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1 Introduction

The use of logic in areas such as computer science and artificial intelligence
has led to the proliferation of a large number of various logical systems, of-
ten characterised by different notions of derivability relation, different sets of
logical connectives as well as different underlying semantics. Logics belonging
to the same family usually differ in “small” ways, either in their proof theo-
ry or in their semantics. For example, normal modal logics differ from each
other only in the set of properties of their related semantic accessibility re-
lation [14,18]. On the other hand, logics belonging to different families differ
in more fundamental ways. They are often characterised by different notions
of derivability relations, different semantics and different notions of semantic
entailment. Results in [10,4,2] have already shown that the Labelled Deduc-
tive System (LDS) approach [15] facilitates uniform labelled proof systems,
using, respectively, tableaux and natural deduction systems. This paper goes
a step further. It describes a proof theoretic and semantic approach in which
logics belonging to different families can be given common notions of deriv-
ability relation and semantic entailment. This approach builds upon the LDS
methodology and is called the Compilation approach for Labelled Deductive
Systems (CLDS).

Three sample logics are considered, the modal logic of elsewhere [9], the
multiplicative fragment of substructural linear logic [11], and Lukasiewicz
fuzzy logic [13]. Classical logic and its extensions, such as the modal logic
of elsewhere [12], are logics that present their notion of derivability relations
in terms of a relation between sets of formulae (or assumptions) and single
formulae. Assumptions can be used in any order and an arbitrary (possibly
none) number of times. Substructural logics, on the other hand, are logics
whose derivability relations are often described as relations between sequences
of formulae (or assumptions) and single formulae [11]. According to the type
of substructural logic, assumptions can be used only in certain specific order
and a certain number of times (e.g., in linear logic assumptions have all to
be used exactly once, whereas in relevance logic assumptions are all used at
least once). Similarly for Lukasiewicz fuzzy logic, in which assumptions are
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used at most once. The results in this paper anchor this logic firmly as a
substructural logic, but with the underlying semantic notions of resources
interpreted as degrees of truth (i.e. numerical values) of formulae [15].

The approach developed in this paper provides a general presentation of
derivability relation which is equally applicable to each of these three logics.
In the CLDS, a logical theory, written in a given logical language, is combined
with a labelling algebra, written in a first-order labelling language, which ax-
iomatises the properties — semantical or proof theoretical — that uniquely
identify the underlying logic. In the case of the logic of elsewhere, the labelling
algebra is a binary first-order theory that axiomatises the Kripke semantic
accessibility relation as the inequality relation between “possible worlds”. In
the case of substructural logics, both linear and fuzzy, the labelling algebra
is a binary first-order theory axiomatising standard structural rules (e.g., ex-
change and permutation) in terms of properties on labels. The two languages
(logical language and labelling language) are combined via the LDS’s notion
of declarative unit [15]. A declarative unit « : A expresses that the formula «
is true or wverified at the label (point) A. Depending on the logic, labels are
interpreted in different ways. In modal logic, labels are interpreted as possi-
ble worlds, in substructural logic as combination of resources, and in fuzzy
logic as degrees of truth. Inference rules are defined to act on both syntactic
components of declarative units, logical formulae and labels, according to the
desired properties of the connectives and of the labelling algebra.

In this paper, the CLDS approach is applied to the logic of elsewhere, to
the multiplicative fragment of linear logic and to Lukasiewicz fuzzy logic, giv-
ing rise to three systems denoted respectively with Ecr,ps, Lenps and Forps.
In each of these systems, a theory, called configuration, is a set of declarative
units and R-literals, where the R-literals specify a structure of points (actual
worlds, resources or degrees of truth) and the declarative units describe which
formulae are assumed to be verified at each point in the structure. R-literals
are of the form R(A;, \j) or =R(\;, ), where A; and A; are labels. In the
case of modal logic, they express worlds which are or are not in relation with
each other; in substructural logic, resources which are or are not “included”
within each other!, whereas in Lukasiewicz fuzzy logic R-literals denote the
standard greater-than-or-equal relation on real numbers. The proof theory of
each of these three CLDS systems is a uniform natural deduction system in
that for each logic the natural deduction rules for connectives can be equally
applied to other logics belonging to the same family. So, for instance, the set
of inference rules for the logic of elsewhere can also be used for any other
normal modal logic, and the rules for substructural logic are equally appli-
cable to relevance, linear and, as it is shown in Section 5, Lukasiewicz fuzzy
logic. The difference between one modal logic and another or between one
substructural logic and another is captured entirely by the labelling algebra.

! The notion of inclusion is with respect to interpretation of a label as the set of
formulas that it verifies.
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The combined feature (i.e. logical theory and labelling algebra) of the
three CLDS systems provides the underlying logics with some additional ad-
vantages. For the logic of elsewhere, it retains the advantages of both implicit
(e.g. [14]) and explicit (e.g. [23]) traditional formalisations. Statements such
as “necessary «” can be captured succinctly, using the modal operator O, by
simply writing the single declarative unit sg: Oa (where sq is the labelling
algebra representation of the actual world). Like the explicit approach, the
language is rich enough to allow explicit syntactic reference to particular
possible worlds and to specific inequality or equality relationships between
possible worlds. As for the substructural logic, both linear and fuzzy, the com-
bined feature of the Lopps and Fopps systems facilitates an “object-level”
formalisation of operational and structural properties of their proof theories,
the former by means of the logical operators and the latter by means of the
labelling algebra. Label conditions expressed in the rules, together with the
labelling algebra, provide the proof theory with the same features as the s-
tandard structural rules of substructural logic and Lukasiewicz fuzzy logic
[11,10,28], but facilitating a presentation of the derivability relation in terms
of a relation between sets of formulae and formulae. Moreover, each of the
three CLDS systems facilitates a proper generalisation of respective standard
formalisms, in that it facilitates reasoning about what is true or verified at
different points in a (possibly singleton) structure of actual worlds, actual
resources, actual degrees of truth.

The paper is organised as follows. In Section 2 the language and syntax
of a CLDS are defined together with the notion of a configuration — a CLDS
system’s equivalent to a theory. A general natural deduction style proof sys-
tem for a CLDS is given, together with a general model-theoretic semantics,
based on a translation method into classical logic, and a notion of semantic
entailment. The three specific Ecyps, LoLps and Fopps systems are defined
in Sections 3, 4 and 5 respectively, together with their soundness, complete-
ness and correspondence results. The paper ends with a general discussion in
Section 6.

Some remarks may be helpful regarding notation. Throughout the pa-
per predicate symbols begin with an upper-case letter, whereas constants,
variables and function symbols begin with a lower-case letter. Greek letters
meta-variables are used to refer in general to terms and expressions in the
system. Larger entities such as structures, sets, theories and languages are
symbolised in calligraphic font, A, B,C, etc. The power set of a given set A
is denoted by PW (A).

2 The CLDS Approach

In this section the CLDS approach is formally described. Basic definitions
of a CLDS language and syntax are given together with the notion of a
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configuration — the CLDS system’s equivalent to a modal or substructural
theory.

2.1 Languages and Syntax

A CLDS language is defined as an ordered pair (Lp, L), where Lp is a
propositional language composed of a countable set of propositional letters,
{p,q,r,...}, and a set of unary and binary connectives, and Ly, called a
labelling language, is a binary fragment of a first-order language composed
of a countable set of constant symbols {sg,s1,s2,...}, a countable set of
variables {z,y,z,...}, a binary predicate symbol R, called R-predicate, a
(possibly empty) finite set of function symbols {fi, fa,...}, the set of logi-
cal connectives {—,A,V, —,+} and the quantifiers V and 3. The first-order
language Func(Lp, L) is an extension of £, defined as follows.

Definition 1. Let Lp be a propositional language and {«y, @z, ...} be the
set of all wifs of £Lp. The semi-extended labelling language Func(Lp, Lr) is
defined as the language L1 extended with a set of skolem function symbols
{sky,,skl,, ...}, with arity n > 0.

The ground terms of Func(Lp,Lr,), called labels, are interpreted differ-
ently according to the family of logics that is under consideration. In the case
of modal logics, they refer to possible worlds, in the case of linear logics they
denote “resources”, whereas in the case of Lukasiewicz fuzzy logic they refer
to degrees of truth. The binary R-predicate represents, in the case of modal
logics, the accessibility relation between possible worlds, in the case of linear
logic, a partial ordering of “inclusion” between resources, and in fuzzy logic
the greater-than-or-equal relation on real numbers. Labels constructed using
skolem function symbols of Func(Lp, L) have specific roles in a CLDS proof
system. As shown in Section 3, the skolem symbols in the Ecrps system are
unary function symbols of the form f, and bozx, used to denote specific pos-
sible worlds. For each wff a and possible world (label) A, the ground term
fa(X\) names a particular possible world specifically associated with « which
formalises the Kripke semantic notion “there exists a possible world...”. In
contrast, ground terms of the form box, can be thought of as referring to
any arbitrary world specifically associated with «, and are used to express
Kripke semantic notions of the form “for all possible worlds ...”. In the case
of the Lorps system, as shown in Section 4, the skolem symbols are instead
constant symbols, called parameters, of the form ¢,. For each wiff o of Lp,
the parameter ¢, denotes the smallest resource needed to verify «, and is
sometimes referred to as the characteristic label of a. Analogously for the
Forps system, but with the parameters ¢, denoting, instead, the maximum
degree of truth of a formula a.

To capture different classes of logics within the CLDS approach, an appro-
priate first-order theory, written in the language Lr,, called a labelling algebra
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and denoted by A, needs to be defined. For example, any normal modal logic
can be captured by defining the labelling algebra of a CLDS system as the
first-order theory axiomatising its semantic accessibility relation [27]. (Ex-
amples of such CLDS systems are largely described in [24].) For the logic of
elsewhere, the notion of “elsewhere” expresses that worlds are accessible from
each another if and only if they are different. This notion is captured in the
Ecrps system by defining the labelling algebra as a binary first-order theory
given by the equality theory and the axiom Vz,y(R(x,y) > x # y), so that
the R-predicate R is equivalent to the inequality relation. In the case of linear
logic, the labelling algebra is a binary first-order theory which axiomatises (i)
the R-predicate R as a pre-ordering relation and (ii) four main properties of
the function symbol o, called “resource composition”, of the Lcrps labelling
language. The labelling algebra of the Fcrps system, instead, axiomatises
the R-predicate R as a total pre-ordering relation, and extends the set of the
properties of the Lopps function symbol o, given in this case by an arith-
metic expression on degrees of truth, with monotonicity. Sections 3, 4 and
5 provide, respectively, formal definitions of the Ecrps, Lerps and Feorps
labelling algebra.

Syntaz. The CLDS language facilitates the formalisation of two types of
information, (i) what holds at particular points and (ii) which points are in
relation with each other and which are not. These two types of information
are captured within the syntax of a CLDS system by two different types of
syntactic entities, the declarative units and the R-literals. A declarative unit
is defined as a pair formula:label, where the label component is a ground
term of the semi-extended labelling language Func(Lp, L) and the formula
is a wif of the language Lp. An R-literal is any ground literal in the semi-
extended labelling language involving the R-predicate, usually of the form
R(A1,A2) and =R(\1, \2), where A\; and Ao are labels, expressing that Ao is
or is not related to A;. For each R-literal A, the conjugate of A, written A,
is the opposite in sign of A (i.e. "R(A1, A2) if A = R(A1, A2) and R(A1, A2)
if A=-R(A1,A2)).

This combined aspect of the CLDS syntax yields a definition of a CLDS
theory more general than the traditional notion of a modal, substructural
or fuzzy theory ([18,11,13]). Informally, a CLDS theory, called a configura-
tion, is composed of two sets, a set of R-literals and a set of declarative
units. An example of a Eqppg theory is the pair of sets {R(so, s1), R(so, s2),
—R(s1, fp(s1))} and {O(p — q): 50, Or:s0,Op:s1,p: fp(s1)}, whereas exam-
ples of Lorps and Ferps theories are the two pairs of sets {R(o(cp,cq),51)}
and {p® q:s1,q:¢4,p:¢p}, and {R(cq,cp)} and {p = q:1,p:¢cp,—q:s1},
respectively. The formal definition of a configuration is given below.

Definition 2. Given a CLDS language, a configuration is a tuple (D, F)
where D, called a diagram, is a finite set of R-literals and F is a function
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from the set of ground terms of Func(Lp, L) to the set PW(wff(Lp)) of
sets of wifs of Lp.

In the next section, a “basic” natural deduction style proof system for an arbi-
trary CLDS is given, in which inference rules and the notion of a derivability
relation are defined between configurations. A set R of such inference rules,
together with a CLDS language (Lp, £1,) and a labelling algebra A, uniquely
define a CLDS system (i.e. for any CLDS system S, S = ((Lp, L), As, Rs))-

2.2 A “basic” natural deduction system

The “structural” aspect of a CLDS theory has led to the idea of defining
deductive processes that describe how configurations can “evolve” by reason-
ing within and between the local theories associated with each point in the
configuration or by reasoning about the diagram of a configuration. Infer-
ence rules and derivability relation are defined between configurations. An
inference rule of a CLDS is generally defined as follows.

Definition 3. An inference rule 7 is a set of pairs of configurations, where
each such pair is written as C/C’. If C/C' € T then we say C is an antecedent
configuration of Z, and C' is an inferred (or consequence) configuration of 7
with respect to C.

All the rules except one have the effect of expanding the antecedent config-
uration. These rules can extend an antecedent configuration C with either
a declarative unit, or with an R-literal or with both. However, configura-
tions equal or smaller than the antecedent one can also be inferred. This is
facilitated by an inference rule called the C-Reduction (C-R) rule. A graph-
ical representation of the inference rules is given throughout the paper. The
reader is referred to [24,6] for a complete formal definition of a CLDS proof
system. Tables 1 and 2 illustrate the inference rules for the — and — con-
nectives?, and for the R-literals respectively. Please note that, in both these
tables, C{a: ) (respectively C{A)) denotes that C includes a declarative unit
a : X\ (respectively R-literal A). Declarative units and R-literals contained
in square brackets are assumptions introduced within a derivation that are
subsequently discharged. C'(¢), where 1) is a declarative unit or an R-literal,
represents that the inferred configuration C' is C extended with . C are the
configurations derived in subderivations after adding temporary assumptions
to the antecedent configuration C. The rules in Table 1 have the same format
in the Ecr,ps, Lonps and Fepps systems. The standard semantic difference
between the classical, substructural and fuzzy connectives — and - is fully
captured by the labels used in the rules. Specifically, in the Ecppg system,
the labels are defined to be the same, i.e. A\ = Ay = A3 = A, for any arbitrary

2 Only these connectives are considered here since, these are the only ones to be
in common to the three logics.
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Table 1. Natural deduction rules for — and — connectives.

o ni)
Cla:n)
Ty O % (-1)

ground term A of the semi-extended labelling language, whereas in the Lcrps
and Fopps systems they are defined to be of a more specific form (see Sec-
tions 4 and 5 respectively). In Sections 3, 4 and 5 this set of rules is further
extended with elimination and introduction rules for the modal operators O
and ©, the structural operator ® and an additional elimination rule for the
Forps —, respectively.

The notion of contradiction (or inconsistency) in the CLDS approach
strictly depends on the type of logic. Modal logics (and therefore the logic of
elsewhere) include a classical notion of inconsistency, for which the symbol L
used in the (=Z) rule of the Ecy,ps system is a short-hand for any £p wif of the
form a A —a. Linear logic instead respects a different notion of contradiction,
according to which the declarative unit L : A denotes an inconsistency only
when the label X\ is a “consistent resource”. This is further explained in
Section 4. A similar notion of inconsistency is used in the Fcpps system.
However, in the Fopps system this notion of substructural inconsistency,
together with the additional (monotonicity) property of the Forps labelling
algebra, gives to the inconsistency extra classical properties such as the ex
falsum quod libet property, which does not hold in linear logic.

The R-literals rules, in Table 2, facilitate instead reasoning about the di-
agram of a configuration, using the particular underlying labelling algebra
A, and infering R-literals and declarative units which would not be inferred
using only the logical connectives. For logics of the same family (i.e. differ-
ent substructural logics or different modal logics), the (R-A) rule captures
entirely the difference between one CLDS system and another, allowing all
other inference rules to be equally applicable to any CLDS system of the
same family (e.g., [24,10]). For logics belonging to different families, (R-
A) reflects the different underlying semantics, capturing only partially the
logics since additional rules are often needed. In the Ecrps system, where
the labelling algebra axiomatises the symmetry property of the R predicate,
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Table 2. Rules for the R-literals

wo G2 en g
where C' C C
c([Aan
(LN c
(RI) A (R-A) Ay
if AUDFrorL A

the (R-A) rule allows, for instance, the inference of R-literals of the form
R(A2,A1) whenever the antecedent configuration includes R-literals of the
form R(A1, A2), thus embedding the symmetry property of the accessibility
relation in the derivation process. This enables the derivation of a declarative
unit of the form a — OOa: A, for an arbitrary label A. In the Lopps system,
the (R-A) rule allows, for instance, the inference of R-literals of the form
R(o(A1,A2),0(A2,A1)), where o is the resource composition function, thus
embedding the structural “commutativity” property of linear logic [10,4] in
the derivation process. Such a property enables the derivations of declara-
tive units of the form a ® f = f ® a : A, for the particular label A = 1,
which is a theorem of linear logic. For Lukasiewicz fuzzy logic, the (R-A) rule
allows not only the inference of R-literals given by the Lcpps system, but
also the inference of R-literals of the form R(\1,o(A1, A2)), thus capturing a
“monotonicity property” on the degrees of truth. Such a property facilitates
the derivation for example of declarative units of the form o — (8 — «):1,
which corresponds to a theorem of Lukasiewicz fuzzy logic. It is important to
emphasise that the diagram of any configuration is a ground binary theory.
Therefore, for any configuration it is always possible to define an upper limit
to the domain on which the first-order labelling algebra A is applied, in order
to perform an (R-A) inference step.

The rules (LE) and (RZ) in Table 2 express additional forms of interac-
tions between R-literals and declarative units. The (L&) rule allows the in-
ference of falsity (i.e. L:\) whenever R-literals and its negations are present
in a configuration. This is necessary because since no compound classical
formulae with R-literals can be inferred in a configuration, inconsistency of
this form would not otherwise be captured. The (RZ) rule enables instead
the derivation of R-literals in the presence of a logical inconsistency. The
set of rules given in Table 2 is also extended in Sections 4 and 5 to include
additional forms of interactions between R-literals and declarative units.
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Derivability. Informally, a proof is a non empty sequence of configurations,
Co,---,Cpn, where Cy is the initial configuration and, for each 0 < i <n, C; is
obtained from C;_; by the application of an inference rule. A configuration
C' is said to be derivable from a configuration C in a CLDS system S, written
C g (', if and only if there exists a proof C,... ,C'. This is formally defined
below.

Definition 4. Given a CLDS system S, a proofis a pair (P, m), where P is a
sequence of configurations {Co, ... ,C,}, with n > 0, and m is a mapping from
the set {0,...,n — 1} to Rg such that for each i, 0 < i < n, C;/Ciy1 € m(i).

Definition 5 (Derivability). Given a CLDS system S, and two configura-
tions C and C', C' is derivable from C in S, written C Fg C’, if there exists a
proof ({C,...,C'},m).

It is easy to show that the derivability relation kg of a CLDS system S is re-
flexive, transitive and monotonic, (for a proof see [24]). Notation 6 captures
the standard notion of a derivability relation between theories (configura-
tions) and formulae (declarative units or R-literals) in terms of the more
general derivability relation given in Definition 5. A “vice-versa” characteri-
sation can be shown — a configuration C’ is derivable from a configuration C
if each unit of information (declarative units and R-literals) of C’ is derivable
from C. This is proved in Lemma 7.

Notation 6. Let C = (D, F) be a configuration and 7 be either a declarative
unit or an R-literal. Then C g 7 if there exists a configuration C' such that
C ks C' and 7w € C'. Moreover, if 7 is a declarative unit of the form « : X then
C+ [ : A] is the configuration (D, F'), such that F'(\) = F(\) U{a} and for
any X' different from A\, F'(X') = F(XN). If 7 is an R-literal A, then C + [A]
is the configuration (D', F) such that D' = DU {A}.

Lemma 7. Let C and C' be two configurations of a CLDS system S, such
that C' — C is finite3. C -5 C' if and only if for each m € C' —C, where 7 is a
declarative unit or an R-literal, C g .

ProoF: The “only if” part is trivial, whereas the “if” part is proved by
induction on the size of C' — C. A formal description of this proof is given in
[24]. m|

3 C" — C (formally defined in [24]) is basically the set of declarative units and R-
literals in C’ but not in C.
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2.3 Semantics

A propositional CLDS can be considered to be a “semi-translated” approach
to a given logic. In the case of Ecpps system a Kripke-like accessibility
relation is syntactically expressed as R-literals, but without requiring the
full translation of modal formulae into first-order sentences. In the Lcorps
and Fopps systems, on the other hand, the CLDS approach facilitates the
“meta-level” features of the underlying logic to be formalised as part of the
object-level proof system. This semi-translated approach to linear logic and
Lukasiewicz fuzzy logic still preserves the concise aspect of their respective
logical languages. The semantics of a CLDS system is given in terms of a first
order semantics using a translation method. This enables the development of
a model-theoretic approach equally applicable to any logics, including those
belonging to different families, whose semantics can be axiomatised in first
order logic. In this section, the translation method underlying a CLDS system
is defined and the notions of model, satisfiability and semantic entailment are
given in terms of classical semantics.

As mentioned above, a declarative unit «: A represents that the formula
«a is verified (or holds) at the point A, whose interpretation is strictly related
to the underlying logic. In what follows, this semantic notion is expressed
in terms of first-order statements of the form [a]*(\), where [a]* is a predi-
cate symbol. The relationships between these monadic predicate symbols are
constrained by a set of first-order axiom schemas which capture the satisfia-
bility conditions of each type* of formula a. An extended labelling language
Mon(Lp,Lr5) is then defined, which extends the language Func(Lp,Lr)
with a countable set of monadic predicate symbols [a]*, one for each wif «
of Ep.

Definition 8. Let Func(Lp, L) be a semi-extended labelling language. Let
Q1,... ,Qp,..., be the ordered set of wifs of Lp. The extended labelling lan-
guage Mon(Lp, Lr) is defined as the language Func(Lp, Lr) extended with
the following set of unary predicate symbols

{lea]*, . [an]*, .. }

An extended algebra AT is a first-order theory, written in Mon(Lp,Ly),
which extends a labelling algebra .4 with axiom schemas on the monadic pred-
icates. These schemas strictly depend on the underlying logic. For example, in
the Ecpps system the extended labelling algebra 4™ includes the two axiom
schemas Vz([Oal*(z) — (Vy(R(z,y) — [a]*(y)))) and Vz((R(z, bozs(z)) —
[a]* (boxo(x))) — [Oa]*(x)) which, together with the axiom Vz, y(R(z,y) <
x # y), capture the Kripke semantic meaning of the elsewhere O operator.
Formal definitions of the extended algebras A* for the Ecrps, Lenps and
FcLps systems are given in Sections 3, 4 and 5 respectively.

* The type of a wif is given by the main connective of the wif itself, e.g., the wif
O(p — q) is a O-formula, whereas the formulae a ® (8 — ) is a ®-formula.
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The notions of satisfiability and semantic entailment are common to any
CLDS system. These are based on a translation method, which associates
syntactic expressions of the CLDS system with sentences of the first-order
language Mon(Lp,L}), and hence associates configurations with first-order
theories in the language Mon(Lp,Lr). Each declarative unit o : A is trans-
lated into the sentence [a]*(\) and R-literals are translated as themselves.
Therefore, the first-order translation of a configuration is a first-order theory
including the R-literals, which are present in the diagram of the configuration,
and the set of monadic formulae [a]*(A) that correspond to the declarative
units present in the configuration.

Definition 9. Let C = (D, F) be a configuration. The first-order translation
of C, written FOT(C), is a theory written in Mon(Lp, L) and defined by
the expression: FOT'(C) = DU DU, where DU = {[a]*(\) | @ € F(N), Ais a
ground term of Func(Lp,Lr)}.

Note that labels can only be ground terms of the language Func(Lp, Ly,), so
the first-order translation of a configuration is a set of ground literals of the
language Mon(Lp, Lr,). Notions of model, satisfiability and semantic entail-
ment are given in terms of classical semantics (where “M |-ror " signifies
that the classical formula ¢ is true in the classical model M, according to
the standard definition).

Definition 10. Given a CLDS system S, the associated extended algebra
A%, a declarative unit a: ) and a R-literal A,

M is a semantic structure of S & qo¢ M is a model of AL (1)
Mls @A Sqer M l=ror [a](V) (2)
MlFs A ©gef MFror A (3)

In the above definition, (1) defines the class of models of a CLDS system
S in terms of models of the extended algebra A% associated with S. (2)
and (3) define the satisfiability of declarative units and R-literals in terms of
classical satisfiability of their associated first-order translations. A semantic
structure M satisfies a configuration C, written M ||-g C, if and only if for
each m € C (where 7 is a declarative unit or an R-literal), M |l-s 7. The
notion of semantic entailment in a CLDS system is given here as a relation
between configurations.

Definition 11. Let S = ((Lp,Lr,), A, R) be a CLDS and let A& be the
extended algebra of S. Let C = (D, F) and C' = (D', F') be two configurations
of S and FOT(C) = DUDU and FOT(C') = D' UDU' their respective first-
order translations. The configuration C semantically entails C', written C =g
C', iff for each A € D', AL U FOT(C) Eror A, and for each [a]*()\) € DU,
AL UFOT(C) Eror [a]* (V).
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In Sections 3, 4 and 5 the above definition expresses the notion of semantic
entailment for the Ecr,ps, Lorps and Ferps systems, which are denoted by
g, EL and [Er respectively.

Proving soundness. Given that the semantics is based on a first-order transla-
tion method, the proof of the soundness property of the g for a CLDS system
S is based on the soundness property of the first-order classical derivabili-
ty relation Fpor. A diagrammatic representation of the soundness theorem
of a CLDS system S is given in Figure 1. The soundness statement, which

(€]

Crs (' _— CEsC
(2) (4)

AT UFOT(C) FroL FOT(C)

AT UFOT(C) =ror FOT(C')
(3)

Fig. 1. Proof of the soundness property of a CLDS system S.

corresponds to the arrow labelled with (1), is proved by the composition of
three main steps, arrows (2), (3) and (4) respectively. The first step (arrow
(2)) proves that the hypothesis, C Fg C’, for a CLDS system S, implies that
AT U FOT(C) Fror, FOT(C"). This trivially implies (by soundness of first-
order logic) that AT U FOT(C) Eror, FOT(C'), which gives the second step
of the proof (arrow (3)). Arrow (4) is given by the notion of the semantic
entailment between configurations given in Definition 11. This methodology
is generally applicable to any CLDS system.

The first step is the only one that needs to be proved for each specific
logic formalised in the CLDS approach. This is proved by using a technique
that differs from the standard technique used in the literature for proving
soundness of a natural deduction proof system. In general (see [14] for an
example of standard soundness proof for natural deduction proof systems)
soundness is proved by induction on the number of inference steps in a given
derivation, taking into account the specific context of each inference rule.
In this paper instead we define the notions of size of an inference rule and
size of a proof, and apply induction on the size of a given derivation. In
this way there is no difference (apart from the size) between the inference
rules that introduce new assumptions and those which do not introduce new
assumptions. These notions are formally defined below, using the following
additional notation.
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Notation 12. Given a CLDS system S, its set Rg of inference rules is classified
into four categories. The first category denoted with Z° includes just the (C-
R) rule, as being the only rule which does not infer new declarative units or
new R-literals. The second category, denoted by Z°, consists of the inference
rules that infer new declarative units and/or new R-literals without using
any subderivations as conditions. The third category, denoted by ZT, is the
set of inference rules that require one subderivation as a condition. Finally,
the fourth category, denoted by ZT+, is the set of inference rules that use
two subderivations as conditions.

Definition 13. Let S be a CLDS system, let Z; € Rg and let C/C' € Z;. The
size of C/C" with respect to Z;, written [(C/C’,Z;), is defined as follows:

e If Z; € 7% then I(C/C', Z;) = 0.

o If 7, € 79 then l(C/CI,Il) =1.

e If 7, € 7% then I(C/C',Z;) = 1 + 11, where [; is the smallest of the sizes
of all subderivations that can be used as condition of the rule.

o If 7, € Z* then I(C/C',Z;) = 1 +1; + 12, where [; and I, are the smallest
of the sizes of all the two subderivations that can be used as conditions
of the rule.

Definition 14. Let S be a CLDS system, the size of a proof ({C...Cn}, m},
written [(({C...C,},m)), is defined as follows

n—1

({({Co,- - Cn}ym)) =Y U(Crk/Chyr,m(k))

k=0

Proving completeness. The completeness property of a CLDS system with
respect to the notion of semantic entailment given in Definition 11 can be
proved using standard Henkin-style methodology for classical logic [18]. The
theorem states that, given a CLDS system S and two configurations C and
C' such that C' — C is finite®, if C’ is semantically entailed from C then C’ is
also derived from C. The methodology adopted to prove the completeness of
a CLDS system is diagrammatically represented in Figure 2 and it can be
informally described as follows. The proof is of the contrapositive statement
(arrow (1)), which states that, given a CLDS system S and two configurations
C and C’ such that C' — C is a finite, if C t/crLps C' then C EcLps C'. This is
proved by the composition of two main steps, arrows (2) and (3). Arrow (3)
is already given by Definition 11, while arrow (2) represents the main part
of the theorem. The proof of arrow (2) is based on the property if C is a
consistent configuration then C is satisfiable, known as the “Model Existence
Lemma”. The lemma counsists of the following reasoning steps. (Note that the
definition of a consistent configuration strictly depends on the CLDS system.)

% Obviously, if the configuration difference C' — C were infinite, an infinite proof
sequence would be required to prove C’ from C.
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(1)
ClsC C s C!

AT UFOT(C) ror FOT(C')

Fig. 2. Proof of the completeness property of a CLDS system S.

1. The hypothesis that C’ is not derivable from C, C l/cLps C’, implies that
there exists a m € ' — C (where 7 is a declarative unit or an R-literal)
such that C FoLps 7.

2. The above step implies that the configuration C extended with -7 (writ-
ten C + [—7]) is a consistent configuration.

3. The second step implies that the configuration C + [—n] is satisfiable.
Therefore, there exists a semantic structure M of the CLDS system S
which satisfies C and which also satisfies —7. It is then shown that M
does not satisfy 7. Thus, since m € C’, by definition of satisfiability of a
configuration, M does not satisfy C’.

3 The E¢ps system

In this section, the Ecr,ps system is formally described on the basis of the
CLDS approach defined in Section 2. The Ecr,ps language is defined as the
ordered pair (Lp,Lr), where Lp is a propositional language composed of
a countable set of propositional letters {p, q,r, ...}, the set of classical con-
nectives {V,A,—,—} and the set of modal operators {0, <}, The labelling
language Ly, is a first-order language composed of a countable set of con-
stant symbols {sg, s1, $2,...}, a countable set of variables {z,y,z,...}, the
R-predicates R and = and the set of classical connectives and quantifiers. The
semi-extended labelling language includes two sets of special unary function
symbols.

Definition 15. Let £p be the Ecpps modal language and {a;, as,...} be
the set of all wifs of Lp. The semi-ezxtended labelling language Func(Lp, Ly,)
is defined as the language L1 extended with the sets of unary function sym-
bols {fays fass---} and {boxy,,bozq,, ... }.

As mentioned in Section 2, terms of the form f,(\) are used to express Kripke
semantic notions of the form “there exists a possible world ...”, whereas
terms of the form box, () are used to expressed Kripke semantic notions of
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the form “for all possible worlds ...”. However, formally speaking, f,(A) and
box, (A) are just terms of £, and within a particular model might even refer
to the same possible world. The whole set of ground terms of Func(Lp,Lr,)
defines the set of labels in the Ecpps system.

Syntaz. The predicate = is introduced in the labelling language £, in order to
capture the meaning of the Kripke semantic accessibility relation of the logic
of elsewhere. Within this logic, possible worlds are accessible from each other
if and only if they are not equal [12,9]. Syntactically, the Ecrps language
facilitates the formalisation of three types of information, (i) what holds at
particular possible worlds, (ii) which worlds are in relation with each other
and which are not and (iii) which worlds are equal to each other and which are
not. Whereas the first type of information is captured by the declarative units,
the last two types of information are captured by the following definition of
R-literals.

Definition 16 (R-literals). Let (Lp, L) be the Ecips language. An R-
literal is any literal of the form R(\1, A2), =R(A1, A2), A1 = Ay and A; # Ao,
where \; and A, are ground terms of the language Func(Lp,Ly,).

Ec1,ps theories are as described in Definition 2, but with respect to the above
definition of R-literals. The syntax of the Ecp,pg system allows arbitrary sets
of modal formulae to be associated with (different) labels, describing not only
one initial set of local assumptions (as in the implicit approach of the logic of
elsewhere [12]) but allowing for several (distinct) local initial modal theories
to be specified. With the addition of R-literals, these local theories can be
stated to be related to the same possible world or to different possible worlds
and therefore interacting with each other. This yields to a definition of a
EcLps theory more general than the traditional notion of a modal theory
given in [18,14,9].

The essential component which uniquely characterises the Ecrpg system
is the labelling algebra. This is given by the standard equality theory, which is
the reflexivity axiom, Vz(z = x), and the equality substitution axiom schemas
for box, and f, functional terms, Vz,y(z = y — boz,(z) = box,(y)),
Vz,y(x =y = fa(x) = fu(y)), the equality predicate, Vz,y,z(zx =y Az =
z — y = z), together with the special axiom schema (E) defined below.

Definition 17 (Labelling algebra Ag). The labelling algebra Ag is the
first-order theory, written in the language Func(Lp,Lr), given by the s-
tandard equality theory together with the following axiom:

(E) Va,y(R(z,y) « (x #y))

Axiom (E) expresses the meaning of the Kripke accessibility relation in the
specific case of the logic of elsewhere, for which only the possible worlds
different from a given possible world are accessible from it. The Ecypg system
is then defined by the tuple {{(Lp, L), Ar, Re), where the set of inference
rules Rg is described in the following section.
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3.1 Proof theory and Semantics of the Eqrps

To give a full definition of the Ecrps system it is necessary to specify the
set of inference rules for the classical and modal operators of the language
Lp, as well as the set of inference rules for reasoning about relationships,
equality and inequality between possible worlds. In the Ecppg system, given
an antecedent configuration C three types of reasoning step can occur. Those
of the first type are “classical”, and occur within any particular local modal
theory included in C, respecting standard notions of inference for classical
connectives. These are given in Table 3 together with a special rule, called
(Zsup). Note that rules for — and — connectives are a specialised version

Table 3. Natural deduction rules for classical connectives.

C(jar: ) C(far: )
- e
T (TR )
C([a_:XD C([B: Al

C<ccf<2:ﬁ§ > (AE) % (AE)
ey R T e

of the introduction and elimination rules given in Table 1. The (Zgy) rule
expresses a specific form of interaction between the R-literals constructed
from the = predicate and the declarative units. This interaction is similar to
an equality substitution property for declarative units. With respect to the
notion of length of an inference rule given in Section 2, (Zs.,) has length
equal to 1, i.e. (Zsup) € Z°.

Rules of the second type are “modal” and concern the interaction between
different modal theories in C. These are given in Table 4. The (OE€) rule
can be seen (informally) as a “skolemization” of the existential quantifier
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Table 4. Natural deduction rules for modal operators.

C{\:COa) C{A2:a, R(A1, X2))
e RO o) ) o) (P
C{[R(A, boza (N))])
C(A\1:0a, R(A1, A2)) é(boxa.()\) )
C'(A2:) (BE) C'(\:0Oa) 2

over possible worlds which is semantically implied by the formula ¢« in
the premise. The term f,(A) defines a particular possible world uniquely
associated with the formula «, and inferred to be accessible from the possible
world A (i.e. R(A, fa(N)))- It is clear from the definition that this rule has the
effect of expanding both components (diagram and set of declarative units)
of the antecedent configuration. In the (OZ) rule, the temporary assumption
R(\, bozxy (X)) should be read as “given an arbitrary world accessible from A”,
using then the term box, () not to name particular objects (possible worlds)
but to refer to an arbitrary object.

Both classical and modal reasoning steps are based on the logical (classi-
cal and modal) information (wifs) incorporated in the declarative units that
belong to C. The third type of reasoning step is instead related to the dia-
gram information in C and to the “interaction” between the diagram and the
declarative units. In this case, inferred configurations are often “structural
expansions” of (i.e. additions of R-literals to) the antecedent configurations.
These are identical to those given in Table 2, but with the meta-variables A
and A referring respectively to the notions of R-literal given in Definition 16
and its conjugate. The rule (R-A) in particular, facilitates reasoning about
the diagram of a configuration, using the specific labelling algebra Ag. For
instance, the (R-A) rule and the (E) axiom of the labelling algebra Ag give
the symmetry property of the accessibility relation R. This is proved using
the symmetry property of the # predicate, which is given by the symmetry
of the equality predicate = included in Ag. An example graphical represen-
tation of a derivation is given in Figure 3, which shows the proof of the axiom
(Oa A @) — OO« at any arbitrary world A, that characterises the logic of
elsewhere.

Semantics. The semantics of the Ecy,ps system is based on the model theoret-
ic semantics defined in Section 2.3 for a general CLDS system. The extended
algebra AE of the Ecppg system is formally given below.
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Co()
Ci{[Oa A a: A]) (assumption)
Co{Oa: A, i M) (NE)
Cs{[R(\, bozoa(N))]) (assumption)
C4{[R(boxna (), boxa (bozna(N)))]) (assumption)
Cs([~a:boxq (boxna (N))]) (assumption)
Co([R(\, boxq (boxna(N)))]) (assumption)
Cr{a:boxe (boxoa(N))) (ag)
Cs(L:boxa(borna(N))) (AT)
Co(—R(\, bozxa (bozna(N)))) (R-I)
Ci0{\ = boxn (boxoa(N))) (R-A)
Ci1{a:boxe(boxaa(N))) (Zsub)
Ci2{L:boxo(boxoa(N))) (AT)
Ciz{a:boxe (boroe(N))) (=1)
Ci4(Oa:boxoa(N)) (O7)
Ci5(00c: ) (07)
Cie((Oa A @) — OOa: A) (—I)

Fig. 3. EcLps derivation of the (E3) axiom

Definition 18 (Extended algebra A;). Given the extended labelling lan-
guage Mon(Lp, L1) and the labelling algebra Ag, the extended algebra A7 is
the theory in Mon(Lp,L1), given by Ag extended with the following axiom
schemas (Ax1)-(Ax9). For any wifs « and 8 of Lp:

(Ax1) Vz([a A B]*(z) ¢ ([o]*(2) A [B]*(2)))

(Ax2) Vz([-a]*(z) < —[a]*(z

(Ax3) Vz([aV B]*(z) ¢ ([o]*(2) V [B]*(z)))

(Ax4) Vz([a = B]*(z) « ([o]*(z) = [B]"(2)))

(Ax5) Va([Ca]*(z) = (R(z, fal(z)) Ala]*(fal2))))
(Ax6) Vz(Jy(R(z,y) A [a]*(y)) = [Ca]*(2))

(AxT) Vz((R(z,boxy(z)) — [a]*(box(z))) — [Oa]*(x))
(Ax8) Vz([Oa]*(z) — (Vy(R(z,y) = []*(v))))

(Ax9) Vz,y([a]"(z) Az =y = [a]*(y))

The first four axiom schemas express the distributive properties of the logi-
cal connectives among the monadic predicates of Mon(Lp, Lr). The axiom
schemas (Ax1)-(Ax8) reflect the traditional Kripke semantic definition of sat-
isfiability of modal wffs®. The axiom schemas (Ax5)—(Ax8), together with the

6 This is easily seen by interpreting the truth of [a]*(z) as the truth of the modal
formula « in the possible world z.
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axiom (E) of the labelling algebra Ag, express the specific semantic meaning
of the modal operators ¢ and O for the logic of elsewhere, and (Ax9) is the
equality substitution schema extended to each predicate symbol [a]*.

The notions of satisfiability and semantic entailment of the Ecy,ps system,
denoted with [=g, are as specified in Definitions 10 and 11, but based on
the extended algebra A]Jg. Soundness and completeness of the Eqr,ps proof
system with respect to the semantic entailment =g are proved in the following
section.

3.2 Main results about the Ecrpg system

Soundness. The soundness and completeness proofs, based respectively on
the two methodologies described in Section 2.3, take advantage of the sound-
ness and completeness of first-order logic. Most of the theorems, lemmas and
propositions used to prove these two properties extend those given in [24], in
order to cover additional cases corresponding to the equality and inequality
between possible worlds and to the special rule (Zs,;). Hence, the proofs de-
scribed in this paper will consider only these extended cases. The reader is
referred to [24] for the remaining parts of the proofs.

Theorem 19 (Soundness of Ecips). Let E = ((Lp, L), Ag, RE) be the
Ec1ps system and let C and C' be two configurations. If C g C' then C =g C'.

The proof of Theorem 19, represented diagrammatically in Figure 1, is mainly
based on the proof of the following lemma.

Lemma 20. Let AE be the extended algebra of the Ecips system, let C and
C' be two configurations and let FOT(C) and FOT(C') be their respective
first-order translations. If C Fg C' then AE, FOT(C) FroL FOT(C").

PROOF: The proof is by induction on the size of smallest derivations of
the form ({Co,...,Cy},m), where Cp = C and C,, = C'. In what follows
({Co,...,Ch},m) is a proof of this smallest size with length [ > 0. The
base case is when | = 0. This means, by Definition 14, that C' C C, hence
the theorem trivially follows. The inductive step is proved by cases on the
inference rule (different from the (C-R) rule”) applied on the last step C,,—1/C,
of the derivation. The theorem holds by inductive hypothesis for the first
part of the derivation. It is sufficient to show that AE,FOT(Cn_l) Fror,
FOT(C,). For Cases 1-16, corresponding to the inference rules given in Tables
2, 3 and 4 except the (Zgyp), the reader is referred to [24].

Casel7: (Zsup)-

In this case Cp,—1/Cy, € Zsup. Then there exist a declarative unit a: A and an
R-literal of the form A = A" such that {a:\,A = X'} C C,,_1. Therefore, the

" Note that the lemma can trivially be proved to hold for proofs obtained by
extending those considered here with a (C-R) rule on the last step.
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set {[a]*(\),\ = X'} C FOT(Cp—1). This implies, by applying the equality
substitution axiom of A, to the predicate [a]*, that A, FOT(Cn_1) FroL
[a]*(\). Since Cy, = Cp—1 + [a: N'], Af;, FOT(Cy—1) Fror, FOT(Cy). i

Proof of Theorem 19:

By hypothesis C g C'. By Lemma 20, A, FOT(C) Fror, FOT(C'). By
soundness of first-order logic Af;, FOT (C) Eror, FOT(C'). Hence, by defini-
tion of semantic entailment, C =g C'.

Completeness. The completeness theorem states that, given the Ecrpg sys-
tem and two configurations C and C’, whose difference is finite, if C' is se-
mantically entailed from C then C' is also derived from C. This is formally
defined below.

Theorem 21 (Completeness of Ecipg). Let E = ((Lp, L), Ag, RE) be
a Ecrps system and let C and C' be two configurations such that C' — C is a
finite configuration. If C =g C' then C g C'.

As discussed in Section 2.3, the Henkin-style methodology for classical logic
is used here to prove Theorem 21. Basic notions in this proof are those of
consistent and mazimal consistent configurations.

Definition 22 (Consistent configuration). Given the Eqpps system and
a configuration C, C is inconsistent if C Fg L : A for some ground term A of
Func(Lp,Lr). C is consistent if it is not inconsistent.

Definition 23 (Maximal Consistent Configuration). Given the Ecrps
system, a configuration Cpcc is a mazimal consistent configuration of Ecrps,
if (i) it is consistent and (ii) for any m € Cmec (Where 7 is a declarative unit
or an R-literal), the configuration Cpee + [7] is not consistent.

The proof of Theorem 21 is by contraposition. It is shown, using the con-
struction of a canonical model of the Ecrps system, that

C Vg C' implies C g C’ (4)

In standard Henkin-style proofs of completeness for modal logics, the canon-
ical model is obtained by progressively building maximal consistent sets (see
for example [18]) where consistency is locally checked according to the prop-
erties of the underlying accessibility relation. In the CLDS approach, the
explicit declarative representation of possible worlds and of relationships be-
tween possible worlds facilitates the construction of a canonical model for
the Ecr,ps system by simply extending a given consistent configuration into
a single maximal consistent configuration where consistency is then checked
globally. This is shown in the following lemma.

Lemma 24. Given the Ecyps system, every consistent configuration C can
be extended to a mazimal consistent configuration Cmcc-
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PrROOF: Let C be a consistent configuration and let 7y, w2, m3,... , 7y, ...
be an ordering on the set of all declarative units and R-literals of (Lp,Lr).
Starting from Cy = C, a sequence of consistent configurations C; is constructed
by inductively defining, for each element 7, C; to be
c - Ci—1 + [n] if Ci—1 + [m;] is consistent
B P otherwise
It is easy to show that, for each ¢ > 0, C; is a consistent configuration. Now,
let Cimcc be the configuration obtained from the union of all C;, Cree = Ui>0C;-

It is easy to show that Cimee is maximal and consistent (see Proposition 3.8
in [24]). Hence Cyec is a maximal consistent configuration. O

Within a maximal consistent configuration declarative units and R-literals
satisfy particular properties. These are listed in the following lemma. Only the
properties related to R-literals constructed from the = predicate are proved
here. The reader is referred to [24] for formal proofs of the remaining cases.

Lemma 25. Let Cpee be a mazimal consistent configuration of Ecrps. Then
for any R-literal 7, any wffs a and B and any label \,

7 and T are not both in Cmee-

Either m € Cpuce 01 T € Crce-

a: X and —a: )\ are not both in Cmee-

Either a: X\ € Cyee 07 —: X\ € Cryee-

aAB:X\E Cmee if and only if a: X € Cryee and B: )\ € Cree.
aV B:\ € Cnee if and only if a: X € Cee 07 B: )\ € Cinee-

a = B:X € Cuee if and only if if a: X € Cnee then B: A € Crce-
If Oa: A € Cinee and R(A, X') € Cinee then a: N € Ciee-

If =R(\, boxo (X)) € Cinee 0r @:b0xo(N) € Cimee, then Oa: X € Cee-
10. If Sa: X\ € Cipee then R(A, fou(N)) € Cee and a: fo(N) € Ciee-
11. If RO X)) € Cinee and a: N € Cinee, then Oa: X € Cee-

12. R\, X)) € Cinee if and only if X # X' € Ciee-

13. A= X € Cmee

14. If X = X\{ € Cinee and A = X € Cryee then Ay = N € Cince-

15. If X = A1 € Cinee then boxy(N) = bozy (A1) € Cice-

16. If X = A1 € Cice then fo(A) = fa(A1) € Cimce-

17. If a: X € Cipee and A = XN € Ciyee then a: N € Coee.

© %NS S o~

PRrROOF: Property (1) is proved only for the case of 7 equal to A = X for
arbitrary labels A, \'. Suppose that both A = X and A # X are in Cpec. Then
by definition of the (L&) rule Ciee FE L: A which contradicts the hypothesis
Cmecc being a maximal consistent configuration.

Property (2) is also proved only for the case of 7 equal to A = X for
arbitrary labels A, \’. Suppose that neither A = X' nor A # X' is in Cpee. Then
by definition of maximality Cmee + [A = N] Fg L: X and Cimee + [A # XN by
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L : ). Then it is easy to show (see [24]) that there exist two configurations
Cl and C2 such that Cl g Cmcc, Cl + [)\ = )\I] I—E 1 )\, CQ g Cmcc and
Ca + [A # N] Fg L:)X. By monotonicity of the Ecrps derivability relation,
also the configuration C = C; UCs is such that C C Cipee, CH+H[A=A]Fg L:A
and C +[A # XN] kg L : X. It is therefore possible, using (RZ) rule, to
construct a proof showing that C Fg L : A, which, by the monotonicity of Fg,
contradicts the hypothesis Cpc. be consistent.

Properties (13), (14), (15) and (16), which express the closure of the max-
imal consistent configuration with respect to reflexivity and equality substi-
tution, are also proved by contradiction using the (R-A) rule. Similarly for
property (12). Property (17) is proved by contradiction using (Zg,) rule. For
all the other cases, the reader is referred to [24]. O

To prove the Model Existence Lemma for the Ecr,pg system (arrow (2) in
Figure 2), it is essential to define the notion of a Eqy,ps canonical model. This
is given with respect to a maximal consistent configuration and the classical
notion of a canonical interpretation.

Definition 26 (Canonical Interpretation). Let Cpee = (Dmec, Fmee) be
a maximal consistent configuration of Ecr,pg and let FOT (Ciee) be its first-
order translation. A canonical model of Eci,ps is the pair (U, Zmnce), where
U is the Herbrand universe of the language Mon(Lp, L) and Znee is an
interpretation function on the language Mon(Lp, L) defined as follows.

e For each ground term A,
[ Alree = A
e For the binary predicate R,
| R | 1ee = {(Xis A) | R(Ai, Aj) € FOT (Cinec) } ®
e For the binary predicate =,
[=lree = {0 Aj) [ Ai = Aj € FOT (Cinee) }
e For each monadic predicate [a]*,
1" 1 = {Ai [ []*(Xi) € FOT (Crnee) }

The following lemma shows that the canonical interpretation constructed
in the above definition is a canonical model of the Ecppg system.

Lemma 27 (Canonical model). Let Cmee be a mazimal consistent con-
figuration of Ecips and let (U,Imec) be a canonical interpretation. Then
(U, Tinee) is a canonical model of Ecyps.

Proor: To show that (U, Ziee) is a canonical model of Eqpps it is needed to
show, by Definition 10, that (i, Zmcc) is a model of the extended algebra Af;.
This means to show that (U, Zmcc) is @ model of the axioms (Ax1)-(Ax9) as
well as of the equality theory axioms included in Ag . This is easy to prove by

8 Notice that FOT (Cmcc) contains only ground literals
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using Lemma 25 and the fact that, by definition of canonical interpretation,
for each declarative unit and R-literal 7, (U, Zmce) IF FOT (7) if and only if
FOT(n) € FOT (Cmec)- O

It is now possible to prove the Model Existence Lemma for the Ecips
system.

Lemma 28 (Model Existence Lemma). Let Cpec be a mazimal consis-
tent configuration, and let Myec = (U, Iimee) be a canonical model of Ecyps.
Then for any m (where m is a declarative unit or an R-literal) of Ecips,
Mmee EE ™ if and only if m € Cree.

PRrROOF: Only the case of 7 equal to an R-literal constructed from the =
predicate is considered here. For the other cases, the reader is referred to
[24]. Let 7 be of the form A = M. If A = X € Ciec then A =N € FOT (Ciee)-
This implies, by Definition 26, that Mmec Fr A = AN. If A = X & Ciee then
by Lemma 25 A # A’ € Cpyec, which implies that M. Er A # A’ and hence
Muece FEr A = X' The case for 7 of the form A # X’ is similar. O

Corollary 29. Let C be a consistent configuration of the Ecpps system.
Then C is satisfiable.

ProOOF: The proof trivially follows from Lemmas 24 and 28. a

The following proposition is the final result needed to prove the complete-
ness theorem.

Proposition 30. Let C be a configuration of the Ecrps system and let 7 be
a declarative unit or an R-literal such that m € C. If C /g w then C + [71] is a
consistent configuration.

PROOF: Only the case of m equal to a R-literal constructed from the =
predicate is considered. For the other cases, the reader is referred to [24]. Let
m be of the form A = ). The contrapositive of the proposition is proved.
Suppose that C + [A # \'] is not consistent. Then C + [\ # AX'] Fg L:A;. By
definition of (RZ), the configuration C' = C + [A = X'] is derivable from C.
Hence, C Fg A = X', Similarly for 7 equal to A # \'. a

The proof of Theorem 21 can now be given.

Proof of Theorem 21:

The proof is by contrapositive. Assume that C t/g C'. Then by Lemma 7
there exists a m € C' — C, where 7 is a declarative unit or an R-literal, such
that C /g w. Then by Proposition 30, C 4+ [-n] is a consistent configuration.
By Corollary 29, C + [—7] is satisfiable. Let M be the canonical model that
satisfies the configuration C + [-7]. So M g C and M g —7. There
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are three cases to consider, according to the form of 7. Only the case of 7
equal to an R-literal of the form A = )X is considered here. For the other
two cases the reader is referred to [24]. Let m be of the form A = X\'. By
Definition 10, M |Fror A # X, which implies that M |[f-ror, A = A'. Then
by Definitions 10 and 11 AT, FOT(C) |-roLX = X'. Hence C [£g C'.

Correspondence result. In Section 1, it has been stated that the Ecr,pg system
is a generalisation of the standard implicit formalisation of the modal logic of
elsewhere, in that it facilitates reasoning about structures of actual worlds,
which may or may not be singleton structures. This claim is substantiated
here by showing (i) that there exists a correspondence between the Ecpps
system and the Hilbert system for the logic of elsewhere, whenever certain
restrictions are imposed on initial configurations, and (ii) that the correspon-
dence clearly fails if no restriction is imposed. As far as the first result is
concerned, the restriction consists of allowing initial configurations only of
the form Cy = ({}, Fo) where for any label A, Fo(A) = {}. In particular, the
following theorem shows that any declarative unit of the form «: A, for any
label A, can be derived from an empty initial configuration Cy if and only if
its formula « is a theorem within a sound and complete Hilbert system for
modal logic [9]. A definition of the Hilbert system taken into consideration is
first given.

Definition 31. Let Lp be the propositional modal logic considered in the
Ecrps system. The Hilbert system for the logic of elsewhere, written £4,, is a
standard propositional logic axiomatisation [18] extended with the following
schemas:

(E1) O(a — B) — (Oa — Op)
(E2) a —» OCa
(E3) OOCa — (aV Oa)

together with the (MP) and (Nec) rules:

(Nec) If k¢, a then k¢, Oa

Theorem 32 (Simple correspondence). Consider the Ecrps system, the
Hilbert system Ea., and the initial empty configuration Cyy = ({}, F), given
by F(A\) = {}, for any label \. Let a be a formula of Lp. Then:

Fe,. aif and only if
for all ground terms A € Mon(Lp,Lr) Cy Fr a: X

Proor: (“Only if”) part: The proof is by induction on the number of steps
of the shortest derivation F¢,  «. The formal proof is given in [24] but with
the following three extra cases on the base case of the induction. The base
case is when there are zero number of steps, i.e. « is an instantiation of the
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schemas given in Definition 31. It is sufficient to prove that Cqy Fg a: A, for
equal to (E1), (E2) and (E3). Only the case of the (E2) schema is considered
here, since the proof of the (E3) is already given in Figure 3 and the proof of
(E1) schema is fully given in [24]. Let A be a ground term of Mon(Lp,Lr).
Then Cgy g Oa — OOa: A as given by Figure 4.

Co()

Ci{[a: A]) (assumption)
C2{[R(\, bozoa (V)] (assumption)
Ca{\ # bozoa (V) (R-A)
Cafboroa(X) £ ) (R-A)
Cs{R(bozoa (1), ) (R-A)
Co{Ca:boxToq (N)) (©I)

C7{OCa: \) (07)

Cs{a — OCa: ) (—1)

Fig. 4. Derivation of the (E2) axiom

(“If”) part: The proof is by showing that the contrapositive statement holds.
Given the soundness and completeness of both systems under consideration,
this means to show that if =g,  « then there exists a ground term A such
that Cqy e a: . The formal proof is given in [24] and it informally consists
of constructing a classical interpretation M from the Kripke countermodel
of @ and showing that M is a model of the Ecy,ps system (i.e. it satisfies the
schemas of the extended algebra A;}). This implies that there exists a ground
term A, specifically the one corresponding to the Kripke possible world where
a is false, such that M [por [a]*(A\)?. Hence Cp g a: . i

It is easy to show that the above theorem can be generalised to global
and local assumptions of the logic of elsewhere using the notation introduced
by Fitting in [14] (i.e. T |=¢,, U = « denote that the formula « is derivable
from the global assumptions T" and the local assumptions U). This is achieved
by considering initial configurations of the form Cry = ({}, Fruv), where
Fru(so) =T UU and for each label A # so, F(A) =T.

The above result effectively provides a translation method from a modal
theory (T, U) of the logic of elsewhere into an equivalent Eci,ps configuration,
which preserves derivability and semantic entailment. However, it is clear that
many initial configurations are not the translation of any modal theory. (For

? Note that [a]*()) is proved to be false in M by the construction of M using the
fact that « is false at the Kripke possible world that corresponds to .
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example, any configuration whose diagram D is not empty or whose F differs
at more than one label.) Hence, the information that such configurations
encode cannot be represented within the standard logic of elsewhere, making
the Ecpps system strictly more general than the standard Hilbert system.

4 The L¢cips System

In this section the L¢y,ps system is defined, again based on the general CLDS
approach described in Section 2. For this application of CLDS to resource
logics, some additional inference rules are defined for dealing with the ®
operator and with the interactions between R-literals and declarative units.
The extended algebra Af is defined, which, together with the notions of
model and semantic entailment given in Definitions 10 and 11, provide a
model theoretic semantics for Lgorps. Soundness and completeness of the
Leups proof system with respect to this semantics are then proved. The
correspondence with a standard Hilbert system of linear logic is discussed,
showing the Lopps system to be more general than standard presentations
of linear logics.

Syntaz. The language of the Lor,pg system is the pair (Lp, L), where Lp is
a standard substructural propositional language restricted to the operators
{—,®, 1} and including the two propositions T and L. The proposition T is
the identity of ® and L is equivalent!? to —=T. The labelling language £, is
composed of a countable set of symbols {a,b,..., f,a1,b1,..., f1,...} called
constants, a countable set of variables {z,y,z...}, a binary function symbol
o, called “resource composition” and the R-predicate <. The function o and
the predicate < are both usually written in infix form. The language Ly, is
extended into Func(Lp, L) by adding for each wif o of Lp different from T
the symbol ¢,, and for the wif T, the symbol 1. The symbols ¢, and 1 are
called parameters. All parameters have a special role in the proof theory and
semantics, especially ¢ . As mentioned in Section 2 parameters of the form ¢,
represent the smallest label verifying «. Terms of the semi-extended labelling
language Func(Lp, L) are defined inductively, as consisting of constants,
parameters and variables, together with expressions of the form z o y where
z and y are terms. Labels are ground terms of Func(Lp,Lr).

In this system, the R-literals are referred to as constraints. Lcp,ps theories
are as described in Definition 2. A configuration is therefore given by a set
of constraints (a diagram) and a set of declarative units. Pairs of constraints
A and A within a configuration will be denoted by the shorthand notation
1, representing classical inconsistency. This symbol should not be confused
with the declarative unit L : A, in which L is just a substructural proposition
letter. The labelling algebra Ay, is a set of first-order axioms expressing the

10 This is easy to show using the Lorps rules.
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properties of the function symbol o and the property of pre-ordering for the
binary relation <.

Definition 33 (Labelling algebra Ayr). The labelling algebra A, writ-
ten in Func(Lp,L}), is the first-order theory given by the following axioms:
Ve(r < x)
Va,y,2((x Sy Ay <z) =@ < 2)
Ve((lox = xz)A(z <X 1ox))
Va,y,z(x Ry = (zoz<yoz)A(zox X z0y))

Reflexivity)
Transitivity)
Identity)
Order-preserving)

Va,y(zoy 2youx) Commutativity)

(
(
(
(
(
(

Va,y,z((zoy)oz 2o (yoz)) Associativity)

A Lgrps system L is then defined by the tuple £ = {(Lp, L1,), AL, R1,) where
the set Rp, of inference rules is described in the following section.

4.1 Proof theory and Semantics of L¢ips

The set Ry, of inference rules includes (i) elimination and introduction rules
for the linear operators and (ii) rules describing the interaction between con-
straints and declarative units. The first set of rules includes those in Table 2,
except (RZ), and the rules in Table 5. Each of the operator rules incorporates
the idea of combining resources'! in order to derive new information. For ex-
ample, the (=€) rule expresses how resources A and X, verifying « — 3
and « respectively, are combined into A o X' to verify §. The (ch) rule and
(unit) rule respectively reflect the notions that there is a smallest resource
verifying a formula and that any increase of resource maintains verifiability.
The (RZ) rule in Table 5 differs slightly from that given in Table 2 because
in the Lopps system a contradiction is the proof of the classical proposition
L. An alternative version of the rule would have been to add to the rule in
Table 2 the premise ¢; A A. (It was considered simpler to use the version
given in Table 5.) The (unit) rule often interacts with the (R-A) rule (given
in Table 2). For instance, the (R-A) rule can be used to infer the constraint
that a resource ' is greater than another resource A (A < \') so to allow the
(unit) rule to extend a configuration with a : X' if it includes already « : A.
With respect to the notion of length of inference rules, (—7), (-Z) and (RZ)
belong to the category Zt (given in Definition 14), whereas all the other rules
belong to the category Z°.

The derivability relation k-, for the Lopps system is identical to that given
in Definition 5. Declarative units of the form a:1 derivable from an empty
configuration are called theorems. Figure 5 illustrates an example derivation
of the linear logic theorem a ® § — =(a — —f) at the label 1.

1 Notice that in linear logic two combinations of resources are only related if they
comprise exactly the same resources, but possibly combined in different orders.
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Table 5. Additional rules for substructural operators and R-literals, in LcrLps.
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C{la:cal]) C{la:ca)
C~(_L:>.\oca) C~(B:>;oca)
Cl=aN) (=1) Clasgany D
C{ma: A1, i A2) Cla=B: 2 a:\)
Taex Y Temaexny O
Cla® B: ) Cla: A1, [:\2)
C'{a:ica,Bicg,ca 0c3 2 A) (®€) C'{a® B:A10Az) (®7)
C{a: ) Cla: X< \) .
C'{a:ca,ca XA (ch) C'{a: ') (unit)
c([4)
ﬁ (base) é(J.)
Co()
Ci{[a ® B:cagm]) (assumption)
Co{[ae = =B:ca—-p]) (assumption)
Cs{a:ca,B:¢p,Ca © g X Canp) (®€)
Ca{=B:cas-p 0cCa) (=€)
Cs{L:can-p0ca0cp) (=€)
Ce{Ca—-B 0 Ca ©Cs X Camsnpf © Cagp) (R-A)
Cr{L:cas-poca®cp) (unit)
Cs(n(a = B):cawp) (=Z)
Co{a® B — =(a — —f8):1) (—1)

Fig.5. Lcwps derivation of a ® 8 — (a0 — —=8):1.

Semantics. The language Mon(Lp, L},) is defined by adding to the language
Func(Lp, L1) monadic predicates [a]*, for each wif o in Lp. The atomic for-
mula [a]*(z) can be read as “the resource z verifies a”. The extended algebra
A for Lerps, written in Mon(Lp, L1), expresses relationships between the
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monadic predicates and constraints according to the semantic meaning of the
substructural operators. This is given by the following definition, where ax-
ioms (Ax3a)—(Ax6) characterise the operators —, = and ® respectively, whilst
axioms (Ax1), (Ax2) and (Ax7) characterise the (unit), (ch) and (base) rules
respectively.

Definition 34. Given the extended labelling language Mon(Lp,L) and
the labelling algebra Ap, of the Lopps system, the extended algebra Af is
the theory in Mon(Lp, L1) given by A, extended with the following axiom
schemas. For any wifs o and 8 of Lp:

(Ax1) Vi, y(z 2y Afo]"(z) = [o]*(y))
) [o] )

(Ax2) Vz([a]*(z) = [a]*(ca) Ao ST

(Ax3a) Vz,y([a = B]"(z) Ala]*(y) = [B]"(z o y))

(Ax3b) Vz(([a]*(ca) = [B]"(z 0 ca)) = [ = B]*(2))

(Axda) Vz,y([~a]*(z) A [a]* (y) = [L]*(z 0 y))

(Ax4b) Va(([a]*(ca) = [L]"(z 0 ca)) = [-a]*(2))

(Axba) Vz([a ® B]*(z) = ([a]*(ca) A [B]"(cs) A ca 0 2 @)
(Ax5b) Vz,y([a]*(z) A[B]"(y) = [a® B]*(z 0 y))

(Ax6) Va([-—a]"(z) = [a]*(2))

)
(Ax7) [L]*(e)

4.2 Main results about the L¢ps system

Soundness. The notions of satisfiability and semantic entailment of the Lop,ps
system, denoted with =y, are as specified in Definitions 10 and 11, but based
on the extended algebra Af . Also for this system, the soundness and com-
pleteness proofs are based respectively on the two methodologies described in
Section 2.3. They take advantage of the soundness and completeness of first-
order logic. Most of the theorems, lemmas and propositions used to prove
these two properties are similar in nature to those given in [24], for the class
of CLDS normal modal logic systems.

Theorem 35 (Soundness of Loyps). Let £ = ((EP,EL),AL",RL) be an
Lerps system and let C and C' be two configurations. If C by, C' thenC =y, C'.

The proof of Theorem 35, represented diagrammatically in Figure 1, is mainly
based on the proof of the following lemma.

Lemma 36. Let .AL" be the extended algebra of the Lcorps system, let C and
C' be two configurations and let FOT(C) and FOT(C') be their respective
first-order translations. If C -y, C' then A, FOT(C) b, FOT(C).

ProoFr: The proof is by induction on the smallest size of derivations of
the form ({Co,...,C,},m), where Cy = C and C, = C', following the same
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argument as in Lemma 20. The inductive step is proved by cases on the
inference rule applied on the last step C,,—1/C, of the derivation.

Case 1: (ch).

In this case Cp_1/Cp € (ch). Then there exists a declarative unit o : A in
Cn—1. Therefore, [a]*(A) € FOT(Cp—1). This implies, by applying (Ax2) of
Af, that Aﬁ, FOT( Cp-1) Fror [a]*(cq) and Aﬁ, FOT(Cp—1) Frow ¢a X .
Since Cp, = Cp—1 + [@iCa,ca 2 A], Af, FOT (Cp-1) Fror FOT(Cy).

Case 2: (®E).

In this case Cp,—1/Cp € (®E). Then there exist a declarative unit @ ® #:\ in
Cp—1. Therefore, [a® p]*(A) € FOT(C,,—1). Using (Ax5a), each of these three
elements [a]*(cq), [B]*(¢s), ca © cg < A are derivable in first-order logic from
FOT(Cp—1). Since Cp, = Cp—1 + [ ¢q, B s, cq 0 Ca], Af, FOT(Cp-1) Frow
FOT(Cy).

Case 3: (®I).

In this case C,,—1/C, € (®Z). The set {a: \,f: XN} C Cn_1. Therefore,
{[a]*(N), [B]*(\)} € FOT(Cp,—1). Using (Ax5b), A, FOT(Cp—1) FroL [ ®
Bl*(XoX'). Since Cp, = Cp—1 +[a®B: Ao X'], A, FOT(Cp—1) Fror FOT(Cy).
Case 4: (7).

In this case Cp,—1/C,, € (—Z). There exists a proof of L: Ao ¢, from C,,—1 +
[ : ¢,]. By the induction hypothesis A", FOT(C,—1) U {[a]*(ca)} FroL
[L]*(A 0 ¢y). Using the axiom (Ax4b) and the deduction theorem of first-
order logic, A", FOT(Cp—1) Fror [~a]*(N). Since Cp, = Cp1 + [ma: N, A,
FOT(Cp-1) Fror FOT(Cy,).

The cases for (unit), (C-R), (R-A), (=€), (=€), (=), (LE) and (base) rules
follow the same argument as Case 2 above, whereas the cases for (—Z), (RZ)
rules are proved in the same way as Case 4. O

Proof of Theorem 35:

By hypothesis C +y, C'. By Lemma 36 Af, FOT(C) Fror, FOT(C'). By
soundness of first-order logic Aj", FOT(C) Eror, FOT(C'). Hence, by defini-
tion of semantic entailment, C =g, C'.

Completeness. The completeness theorem states that, given the Loppg sys-
tem and two configurations C and C’, whose difference is finite, if C' is se-
mantically entailed from C then C' is also derived from C. This is formally
defined in Theorem 37 below.

Theorem 37 (Completeness of Lorps). Let L = ((Lp,Lr), AL, RL) be
a Lcips system and let C and C' be two configurations such that C' — C is a
finite configuration. If C =1, C' then C by, C'.

As discussed in Section 2.3, the Henkin-style methodology for classical
logic is here adopted to prove Theorem 37. Basic notions in this proof are
those of consistent and mazimal consistent configurations.

Definition 38 (Consistent configuration). Given the L¢yps system and
a configuration C, C is inconsistent if and only if there exists a configuration
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C' such that C i, C" and {A, A} C C'. This is also written in the shorthand
notation C Fr, L. A configuration C is consistent if it is not inconsistent.

The configuration, {a: \,7a: X,a®-a: AoX,L: Ao ci <Ao)'}is
an example of a consistent configuration. This is supposed to be so since in
linear logic the formula a@ ® =« does not allow a derivation of any arbitrary
formula as it is in the case of classical logic (where the linear operator ® is
replaced by the classical operator A). However, the addition of the constraint
c1 A AoX, which expresses that the resource Ao\ is a consistent resource, to
the above configuration would make it inconsistent. The notion of a maximal
consistent configuration, denoted with Cyce, in Lopps is identical to that
given for the Eqpps system, and it is constructed in the same way as described
in Lemma 24.

As for the Ecr,ps case, it is the contrapositive statement of Theorem 37
that is proved, namely, if C ¥y, C’ then C ¥, C'. The proof uses the property of
a consistent configuration given in Lemma 39 and the properties of a maximal
consistent configuration defined below.

Lemma 39 (Consistency). Let C be a consistent configuration. Then

1. IfCFr a: X thenC+ [ci A Nocoa]+ [t cng] is consistent.

2. If C ¥1, A then C + [4] is consistent.

PRrROOF: (1) By contradiction, suppose that C + [c1 A Ao c.q] + [7a : ¢g]
is not consistent. Then C + [-a : coo] + [c1 A Ao co] Fr L. By (RI)
C+[-a:cao] FL el 2 Aoco,. By the (base) rule, C + [ : co] Fr L :
c1, and then by the (unit) rule C + [-a : c-o] FL L @ Ao coq. Hence by
(=Z) C 1, a : A, contradicting the initial assumption. (2) By contradiction,

suppose that C + [A] kr, L. Then, by (RZ), C F1, A, contradicting the initial
assumption. a

The following five lemmas show the properties of a maximal consistent
configuration Cpcc. Note that the proof of these lemmas use the following
basic results of a general CLDS system, for which the reader is referred to
[24]. Firstly, if 7 ¢ Cmcc for some declarative unit or R-literal 7, then Cmec+[7]
is not consistent and Cpee + [7] b, L. Therefore whenever it is shown that
Cmee FL Cmce + [7], it can be concluded that Cpee Fr, L. Secondly, for a
maximal configuration Cpec, if Cmee Fr, @ : A then there exists a (finite)
configuration C; C Cpee such that C; Fr, a : A. Thirdly, by the monotonicity
property of Fr,, for any configuration C; C Cpee, if C1 Fr, a: X then Cpyee F1
a:A.

Lemma 40 (Properties of C,.c with respect to Ay). Given the Lopps
system and a mazimal consistent configuration Cpcc, the following properties
hold for any labels A\, X' and \":

1. IfA 2N € Cmee and X XN € Cree then A 2 A" € Cree-
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A2 X € Cmee-

1oA=AX€Cmee and A X 1o X € Cryee.

If X< XN € Chuec then Ao X' < XN o X" € Cpyce and X' o X < X' o X € Cryee-
Ao XN <X NoX e Cmce.

(AoX)o X" < Ao (XN o)) € Cce-

S S o e

PRrROOF: Only the first property is proved here. Similar arguments are used
to prove the other properties. Assume by contradiction that A < A" ¢ Cpec.
Then Cmee + [A 2 N'] Fr. L. But using the asusmptions it is easy to show
that Cmee FL Cmee + [A =X X']. Therefore Cp. is inconsistent, which is a
contradiction. O

Lemma 41 (Properties of characteristic labels). Given the Lcyps sys-
tem and a mazimal consistent configuration Cmee, the following properties
hold, for any wff o and labels X and \':

1. If a : A € Cpnee then a: ¢y € Crnee and cq = X € Crnce-
2. If A\ =< XN €Cmec and a1 X € Cppee then a: X' € Crpee.
3. L:ci € Crmce-

4. T:1€ Cmee-

PROOF: (1) Assume, by contradiction that a : ¢ € Cmee- Then Creet[a : ¢4]
is inconsistent. Using the assumptions and (ch) rule Cmee F1, Cmee + [ @ 4]
Thus Cmee is inconsistent, which is a contradiction. Similarly, for proving
that ¢, < A € Ciee. (2) Assume by contradiction that « : A’ ¢ Cpec. Then
Cmece + [@ © X'] is inconsistent. Using the assumptions and the (unit) rule
Cmce FL Cmce + [ : X']. Thus Cpec is inconsistent, which is a contradiction.
(3) If L : ¢; were not in Cpee then Cmee +[L : ¢1] b1, L, but using the (base)
rule this would imply Cpec was inconsistent, a contradiction. (4) If T:1 were
not in Cpee then Cpee + [T : 1] b, L. T is equivalent to =L and by (—Z)
Cmee Fr, T:1, hence Cpcc is inconsistent, which is a contradiction. O

The above characteristic properties will be used several times in the following
lemmas but without explicitly being stated.

Lemma 42 (Consistency properties of Cyec). Given the Loips system
and a mazimal consistent configuration Cmee, the following properties hold,

for any wff a:

1. Gwen two labels X and X', either X X X' ¢ Cmee 0or A A X ¢ Crce-

2. If ¢, ﬁ Ca © Cog € Cince, then either, for each A, o : A ¢ Ciee, or for each
A, ma A ¢ Coce-

3. For any label X, if co A X € Cmee then a: X ¢ Cree-

PROOF: (1) Assume, by contradiction, that A < X' € Crmeec and A A X € Cices
then by the (R-A) rule Cmee F1, L, which is a contradiction. (2) Assume, by
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contradiction, that N, X’ such that a : A" € Cree and —a : X' € Cpee- Then
a: cq € Cmee and =@ : ¢y € Cimee (by Lemma 41). Hence by the (=€) and
(ch) rules Cpmee b1, ¢1 X €q © cg. But then, using the assumptions, by the
(R-A) rule Cpee b1, L, which is a contradiction. In particular, a : ¢y & Ciece
or =@ : Coy ¢ Cimee for every a, so if @ : ¢y € Ciee, then = : ey & Cinee
(under the condition ¢, £ ¢4 © ¢-q € Cmee)- (3) Assume, by contradiction,
that « : A € Cmee, then ¢q < A € Ciee and hence by (=€) Cmee F1, L, which
is a contradiction. O

From statement (3) in the above lemma it follows, in particular, that for
a consistent resource A, L : A ¢ Cpec.

Lemma 43 (Maximality of Cpc.). Given the Loips system and a mazi-
mal consistent configuration Cyec, the following properties hold, for any wff
a and labels X and X :

1. Either a : cq € Cmee 0T 7@ i Coq € Cimce-
2. Either X X X' € Cmeec 01 X A N € Cnee-

PROOF: (1) Assume, by contradiction, that a : ¢y ¢ Cmee and —a : ¢ ¢
Cimce, then Cmee +[a : ¢o] Fr. L and Cpee + [na : coo] b1, L. By the (LE) rule
Cmce + [ co] b1 Lt ¢ 0 ¢ and by the (=7) rule Cpec b1, e : c. Hence
Cmee 1s inconsistent, which is a contradiction. (2) Similarly for this property.

O

As a consequence of statement (1) in the above lemma, if & : ¢o ¢ Cmce
then = : ¢y € Cimee- The following properties of a Cpce are mainly used in
proving the existence of a Lcr,ps model for a given Cryec-

Lemma 44. Given a mazimal consistent configuration Cyee, then for any
wffs a and B, their characteristic labels co and cg, and labels X and X, the
following properties hold.

a®P:XAECmec iff @:Cq € Cmee, B:68 € Cmee 0nd €q 03 2 A € Crec-
a — B : X € Cuee iff for all labels X if a: N € Cipee then B : Ao XN € Cree
If =—a : A € Cpnee then a2 A € Crypee

If ma: X € Conee and a: N € Cpyee then L : Ao X € Cpee-

If a: cq € Cnee implies that L : co 0 X € Cpnee, then = @ X € Cpee-

SARSIRCIRS IS

ProOF: The reader is referred to [6] for the proof. i

The above lemmas are now used to prove the Model Existence Lemma for
Lcrps- This consists in showing that there exists a canonical model of Lar,ps
that satisfies a Cynee. This model is constructed in a way similar to that shown
in Definition 26. It is basically given by an Herbrand interpretation H 4, such
that Ha [|[-[a]*(z) iff @ : 2 € Cpee. By construction, H 4 satisfies the Cpec
under consideration and it is a Lor,ps model since it satisfies the extended
algebra Af" as stated in Lemma 45.
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Lemma 45. The Herbrand interpretation H.4 is a model of the extended
algebra A .

ProOF: It is easy to show that all axioms of A" are satisfied by the inter-
pretation H 4, using Lemmas 40 — 44. O

Proof of Theorem 37:

Assume, by contrapositive, that C #r, C'. Then there is a 7, where 7 is either
a declarative unit or an R-literal, such that 7 € C’ and C ¥y, . There are
two cases.

Case 1:

If  is A then C + [4] is consistent by Lemma 39 and there is a model that
makes A;" and FOT(C) true but A false.

Case 2:

Ifmisa: A then C+[—a : coo,c1 & Aoco,] is consistent and can be expanded
into a maximally consistent configuration Cpce from which a model H 4 is
constructed. H 4 assigns true to both [-a]*(c.q) and ¢1 A Ao ¢_o. Assume,
by contradiction, that H 4 assigns true to [a]*()) also, then by construction
a: X\ € Cmee- By (Ax4a) [L]*(A o cq) and by (Ax2) ¢ < Ao c.q would also
be assigned true by H 4, which is a contradiction.

Correspondence of Lopps with a Standard Hilbert System. In a similar way
to that given for the Ecpps system, it is shown here that, when the initial
configuration is empty, the Lor,ps system corresponds to a standard Hilbert
style presentation of linear logic. Specifically, Theorems 47 and 48 show that
any linear logic theorem « of a standard Hilbert system for linear logic can be
proved to be a theorem of Lepps (i.e. the declarative unit « : 1 is derivable
from an empty configuration) and vice versa. A definition of the Hilbert
system taken into consideration is first given.

Definition 46. Let £p be the propositional fragment of linear logic con-
sidered in the Lopps system. The Hilbert system for this fragment of linear
logic, written £4,, is given by the following set of schemas (see [1]), together
with the Modus Ponens rule (MP).

(L1) a = «

(L2) (@ = p8) = (v > @) = (v = B))
(L3) (= (B—=7) = (B (=)
(L4) ——a =«

(L5) a— (ma— 1)

(L6) -1

(L7) (@ = =B) = (B = ~a)

(L8)

(L9)
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The Hilbert proof of a theorem consists of one or more steps, where each step
is either an instance of one of the axioms, or is derived from the results of two
previous steps by (MP). Examples of such proofs can be found in Figures 10
and 11. Various other axiom schemas can be derived from (L1) - (L9). In
particular, the schema (a1 — B1) — ((81 = 1) = (a1 = 1)) called (L10)
can be proved by first instantiating in schema (L3), a with 81 — 1, 8 with
ay — B1, v with @; — 71, and in schema (L2) « with 8y, 8 with v, and v
with aq, and then applying (MP) to the resulting two instantiated schemas.

Theorem 47. Consider the Lcips system, the Hilbert system L4, and the
initial empty configuration Cy = ({ }, F), given by F(N\) = { } for any label
A. Let a be a wff of Lp.

If Fax athen Cyti a:l

PRroOOF: Let P be a Hilbert proof of a in £ 4,. Without loss of generality, it
can be assumed that the proof P either consists of a single step, given by an
instance of an axiom, or of a sequence of steps involving either instantiation
of axioms or (MP), such that only instantiations necessary for a subsequent
(MP) step are made. The proof is by induction on the number n (n > 0) of
applications of the (MP) rule in P.

Base case. In case n = 0, there are no applications of (MP) and P consists
of an instance of one of the axioms (L1) - (L9). Figures 6 to 9 show that
axioms (L2), (L7), (L8) and (L9) can be proved with label 1 from the empty
configuration in a Lepps system. The cases for (L1), (L3), (L4), (L5) and
(L6) are easy and are left to the reader.

Co()

Ci{[la = B) : camp)]) (assumption)
Co{[y = a: cy=al) (assumption)
Cs{[y: cy]) (assumption)

Cala: Cyma ©Cy) (=€)

C5(B : C(a—p) © Cy—sa O Cy) (=€)

Co(C(a—p) 0 Cysa 0Cy X 10¢(43)0Cy5a 0Cy) (R-A)

Cr(B:10¢(1p)0Cyma OCy) (unit)

Ce{y = B:1locinsp) ©Cisa) (—=1)

Co{(y = ) = (v = B) : 1o clasp)) (—=7)

Cio{lla=pB) = (=)= (y—=8): 1) (=1)

Fig. 6. Derivation of (a = 8) = (y v a) = (y = 0)) : 1
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Co()
Ci{[a = =B : cas-p]) (assumption)
Co([B : cal) (assumption)
Ca{[ : cal) (assumption)
Ca{~B: camsp 0 Ca) (=€)
Cs{L: cas—p0cCaocp) (=€)
Ce{Ca——-p0Ca0ocg X10cCas30C30CcCa) (R-A)
Cr{L : cloc,_, gocgoca) (unit)
Cs(—a : Croc, ,_gocs) (=1)
Co(8 — —a:1locasp) (=1)
Cio{(a = =B) = (B = na) : 1) (=1)
Fig. 7. Derivation of (¢ — =8) = (8 = —a) : 1
Co()
Ci([(er: ca)]) (assumption)
Co([B : ca]) (assumption)
Cs{a®@PB:1locy0cp) (®T)
Ci(B = a®f:ca) (=1)
Cs{a = (B— (a®B)): 1) (—=1)

Fig. 8. Derivation of « = (8 = (a®f)) : 1

Induction Step. Suppose by inductive hypothesis that, for any Hilbert proof
of v using m applications of (MP), 1 < m < k, there exists a derivation
Cp FL 7 : 1. Suppose now that there is a Hilbert proof P of a using k + 1
applications of (MP) and that the k+ 1th step in P is an application of (MP).
Then there exist (8 — «) and (8 such that Fax 8 — « and Fax 5, both with a
number of (MP) applications strictly less than &+ 1. By inductive hypothesis
Cp FL B = a:1 and Cy Fr, B : 1. This implies, using monotonicity, that
there exists a configuration C', such that 3 - «:1 € (' and :1 € C' and
Cp kL C'. By three subsequent applications of (=€), (R-A) and (unit) and
by transitivity of Fr,, it is possible to show that Cy 1, a: 1. |

Theorem 48. Consider the Loyps system, the Hilbert system L 4, and the
empty initial configuration Cp = ({ },F), given by F(A) = { } for any label
A. Let a be a wff of Lp.

IfCy i a:1 then Fax
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Co)
Ci{la = (B =) : cassg—m)]) (assumption)
Co[a ® B : carpl) (assumption)
Ca{a: ca) (®€)
Ca(B : cs) (®E)
Cs5{ca 0 cs = Cars) (®E)
Ce(B = 7 : Cams (839) © Ca) (=€)
Cr{Y : Cams(83y) © Ca © C8) (=€)
Ca{y:10cCars(84) © CawB) (R-A)
Co{(a®B) = v:10caygoq) (=)
Cio{la = (B—=7)) = (a®B) =) : 1) (=1)

Fig. 9. Derivation of (a = (8= 7)) = (e ®B) =) : 1

ProOOF: Suppose that Cyp ki, « : 1. By soundness of F,, Cyp FrL a : 1,
so Af", FOT(Cy) E [a]*(1), (or Af = [a]*(1)). Hence any model of A
is also a model of [a]*(1). If a model of A]" can be constructed such that
it satisfies [5]*(1) iff Fax S, for any wif 3, then it can be concluded that
Fax a@. Such a model does exist and it is based on the canonical interpretation
first introduced in [10] and defined below. Lemma 50 shows that such an
interpretation satisfies A;, and Lemma 51 shows that it also satisfies Af .O

Definition 49 (Canonical Interpretation). Let (Lp, L) be a Lerps lan-
guage. A canonical interpretation 7 is an interpretation from Mon(Lp, Lr,)
onto PW(Lp) defined as follows:

each characteristic label ¢, is interpreted as {z| Fax a@ — z}.
each constant label X is interpreted as ().

[[Ao N|| ={z] Fax (@ ® B) = z, where a € ||A|]| and 8 € ||X||}.
1 is interpreted as {z| Fax 2}.

x <y is interpreted as ||z|| C ||y|]-

Il = {ll=ll | a € llz[l}-

By definition, the canonical interpretation Z satisfies an atomic formula
[a]*(z) if and only if @ € ||z||. This means, in particular, that Z satisfies
a ground atomic formula [a]*(1) if and only if @ € ||1||, and hence Fax «
(Note that the interpretation of compound terms including one or more con-
stant labels is also an empty set.) Lemmas 50 and 51 show that the canonical
interpretation Z, defined above, is a model of Aj, and A; respectively.

Lemma 50. Let 7 be the canonical interpretation given in Definition 49.
Then T is a model of the labelling algebra Ay, .
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PROOF: The proof consists of showing that Z satisfies each axiom schema of
Ar,.

Commutativity and Associativity:

Counsider first the (Commutativity) schema. Suppose that § € ||A o X|| then
there is a Hilbert proof of (o ® 8) — §, where a € [|A|| and 8 € ||N]].
Figure 10 shows that using this Hilbert proof it is possible to construct a
proof of (8 ® @) — 4. The proof for the (Associativity) schema follows a
similar argument.

(1) (a®p) =0 (given)

(2)a—= (= (a®p)) (L8)

@) (a—= (B = (2®B)) = (B (a = (xR B))) (Instance of (L3))
4B = (a—=(a®p)) (MP - (2) and (3))
B)YB—o(a=(avp)) - (Bea) = (a® b)) (Instance of (L9))
6) (BRa) = (a®p) (MP - (4) and (5))
(MN((B®a) = (@) = ((a®B) =) = (B®a) —»d)) (Instance of (L10))
B) (a®B) = 6) = (B®a) = 6) (MP — (6) and (7))
9) B®a)—4é (MP — (1) and (8))

Fig. 10. Derivation of (3 ® a) — ¢ from (a® 8) = 0

Identity

To show that 10 A < A, suppose that € ||1 o A||. Then (8 ® o) = &, where
Fax 8 and Fax v = a for v € ||A||. Tt is required to show that there exists a
Hilbert proof of v — ¢. This is illustrated in Figure 11. To show that A < 1o},
suppose that 6 € ||A||. Then Fax v — ¢ for some v € |||A]|. It is required
to show 0 € ||1 o A||. It is sufficient to show that ((y — v) ® 7v) — 4, since
v = v € |[1]|- The proof of ((y = ) ® v) — 0 is illustrated in Figure 12.
Order-preserving

Suppose that [|A|| C [|X|| and 6 € |[|[AoA"||. Then Fax (a®pB) — 6, where a €
[|Al] and B € ||A"]]. Hence a € ||X'|] and Fax (@ ® B) = 6 and § € ||\ o N||.
Reflexivity and Transitivity

The satisfiability of these two schemas follows immediately from the reflexive
and transitive properties of the C relation. O

Lemma 51. Let T be the canonical interpretation given in Definition 49. T
is a model of the extended algebra Af.

PROOF: The proof follows a similar argument as that used to prove Lem-
ma 50. Only the satisfiability of schemas (Ax3a) and (Ax3b) are given here
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na (given)

2)y—a (given)
B)B®a)—é (given)

(4) B = (a = (B®a)) (Instance of (L8))
G)a—(BRa) (MP - (1) and (4))
6) (= (Ba)=(y—=a) = (y— (Boa))) (Instance of (L2))
(MGy—2a)=(y—= (BRa)) (MP ~ (5) and (6))
B ry—= B (MP — (2) and (7))
9) (v=>B®a) = (o) 26) = (y—=9)) (Instance of (L10))
(10) (B®a) = 8) = (v = §) (MP — (8) and (9))
(1) y—46 (MP — (3) and (10))

Fig. 11. Derivation of v — ¢ from 3, (y = «) and (B ® a) = ¢

()y—9 (given)

2)(y=0) 2 (v =2v) = (y—=9) (Instance (L2))

B =72 0—96) (MP — (1) and (2))
W (=212 0=200)2((r—=27)®y) =4 (Instance of (L9))
G)(y=r®y) =0 (MP - (3) and (4))

Fig. 12. Derivation of ((y = v) ® v) = 0 from v — §

as the other cases are similar. The definitions of satisfiability of atomic for-
mulae of the form [a]*(z) (i.e. they are satisfied if and only if « € ||z||) and
of atomic formulae of the form = < y (i.e. # <X y is satisfied if and only if
[lz|] € |ly||) are used implicitly.

(Ax3a)

Suppose that o — 8 € ||A|| and a € ||N]|, hence Fax v — (o — B) and
Fax 0 = «a for some v € ||A]| and § € ||[X|]. To show S € ||A o X'|| it is
sufficient to show Fax (7 ® §) = 8. A proof of this is in Figure 13.

(Ax3b)
Since, by the construction of the canonical interpretation, a € ||, ||, suppose
that 8 € ||A o cq||- Then Fax (v ® @) = B, where v € ||A||. To show o —
B € ]|A|| it suffices to show Fax v = (@ — B). A proof of this is given in
Figure 14.

O
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1)y = (= B) (given)

(2)d > (given)

B) (> a) > ((a—>B)— (06— pB)) (Instance of (L10))
(4) (a=B) = (6= B) (MP — (2) and (3))
() ((@a=p) = (6 = 8) = ((y = (e = B)) = (v = (6 = B))(Instance of (L.2))
6) (y = (a—=p) = (= (= p) (MP - (4) and (5))
(Ny—= (@ —=58) (MP - (1) and (6))
B)(y= (6 —=p) = ((y®d) = B) (Instance of (L9))
9) (v®d)—p (MP - (7) and (8))

Fig. 13. Derivation of (y® §) — 3 from v = (o — ) and (6 — «)

1) (y®a) =B (given)

2)y = (a— (y®a)) (Instance of (L8))
B)(vy®a)=B) = (a2 (y®a) = (a = B)) (Instance of (L2))
4) (> (v®a) = (a—B) (MP - (1) and (3))
6) 6@ Gea) > (@ Gea)s@aB) > o

(v = (= B)))

6) (e > (v®a)) = (a = B) = (y = (= B)) (MP - (2) and (5))
(MYy = (= PB) (MP — (4) and (6))

Fig. 14. Derivation of vy = (o = ) from (y® a) = 3

5 The F¢ips System

In this section, the Forpg system for Lukasiewicz fuzzy logic is defined. In
particular, it is shown how Lukasiewicz fuzzy logic can be formalised as a
variation of the system Lopps.

Syntaz. The language of Fopps system is given by the pair (Lp, L), where
Lp is the standard propositional language of Lorps, but without the opera-
tor ®, and Ly, is defined as the labelling language L, of Lcr,ps- The ground
terms of L7 denote, in this system, degrees of truth, the binary function o
denotes an arithmetic combination of degrees of truth, whereas the binary R-
predicate R'? represents a total-ordering relation > on the degrees of truth.

12 The symbol < of Lerps is replaced again by R to avoid confusion with its later
interpretation as >.
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13 The language Ly, is also, in this case, extended to the semi-extended la-
belling language Func(Lp,Lr), in the same way as defined in Section 4 for
the Lorps system, but with the following minor notational differences. The
special parameter ¢ is denoted with 0 in the Fopps system. The parameter
1 corresponds to the semantic notion of “truth” in Lukasiewicz fuzzy logic.

Definition 52 (Labelling algebra Ap). The labelling algebra Ap, writ-
ten in Func(Lp,Ly), is given by the labelling algebra Aj, of Definition 33
extended with the following axiom schemas:

Vz,y(R(z,y) V R(y,z)) (Totality)
Va,y.R(x,z oy) (Monotonicity)

Note that Vz.R(1, z) is a derived axiom of Ap, which can be proved using the
(Transitivity) axiom on the R-literals R(1,1 o x), given by (Monotonicity),
and R(1ox,x), given by (Identity). A Forps system is then defined by the
tuple £ = ((Lp, L), Ar, RF), where the set R of inference rules is defined
in the following section.

5.1 Proof theory and Semantics of Fcyps

The set Rp of inference rules includes the set of inference rules Ry of
the Lonps system, with the exception of (®€) and (®Z), together with
the additional rules given in Table 6. These rules allow the derivation of
the ex-falsum property (i.e. conclude v : X from L : \) as shown in Fig-
ure 15. Sample derivations of ((« = ) = (8 = a)) = (8 — a) : 1 and
(@ » B) = B) - ((B - o) = «a) : 1 are shown in Figure 16 and 17
respectively.

Semantics. The extended labelling language Mon(Lp, Lr,) is defined as in
Section 4. An atomic formula of the form [a]*(z) denotes, in the Fcrps
system, that “the formula « has a degree of truth x”. An extended algebra
Af{ is defined below as a variation of the extended algebra Af of the Lcp,ps
system.

Definition 53. Given the extended labelling language Mon(Lp,L) and
the labelling algebra Ar, the extended algebra Af{ is the theory, written in
Mon(Lp,Lr), given by axioms (Ax1)—(Ax4b) and axiom (Ax6) of the ex-
tended algebra Af, given in Definition 34, together with the following four
additional axioms:

(Ax7) [a]*(0)

13 The symbol < of Lerps is replaced again by R to avoid confusion with its later
interpretation as >.
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Table 6. Additional rules for fuzzy operators.

Clazca])  C([B:cs)

Clla— B) = B:A) Cly:N oca) Cly:N oca)
C'(y:XoX)

(cond-split)

C(R(ca, cp)) (universal 1)

C(y:\) C{y: \) . C'(B— a:1)
YT (split)
C C(B— a:1) .
Tla0) (base) TR ca)) (universal 2)
Co)
Ci([L: A]) (assumption)
Ca{[~a:c-al) (assumption)
C3{a:0) (base)
Ca{L:00coq) (=€)
Cs(R(0,))) (ch)
Cé{R(00caa,A0Cn)) (R-A)
Cr{L:Xocoq) (unit)
Ce(~—a: ) (-7)
Cola: \) (=)

Fig. 15. Derivation of the ex-falsum property

(Ax8) R(cq,cp) <> [8 — a]*(1)
(Ax9) Va,y([(a = B) = B]" () Ala =" (y) A[B=]"(y) = ] (zoy)
(Ax10) [or = B]*(1) V [B = af*(1)

Axiom (AxT) is a generalisation of axiom (Ax7) given in the extended algebra
Af for the Lopps system. A special theorem of A;E is the schema [ L — «a]*(1),
which can be proved using axiom (Ax7) of Af .14

1 Axiom (Ax10) is required since there is no explicit disjunction in Lp.
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Co{)
Ci(lla = B) = (B— @) : claspy=(5a)])
Co([R(cp,ca)l)
Cs{a — B :1)

CaB = @i Camsp)»(Ba) © 1)
Cs{R(Ca—p)—(Boa)s ClamsB)—(B—a) © 1))
Ce(B = a: casspy» (8o}
Cr{[R(ca;cp)])
Cs{B8 — a:1)
Co(R(L, Can ) (Ba)))
Cio{B = @ : Clamsp)»(B—a))
Cii(B = &t Clansp)—(Bora))
Ci2(R(1 0 ¢(amsp)» (8oa)s Clamf)— (Boa)))
Ci3(B = a: 10 ciampy=(8oa))
Ciu{((a—=B) = (B—=a) = (B—a):

1)

Fig. 16. Derivation of ((a = 8) = (8 > a)) > (8 = a): 1

Co{)
Cillla = B) = B clap)—sl)
C2([B = o : cpal)
Ca([B : cg)

Ca{a: cga 0 )

Cs{[a : cal)

Co(R(ca,Cpa O Ca))

Cr{a: cg—a © Ca)

Cs{a: clamp)=8 ° Chsa)

Co(R(C(asp)-8 ©CB—a> 1 © Class8)4 © C8a))
Cio(a:10¢anp) 5 ° Coa)
Ci{(f = a) 2 a:locnpy-g)
Ciz{((@ = B) = B) = (B—=a) = a):

1)

Fig. 17. Derivation of ((a« = 8) = 8) > (8 = a) 2 «a): 1
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The notion of satisfiability and semantic entailment of the Forpg systems,
denoted with |=r, are as specified in Definitions 10 and 11, but based on the
extended algebra Af.

5.2 Main results about the F¢ps system

Soundness. Also for the Fgr,ps, the soundness and completeness of the proof
system with respect to the notion of semantic entailment =, are proved
using the same methodology described in Section 2.3. Most of the theorems,
lemmas and propositions used to prove these two properties are similar to
those used in the Lepps system (see [6]).

Theorem 54 (Soundness of Feips). Let F = ((Lp,LL), Ar, RF) be a
Forps system and let C and C' be two configurations. If C by C' thenC =x C'.

PROOF: The proof follows the same argument as given in Theorem 35.
The proof is by induction on the smallest size of derivations of the form
({Co,...,Cpn},m), where Cyp = C and C,, = C'. The inductive step is proved
by cases on the inference rule applied on the last step C,,—1/C,, of the deriva-
tion. The cases for the (universal 1), (split) and (cond-split) are given here.
The cases for the (base) and (universal 2) rules are similar.
Case 1: (universal 1).
In this case C,_1/Cyp, € (universal 1). Then there exists an R-literal R(cq,c3)
in Cp,—1 and in FOT(C,,—1).Using (Ax8), [8 — a]*(1) is derivable in first-order
logic from FOT (Cp—1). Since C, = Cp—1 + [B = a:1], Af, FOT(Cp—1) Fror
FOT(Cy).
Case 3: (split).
In this case C,,—1/C,, belongs to (split). There exist two proofs, respectively,
of v: A from Cp_1 + [R(ca,cs)] and of v : A from Cp_1 + [R(cs,cq)]. By
the induction hypothesis Af, FOT (Cp—1) U {R(cqa,c5)} Frorn [7]*(\) and
AL, FOT(Ch—1) U {R(cs,¢a)} Fror [7]*(\). Using the axiom (Ax10) and
the (V&) rule of first-order logic, Ajr, FOT(Cn—1) Frow [7]*(A). Since C,, =
Crn1+ [7:A], A, FOT(Cy—1) Fror FOT(Cy).
Case 4: (cond-split).
In this case C,,—1/C, belongs to (cond-split). Then there exists a declara-
tive unit (& — ) = f: A in Cp—q and [(a — B) = B]*(A) € FOT(Cp—1).
There exist two proofs, respectively, of v: X o ¢, from C,,—1 + [@:¢,] and of
v:X ocg from Cp,—1 + [B:¢s). By the induction hypothesis A", FOT(Cp—1)U
{[a]*(ca)} Fror [1]* (X oca) and Af, FOT (Com1) U{[B]*(c5)} Fror [Y]* (N o
c3). Using the axiom (Ax9) and the deduction theorem of first-order log-
ic, A, FOT(Cn-1) FroL [Y]*(X o X'). Since Cp, = Cpnq + [7: X o N, A,
FOT(Cp1) Fron FOT(C).

O
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Completeness. The completeness property is also in this system proved using
standard Henkin-style methodology for classical logic. Notions of consistent
and maximal consistent configurations are identical to those given for the
Lcpps system in Section 4.2. But some additional cases and properties need
to be included to cover the additional rules of the Fcy,ps proof system. These
extra cases are considered in the following lemma.

Lemma 55 (Properties of Cpcc). Let Coee be a mazimal consistent con-
figuration of the Fcips system. Cmee Satisfies the following properties, for
any wffs a, B and v and labels X, \':

@:0 € Cree-

T:cq.

A=< Ao XN € Crce.

FEither R(cg,cq) € Cmee 07 R(ca,c8) € Cmee-

R(ca,c8) € Cmee iff B — a1 € Cree.

If(a=>B)—= B :XECmec anda =y : XN € Cieec and = v : X € Cince,
then v: Ao X € Cpee-

7. Either f — a:1 € Cnee or @ — :1 € Cree-

S S oo~

PRrOOF: For each property, the proof follows a similar argument to that used
in Lemma 40. O

Together with the above properties, a Cpec also satisfies the properties in
Lemmas 39, 40, 42, 43, properties (1) and (2) of Lemma 41 and properties
(2) — (4) of Lemma 44.

Theorem 56 (Completeness of Fcips). Let F = ((Lp, L), Ar, Rr) be
a Forps system, and let C and C' be two configurations such that C' — C is
finite. If C =p C' then C br C.

PrOOF: The proof is similar to the proof of Theorem 37. a

Correspondence. The Fcyps is now compared with a standard Hilbert ax-
iomatisation of Lukasiewicz fuzzy logic [15]. This axiomatisation is a variation
of the Hilbert system Layx for linear logic given in Definition 46 as follows.

Definition 57. Let Lp be the propositional language of the Fcor,ps system.
The Hilbert system Fay for Lukasiewicz fuzzy logic is given by axioms (L1)—
(L7) of the Hilbert system Lax together with the following specific axioms
and the Modus Ponens (MP) rule:

a— (8= a)

(F1)

(F2) (= p) =) = ((B—=a) =2 a)

EF3§ ((a—=B) = (B—a)—=(8—a)
4
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(F5) a—>T

The following theorem captures the correspondence between the proof
system of For,ps and the Hilbert system Fax. Each proof uses the notion of
a canonical interpretation for Fopps. This interpretation maps ground terms
of FaLps onto a real number belonging to the interval [0, 1], in the following
way.

e For each characteristic label ¢q, || o ||€ [0, 1].

e For each constant label A, || A ||= 0.

o ([ Xo X |l=maz{0, (| A I+ || A" [)) — 1}

o | L]=1.

e [|0f|=0.

o LR {I= LATAL AT HEA =1 11

e For each monadic predicate [a]*, || [a]* = {| X1 | | M€ [0,]] ea 1]}
Note that || camp |[|[= min{1l,1 — (|| ca || — || ¢s ||)}, which also implies
|| ¢ ||= 1= || ca ||- On the basis of this interpretation, an atomic formula

[a]*(z) is satisfied by Z if and only if || = ||€ [0, ¢4 This means that if [a]*(1)
is satisfied, then 1 € [0, || ¢4 |||, which implies || ¢4 ||= 1. This implies that
a = T and therefore that a is a theorem of Lukasiewicz fuzzy logic.

Theorem 58 (Correspondence). Consider the Fopps system, the Hilbert
System Fax and the initial empty configuration Cry = ({}, F) given by F(X) =
{} for any label \. Let « be a formula of Lp. Then Fr, « if and only if
CpbL a:l.

PROOF: The “only if” part of the theorem can be easily proved by induc-
tion on the Hilbert proof £, «, following the same argument used in The-
orem 47. The proof of axioms (F3) and (F2), as part of the base case are
already shown in Figures 16 and 17, respectively. The proofs of Axioms (F1),
(F4) and (F5) are omitted as they are quite simple. The “if part” of the state-
ment can be proved using an argument similar to that shown in Theorem 48,
but with respect to the canonical interpretation of For,ps given above. O

The following lemma shows that the above canonical interpretation is a
model of Fcr,ps system.

Lemma 59. Given the Fcips system, and a canonical interpretation T for
Feyps, I is a model of Foyps.-

PROOF: The proof requires to show that Z satisfies all the axioms of the
extended algebra Aj. Only axioms (Ax8), (Ax9), (Monotonicity) and (Order-
preserving) are considered here!®. The proof of satisfiability of the remaining
axioms is left to the reader.

15 Note that, for simplicity, the interpretation symbols || || have often been omitted.
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Monotonicity:

To show that for any labels A and A, (\,A o X') €| R |, it is needed to
show that A > maz{0, (A + X') — 1}. There are two cases, (i) A+ X' > 1 and
(i) A+ XN < 1. (i) maz{0,(A+ X)—1} = (A+ X) — 1. Now, since A’ <1,
(A+ X)) —1 < X as required. (ii) maz{0,(A + A') — 1} = 0 < A, which is
obviously true by the construction of the interpretation Z.
Order-preserving:

This requires to show that for any labels A\, \" and X", if (\,\’) €|| R || then
(Ao X", XN o X"} €|| R ||. The hypothesis implies that A > X'. Then it is needed
to show that maz{0, (A + X") — 1} > maz{0, (A" + A"") — 1}. There are three
cases: () A+ X' >Tand M+ X' > 1, (ii)) A+ X' >1and N+ )\ <1 and
(ii)) A+ X' < 1land X + X’ < 1. For case (i), (A+ ") —1> (M + \) since
A > ). The other two cases are simpler.

Ax8: This requires to show that if (ca,cg) €|| R || then 1 €| [ — o* ||
The hypothesis implies that ¢, > cg. It is needed to show that cg—,, = 1.
cg—a = min{l,1—(cg—cq)}, Hence, if ¢4 > cg then ¢z, = 1. The converse
direction follows as easily.

Ax9:

It is required to show that, if z €|| [(a = 8) — B]* || and y €|| [@ = 7]* ||
and y €| [6 = 7]* ||, then z oy €|| [7]* ||. There are six cases in all: (i)
Cy > Cq > Cg, (i) ca > ¢y > ¢ and (iii) co > g > ¢y, together with another
three cases for cg > c,. Just the first three cases are considered here, as the
others are similar. (i) cqos5 = 1 — (ca — cg). Hence c(q—p)—5 = min{l,1 —
(1 = (cq —cg) — c3)} = cq- The first assumption yields z < ¢,. The second
and third assumptions give y < 1. Then z oy = maz{0,z +y—1} <co < ¢y
as required. (ii) The second assumption gives y < 1 — (co — ¢,) and the
third assumption gives y < 1, which together imply y < 1 — (¢cq — ¢y). Then
maz{0,z +y — 1} < ¢, again. (iii) y <1—(cq —¢y) and y <1 — (e — ¢;).
Since ¢q > €3, €cq — ¢y > ¢g — ¢y. Hence y < 1 — (cq — ¢y). The rest of the
proof is as in case (ii). O

6 Conclusions

This paper illustrates a new method, based on Labelled Deductive Systems
[15] for providing logics belonging to different families with a uniform pre-
sentation of their derivability relations and semantic entailments.

The presentations of the three systems Ecr,ps, Lornps and Forps are ex-
tensions and refinements of the general CLDS system given in Section 2. New
inference rules are mainly included for the specific logical operators. Rules for
reasoning about the structures of configurations are instead common to all
the three logics, with some additional rules in the Lopps and Feppg systems.
The different standard semantics of the logic of elsewhere, linear logic and
Lukasiewicz fuzzy logic are captured by appropriately refining the axioma-
tisation of the extended algebra to the specific meaning of their associated
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logical operators. The general notion of semantical entailment of a CLDS
system is instead equally applied to Ecrps, LoLps and Ferps systems and
the same methodology for proving the soundness and completeness of each
of the three CLDS proof systems has been deployed. This uniformity makes
the CLDS framework an ideal framework not only for facilitating technical
studies of existing logics and their combinations, but mainly for providing a
technical methodology for the development and investigation of new logics.

As for the logic of elsewhere, Hilbert-style proof systems have already
been developed [12,25] and a first tableaux system has been described in [9].
The Ecpps is a first example of a natural-deduction proof system for this
type of enriched classical modal logics. This natural deduction proof system
is uniform also with respect to the natural deduction systems developed for
the standard family of modal logics [24]. The set of rules for the elsewhere
modal operators is identical to the set of rules for the standard normal modal
operators. No additional modal rules need to be included to capture the
specific semantic meaning of the elsewhere modalities. This is entirely due
to the explicit syntactic formalisation of the properties of the accessibility
relation by means of the labelling algebra, and to its use in reasoning with
possible worlds and with relations between possible worlds as part of the
modal system. This differs from the tableaux system for the logic of elsewhere
described in [9] where specific tableaux rules are introduced for the elsewhere
modal operators. Other related work are [17,16,14,26] where labelled proof
sytems for normal modal logics have been developed, different however from
the logic of elsewhere. The combined approach of the Eci,ps system (syntactic
representation of the possible worlds and accessibility relation) facilitates
also an easy extension of the Ecppg system to systems which combine the
elsewhere operator with other modal operators, such as the “universal” modal
operator. Such systems could be achieved by extended the labelling language
with binary relations R; for each modality O; (and <¢;) and extending the
labelling algebra Ay with sets of schemas which respectively axiomatise the
properties of the added accessibility relations R; and then duplicating modal
and structural inference rules for each added modality. This would allow the
formalisation of logics such as the logic of inequality described in [12].

As for linear logic, the Lop,ps is a proper generalisation of the standard ap-
proaches to this logic in that it facilitates explicit assumptions, and reasoning,
about relationships between resources. Rules for linear operators described in
Section 4 are similar, apart from the labels, to the standard sequent calculus
rules for linear logics. The Lepps system described in this paper could be ex-
tended to include the additive operators & and V as well as the exponential
operators. To do so, the semantic meaning of the additive operator could,
for example, be captured by including the following axiom schemas in the
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extended algebra Af.

One of the benefits of the LDS approach to substructural logic is its uni-
formity, in that the same set of inference rules can be defined for any other
substructural logic. Only the case of linear logic has been considered here, but
other different substructural logics could be equally defined by considering
appropriate labelling algebrae. For example, labelling algebrae for Lambek,
Relevance and Intuitionistic logics could be defined by incrementally adding
the axioms shown in Table 7 to the basic labelling algebra of the Loppg sys-
tem. The (R-A) rule would use in this case the appropriate labelling algebra
to differentiate one logic from another. (See [4] and [10] for a full discussion
of this issue.) Note that in the specific case of intuitionistic logic, the (=)

1| z oy < y o x |commutativity Lambek Calculus = { }

2| zozx=<=x contraction Linear Logic = { 1 }

3| r=xzox expansion Relevance Logic = { 1,2}

4| z <zoy | monotonicity | Intuitionistic Logic = {1,2,4,6}
SlrJyVy=<=z totality BLukasiewicz fuzzy logic = {1,4,5,6}

Table 7.

Properties of o in different logics

rule of the Lerps proof system would need to be removed (see [5]) and, as
shown in the case of Lukasiewicz fuzzy logic, a new rule would need to be
included, which allows the deduction of any declarative unit of the form « : A
whenever the antecedent configuration includes declarative unit of the form
1 2 A. The addition of the monotonicity and totality property to the Lcrps
labelling algebra, has allowed to capture Lukasiewicz fuzzy logic reasoning,
as shown in Section 5. Related work on Lukasiewicz fuzzy logic which also
adopt forms of labelling mechanisms are [22,21,19]. Other uniform proof sys-
tems based on the LDS methodology have been developed for substructural
logics. Examples are the natural deduction system described in [4] and the
LKE system described in [10], where complete lattices are used as labelling
algebra. The Lcrps system differs from the LKE system in several ways.
One example is the introduction in the LKE labelling algebra of a special
operator for handling the — connective. This operator, called the “star” op-
erator [10], satisfies the basic property that, for any label A, A o A* < 1*, or
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equivalently, that L is false at A o A*. This operator could have also been in-
troduced in the Lcrps system, by adding to the extended algebra the axiom
Va(c, A xox* AVz(cr A xoz — z < z*)). This states that the star operator
exists and is the largest label “consistent” with z.

Finally, the translation method in Section 2 facilitates the use of first-
order theorem provers for deriving theorems of the underlying logic. The
first-order axioms of a CLDS extended algebra A% can be translated into
clausal form, and so any clausal theorem proving method can be used to
automate the CLDS proof system. The clauses resulting from instantiating
the extended algebra schemas with respect to the translation of a particular
configuration, represent a “partial coding” of the data. An example derivation
using Otter [20] is given in Figure 18 which illustrates the proof of the logic
of elsewhere axiom (Op A p) — OOp. In this example, the translation into
standard clauses uses the holds(a,x) predicate, where « is a wif and z is a
label, instead of the monadic predicate [«]*(c). The functors i, a and b denote
the connectives —, A and O respectively. The functor boz(a, x) represents the
term box, (). The proof is made with the unit-resulting and binary resolution
options and it is easy to see that it very closely mirrors the proof given in
Figure 3. In the case of substructural logics, an alternative theorem prover

list (usable).

1 holds(A,X) — holds(i(A,B),X).
2 -holds(B,X) — holds(i(A,B),X).
3 r(X,box(A,X)) — holds(b(A),X).
4 -holds(A,box(A,X)) — holds(b(A),X).
5 -holds(a(A,B),X) — holds(A,X).
6 -holds(a(A,B),X) — holds(B,X).
7 H(XY) - (X = V).
8 —holds(b( ),X) — -r(X,Z) — holds(A,Z).
list(sos).
9 -holds(i(a(b(p),p),b(b(p)))s)
Proof.
12 [ur,9,2] -holds(b(b(p)),s).

ur,9,1] holds(a(b(p),p),s).

)2box(b(p),5)).

3

7 [ur,12,4] -holds(b(p

0 [ur,13,6] holds(p,s).
1 [ur,13,5] holds(b(p),s).

7 [ur,17,4] -holds(p,box(p,box(b(p),s))).
5 [ur,37,8,21] -r(s,box(p,box(b(p),s))).
9 [ur,45,7] (box(p,box(b(p),5)) = 5).

2 [parafrom,49,37] -holds(p,s).

[

3 [binary,52,20] .

Fig. 18. An automated proof using Otter
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approach could be adopted [7]. This is based on the fact that the clauses of
the extended algebra are nearly all Horn clauses (one positive literal at most).
The only exceptions are disjunctions with exactly two positive literals. But
it is always the case that one of these disjuncts has the form [a]*(c,), for
some wif a, whereas the other has the form [y]*(z). A theorem prover which
uses an adaptation of the Davis Putnam method [8] has been built in Prolog
for the subcase of wffs using just the — and — operators, where wifs A ® B
involving ® are rewritten as ~(A — —B) [5]. Further investigation is however
necessary on the automated theorem proving aspect of the CLDS approach.
The results obtained from this initial investigation makes this line of research
very promising.
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