, r) = {y ∈ X | d(x, y) ≤ r}

for the closed ball of radius r around x. The domain of formal balls is the set B(X) = {⊥} ∪ (X×⋛^+_0 ) endowed with the order defined by ⊥ ⊑ A for all A ∈ B(X) and ⟨x, r⟩ ⊑ ⟨y, s⟩ ⇐⇒ d(x, y) + s ≤ r. Formal balls, as their name suggests, are thought of as balls in the metric space: The pair ⟨x, r⟩ corresponds to the closed ball C(x, r). The set C(X) of all closed balls of X, partially ordered by reversed inclusion, is not a dcpo but the map e: ⟨x, r⟩ → C(x, r): B(X) → C(X) is monotone and continuous in the sense that e( ⋁_↑ i∈I a_i) = ⋁_↑ i∈I e(a_i) for all directed families (a_i)_{i∈I} of elements of B(X). This means in particular that the supremum ⋁_↑ i∈I e(a_i) exists. The poset (B(X), ⊑) is a continuous domain. The way-below relation turns out to be ⊥ ≪ A for all A ∈ B(X) and ⟨x, r⟩ ≪ ⟨y, s⟩ ⇐⇒ d(x, y) + s < r. An element is maximal iff it is of the form ⟨x, 0⟩ for some x ∈ X. The space X in the metric topology is via x → ⟨x, 0⟩ homeomorphic to the set of maximal elements with the relative Scott-topology. If X_0 ⊆ X is a dense subset of X then the set {⟨x, r⟩ | x ∈ X_0, r ∈ ⋚, r ≥ 0} is a basis for (B(X), ⊑). An important property of the domain of formal balls is that every directed subset contains an ascending sequence with the same lub [6, Theorem 2.2]. Hence openness and Scott-continuity can be verified by just looking at ascending sequences. The lub of such a sequence ⟨x_0, r_0⟩ ⊑ ⟨x_1, r_1⟩ ⊑ ⟨x_2, r_2⟩ ⊑ · · · is easily calculated: The element ⟨x, r⟩ is the lub iff lim_{n→∞}x_n = x and lim_{n→∞} r_n = r [6, Theorem 2.5].

Suppose that f: X → Y is a Lipschitz-continuous function between the metric spaces (X, d) and (Y, d) with Lipschitz-constant M, i.e. that d(f(x), f(x^′)) ≤ Md(x, x^′) for all x, x^′ ∈ X. Then there is a Scott-continuous extension g: B(X) → B(Y ) to the domains of formal balls. It is defined by g(⊥) = ⊥ and g(⟨x, r⟩) = ⟨f(x), Mr⟩ [6, Theorem 3.1].

3.2 Effective metric spaces

If (X, d) is a separable metric space, then the domain of formal balls is ωcontinuous and we are in the position to endow it with an effective structure.

Definition 1 An effectively given metric space is a complete metric space with a countable dense subset {x_0, x_1, x_2, . . .} such that the domain of formal balls is effectively given with respect to the basis {B_0, B_1, . . .} with B_0 = ⊥ and B_{⟨n,m⟩+1} = ⟨x_n, |q_m|⟩. Theorem 2 A dense sequence x_0, x_1, x_2, . . . in a complete metric space gives rise to an effective representation if and only if the relation d(x_n, x_m) < q_k is r.e. in n, m, k.

PROOF. The domain of formal balls is effectively given with respect to the basis {B_0, B_1, . . .} as defined above iff the order of approximation is r.e. This is the case iff the relation d(x_n, x_n0 ) + |q_m0 | < |q_m| is r.e. As addition of rational numbers and the absolute value function are recursive in the indices, this proves the theorem. 2

In [21] Weihrauch defines a computable metric space to be a metric space with a dense sequence (a_n)_{n∈}N such that the relation d(a_n, a_m) < q_k is r.e. in n, m, k. So Theorem 2 means in particular that a complete metric space is effectively given in our sense if and only if it is a computable metric space in the sense of loc.cit. The stronger assumption of both q_k < d(a_n, a_m) and d(a_n, a_m) < q_k being r.e. is part of Moschovakis’ definition of a recursive metric space [15], the other part being countability of X. This stronger condition is implied by the requirement of ≪ being recursive rather than merely r.e. It appears in the work of Blanck [2] where metric spaces are modelled using algebraic domains.

Note that our model for metric spaces is quite similar to our model for the reals. The dense sequence (x_n)_{n∈}N takes over the role of the rationals (q_n)_{n∈}N.

Writing the intervals in the form [x − r, x + r] makes this similarity even more apparent. In fact, the interval domain is isomorphic to the domain of formal balls of the real line. The isomorphism is given by [a, b] → ⟨^{a+b}_2 ,^{b−a}_2 ⟩: I → B(⋛)

with inverse ⟨x, r⟩ → [x − r, x + r]: B(⋛) → I. So it is not surprising that many of the definitions and results from [7] easily transfer to the more general setting of complete metric spaces.

Definition 3 Suppose (X, d) is an effective metric space, where the resulting enumeration of computable elements of B(X) is denoted by ξ_X .

1) An element x ∈ X is computable if ξ_X (n) = ⟨x, 0⟩ for some n ∈ ▲.

2) A sequence (y_n)_{n∈}N in X is computable if there is a total recursive function f: ▲ → ▲ such that ⟨y_n, 0⟩ = ξ_X (f(n)).

Theorem 4 An element x ∈ X is computable iff it is an effective limit of a sequence (x_{ni} )_{i∈}N, i.e. iff there is f: ▲ → ▲ recursive such that d(x, x_{f (n)}) ≤^1_{2n} for all n ∈ ▲. This equivalence is effective.

PROOF. The proof is similar to the proofs of Theorems 15 and 18 of [7].

(only if) Suppose that x is computable and n ∈ ▲ with ξ_X (n) = ⟨x, 0⟩. The relation R with ⟨m, k, i⟩ ∈ R ⇐⇒ B_i ≪ ξ_X (m) & |q_{π2(i−1)}| ≤ 1 2^k (1)

is r.e. in m, k, i. Moreover, it is true that if ξ_X (m) is maximal and k ∈ ▲ then there is i ∈ ▲ with ⟨m, k, i⟩ ∈ R. By the Selection Theorem, there exists a partial recursive function g: ▲×▲ → ▲ such that ⟨m, k, g(m, k)⟩ ∈ R (2) holds for all k whenever ξ_X (m) is maximal. Define j: ▲^2 → ▲ by j(m, k) = π_1(g(m, k) − 1). Then x_{j(m,k)} is the centre of the formal ball B_{g(m,k)}. Now (x_{j(n,k)})_{k∈}N is an effectively converging sequence with limit x_n: By (2) and (1) we have in particular B_{g(n,k)} ≪ ⟨x, 0⟩. Thus d(x_{j(n,k)}, x) + 0 < |q_{π2(g(n,k)−1)}|. Therefore, by (1), we have d(x, x_{j(n,k)}) ≤ 2^{−k} as required.

(if) Assume f: ▲ → ▲ is such that d(x_{f (n)}, x) ≤ 2^{−n} for all n ∈ ▲. Define h: ▲ → ▲ total recursive such that

B_{h(n)} = ⟨x_{f (n+2)}, 1 2^n ⟩.

Then B_{h(n)} ⊑ ⟨x, 0⟩ and the sequence (B_{h(n)})_{n∈}N is increasing as d(x_{f (n+2)}, x_{f (n+3)})+ 1 2n+1 ≤ d(xf (n+2), x) + d(x, xf (n+3)) + 1 2n+1 ≤ 1 2n+2 + 1 2n+3 + 1 2n+1 ≤ 1 2n . Since lim_{n→∞}^1_{2n} = 0, the lub of this chain is maximal, hence this lub must be ⟨x, 0⟩. Therefore, an index for the function h is an index for ⟨x, 0⟩. 2

As in the case of the real line, effectivity allows us to characterise the computable sequences.

Corollary 5 A sequence (y_n)_{n∈}N is computable if and only if there is a total recursive function r: ▲×▲ → ▲ such that d(x_{r(n,k)}, y_n) ≤ 2^{−k} for all n, k ∈ ▲. This equivalence is effective.

PROOF. The proof is similar to that of Theorem 20 of [7].

(if) Assume that (y_n)_{n∈}N is a sequence in X and that r: ▲×▲ → ▲ is recursive such that d(x_{r(n,k)}, y_n) ≤ 2^{−k} for all n, k ∈ ▲. This means that (x_{r(n,k)})_{k∈}N is a computable sequence effectively convergent to y_n. So we can apply Theorem 4 to effectively get an index for y_n from r and n. Hence the sequence (y_n)_{n∈}N is computable.

(only if) Now assume that there is f: ▲ → ▲ with ξ_X (f(n)) = ⟨y_n, 0⟩. By Theorem 4 there is a recursive function h: ▲ × ▲ → ▲ such that the sequence (x_{h(f (n),k)})_{k∈}N is effectively converging to y_n. Thus we have a double sequence as required. 2

3.3 Computable functions

Definition 6 A function f: X → Y between effectively given metric spaces is computable iff there is an extension g: B(X) → B(Y ) (i.e. g(⟨x, 0⟩) = ⟨f(x), 0⟩ for all x ∈ X) which is computable in the sense of Section 2.3.

Theorem 7 A function with a given Lipschitz constant between effectively given metric spaces is computable if and only if it maps computable sequences of points to computable sequences and it is effectively Lipschitz-continuous in the sense that a computable Lipschitz-constant can be constructed.

PROOF. Necessity of this condition is immediate. For sufficiency, assume that f: X → Y is Lipschitz-continuous and maps computable sequences to computable sequences. Denote the dense sequences specifying the effective structure of X and Y by (x_n)_{n∈}N and (y_n)_{n∈}N, respectively. As f maps computable sequences to computable sequences, there is h: ▲ → ▲ recursive such that ⟨f(x_n), 0⟩ = ξ_Y (h(n)) for all n ∈ ▲. Assume M ∈ ⋛ is a computable Lipschitz constant for f. Then the extension g: B(X) → B(Y ) of f is defined by g(⊥) = ⊥ and g(⟨x, r⟩) = ⟨f(x), Mr⟩. It remains to show computability of this function. Observe that

⟨y_i, |q_j|⟩ ≪ g(⟨x_n, |q_m|⟩) ⇐⇒ d(y_i, f(x_n)) + M|q_m| < |q_j| ⇐⇒ d(y_i, f(x_n)) < |q_j| − M|q_m| ⇐⇒ d(y_i, f(x_n)) < max(0, |q_j| − M|q_m|) ⇐⇒ ⟨y_i, max(0, |q_j| − M|q_m|)⟩ ≪ ⟨f(x_n), 0⟩ ⇐⇒ ⟨y_i, max(0, |q_j| − M|q_m|)⟩ ≪ ξ_Y (h(n)). As h is recursive and as the arithmetic operations on the rationals are computable, this relation is r.e. in the indices n, m, i, j. 2

4 Computability on Banach spaces

A Banach space is a complete normed vector space. For simplicity, we only consider Banach spaces over the reals. The origin in a Banach space is denoted by 0.

4.1 Balls in Banach spaces

With the definition d(x, y) = ‖x − y‖, every Banach space is a complete metric space. Hence a natural candidate for endowing Banach spaces with a computability structure is the domain of formal balls which we met in Section 3. For normed vector spaces, in particular for Banach spaces, the theory simplifies significantly: For these spaces the poset of formal balls coincides with the set of closed balls, ordered by reversed set inclusion (Theorem 2.14 of [6]). Recall that we use the notation C(x, r) = {y ∈ X | ‖x − y‖ ≤ r} for the closed ball of radius r around the point x ∈ X. So the domain of balls is the set B(X) = {⊥} ∪ {C(x, r) | x ∈ X, r ≥ 0}

endowed with the order ⊥ ⊑ A for all A ∈ B(X) and C(x, r) ⊑ C(y, s) ⇐⇒ C(x, r) ⊇ C(y, s) ⇐⇒ ‖x − y‖ + s ≤ r. Recall that the order of approximation ≪ is given by ⊥ ≪ A for all A ∈ B(X) and C(x, r) ≪ C(y, s) ⇐⇒ ‖x − y‖ + s < r. We are now going to extend the vector space operations and the norm to the balls. Addition +: B(X) × B(X) → B(X) is defined by C(x, r) + C(y, s) := C(x + y, r + s)

and ⊥+B = B+⊥ := ⊥ for all B ∈ B(X). Scalar multiplication in this setting is of type I × B(X) → B(X). What should the product [α − ε, α + ε] · C(x, r) be? If ε = 0, we certainly would expect C(αx, |α|r) as the result. The case r = 0 is equally simple, we get [α − ε, α + ε] · C(x, 0) = C(αx, ε‖x‖). Setting x = 0 yields [α − ε, α + ε] · C(0, r) = C(0, r(|α| + ε)). Combining these yields our general definition [α − ε, α + ε] · C(x, r) := C(αx, ε‖x‖ + |α|r + εr)

and ⊥ · B = I · ⊥ := ⊥ for all B ∈ B(X) and I ∈ I. Proposition 9 below will make this definition even more transparent. Finally, for the norm, we set ‖C(x, r)‖ := [‖x‖ − r, ‖x‖ + r] and ‖⊥‖ := ⊥ to get ‖ · ‖: B(X) → I.

Proposition 8 Addition, scalar multiplication, and the norm as defined above are Scott-continuous. Restricted to maximal elements, they yield the usual operations.

PROOF. Monotonicity of the operations is easily verified from the definitions. For scalar multiplication, we have to use the fact that C(x, r) ⊑ C(y, s) implies ‖x‖ + r ≥ ‖y‖ + s. In order to verify that [α − ε, α + ε]C(x, r) ⊑ [α − ε, α + ε]C(y, s) we calculate

‖αx − αy‖ + ε‖y‖ + |α|s + εs = |α|(‖x − y‖ + s) + ε(s + ‖y‖) ≤ |α|r + ε(r + ‖x‖) by the above observation. Monotonicity in the first argument is shown in a similar fashion. Preservation of directed suprema for all three operations is immediate by the characterisation in terms of limits: If, for example, C(x, r) = ⋁_↑ n∈N^{C(x}n^{, r}n^{) then x = lim}n→∞^{and r = lim}n→∞^rn^{. Thus x+y = lim}n→∞^{(x}n^+

y) and r+s = lim_{n→∞}(r_n+s), so C(x, r)+C(y, s) = ⋁_↑ n∈N^{(C(x}n^{, r}n^{)+C(y, s)).} Hence addition is Scott-continuous. (Recall that separate continuity is equivalent to joint continuity for functions f: D × D^′ → E between domains.) It is obvious that we get the usual operations in the case that r = s = ε = 0. 2

The extension of the norm can also be seen as a special case of the extension of Lipschitz-continuous functions to the domain of balls for metric spaces (cf. the end of Section 3.1, and, for computability, Theorem 18). For every Banach space X, the norm ‖ · ‖: X → ⋛ is Lipschitz-continuous with constant M = 1. The extension to the balls is exactly the norm for B(X) as defined above.

We defined the operations on balls by referring to centres and radii. As we are dealing with subsets, another possibility would be to consider the pointwise operations. For addition, the two approaches coincide as the next proposition shows. In the case of scalar multiplication, however, the pointwise operation does not necessarily yield a ball as result. But we have made the best possible choice:

Proposition 9 Suppose (X, ‖ · ‖) is a Banach space. Then 1) C(x, r) + C(y, s) = {x^′ + y^′ | x^′ ∈ C(x, r) & y^′ ∈ C(y, s)}. 2) [α − ε, α + ε]C(x, r) ⊇ {βy | β ∈ [α − ε, α + ε] & y ∈ C(x, r)}. 3) There is no smaller ball than [α − ε, α + ε]C(x, r) which is centred at αx and contains the pointwise scalar product as in (2). 4) ‖C(x, r)‖ ⊇ {‖y‖ | y ∈ C(x, r)}. 5) There is no smaller interval than ‖C(x, r)‖ which is centred at ‖x‖ and contains the pointwise norm as in (4).

PROOF. Note that y ∈ C(x, r) iff there is x^′ with ‖x^′‖ ≤ r and y = x + x^′. Using this, one readily sees that the right-to-left inclusions hold. As an example, we show (2), the most involved case. Suppose y ∈ C(x, r) and β ∈ [α − ε, α + ε]. Write y = x + x^′ with ‖x^′‖ ≤ r. Then βy = βx + βx^′ = αx+(β −α)x+βx^′ and ‖(β −α)x+βx^′‖ ≤ |β −α|‖x‖+|β|r ≤ ε‖x‖+(|α|+ε)r since |α − β| ≤ ε. For ⊆ in (1) assume that z ∈ C(x, r) + C(y, s), i.e. that z = x + y + w with ‖w‖ ≤ r + s. We split w as w =^r_{r+s} w +^s_{r+s} w and observe that ‖^r_{r+s} w‖ =^r_{r+s} ‖w‖ ≤ r which implies z ∈ {x^′ + y^′ | x^′ ∈ C(x, r) & y^′ ∈

C(y, s)}. To see (3) for the case of α ≥ 0 note that x +^r_{‖x‖} x ∈ C(x, r) and (α+ε)(x+^r_{‖x‖} x) = αx+(ε‖x‖+εr +αr)^x_{‖x‖} so the radius could not be smaller. Similarly for α ≤ 0, with −ε and −^r_{‖x‖} x replacing ε and^r_{‖x‖} x. Finally (5). It suffices to note that x+^r_{‖x‖} x is an element of C(x, r) and has norm ‖x‖+r. 2

For the case of singleton intervals, the scalar multiplication is indeed the pointwise defined scalar product as the latter is a ball. We will write αC(x, r) to abbreviate {α}C(x, r) = C(αx, |α|r). Also, as usual, A − B stands for A + (−B), i.e. A + {−1}B.

4.2 Effectively given Banach spaces

Definition 10 An effectively given Banach space is a Banach space X with an effective structure for the continuous domain B(X) of balls such that addition, scalar multiplication and the norm are computable functions. We denote the effective basis by {A_0, A_1, A_2, . . .} and require further that the set {n ∈ ▲ | A_n = ⊥} be recursive.

For simplicity, we denote the resulting enumeration of computable elements of B(X) with ξ_X rather than ξ_{B(X)}. Note that the term “effectively given Banach space” always refers to a given enumeration of a basis for the domain of balls. Hence a Banach space may be effectively given in two distinct ways.

Recall that for an interval [a, b] ∈ I, we denote with |[a, b]| its length b − a. Hence for a ball A ∈ B(X), the number |‖A‖| denotes its diameter. In fact, we calculate |‖C(x, r)‖| = |[‖x‖ − r, ‖x‖ + r]| = 2r. Being a composition of computable functions, it is clear that this function is computable for effectively given Banach spaces.

Proposition 11 Suppose that (X, ‖ · ‖) is an effectively given Banach space. Then {0} and the unit ball C(0, 1) are computable elements. Moreover, indices for these elements can be obtained from the effective structure.

PROOF. If A = C(x, r) then A − A = C(0, 2r) and |‖A‖| = |[‖x‖ − r, ‖x‖ + r]| = 2r. Thus 0(A − A) = {0} and^1_{|‖A‖|} (A − A) = C(0, 1) for r > 0. As the operations are computable, this enables us to find indices for the origin and the unit ball by searching for i with A_i ≠ ⊥ and |‖A_i‖| > 0 and then calculating 0(A_i − A_i) and^1_{|‖Ai‖|} (A_i − A_i). 2

Let us now turn our interest to the Banach space X, i.e. the set of maximal elements of B(X). By Proposition 11 the origin 0 is a computable element of X. Are there any other computable elements in the Banach space? Can we lay our hands on them? The following proposition is the answer to these questions. We are able to find sufficiently many computable elements in X.

Proposition 12 There is a total recursive function f: ▲ → ▲ such that ξ_X (f(n)) is a maximal element above A_n for every n ∈ ▲. The resulting sequence (x_n)_{n∈}N of vectors, where C(x_n, 0) = ξ_X (f(n)), is dense in X.

PROOF. Fix n ∈ ▲. We construct a recursive function g: ▲ → ▲ which gives an increasing sequence A_{g(0)} ⊑ A_{g(1)} ⊑ · · · with lub in the maximal elements above A_n. Then f(n) is defined to be the derived index of the function g and the first part of the proposition is proved. For the construction of g, set g(0) = n. To define g(m + 1) for m ∈ ▲, consider the set M_m = {g(m)} ∪ {i ∈ ▲ | A_{g(m)} ≪ A_i}. This certainly is r.e. and hence so is M^′_m = {i ∈ M_m | |‖A_i‖| <^1_{2m} }. Note that the set M^′_m is not empty: If g(m) ∉ M^′_m then A_{g(m)} is not maximal and so there is a maximal element of B(X) way-above it. This certainly implies the existence of a basis element A_i with |‖A_i‖| <^1_{2m} way-above A_{g(m)}, then i ∈ M^′_m. So, using the Selection Theorem, we may define g(m + 1) to be some element of M^′_m. It is clear that the total recursive function g defined by this procedure has the desired property.

To see that the sequence (x_n)_{n∈}N is dense in X, suppose x ∈ X and ε > 0. Now C(x, ε) ≪ {x}, hence there is n ∈ ▲ with C(x, ε) ≪ A_n ≪ {x}. This implies A_n ⊆ C(x, ε) and as x_n ∈ A_n we certainly have ‖x − x_n‖ ≤ ε. 2

Observe that this construction is not possible if the basis elements A_n are replaced by the computable elements ξ_X (n) as the relation ξ_X (n) ≪ A_m is not r.e. In fact, there is no recursive enumeration of all computable singletons.

The constructed sequence of computable maximal elements allows us to pass to a more convenient basis for B(X). Let B_0 = ⊥ and B_{⟨n,m⟩+1} = C(x_n, |q_m|)

with the sequence (x_n)_{n∈}N from Proposition 12.

Theorem 13 Every effectively given Banach space is an effectively given metric space. In particular, the above constructed set {B_0, B_1, B_2, . . .} is an effective basis for B(X) which makes the operations computable.

PROOF. The sequence (x_n)_{n∈}N is dense in X. Furthermore the relation ‖x_n − x_m‖ < q_k is r.e. in n, m, k as the norm is computable. Thus we are dealing with an effectively given metric space by Theorem 2. It remains to show computability of the operations. This is an easy consequence of computability with respect to the given basis {A_0, A_1, . . .}. E.g., for addition we have C(x_i, |q_j|) ≪ C(x_n, |q_m|) + C(x_n0 , |q_m0 |) ⇐⇒ ‖x_i − (x_n + x_n0 )‖ + |q_m| + |q_m0 | < |q_j| which is clearly r.e. in i, j, n, m, n^′, m^′. 2

So the set comprising all the B_n does in fact constitute a computability structure for X. How does it relate to the original structure? Let us denote the two resulting effective domains by (B(X), A) and (B(X), B), respectively.

Proposition 14 The identity id: B(X) → B(X) is B-A computable.

PROOF. Suppose that f: ▲ → ▲ is the function defined in Proposition 12 and that n_0 ∈ ▲ is the code for C(0, 1) from Proposition 11. Then B_{⟨n,m⟩+1} = C(x_n, |q_m|) = C(x_n, 0) + C(0, |q_m|) = ξ_X (f(n)) + |q_m| · ξ_X (n_0).

As the operations are computable and f is recursive, this shows that the relation A_k ≪ B_ℓ is r.e. by the remark at the end of Section 2.3 2

This need not be true for the other direction, in particular there might be basis elements A_n which are not computable w.r.t. to the B-structure. But we are not really interested in the balls, we are interested in the Banach space. The following proposition shows that the identity id: X → X has an extension B(X) → B(X) which is A-B computable. Hence the two computability theories for (X, ‖ · ‖) coincide and we may pass to the more convenient basis {B_0, B_1, . . .}. Proposition 15 There is a total recursive function f: ▲ → ▲ such that for every n ∈ ▲ the function ϕ_{f (n)} gives an increasing chain B_{ϕf(n)(0)} ⊑ B_{ϕf(n)(1)} ⊑ · · · with least upper bound C_n := ⋁_↑ i∈N^Bϕf(n)(i)^{below ξ}X^{(n). If ξ}X^{(n) is max-}

imal then C_n = ξ_X (n).

PROOF. The idea how to define f is essentially the same as in the proof of Theorem 15 of [7]. Employing Proposition 12, we can avoid partiality of f. In detail we proceed as follows:

(1) Start with a natural number n.

(2) This describes a chain A_{ϕηX (n)(0)} ⊑ A_{ϕηX (n)(1)} ⊑ · · · with least upper bound ξ_X (n). (The function η_X was introduced in Section 2.3 on Page 5.)

(3) Apply Proposition 12 to get a sequence (x_{h(i)})_{i∈}N with x_{h(i)} ∈ A_{ϕηX(n)(i)} for all i ∈ ▲.

(4) Define g: ▲ → ▲ recursive such that |‖A_{ϕηX(n)(i)}‖| < q_{g(i)} < |‖A_{ϕηX(n)(i)}‖|+ 1 2i .

(5) Then B_{⟨h(i),g(i)⟩+1} = C(x_{h(i)}, q_{g(i)}) ⊇ A_{ϕηX (n)(i)}.

(6) Now we have to make the sequence B_0, B_1, . . . increasing. We use the same method as in the algorithm for obtaining the enumeration of computable elements in an effectively given domain described in [7] just after Proposition 3:

(a) Define j(0) = ⟨h(0), g(0)⟩ + 1. (b) Start with i = 0 and k = 1.

(c) The set P = {ℓ ≥ k | B_{j(i)} ≪ B_{⟨h(ℓ),g(ℓ)⟩+1}} ⊆ ▲ is r.e. (d) Write P = ⋃ m∈N^Pm^{where the test ℓ ∈ P}m^{is recursive in ℓ, m.}

(e) Now, starting with m = 1, each of these sets is tested for the existence of ℓ ≤ m with ℓ ∈ P_m. Whenever no such element is found, we let j(i + m) = j(i) and check for the next value of m.

(f) If, at some stage, there is ℓ ≤ m with ℓ ∈ P_m then set j(i + m) = ⟨h(ℓ), g(ℓ)⟩ + 1, increment i by m, set k = ℓ + 1, and go to step (6c).

(7) Now B_{j(0)} ⊑ B_{j(1)} ⊑ · · · and ⋁_↑ i∈N^Bj(i)^{⊑ ξ}X^{(n).}

We define f(n) to be the derived index of the function j. It remains to verify that C_n = ξ_X (n) if the latter is maximal. Maximality of ξ_X (n) means that lim_{i∈}N|‖A_{ϕηX(n)(i)}‖| = 0, so we also have

lim_{i∈}N q_{g(i)} = 0 (3)

as q_{g(i)} < |‖A_{ϕηX (n)(i)}‖| +^1_{2i} by construction (step(5)). Therefore, it suffices to show that for all i, k ∈ ▲ there is ℓ ≥ k such that B_{⟨h(i),g(i)⟩+1} ≪ B_{⟨h(ℓ),g(ℓ)⟩+1}. This ensures that the sequence (B_{j(i)})_{i∈}N is not eventually constant and thus its limit is maximal by (3). As q_{g(i)} > |‖A_{ϕηX(n)(i)}‖|, by (3) there is ℓ ≥ i, k with q_{g(i)} − |‖A_{ϕηX(n)(i)}‖| > q_{g(ℓ)}. As ℓ ≥ i, we have x_{h(ℓ)} ∈ A_{ϕηX(n)(ℓ)} ⊆ A_{ϕηX (n)(i)}. But also x_{h(i)} ∈ A_{ϕηX(n)(i)}, hence ‖x_{h(i)} − x_{h(ℓ)}‖ ≤ |‖A_{ϕηX (n)(i)}‖| < q_{g(i)} − q_{g(ℓ)}. This implies B_{⟨h(i),g(i)⟩+1} ≪ B_{⟨h(ℓ),g(ℓ)⟩+1}. 2

Thus the effective structure on X as a Banach space coincides with the constructed effective metric space structure. From now on, we will assume the more convenient latter form of presentation via a dense sequence (x_n)_{n∈}N in X and the basis consisting of ⊥ and the C(x_i, |q_j|) as defined above. The results concerning computability of points and sequences in metric spaces specialise as follows.

Corollary 16 1) An element x ∈ X is computable iff it is an effective limit of a sequence (x_{ni} )_{i∈}N, i.e. iff there is f: ▲ → ▲ recursive such that ‖x − x_{f (n)}‖ ≤ 1 2n for all n ∈ ▲. This equivalence is effective.

2) A sequence (y_n)_{n∈}N is computable if and only if there is a recursive function r: ▲×▲ → ▲ such that ‖x_{r(n,k)} − y_n‖ ≤ 2^{−k} for all n, k ∈ ▲. This equivalence is effective.

4.3 Computable operators

As expected, we define those operators to be computable which have a computable extension.

Definition 17 A linear operator f: X → Y between effectively given Banach spaces is computable iff there is an extension g: B(X) → B(Y ) (i.e. g({x}) = {f(x)} for all x ∈ X) which is computable in the sense of Section 2.3.

Recall that a linear operator f: X → Y between Banach spaces is bounded if there is M ∈ ⋛ such that ‖f(x)‖ ≤ M‖x‖ for all x ∈ X. The smallest such bound M is the norm ‖f‖ of f. By linearity, boundedness is equivalent to Lipschitz-continuity. Even more, continuity at the origin implies boundedness.

Theorem 18 A linear operator is computable if and only if it maps computable sequences of points to computable sequences and is effectively bounded in the sense that we can construct a bound.

PROOF. As boundedness is equivalent to Lipschitz-continuity the (if) part is a direct consequence of Theorem 7. For the (only if) part, it is clear that computable sequences are mapped to computable sequences. To obtain a bound, suppose g: B(X) → B(X) is the computable function extending f. Then M := |‖g(C(0, 1)‖| is a bound for f. To see this, suppose g(C(0, 1)) = C(y, r) and x ∈ X with ‖x‖ = 1. Then C(0, 1) ⊑ C(x, 0), hence C(y, r) = g(C(0, 1)) ⊑ g(C(x, 0)) = C(f(x), 0), thus ‖y − f(x)‖ + 0 ≤ r. But we also have C(0, 1) ⊑ C(0, 0) which implies C(y, r) ⊑ C(0, 0), thus ‖y‖ ≤ r. Therefore ‖f(x)‖ ≤ r + r = M. Linearity implies that M is a bound. 2

Remark. One might ask the question why computable operators do not necessarily have a computable norm. Apart from the fact there are bounded operators which appear to be computable but have non-computable norm,^2 this would not be in analogy to the classification of computable functions on the reals. There, effective uniform continuity on computable intervals was crucial. Of course, every bounded operator is effectively uniformly continuous, the modulus given by some computable bound. Demanding that the norm be computable would correspond to demanding the optimal modulus of continuity to be effective in the case of the real-valued functions. Certainly, this need not be the case.

4.4 Computability structure in the sense of Pour-El & Richards

We want to compare our notion of computability structure for Banach spaces with the one from [17]. The definition of Pour-El and Richards reads as follows:

Definition 19 Suppose (X, ‖ · ‖) is a Banach space. A PR-computability structure for X is a nonempty set S(X) of sequences in X (referred to as computable sequences) such that the following three axioms are satisfied.

linear forms If (y_n)_{n∈}N, (z_n)_{n∈}N ∈ S(X), and (r_{nk})_{n,k∈}N and (s_{nk})_{n,k∈}N are

computable double sequences of real numbers and if d: ▲ → ▲ is recursive then (w_n)_{n∈}N is computable, where

w_n = d(n)∑ k=0 (r_{nk}y_k + s_{nk}z_k). limits If (y_{nk})_{n,k∈}N is a computable double sequence which effectively con-

verges to (z_n)_{n∈}N as k → ∞, then (z_n)_{n∈}N ∈ S(X).

norm If (y_n)_{n∈}N ∈ S(X) then (‖y_n‖)_{n∈}N is a computable sequence of real

numbers.

(As usual, a double sequence (y_{kn})_{k,n∈}N is computable, if the sequence (y_{π1(n),π2(n)})_{n∈}N is computable.) The space is effectively separable, if there is a sequence (e_n)_{n∈}N ∈ S(X) such that the linear span of {e_0, e_1, e_2, . . .}, i.e. the set of all finite linear combination of vectors from this set, is dense in X.

Theorem 20 The computable sequences in an effectively given Banach space X constitute a PR-computability structure for X. The resulting space is effectively separable.

PROOF. Let us start with the (linear forms) axiom. Suppose ⊕: ▲^2 → ▲ is the recursive function defining addition on B(X), i.e. ξ_X (n) + ξ_X (m) =

2 Marian Pour-El, personal communication.

ξ_X (n ⊕ m). Similarly, let ⊙: ▲^2 → ▲ implement scalar multiplication. In the given situation, there are recursive functions f_y, f_z: ▲ → ▲ and f_r, f_s: ▲^2 → ▲^2 such that y_n = ξ_X (f_y(n)), z_n = ξ_X (f_z(n)), r_{nk} = ξR(f_r(n, k)), and s_{nk} =

ξR(fs(n, k)) for all n, k ∈ ▲. To determine an index h(n) for the element wn,

we use the following algorithm:

(1) Set a = n_0, where n_0 is an index for the origin C(0, 0). (2) Set k = 0.

(3) Set b = a ⊕ ((f_r(n, k) ⊙ f_y(k) ⊕ (f_s(n, k) ⊙ f_z(k))).

(Hence ξ_X (b) = ξ_X (a) + r_{nk}y_k + s_{nk}z_k.) (4) Set a = b. Increment k.

(5) If k > d(n) then set h(n) = a. Otherwise go to step (3).

It is clear that this gives the desired result ξ_X (h(n)) = w_n. Furthermore, the algorithm is effective in n. Thus h: ▲ → ▲ is recursive and so the sequence (w_n)_{n∈}N is computable.

Now the (limits) axiom. If (y_{nk})_{n,k∈}N is a computable double sequence in X then, by Corollary 16(2), there is r: ▲^2 → ▲ such that ‖x_{r(n,k)} − y_{π1(n),π2(n)}‖ ≤ 1 2^k

for all n, k ∈ ▲. The double sequence (y_{nk})_{n,k∈}N converges to (z_n)_{n∈}N, hence we also have ‖y_{ni} − z_n‖ ≤ 1 2^i for all n, i ∈ ▲. Putting these together, we get ‖x_{r(⟨n,i⟩,k)} − z_n‖ ≤ ‖x_{r(⟨n,i⟩,k)} − y_{ni}‖ + ‖y_{ni} − z_n‖ ≤ 1 2^k + 1 2^i

for all n, k, i ∈ ▲. Thus setting r^′(n, k) := r(⟨n, k + 1⟩, k + 1) yields ‖x_r0_{(n,k)} − z_n‖ ≤ 1 2^k

for all n, k ∈ ▲, so the limit sequence (z_n)_{n∈}N is computable by Corollary 16(2).

The (norm) axiom is an immediate consequence of our axioms and the fact that computable functions preserve computability of sequences.

Finally, effective separability follows from Proposition 12. 2

So every effectively given Banach space comes with a computability structure in the sense of Pour-El and Richards such that the space is effectively separable. Our aim is to show that the two notions coincide. We start with a

Banach space (X, ‖ · ‖) and a specified set of sequences S(X) satisfying the axioms to give a PR-computability structure on X. Furthermore, we assume (e_n)_{n∈}N to be a sequence with dense linear span. In order to be able to define an effective basis for the domain of balls B(X), we need a dense sequence. The natural candidate is the rational linear span of (e_n)_{n∈}N. Let us recall how to enumerate the set ▲^∗ of finite sequences over ▲. (See for example [18, page 71].) For a natural number n > 0, let ψ_n: ▲ → ▲^n denote the n-tupling function. (Defined inductively via ⟨·, ·⟩). Then ψ: ▲ → ▲^∗ is defined by ψ(0) = () and ψ(⟨n, m⟩ + 1) = ψ_m(n). Now we define x_0 = 0 and

x_{n+1} =

π_2(n)−1 ∑ i=0 q_{ai} e_i

where ψ(n) = (a_0, a_1, · · · , a_{π2(n)−1}).

Lemma 21 There are total recursive functions f: ▲ → ▲ and ¯⊕, ¯⊙: ▲^2 → ▲ such that x_{f (n)} = e_n, x_n ¯_{⊕m} = x_n + x_m and x_n ¯_{⊙m} = q_n · x_m.

Clearly, {x_n | n ∈ ▲} is dense in X. We set B_0 := ⊥ and B_{⟨n,k⟩+1} := C(x_n, |q_k|), so the set {B_0, B_1, . . .} is a countable basis of B(X). For the proof of the following Theorem, we need the Effective Density Lemma from [17]:

Lemma 22 (Theorem 2-1 of [17]) Suppose that S(X) is a PR-computability structure for the Banach space (X, ‖ · ‖) and that (e_n)_{n∈}N ∈ S(X) has dense linear span. Then a sequence (y_n)_{n∈}N is in S(X) if and only if there is a double sequence (p_{nk} )_{n,k∈}N and recursive functions d: ▲^2 → ▲ and j: ▲^3 → ▲ such that p_{nk} = d(n,k)∑ i=0 q_{j(n,k,i)}e_i and such that ‖p_{nk} − y_n‖ ≤^1_{2k} for all n, k ∈ ▲.

Theorem 23 The above constructed basis for B(X) makes (X, ‖ · ‖) an effectively given Banach space. The computable sequences on this space are exactly the sequences from S(X).

PROOF. We have C(x_n, q_k) ≪ C(x_n0 , q_k0 ) ⇐⇒ ‖x_n − x_n0 ‖ + |q_k0 | < |q_k|. By the (norm) and (linear forms) axiom, this relation is r.e. in n, n^′, k, k^′.

Computability of the operations and the norm is shown in the same manner as in the proof of Theorem 13. Instead of referring to computability w.r.t. the original basis for B(X) we have to refer to the three axioms for sequences, of course. Let us give the details for addition: Using the recursive function ¯⊕: ▲^2 → ▲ from Lemma 21, we see that C(x_i, |q_i0 |) ≪ C(x_n, |q_n0 |) + C(x_m, |q_m0 |) iff C(x_i, |q_i0 |) ≪ C(x_n ¯_{⊕m}, |q_n0 |+|q_m0 |) iff ‖x_i−x_n ¯_{⊕m}‖+|q_n0 |+|q_m0 | < |q_i0 | which is r.e. in all indices by the (norm) and (linear form) axioms. Hence addition is computable.

So it remains to verify that the resulting set S^′(X) of computable sequences coincides with the original S(X). Assume (y_n)_{n∈}N ∈ S(X). By the Effective Density Lemma 22 it is the limit of a double sequence of recursive rational linear combinations of the e_n. This means that it is the limit of a recursive double sequence of the x_n. By Corollary 16, this implies (y_n)_{n∈}N ∈ S^′(X). Conversely, the recursive function f of Lemma 21 shows that (e_n)_{n∈}N ∈ S^′(X). We know from Theorem 20 that the set S^′(X) satisfies the (linear forms) and (limits) axioms, so this implies S^′(X) ⊆ S(X). 2

Vice versa we can start with an effective Banach space in the sense of the present paper, take the resulting set of computable sequences, consider this a computability structure in the sense of [17], and finally perform the above construction to get another effective structure for the domain of balls. Propositions 14 and 15 show that this structure is equivalent to the one we started with. This yields

Theorem 24 The domain-theoretic notion of computability structure for Banach spaces coincides with the notion of Pour-El & Richards from [17].

References

[1] S. Abramsky and A. Jung. Domain theory. In S. Abramsky, D.M. Gabbay, and T.S.E. Maibaum, editors, Handbook of Logic in Computer Science, volume 3, pages 1–168. Clarendon Press, 1994.

[2] J. Blanck. Domain representability of metric spaces. Annals of Pure and Applied Logic, 83:225–247, 1997.

[3] L. Blum, M. Shub, and S. Smale. On a theory of computation and complexity over the real numbers. Bulletin of the American Mathematical Society, 21:1–46, 1989.

[4] G.S. Ceitin. Algorithmic operators in constructive metric spaces. Translations of the AMS, 64:1–80, 1967.

[5] A. Edalat. Domains for computation in mathematics, physics and exact real arithmetic. Bulletin of Symbolic Logic, 1997. To appear.

[6] A. Edalat and R. Heckmann. A computational model for metric spaces.

Theoretical Computer Science, 1997. To appear.

[7] A. Edalat and Ph. Sünderhauf. A domain theoretic approach to computability on the real line. Theoretical Computer Science. To appear.

[8] Y.L. Ershov. Computable functionals of finite type. Algebra and Logic, 11(4):203–242, 1972.

[9] A. Grzegorczyk. Computable functionals. Fundamenta Mathematica, 42:168– 202, 1955.

[10] A. Grzegorczyk. On the definition of computable real continuous functions.

Fundamenta Mathematica, 44:61–71, 1957.

[11] J. Hauck. Berechenbare reelle Funktionenfolgen. Zeitschr. f. math. Logik und Grundlagen d. Math., 19:121–140, 1973.

[12] Chr. Kreitz and K. Weihrauch. Theory of representaions. Theoretical Computer Science, 38:35–53, 1985.

[13] Kushner, B.A. Lectures on constructive mathematical analysis, volume 60 of Translations of Mathematical Monographs. American Mathematical Society, Providence, Rhode Island, 1984.

[14] D. Lacombe. Extension de la notion de fonction récursive aux fonctions d’une ou plusieurs variables réelles. C. R. Acad. Sci. Paris, 240:2478–2480, 241:13–14, 241:151–153, 1955.

[15] Y.N. Moschovakis. Recursive metric spaces. Fundamenta Mathematicae, 55:215–238, 1964.

[16] R. Penrose. The Emperor’s New Mind. Oxford University Press, 1989.

[17] M.B. Pour-El and J.I. Richards. Computability in Analysis and Physics.

Springer Verlag, 1988.

[18] H. Rogers. Theory of Recursive Functions and Effective Computability. Mc- Graw Hill, New York, 1967.

[19] D. S. Scott. Outline of a mathematical theory of computation. In 4th Annual Princeton Conference on Information Sciences and Systems, pages 169–176, 1970.

[20] K. Weihrauch. Computability, volume 9 of EATCS Monographs on Theoretical Computer Science. Springer Verlag, 1987.

[21] K. Weihrauch. Computability on computable metric spaces. Theoretical Computer Science, 113:191–210, 1993.

[22] K. Weihrauch. A foundation for computable analysis. In D.S. Bridges, C.S. Calude, J. Gibbons, S. Reeves, and I.H. Witten, editors, Combinatorics, Complexity, and Logic, Discrete Mathematics and Theoretical Computer Science, pages 66–89, Singapore, 1997. Springer Verlag. Proceedings of DMTCS’96.

[23] K. Weihrauch and Th. Deil. Berechenbarkeit auf cpo-s. Technical Report 63, RWTH Aachen, 1980. Schriften zur Informatik und Angewandten Mathematik.