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Abstract

We develop a notion of derivative of a real-valued functioneoBanach
space, called the L-derivative, which is constructed byouhticing a gener-
alization of Lipschitz constant of a map. As with the Clarkadjent, the
values of the L-derivative of a function are non-empty weakimpact and
convex subsets of the dual of the Banach space. The L-degyabwever,
is shown to be upper semi continuous, a result which is nowknto hold
for the Clarke gradient. We also formulate the notion of fitiira maps dual
to the L-derivative, an extension of Fundamental Theorer@atulus for
the L-derivative and a domain for computation of real-vdlfienctions on
a Banach space with a corresponding notion of effectivityr feal-valued
functions on finite dimensional Euclidean spaces, the livdtive can be ob-
tained within an effectively given continuous domain. Weoashow that
in finite dimensions the L-derivative and the Clarke gratimsincide thus
providing a computable representation for the latter ia taise.

This paper is dedicated to the historical memory of SharafialTusi (d. 1213),
the Iranian mathematician who was the first to use the ddxigatystematically to
solve for roots of cubic polynomials and find their maxima.

1 Introduction

The notion of derivative of functions has been the key funelatad concept in

the advent and development of differential calculus and thebasis of some of
the most crucial branches of mathematics including orgliaad partial differen-

tial equations, dynamical systems, mathematical phydifferential geometry and
differential topology. These comprise what is often refdrto as continuous math-
ematics, one of the two main branches of mathematics, wsitreie mathematics
as the other distinguished branch.

The first systematic use of the derivative of functions wademtaken by the
Iranian mathematician Sharaf al-din Tusi (d. 1213) whooidticed a technique,
algebraically equivalent to what we now call the Ruffini-Her method, for find-
ing the roots of cubic polynomials by an iterative procesagishe derivative of
the polynomial [14]. Although he never put a name to it in Acalwhich like
Latin later on in Europe was the language of scholarshipénMiaslim world, he



also used the derivative to find the maxima of polynomialsictviuntil recently
historians of mathematics had attributed to the 16th cgriftench mathematician
Francois Viete [15, 19]. Sharaf al-din Tusi who died orilyyears before the cat-
aclysmic Mongol invasion of Iran in 1219 is now consideredéothe forerunner
of algebraic geometry.

Nearly two centuries after the ground breaking work of Newand Leibniz
on the foundation of differential calculus in the 17th centumodern mathemat-
ical analysis was born with the introduction of mathemadtiirait by Cauchy in
the nineteenth century, which provided a precise notiortHerexistence of the
derivative of a Function at a point. This led to new and ssipg results about the
derivative. In 1872, based on what was by then a rigorous enadkical frame-
work, Weierstrass constructed a continuous function whiak nowhere differen-
tiable.

In the early 20th century, the French mathematici@aseauxandFréchetex-
tended the notion of derivative in two distinct ways to fuoes of infinite dimen-
sional Banach spaces. These higher dimensional derisdtasee now applications
in quantum field theory, but, like the classical derivati¥a ceal-valued function of
a single variable, they may not exist and when they do exist thay not give rise
to continuous functions. A comprehensive modern accoutitefarious notions
of derivative in topological linear spaces is given in [27].

In 1980’s, Frank Clarke, motivated by problems in non-srhaaalysis and
control theory, introduced the notion of generalized gratiof a function, which
is now named after him [4]. Clarke’s gradient of a locally ghitz real-valued
function on a Banach space always exists and is a set-valuadidn: on finite
dimensional Euclidean spaces it takes non-empty compactamvex subsets of
the Euclidean space as its values and the gradient is uppeceatinuous. On
an infinite dimensional Banach space, the Clarke gradieatnien-empty weak*
compact and convex subset of the dual of the Banach spacs. htiwever not
known if Clarke’s gradient is also upper semi-continuoudrdimite dimensional
Banach spaces [3].

A few decades earlier, following the seminal work of Alan ifigr[24, 25] and
the advent of computer science in 1930’s, computable aisalysk shape in 1950's
with the work of Grzegorczyk [17, 18]. A fundamental thesiablished in the
subject is that a computable function is necessarily a ooatis function [21, 26].
Indeed, if a function is to be computed at a real number, wisigfiven as the limit
of a sequence of rational numbers, then the continuity ofithetion is required to
be able to compute the value of the function as the limit ofdlsies at the elements
of the sequence.

Since the derivative of functions plays a fundamental nelmathematics, one
would expect a real interest in a notion of derivative whigstalways continuous
in computability theory. However, surprisingly, no attana@s made to develop a
continuous derivative for functions and the work of Clarkenivunnoticed by re-
searchers in computable analysis, who have only workedthvitltlassical deriva-
tive of functions.



A new approach to differential calculus based on mathemlasituctures in
computer science, called domains [6, 2, 16] was introducéd, i10] first for real-
valued functions of a real variable and then for multivaeaiinctions. The moti-
vation here has arisen from computer science and compuwahlgsis to formulate
and use, in particular, a notion of continuous derivativefdoctions.

In the domain-theoretic framework, a continuous derivafior functions, a
corresponding notion of primitive maps, an extension offhmental theorem of
calculus and a domain for differentiable functions havenbéeveloped. These
have led to data types for presenting differentiable fuumsiand solving ordinary
differential equations [7, 11], a constructive version loé inverse and implicit
function theorems [12] and a denotational semantics forithydystems [13].

The concept of derivative of a real-valued function whiclswaveloped in [10]
depends, somewhat unsatisfactorily, on the choice of thedamate system used.
In fact, the value of the derivative of a locally Lipschitaleralued function on
a finite Euclidean space turns out to be the smallest hygange, with edges
parallel to the given coordinate axes, containing Clargeslient.

In this paper, inspired by the above domain-theoretic fraomnk, we intro-
duce a coordinate free approach to develop the notion df-therivativeof a real-
valued function on a Banach space; it is constructed by ftatimg a generalized
Lipschitz property of functions. The local generalized 4dhitz properties of the
function, which provide finitary information about the rategrowth of the func-
tion in local neighbourhoods, are used to define the L-divivaof the function
globally. Like the Clarke gradient, the values of the L-dative are non-empty
weak* compact and convex subsets of the dual of the Banacke spa

The L-derivative, developed here from the local to the glabad from the
discrete to the continuum, is shown to be upper semi-cootiador real-valued
locally Lipschitz functions on any Banach space, a resuitis not known for
the Clarke gradient as we have already mentioned above.

For aC' function, i.e., one with a continuous Fréchet derivatitie,L-derivative
and the Fréchet derivative coincide. More generally, wihenfunction fails to be
C', the L-derivative contains the Clarke gradient, and also@ateaux and the
Fréchet derivatives, whenever the latter two exist.

The L-derivative gives rise to an extension of the Fundaaiefiheorem of
Calculus. The class of functions from the Banach space imtocbllection of
non-empty weak* compact and convex subsets of the dual oB#mach space,
which are generated by step functions, is dual via the Lvdave to families of
real-valued locally Lipschitz functions on the Banach spa€he L-derivative is
also employed to construct a domain of computation for valled functions on
Banach spaces which carries an effective structure whesgaee is separable.
These results extend those for finite dimensions in [9, 10].

For functions on finite Euclidean spaces, the L-derivats/an element of a
countably based continuous domain which can be given aoteffestructure that
characterizes computable functions with computable livdeves. Any continu-
ous function and its L-derivative can be obtained as theesnpm of an increasing
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sequence of pairs of finitary and consistent informationualiee function and its
L-derivative.

Although they are defined using very different technigues,sivow here that
in finite dimensions the Clarke gradient and the L-derivativincide. Thus, in
finite dimensions the construction of the L-derivative pdeg a new computable
representation for the Clarke gradient.

1.1 Background definitions

For the remainder of this section we will present the basakieound definitions
of the various notions of derivative which we will need instipiaper.

Let X andY be Banach spaces and [étC X be an open subset. We recall
that the (one sided) directional derivative of U — Y atz € U in the direction

ve Xis
o) =y 1010 =1

)

if the limit exists. If the above directional derivative std for allv € X, then
D(f)(z) : X — Y with D(f)(z)(v) := F'(x;v) is theGateauxderivative of f at
x if D(f)(z) is a bounded linear map [27, 20].

TheFréchetderivative [27] ofamag : U — Y atx € U, when it exists, is a
bounded linear map' : X — Y with

1f(x) = fly) =T(z —y)|

- 0.
llz—yl—0 llz — vl

The linear maf’ is denoted byf’(z). When the Fréchet derivative existsiatso
does the Gateaux derivative and they are equal. Howewdfréthetderivative at
x can fail to exist even if the Gateaux derivative exists and is a bounded linear
map.

From now on we will assume thaf = R. We next aim to define the gener-
alized (Clarke) gradient of a function [4, Chapter two] anglain its properties.
Let f : U — R be Lipschitz near: € U andv € X. Thegeneralized directional
derivativeof f atx in the direction ofv is

fo(.%';?)) — limsup f(y+tv) B f(y)
y—x t|0 t

Let us denote by * the dual ofX, i.e. the set of real-valued continuous linear func-
tions onX. Unless otherwise stated we will considgér with its weak* topology.
Recall that the weak* topology is the weakest topologyohin which for any
x € X the mapf — f(z) : X* — Ris continuous.
Thegeneralized gradiertf f ata, denoted by f(x) is the subset oK * given
by
{Ae X" : f(z;v) > A(v) forallv € X}.

It is shown in [4, page 27] that



e Jf(x)is anon-empty, convex, weak* compact subseXof

e Forv € X, we have:
f(x;v) = max{A(v) : A€ df(z)}.

There is an alternative characterization of the geneidligadient wherX is finite
dimensional, sayX = R". In this case, by Rademacher’s theorem [5, p 148], a
locally Lipschitz mapf : U — R is Fréchet differentiable almost everywhere
with respect to the Lebesgue measure 2|f is the nullset wheref fails to be
differentiable then:

Of (x) = Coflim f'(z;) : & — x, x; ¢ U}, 1)

where Cd@\5S) is the convex hull of a subset C R™ [4, page 63]. The above
expression is interpreted as follows. Consider all seqe®fc;);>0, With z; ¢
Qy, for ¢ > 0, which converge ta: such that the limitf/(z;) exists. Then the
generalized gradient is the convex hull of all such limitotéthat, in the above
definition, sincef is locally Lipschitz atx, it is differentiable almost everywhere
in a neighbourhood of and thus there are plenty of sequen¢es ),,>o such that
lim,,— 00 Ty = z @ndlimy,, oo f/(2,,) exists.

Recall that for a Hausdorff spa¢g we can define three topologies on the set of
non-empty compact subsets Zfas follows. Thaupper topologyhas as a base the
collection of subsets of the formO = {C : C C O}, whereas théower topology
has as a subbase the collection of subsets of the fptm= {C : C N O #

0}, whereO C Z is an open subset. Théetoris topologyis the refinement of
the upper and lower topologies and is Hausdorff and, wkiéa a metric space,
it is equivalent to the topology induced by thtausdorff metricd;, defined by
dn(A, B) = max(d(A, B),d(B, A)), where for compact sets andD, d(C, D) is
the infimum of positive numberg such that”' is contained in thé-parallel body
of D defined asDs = {z € Z | Jy € D.d(z,y) < d}; see [23, page 737].
We write U(Z), L(Z) andV(Z), respectively, for the three topological spaces or
hyperspacescalled respectively thepper spacgthelower spaceand theVietoris
spaceof Z, obtained by considering, respectively, the upper topgltite lower
topology and the Vietoris topology on the set of non-emptypact subsets of.
The upper space and the lower space are non-Hausdorff.

In finite dimensions, the Clarke gradientigper semi-continuoyse. it is con-
tinuous with respect to thepper topologyon the space of the non-empty compact
subsets oRR™. It is not known if a similar result holds in infinite dimens®[3],

i.e. if the Clarke gradient is continuous with respect toupger topology on the
space of non-empty weak* compact subsetX 6f

For X = R", we letV f denote the classical gradient ffwhen it exists, i.e.,

_9f _
= 5=

(V)i(x)



fxe, oo iy zy) — f(z, . 2k, o0 xy)

L )
T — T
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for 1 < ¢ < n. Recall that, in finite dimensions, if the (Fréchet) detiivaexists at
a point then the gradient also exists at that point and isaheedinear map.

We also recall that for a functiofi: U — R, whereU is an open subset &",
Dini’s lower and upper partial derivatives, for< ¢ < n, are defined respectively
as

(Vf)i(:ﬂ) = 2)
' — /
hmlnf f(x17...7x“...’xn) f,(xlv"'axm-.-,xn)
(V)¢ = .
lim sup f(wl""’xi"“’xn)_f/(fﬂl,...,xg,...,xn).

Note that the Dini's lower and upper partial derivatives as exist as extended
real numbers.

2 Some properties related to the dual of a Banach space

Let X be a Banach space. For an open subset X, letU — R be the set of all
continuous functions of typg — R with respect to the norm topology o%i. For
x € X andf € X*, we write f (x) for the real number obtained by the actionfof
onz andz(f) for the same real number wherns considered as a linear functional
on X",

The operator norm oX* extends pointwise to an interval valued map on the
weak* compact subsets of*. Note that a weak* compact subset is bounded
with respect to the operator norm.dlis a non-empty weak* compact and convex

subset ofX* then|b|| = {||A]| : A € b} with ||b]| = [||b]|~, ||b]| "] is @ compact real
interval. In particular, forX = R, if b C R is a compact interval, then so also is
|b| = {|r| : r € b}.

We will consider the extension of the action of bounded lirmzerators onX
(i.e. the mapping{* x X — R given by(f,z) — f(x)) to the three hyperspaces
to obtain three mapgy : U(X*) x X — U(R), £, : L(X*) x X — L(R) and
Ey : V(X*) x X — V(R) which are defined with respect to the different three
topologies but have the same action givenbyr) — {f(z) : f € b}. We write
b(x) = {f(x) : f € b} which is a compact subset &g weak* compact.

Proposition 2.1 The three map%;, £, and Ey are each continuous separately
in their two arguments with respect to the norm topologyXon

Proof To prove the continuity of the three maps when the secondnaegtiis
fixed, letx € X. Itis sufficient to show that, for any open det R, the preimage



of [J7 is open inU(X™) and the preimage o is open inL(X™*). First we
prove that the preimage @f! is open inU(X*). Letb be a non-empty weak*
compact subset akK* with b(z) C I. Lete > 0 be such tha{b(z)). C I.
For any f € b, the weak* open seD(z, f,e¢) = {g € X* : |f(z) — g(x)| <
€} gives an open neighbourhood ¢f PutO(z,e) = U;c, O(w, f,€). Then,
we haveb C O(z,e). If cis a weak* compact set with C O(z,¢), then by
compactness there exist a finite number of functigng b (i = 1,---,n) such
thatc C J,<;<,, O(z, fi,€). Then for anyg € ¢, there exists € {1,---,n} such
that f; € bwith | fi(x) — g(z)| < e and thugy(x) € I. It follows thatc(x) C I and
therefore the preimage af7 is open inU(X*). Next we consider the preimage
of OI. Letb be a non-empty weak* compact subsetX6f with b(x) N T # 0.
Let f € b with f(z) € I take anye > 0 such that the open ball centred at
f(z) is contained inl. Then,b N O(z, f,e) # ( and for any weak* compact
subsetc of X* with ¢ N O(z, f,€) # 0 we havec(z) N I # ), which shows that
the pre-image of>I is open inL(X™). Finally, we prove the continuity of the
three maps when the first argumeéntsay, is fixed. Leb(xz) € O whereO is
eitherd] and ¢ for any open subset C R. Since any weak* compact subset
of X* is bounded with respect the operator noifhl| < K for someK > 0.
Hence, for any giver > 0 and anyf € b, the relation||z — y|| < ¢/K implies
If(x) = fly)| < |Ifllllz —y| < Ke/K = e. From this property, the result follows
easily.(J

As usual, we consider the upper sp&&g” ) of any Hausdorff spac# partially
ordered with reverse inclusion so tHd{Z) becomes a dcpo; we also include in
this dcpo a least element represented’byl hus, the map: — {z} : Z — U(Z)
is a topological embedding onto the set of maximal element$(d). We identify
the input and output of this embedding and wiitg simply asx.

We also recall that th&cotttopology on any dcpo has as open sets those sets
O which are upper sets (thatise O andz C y impliesy € O) and which are
inaccessible by directed sets, i.esifp;c;a; € O for a directed seta;);c; then
there existsg € I such thatz; € O [22]. A function f : D — E of dcpo’s D and
E is continuous with respect to the Scott topologies/band £ iff it is monotone
(x C y implies f(x) C f(y)) and preserves the lubs of directed subsets, i.e. for
any directed sefa;);cs in D we havessup;c; f(a;) = f(sup;er ai).

We then have the following:

Proposition 2.2 [6, Propositions 3.1(iii) and 3.3]

(i) For any Hausdorff space/, the Scott topology otJ(Z) refines the upper
topology.

(i) If Z is locally compact thedU(Z) is a continuous dcpo, on which the Scott
topology and the upper topology coincide.

Consider the poset, denoted @y X *), consisting ofX* and its nonempty weak*
compact and convex subsets partially ordered by reverdasioa so that it has
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the least element. = X*. Note thatC(X*) is a bounded complete dcpo and a
sub-dcpo of the upper spat® X ™) of X*.

When X = R, we consider the sub-dcpo &f(R) denoted byR of all non-
empty compact intervals @& ordered by reverse inclusion; it is a countably based
bounded complete continuous domain. We now restrict thedinmponent of7
in Proposition 2.1 to convex subsets so that the range will become non-empty
compact intervals. Restricting to continuity with respéztthe Scott topology,
Proposition 2.1 reduces to:

Corollary 2.3 The mapG : C(X*) x X — IR is continuous separately in its
two arguments with respect to the Scott topology({iX *) and IR and the norm
topology onX. In particular, for any directed set; € C(X*),i € I andv € X,

we have ;¢ (bi(v) = (N bi)(v). O
The following result plays a crucial role in the construntif the L-derivative.

Theorem 2.4 Let S andT be disjoint non-empty convex subsets of the dabf
a Banach space&X such that, with respect to the weak* topologyis closed and
T is compact. Then there exists a hyperplaneihinduced by an element &f
which separate$ and T, i.e. there exist € X andc € R such thatc(f) < ¢ for
feSandxz(f) > cfor feT.

Proof SinceS andT are disjoint closed sets, for eaghe T there exists > 0
and a finite number of elements, - - - x,, € X such that the open neighbourhood
of A defined by{a : |zj(a) — z;(N)| < eforl < j < n}, is disjoint fromS.
By compactness dI' we can find a finite number of functionals, say, € X*

(1 <i < m)and elements;, z;2, - xin, € X ande; > 0 for 1 < ¢ < m such
that the open subsets

N; = {a: |zij(a) — 25(Ni)| < €, for1 < j <n;},

for 1 < i < m, are disjoint fromS and coverl'. Define® : X* — R 72+ +nm
by:

o —

(1‘11(0&), oy Tng (a); T ;1‘1‘1(04), T 7wim‘(a); T ;xml(a)7 T 7wmnm(a))'

Then®(S) and®(T') are convex subsets &1 "2+ +1m and®(T') is compact.
LetP, : R™ x .-+ x R™ x -.. x R" — R™ be the projection ont®™:. Note
that®(T) is contained in the open subset®f!*+"m given by the intersection
of them infinite open stripR™! x R™2 x --- x R™-1 x R; x R™+1 x ... x R"m
where

Ri={z: |z~ Pi(®(x)]| < &},

with |lv|| being the max norm of € R™. Therefore,®(T') is disjoint from the
closure of®(S). Note that for any two disjoint convex subsetsRf, with one
closed and the other compact, there exists a hyperplaf iwhich separates



them (the normal to such a hyperplane is given by the lineutjitndawo boundary

points of the sets which give the closest distance of the ®t®)sThus, there is a
hyperplanezlgigm ZlSjSm cijzij = cin Rrtn2t+nm for some real numbers
¢,cij € R(1 <i<mandl < j <n;), which separate$(7") from the closure

of &(5). Letx = > 1 ;e D1<j<n, Gij%ij € X. It follows that the hyperplane
z(a) = ¢, wherea € X*, separate$ and7 in X*. O

3 Ties of functions

The local differential property of a function is formalizedour framework by the
notion of an interval Lipschitz constant. AssuffeC X is an open subset of a
Banach spac&'.

Definition 3.1 Let f be a real-valued function with domain d¢yt) C U. We say
that f : dom(f) — R hasan interval Lipschitz constarit € C(X*) in a convex
open subset C dom(f) if for all z,y € a we have:b(z —y) C f(z) — f(y). The
single tied(a, b) of a with b is the collection of all real-valued partial functiorfs
onU with a C dom(f) C U which have an interval Lipschitz constanin a. We
call « thedomainof the single tie.

Since a single tie provides a local Lipschitz property foamily of functions, it
is sufficient in Definition 3.1 to restrict the domain of a dimtje to a convex open
subset. As an example, ¥ = R? andb is the compact rectanglg x b, (with
compact interval$q, bs C R), the information relation above reduces to:

bi(r1 —y1) + ba(z2 — y2) C f(x) — f(y).

Lemma 3.2 Forb € C(X*) andz € X, we haveb(z)|™ < ||b]| 1| 2]]-

Proof We havelb(z)|* = [{f(2) : f € b}[* = {If(2)| : fe b} <{lfll: f €
o} |lzll = lIbl* =]l O

Proposition 3.3 If f € §(a,b) for a # () andb # L, thenf : a« — R is Lipschitz:
forall z,y € a we have f(x) — f(y| < [|b][* ]|z — y].

Proof Supposef € d(a,b) andz,y € a. It follows from f(x) — f(y) 3 b(z — y)
that|f(z) — f(y)| < (1o l|l= — y[|. O

For any topological spac& and any bounded complete dcpbwith bottom
1, letZ — D be the bounded complete dcpo of Scott continuous functimm f
Z to D. The domain off : Z — D is defined as doff) = {z : f(z) # L}. In
particular, for any open subsetC Z and any non-bottorh € D, thesingle-step
functiona \ b : Z — D, with (a \,b)(xz) =bif z € aand(a \ b)(x) = L if
x ¢ a, is Scott continuous and has domainA step functions then the supremum
of any finite set of consistent single-step functions. Ingbquel, we consider the



dcpoU — C(X*) of Scott continuous functions withh C X equipped with its
the norm topology.

The following proposition justifies our definition of the émval Lipschitz con-
stant. Leta be a convex open subset &f,

Proposition 3.4 If f : a — R is C'(a) i.e., f is Fréchet differentiable ang’ :
a — X™* is continuous, then the following three conditions are eglant: (i)
f€dla,b), (i) Vz €a. f'(z) e band (iii)a \ b C f'.

Proof (i) = (ii). Suppose, for the sake of a contradiction that for same a,
we havelL := f'(z) ¢ b. By Theorem 2.4, there exists a unit vectoe X and
¢ € Rsuch thats(L))" < cand(s(b))~ > ¢. Fromf € é(a,b), we obtain for

sufficiently smallh thatw € s(b). But by Fréchet differentiability at
we have: )
%’1_% f(Z+ ‘Z)—f(z)_S(L) :07

which is a contradiction.

(i) = (i). Assumer,y € a. Then, since the convex setontains the straight line
from z to y, by the mean value theorem there exists a such thatf (x) — f(y) =
f(z)(@ —y) € blz —y).

(iiiy <= (ii). Obvious

Note that the convexity of the domain of a single tie is crlirigestablishing the
equivalence in Proposition 3.4.

We will now show that ties have a dual property in relationtepsunctions of
typeU — C(X™).

Proposition 3.5 Suppose: # () andb # L. We havei(a,b) 2 d(c,d) iff ¢ D a
andb C d.

Proof The “if” part follows easily from the definition af(a, b). To show the “only
if” part, we take anyf € d(c, d) such that dorfif) = c¢. Then, sincef € §(a,b), we
havea C dom(f) = c. Onthe other hand if C d does not hold, take € d\ b and
consider the functiotf : ¢ — R with f(z) = v(x). Then,f € §(c,d) \ d(a,bd). O

Corollary 3.6 Supposer, ¢ # () andb,d # L. We havei(a,b) = §(c,d) <
a = c & b= d. Furthermored(a,b) D §(c,d) iff a \\bC ¢\, d. O

For the rest of this section, we assume we are in an infiniteedaional Banach
space or in the finite dimensional spaRé with n > 2. The casen = 1 is
completely covered in [9].

Definition 3.7 A tie of partial real-valued functions dif is any intersectiom\ =
Micr 9(ai, b;), for an arbitrary indexing sdt. Thedomainof a non-empty tieA is
defined as dof\) = | J;c{a: [ b; # L}.
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If a non-empty tie is given by the intersection of a finite n@nbf single ties,
then it gives us a family of functions with finite set of consistent differential
properties. Generally, a non-empty tie gives a family ofttions with a consistent
set of differential properties.

Similar to Proposition 3.3, we have the following result.cRthat a function
f : U — R defined on the open sét C X islocally Lipschitzif it is Lipschitz in
a neighbourhood of any point ii.

Proposition 3.8 If Ais atie andf € A, thenf is locally Lipschitz on dofn\).

Proof Letz € dom(A). Then there exists a ti§a,b) with z € aandf € A C
d(a,b) and the result follows from Proposition 338

We now collect some fundamental properties of ties, whichwilleuse later. The
next proposition, whose proof uses Theorem 2.4, is the lahynieal result for the
development of our theory.

Proposition 3.9 For any indexing sef, the family of step function@; \, b;)cs
is consistent if;.; d(a;, b;) # 0.

Proof Supposef € (,c; d(ai, b;). We will show that every finite subfamily of
(a; \\ bi)icr is consistent, from which the result follows €5 X*) is bounded
complete. It suffices to prove that for any finite sub$et I we haveﬂj€J b # 0

if ;csa; # 0. This we will show by induction on the cardinality| of .J. For
|J| = 1, there is nothing to prove. Suppose nply > 1 and(;.;a; # 0. Let

k € J. Then by the inductive hypothedi§; ,\ ¢y b # 0. If ;¢ b; = 0, then by
Theorem 2.4 there exists a vectoe X andc € R such that such that the disjoint
non-empty compact convex s¢lls. ;\ 1, b; andb, are on the opposite sides of the
affine spacg\ : z(\) = c}. Take elements, y € (;; a; such thatw — y = Iz
for somel > 0. It follows that the two interval§();c j\ (1 bj) (z —y) andbg(z —y)
are disjoint. But by our assumption thAte (;c; (a:, b;) C (¢ d(ay,b;), we
haveby(z —y) C f(z) — f(y) andb;(z — y) T f(z) — f(y) for j # k, which
implies (e ) bj) (@ — ) E f(z) — f(y), a contradiction]

Corollary 3.10 The family(a; \, b;);cs is consistent if for any finite subfamily
J C Iwe havg,.;d(a;, b;) # 0.0

Proposition 3.11 If a \, b C sup;¢; a; \, b;, thené(a, b) 2 (;c; d(as, b;).

Proof Letb C (1,5, b and assumg € (;c;d(a;,b;). Letx,y € a. For each
1 € I with a; D a we have:

bi(x —y) C f(z) — f(y).

Therefore, we get:

as requiredd
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Corollary 3.12 If sup;c; a; \, b; T sup;cy a; \, b, then(,c; d(as, b;) 2 (;c;0(as, b;). O

Let (T(U), D) be the partial order of ties @f — X ordered by reverse inclu-
sion.

Proposition 3.13 (T(U) \ {0}, D) is a dcpo.

Proof SupposéA;);cis adirected setifT(U)\ {0} with respect to the partial
order2, i.e. Ay, N A, # D forji,j» € J. LetA; = (N;cp 0(ai, bs), where we
assumé;, N I;, = 0 for j; # jo. Consider the coIIectio(rS(al-,bi))ieuieﬂj. By
Corollary 3.10, it suffices to show that any finite subfamifytluis collection has
non-empty intersection. Supposec |J;c; I; for 1 <t < n. Thend(a;,,b;,) €
A;, for somej, € J (1 <t < n). By assumption),.,,, 4, # 0. Hence,
ﬂlgtgn 5(ait7bit) 2 ﬂ1gt§n Ajt #0.0

For any topological spacg and any bounded complete dcpy let Z —,
D be the subset of — D consisting of Scott continuous functions which are
supremums of step functions, i.¢.,= sup;c;a; \, b; for a family (a; \, b;)icr
of step functions withz; an open subset of andb; € D. We note thatZ —
D is bounded complete continuous dcpo iff the lattice of opglpsets ofZ is
continuous [16]. Thus? —, D is the whole function spacgé — D iff the lattice
of open subsets of is continuous.

ConsiderU —4 C(X™). Since any open setC X is the union of open balls,
we can assume without loss of generality that the open subsét € I) in the
expression foif above are convex. It is easy to check that-; C(X™) is a dcpo.

We now show that, for any Banach spake the set of maximal elements of
U —s C(X™) contains the set of functions of typpje — X*, which are continuous
with respect to the norm topology dii and X*. Recall that a metric space is
separable if it has a countable dense subset.

Proposition 3.14 (i) If f : U — X* is continuous with respect to the norm
topologies o/ and X*, thenf € U —4 C(X™*). Moreover, ifX is sepa-
rable with a countable dense subgdetc X, thenf is the lub of single step
functions of the forna, ™\, b wherea is an open ball centred at a point &t
with rational radius whereas is a closed ball centred at a point &f with a
rational radius.

(i) If f: U — Ris continuous with respect to the norm topologydnthen
f € U —4 IR. Moreover, ifX is separable with a countable dense subset
P C X, thenjf is the lub of single step functions of the foum\, b where
a is an open ball centred at a point éf with rational radius whereas is a
rational compact interval.

Proof (i) By continuity of f, for z € U and an open balB.(f(z)) of radiuse
aroundf (), there exists an open neighbourhaoof = such thatf [a] C B.(f(z)).

12



Since the closed bal, (f(z)) is weak* compact by Alaoglu’s theorem, it follows
thata \, B.(f(z)) C f. Sincee > 0 is arbitrary and )., B B(f(z)) = f(x), we
conclude thaff is the supremum of step functions below it. It is easy to ctibak
the second statement also holds.

(i) This is proved similar to (i)[J

We are finally in a position to define the L-primitives of a Somintinuous
function; in fact now we can do more and define:

Definition 3.15 TheL-primitive map/ : (U —s C(X*)) — T(U) is defined by

We call | f the L-primitivesof f. The following result depends crucially on the
fact that the domain of the L-primitive map is defined tolbe—, C(X*) rather
than the bigger function spaéé — C(X™).

Proposition 3.16 If f = sup;c;a; \, b;, then[ f = d(a;,b;).
Proof This follows easily from Corollary 3.12.

The above property leads us to believe that-, C(X*), respectivelyZ — D,
may have wider applications in Banach space theory, ragpicabstract domain
theory, beyond this paper.

Proposition 3.17 The L-primitive map is continuous and onto the set of nontgmp
tie.

Proof Clearly the primitive map is monotone. L&§;);c; be a directed set in
U —5 C(X*) with g; = sup;¢;, a; "\, b;. Then,

/supgl- = /supsupaj N by =
i€l iel jel,

NN o= fa=sw [ o

i€l jel; el =
By Proposition 3.9, any non-empty tie is the L-primitive ohse element]

If X =R", forn > 2 orif X is infinite dimensional, the L-primitive map will
have the empty tie in its range, a situation which does notirofar n» = 1. This
is similar to the situation in classical analysis in whichoatinuous vector field in
R™ for n > 1 may not be an exact differential.

Example 3.18 Let g € R? — C(R?) be the maximal function given hy(z,y) =
(91(z,9), g2, y)) with g1 (x, y) = 1 andga(, y) = 2. Thenagl =0#1= %,
and it will follow as in classical analysis thdtg =
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4 The L-derivative

Given a Scott continuous functioh: U — R, the relationf € d(a, b) provides,
as we have seen, finitary information about the local intdrigschitz properties
of f. By collecting all such local information, we obtain the quete differential
properties off, namely its L-derivative.

Definition 4.1 TheL-derivativeof a continuous functiorf : U — R is the map
Lf:U— C(XY),

given by

Lf= sup a\/b.
feo(a,b)

Theorem 4.2 (i) The L-derivative is well-defined and Scott continuous.
(i) If feCYU)thenlf = f'.
(i) fed(a,b)iffa\bE LS.

Proof (i) Let the indexing sef be defined by € I <= f € d(a;,b;). Then
Nicr 0(as, b;) # 0. Hence,(a; \ b;)icr is consistent by Proposition 3.9. There-
fore, Lf = sup,;cra; \, b; is well-defined and is Scott continuous.

(i) By Proposition 3.4,f € §(a,b) < a\,b C f. Hence,f 3
SUPfesap) @ N\ b. TO show equality, let € U and putL := f'(z). By the
continuity of the Fréchet derivativg’ : U — X* at z, for each integen > 0,
there exists an open ballC U with z € a such thatf’(z) € B, ,(L) for z € a,
whereB,.(L) is the open ball of radius and centre. € X*. By Proposition 3.4,
we havef’ 3 Lf J a ™\, By,(L), whereB, (L) is the closed ball centred dt
with radiusr, which is convex and weak* compact by Alaoglu’s Theorem.c8in
Nnso Biyn(L) = f'(2) we conclude that’ = Lf.

(iii) Obvious.d

Since the Scott topology refines the upper topologydX *), we also obtain:

Corollary 4.3 The L-derivative of any continuous functigh— R is upper semi-
continuous[]

We now obtain the generalization of Theorem 4.2(iii) to tiehich provides
a duality between the L-derivative and L-primitives and ¢enconsidered as a
general version of the Fundamental Theorem of Calculus.

Theorem 4.4 (Fundamental Theorem of Calculusfor anyg € U —, C(X*),

fe g gcer
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Proof Letg € U —4 C(X™*). Then by Theorem 4.2(jii):
f6/9<:>fe N 6(ab)
a ™\ bcg
aNOC LfiffaNbC g < gLC Lf. O

We will now show that the Gateaux derivative, if it exists,dlways in the
L-derivative.

Lemma 4.5 For any locally Lipschitz mag : U — R and anyz,v € X we have:
(Lf(2))(v) = [ {bv) : f € b(a,b),z € a}.
Proof This follows immediately from Corollary 2.81]

Lemma4.6 LetU C X,z € U andf : U — R be locally Lipschitz. Then, for

anyv € X.
lim sup f(y + t?}) — f(y) < (ﬁf(?}))+,
y—x t|0 t
L fly+to) = f(y) -
Jim inf p > (Lf(v))~,

Proof If f € d(a,b) with x € a then fory sufficiently close tar andt > 0
sufficiently small we havef (y + tv) — f(y) € tb(v) and thus

limsup f(y + tv) — f(y) < (b(?}))Jr
y—zx t|0 t

which implies

lim sup fly+t) = fy) < inf{(b(v))" : f € (a,b),x € a}.
y—zx t|0 3

Sincelf(z) =(b: f € d(a,b),x € a}, the proof of the first inequality follows
from Lemma 4.5. The second inequality is proved in a similay.\wJ

Corollary 4.7 The Giteaux derivative off at =, when it exists, belongs to the
L-derivative. Similarly for the Rechet derivativel]

In order to obtain the next corollary we first need the follogvcharacterization of
the generalized gradient.

Lemma 4.8 For any locally Lipschitz functiorf we have: A € df(x) iff for all
veX,

liming W) = W) A(w) < lim sup fly+t) — fy)
y—z t|0 t y—zx t]0 13
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Proof The “if” part follows by definition. For the “only if” part, tB second in-
equality is just the definition of the generalized gradidptr the first inequality,
assumed € Jf(x) andv € X. Then, by the definition of the generalized gradient,
with v replaced by—v we have:

_ A(v) < limsup fly—tv) — fy)
y—x t|0 3

or

A(v) > liminf —fly=tv) + f(y)
T y—z t]0 t

Settingz = y — twv the latter inequality reduces to

A(v) > liminf flz+tv) = f(2)
z—x t]0 t

)

as requiredd
Corollary 4.9 The generalized (Clarke) gradient is contained in the Lhdsive.
Proof This follows from Lemma 4.6 and Lemma 4[8.

We do not know if the L-derivative and the Clarke gradiennhcale on an infinite
dimensional Banach space. We do know however that in finitedsions they are
the same, as we will show in Section 8.

5 Domain for Lipschitz functions

We will construct a domain for locally Lipschitz functionsdifor C* (U). The idea
is to use step functions il —; IR to represent the function and step functions
inU — C(X™) to represent the differential properties of the functiomté\that a
continuous partial functiorf of typeU — R, as we have considered in defining ties
of functions in Section 3, can be regarded as an elerhefit/ —, IR with f(x) =
f(x)if f(x)is defined andf(z) = L = R otherwise; we always identify and f.
Furthermore, a functiof € U — IR is given by a pair of respectively lower and
upper semi-continuous functiorfs, f* : U — R with f(x) = [f~(x), fT(2)].
Consider theconsistencyelation

Cons C (U =, IR) x (U —5 C(X™)),

defined by(f,g) € Consif 1f N [ g # 0. For a consistentf, g), we think of f

as thefunction partor thefunction approximatiorandg as thederivative partor
the derivative approximation We will show that the consistency relation is Scott
closed. The proofs of the rest of results in this section asemially as in [9] for
the case ofX = R. We will present them here for a general Banach spader
the sake of completeness.
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Proposition 5.1 Letg € U —4 C(X*) and (f;)ier be a non-empty family of
functionsf; : dom(g) — Rwith f; € [gforall i € I. If hy = inf;c; f; is real-
valued therh; € [ g. Similarly, if hy = sup;¢; f; is real-valued, thers € [ g.

Proof Supposeh; is real-valued. Let \,b T g. We havef;(z) — fi(y) €
b(x —y) foralli € I. Thus,(b(z —y))~ < fi(z) — fily) < (b(z — y))*.
Thus, infier fi(x) < fi(y) + (b(x — y))*. Taking infimum again, we obtain
inf;er fi(z) < infier fi(y)+(b(x—y))* and hencehy (z) —hi(y) < (b(x—y))T.
Similarly, (b(x — y))~ < hi(x) — h1(y) and the result follows. The case bf is
similar.OJ

Let R[0, 1] be the set of partial maps @f, 1] into the extended real line. Consider
the two dcpo’s(R[0, 1], <) and(R]0, 1], >). Define the maps : (U —; IR) x
(U -5 C(X™) = (R,<)andt: (U -5 IR) x (U —5s C(X*) — (R,>) by

5:(f,g)Hinf{h:dom(g)—>R|h€/g&h2f‘}

t:(f,g)+—>sup{h:d0m(g)—>}R|h€/g&h§f+}.

We use the convention that the infimum and the supremum ofrtipdyeset arex
and—oo, respectively. Note that given a connected comporeat dom(g) with
Andom(f) = 0, thens(f,g)(x) = —oo andt(s, f)(z) = oo for z € A. In
words, s(f, g) is the least primitive map af that is greater than the lower part of
f,whereag(f, g) is greatest primitive map af less that the upper part ¢f

Proposition 5.2 The following are equivalent:

(i) (f,g) € Cons.
(i) s(f,9) <t(f,9)

(iii) There exists a locally Lipschitz functién: dom(g) — R withg C £h and
f C hondomg).

Proof If dom(f)ndom(g) = 0, then the three statements hold trivially. So assume
in the following proof that dorif ) N dom(g) # 0.

(i) = (i). Supposes(f,g) <t(f,g). Then,s(f,g) € 1f N [ gand hencéf,g) €
Cons.

(i) = (ii). Suppose(f,g) € Cons. Assumeh € f N [ g. Then, the induced map

h : dom(g) — R satisfiesh € [g. Hence,f~ < h < f* and thuss(f,g) <
t(f,9)-

(ii) = (iii). Supposes(f,g) < t(f,g). Puth = s(f,g).

(i) = (ii)). We haves(f,g) < h <t(f,g).O

Moreover,s andt are well-behaved:

17



Proposition 5.3 The maps andt are Scott continuous.

Proof Consider the map. If fi C f; andg; C go, then we have/ g1 2 [ g9
and f; < f, and it follows thats(f1,91) < s(f2,92). Let {(fi,g:)}icr be a
directed set and put = sup,c; f; andg = sup,c; g;- To show the continuity of
s we need to show that spgs(fi,g:) > s(f,g) on any connected component of
dom(g) = J,;c;dom(g;). Take any such connected compongdnt_ dom(g). If
ANndom(f) = 0 thens(f,g) = —oc on A and the result follows. Assume that
Andom(f) # 0, i.e., domy;, N domy;, # () for someig € I. If s(f;,9;) = oo on
Andom(g;) for some: > ig, then sup.;s(f;, g;) = oo on A and the result follows
again. Otherwise, assume without loss of generality that < s(f;,g;) < oo
on A Nndom(g;) for all < € I. Then from(s(fi, g:))la€ [ g; it follows thatVi >

j- (s(fi,gi)la€ [ g5, and hence, by Proposition 5&np;c(s(fi, gi)la)) € [ g5
Thus (sup;c; s(fi, gi))l A€ sup; [ g; = [supg;. On the other hands(f;, gi) >
fi on A impliessup,c; s(fi,gi) > f; on A and henceup,c; s(fi,g;) > f~ on
A. This shows that is continuous. Similarly is continuous[]

This enables us to deduce:

Corollary 5.4 The relationCons is Scott closed.

Proof Let (fi,9i)icr € (U —s IR) x (U —4 CR"™) be a directed set with
(fiygi) € Cons for all i € I. Then, by Proposition 5.25(f;,9:) < t(fi,9i)
foralli € I. Hences(f, g) = sup;e; s(fi, gi) < infier t(fi, 9:) = t(f,9)- O

We can now sum up the situation for a consistent pair of foncéind derivative
information.

Corollary 5.5 Let (f,g) € Cons. Then in each connected componehbf the
domain of definition of which intersects the domain of definition fafthere exist
two locally Lipschitz functions : A — Rand¢: A — Rsuchthats,t € 1fN [ g

and for eachu € 1f N [ g, we have withs(z) < u(z) < t(z) forall z € A.

We now can define a basic construct of this paper:
Definition 5.6 Define

DY(U) ={(f.9) € (U = IR) x (U —; C(X")) : (f,g) € Cons}.
From Corollary 5.4, we obtain:

Corollary 5.7 The posetD!(U) is a bounded complete dcpo.

Proposition 5.8 For any f € (U — R) the elementf, Lf) is a maximal element
of DY(U).
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Proof By Corollary 4.4, we havg € [ Lf and thus(f,Lf) € D'U. We now
show that(f, £f) is maximal. IfLf C g and(f, g) € D'U then we havef € [ g,
which impliesg C Lf, i.e.,g = Lf and(f, Lf) is maximal.CJ

For a locally Lipschitz functiory : U — R the L-derivative satisfies f(z) #
1 for all z € U, whereas for a piecewis€' function f we further have the
property thatC f (x) is maximal except for a finite set of points.

6 L-derivative in finite dimensions

AssumeX = R™ andU C R"™ is an open subset. Then we can identky =
X = R™. MoreoverC(R") andU — C(R"™) are both countably based bounded
complete continuous dcpo’s willh —; C(R™) = U — C(R").

In the finite dimensional case, we are able to deduce theafimifpproposition
which relates the L-derivative to its classical countetpBor any compact subset
¢ C R™ we denote its diameter by(c). For a non-empty compact interval=
[c™,ct] C R, we thus haveu(c) = ¢t — ¢. The following result generalizes
Theorem 4.2(i) in finite dimensions; we do not know if it cangs¢ended to infinite
dimensional Banach spaces.

Proposition 6.1 If Lf(y) € C(R™) is maximal for somg € U, then the Féchet
derivative off exists aty and f'(y) = Lf(y).

Proof Putc:= Lf(y) = ({b|y € a & f € d(a,b)}. Lete > 0 be given. Take
a\,bC Lfwithy € aandw(b) < e. Note thath C ¢ and there exist§ > 0 such
that||z — y|| < 0 impliesz € a. We haveb(z — ) C f(z) — f(y) for z € a, and

wb(z —y)) < wb)|lz —y| < elz —yl.

Sinceb(z — y) C c¢(x — y), we obtain|f(z) — f(y) — c(z — y)| < €|z — y| and
the result follows by the definition of Fréchet derivatiizé.

We can now obtain the following result in finite dimensiondiet is simply
the classical version of the Fundamental Theorem of Calculu

Corollary 6.2 Supposg : U — Ris a continuous function. Thehe [ gimplies
that f/ exists inU and we havel f = f/ = g.

Proof By Theorem 4.4g C Lf and thusCf = g sinceg is maximal. By Propo-
sition 6.1, we also obtaid f = f.[]

We now consider a given Cartesian coordinate system desaydalye with ba-
sis(eq, -+, e,). LetQ.(R™) be the collection of alh dimensional compact hyper-
rectangles with edges parallel withs and define theactangular L-derivative with
respect te as
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(Lf)f =sup{a \,b: f €d(a,b) &be Q(R™)}.

It immediately follows from the definition thaiC f)¢(y), at each poiny € U,
is ann dimensional compact hyper-rectangle with edges paralléid basis vec-
torse;. Moreover, if E denotes the collection of all Cartesian coordinate systems
in R™, we have:

Proposition 6.3 For each pointy € U, we have:

Lfy) = (L)) O
eeE
Forb € Q.(R™),i.e.,b = by x...x by, the relatiorh(x —y) C f(z)— f(y), which
defines the single tié(a,b), can be computed in the coordinate systesimply
as> " bj(z; —y;) C f(z) — f(y). Furthermore, ifr; = y; for all j # i, the
relation reduces to;(x; — y;) = f(z) — f(y). This suggests a characterization of
(Lf)¢(y) in terms of Dini’s derivatives; in fact we can deduce thedwling result.

Proposition 6.4 The components of the rectangular L-derivative with respec
the basis are given by:

(£1)i(@) = |limInf(V£)i(y). limsup (V)i (w) |

when the two limits are finite for all=1,--- ,n and L f(z) = L otherwise.

Proof If f € d(a,b) for somea C U with z € a andb = [by ", b "] x -+ x
(b, bn ], thenb; ™ < (VL y) < (VFE(y) < b fory € a, and thush;~ <
liminf, . (V f)i(y) < limsup, ., (Vf)¥(y) < b;*. It follows that

lim inf ( £)L(y), lim sup(V ) () | € (£F)¢(@).

Yy—x Yy—T

On the other hand, ifim inf, . (V f)!(y) andlim sup,_.,(V f)i(y) are finite for

alli =1,---,n, then for anye > 0 there exists an opan C U containingxz such
that, forally e aand alli = 1,...,n,
Ki(w,¢) = liminf(Vf)i(y) — € < (V)i(y)

Li(w,€) == limsup(V f)i'(y) + e > (V)i (y).
y—w
Let ¢ be the interior of a hypercube containingwith ¢ C « and fixi with 1 <
i < n. By the first inequality above, we can covewith a finite number of open
hyper-rectangles such that for any pair of poipts> z in each hyper-rectangle
with y; = z; for j # i andy; > z;, we haveK;(z,€)(y; — z) < f(y) — f(2).
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It thus follows, by adding a finite number of inequalities doeeach open hyper-
rectangle, that for aly,z € c with y; = z; for j # i andy; > z;, we have
Ki(z,e)(yi — z) < f(y) — f(2), and similarly, by using the second inequality
above,f(y) — f(2) < Li(x,€)(y; — z). Thus, for ally,z € ¢ with y; = z; for

j # 1, we haveb;(y; — z;) C f(y) — f(z) whereb; = [K;(x,¢€), L;(x,€)]. For any
pairy, z € ¢, consider the: + 1 pointsy = p®, p',p?,...p" L, p" = z, such that
p; = z andp}, = y; for j # i. Therefore,

fly) = f(z) =
FE)=FEN+FEH=F @)+ +FE)+FET N+ ()= f"T)) 2

Z bz(yz — Zi)-
i=1

It follows that f € d(c, b). Sincee > 0 is arbitrary, we conclude that

i (71){0), T sup(90)4 )| 2 (LG O

y—x y—x

The domain-theoretic derivative developed in [10] is irdle€f )€, the rectangular
L-derivative with respect to a given coordinate axisWe do not know if there
is an analogue of the above Proposition for infinite dimemaiceparable Hilbert
spaces.

7 Computability

Let Z be a topological space with a countable bakisof its open subsets, and
D a bounded complete dcpo with a countable suliset D. Let (f;);>o be an
effective enumeration of the class of step functiongof> D made from single-
step functions:. \, bwherea € M andb € E. We sayf € U —4 D iscomputable
with respect to this enumeration if there exists a total rgea functionp : N — N
such that(f4(,))n>0 is an increasing sequence with= sup,,~q f4(n)-

When, in addition,Z is locally compact and is a countably based continu-
ous dcpo, thert — D is a countably based bounded complete continuous dcpo,
which can be given an effective structure. In this case, waiolthe same class
of computable elements with any effective change of a ctumtbasis ofD. In
general however, the computable elements will depend oerbmeration of the
countable subsef.

Suppose now thak is a separable Banach space, with a countable dense set
P C X. Then the collection of open balls centred at pointsPofvith rational
radii provides a countable basis of the norm topologyXdnWe use the rational
compact intervals as a countable basidRfand the collection of closed balls of
X* with centres at point® with rational radii as a countable subset@fX*) to
generate two countable sef$, and .S, say, of step functions for the two dcpo’s
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U —; IRandU —4 C(X™). We then obtain an enumeratigf);>( of S; and an
enumeratior(g; );>o of Sa.

By Proposition 3.14, we know that any continuous functfon/’ — R and any
functiong : U — C(X™) continuous with respect to the norm topology &rand
X*, is the supremum of step functions$h and.S, respectively. We say thgtis
computablewith respect to the enumeratidtf;);>o, respectivelyy is computable
with respect to(g; );>o, if f considered as an element Gf — IR, respectively
g considered as an element Gf — C(X™), is computable with respect to the
enumeration.

We then use an oracle to decid€ jf, g;) € Cons for 7,7 > 0, which enables
us to construct an enumeratiohy );>o of a countable setys; say, of step functions
of DY(U), whereh; = (fp(i)s 9q(s)) fori > 0 with p,q : N — N total recursive
functions. By Proposition 3.14, we know thatfif: U — R is Fréchet differen-
tiable then(f, /) is the lub of step functions i¥3. We thus say thaf and its
Fréchet derivative” are computable with respect t;);>o if (f, f’) considered
as a maximal element db! (U) is computable with respect to this enumeration.

As we will see in the next section, whedis finite dimensionalD! (U) can be
given an effective structure with respect to whicbns is decidable, obviating the
need for an oracle.

7.1 An effectively given domain for Lipschitz functions

In the finite dimensional casef = R", the countably based bounded complete
continuous dcpo'd/ — IR andU — C(R"™) have each a canonical basis re-
spectively made from single-step functioms\, b, wherea is an open ball with a
rational radius centred at a point {h with rational coordinates antlis a ratio-
nal compact interval, respectively a convex compact pagdaéR"™ with vertices
having rational coordinates.

In [10], it is shown that, when the rectangular L-derivativ®f )¢ with respect
to a given coordinate axisis used, the corresponding consistency prediCata®,
defined onU — IR) x (U — IR") by (f,g) € Cons® if there existsh : U — R
such thatf C h andg C (Lh)¢ is decidable on the basis elements. The proof of
decidability is fairly simple fom = 1 with an algorithm to test consistency, which
is linear in the total number of single-step functions in fimection and derivative
parts [7]. In higher dimensions, the existing proof of dadidity in [10] is long
and the algorithm to test consistency is super-exponerfiast, one checks, by a
generalization of Green’s theorem,[if g # () where [€ is the primitive map dual
to the rectangular L-derivative with respected.e., f € [“gif g C (Lf)°. If the
test for integrability ofy is positive then one checkssf(f, g) < t°(f, g) wheres®
andt© are defined as andt in Section 5 except that* is used in their definitions.

The technique for proving the decidability @bns® on basis elements can be
extended to prove thaons is also decidable on basis elementgBf(U). Since
the proof and the corresponding algorithm to test consigtés very long, they
will be presented elsewhere.
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Using the decidability ofCons on basis elements, we can provide an effec-
tive structure forD*(U). In particular this will characterize real-valued func-
tions onU C R™ which are computable and have a computable L-derivative as
pairs (f, Lf) for which there exists a total recursive function: N — N with
(f, [,f) = Supizo(fp(¢(i)),gq(¢(i))) in the notation of Section 7.

If f:U — RisC™! for some open subsét c R", i.e., if it has continuous
Fréchet derivativeg(® of orderd with 1 < d < m — 1, then the L-derivative
of components off ™™~1) exists. One can extend the construction®f(U) to
higher derivatives and build a domal™ (U) for representing and approximating
a function together with itsn — 1 Fréchet derivatives and itsith L-derivative
Lf™=1)_ The basis of this domain will consist of+1 step functions representing
approximations to the function, its first — 1 Fréchet derivatives and itath L-
derivative. We will discuss the question of decidability aainsistency for basis
elements of this domain in the final section.

8 Relation with generalized gradient

Recall that by Rademacher’s theorem [5, p 148], a funcfionU — R which is
Lipschitz in an open neighbourhood©@f C R" is differentiable almost everywhere
with respect to the:-dimensional Lebesgue measure in that neighbourhood. Let
1y C U denote the set of points, whefes not differentiable.

We now establish the equality of the L-derivative and theegelized gradient
in finite dimensions..

Theorem 8.1 For any functionf : U — R, the rectangular L-derivative with
respect to a given Cartesian coordinate system, at a poierevthhe function is lo-
cally Lipschitz is the smallest hyper-rectangle with sigagllel to the coordinate
planes that contains the generalized gradient at that point

Proof Fix a Cartesian coordinate systemBy Corollary 4.9 and Proposition 6.3,
we already know that

Of (x) € (Lf(x))°. (4)

We show that L f(z))¢ is the smallest hyper-rectangle with sides parallel to the
coordinate planes, which contaifg (z). Assumee > 0 is given,1 < i < n
and letB C R™ be the unit closed ball centred at the origin. FoxK i < n, let

m; : R™ — R be the projection to thécoordinate axis and consider the pointwise
extension ofr; to compact subsets &". From Equation 1, we have:

(m:(0f (2)))" = limsup{(Vf)i(y) : y — @, y & Qs }.

Thus, there exists > 0 such that for ally € = + B, we have(Vf);(y) <
(m;(0f (x)))" + e. Consider the line segmetit, = {y + te; : 0 < t < §/2},
wheree; is the unit vector in the direction of théh coordinate axis. Sinc@; has
zeron-dimensional Lebesgue measureift § B, it follows from Fubini’s theorem
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that for almost ally € = + gB, the line segmenL, meets(); in a set of zero
one-dimensional Lebesgue measurey I such a point an < t < §/2, we
obtain:

fly+tei) — fly) = /Ot(Vf)z(’y + se;) ds,

since, by Rademacher’s theorem [5, p 148Jexists almost everywhere dp,. On
the other hand(V f);(y + se;) < (m;(0f (x)))T + ¢, since||ly + se; — z|| < 6 for
0 < s < t. Thus,

Fly+te)) — fly) <t(m(0f (@) +e). (®)

Equation 5 holds for almost ajl within 6/2 of 2 and for allt € (0,4/2). Sincef,
being Lipschitz, is continuous it follows that Equation Sdsfor all y within §/2
of z and for allt € (0,8/2). Thus,(V f)¥(y) < (mi(df(z)))T + € for all y within
d/2 of x and, using Proposition 6.4, we conclude that

(Lf(2))7)" = liréljgp(vf)?(y) < (m(9f(2)))". (6)
Similarly,
(LF@)7)~ = liminf(VF)i(y) =

lminf{(Vf)i(y) :y =z, y & Qs} = (m(f (x))) . (7

Comparing Equations (6) and (7) with Equation (4), it follothato f () touches
all the2n sides of the hyper-rectang(€ f (x))¢ and the proof is completé]

Corollary 8.2 For any locally Lipschitz mag : U — R, the L-derivative and the
Clarke gradient are equallf = df. O

Thus, in finite dimensions, the L-derivative gives a new espntation for the
Clarke gradient and the construction of an effectively giglmain for locally
Lipschitz functions provides a new computational framdwfor its applications.
We note that the proof of Theorem 8.1 uses Proposition 6rdyifich we do not
know any infinite dimensional analogue.

9 Further work and open problems

As already pointed out, it remains an open question if theetivdtive coincides
with the Clarke gradient on infinite dimensional Banach sgadt is also unknown
if the Clarke gradient is upper semi-continuous in infinibtmehsions, a property
which holds for the L-derivative as we have shown in this paPa the other hand,
it will be interesting to see if the L-derivative can be exted to functions from
a Banach space to a finite dimensional Banach space, for éxaonhe complex
plane, a case which has applications in quantum field theory.
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There are quite a few unsolved problems in finite dimensiéas.n = 1, the
algorithm for testing consistency of basis element®i{U) is linear as already

mentioned. FoiD?(U), consistency on basis elements is decidable but the present

algorithm to test it is super-exponential in the total nunmifesingle-step functions
for the three approximations of the function part, the deiwe part and the second
derivative part. [1]. Decidability of consistency f@™(U) whenm > 2 is un-
known. Forn = 2, consistency on basis elements ot (U) is decidable but the
algorithm to test it in [10] is super-exponential. The coaxily of consistency test
in this case is unknown as is the question of decidability afsistency of basis
elements forD™(U) whenm > 1.

Based on the domain-theoretic framework for differentialcalus, one can
embark on the task of constructing a domain for orientableliean manifolds,
which would extend the set-theoretic model for computatigeometry and solid
modelling presented in [8] to the piecewise smooth setting.
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