Vector norms



The 7, norms of a vector in R”

v

For p > 0, the ¢, norm of any vector v € R" is defined as

n 1/p
[Vilp = <Z |Vi|p>

i=1
p=1¢inorm:  x|ly = XLy Xl
p=2lnorm:  |[x|l2=1/> 7 X2
p = 00, log NOIM: || X[|cc = MaXq<j<m |Xi|
Note that || x|l < [[X]l2 < [Ix]1
This follows from: maxy<;<n [x;[2 < 31 X2,
and Y7Ly X2 < (3°14 xil)2
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The /o, norm
» As p — oo, we have ||V|p — [|V]leo := Mmaxi<i<p |Vil.

» If v = 0 then this is trivial, so assume v # 0.
» Letme {1,2,3,...,n} be such that |vpn| = maxi<j<, |Vil.

v, 1/p
1Vllo = |V (Z v ,,,) .

» We have ‘| ‘|p < 1for1 < j< nand at least one of them is

[Vm|P

one, since P = =1, i.e., the sum is between 1 and n.

) 1
> S0, vl < vl (S 0V < |vnl(1)? > v a5
p — oo, (since ne - 1 as p — ).
» Thus, ||V|]p = |Vim| = ||V|l @S p — oc.



Cauchy-Schwartz inequality
» For all u,v € R" we have

u-vP < (u-u)(v-v), ie. u-v] < ull2]v]le

» For a proof, consider the vector Au + v for any \ € R.
» Since the length of any vector is nonnegative, we have:

YAO<(AU+V)-(Au+v)=(u-u)X2+2(u-vV)A+(v-v)

» Thus, the above quadratic a\? + b\ + ¢ in \ with the three
coefficientsa=u-u,b=2(u-v)and ¢ = v - vis always
non-negative, i.e., it cannot have two distinct real roots.

» So we must have: b?> — 4ac < 0.

|
» Thus, |u-v[? < (u-u)(v - v) as required.



	

