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Abstract

We develop a notion of derivative of a real-valued function on a Banach
space, called the L-derivative, which is constructed by introducing a gener-
alization of Lipschitz constant of a map. As with the Clarke gradient, the
values of the L-derivative of a function are non-empty weak*compact and
convex subsets of the dual of the Banach space. The L-derivative, however,
is shown to be upper semi continuous, a result which is not known to hold
for the Clarke gradient. We also formulate the notion of primitive maps dual
to the L-derivative, an extension of Fundamental Theorem ofCalculus for
the L-derivative and a domain for computation of real-valued functions on
a Banach space with a corresponding notion of effectivity. For real-valued
functions on finite dimensional Euclidean spaces, the L-derivative can be ob-
tained within an effectively given continuous domain. We also show that
in finite dimensions the L-derivative and the Clarke gradient coincide thus
providing a computable representation for the latter in this case.

This paper is dedicated to the historical memory of Sharaf al-din Tusi (d. 1213),
the Iranian mathematician who was the first to use the derivative systematically to
solve for roots of cubic polynomials and find their maxima.

1 Introduction

The notion of derivative of functions has been the key fundamental concept in
the advent and development of differential calculus and is at the basis of some of
the most crucial branches of mathematics including ordinary and partial differen-
tial equations, dynamical systems, mathematical physics,differential geometry and
differential topology. These comprise what is often referred to as continuous math-
ematics, one of the two main branches of mathematics, with discrete mathematics
as the other distinguished branch.

The first systematic use of the derivative of functions was undertaken by the
Iranian mathematician Sharaf al-din Tusi (d. 1213) who introduced a technique,
algebraically equivalent to what we now call the Ruffini-Horner method, for find-
ing the roots of cubic polynomials by an iterative process using the derivative of
the polynomial [14]. Although he never put a name to it in Arabic, which like
Latin later on in Europe was the language of scholarship in the Muslim world, he
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also used the derivative to find the maxima of polynomials, which until recently
historians of mathematics had attributed to the 16th century French mathematician
François Viète [15, 19]. Sharaf al-din Tusi who died only six years before the cat-
aclysmic Mongol invasion of Iran in 1219 is now considered tobe the forerunner
of algebraic geometry.

Nearly two centuries after the ground breaking work of Newton and Leibniz
on the foundation of differential calculus in the 17th century, modern mathemat-
ical analysis was born with the introduction of mathematical limit by Cauchy in
the nineteenth century, which provided a precise notion forthe existence of the
derivative of a Function at a point. This led to new and surprising results about the
derivative. In 1872, based on what was by then a rigorous mathematical frame-
work, Weierstrass constructed a continuous function whichwas nowhere differen-
tiable.

In the early 20th century, the French mathematiciansGâteauxandFréchetex-
tended the notion of derivative in two distinct ways to functions of infinite dimen-
sional Banach spaces. These higher dimensional derivatives have now applications
in quantum field theory, but, like the classical derivative of a real-valued function of
a single variable, they may not exist and when they do exist they may not give rise
to continuous functions. A comprehensive modern account ofthe various notions
of derivative in topological linear spaces is given in [27].

In 1980’s, Frank Clarke, motivated by problems in non-smooth analysis and
control theory, introduced the notion of generalized gradient of a function, which
is now named after him [4]. Clarke’s gradient of a locally Lipschitz real-valued
function on a Banach space always exists and is a set-valued function: on finite
dimensional Euclidean spaces it takes non-empty compact and convex subsets of
the Euclidean space as its values and the gradient is upper semi-continuous. On
an infinite dimensional Banach space, the Clarke gradient isa non-empty weak*
compact and convex subset of the dual of the Banach space. It is however not
known if Clarke’s gradient is also upper semi-continuous oninfinite dimensional
Banach spaces [3].

A few decades earlier, following the seminal work of Alan Turing [24, 25] and
the advent of computer science in 1930’s, computable analysis took shape in 1950’s
with the work of Grzegorczyk [17, 18]. A fundamental thesis established in the
subject is that a computable function is necessarily a continuous function [21, 26].
Indeed, if a function is to be computed at a real number, whichis given as the limit
of a sequence of rational numbers, then the continuity of thefunction is required to
be able to compute the value of the function as the limit of itsvalues at the elements
of the sequence.

Since the derivative of functions plays a fundamental role in mathematics, one
would expect a real interest in a notion of derivative which is always continuous
in computability theory. However, surprisingly, no attempt was made to develop a
continuous derivative for functions and the work of Clarke went unnoticed by re-
searchers in computable analysis, who have only worked withthe classical deriva-
tive of functions.
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A new approach to differential calculus based on mathematical structures in
computer science, called domains [6, 2, 16] was introduced in [9, 10] first for real-
valued functions of a real variable and then for multivariable functions. The moti-
vation here has arisen from computer science and computableanalysis to formulate
and use, in particular, a notion of continuous derivative for functions.

In the domain-theoretic framework, a continuous derivative for functions, a
corresponding notion of primitive maps, an extension of fundamental theorem of
calculus and a domain for differentiable functions have been developed. These
have led to data types for presenting differentiable functions and solving ordinary
differential equations [7, 11], a constructive version of the inverse and implicit
function theorems [12] and a denotational semantics for hybrid systems [13].

The concept of derivative of a real-valued function which was developed in [10]
depends, somewhat unsatisfactorily, on the choice of the coordinate system used.
In fact, the value of the derivative of a locally Lipschitz real valued function on
a finite Euclidean space turns out to be the smallest hyperrectangle, with edges
parallel to the given coordinate axes, containing Clarke’sgradient.

In this paper, inspired by the above domain-theoretic framework, we intro-
duce a coordinate free approach to develop the notion of theL-derivativeof a real-
valued function on a Banach space; it is constructed by formulating a generalized
Lipschitz property of functions. The local generalized Lipschitz properties of the
function, which provide finitary information about the rateof growth of the func-
tion in local neighbourhoods, are used to define the L-derivative of the function
globally. Like the Clarke gradient, the values of the L-derivative are non-empty
weak* compact and convex subsets of the dual of the Banach space.

The L-derivative, developed here from the local to the global and from the
discrete to the continuum, is shown to be upper semi-continuous for real-valued
locally Lipschitz functions on any Banach space, a result which is not known for
the Clarke gradient as we have already mentioned above.

For aC1 function, i.e., one with a continuous Fréchet derivative,the L-derivative
and the Fréchet derivative coincide. More generally, whenthe function fails to be
C1, the L-derivative contains the Clarke gradient, and also the Gâteaux and the
Fréchet derivatives, whenever the latter two exist.

The L-derivative gives rise to an extension of the Fundamental Theorem of
Calculus. The class of functions from the Banach space into the collection of
non-empty weak* compact and convex subsets of the dual of theBanach space,
which are generated by step functions, is dual via the L-derivative to families of
real-valued locally Lipschitz functions on the Banach space. The L-derivative is
also employed to construct a domain of computation for real-valued functions on
Banach spaces which carries an effective structure when thespace is separable.
These results extend those for finite dimensions in [9, 10].

For functions on finite Euclidean spaces, the L-derivative is an element of a
countably based continuous domain which can be given an effective structure that
characterizes computable functions with computable L-derivatives. Any continu-
ous function and its L-derivative can be obtained as the supremum of an increasing
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sequence of pairs of finitary and consistent information about the function and its
L-derivative.

Although they are defined using very different techniques, we show here that
in finite dimensions the Clarke gradient and the L-derivative coincide. Thus, in
finite dimensions the construction of the L-derivative provides a new computable
representation for the Clarke gradient.

1.1 Background definitions

For the remainder of this section we will present the basic background definitions
of the various notions of derivative which we will need in this paper.

Let X andY be Banach spaces and letU ⊂ X be an open subset. We recall
that the (one sided) directional derivative off : U → Y at x ∈ U in the direction
v ∈ X is

F ′(x; v) = lim
t↓0

f(x + tv) − f(x)

t
,

if the limit exists. If the above directional derivative exists for allv ∈ X, then
D(f)(x) : X → Y with D(f)(x)(v) := F ′(x; v) is theGâteauxderivative off at
x if D(f)(x) is a bounded linear map [27, 20].

TheFréchetderivative [27] of a mapf : U → Y atx ∈ U , when it exists, is a
bounded linear mapT : X → Y with

lim
‖x−y‖→0

‖f(x) − f(y) − T (x − y)‖

‖x − y‖
= 0.

The linear mapT is denoted byf ′(x). When the Fréchet derivative exists atx, so
does the Gâteaux derivative and they are equal. However, the Fréchetderivative at
x can fail to exist even if the Gâteaux derivative exists atx and is a bounded linear
map.

From now on we will assume thatY = R. We next aim to define the gener-
alized (Clarke) gradient of a function [4, Chapter two] and explain its properties.
Let f : U → R be Lipschitz nearx ∈ U andv ∈ X. Thegeneralized directional
derivativeof f atx in the direction ofv is

f◦(x; v) = lim sup
y→x t↓0

f(y + tv) − f(y)

t
.

Let us denote byX∗ the dual ofX, i.e. the set of real-valued continuous linear func-
tions onX. Unless otherwise stated we will considerX∗ with its weak* topology.
Recall that the weak* topology is the weakest topology onX∗ in which for any
x ∈ X the mapf 7→ f(x) : X∗ → R is continuous.

Thegeneralized gradientof f atx, denoted by∂f(x) is the subset ofX∗ given
by

{A ∈ X∗ : f◦(x; v) ≥ A(v) for all v ∈ X}.

It is shown in [4, page 27] that
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• ∂f(x) is a non-empty, convex, weak* compact subset ofX∗.

• Forv ∈ X, we have:

f◦(x; v) = max{A(v) : A ∈ ∂f(x)}.

There is an alternative characterization of the generalized gradient whenX is finite
dimensional, sayX = R

n. In this case, by Rademacher’s theorem [5, p 148], a
locally Lipschitz mapf : U → R is Fréchet differentiable almost everywhere
with respect to the Lebesgue measure. IfΩf is the nullset wheref fails to be
differentiable then:

∂f(x) = Co{lim f ′(xi) : xi → x, xi /∈ Ωf}, (1)

where Co(S) is the convex hull of a subsetS ⊂ R
n [4, page 63]. The above

expression is interpreted as follows. Consider all sequences (xi)i≥0, with xi /∈
Ωf , for i ≥ 0, which converge tox such that the limitf ′(xi) exists. Then the
generalized gradient is the convex hull of all such limits. Note that, in the above
definition, sincef is locally Lipschitz atx, it is differentiable almost everywhere
in a neighbourhood ofx and thus there are plenty of sequences(xm)m≥0 such that
limm→∞ xm = x andlimm→∞ f ′(xm) exists.

Recall that for a Hausdorff spaceZ, we can define three topologies on the set of
non-empty compact subsets ofZ as follows. Theupper topologyhas as a base the
collection of subsets of the form�O = {C : C ⊆ O}, whereas thelower topology
has as a subbase the collection of subsets of the form♦O = {C : C ∩ O 6=
∅}, whereO ⊂ Z is an open subset. TheVietoris topologyis the refinement of
the upper and lower topologies and is Hausdorff and, whenZ is a metric space,
it is equivalent to the topology induced by theHausdorff metricdh defined by
dh(A,B) = max(d(A,B), d(B,A)), where for compact setsC andD, d(C,D) is
the infimum of positive numbersδ such thatC is contained in theδ-parallel body
of D defined asDδ = {x ∈ Z | ∃y ∈ D. d(x, y) ≤ δ}; see [23, page 737].
We writeU(Z), L(Z) andV(Z), respectively, for the three topological spaces or
hyperspaces, called respectively theupper space, the lower spaceand theVietoris
spaceof Z, obtained by considering, respectively, the upper topology, the lower
topology and the Vietoris topology on the set of non-empty compact subsets ofZ.
The upper space and the lower space are non-Hausdorff.

In finite dimensions, the Clarke gradient isupper semi-continuous, i.e. it is con-
tinuous with respect to theupper topologyon the space of the non-empty compact
subsets ofRn. It is not known if a similar result holds in infinite dimensions [3],
i.e. if the Clarke gradient is continuous with respect to theupper topology on the
space of non-empty weak* compact subsets ofX∗.

ForX = R
n, we let∇f denote the classical gradient off , when it exists, i.e.,

(∇f)i(x) =
∂f

∂xi
=
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limx′

i→xi

f(x1, . . . , xi, . . . , xn) − f(x1, . . . , x
′
i, . . . , xn)

xi − x′
i

,

for 1 ≤ i ≤ n. Recall that, in finite dimensions, if the (Fréchet) derivative exists at
a point then the gradient also exists at that point and is the same linear map.

We also recall that for a functionf : U → R, whereU is an open subset ofR
n,

Dini’s lower and upper partial derivatives, for1 ≤ i ≤ n, are defined respectively
as

(∇f)li(x) = (2)

lim inf
x′

i→xi

f(x1, . . . , xi, . . . , xn) − f(x1, . . . , x
′
i, . . . , xn)

xi − x′
i

(∇f)ui (x) = (3)

lim sup
x′

i→xi

f(x1, . . . , xi, . . . , xn) − f(x1, . . . , x
′
i, . . . , xn)

xi − x′
i

.

Note that the Dini’s lower and upper partial derivatives always exist as extended
real numbers.

2 Some properties related to the dual of a Banach space

Let X be a Banach space. For an open subsetU ⊂ X, let U → R be the set of all
continuous functions of typeU → R with respect to the norm topology onX. For
x ∈ X andf ∈ X∗, we writef(x) for the real number obtained by the action off
onx andx(f) for the same real number whenx is considered as a linear functional
onX∗.

The operator norm onX∗ extends pointwise to an interval valued map on the
weak* compact subsets ofX∗. Note that a weak* compact subset is bounded
with respect to the operator norm. Ifb is a non-empty weak* compact and convex
subset ofX∗ then‖b‖ = {‖λ‖ : λ ∈ b} with ‖b‖ = [‖b‖−, ‖b‖+] is a compact real
interval. In particular, forX = R, if b ⊂ R is a compact interval, then so also is
|b| = {|r| : r ∈ b}.

We will consider the extension of the action of bounded linear operators onX
(i.e. the mappingX∗ × X → R given by(f, x) 7→ f(x)) to the three hyperspaces
to obtain three mapsEU : U(X∗) × X → U(R), EL : L(X∗) × X → L(R) and
EV : V(X∗) × X → V(R) which are defined with respect to the different three
topologies but have the same action given by(b, x) 7→ {f(x) : f ∈ b}. We write
b(x) = {f(x) : f ∈ b} which is a compact subset asb is weak* compact.

Proposition 2.1 The three mapsEU , EL andEV are each continuous separately
in their two arguments with respect to the norm topology onX.

Proof To prove the continuity of the three maps when the second argument is
fixed, letx ∈ X. It is sufficient to show that, for any open setI ⊂ R, the preimage
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of �I is open inU(X∗) and the preimage of♦I is open inL(X∗). First we
prove that the preimage of�I is open inU(X∗). Let b be a non-empty weak*
compact subset ofX∗ with b(x) ⊂ I. Let ǫ > 0 be such that(b(x))ǫ ⊂ I.
For anyf ∈ b, the weak* open setO(x, f, ǫ) = {g ∈ X∗ : |f(x) − g(x)| <
ǫ} gives an open neighbourhood off . Put O(x, ǫ) =

⋃

f∈b O(x, f, ǫ). Then,
we haveb ⊂ O(x, ǫ). If c is a weak* compact set withc ⊂ O(x, ǫ), then by
compactness there exist a finite number of functionsfi ∈ b (i = 1, · · · , n) such
thatc ⊂

⋃

1≤i≤n O(x, fi, ǫ). Then for anyg ∈ c, there existsi ∈ {1, · · · , n} such
thatfi ∈ b with |fi(x)− g(x)| < ǫ and thusg(x) ∈ I. It follows thatc(x) ⊂ I and
therefore the preimage of�I is open inU(X∗). Next we consider the preimage
of ♦I. Let b be a non-empty weak* compact subset ofX∗ with b(x) ∩ I 6= ∅.
Let f ∈ b with f(x) ∈ I take anyǫ > 0 such that theǫ open ball centred at
f(x) is contained inI. Then, b ∩ O(x, f, ǫ) 6= ∅ and for any weak* compact
subsetc of X∗ with c ∩ O(x, f, ǫ) 6= ∅ we havec(x) ∩ I 6= ∅, which shows that
the pre-image of♦I is open inL(X∗). Finally, we prove the continuity of the
three maps when the first argumentb, say, is fixed. Letb(x) ∈ O whereO is
either�I and♦I for any open subsetI ⊂ R. Since any weak* compact subset
of X∗ is bounded with respect the operator norm,‖b‖ ≤ K for someK > 0.
Hence, for any givenǫ > 0 and anyf ∈ b, the relation‖x − y‖ < ǫ/K implies
|f(x)− f(y)| ≤ ‖f‖‖x− y‖ ≤ Kǫ/K = ǫ. From this property, the result follows
easily.�

As usual, we consider the upper spaceU(Z) of any Hausdorff spaceZ partially
ordered with reverse inclusion so thatU(Z) becomes a dcpo; we also include in
this dcpo a least element represented byZ. Thus, the mapx 7→ {x} : Z → U(Z)
is a topological embedding onto the set of maximal elements of U(Z). We identify
the input and output of this embedding and write{x} simply asx.

We also recall that theScotttopology on any dcpo has as open sets those sets
O which are upper sets (that isx ∈ O andx ⊑ y implies y ∈ O) and which are
inaccessible by directed sets, i.e. ifsupi∈I ai ∈ O for a directed set(ai)i∈I then
there existsi ∈ I such thatai ∈ O [22]. A function f : D → E of dcpo’sD and
E is continuous with respect to the Scott topologies onD andE iff it is monotone
(x ⊑ y implies f(x) ⊑ f(y)) and preserves the lubs of directed subsets, i.e. for
any directed set(ai)i∈I in D we have:supi∈I f(ai) = f(supi∈I ai).

We then have the following:

Proposition 2.2 [6, Propositions 3.1(iii) and 3.3]

(i) For any Hausdorff spaceZ, the Scott topology onU(Z) refines the upper
topology.

(ii) If Z is locally compact thenU(Z) is a continuous dcpo, on which the Scott
topology and the upper topology coincide.�

Consider the poset, denoted byC(X∗), consisting ofX∗ and its nonempty weak*
compact and convex subsets partially ordered by reverse inclusion so that it has
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the least element⊥ = X∗. Note thatC(X∗) is a bounded complete dcpo and a
sub-dcpo of the upper spaceU(X∗) of X∗.

WhenX = R, we consider the sub-dcpo ofU(R) denoted byIR of all non-
empty compact intervals ofR ordered by reverse inclusion; it is a countably based
bounded complete continuous domain. We now restrict the first component ofG
in Proposition 2.1 to convex subsets so that the range ofG will become non-empty
compact intervals. Restricting to continuity with respectto the Scott topology,
Proposition 2.1 reduces to:

Corollary 2.3 The mapG : C(X∗) × X → IR is continuous separately in its
two arguments with respect to the Scott topology onC(X∗) andIR and the norm
topology onX. In particular, for any directed setbi ∈ C(X∗), i ∈ I andv ∈ X,
we have

⋂

i∈I(bi(v)) = (
⋂

i∈I bi)(v). �

The following result plays a crucial role in the construction of the L-derivative.

Theorem 2.4 LetS andT be disjoint non-empty convex subsets of the dualX∗ of
a Banach spaceX such that, with respect to the weak* topology,S is closed and
T is compact. Then there exists a hyperplane inX∗ induced by an element ofX
which separatesS andT , i.e. there existx ∈ X andc ∈ R such thatx(f) < c for
f ∈ S andx(f) > c for f ∈ T .

Proof SinceS andT are disjoint closed sets, for eachλ ∈ T there existsǫ > 0
and a finite number of elementsx1, · · · xn ∈ X such that the open neighbourhood
of λ defined by{α : |xj(α) − xj(λ)| < ǫ for 1 ≤ j ≤ n}, is disjoint fromS.
By compactness ofT we can find a finite number of functionals, say,λi ∈ X∗

(1 ≤ i ≤ m) and elementsxi1, xi2, · · · xini
∈ X andǫi > 0 for 1 ≤ i ≤ m such

that the open subsets

Ni = {α : |xij(α) − xij(λi)| < ǫi, for 1 ≤ j ≤ ni},

for 1 ≤ i ≤ m, are disjoint fromS and coverT . DefineΦ : X∗ → R
n1+n2+···+nm

by:
α 7→

(x11(α), · · · , x1n1
(α); · · · ;xi1(α), · · · , xini

(α); · · · ;xm1(α), · · · , xmnm(α)).

ThenΦ(S) andΦ(T ) are convex subsets ofR
n1+n2+···,+nm andΦ(T ) is compact.

Let Pi : R
n1 × · · · × R

ni × · · · × R
nm → R

ni be the projection ontoRni . Note
thatΦ(T ) is contained in the open subset ofR

n1+···+nm given by the intersection
of them infinite open stripsRn1 × R

n2 × · · · × R
ni−1 ×Ri × R

ni+1 × · · · ×R
nm

where
Ri = {z : ‖z − Pi(Φ(xi)‖ < ǫi},

with ‖v‖ being the max norm ofv ∈ R
ni . Therefore,Φ(T ) is disjoint from the

closure ofΦ(S). Note that for any two disjoint convex subsets ofR
k, with one

closed and the other compact, there exists a hyperplane inR
k which separates
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them (the normal to such a hyperplane is given by the line through two boundary
points of the sets which give the closest distance of the two sets). Thus, there is a
hyperplane

∑

1≤i≤m

∑

1≤j≤ni
cijzij = c in R

n1+n2+···+nm , for some real numbers
c, cij ∈ R (1 ≤ i ≤ m and1 ≤ j ≤ ni), which separatesΦ(T ) from the closure
of Φ(S). Let x =

∑

1≤i≤m

∑

1≤j≤ni
cijxij ∈ X. It follows that the hyperplane

x(α) = c, whereα ∈ X∗, separatesS andT in X∗. �

3 Ties of functions

The local differential property of a function is formalizedin our framework by the
notion of an interval Lipschitz constant. AssumeU ⊂ X is an open subset of a
Banach spaceX.

Definition 3.1 Let f be a real-valued function with domain dom(f) ⊂ U . We say
thatf : dom(f) → R hasan interval Lipschitz constantb ∈ C(X∗) in a convex
open subseta ⊂ dom(f) if for all x, y ∈ a we have:b(x− y) ⊑ f(x)− f(y). The
single tieδ(a, b) of a with b is the collection of all real-valued partial functionsf
on U with a ⊂ dom(f) ⊂ U which have an interval Lipschitz constantb in a. We
call a thedomainof the single tie.

Since a single tie provides a local Lipschitz property for a family of functions, it
is sufficient in Definition 3.1 to restrict the domain of a single tie to a convex open
subset. As an example, ifX = R

2 andb is the compact rectangleb1 × b2 (with
compact intervalsb1, b2 ⊂ R), the information relation above reduces to:

b1(x1 − y1) + b2(x2 − y2) ⊑ f(x) − f(y).

Lemma 3.2 For b ∈ C(X∗) andz ∈ X, we have|b(z)|+ ≤ ‖b‖+‖z‖.

Proof We have|b(z)|+ = |{f(z) : f ∈ b}|+ = {|f(z)| : f ∈ b}+ ≤ {‖f‖ : f ∈
b}+‖z‖ = ‖b‖+‖z‖. �

Proposition 3.3 If f ∈ δ(a, b) for a 6= ∅ andb 6= ⊥, thenf : a → R is Lipschitz:
for all x, y ∈ a we have|f(x) − f(y| ≤ ‖b‖+‖x − y‖.

Proof Supposef ∈ δ(a, b) andx, y ∈ a. It follows from f(x)− f(y) ⊒ b(x − y)
that |f(x) − f(y)| ≤ ‖b‖+‖x − y‖. �

For any topological spaceZ and any bounded complete dcpoD with bottom
⊥, let Z → D be the bounded complete dcpo of Scott continuous functions from
Z to D. The domain off : Z → D is defined as dom(f) = {x : f(x) 6= ⊥}. In
particular, for any open subseta ⊂ Z and any non-bottomb ∈ D, thesingle-step
functiona ց b : Z → D, with (a ց b)(x) = b if x ∈ a and(a ց b)(x) = ⊥ if
x /∈ a, is Scott continuous and has domaina. A step functionis then the supremum
of any finite set of consistent single-step functions. In thesequel, we consider the
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dcpoU → C(X∗) of Scott continuous functions withU ⊂ X equipped with its
the norm topology.

The following proposition justifies our definition of the interval Lipschitz con-
stant. Leta be a convex open subset ofX.

Proposition 3.4 If f : a → R is C1(a) i.e., f is Fréchet differentiable andf ′ :
a → X∗ is continuous, then the following three conditions are equivalent: (i)
f ∈ δ(a, b), (ii) ∀z ∈ a. f ′(z) ∈ b and (iii) a ց b ⊑ f ′.

Proof (i) ⇒ (ii). Suppose, for the sake of a contradiction that for somez ∈ a,
we haveL := f ′(z) /∈ b. By Theorem 2.4, there exists a unit vectors ∈ X and
c ∈ R such that(s(L))+ < c and(s(b))− > c. Fromf ∈ δ(a, b), we obtain for
sufficiently smallh that f(z+hs)−f(z)

h ∈ s(b). But by Fréchet differentiability atz
we have:

lim
h→0

∣

∣

∣

∣

f(z + hs) − f(z)

h
− s(L)

∣

∣

∣

∣

= 0,

which is a contradiction.
(ii) ⇒ (i). Assumex, y ∈ a. Then, since the convex seta contains the straight line
from x to y, by the mean value theorem there existsz ∈ a such thatf(x)−f(y) =
f ′(z)(x − y) ∈ b(x − y).
(iii) ⇐⇒ (ii). Obvious.�

Note that the convexity of the domain of a single tie is crucial in establishing the
equivalence in Proposition 3.4.

We will now show that ties have a dual property in relation to step functions of
typeU → C(X∗).

Proposition 3.5 Supposea 6= ∅ and b 6= ⊥. We haveδ(a, b) ⊇ δ(c, d) iff c ⊇ a
andb ⊑ d.

Proof The “if” part follows easily from the definition ofδ(a, b). To show the “only
if” part, we take anyf ∈ δ(c, d) such that dom(f) = c. Then, sincef ∈ δ(a, b), we
havea ⊂ dom(f) = c. On the other hand ifb ⊑ d does not hold, takeγ ∈ d\b and
consider the functionf : c → R with f(x) = γ(x). Then,f ∈ δ(c, d) \ δ(a, b). �

Corollary 3.6 Supposea, c 6= ∅ and b, d 6= ⊥. We haveδ(a, b) = δ(c, d) ⇐⇒
a = c & b = d. Furthermoreδ(a, b) ⊇ δ(c, d) iff a ց b ⊑ c ց d. �

For the rest of this section, we assume we are in an infinite dimensional Banach
space or in the finite dimensional spaceR

n with n ≥ 2. The casen = 1 is
completely covered in [9].

Definition 3.7 A tie of partial real-valued functions onU is any intersection∆ =
⋂

i∈I δ(ai, bi), for an arbitrary indexing setI. Thedomainof a non-empty tie∆ is
defined as dom(∆) =

⋃

i∈I{ai | bi 6= ⊥}.
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If a non-empty tie is given by the intersection of a finite number of single ties,
then it gives us a family of functions with afinite set of consistent differential
properties. Generally, a non-empty tie gives a family of functions with a consistent
set of differential properties.

Similar to Proposition 3.3, we have the following result. Recall that a function
f : U → R defined on the open setU ⊆ X is locally Lipschitzif it is Lipschitz in
a neighbourhood of any point inU .

Proposition 3.8 If ∆ is a tie andf ∈ ∆, thenf is locally Lipschitz on dom(∆).

Proof Let x ∈ dom(∆). Then there exists a tieδ(a, b) with x ∈ a andf ∈ ∆ ⊆
δ(a, b) and the result follows from Proposition 3.3�.

We now collect some fundamental properties of ties, which wewill use later. The
next proposition, whose proof uses Theorem 2.4, is the key technical result for the
development of our theory.

Proposition 3.9 For any indexing setI, the family of step functions(ai ց bi)i∈I

is consistent if
⋂

i∈I δ(ai, bi) 6= ∅.

Proof Supposef ∈
⋂

i∈I δ(ai, bi). We will show that every finite subfamily of
(ai ց bi)i∈I is consistent, from which the result follows asC(X∗) is bounded
complete. It suffices to prove that for any finite subsetJ ⊆ I we have

⋂

j∈J bj 6= ∅
if

⋂

j∈J aj 6= ∅. This we will show by induction on the cardinality|J | of J . For
|J | = 1, there is nothing to prove. Suppose now|J | > 1 and

⋂

j∈J aj 6= ∅. Let
k ∈ J . Then by the inductive hypothesis

⋂

j∈J\{k} bj 6= ∅. If
⋂

j∈J bj = ∅, then by
Theorem 2.4 there exists a vectorz ∈ X andc ∈ R such that such that the disjoint
non-empty compact convex sets

⋂

j∈J\{k} bj andbk are on the opposite sides of the
affine space{λ : z(λ) = c}. Take elementsx, y ∈

⋂

j∈J aj such thatx − y = lz
for somel > 0. It follows that the two intervals(

⋂

j∈J\{k} bj)(x−y) andbk(x−y)
are disjoint. But by our assumption thatf ∈

⋂

i∈I δ(ai, bi) ⊆
⋂

j∈J δ(aj , bj), we
havebk(x − y) ⊑ f(x) − f(y) andbj(x − y) ⊑ f(x) − f(y) for j 6= k, which
implies(

⋂

j∈J\{k} bj)(x − y) ⊑ f(x) − f(y), a contradiction.�

Corollary 3.10 The family(ai ց bi)i∈I is consistent if for any finite subfamily
J ⊆ I we have

⋂

i∈J δ(ai, bi) 6= ∅. �

Proposition 3.11 If a ց b ⊑ supi∈I ai ց bi, thenδ(a, b) ⊇
⋂

i∈I δ(ai, bi).

Proof Let b ⊑
⋂

ai⊇a bi and assumef ∈
⋂

i∈I δ(ai, bi). Let x, y ∈ a. For each
i ∈ I with ai ⊇ a we have:

bi(x − y) ⊑ f(x) − f(y).

Therefore, we get:

b(x − y) ⊑
⋂

ai⊇a

bi(x − y) ⊑ f(x) − f(y),

as required.�
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Corollary 3.12 If supi∈I ai ց bi ⊑ supi∈J ai ց bi, then
⋂

i∈I δ(ai, bi) ⊇
⋂

i∈J δ(ai, bi). �

Let (T(U),⊇) be the partial order of ties ofU → X ordered by reverse inclu-
sion.

Proposition 3.13 (T(U) \ {∅},⊇) is a dcpo.

Proof Suppose(∆j)j∈J is a directed set in(T(U)\{∅} with respect to the partial
order⊇, i.e. ∆j1 ∩ ∆j2 6= ∅ for j1, j2 ∈ J . Let ∆j =

⋂

i∈Ij
δ(ai, bi), where we

assumeIj1 ∩ Ij2 = ∅ for j1 6= j2. Consider the collection(δ(ai, bi))i∈
S

j∈J Ij
. By

Corollary 3.10, it suffices to show that any finite subfamily of this collection has
non-empty intersection. Supposeit ∈

⋃

j∈J Ij for 1 ≤ t ≤ n. Thenδ(ait , bit) ∈
∆jt for somejt ∈ J (1 ≤ t ≤ n). By assumption

⋂

1≤t≤n ∆jt 6= ∅. Hence,
⋂

1≤t≤n δ(ait , bit) ⊇
⋂

1≤t≤n ∆jt 6= ∅. �

For any topological spaceZ and any bounded complete dcpoD, let Z →s

D be the subset ofZ → D consisting of Scott continuous functions which are
supremums of step functions, i.e.,f = supi∈I ai ց bi for a family (ai ց bi)i∈I

of step functions withai an open subset ofZ and bi ∈ D. We note thatZ →
D is bounded complete continuous dcpo iff the lattice of open subsets ofZ is
continuous [16]. Thus,Z →s D is the whole function spaceZ → D iff the lattice
of open subsets ofZ is continuous.

ConsiderU →s C(X∗). Since any open seta ⊂ X is the union of open balls,
we can assume without loss of generality that the open subsets ai (i ∈ I) in the
expression forf above are convex. It is easy to check thatU →s C(X∗) is a dcpo.

We now show that, for any Banach spaceX, the set of maximal elements of
U →s C(X∗) contains the set of functions of typeU → X∗, which are continuous
with respect to the norm topology onU and X∗. Recall that a metric space is
separable if it has a countable dense subset.

Proposition 3.14 (i) If f : U → X∗ is continuous with respect to the norm
topologies onU andX∗, thenf ∈ U →s C(X∗). Moreover, ifX is sepa-
rable with a countable dense subsetP ⊂ X, thenf is the lub of single step
functions of the forma ց b wherea is an open ball centred at a point ofP
with rational radius whereasb is a closed ball centred at a point ofP with a
rational radius.

(ii) If f : U → R is continuous with respect to the norm topology onU , then
f ∈ U →s IR. Moreover, ifX is separable with a countable dense subset
P ⊂ X, thenf is the lub of single step functions of the forma ց b where
a is an open ball centred at a point ofP with rational radius whereasb is a
rational compact interval.

Proof (i) By continuity of f , for x ∈ U and an open ballBǫ(f(x)) of radiusǫ
aroundf(x), there exists an open neighbourhooda of x such thatf [a] ⊂ Bǫ(f(x)).

12



Since the closed ballBǫ(f(x)) is weak* compact by Alaoglu’s theorem, it follows
thata ց Bǫ(f(x)) ⊑ f . Sinceǫ > 0 is arbitrary and

⋂

ǫ>0 Bǫ(f(x)) = f(x), we
conclude thatf is the supremum of step functions below it. It is easy to checkthat
the second statement also holds.

(ii) This is proved similar to (i).�

We are finally in a position to define the L-primitives of a Scott continuous
function; in fact now we can do more and define:

Definition 3.15 TheL-primitive map
∫

: (U →s C(X∗)) → T(U) is defined by
∫

f =
⋂

a ց b⊑f

δ(a, b).

We call
∫

f the L-primitivesof f . The following result depends crucially on the
fact that the domain of the L-primitive map is defined to beU →s C(X∗) rather
than the bigger function spaceU → C(X∗).

Proposition 3.16 If f = supi∈I ai ց bi, then
∫

f =
⋂

δ(ai, bi).

Proof This follows easily from Corollary 3.12.

The above property leads us to believe thatU →s C(X∗), respectivelyZ → D,
may have wider applications in Banach space theory, respectively abstract domain
theory, beyond this paper.

Proposition 3.17 The L-primitive map is continuous and onto the set of non-empty
tie.

Proof Clearly the primitive map is monotone. Let(gi)i∈I be a directed set in
U →s C(X∗) with gi = supj∈Ii

aj ց bj. Then,
∫

sup
i∈I

gi =

∫

sup
i∈I

sup
j∈Ii

aj ց bj =

⋂

i∈I

⋂

j∈Ii

δ(aj , bj) =
⋂

i∈I

∫

gi = sup
i∈I

∫

gi.

By Proposition 3.9, any non-empty tie is the L-primitive of some element.�

If X = R
n, for n ≥ 2 or if X is infinite dimensional, the L-primitive map will

have the empty tie in its range, a situation which does not occur for n = 1. This
is similar to the situation in classical analysis in which a continuous vector field in
R

n for n > 1 may not be an exact differential.

Example 3.18 Let g ∈ R
2 → C(R2) be the maximal function given byg(x, y) =

(g1(x, y), g2(x, y)) with g1(x, y) = 1 andg2(x, y) = x. Then∂g1

∂y = 0 6= 1 = ∂g2

∂x ,
and it will follow as in classical analysis that

∫

g = ∅.
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4 The L-derivative

Given a Scott continuous functionf : U → R, the relationf ∈ δ(a, b) provides,
as we have seen, finitary information about the local interval Lipschitz properties
of f . By collecting all such local information, we obtain the complete differential
properties off , namely its L-derivative.

Definition 4.1 TheL-derivativeof a continuous functionf : U → R is the map

Lf : U → C(X∗),

given by
Lf = sup

f∈δ(a,b)
a ց b.

Theorem 4.2 (i) The L-derivative is well-defined and Scott continuous.

(ii) If f ∈ C1(U) thenLf = f ′.

(iii) f ∈ δ(a, b) iff a ց b ⊑ Lf .

Proof (i) Let the indexing setI be defined byi ∈ I ⇐⇒ f ∈ δ(ai, bi). Then
⋂

i∈I δ(ai, bi) 6= ∅. Hence,(ai ց bi)i∈I is consistent by Proposition 3.9. There-
fore,Lf = supi∈I ai ց bi is well-defined and is Scott continuous.

(ii) By Proposition 3.4,f ∈ δ(a, b) ⇐⇒ a ց b ⊑ f ′. Hence,f ′ ⊒
supf∈δ(a,b) a ց b. To show equality, letz ∈ U and putL := f ′(z). By the
continuity of the Fréchet derivativef ′ : U → X∗ at z, for each integern > 0,
there exists an open balla ⊂ U with z ∈ a such thatf ′(x) ∈ B1/n(L) for x ∈ a,
whereBr(L) is the open ball of radiusr and centreL ∈ X∗. By Proposition 3.4,
we havef ′ ⊒ Lf ⊒ a ց B1/n(L), whereBr(L) is the closed ball centred atL
with radiusr, which is convex and weak* compact by Alaoglu’s Theorem. Since
⋂

n≥0 B1/n(L) = f ′(z) we conclude thatf ′ = Lf .
(iii) Obvious.�

Since the Scott topology refines the upper topology onC(X∗), we also obtain:

Corollary 4.3 The L-derivative of any continuous functionX → R is upper semi-
continuous.�

We now obtain the generalization of Theorem 4.2(iii) to ties, which provides
a duality between the L-derivative and L-primitives and canbe considered as a
general version of the Fundamental Theorem of Calculus.

Theorem 4.4 (Fundamental Theorem of Calculus)For anyg ∈ U →s C(X∗),

f ∈

∫

g ⇐⇒ g ⊑ Lf.
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Proof Let g ∈ U →s C(X∗). Then by Theorem 4.2(iii):

f ∈

∫

g ⇐⇒ f ∈
⋂

a ց b⊑g

δ(a, b) ⇐⇒

a ց b ⊑ Lf iff a ց b ⊑ g ⇐⇒ g ⊑ Lf. �

We will now show that the Gâteaux derivative, if it exists, is always in the
L-derivative.

Lemma 4.5 For any locally Lipschitz mapf : U → R and anyx, v ∈ X we have:

(Lf(x))(v) =
⋂

{b(v) : f ∈ δ(a, b), x ∈ a}.

Proof This follows immediately from Corollary 2.3.�

Lemma 4.6 Let U ⊂ X, x ∈ U andf : U → R be locally Lipschitz. Then, for
anyv ∈ X.

lim sup
y→x t↓0

f(y + tv) − f(y)

t
≤ (Lf(v))+,

lim inf
y→x t↓0

f(y + tv) − f(y)

t
≥ (Lf(v))−,

Proof If f ∈ δ(a, b) with x ∈ a then for y sufficiently close tox and t > 0
sufficiently small we have:f(y + tv) − f(y) ∈ tb(v) and thus

lim sup
y→x t↓0

f(y + tv) − f(y)

t
≤ (b(v))+

which implies

lim sup
y→x t↓0

f(y + tv) − f(y)

t
≤ inf{(b(v))+ : f ∈ δ(a, b), x ∈ a}.

SinceLf(x) =
⋂

{b : f ∈ δ(a, b), x ∈ a}, the proof of the first inequality follows
from Lemma 4.5. The second inequality is proved in a similar way.�

Corollary 4.7 The Ĝateaux derivative off at x, when it exists, belongs to the
L-derivative. Similarly for the Fŕechet derivative.�

In order to obtain the next corollary we first need the following characterization of
the generalized gradient.

Lemma 4.8 For any locally Lipschitz functionf we have:A ∈ ∂f(x) iff for all
v ∈ X,

lim inf
y→x t↓0

f(y + tv) − f(y)

t
≤ A(v) ≤ lim sup

y→x t↓0

f(y + tv) − f(y)

t
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Proof The “if” part follows by definition. For the “only if” part, the second in-
equality is just the definition of the generalized gradient.For the first inequality,
assumeA ∈ ∂f(x) andv ∈ X. Then, by the definition of the generalized gradient,
with v replaced by−v we have:

−A(v) ≤ lim sup
y→x t↓0

f(y − tv) − f(y)

t

or

A(v) ≥ lim inf
y→x t↓0

−f(y − tv) + f(y)

t
.

Settingz = y − tv the latter inequality reduces to

A(v) ≥ lim inf
z→x t↓0

f(z + tv) − f(z)

t
,

as required.�

Corollary 4.9 The generalized (Clarke) gradient is contained in the L-derivative.

Proof This follows from Lemma 4.6 and Lemma 4.8.�

We do not know if the L-derivative and the Clarke gradient coincide on an infinite
dimensional Banach space. We do know however that in finite dimensions they are
the same, as we will show in Section 8.

5 Domain for Lipschitz functions

We will construct a domain for locally Lipschitz functions and forC1(U). The idea
is to use step functions inU →s IR to represent the function and step functions
in U → C(X∗) to represent the differential properties of the function. Note that a
continuous partial functionf of typeU → R, as we have considered in defining ties
of functions in Section 3, can be regarded as an elementf̂ of U →s IR with f̂(x) =
f(x) if f(x) is defined and̂f(x) = ⊥ = R otherwise; we always identifyf andf̂ .
Furthermore, a functionf ∈ U → IR is given by a pair of respectively lower and
upper semi-continuous functionsf−, f+ : U → R with f(x) = [f−(x), f+(x)].

Consider theconsistencyrelation

Cons ⊂ (U →s IR) × (U →s C(X∗)),

defined by(f, g) ∈ Cons if ↑f ∩
∫

g 6= ∅. For a consistent(f, g), we think off
as thefunction partor thefunction approximationandg as thederivative partor
thederivative approximation. We will show that the consistency relation is Scott
closed. The proofs of the rest of results in this section are essentially as in [9] for
the case ofX = R. We will present them here for a general Banach spaceX for
the sake of completeness.
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Proposition 5.1 Let g ∈ U →s C(X∗) and (fi)i∈I be a non-empty family of
functionsfi : dom(g) → R with fi ∈

∫

g for all i ∈ I. If h1 = infi∈I fi is real-
valued thenh1 ∈

∫

g. Similarly, ifh2 = supi∈I fi is real-valued, thenh2 ∈
∫

g.

Proof Supposeh1 is real-valued. Leta ց b ⊑ g. We havefi(x) − fi(y) ∈
b(x − y) for all i ∈ I. Thus, (b(x − y))− ≤ fi(x) − fi(y) ≤ (b(x − y))+.
Thus, infi∈I fi(x) ≤ fi(y) + (b(x − y))+. Taking infimum again, we obtain
infi∈I fi(x) ≤ infi∈I fi(y)+(b(x−y))+ and hence:h1(x)−h1(y) ≤ (b(x−y))+.
Similarly, (b(x − y))− ≤ h1(x) − h1(y) and the result follows. The case ofh2 is
similar.�

Let R[0, 1] be the set of partial maps of[0, 1] into the extended real line. Consider
the two dcpo’s(R[0, 1],≤) and(R[0, 1],≥). Define the mapss : (U →s IR) ×
(U →s C(X∗)) → (R,≤) andt : (U →s IR) × (U →s C(X∗) → (R,≥) by

s : (f, g) 7→ inf{h : dom(g) → R |h ∈

∫

g & h ≥ f−}

t : (f, g) 7→ sup{h : dom(g) → R |h ∈

∫

g & h ≤ f+}.

We use the convention that the infimum and the supremum of the empty set are∞
and−∞, respectively. Note that given a connected componentA of dom(g) with
A ∩ dom(f) = ∅, thens(f, g)(x) = −∞ and t(s, f)(x) = ∞ for x ∈ A. In
words,s(f, g) is the least primitive map ofg that is greater than the lower part of
f , whereast(f, g) is greatest primitive map ofg less that the upper part off .

Proposition 5.2 The following are equivalent:

(i) (f, g) ∈ Cons.

(ii) s(f, g) ≤ t(f, g).

(iii) There exists a locally Lipschitz functionh : dom(g) → R with g ⊑ Lh and
f ⊑ h on dom(g).

Proof If dom(f)∩dom(g) = ∅, then the three statements hold trivially. So assume
in the following proof that dom(f) ∩ dom(g) 6= ∅.
(ii) ⇒ (i). Supposes(f, g) ≤ t(f, g). Then,s(f, g) ∈ ↑f ∩

∫

g and hence(f, g) ∈
Cons.
(i) ⇒ (ii). Suppose(f, g) ∈ Cons. Assumeh ∈ ↑f ∩

∫

g. Then, the induced map
h : dom(g) → R satisfiesh ∈

∫

g. Hence,f− ≤ h ≤ f+ and thuss(f, g) ≤
t(f, g).
(ii) ⇒ (iii). Supposes(f, g) ≤ t(f, g). Puth = s(f, g).
(iii) ⇒ (ii). We haves(f, g) ≤ h ≤ t(f, g). �

Moreover,s andt are well-behaved:
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Proposition 5.3 The mapss andt are Scott continuous.

Proof Consider the maps. If f1 ⊑ f2 andg1 ⊑ g2, then we have
∫

g1 ⊇
∫

g2

andf−
1 ≤ f−

2 and it follows thats(f1, g1) ≤ s(f2, g2). Let {(fi, gi)}i∈I be a
directed set and putf = supi∈I fi andg = supi∈I gi. To show the continuity of
s we need to show that supi∈Is(fi, gi) ≥ s(f, g) on any connected component of
dom(g) =

⋃

i∈I dom(gi). Take any such connected componentA ⊆ dom(g). If
A ∩ dom(f) = ∅ thens(f, g) = −∞ on A and the result follows. Assume that
A ∩ dom(f) 6= ∅, i.e., domfi0 ∩ domgi0 6= ∅ for somei0 ∈ I. If s(fi, gi) = ∞ on
A∩dom(gi) for somei ≥ i0, then supi∈Is(fi, gi) = ∞ onA and the result follows
again. Otherwise, assume without loss of generality that−∞ < s(fi, gi) < ∞
on A ∩ dom(gi) for all i ∈ I. Then from(s(fi, gi))↾A∈

∫

gi it follows that∀i ≥
j. (s(fi, gi))↾A∈

∫

gj , and hence, by Proposition 5.1,(supi∈I(s(fi, gi)↾A)) ∈
∫

gj .
Thus(supi∈I s(fi, gi))↾A∈ supj

∫

gj =
∫

sup gj . On the other hand,s(fi, gi) ≥

f−
i on A impliessupi∈I s(fi, gi) ≥ f−

i on A and hencesupi∈I s(fi, gi) ≥ f− on
A. This shows thats is continuous. Similarlyt is continuous.�

This enables us to deduce:

Corollary 5.4 The relationCons is Scott closed.

Proof Let (fi, gi)i∈I ⊂ (U →s IR) × (U →s CR
n) be a directed set with

(fi, gi) ∈ Cons for all i ∈ I. Then, by Proposition 5.2,s(fi, gi) ≤ t(fi, gi)
for all i ∈ I. Hence,s(f, g) = supi∈I s(fi, gi) ≤ infi∈I t(fi, gi) = t(f, g). �

We can now sum up the situation for a consistent pair of function and derivative
information.

Corollary 5.5 Let (f, g) ∈ Cons. Then in each connected componentA of the
domain of definition ofg which intersects the domain of definition off , there exist
two locally Lipschitz functionss : A → R andt : A → R such thats, t ∈ ↑f ∩

∫

g
and for eachu ∈ ↑f ∩

∫

g, we have withs(x) ≤ u(x) ≤ t(x) for all x ∈ A.

We now can define a basic construct of this paper:

Definition 5.6 Define

D1(U) = {(f, g) ∈ (U →s IR) × (U →s C(X∗)) : (f, g) ∈ Cons}.

From Corollary 5.4, we obtain:

Corollary 5.7 The posetD1(U) is a bounded complete dcpo.

Proposition 5.8 For anyf ∈ (U → R) the element(f,Lf) is a maximal element
of D1(U).
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Proof By Corollary 4.4, we havef ∈
∫

Lf and thus,(f,Lf) ∈ D1U . We now
show that(f,Lf) is maximal. IfLf ⊑ g and(f, g) ∈ D1U then we havef ∈

∫

g,
which impliesg ⊑ Lf , i.e.,g = Lf and(f,Lf) is maximal.�

For a locally Lipschitz functionf : U → R the L-derivative satisfiesLf(x) 6=
⊥ for all x ∈ U , whereas for a piecewiseC1 function f we further have the
property thatLf(x) is maximal except for a finite set of points.

6 L-derivative in finite dimensions

AssumeX = R
n andU ⊂ R

n is an open subset. Then we can identifyX∗ =
X = R

n. MoreoverC(Rn) andU → C(Rn) are both countably based bounded
complete continuous dcpo’s withU →s C(Rn) = U → C(Rn).

In the finite dimensional case, we are able to deduce the following proposition
which relates the L-derivative to its classical counterpart. For any compact subset
c ⊂ R

n we denote its diameter byw(c). For a non-empty compact intervalc =
[c−, c+] ⊂ R, we thus havew(c) = c+ − c−. The following result generalizes
Theorem 4.2(i) in finite dimensions; we do not know if it can beextended to infinite
dimensional Banach spaces.

Proposition 6.1 If Lf(y) ∈ C(Rn) is maximal for somey ∈ U , then the Fŕechet
derivative off exists aty andf ′(y) = Lf(y).

Proof Putc := Lf(y) =
⋂

{b | y ∈ a & f ∈ δ(a, b)}. Let ǫ > 0 be given. Take
a ց b ⊑ Lf with y ∈ a andw(b) < ǫ. Note thatb ⊑ c and there existsδ > 0 such
that‖x − y‖ < δ impliesx ∈ a. We haveb(x − y) ⊑ f(x) − f(y) for x ∈ a, and

w(b(x − y)) ≤ w(b)|x − y| ≤ ǫ|x − y|.

Sinceb(x − y) ⊑ c(x − y), we obtain|f(x) − f(y) − c(x − y)| ≤ ǫ|x − y| and
the result follows by the definition of Fréchet derivative.�

We can now obtain the following result in finite dimensions, which is simply
the classical version of the Fundamental Theorem of Calculus.

Corollary 6.2 Supposeg : U → R is a continuous function. Thenf ∈
∫

g implies
that f ′ exists inU and we haveLf = f ′ = g.

Proof By Theorem 4.4,g ⊑ Lf and thusLf = g sinceg is maximal. By Propo-
sition 6.1, we also obtainLf = f ′.�

We now consider a given Cartesian coordinate system denotedsay bye with ba-
sis(e1, · · · , en). LetQe(R

n) be the collection of alln dimensional compact hyper-
rectangles with edges parallel withei’s and define therectangular L-derivative with
respect toe as
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(Lf)e = sup{a ց b : f ∈ δ(a, b) & b ∈ Qe(R
n)}.

It immediately follows from the definition that(Lf)e(y), at each pointy ∈ U ,
is ann dimensional compact hyper-rectangle with edges parallel to the basis vec-
torsei. Moreover, ifE denotes the collection of all Cartesian coordinate systems
in R

n, we have:

Proposition 6.3 For each pointy ∈ U , we have:

Lf(y) =
⋂

e∈E

(Lf)e(y). �

Forb ∈ Qe(R
n), i.e.,b = b1× . . .×bn, the relationb(x−y) ⊑ f(x)−f(y), which

defines the single tieδ(a, b), can be computed in the coordinate systeme simply
as

∑n
j=1 bj(xj − yj) ⊑ f(x) − f(y). Furthermore, ifxj = yj for all j 6= i, the

relation reduces tobi(xi − yi) ⊑ f(x) − f(y). This suggests a characterization of
(Lf)e(y) in terms of Dini’s derivatives; in fact we can deduce the following result.

Proposition 6.4 The components of the rectangular L-derivative with respect to
the basise are given by:

(Lf)ei (x) =

[

lim inf
y→x

(∇f)li(y), lim sup
y→x

(∇f)ui (y)

]

,

when the two limits are finite for alli = 1, · · · , n andLf(x) = ⊥ otherwise.

Proof If f ∈ δ(a, b) for somea ⊆ U with x ∈ a andb = [b1
−, b1

+] × · · · ×
[bn

−, bn
+], thenbi

− ≤ (∇f)li(y) ≤ (∇f)ui (y) ≤ bi
+ for y ∈ a, and thusbi

− ≤
lim infy→x(∇f)li(y) ≤ lim supy→x(∇f)ui (y) ≤ bi

+. It follows that

[

lim inf
y→x

(∇f)li(y), lim sup
y→x

(∇f)ui (y)

]

⊆ (Lf)ei (x).

On the other hand, iflim infy→x(∇f)li(y) andlim supy→x(∇f)ui (y) are finite for
all i = 1, · · · , n, then for anyǫ > 0 there exists an opena ⊆ U containingx such
that, for ally ∈ a and alli = 1, . . . , n,

Ki(x, ǫ) := lim inf
y→x

(∇f)li(y) − ǫ < (∇f)li(y)

Li(x, ǫ) := lim sup
y→x

(∇f)ui (y) + ǫ > (∇f)ui (y).

Let c be the interior of a hypercube containingx with c ⊂ a and fix i with 1 ≤
i ≤ n. By the first inequality above, we can coverc with a finite number of open
hyper-rectangles such that for any pair of pointsy ≥ z in each hyper-rectangle
with yj = zj for j 6= i andyi ≥ zi, we haveKi(x, ǫ)(yi − zi) ≤ f(y) − f(z).
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It thus follows, by adding a finite number of inequalities onefor each open hyper-
rectangle, that for ally, z ∈ c with yj = zj for j 6= i and yi ≥ zi, we have
Ki(x, ǫ)(yi − zi) ≤ f(y) − f(z), and similarly, by using the second inequality
above,f(y) − f(z) ≤ Li(x, ǫ)(yi − zi). Thus, for ally, z ∈ c with yj = zj for
j 6= i, we havebi(yi − zi) ⊑ f(y)− f(z) wherebi = [Ki(x, ǫ), Li(x, ǫ)]. For any
pair y, z ∈ c, consider then + 1 pointsy = p0, p1, p2, . . . pn−1, pn = z, such that
pi

i = zi andpi
j = yj for j 6= i. Therefore,

f(y) − f(z) =

(f(p0)−f(p1))+(f(p1)−f(p2))+. . .+(f(pi)+f(pi+1))+. . . (f(pn)−f(pn+1)) ⊒

n
∑

i=1

bi(yi − zi).

It follows thatf ∈ δ(c, b). Sinceǫ > 0 is arbitrary, we conclude that
[

lim inf
y→x

(∇f)li(y), lim sup
y→x

(∇f)ui (y)

]

⊇ (Lf)ei (x). �

The domain-theoretic derivative developed in [10] is indeed (Lf)e, the rectangular
L-derivative with respect to a given coordinate axise. We do not know if there
is an analogue of the above Proposition for infinite dimensional separable Hilbert
spaces.

7 Computability

Let Z be a topological space with a countable basisM of its open subsets, and
D a bounded complete dcpo with a countable subsetE ⊂ D. Let (fi)i≥0 be an
effective enumeration of the class of step functions ofZ → D made from single-
step functionsa ց b wherea ∈ M andb ∈ E. We sayf ∈ U →s D is computable
with respect to this enumeration if there exists a total recursive functionφ : N → N

such that(fφ(n))n≥0 is an increasing sequence withf = supn≥0 fφ(n).
When, in addition,Z is locally compact andD is a countably based continu-

ous dcpo, thenZ → D is a countably based bounded complete continuous dcpo,
which can be given an effective structure. In this case, we obtain the same class
of computable elements with any effective change of a countable basis ofD. In
general however, the computable elements will depend on theenumeration of the
countable subsetE.

Suppose now thatX is a separable Banach space, with a countable dense set
P ⊂ X. Then the collection of open balls centred at points ofP with rational
radii provides a countable basis of the norm topology onX. We use the rational
compact intervals as a countable basis ofIR and the collection of closed balls of
X∗ with centres at pointsP with rational radii as a countable subset ofC(X∗) to
generate two countable sets,S1 andS2 say, of step functions for the two dcpo’s
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U →s IR andU →s C(X∗). We then obtain an enumeration(fi)i≥0 of S1 and an
enumeration(gi)i≥0 of S2.

By Proposition 3.14, we know that any continuous functionf : U → R and any
functiong : U → C(X∗) continuous with respect to the norm topology onX and
X∗, is the supremum of step functions inS1 andS2 respectively. We say thatf is
computablewith respect to the enumeration(fi)i≥0, respectivelyg is computable
with respect to(gi)i≥0, if f considered as an element ofU → IR, respectively
g considered as an element ofU → C(X∗), is computable with respect to the
enumeration.

We then use an oracle to decide if(fi, gj) ∈ Cons for i, j ≥ 0, which enables
us to construct an enumeration(hi)i≥0 of a countable set,S3 say, of step functions
of D1(U), wherehi = (fp(i), gq(i)) for i ≥ 0 with p, q : N → N total recursive
functions. By Proposition 3.14, we know that iff : U → R is Fréchet differen-
tiable then(f, f ′) is the lub of step functions inS3. We thus say thatf and its
Fréchet derivativef ′ are computable with respect to(hi)i≥0 if (f, f ′) considered
as a maximal element ofD1(U) is computable with respect to this enumeration.

As we will see in the next section, whenX is finite dimensionalD1(U) can be
given an effective structure with respect to whichCons is decidable, obviating the
need for an oracle.

7.1 An effectively given domain for Lipschitz functions

In the finite dimensional case,X = R
n, the countably based bounded complete

continuous dcpo’sU → IR and U → C(Rn) have each a canonical basis re-
spectively made from single-step functionsa ց b, wherea is an open ball with a
rational radius centred at a point inU with rational coordinates andb is a ratio-
nal compact interval, respectively a convex compact polyhedra inR

n with vertices
having rational coordinates.

In [10], it is shown that, when the rectangular L-derivative(Lf)e with respect
to a given coordinate axise is used, the corresponding consistency predicateCons

e,
defined on(U → IR) × (U → IRn) by (f, g) ∈ Cons

e if there existsh : U → R

such thatf ⊑ h andg ⊑ (Lh)e is decidable on the basis elements. The proof of
decidability is fairly simple forn = 1 with an algorithm to test consistency, which
is linear in the total number of single-step functions in thefunction and derivative
parts [7]. In higher dimensions, the existing proof of decidability in [10] is long
and the algorithm to test consistency is super-exponential. First, one checks, by a
generalization of Green’s theorem, if

∫ e
g 6= ∅ where

∫ e is the primitive map dual
to the rectangular L-derivative with respect toe, i.e.,f ∈

∫ e
g if g ⊑ (Lf)e. If the

test for integrability ofg is positive then one checks ifse(f, g) ≤ te(f, g) wherese

andte are defined ass andt in Section 5 except that
∫ e is used in their definitions.

The technique for proving the decidability ofCons
e on basis elements can be

extended to prove thatCons is also decidable on basis elements ofD1(U). Since
the proof and the corresponding algorithm to test consistency is very long, they
will be presented elsewhere.
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Using the decidability ofCons on basis elements, we can provide an effec-
tive structure forD1(U). In particular this will characterize real-valued func-
tions onU ⊂ R

n which are computable and have a computable L-derivative as
pairs (f,Lf) for which there exists a total recursive functionφ : N → N with
(f,Lf) = supi≥0(fp(φ(i)), gq(φ(i))) in the notation of Section 7.

If f : U → R is Cm−1 for some open subsetU ⊂ Rn, i.e., if it has continuous
Fréchet derivativesf (d) of orderd with 1 ≤ d ≤ m − 1, then the L-derivative
of components off (m−1) exists. One can extend the construction ofD1(U) to
higher derivatives and build a domainDm(U) for representing and approximating
a function together with itsm − 1 Fréchet derivatives and itsmth L-derivative
Lf (m−1). The basis of this domain will consist ofm+1 step functions representing
approximations to the function, its firstm − 1 Fréchet derivatives and itsmth L-
derivative. We will discuss the question of decidability ofconsistency for basis
elements of this domain in the final section.

8 Relation with generalized gradient

Recall that by Rademacher’s theorem [5, p 148], a functionf : U → R which is
Lipschitz in an open neighbourhood ofU ⊂ R

n is differentiable almost everywhere
with respect to then-dimensional Lebesgue measure in that neighbourhood. Let
Ωf ⊆ U denote the set of points, wheref is not differentiable.

We now establish the equality of the L-derivative and the generalized gradient
in finite dimensions..

Theorem 8.1 For any functionf : U → R, the rectangular L-derivative with
respect to a given Cartesian coordinate system, at a point where the function is lo-
cally Lipschitz is the smallest hyper-rectangle with sidesparallel to the coordinate
planes that contains the generalized gradient at that point.

Proof Fix a Cartesian coordinate systeme. By Corollary 4.9 and Proposition 6.3,
we already know that

∂f(x) ⊆ (Lf(x))e. (4)

We show that(Lf(x))e is the smallest hyper-rectangle with sides parallel to the
coordinate planes, which contains∂f(x). Assumeǫ > 0 is given,1 ≤ i ≤ n
and letB ⊂ R

n be the unit closed ball centred at the origin. For1 ≤ i ≤ n, let
πi : R

n → R be the projection to thei coordinate axis and consider the pointwise
extension ofπi to compact subsets ofR

n. From Equation 1, we have:

(πi(∂f(x)))+ = lim sup{(∇f)i(y) : y → x, y /∈ Ωf}.

Thus, there existsδ > 0 such that for ally ∈ x + δB, we have(∇f)i(y) ≤
(πi(∂f(x)))+ + ǫ. Consider the line segmentLy = {y + tei : 0 < t < δ/2},
whereei is the unit vector in the direction of theith coordinate axis. SinceΩf has
zeron-dimensional Lebesgue measure inx+δB, it follows from Fubini’s theorem
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that for almost ally ∈ x + δ
2B, the line segmentLy meetsΩf in a set of zero

one-dimensional Lebesgue measure. Ify is such a point and0 < t < δ/2, we
obtain:

f(y + tei) − f(y) =

∫ t

0
(∇f)i(y + sei) ds,

since, by Rademacher’s theorem [5, p 148],f ′ exists almost everywhere onLy. On
the other hand,(∇f)i(y + sei) ≤ (πi(∂f(x)))+ + ǫ, since‖y + sei − x‖ < δ for
0 < s < t. Thus,

f(y + tei) − f(y) ≤ t(πi(∂f(x)))+ + ǫ). (5)

Equation 5 holds for almost ally within δ/2 of x and for allt ∈ (0, δ/2). Sincef ,
being Lipschitz, is continuous it follows that Equation 5 holds for all y within δ/2
of x and for allt ∈ (0, δ/2). Thus,(∇f)ui (y) ≤ (πi(∂f(x)))+ + ǫ for all y within
δ/2 of x and, using Proposition 6.4, we conclude that

((Lf(x))ei )
+ = lim sup

y→x
(∇f)ui (y) ≤ (πi(∂f(x)))+. (6)

Similarly,
((Lf(x))ei )

− = lim inf
y→x

(∇f)li(y) ≥

lim inf{(∇f)i(y) : y → x, y /∈ Ωf} = (πi(∂f(x)))−. (7)

Comparing Equations (6) and (7) with Equation (4), it follows that∂f(x) touches
all the2n sides of the hyper-rectangle(Lf(x))e and the proof is complete.�

Corollary 8.2 For any locally Lipschitz mapf : U → R, the L-derivative and the
Clarke gradient are equal:Lf = ∂f . �

Thus, in finite dimensions, the L-derivative gives a new representation for the
Clarke gradient and the construction of an effectively given domain for locally
Lipschitz functions provides a new computational framework for its applications.
We note that the proof of Theorem 8.1 uses Proposition 6.4, for which we do not
know any infinite dimensional analogue.

9 Further work and open problems

As already pointed out, it remains an open question if the L-derivative coincides
with the Clarke gradient on infinite dimensional Banach spaces. It is also unknown
if the Clarke gradient is upper semi-continuous in infinite dimensions, a property
which holds for the L-derivative as we have shown in this paper. On the other hand,
it will be interesting to see if the L-derivative can be extended to functions from
a Banach space to a finite dimensional Banach space, for example to the complex
plane, a case which has applications in quantum field theory.
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There are quite a few unsolved problems in finite dimensions.For n = 1, the
algorithm for testing consistency of basis elements inD1(U) is linear as already
mentioned. ForD2(U), consistency on basis elements is decidable but the present
algorithm to test it is super-exponential in the total number of single-step functions
for the three approximations of the function part, the derivative part and the second
derivative part. [1]. Decidability of consistency forDm(U) whenm > 2 is un-
known. Forn = 2, consistency on basis elements forD1(U) is decidable but the
algorithm to test it in [10] is super-exponential. The complexity of consistency test
in this case is unknown as is the question of decidability of consistency of basis
elements forDm(U) whenm > 1.

Based on the domain-theoretic framework for differential calculus, one can
embark on the task of constructing a domain for orientable Euclidean manifolds,
which would extend the set-theoretic model for computational geometry and solid
modelling presented in [8] to the piecewise smooth setting.
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