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1. Introduction

A key difficulty in verifying properties of shared-memory concurrent programs
is to be able to reason compositionally about each thread in isolation, even
though in reality the correctness of the whole system is the collaborative
result of intricately intertwined actions of the threads. Such compositional
reasoning is essential for verifying large concurrent systems, library code
and more generally incomplete programs, and for replicating a programmer’s
intuition about why their implementations are correct.

Rely-guarantee (RG) reasoning [12], is a well-known technique for ver-
ifying shared-memory concurrent programs. In this method, each thread
specifies its expectations (the rely condition or R) of the transitions made
by the environment as well as the transitions made by the thread itself (the
guarantee condition or G) where R;G constitute the overall interference.
However, in practice formulating the rely and guarantee conditions is difficult:
the entire program state is treated as a shared resource (accessible by all
threads) where rely and guarantee conditions globally specify the behaviour
of threads over the whole shared state and need to be checked throughout the
execution of the thread. We proceed with a brief overview of the shortcom-
ings of RG reasoning and how the existing approaches tackle some of these
limitations. The global nature of RG reasoning limits its compositionality
and practicality in the following ways:

1. Even when parts of the state are owned by a single thread, they
are exposed to all other threads in the R;G conditions. Simply put,
the boundary between private (thread-local) and shared resources is
blurred.

2. Since the shared resources are globally known, sharing of dynamically
allocated resources is difficult. That is, extending the shared state is
not easy.

3. When parts of the shared state are accessible by only a subset of
threads, it is not possible to hide either the resources or their associated
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interference (R;G conditions) from the unconcerned threads. In short,
reasoning locally about threads with disjoint footprints is not possible.

4. Similarly, when different threads access different but overlapping parts
of the shared state, it is not possible to hide either the resources
or their associated interference from the unconcerned threads. In
brief, reasoning locally about threads with overlapping footprints is not
possible. As we will demonstrate, this issue is particularly pertinent
when reasoning about concurrent operations on data structures with
unspecified sharing such as graphs.

5. When describing the specification of a program module, the R;G
conditions need to reflect the entire shared state even when the module
accesses only parts of it. This limits the modularity of verification since
the module specification becomes context-dependent and it may not
always be reusable.

6. Since the R;G conditions are defined statically and cannot evolve,
in order to temporarily disable/enable certain operations by certain
threads (e.g. allowing a lock to be released only by the thread who has
acquired it) one must appeal to complex (unscalable) techniques such
as auxiliary states.

7. As a program executes, its footprint grows/shrinks in tandem with the
resources it accesses. It is thus valuable for the reasoning to mimic the
programmer’s intuition by reflecting the changes in the footprint. This
calls for appropriate (de)composition of the shared state as well as its
associated interference which cannot be achieved with a global view of
the shared state.

Recent work on RGSep [18] has combined the compositionality of separation
logic [11, 14] with the concurrent techniques of RG reasoning. In RGSep
reasoning, the program state is split into private (thread-local) and shared
parts ensuring that the private resources of each thread are untouched by
others and the R;G conditions are specified only over the shared state.
However, since the shared state itself remains globally specified and is visible
to all threads in its entirety, this separation only addresses the first problem
outlined above.

Set out to overcome the limitations of both RG and RGSep reasoning,
Feng introduced Local Rely-Guarantee (LRG) reasoning in [8]. As in RG
and unlike RGSep, in LRG reasoning the program state is treated as a single
shared resource accessible by all threads. Moreover, the compositionality
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afforded by the separating conjunction of separation logic › is applied to both
resources of the shared state and the R;G conditions. This way, threads can
hide (frame off) irrelevant parts of the shared state and their interference
(resolving 1-3, 5 above) allowing for more local reasoning provided that
they operate on completely disjoint resources. However, when reasoning
about data structures with intricate and unspecified sharing (e.g. graphs),
since decomposition of overlapping resources is not possible in a disjoint
manner, LRG reasoning enforces a global treatment of the shared state,
thus betraying its very objective of locality (issue 4; and 5 in the presence
of overlapping module specifications). Furthermore, as with RG reasoning,
the R;G conditions are specified statically (albeit decomposable); hence
temporary (un)blocking of certain actions by certain threads is not easy
(issue 6). Finally, while LRG succeeds to capture the programmer’s intuition
of the program state by dynamically growing/shrinking the footprint when
dealing with disjoint resources, it fails to achieve this level of fine-grained
locality when dealing with overlapping (entangled) resources (issue 7).

Much like LRG reasoning, the reasoning framework of Concurrent Ab-
stract Predicates (CAP) [6] and its extended variants [17, 3] apply the
compositionality of separation logic to concurrent reasoning. In these tech-
niques, the state is split into private (exclusive to each thread) and shared
parts where the shared state itself is divided into an arbitrary number of
regions disjoint from one another. Each region is governed by an interference
relation I that encompasses both the R and G conditions: the transitions in I
are enabled by capabilities and a thread holding the relevant capability locally
(in its private state) may perform the associated transition. As with LRG,
this fine-grained division of the shared state into regions, allows for more
local reasoning with the constraint that the the regions are pairwise disjoint
(resolving 1, 3, 5). Dynamically allocated resources can be shared through
creation of new regions (resolving 2). Moreover, since CAP is built on top
of deny-guarantee reasoning [7] (an extension to rely-guarantee reasoning
where deny permissions are used to block certain behaviour over a period
of time) dynamic manipulation of interference transitions is straightforward
(resolving 6). However, since the contents of regions must be disjoint from
one another, when tackling data structures with complex and unspecified
patterns of sharing that do not lend themselves to a clean decomposition, the
entire data structure along with its interference must be confined to a single
region, forsaking the notion of locality once again (issue 4; and 5 in case of
overlapping module specifications). Furthermore, since the capabilities and
interference associated with each region are defined upon its creation and
remain unchanged throughout its lifetime, it is often necessary to foresee all
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possible extensions to the region (including dynamically allocated resources
and their interference). As we will show, this not only limits the locality of
reasoning, but also gives way to unnatural specifications that contrast with
the program footprint (issue 7).

This paper introduces the program logic of CoLoSL, where threads access
one global shared state and are verified with respect to their subjective views
of this state. Each subjective (personalised) view is an assertion which
provides a thread-specific description of parts of the shared state. It de-
scribes the partial shared resources necessary for the thread to run and the
thread-specific interference describing how the thread and the environment
may affect these shared resources. Subjective views may arbitrarily overlap
with each other, and subtly expand and contract to the natural resources
and the interference required by the current thread. This flexibility provides
truly compositional reasoning for shared-memory concurrency.

A subjective view
�� ��P I

comprises an assertion P which describes parts of
the global shared state; and an interference assertion I which characterises
how this partial shared state may be changed by the thread or the envi-
ronment. Similar to interference assertions of CAP, I declares transitions
of the form [a] : Q ; R, where a thread in possession of the [a] capability
(in its private state) may carry out its transition and update parts of the
shared state that satisfy Q to those described by R. Assertions of subjective
views must be stable; that is, robust with respect to interferences from the
environment (as prescribed in I).

We introduce several novel reasoning principles which allow us to expand
and contract subjective views. Subjective views can always be duplicated
using the Copy principle: �� ��P I

⇒
�� ��P I

›
�� ��P I

(Copy)

In combination with the usual law of parallel composition of separation
logic [14], this yields a powerful mechanism to distribute the shared state
between several threads:

{P1 › P2} C1 ‖ C2 {Q1 ›Q2}
{P1} C1 {Q1} {P2} C2 {Q2}

Par

The subjective views of each thread will be typically too strong, describing
resources that are not being used by the thread. However, as we demonstrate
in §2, before weakening the view, it is sometimes useful to strengthen some
of the interference transitions to preserve global knowledge. We achieve this
using the Shift principle:

I vP I ′ implies
�� ��P I

V
�� ��P I′

(Shift)
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This principle states that an interference assertion I can be exchanged for
any other interference assertion I ′ that has the same projected effect on the
subjective state P . When this is the case, we write I vP I ′ and say that
the actions have been shifted. It can be used to strengthen actions with
knowledge of the global shared state arising form the combination of I and
P . It can also be used to forget (frame off) actions which are irrelevant
to P . This Shift principle provides a flexible mechanism for interference
manipulation and is in marked contrast with most existing formalisms, where
interference is fixed throughout the verification.

With a possibly strengthened interference assertion, we can then frame
off parts of the shared state and zoom on resources required by the current
thread using the Forget principle:�� ��P ›Q

I
⇒

�� ��P I
(Forget)

At this point, the Shift principle may be applied again to forget those
actions that are no longer relevant to the new subjective view captured by P .
However, a stable subjective view may no longer be stable after forgetting
parts of the shared state. This is often due to the combined knowledge of
P and I being too weak and can be avoided by strengthening I (through
Shift) prior to forgetting.

These reasoning principles enable us to provide subjective views for
the threads which are just right. We can proceed to verify the threads,
knowing that their subjective views describe personalised preconditions
which only describe the resource relevant to the individual threads. The
resulting postconditions naturally describe overlapping parts of the shared
state, which are then joined together using the disjoint concurrency rule and
the Merge principle: �� ��P I1

›
�� ��Q I2

⇒
�� ��P ∪› Q

I1∪I2
(Merge)

The P ∪› Q assertion describes the overlapping of states arising from P and
Q, using the overlapping conjunction ∪› [10, 9]. The new interference is
simply the union of previous interferences. Using the Shift principle, we
can once again simplify the interference assertion with respect to this new
larger subjective view.

Lastly, locally owned resources (described by P ) can be shared using the
Extend principle:

P c© I and fresh (x̄,K1 ›K2) implies P V ∃x̄.K1 ›
�� ��P ›K2 I

(Extend)
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where x̄ range over bound logical variables of capability assertions K1, K2

and are distinct from unbound variables of P . The side condition P c© I
ensures that the actions of the new interference assertion I are confined to P
(more in §4). As we demonstrate in our set example in §5, the main novelty
of this rule is that the new actions in I may refer to existing shared resources,
unlike CAP where all possible futures of the region must be accounted for
upon its creation.

With these reasoning principles, we are able to expand and contract
subjective views to provide just the resources required by a thread. In
essence, we provide a framing mechanism both on shared resources as well
as their interferences even in the presence of overlapping footprints and
entangled resources.

We conclude this section by noting that while CoLoSL enables reasoning
about fine-grained concurrency, the logic of subjective concurrent separation
logic (SCSL) [13] employs auxiliary states to reason about coarse-grained
concurrency. That is, although both techniques share the spirit of subjectivity,
their applications are completely orthogonal. As the authors note in [13],
CAP (and by design CoLoSL) can be employed to reason about their case
studies of coarse-grained concurrency. However, SCSL cannot be used to
reason about the fine-grained concurrency scenarios that CoLoSL tackles,
either when the resources are distributed disjointly amongst threads or when
they are intricately entangled.
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2. Informal Development

We illustrate our CoLoSL reasoning principles by sketching a proof of a
variation of Dijkstra’s token ring mutual exclusion algorithm [4].

Consider the program INC defined in Fig. 2.1, ignoring the assertions.
It is written in pseudo-code resembling C with additional constructs for
concurrency: atomic sections 〈 〉 which declare that code behaves atomically;
and parallel composition ‖ which spawns threads then waits until they
complete. In our example, after initialisation of the variables to 0, three
threads are spawned to increment each variable in a lock-step fashion: Px

is the first allowed to run its increment operation; then Py; and finally P z.
This process repeats until x = y = z = 10. This example code is interesting
because the threads are intricately intertwined. In the case of the Py thread,
the programmer knows that the code depends on the values of variables x

and y and that it can increment y as long as its value is less than that of x.
However, he also knows a much more complex behaviour of the thread: given
the initial setting where all variables have value 0, then the thread can only
increase the value of y by 1 if x is one more than y, and the environment can
only increase x by one if x and z (and in fact y) have the same value. Finally,
the programmer knows that at the end all the variables will have value 10.

CoLoSL can simply specify this complex behaviour of the resources
associated with thread Py. Consider the CoLoSL assertions accompanying
INC. After initialisation, line 3 of INC provides a standard assertion from
separation logic [11] with variables as resource [1]. The assertion declares
that the variable cells addressed by x, y and z have the same value 0. This
variable resource in the thread-local state is fully owned by the thread. Using
the Extend principle, the thread is able to give up this local resource and
transfer it to the global shared state. For example, line 4 demonstrates the
creation of a subjective view

�� ��x 7→ 0 › y 7→ 0 › z 7→ 0
I
, where part of the

underlying global shared state now contains the three variable cells and the
interference relation I declares how this part of the shared state can change.
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INC:

1 //{x 7→ − › y 7→ − › z 7→ −}
2 x = 0 ; y = 0 ; z = 0 ;
3 //{x 7→ 0 › y 7→ 0 › z 7→ 0}

4 //

{�� ��x 7→ 0 › y 7→ 0 › z 7→ 0
I

› [ax] › [ay] › [az]

}
5 (Px | | Py | | Pz )

6 //

{�� ��x 7→10 › y 7→10 › z 7→10
I

› [ax] › [ay] › [az]

}
I

def
=



[ax] : ∃v.z 7→ v › x 7→ v ;
z 7→ v › x 7→ v + 1

[ay] : ∃v.x 7→ v + 1 › y 7→ v ;
x 7→ v + 1 › y 7→ v + 1

[az] : ∃v.y 7→ v + 1 › z 7→ v ;
y 7→ v + 1 › z 7→ v + 1

Figure 2.1: The concurrent increment program together with a CoLoSL proof
sketch. Lines starting with // contain formulas that describe the local state
and the subjective shared state at the relevant program point. The codes of
Px, Py and P z programs and their proof sketches are provided in Fig. 2.2.

For example, the action

[ay] : ∃v. x 7→ v + 1 › y 7→ v ; x 7→ v + 1 › y 7→ v + 1

can increment y under the condition that the value of x is one more than
y. This update is only possible when the local state of a thread has the
capability [ay]. For this particular example, the assertion in line 4 simply
has all the capabilities [ax] › [ay] › [a z] of the actions of I in the local state;
in general, capabilities can be buried inside boxes, only to emerge as a
consequence of an action (see §5).

Using the Copy principle for subjective views and the disjoint concurrency
rule, we obtain a precondition for thread Py:�� ��x 7→ 0 › y 7→ 0 › z 7→ 0

I
› [ay]

However, this precondition is more complicated than we need. Intuitively,
the specification of each thread should only use the variable resource relevant
to that thread, and need only consider actions that affect that resource.
In this example, the extraneous piece of state is the variable cell z. This
additional resource might seem an acceptable price to pay, but straightforward
generalisations to n participants yields extra state of n − 2 variable cells
with their associated interferences which are of no interest to the particular
thread. Fundamentally, for large systems, the burden of carrying the whole
shared state around to analyse all threads, can lead to intractable proofs.
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Px:

//{
�� ��z 7→ 0 › x 7→ 0

Ix
› [ax]}

while ( x != 10){

//

{�



�
	∃v. z 7→ v › x 7→ v ∨

z 7→ v › x 7→ v + 1
Ix

› [ax]

}
〈 i f ( x == z ) x++;〉

}

//

{�



�
	z 7→ 10 › x 7→ 10 ∨

z 7→ 9 › x 7→ 10
Ix

› [ax]

}

Ix
def
=


[ax] :∃v.z 7→ v › x 7→ v ;

z 7→ v › x 7→ v + 1
[az] : ∃v.x 7→ v + 1 › y 7→ v + 1 › z 7→ v ;

x 7→ v + 1 › y 7→ v + 1 › z 7→ v + 1

Py:

//


�



�
	x 7→ 0 › y 7→ 0 ∨

x 7→ 1 › y 7→ 0
Iy

› [ay]


while ( y != 10){

//


�



�
	∃v. x 7→ v › y 7→ v ∨

x 7→ v + 1 › y 7→ v
Iy

› [ay]


〈 i f ( y < x ) y++;〉

}

//


�



�
	x 7→ 10 › y 7→ 10 ∨

x 7→ 11 › y 7→ 10
Iy

› [ay]



Iy
def
=


[ax] :∃v.x 7→ v › y 7→ v › z 7→ v ;

x 7→ v + 1 › y 7→ v › z 7→ v
[ay] :∃v.x 7→ v + 1 › y 7→ v ;

x 7→ v + 1 › y 7→ v + 1

P z:

//

{�



�
	y 7→ 0 › z 7→ 0 ∨

y 7→ 1 › z 7→ 0
Iz

› [az]

}
while ( z != 10){

//

{�



�
	∃v. y 7→ v › z 7→ v ∨

y 7→ v + 1 › z 7→ v
Iz

› [az]

}
〈 i f ( z < y ) z++;〉

}

//

{�



�
	y 7→ 10 › z 7→ 10 ∨

y 7→ 11 › z 7→ 10
Iz

› [az]

}

Iz
def
=


[ay] : ∃v.x 7→ v + 1 › y 7→ v › z 7→ v ;

x 7→ v + 1 › y 7→ v + 1 › z 7→ v
[az] : ∃v.y 7→ v + 1 › z 7→ v ;

y 7→ v + 1 › z 7→ v + 1

Figure 2.2: The Px, Py and P z programs and their CoLoSL proof sketches.
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As a first try at simplifying the precondition, consider the following
implication using the Forget and Shift principles given in the introduction:�� ��x 7→ 0 › y 7→ 0 › z 7→ 0

I
› [ay]

(Forget)⇒
�� ��x 7→ 0 › y 7→ 0

I
› [ay]

(Shift)

V
�� ��x 7→ 0 › y 7→ 0

I\a z
› [ay]

(stabilise)⇒
�� ��∃v, v′.(x 7→ v › y 7→ v′) ∧ v ≥ v′

I\a z
› [ay]

The thread Py does not modify z and we can thus forget the variable assertion
z 7→ 0. The variable cell z is no longer visible to Py and the action of [a z]
does not affect the resources described by the assertion of the subjective view
neither in its current state nor at any point during its lifetime. That is, the
current subjective view is unaffected by this action, and after undergoing any
number of actions from I, the resulting subjective view remains unaffected
by it. Using the Shift principle, we can therefore forget the action of [a z].

Finally, we stabilise the resulting subjective view such that it is invariant
under all possible actions by the environment. Since we no longer know the
value of z, after stabilising against the action of [ax], the resulting assertion
is too weak. Intuitively, we know that x can only be incremented when its
value is equal to z and y. However, this is not reflected in he action of [ax];
since we have forgotten z, there is nothing to constrain the increment on x.
Hence, we can only stabilise in a general way as given, losing information
about how the values of x and y are connected together through z. It is
however possible to give a stronger specification, as follows:�� ��x 7→ 0 › y 7→ 0 › z 7→ 0

I
› [ay]

(Shift)

V
�� ��x 7→ 0 › y 7→ 0 › z 7→ 0

I′y
› [ay]

(Forget)⇒
�� ��x 7→ 0 › y 7→ 0

I′y
› [ay]

(Shift)

V
�� ��x 7→ 0 › y 7→ 0

Iy
› [ay]

(stabilise)⇒
�� ��x 7→ 0 › y 7→ 0 ∨ x 7→ 1 › y 7→ 0

Iy
› [ay]

This implication involves subtle interaction between the assertion and the
interference relation of the subjective view. Consider the action of [ax] in I
and the initial state with value 0 in all the cells. This action can be replaced
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by:

[ax] : ∃v. x 7→ v › y 7→ v › z 7→ v ; x 7→ v + 1 › y 7→ v › z 7→ v

This is possible because, as the programmer knows, whenever x and z have
the same value then y also has the same value which, under these conditions,
is not changed by the actions in I. This amended action reflects stronger
knowledge about when x can be incremented and how its value is related to
y and z. Let I ′y be Iy with action of [ax] rewritten as above. As we justify
in § 4, by using the judgement I vx 7→0›y 7→0› z 7→0 I ′y, we can use the Shift
principle to replace Iy by I ′y. Using Forget, it is now safe to lose the z

assertion to obtain the subjective view
�� ��x 7→ 0 › y 7→ 0

I′y
, as the new action

of [ax] in I ′y retains enough information about how x, y and z are related.
Since the action of [a z] only affects the z cell, which has been forgotten,
leaving the cells x and y unaltered, we can use the Shift principle again to
change the interference relation to Iy = I ′y\a z. The interference relation is
now as simple as it can get, whilst retaining enough information about the
connection between x, y and z. Finally, we stabilise the subjective view with
respect to Iy and obtain our final precondition of Py.

There is one more subtlety to mention about this precondition. The
thread has the capability [ay] to perform its action which only requires the
resources described by the subjective view. However, the action of [ax]
depends on z, which is no longer a part of the subjective view of the thread.
Since another thread in the environment may own the [ax] capability, it
may perform its action whenever its subjective view is compatible with the
pre-condition of the action. When that is the case, the piece of the state
corresponding to the overlap between the state and the precondition of the
action is removed, and the entire postcondition of the action is added in its
place. This is due to the fact that the subjective view describes the thread’s
partial knowledge about the shared state, while the environment may have
some additional knowledge to what the thread knows. In this case, while the
thread does not have the capability to do the action of [ax], the environment
might.

The proof of the specification of the thread Py is now relatively straight-
forward. By inspection, the invariant of the while loop is stable with respect
to Iy. The atomic section allows safe manipulation of the contents of the
subjective view. The final postcondition of Py follows from the invariant
and the boolean expression of the while. We join up the postconditions
of the threads using the Merge principle. Since ∨ distributes over ∪›, the
subjective view simplifies to

�� ��x 7→ 10 › y 7→ 10 › z 7→ 10
Ix∪Iy∪I z

. Finally,
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since Ix ∪ Iy ∪ I z vx 7→10›y 7→10› z 7→10 I, by the Shift principle, we get the
postcondition of INC.

This concludes our CoLoSL proof of INC. Our expansion and contraction
of subjective views, in particular with shifting of interference assertions in key
places, enables us to confine the specification and verification of each thread
to just the resources they need. This is not possible in existing frameworks.

Further CoLoSL reasoning We complete our semi-formal overview with
a brief description of features of CoLoSL not showcased by the proof above.
First, we note that an action P ; Q may in general perform three types
of actions: (1) modify resources: P and Q contain the same amount of
resource with different values, (e.g. action of [ax] in I); (2) remove resources
from the shared state and transfer them into the local state of the thread
performing the action, (e.g. when P = Q › R for some resource R to be
removed); (3) conversely, add resources from the local state of the thread
into the shared state, (e.g. when Q = P › R). We demonstrate the latter
two behaviours through our examples in §5. These three behaviours are
not mutually exclusive and an action may exhibit any combination of them.
Unlike CAP [6] and as in iCAP [17], we do not provide an explicit unsharing
mechanism to claim shared resources and render them thread-local. Instead,
this behaviour can be simply encoded as an additional action with the second
behaviour described above.
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3. CoLoSL Model and Assertions

We formally describe the underlying model of CoLoSL; we present the various
ingredients necessary for defining the CoLoSL worlds : the building blocks of
CoLoSL that track the resources held by each thread, the shared resources
accessible to all threads, as well as the ways in which the shared resources
may be manipulated by each thread.

We then proceed with the assertions of CoLoSL and provide their seman-
tics by relating them to sets of worlds. Finally, we establish the validity of
Copy, Forget and Merge principles introduced in the preceding chapters
by establishing their truth for all possible worlds and interpretations.

3.1 Worlds

Overview A world is a triple (l, g, I) that is well-formed where l and
g are logical states and I is an action model ; let us explain the role of
each component informally. The local logical state, or simply local state, l
represents the locally owned resources of a thread. The shared logical state,
or shared state, g represents the entire (global) shared state, accessible to
all threads, subject to interferences as described by the action models.

An action model is a partial function from capabilities to sets of actions.
An action is a pair (p, q) of logical states where p is the pre-state of the
action and q its post-state. The action model I corresponds directly to the
(semantic interpretation of) an interference assertion I. Although worlds do
not put further constraints on the relationship between I and g, they are
linked more tightly in the semantics of assertions (§3.2).

Finally, the composition of two worlds will be defined whenever their
local states are disjoint and they agree on all other two components, hence
have identical knowledge of the shared state and possible interferences.

We proceed by defining logical states, which are CoLoSL’s notion of
resource, in the standard separation logic sense. Logical states have two
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components: one describes machine states (e.g. stacks and heaps); the
other represents capabilities. The latter are inspired by the capabilities in
deny-guarantee reasoning [7]: a thread in possession of a given capability is
allowed to perform the associated actions (as prescribed by the action model
components of each world, defined below), while any capability not owned
by a thread means that the environment can perform the action.

CoLoSL is parametric in the choice of the separation algebra representing
the machine states and capabilities. This allows for suitable instantiation of
CoLoSL depending on the programs being verified. For instance, in the token
ring example of §2 the separation algebra of machine states is a standard
variable stack; while capabilities are captured as a set of tokens. However,
as we demonstrate in the examples of §5, our programs often call for a more
complex model of machine states and capabilities. For instance, we may
need our capabilities to be fractionally owned, where ownership of a fraction
of a capability grants the right to perform the action to both the thread and
the environment, while a fully-owned capability by the thread denies the
right to the environment to perform the associated action.

In general, the separation algebra of machine states and capabilities can
be instantiated with any separation algebra (i.e. a cancellative, partial
commutative monoid [2]) that satisfies the cross-split property. This is
formalised in the following parametrisations.

Parameter 1 (Machine states separation algebra). Let (M, •M,0M) be any
separation algebra with the cross-split property, representing machine states
where the elements of M are ranged over by m,m1, · · · ,mn.

Parameter 2 (Capability Separation Algebra). Let (K, •K,0K) be any
separation algebra with the cross-split property, representing capability
resources where the elements of K are ranged over by κ, κ1, · · ·κn.

We can now formalise the notion of logical states. As discussed above, a
logical state is a pair comprising a machine state and a capability resource.

Definition 1 (Logical states). Given the separation algebra of machine
states, (M, •M,0M), and the separation algebra of capabilities, (K, •K,0K),
a logical state is a pair (m,κ), consisting of a machine state m ∈M and a
capability κ ∈ K.

LState
def
= M×K

We write l, l1, · · · , ln to range over either arbitrary logical states or those
representing the local logical state. Similarly, we write g, g1, · · · , gn to range
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over logical states when representing the shared (global) state. We write 0L

for the logical state (0M,0K). Given a logical state l, we write lM and lK
for the first and second projections, respectively. The composition of logical
states ◦ : LState× LState⇀ LState is defined component-wise:

(m,κ) ◦ (m′, κ′)
def
= (m •M m′, κ •K κ′)

The separation algebra of logical states is given by (LState, ◦,0L).

Oftentimes, we need to compare two logical states l1 ≤ l2 (or their
constituents: κ1 ≤ κ2, m1 ≤ m2) defined when there exists l such that
l ◦ l1 = l2. This is captured in the following definition.

Definition 2 (Ordering). Given any separation algebra (B, •B,0B), the
ordering relation, ≤: B× B, is defined as:

≤ def
= {(b1, b2) | ∃b. b1 •B b = b2}

We write b1 ≤ b2 for (b1, b2) ∈ ≤. We also write b2 − b1 to denote the
unique (by cancellativity of separation algebras) element in B such that
b1 •B (b2 − b1) = b2.

In our formalisms we occasionally need to quantify over compatible logical
states (similarly, compatible machine states or compatible capabilities), i.e.
those that can be composed together by ◦ . Additionally, we often describe
two logical states as disjoint. We formalise these notions below.

Definition 3 (Compatibility). Given any separation algebra (B, •B,0B), the
compatibility relation, ]: B× B, is defined as:

]
def
= {(b1, b2) | ∃b. b1 •B b2 = b}

We write b1 ] b2 for (b1, b2) ∈].

Definition 4 (Disjointness). Given any separation algebra (B, •B,0B), the
disjointness relation, ⊥: B× B, is defined as:

⊥def
= {(b1, b2) | b1 ] b2 ∧ ∀b ∈ B. b ≤ b1 ∧ b ≤ b2 =⇒ b = 0B}

We write b1 ⊥ b2 for (b1, b2) ∈⊥.

Observe that for a separation algebra (B, •B,0B) satisfying the disjoint-
ness property1, the definitions of compatibility and disjointness relations

1∀b, b′ ∈ B. b •B b = b′ =⇒ b = b′ = 0B
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coincide.

We now proceed with the next ingredients of a CoLoSL world, namely,
action models. Recall from above that an action is simply a pair of logical
states describing the pre- and post-states of the action, while an action model
describes the set of actions associated with each capability.

Definition 5 (Actions, action models). The set of actions, Action, ranged
over by a, a1, · · · , an, is as defined below.

Action
def
= LState× LState

The set of action models, AMod, is defined as follows.

AMod
def
= K⇀ P (Action)

We write I, I1, · · · , In to range over action models; we write ∅ for an action
model with empty domain.

The Effect of Actions Given a world (l, g, I), since g represents the entire
shared state, as part of the well-formedness condition of worlds we require
that the actions in I are confined to g. Let us elaborate on the necessity of
the confinement condition.

As threads may unilaterally decide to introduce part of their local states
into the shared state at any point (by Extend), confinement ensures that
existing actions cannot affect future extensions of the shared state. Similarly,
we require that the new actions associated with newly shared state are
confined to that extension in the same vein, hence extending the shared state
cannot retroactively invalidate the views of other threads. However, as we
will demonstrate, confinement does not prohibit referring to existing parts
of the shared state in the new actions; rather, it only safeguards against
mutation of the already shared resources through new actions.

Through confinement we ensure that the effect of actions in the local and
global action models are contained to the shared state. In other words, given
an action a = (p, q) and a shared state g, whenever the precondition p agrees
with g then the part of the state mutated by the action is contained in g.
Agreement of p and g merely means that p and g agree on the resources they
have in common. In particular, g need not contain p entirely for a to take
effect. This relaxation is due to the fact that other threads may extend the
shared state; in particular, the extension may provide the missing resources
for p to be contained in the shared state, thus allowing the extending thread
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to perform action a. Crucially, however, it is not the case that any part of p
is allowed to be missing from g. Rather, only parts of p that are not mutated
by a (and thus can also be found in q), can escape g’s grasp. Mutated
parts must always be contained in g, so that extensions need not worry
about existing actions interfering with new resources that were never shared
beforehand. In order to distinguish between parts that must be contained
in g and those that may be missing, we characterise the active and passive
parts of actions, and then continue to define the effect of actions. This will
enable us to define our confinement condition.

An action a = (p, q) is typically of the form (p′ ◦ c, q′ ◦ c), where part
of the state c required for the action is passive and acts as a mere catalyst
for the action: it has to be present for the action to take effect, but is left
unchanged by the action. The active part of the action is then the pair
(p′, q′), which should be maximal in the sense that no further, non-empty
catalyst can be found in (p′, q′).

Definition 6 (Active part of an action). Given an action a = (p, q), its
active part, ∆(p, q), is defined as the pair (p′, q′) such that:

∃c. p = p′ ◦ c ∧ q = q′ ◦ c ∧ ∀c′. c′ ≤ p′ ∧ c′ ≤ q′ ⇒ c′ = 0L

The agreement of an action pre-state p and the shared state g will be
defined using the following notion of intersection of logical states.

Definition 7 (Intersection). The intersection function over logical states,
u : (LState× LState)→ P (LState), is defined as follows.

l1 u l2
def
=
{
l | ∃l′, l′1, l′2. l1 = l ◦ l′1 ∧ l2 = l ◦ l′2 ∧ l ◦ l′1 ◦ l′2 = l′

}
Observe that when the separation algebra of logical states satisfies the

disjointness property, l1 u l2 yields at most one element for any l1 and l2.
An action pre-state p and a shared state g then agree if their intersection

is non-empty, i.e. p u g 6= ∅. We can now define action confinement.

Definition 8 (Action confinement). An action a is confined to a logical
state g, written g c© a, if for all r compatible with g (g ] r):

fst(a) u g 6= ∅ ⇒ fst(∆a) ≤ g ∧ fst(∆a) ⊥ r

As discussed, only the active precondition of a, i.e. the part actually
mutated by the action, has to be contained in g and must be disjoint from
all potential extensions (r) of the logical state g. That is, future extensions
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of g need not account for existing actions interfering with new resources.

Given a shared state g and an action model I, we require that all actions
of I are confined in all possible futures of g, i.e. all shared states resulting
from g after any number of applications of actions in I. For that we define
action application that describes the effect of an action on a logical state.
Moreover, for some of the actions in I, the active pre-state may not affect
g, i.e. its intersection with g may be the empty state 0L. In that case, we
find that even though that action is potentially enabled, we do not need to
account for it since it leaves g unchanged. We thus introduce the notion of
visible actions to quantify over those actions that affect (mutate) g.

Definition 9 (Action application). The application of an action a on a
logical state g, written a[g], is defined provided that there exists l such that

fst(a) u g 6= ∅ ∧ g = fst(∆a) ◦ l ∧ snd(∆a) ] l

When that is the case, we write a[g] for the (uniquely defined) logical state
snd(∆a) ◦ l. We write potential(a, g) to denote that a[g] is defined.

Observe that potential(a, g) implies g c© a.

Definition 10 (Visible actions). An action a is called visible in g, written
visible(a, g) when

∃p ∈ (fst(∆a) u g) . p 6= 0L

We are now ready to define our confinement condition on action models.
Inspired by Local RG [8], we introduce the concept of locally fenced action
models to capture all possible states reachable from the current state via
some number of action applications. A set of states F fences an action model
if it is invariant under interferences perpetrated by the corresponding actions.
An action model is then confined to a logical state l if it can be fenced by a
set of states that includes l. In the following we write rg(f) to denote the
range (or co-domain) of a function f .

Definition 11 (Locally-fenced action model). An action model I ∈ AMod
is locally fenced by F ∈ P (LState), written F � I, iff for all g ∈ F and all
a ∈ rg(I),

g c© a ∧ (potential(a, g)⇒ a[g] ∈ F)

Definition 12 (Action model confinement). An action model I is confined
to a logical state l, written l c© I, if there exists a fence F such that l ∈ F
and F � I.
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We are almost in a position to define well-formedness of worlds. Since
capabilities enable the manipulation of the shared state through their associ-
ated actions in the action models, for a world (l, g, I) to be well-formed the
capabilities found in the local state l and shared state g must be contained
in the action model I. That is, all capabilities found in the combined state
l ◦ g must be accounted for in I.

Definition 13 (Capability containment). A capability κ ∈ K, is contained
in an action model I ∈ AMod, written κ ≺ I iff

∃K ∈ P (K) . κ =

•K∏
κi∈K

κi ∧ ∀κi ∈ K.∃κ′ ∈ dom (I) . κi ≤ κ′

The above states that κ is contained in I iff κ is the composition of
smaller capabilities κi ∈ K where each constituent κi is accounted for in the
domain of I.

In order to ensure indefinite extension of the shared state and creation of
fresh capabilities (through Extend principle), as part of the well-formedness
condition we require that the domain of action models are well-defined.
That is, one can always guarantee the existence of a capability that is fresh
(disjoint from the domain of the action model; and that the domain remains
well-defined after extension. This is captured by the following definition of
well-defined capability sets.

Definition 14 (Well-defined capability sets). A capability set K ∈ P (K) is
well defined, written �K, if and only if there exists a set χ ∈ P (P (K)) such
that K ∈ χ and

∀κ ∈ K. {κ} ∈ χ
∧∀K ′ ∈ χ.∃κ ∈ K. κ ⊥ K ′
∧∀K1,K2 ∈ χ.K1 ∪K2 ∈ χ

where we write κ ⊥ K ′ to denote ∀κ′ ∈ K ′. κ ⊥ κ′.

We can now formalise the notion of well-formedness. A world (l, g, I)
is well-formed if l and g are compatible, the capabilities found in l ◦ g are
contained in the action model I,I is confined to g, and the domain of I is
well-defined.

Definition 15 (Well-formedness). A 4-tuple (l, g, I) is well-formed, written
wf (l, g, I), iff

(∃m,κ. l ◦ g = (m,κ) ∧ κ ≺ I) ∧ g c© I ∧ �(dom (I))
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Definition 16 (Worlds). The set of worlds is defined as

World
def
= {w ∈ LState× LState× AMod | wf (w)}

The composition w •w′ of two worlds • : World→World⇀World, is defined
as follows.

(l, g, I) • (l′, g′, I′)
def
=


(l ◦ l′, g, I) if g = g′, and I = I′

and wf((l ◦ l′, g, I))
undefined otherwise

The set of worlds with composition • forms a separation algebra with multiple
units: all well-formed states of the form (0L, g, I). Given a world w, we write
wL for the first projection.

3.2 Assertions

Our assertions extend standard assertions from separation logic with sub-
jective views and capability assertions. We assume an infinite set, LVar, of
logical variables and a set of logical environments ι ∈ LEnv : P (LVar→ Val)
that associate logical variables with their values.

CoLoSL is parametric with respect to the machine states and capability
assertions and can be instantiated with any assertion language over machine
states M and capabilities K. This is captured by the following parameters.

Parameter 3 (Machine state assertions). Assume a set of machine state as-
sertions MAssn, ranged over byM,M1, · · · ,Mn and an associated semantics
function:

L.MM(.) : MAssn→ LEnv→ P (M)

Parameter 4 (Capability assertions). Assume a set of capability assertions
KAssn ranged over by K,K1, · · · ,Kn and an associated semantics function:

(|.|)K(.) : KAssn→ LEnv→ P (K)

Definition 17 (Assertion syntax). The assertions of CoLoSL are elements of
Assn described by the grammar below, where x ranges over logical variables.

A ::= false | emp | M | K
LAssn 3 p, q ::= A | ¬p | ∃x. p | p ∨ q | p › q | p ∪› q | p −−#› q
Assn 3 P,Q ::= p | ∃x. P | P ∨Q | P ›Q | P ∪› Q |

�� ��P I

IAssn 3 I ::= ∅ | {K : ∃ȳ. P ; Q} ∪ I
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This syntax follows from standard separation logic, with the exception of
subjective views

�� ��P I
. emp is true of the units of •. Machine state assertions

(M) and capability assertions (K) are interpreted over a world’s local state:
M is true of a local state (m,0K) where m satisfies M; similarly, K is true
of a local state (0M, κ) where κ satisfies K. P › Q is true of worlds that
can be split into two according to • such that one state satisfies P and the
other satisfies Q; P ∪› Q is the overlapping conjunction, true of worlds can
be split three-way according to •, such that the •-composition of the first
two worlds satisfies P and the •-composition of the last two satisfy Q [16];
classical predicates and connectives have their standard classical meaning.
Interference assertions I describe actions enabled by a given capability, in
the form of a pre- and post-condition.

A subjective view
�� ��P I

is true of (l, g, I) when l = 0L and a subjective
view s can be found in the global shared state g, i.e. g = s ◦ r for some
context r, such that s satisfies P in the standard separation logic sense, and
I and I agree given the decomposition s, r, in the following sense:

1. every action in I is reflected in I;

2. every action in I that is potentially enabled in g and has a visible effect
on s is reflected in I;

3. the above holds after any number of action applications in I affecting g

These conditions will be captured by the action model closure relation
I↓ (s, r, 〈|I|〉ι) given by the upcoming Def. 25 (where 〈|I|〉ι is the interpretation
of I given a logical environment ι).

The semantics of CoLoSL assertions is given by a forcing relation w, ι � P
between a world w, a logical environment ι ∈ LEnv, and a formula P . We use
two auxiliary forcing relations. The first one l, ι �SL P interprets formulas P
in the usual separation logic sense over a logical state l (and ignores shared
state assertions). The second one s, ι �g,I P interprets assertions over a
subjective view s that is part of the global shared state g, subject to action
model I. This third form of satisfaction is needed to deal with nesting of
subjective views. We often write �† as a shorthand for �g,I when we do not
need to refer to the individual components g and I.

Note that this presentation with several forcing relations differs from the
usual CAP presentation [6], where formulas are first interpreted over worlds
that are not necessarily well-formed, and then cut down to well-formed ones.
The CAP presentation strays from separation logic models in some respects;
for instance, in CAP, › is not the adjoint of −−›, the “magic wand” connective
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of separation logic. Although we have omitted this connective from our
presentation, its definition in CoLoSL would be standard and satisfy the
adjunction with ›.

Definition 18 (Assertion semantics). Given a logical environment ι ∈ LEnv,
the semantics of CoLoSL assertions is as follows, where 〈|.|〉(.) : IAssn →
LEnv → AMod denotes the semantics of interference assertions and I ↓
(s, r, 〈|I|〉ι) will be given in Def. 25.

(l, g, I), ι � p iff l, ι �SL p

(l, g, I), ι �
�� ��P I

iff l = 0M and ∃s, r. g = s ◦ r and

s, ι �g,I P and I↓ (s, r, 〈|I|〉ι)
w, ι � ∃x. P iff ∃v. w, [ι | x : v] � P

w, ι � P ∨Q iff w, ι � P or w, ι � Q

w, ι � P1 › P2 iff ∃w1, w2. w = w1 • w2 and

w1, ι � P1 and w2, ι � P2

w, ι � P1 ∪› P2 iff ∃w′, w1, w2. w = w′ • w1 • w2 and

w′ • w1, ι � P1 and w′ • w2, ι � P2

where

s, ι �g,I p iff s, ι �SL p

s, ι �g,I
�� ��P I

iff (s, g, I), ι �
�� ��P I

s, ι �† ∃x. P iff ∃v. s, [ι | x : v] �† P

s, ι �† P ∨Q iff s, ι �† P or s, ι �† Q

s, ι �† P1 › P2 iff ∃s1, s2. s = s1 ◦ s2 and

s1, ι �† P1 and s2, ι �† P2

s, ι �† P1 ∪› P2 iff ∃s′, s1, s2. s = s′ ◦ s1 ◦ s2 and

s′ ◦ s1, ι �† P1 and s′ ◦ s2, ι �† P2

l, ι �SL false never

l, ι �SL emp iff l = 0L

l, ι �SLM iff ∃m. l = (m,0K) and m ∈ LMMMι
l, ι �SL K iff ∃κ. l = (0M, κ) and κ ∈ (|K|)Kι
l, ι �SL ¬p iff l, ι 6�SL p
l, ι �SL p −−#› q iff ∃l′. l′, ι �SL p and l ] l′
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implies l ◦ l′, ι �SL q
l, ι �SL P1 › P2 iff ∃l1, l2. l = l1 ◦ l2 and

l1, ι �SL P1 and l2, ι �SL P2

l, ι �SL P ∨Q iff l, ι �SL P or l, ι �SL Q

l, ι �SL ∃x. P iff ∃v. l, [ι | x : v] �SL P

l, ι �SL P1 ∪› P2 iff ∃l′, l1, l2. l = l′ ◦ l1 ◦ l2 and

l′ ◦ l1, ι �SL P1 and l′ ◦ l2, ι �SL P2

and

〈|I|〉ι (κ)
def
=

{
(p ◦ r, q ◦ r) K : ∃~y. P ; Q ∈ I ∧ κ ∈ (|K|)Kι ∧ ∃~v, I.

p, [ι | ~y : ~v] �(p◦r),I P ∧ q, [ι | ~y : ~v] �(q◦r),I Q

}
Given a logical environment ι, we write JP Kι for the set of all worlds satisfying
P . That is,

JP Kι
def
= {w | w, ι � P}

Although CoLoSL allows for nested subjective views (e.g.
�� ��P ›

�� ��Q I′ I
),

it is often useful to flatten them into equivalent assertions with no nested
boxes. We introduce flat assertions, FAssn ⊂ Assn, to capture a subset of
assertions with no nested subjected views and provide a flattening mechanism
to rewrite CoLoSL assertions as equivalent flat assertions.

Definition 19 (Flattening). The set of flat assertions FAssn is defined by
the following grammar.

FAssn 3 P,Q ::= p |
�� ��p I
| ∃x. P | P ∨Q | P ›Q | P ∪› Q

The flattening function f (.) : Assn→ FAssn is defined inductively as follows
where x does not appear free in I and � ∈ {∨, ›,∪›}.

f (p)
def
= p f (P �Q)

def
= f (P )� f (Q)

f (∃x. P )
def
= ∃x. f (P ) f

(�� ���� ��P I
›Q

I′

)
def
= f

(�� ��P I

)
› f
(�� ��Q I′

)
f
(�� ��p I

) def
=

�� ��p I
f
(�� ���� ��P I

∪› Q
I′

)
def
= f

(�� ��P I

)
› f
(�� ��Q I′

)
f
(�� ��∃x. P

I

) def
= ∃x. f

(�� ��P I

)
f
(�� ��P ∨Q

I

) def
= f

(�� ��P I

)
∨ f
(�� ��Q I

)
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Definition 20 (Erasure). The erasure of an assertion �(.) : Assn→ LAssn
is defined inductively over the structure of assertions as follows with � ∈
{∨, ›,∪›}

�A
def
= A �

(�� ��P I

) def
= emp �(∃x. P )

def
= ∃x. �P �(P �Q)

def
=�P� �Q

Definition 21 (Gather/merge). Given an assertion P
def
= ∃x̄. P ′ ∈ Assn,

where P is in the prenex normal form with no bound variables in P ′,the
gather,

⊗
(.) : Assn → LAssn, and merge,

⊕
(.) : Assn → LAssn, operations

are defined as follows:⊗
P

def
= ∃x̄. p › q

⊕
P

def
= ∃x̄. p ∪› q where (p, q) = ub

(
f
(
P ′
))

with the auxiliary function ub (.) : FAssn→ (LAssn× LAssn) defined induc-
tively over the structure of local assertions as follows where � ∈ {›,∪›}. In
what follows, ub (P ) = (p, p′) and ub (Q) = (q, q′) where applicable.

ub (p)
def
= (p, emp) ub

(�� ��p I

)def
= (emp, p) ub (P �Q)

def
=
(
p� q, p′ ∪› q′

)
ub (P ∨Q)

def
=
(
p ∨ q, p′ ∨ q′

)
Definition 22 (Interference entailment). An interference assertion I entails
interference assertion I ′, written I `I I ′, if

∀ι ∈ LEnv. 〈|I|〉ι ⊆
〈∣∣I ′∣∣〉

ι

Lemma 1. The following judgements are valid.

P ⇔ f (P ) P `�P
P ` Q�� ��P I
`
�� ��Q I

P ∪› Q ` false�� ��P I
›
�� ��Q I′

` false

R ` P P ∪› Q ` R ∪› Q�� ��P I
›
�� ��Q I′

`
�� ��R I

›
�� ��Q I′

I1 `I I2
I ∪ I1 `I I ∪ I2

{K : ∃ȳ. P ; Q} `I {K : ∃ȳ.
⊕
P ;

⊕
Q}

P `P ′ Q ` Q′

{K : ∃ȳ. P ; Q} `I {K : ∃ȳ. P ′ ; Q′}

Action Model Closure Let us now turn to the definition of action model
closure, as informally introduced at the beginning of this section. First, we
need to revisit the effect of actions to take into account the splitting of the
global shared state into a subjective state s and a context r.
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Definition 23 (Action application (cont.)). The application of action a on
the subjective state s together with the context r, written a[s, r], is defined
provided that a[s ◦ r] is defined. When that is the case, we write a[s, r] for{

(snd(∆a) ◦ s′, r′)
∣∣∣∣ fst(∆a) = ps ◦ pr ∧ ps > 0L

∧ s = ps ◦ s′ ∧ r = pr ◦ r′
}

∪ {(s, snd(∆a) ◦ r′) | r = fst(∆a) ◦ r′}
We observe that this new definition and Def. 9 are linked in the following
way:

∀s′, r′ ∈ a[s, r]. s′ ◦ r′ = a[s ◦ r]
In our informal description of action model closure in Def. 17 we stated that
some actions must be reflected in some action models. Intuitively, an action
is reflected in an action model if for every state in which the action can
take place, the action model includes an action with a similar effect that
can also occur in that state. In other words, a is reflected in I from a state
l if whenever l contains the pre-state of a (fst (a) ≤ l), then there exists
an action a′ ∈ I with the same active part (∆a = ∆a′) whose pre-state is
also contained in l (fst (a′) ≤ l). We proceed with the definition of action
reflection.

Definition 24. An action a is reflected in a set of actions A from a state l,
written reflected(a, l, A), if

∀r. fst(a) ≤ l ◦ r ⇒ ∃a′ ∈ A.∆a′ = ∆a ∧ fst(a′) ≤ l ◦ r

Let us now give the formal definition of action model closure. For each
condition mentioned in Def. 17, we annotate which part of the definition
implements them. We write

enabled(a, g)
def
= potential(a, g) ∧ fst(a) ≤ g

That is, a can actually happen in g since g holds all the resources in the
pre-state of a.

Definition 25 (Action model closure). An action model I is closed under
a subjective state s, context r, and action model I′, written I↓ (s, r, I′), if
I′ ⊆ I and I ↓n (s, r, I′) for all n ∈ N, where ↓n is defined recursively as
follows:

I↓0 (s, r, I′)
def⇐⇒ true

I↓n+1 (s, r, I′)
def⇐⇒

(∀κ.∀a ∈ I(κ). potential(a, s ◦ r)⇒
(reflected(a, s ◦ r, I′(κ)) ∨ ¬visible(a, s)) (2)
∧ ∀(s′, r′) ∈ a[s, r]. I↓n (s′, r′, I′) (3)
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Recall from the semantics of the assertions (Def. 18) that I′ corresponds
to the interpretation of an interference assertion I in a subjective view. The
first condition(I′ ⊆ I) asserts that the subjective action model I′ is contained
in I (cf. property (1) in Def. 17); consequently (from the semantics of
subjective assertions), I represents the superset of all interferences known to
subjective views.

The above states that the I is closed under (s, r, I′) if the closure relation
holds for any number of steps n ∈ N where

• s denotes the subjective view of the shared state;

• r denotes the context;

• s ◦ r captures the entire shared state;

• a step corresponds to the occurrence of an action as prescribed in I

which may or may not be found in I′ (since I ⊆ I).

The relation is satisfied trivially for no steps (n = 0). On the other hand,
for an arbitrary n ∈ N the relation holds iff for any action a in I, where a is
potentially enabled in s ◦ r, then either :

a. a is reflected in I′ (a is known to the subjective view), and I is also
closed under any subjective state s′ and context r′ resulting from
application of a ( (s′, r′) ∈ a[s, r]); or

b. a does not affect the subjective state s (a is not visible in s), and I is
also closed under any subjective state s′ and context r′ resulting from
application of a ((s′, r′) ∈ a[s, r]).

Note that in the last item above (b), since a is not visible in s, given any
(s′, r′) ∈ a[s, r], from the definition of action application we then know s′ = s.

We make further observations about this definition. First, property (3)
makes our assertions robust with respect to future extensions of the shared
state, where potentially enabled actions may be become enabled using ad-
ditional catalyst that is not immediately present. Second, I′ (and thus
interference assertions) need not reflect actions that have no visible effect on
the subjective state.

This completes the definition of the semantics of assertions. We can now
show that the logical principles of CoLoSL are sound. The proof of the Shift
and Extend principles will be delayed until the following chapter, where V
is defined.
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Lemma 2. The logical implications Copy, Forget, and Merge are valid ;
i.e. true of all worlds and logical interpretations.

Proof. The case of Copy is straightforward from the semantics of assertions.
In order to show that the Forget implication is valid, it suffices to show:

∀ι ∈ LEnv.
{
w | w, ι �

�� ��P ∪› Q
I

}
⊆
{
w | w, ι �

�� ��P I

}
We first demonstrate that, whenever an action model is closed under a
subjective state s1 ◦ s2 and context r, then it is also closed under the smaller
subjective state s1, and the larger context extended with the forgotten state.
That is,

∀s1, s2, r ∈ LState.∀I, I′ ∈ AMod.
I↓ (s1 ◦ s2, r, I′) =⇒ I↓ (s1, s2 ◦ r, I′)

This is formalised in Lemma 7 of Appendix A. We then proceed to establish
the desired result by calculation:

{
w | w, ι �

�� ��P ∪› Q
I

}
=


(

(0L,
(s ◦ r), I

) ∃sp, sc, sq. s = sp ◦ sc ◦ sq
∧r ∈ LState
∧(sp ◦ sc), ι �(s◦r),I P
∧(sq ◦ sc), ι �(s◦r),I Q
∧I↓ (sp ◦ sc ◦ sq, r, 〈|I|〉ι)


By Lemma 7 ⊆


(

(0L,
(s ◦ r), I

) ∃sp, sc, sq. s = sp ◦ sc ◦ sq
∧r ∈ LState
∧(sp ◦ sc), ι �(s◦r),I P
∧(sq ◦ sc), ι �(s◦r),I Q
∧I↓ (sp ◦ sc, sq ◦ r, 〈|I|〉ι)


⊆
{(

(0L,
(sp ◦ r), I

)
sp, ι �(sp◦r),I P ∧ r ∈ LState

∧I↓ (sp, r, 〈|I|〉ι)

}
=
{
w | w, ι �

�� ��P I

}
as required.

Similarly, to show that the Merge implication is valid, it suffices to
show:

∀ι ∈ LEnv.
{
w | w, ι �

�� ��P I1
›
�� ��Q I2

}
⊆
{
w | w, ι �

�� ��P ∪› Q
I1∪I2

}
We first demonstrate that, whenever an action model closure relation holds
for two (potentially) different subjective states (that may overlap), subject
to two (potentially) different interference relations, then the closure relation
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also holds for the combined subjective states and their associated interference
relations. That is:

∀sp, sq, sc, r ∈ LState. ∀I, I1, I2 ∈ AMod.
I↓ (sp ◦ sc, sq ◦ r, I1) ∧ I↓ (sq ◦ sc, sp ◦ r, I2) =⇒

I↓ (sp ◦ sc ◦ sq, r, I1 ∪ I2)

This is formalised in Lemma 8 of Appendix A. We then proceed to establish
the desired result by calculation:

{
w | w, ι �

�� ��P I1
›
�� ��Q I2

}

=


(0L, s ◦ r, I)

∃sp, sc, sq. s = sp ◦ sc ◦ sq
∧r ∈ LState
∧(sp ◦ sc), ι �(s◦r),I P
∧(sq ◦ sc), ι �(s◦r),I Q
∧I↓ (sp ◦ sc, sq ◦ r, 〈|I1|〉ι)
∧I↓ (sc ◦ sq, sp ◦ r, 〈|I2|〉ι)



By Lemma 8 ⊆

(0L, s ◦ r, I)

∃sp, sc, sq. s = sp ◦ sc ◦ sq
∧r ∈ LState
∧(sp ◦ sc), ι �(s◦r),I P
∧(sq ◦ sc), ι �(s◦r),I Q
∧I↓ (sp ◦ sc ◦ sq, r, 〈|I1 ∪ I2|〉ι)


⊆

(0L, s ◦ r, I)
s, ι �(s◦r),I P ∪› Q
∧r ∈ LState
∧I↓ (s, r, 〈|I1 ∪ I2|〉ι)


=

{
w | w, ι �

�� ��P ∪› Q
I1∪I2

}

Note that, the version of Forget where predicates are conjoined using ∪›
is also valid for all P , Q, and I, as shown by the following derivation, where
the first implication follows from the properties of ∪›.�� ��P ∪› Q

I

Weaken⇒
�� ��P › true

I

Forget⇒
�� ��P I
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4. CoLoSL Program Logic

This section introduces the core concepts behind our program logic. We
start by defining what the rely and guarantee conditions of each thread are
in terms of their action models. This allows us to define stability against
rely conditions, repartitioning, which logically represents a thread’s atomic
actions (and have to be in the guarantee condition), and semantic implica-
tion. Equipped with these notions, we can justify the Shift and Extend
principles.

4.1 Environment Semantics

Rely The rely relation represents potential interferences from the environ-
ment. Although the rely will be different for every program (and indeed,
every thread), it is always defined in the same way, which we can break
down into three kinds of possible interferences. In the remainder of this
section, given a logical state l = (m,κ), we write lM, lK for fst(l) and snd(l),
respectively.

The first relation, Re, extends the shared state g with new state g′, along
with a new interference I′ on g′. We proceed with the definition of action
model extension that captures the extension of the action model in such a
way that respects all previous subjective views of a world; that is, the action
model closure relation is preserved.

Definition 26 (Action model extension). An action model I′ extends (g, I)
with (g′), written I′ ↑(g′) (g, I), iff for all I0 ⊆ I and s, r such that s ◦ r = g:

I↓ (s, r, I0) =⇒ I ∪ I′ ↓
(
s, r ◦ g′, I0

)
Then the extension rely, Re, is defined as

Re def
=

{(
(l, g, I),
(l, g ◦ g′, I ∪ I′)

)
g′K ≺ dom (I′) ∪ dom (I)∧
g′ c© I′ ∧ I′ ↑(g′) (g, I)

}
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The second kind of interference is the update of the global state according
to actions in the global action model whose capability is “owned by the
environment”, i.e., nowhere to be found in the current local and shared
states.

Ru def
=
{(

(l, g, I), (l, g′, I)
)
∃κ. (lK •K gK) ] κ ∧ (g, g′) ∈ dIe (κ)

}
where

dIe (κ)
def
= {(p ◦ r, q ◦ r) | (p, q) ∈ I(κ) ∧ r ∈ LState}

The third and last kind of interference is the shifting of the local inter-
ference relation to a new one that allows more actions while preserving all
current subjective views (as expressed by the global action model).

Rs def
=
{(

(l, g, I), (l, g, I ∪ I′)
)

I′ ↑(0L) (g, I)
}

Definition 27 (Rely). The rely relation R : P (World×World) is defined as
follows, where (·)* denotes the reflexive transitive closure:

R
def
= (Ru ∪Re ∪Rs)*

The rely relation enables us to define the stability of assertions with
respect to the environment actions.

Definition 28 (Stability). An assertion P is stable (Stable (P )) if, for all
ι ∈ LEnv and w,w′ ∈World, if w, ι � P and (w,w′) ∈ R, then w′, ι � P .

Proving that an assertion is stable is not always obvious, in particular
when there are numerous transitions to consider (all those in Re, Ru, Rs); as
it turns out, we only need to check stability against update actions in Ru, as
expressed by the following lemma.

Lemma 3 (Stability). If an assertion P is stable with respect to actions in
Ru, then it is stable. That is, for all w,w′ ∈World, ι ∈ LEnv, and P ∈ Assn,

if w, ι � P ∧ (w,w′) ∈ R ∧
(
∀w1, w2.

(
w1, ι � P∧
(w1, w2) ∈ Ru

)
=⇒ w2, ι � P

)
then w′, ι � P

Proof. Given any arbitrary n ∈ N, let Sn ∈World×World denote a binary
relation on worlds defined inductively as follows.

S0 def
= Re ∪Ru ∪Rs ∪ {(w,w) | w ∈World}
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Sn+1 def
=
{

(w,w′) | (w,w′′) ∈ S0 ∧ (w′′, w) ∈ Sn
}

Let S ∈World×World denote a binary relation on worlds defined as follows.

S
def
=
⋃
i∈N

Si

From the definition of the rely relation on worlds (R) we then have R = S.
It thus suffices to show that for all n ∈ N, w,w′ ∈ World, ι ∈ LEnv and
P ∈ Assn,

if w, ι � P ∧ (w,w′) ∈ Sn ∧
(
∀w1, w2.

(
w1, ι � P∧
(w1, w2) ∈ Ru

)
=⇒ w2, ι � P

)
then w′, ι � P

We proceed by induction on n.

Base case n = 0
Pick an arbitrary w,w′ ∈World, ι ∈ LEnv and P ∈ Assn such that

(w,w′) ∈ S0 (4.1)

w, ι � P ∧
(
∀w1, w2.

(
w1, ι � P ∧ (w1, w2) ∈ Ru

)
=⇒ w2, ι � P

)
(4.2)

We are then required to show w′, ι � P . From (4.1) there are then four cases
to consider:

1. If (w,w′) ∈ {(w,w) | w ∈World}, then w′ = w and from (4.1) we
trivially have w′, ι � P as required.

2. If (w,w′) ∈ Re then from (4.2) and Lemma 22 we have w′, ι � P as
required.

3. If (w,w′) ∈ Ru then from (4.2) we trivially have w′, ι � P as required.

4. If (w,w′) ∈ Rs then from (4.2) and Lemma 24 we have w′, ι � P as
required.

Inductive case
Pick an arbitrary w,w′ ∈World, ι ∈ LEnv and P ∈ Assn such that

(w,w′) ∈ Sn+1 (4.3)

w, ι � P ∧
(
∀w1, w2.

(
w1, ι � P∧
(w1, w2) ∈ Ru

)
=⇒ w2, ι � P

)
(4.4)
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We are then required to show w′, ι � P provided that

∀m ≤ n.∀w3, w4 ∈World.

if w3, ι � P ∧ (w3, w4) ∈ Sm ∧
(
∀w1, w2.

(
w1, ι � P∧
(w1, w2) ∈ Ru

)
=⇒ w2, ι � P

)
then w4, ι � P

(I.H.)

From (4.3) and the definition of Sn+1 we know there exists w′′ ∈World such
that

(w,w′′) ∈ S0 (4.5)

(w′′, w′) ∈ Sn (4.6)

From (4.5), (4.4) and the base case we know

w′′, ι � P (4.7)

Consequently, from (4.4), (4.6), (4.7) and (I.H.) we have

w′, ι � P

as required.

We provide a number of syntactic judgements in Fig. 4.1 that allows
us to ascertain the stability of an assertion without performing the neces-
sary semantic checks. These judgements reduce stability checks to logical
entailments. We appeal to the following auxiliary definition in our stability
judgements.

Definition 29 (Combination). The combination of an assertion P
def
= ∃x̄. P ′

describing the current state, and an assertion Q
def
= ∃ȳ. Q′ describing an

action precondition, c (., .) : Assn× Assn→ LAssn, is defined as follows. We
assume that P and Q are in the prenex normal form with no bound variables
in P ′ and Q′.

c (P,Q)
def
= ∃x̄, ȳ. p › (p′ ∪› q ∪› q′)

where (p, p′) = ub (f (P ′)) and (q, q′) = ub (f (Q′))
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Stable (p)

Stable (P ) Stable (Q)

Stable (P �Q)

Stable (P )

Stable (∃x. P )

St (P,Q) St (Q,P )

Stable (P ›Q)

Stable (P )

St (P,R)

St (P,Q ›R) St (Q,P ›R)

St (P ›Q,R)

St (P,R)

St (P,R ›R′)

St (P,R) St (Q,R)

St (P �Q,R)

St (P,R)

St (∃x. P,R)

St
(�� ��p I′

, R
)

I ′ vp I
St
(�� ��p I

, R
)

S
(
p, I, R ›

�� ��p I

)
St
(�� ��p I

, R
)

S (p, I, R)

S (p, I, R ›Q)

S (p, I1, R) S (p, I2, R)

S (p, I1 ∪ I2, R)

I `I I ′ S (p, I ′, R)

S (p, I, R)

K ›
⊗
R `SL false

S (p, {K : ∃ȳ. q1 ; q2} , R)

c (R, q1) `SL false

S (p, {K : q1 ; q2} , R)

(q1 −−#› c (R, q1) ) › q2 `SL p › true

S (p, {K : q1 ; q2} , R)

Figure 4.1: Stability judgements where P,Q,Q1, Q2, R ∈ FAssn; p, q1, q2 ∈
LAssn and ∈̇{∨, ›,∪›}.

Guarantee We now define the guarantee relation that describes all possible
updates the current thread can perform. In some sense, the guarantee relation
is the dual of rely: the actions in the guarantee of one thread are included in
the rely of concurrently running threads. Thus, it should come as no surprise
that transitions in the guarantee can be categorised using three categories
which resonate with those of the rely. The extension guarantee is similar
to the extension rely except that new capabilities corresponding to the new
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shared resources are materialised in the local and shared state, and a part of
the local state is moved into the shared state:

Ge def
=


(

(l ◦ l′, g, I),
l ◦ (0M, κ1), g ◦ g′, I ∪ I′

) g′ = l′ ◦ (0M, κ2) ∧
κ1 •K κ2 ≺ dom (I′) ∧
κ1 •K κ2 ⊥ dom (I) ∧
g′ c© I′ ∧ I′ ↑(g′) (g, I)


The current thread may at any point extend the shared state with some of
its locally held resources l′; introduce new interference to describe how
the new resources may be mutated (I′) and generate new capabilities
(κ1 •K κ2 ≺ dom (I′)) that facilitate the new interference, with the pro-
viso that the new capabilities are fresh (κ1 •K κ2 ⊥ dom (I)). The last two
conjuncts enforce closure of the new action models and can be justified as in
the case of Re.

The update guarantee Gu is more involved than its Ru counterpart,
because updates in the guarantee may move resources from the local state
into the shared state (similarly to extensions above) at the same time that it
mutates them as prescribed by an enabled action. Intuitively, we want to
enforce that resources are not created “out of thin air” in the process. This
can be expressed as preserving the orthogonal of the combination of the local
and global states, i.e., the set of states compatible with that combination.

Definition 30 (Orthogonal). Given any separation algebra (B, •B,0B), and
an element b ∈ B, its orthogonal (.)⊥B : B→ P (B), is defined as the set of all
elements in B that are compatible with it:

(b)⊥B
def
=
{
b′ | b ] b′

}
The update guarantee Gu can then be defined as follows. When updating

the shared state, thread are not allowed to introduce new capabilities, as
this can only be achieved when extending the shared state (through Ge).

Gu def
=

((l, g, I), (l′, g′, I))

((l′ ◦ s′)K)⊥K = ((l ◦ g)K)⊥K ∧g = g′∨(
∃κ ≤ lK. (g, g′) ∈ dIe (κ)∧
((l ◦ g)M)⊥M = ((l′ ◦ g′)M)⊥M

)


Lastly, the current thread may extend the local action model by shifting
some of the existing interference. This is modelled by the Gs relation which
is analogous to Rs.

Gs def
=
{(

(l, g, I), (l, g, I ∪ I′)
)

I′ ↑(0L) (g, I)
}
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Definition 31 (Guarantee). The guarantee relation G : P(World×World)
is defined as

G
def
= (Gu ∪Ge ∪Gs)*

Using the guarantee relation, we introduce the notion of repartitioning
P V{R1}{R2} Q. This relation holds whenever, from any world satisfying
P , if whenever parts of the composition of its local and shared states that
satisfies R1 is exchanged for one satisfying R2, it is possible to split the
resulting logical state into a local and shared part again, in such a way that
the resulting transition is in G.

Definition 32 (Repartitioning). We write P V{R1}{R2} Q if, for every
ι ∈ LEnv, and world w1 such that w1, ι � P , there exists states m1,m

′ ∈M
such that (m1, ∅), ι �SL R1 and

• m1 •M m′ = (↓ (w1))M; and

• for every m2 where (m2, ∅), ι �SL R2, there exists a world w2 such that
w2, ι � Q; and

– m2 •M m′ = (↓ (w2))M; and

– (w1, w2) ∈ G

We write P V Q for P V{emp}{emp} Q, in which case the repartitioning
has no “side effect” and simply shuffles resources around between the local
and shared state or modifies the action models. This is the case for (Shift)
and (Extend), whose proof will be given in the next section.

4.1.1 Interference Manipulations

In this section we formalise the requirements of the Extend and Shift
semantic implications and show that they are valid.

Shared State Extension When extending the shared state using cur-
rently owned local resources, one specifies a new interference assertion over
these newly shared resources. While in CoLoSL the new interferences may
mention parts of the shared state beyond the newly added resources (in
particular the existing shared state), they must not allow visible updates to
those parts, so as not to invalidate other threads’ views of existing resources.
We thus impose a locality condition on the newly added behaviour to ensure
sound extension of the shared state, similarly to the confinement constraint
of local fences of Def. 8. We first motivate this constraint with an example.
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Example 1. Let P
def
= x 7→ 1 ›

�� ��y 7→ 1 ∨ y 7→ 2
I

denote the view of the
current thread with I

def
= (b : {y 7→ 1 ; y 7→ 2}). Since the current thread

owns the location addressed by x, it can extend the shared state as Q
def
= [a] ›�� ��(y 7→ 1 ∨ y 7→ 2) › x 7→ 1

I∪I′ where I ′
def
= (a : x 7→ 1 ; x 7→ 2). In extending

the shared state, the current thread also extended the interference allowed on
the shared state by adding a new action associated with the newly generated
capability resource [a], as given in I ′, which updates the value of location x.
Since location x was previously owned privately by the current thread and
was hence not visible to other threads, this new action will not invalidate
their view of the shared state, hence this extension is a valid one.

If, on the other hand, I ′ is replaced with I ′′
def
= (a : {y 7→ 1 ; y 7→ 3}),

where location y can be mutated, the situation above is not allowed. Indeed,
other threads may rely on the fact that the only updates allowed on location
y are done through the [b] capability as specified in I, and would be spooked
by this new possible behaviour they were not aware of (as it is not in I).

In order to ensure sound extension of the shared state, we require in
Extend that the newly introduced interferences are confined to the locally
owned resources.

Definition 33. A set of states P confines an action model I, written P c© I,
if

∃F.P ⊆ F ∧ F � I

The P c© I notation used in Extend is then a straightforward lift of
this definition to assertions P ∈ Assn and interference assertions I ∈ IAssn:

P c© I
def⇐⇒ ∀ι. {l | l, ι �SL P} c© 〈|I|〉ι

Rather than checking the confinement conditions semantically, we present a
number of judgements that reduce interference confinement and local fences
to logical entailments in Fig. 4.2.

Note that although local fencing judgements are given for a local assertion
f ∈ LAssn, since �P ∈ LAssn and P `�P given any assertion P (Lemma 1),
in the top left confinement judgement one can simply substitute �P for P .
Mutatis mutandis for P ′ and Q′ in the left-most judgements of the second
row.

Pleasantly, since our local assertions do not contain subjective (boxed)
assertions, entailments of the form f `SL f ′ are the familiar entailments of
standard separation logic.
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P ` P ′ P ′ � I
P c© I f � ∅

f � I1 f � I2

f � I1 ∪ I2
I `I I ′ f � I ′

f � I

exact (r) f � {K:p; q}
f � {K : p › r ; q › r}

f ∪› p `SL false

f�{K:p; q}

(p −−#› f) › q `SL f f⇔
∨
i∈I

fi (precise (fi) ∧ fi ∪› p `SL fi for i ∈ I)

f � {K : p; q}

Figure 4.2: Confinement/local fencing judgements with P,Q ∈ Assn; p, q, f ∈
LAssn.

Definition 34 (Freshness). The capability assertion K with logical variables
x̄ is fresh, written fresh (x̄,K), iff for all ι ∈ LEnv and K ∈ P (K) where �K,
there exists κ ∈ K such that

(0M, κ), ι �SL ∃x̄.K ∧ κ ⊥ K

where
κ ⊥ K def⇐⇒ ∀κ′ ∈ K.κ ⊥ κ′

Lemma 4. The semantic implication (Extend) is valid.

Proof. It suffices to show that for all ι ∈ LEnv and w1 ∈World,

if w1, ι � P ∧ P ›K2 c© I ∧ fv(P ) ∩ x̄ = ∅ ∧ fresh (x̄,K1 ›K2)
then ∃w2. w2, ι � ∃x̄.K1 ›

�� ��P ›K2 I
∧ (↓ (w1))M = (↓ (w2))M ∧ (w1, w2) ∈ G

Pick an arbitrary ι ∈ LEnv and w1 = (l, g, I) such that

w1, ι � P (4.8)

P ›K2 c© I (4.9)

fresh (x̄,K1 ›K2) (4.10)

From (4.10) and the definition of fresh we know that

∃κ. (0M, κ), ι �SL ∃x̄.K1 ›K2 ∧ κ ⊥ dom (I)

and consequently there exists v̄ ∈ Val and κ1, κ2 ∈ K such that

κ1 ∈ (|K1[v̄/x̄]|)Kι ∧ κ2 ∈ (|K2[v̄/x̄]|)Kι ∧ κ1 •K κ2 ⊥ dom (I) (4.11)

38



From (4.9) we have

P ›K2[v̄/x̄] c© I[v̄/x̄] (4.12)

From (4.8) and the definition of �SL we have l, ι �SL P . Similarly, from (4.11)
and the definitions of � and �SL we have (0M, κ2) �SL K2. Consequently we
have:

l ◦ (0M, κ2), ι �SL P ›K2 (4.13)

From the definitions of w1 and the well-formedness of worlds we know there
exists F ∈ P (LState) such that

g ∈ F ∧ F � I (4.14)

Pick I0 ∈ AMod such that

dom (I0) = {κ | (κ)⊥K = (κ1 •K κ2)⊥K} ∧ ∀κ ∈ dom (I0) . I0(κ) = ∅

Let I′′
def
= 〈|I[v̄/x̄]|〉ι and I′ = I′′ ∪ I0; from (4.12), (4.13) and the definition

of c© we know there exists F ′ ∈ P (LState) such that l ◦ (0M, κ2) ∈ F ′ ∧
F ′ � I′′. Consequently from the definitions of �, I′ and I0 and since
∀κ ∈ dom (I0) . I0(κ) = ∅ we have

l ◦ (0M, κ2) ∈ F ′ ∧ F ′ � I′ (4.15)

Let g′ = l ◦ (0M, κ2) and w2 = ((0M, κ1), g ◦ g′, I ∪ I′). Given the definitions
of G and Ge, it then suffices to show

(↓ (w1))M = (↓ (w2))M (4.16)

κ1 •K κ2 ≺ dom
(
I′
)

(4.17)

κ1 •K κ2 ⊥ dom (I) (4.18)

g′ c© I′ (4.19)

∀s′, I0. I↓
(
s′, g − s′, I0

)
=⇒ I ∪ I′ ↓

(
s′, (g − s′) ◦ g′, I0

)
(4.20)

w2, ι � ∃x̄.K1 ›
�� ��P ›K2 I

(4.21)

RTS. (4.16) This follows immediately from the definition of ↓ (.) and the
definitions of w1 and w2.

RTS. (4.17) This follows trivially from the definitions of ≺ and I′ since
I0 ⊆ I′ and κ1 •K κ2 ∈ dom (I0).
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RTS. (4.18) This follows trivially from (4.11).

RTS. (4.19) This follows immediately from the definition of g′, (4.15) and
the definition of c©.

RTS. (4.20) From (4.14), (4.15), the definitions of I′, g′ and Lemma 14, we
can despatch this obligation.

RTS. (4.21)
From (4.11) and the definition of �SL we have (0M, κ1), ι �SL K1[v̄/x̄] and
consequently by the definition of �

((0M, κ1), g ◦ g′, I ∪ I′), ι � K1[v̄/x̄] (4.22)

Similarly, from (4.11) and the definitions of �SL and � we have ((0M, κ2), g, I), ι �
K2[v̄/x̄]; consequently from (4.8), the definition of g′ and since fv(P )∩ x̄ = ∅,
we can conclude

(g′, g, I), ι � (P ›K2)[v̄/x̄] (4.23)

Thus from (4.23), (4.20) - established above - and Lemma 25 we have:

g′, ι �g◦g′,I∪I′ (P ›K2)[v̄/x̄] (4.24)

On the other hand, from (4.14), (4.15), the definitions of I′, g′, Lemma 13
and since I′ = I′′ ∪ I0 = 〈|I[v̄/x̄]|〉ι ∪ I0, we have:

I ∪ I′ ↓
(
g′, g, 〈|I[v̄/x̄]|〉ι

)
(4.25)

Consequently from (4.24), (4.25) and the definition of �

(0L, g ◦ g′, I ∪ I′), ι � (
�� ��P ›K2 I

)[v̄/x̄] (4.26)

From (4.22), (4.26) and the definitions of w2 and � we have:

w2, ι � (K1 ›
�� ��P ›K2 I

)[v̄/x̄]

and consequently from the definition of �

w2, ι � ∃x̄.K1 ›
�� ��P ›K2 I

as required.
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Action Shifting Notice that, according to our rely and guarantee condi-
tions, the action model may only grow with time. However, that is not to
say that the same holds of interference relations in shared state assertions:
as seen in §2, they may forget about actions that are either redundant or not
relevant to the current subjective view via shifting. As for the action model
closure relation (Def. 25), this needs to be the case not only from the current
subjective view but also for any evolution of it according to potential actions,
both from the thread and the environment. To capture this set of possible
futures, we refine our notion of local fences (Def. 11), which was defined in
the context of the global shared state, to the case where we consider only
a subjective state within the global shared state. For this, we need to also
refine a second time our notion of action application to ignore the context of
a subjective state, which as far as a subjective view is concerned could be
anything.

Definition 35 (Subjective action application). The subjective application
of an action a on a logical state s, written a(s) is defined provided that there
exists a context r for which a[s ◦ r] is defined. When that is the case, we
write a(s) for {

s′
∣∣ ∃r. s ] r ∧ (s′,−) ∈ a[s, r]

}
Note that, in contrast with a[l], only parts of the active precondition has

to intersect with the subjective view s for a(s) to apply. Thus, we fabricate
a context r that is compatible with the subjective view and satisfies the rest
of the precondition.

Definition 36 (Fenced action model). An action model I ∈ AMod is fenced
by F ∈ P (LState), written F � I, if, for all l ∈ F and all a ∈ rg(I),

a(l) is defined⇒ a(l) ⊆ F

In contrast with local fences, fences do not require that actions be confined
inside the subjective state. We lift the notion of fences to assertions as follows,
given f ∈ Assn and I ∈ IAssn:

f � I
def⇐⇒ ∀ι. {l | l, ι �SL F} � 〈|I|〉ι

For instance, a possible fence for the interference assertion Iy of Fig. 2.2 is
denoted by the following assertion.

Fy
def
=

10∨
v=0

(x 7→ v › y 7→ v) ∨ (x 7→ v + 1 › y 7→ v)
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Definition 37 (Action shifting). Given I, I′ ∈ AMod and P ∈ P (LState), I′

is a shifting of I with respect to P , written I vP I′, if there exists a fence F
such that

P ⊆ F ∧ F � I ∧ ∀l ∈ F.∀κ.
(∀a ∈ I′(κ). reflected(a, l, I(κ))) ∧
∀a ∈ I(κ). a(l) is defined∧visible(a, l)⇒reflected(a, l, I′(κ))

The first conjunct expresses the fact that the new action model I′ cannot
introduce new actions not present in I, and the second one that I′ has to
include all the visible potential actions of I. We lift v to assertions as follows:

I vP I ′ def= ∀ι. 〈|I|〉ι v
{s|s,ι�SLP}

〈∣∣I ′∣∣〉
ι

We present a number of judgements that reduce action shifting and fencing
conditions to logical entailments in Fig. 4.3 and 4.4. As with the local
fencing judgements, the entailments in the premises of these rules are those
of standard separation logic. The ≈R notation in the conclusion of some of
the judgements denotes that shifting is valid both ways (i.e. I1 ≈R I2 iff
I1 vR I2 and I2 vR I1). We write exact (P ) to denote that the assertion P
is exact. That is, there exists l such that for all ι and l′ where l′, ι �SL P
then l = l′.

The premises of the form p ∩ q `SL emp assert that the states described
by p and q do not intersect ; that is, for all ι ∈ LEnv, and for all l1, l2 such
that l1, ι �SL p and l2, ι �SL q, then:

∀l ∈ LState. l ≤ l1 ∧ l ≤ l2 =⇒ l = 0L

The p ∩ q `SL emp entailment can be rewritten equivalently as follows:

p ∩ q `SL emp⇔ p `SL ¬ (true › (¬emp ∧ (true −−#› q)))

Lemma 5. The semantic implications Shift is valid.

Proof. It suffices to show that for all ι ∈ LEnv and w1 ∈World,

if w1, ι �
�� ��P I

∧ 〈|I|〉ι v{s|s,ι�SLP} 〈|I ′|〉ι
then ∃w2. w2, ι �

�� ��P I′
∧ (↓ (w1))M = (↓ (w2))M ∧ (w1, w2) ∈ G

Pick an arbitrary w1 = (l, g, I) such that

w1, ι �
�� ��P I

(4.27)
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true � I

f � I

f � I

f � I1 f � I2

f � I1 ∪ I2
I `I I ′ f � I ′

f � I

exact (r) f�{K:p; q}
f � {K : p › r ; q › r}

f � I ′ I ′ vf I
f � I

f ∩ p `SL emp

f � {K:p; q}

p ∩ q `SL emp (p −−#› (f ∪› p)) › q `SL f
f � {K : p; q}

Figure 4.3: Fencing judgements.

P ` Q I vQ I ′

I vP I ′
f � I ∪ I1 I1 vf I2
I ∪ I1 vf I ∪ I2

I `I I ′ I ′ vf ∅
I vf ∅

⋃
i∈I
{K:∃ȳ.Pi;Q}≈true

{
K:∃ȳ.

∨
i∈I
Pi;Q

}

⋃
i∈I
{K:∃ȳ.P;Qi}≈true

{
K:∃ȳ.P;

∨
i∈I
Qi

}
{
K : ∃vi ∈ Si

i∈I
. P ; Q

}
≈true

⋃
wi∈Si

i∈I

{
K : P [wi/vi]

i∈I
; Q[wi/vi]

i∈I}
exact (r) f ∩ p `SL emp

{K : p › r ; q › r} vf ∅
f ∪› p `SL false

{K : p; q} vf ∅

(p −−#› (p ∪› f)) › q `SL false

{K : p; q} vf ∅

f ∪› p `SL
∨
i∈I f ∪› (p › ri) exact (ri) for i ∈ I

{K : p; q} ≈f
⋃
i∈I {K : p › ri ; q › ri}

Figure 4.4: Action shifting judgements; we write I ≈f I ′ for I vf I ′∧I ′ vf I.
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〈|I|〉ι v
{s|s,ι�SLP}

〈∣∣I ′∣∣〉
ι

(4.28)

and let w2 = (l, g, I ∪ 〈|I ′|〉ι). Given the definition of G, we are then required
to show

(↓ (w1))M = (↓ (w2))M (4.29)

∀s′, I0. I↓
(
s′, g − s′, I0

)
=⇒ I ∪

〈∣∣I ′∣∣〉
ι
↓
(
s′, g − s′, I0

)
(4.30)

w2, ι �
�� ��P I′

(4.31)

From (4.27) and definition of w1 we know that there exist s, r ∈ LState such
that

g = s ◦ r (4.32)

s, ι �g,I P (4.33)

I↓ (s, r, 〈|I|〉ι) (4.34)

From the following lemma and (4.33) we know that

s, ι �SL P (4.35)

Lemma 6. for all P ∈ Assn, ι ∈ LEnv, s, g ∈ LState and I ∈ AMod:

s, ι �g,I P =⇒ s, ι �SL P

Proof. By induction on the structure of assertion P . Pick an arbitrary
ι ∈ LEnv, then

Case P
def
= A Immediate.

Case P
def
= P1 =⇒ P2

Pick an arbitrary ι ∈ LEnv, s, g ∈ LState and I ∈ AMod such that

s, ι �g,I P1 =⇒ P2 (4.36)

∀ι, s, g, I. s, ι �g,I P1 =⇒ s, ι �SL P1 (I.H1)

∀ι, s, g, I. s, ι �g,I P2 =⇒ s, ι �SL P2 (I.H2)

From (4.36) and the definition of �g,I we know s, ι �g,I P1 implies
P2 �g,I; consequently, from (I.H1) and (I.H2) we have: s, ι �SL P1
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implies s, ι �SL P2. Thus, from the definition of �SL we have:

s, ι �SL P1 =⇒ P2

as required.

Cases P
def
= ∃x. P ′; P def

= P1 › P2; P
def
= P1 ∪› P2

These cases are analogous to the previous case and are omitted here.

Case P
def
=

�� ��P ′
I

Pick an arbitrary ι ∈ LEnv, s, g ∈ LState and I ∈ AMod such that

s, ι �g,I
�� ��P ′

I
(4.37)

From (4.37) and the definition of �g,I we know s, g, I �
�� ��P ′

I
and hence,

from the definition of �, we have s = 0L. Consequently, from the
definition of �SL we have:

s, ι �SL
�� ��P ′

I

as required.

Consequently, from the definition of v, (4.28) and (4.35) we have:

〈|I|〉ι v
{s} 〈∣∣I ′∣∣〉

ι
(4.38)

and thus from (4.34), (4.38) and Lemma 10 we have:

I ∪
〈∣∣I ′∣∣〉

ι
↓
(
s, r,

〈∣∣I ′∣∣〉
ι

)
(4.39)

RTS. (4.29) This follows immediately from the definition of ↓ (.) and the
definitions of w1 and w2.

RTS. (4.30) This follows immediately from the premise of the goal, (4.32),
(4.34), (4.38) and Lemma 11.

RTS. (4.31) From 4.33, 4.30 (established above), and Lemma 23 we have

s, ι �g,I∪〈|I′|〉ι P (4.40)

Consequently, from 4.32, 4.39, 4.40 and the definitions of � and w2 we have

w2, ι �
�� ��P I′

as required.
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4.2 Programming Language and Proof System

We define the CoLoSL proof system for deriving local Hoare triples for a
simple concurrent imperative programming language. The proof system and
programming language of CoLoSL are defined as an instantiation of the
views framework [5].

Programming Language The CoLoSL programming language is that
of the views programming language [5] instantiated with a set of atomic
commands; It consists of skip, sequential composition, branching, loops
and parallel composition. The set of CoLoSL atomic commands comprises
an atomic construct 〈.〉 enforcing an atomic behaviour when instantiated
with any sequential command. The sequential commands of CoLoSL are
composed of a set of elementary commands, skip, sequential composition,
branching and loops excluding atomic constructs and parallel composition.
That is, atomic commands cannot be nested or contain parallel composition.
CoLoSL is parametric in the choice of elementary commands allowing for
suitable instantiation of CoLoSL depending on the programs being verified.
For instance, in the token ring example of § 2 the set of elementary commands
comprises variable lookup and assignment. We proceed with the formalisation
of CoLoSL programming language.

Parameter 5 (Elementary commands). Assume a set of elementary com-
mands Elem, ranged over by E,E1, · · · ,En.

Parameter 6 (Elementary command axioms). Given the separation algebra
of machine states (M, •M,0M), assume a set of axioms associated with
elementary commands:

AxE : P (M)× Elem× P (M)

Definition 38 (Sequential commands). Given the set of elementary com-
mands Elem, the set of sequential commands Seqs, ranged over by S, S1, · · · ,Sn
is defined inductively as:

S ::= E | skip | S1;S2 | S1 + S2 | S›

Definition 39 (Sequential command axioms). Given the axiomatisation of
elementary commands AxE, the axioms of sequential commands:

AxS : P (M)× Seqs× P (M)
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is defined as follows where we write M,M ′,M ′′, · · · to quantify over the
elements of P (M).

AxS
def
= AxE ∪A skip ∪ASeq ∪AChoice ∪ARec

A skip
def
= {(M, skip,M) |M ∈ P (M)}

ASeq
def
=

{
(M,S1; S2,M ′)

(M,S1,M ′′) ∈ AxS∧
(M ′′, S2,M ′) ∈ AxS

}
AChoice

def
=

{
(M,S1 + S2,M ′)

(M,S1,M ′) ∈ AxS∧
(M,S2,M ′) ∈ AxS

}
ARec

def
=

{
(M,S›,M) (M, S,M) ∈ AxS

}
Definition 40 (Atomic commands). Given the set of sequential commands
Seqs, the set ofatomic commands Atom, ranged over by A,A1, · · · ,An is:

A ::= 〈S〉

Definition 41 (Atomic command axioms). Given the axioms of sequential
commands AxS, the axioms of atomic commands:

AxA : P (World)× Atom× P (World)

is defined as follows where we write W,W ′, · · · to quantify over the elements
of P (World).

AxA
def
=

{
(W, 〈S〉 ,W ′) (M1, S,M2) ∈ AxS∧

W V{M1}{M2} W ′

}
Definition 42 (Programming language). Given the set of atomic commands
Atom, the set of CoLoSL commands Comm, ranged over by C,C1, · · ·Cn, is
defined by the following grammar.

C: := A | skip | C1;C2 | C1 + C2 | C1 ‖ C2 | C›

Proof Rules Our proof rules are of the form ` {P} C {Q} and carry an
implicit assumption that the pre- and post-conditions of their judgements
are stable. Since we build CoLoSL as an instantiation of the views frame-
work [5], our proof rules correspond to those of [5] with the atomic commands
axiomatised as per Def. 41.
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Definition 43 (Proof rules). The proof rules of CoLoSL are as described
below.

` {P} skip {P} Skip
∀ι. (JP Kι, A, JQKι) ∈ AxA

` {P} A {Q} Atom

` {P}C1{R} ` {R}C2{Q}
` {P} C1;C2 {Q}

Seq
` {P1}C1{Q1} ` {P2}C2{Q2}
` {P1 › P2} C1 ‖ C2 {Q1 ›Q2}

Par

` {P} C {Q}
` {P ›R}C {Q ›R} Frame

PVP ′ ` {P ′}C {Q′} Q′VQ

` {P} C {Q} Conseq

` {P}C1{Q} ` {P}C2{Q}
` {P} C1 + C2 {Q}

Choice
` {P}C {P}
` {P} C› {P} Rec

Most proof rules are standard from disjoint concurrent separation logic [14].
In the Conseq judgement, V denotes the repartitioning of the state as de-
scribed in Def. 32.

4.3 Operational Semantics

We define the operational semantics of CoLoSL in terms of a set of concrete
(low-level) states. Recall that the states of CoLoSL, namely worlds, are
parametric in the separation algebra of machine states (M, •M,0M). As such,
we require that the choice of concrete states is also parametrised in CoLoSL.
Since CoLoSL is an instantiation of the views framework, its operational
semantics is as defined in [5] provided with the set of concrete states and
the semantics of atomic commands. The semantics of atomic commands are
defined in terms of the interpretation of sequential and elementary commands.
Finally, as CoLoSL can be instantiated with any set of elementary commands
Elem, the interpretation of elementary commands is also a parameter in
CoLoSL. We proceed with the formalisation of the ingredients necessary for
defining the operational semantics of atomic commands.

Parameter 7 (Concrete states). Assume a set of concrete states S ranged
over by σ, σ1, · · · , σn.

Parameter 8 (Elementary command interpretation). Given the set of con-
crete states S, assume an elementary interpretation function associating each
elementary command with a non-deterministic state transformer:

[|.|]E (.) : Elem→ S → P (S)
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We lift the interpretation function to a set of concrete states such that for
S ∈ P (S):

[|E|]E (S)
def
=
⋃
σ∈S

([|E|]E (σ))

Definition 44 (Sequential command interpretation). Given the interpreta-
tion function of elementary commands [|.|]E (.), the interpretation function
for sequential commands:

[|.|]S (.) : Seqs→ S → P (S)

is defined inductively over the structure of sequential commands as follows:

[|E|]S (σ)
def
= [|E|]E (σ)

[| skip|]S (σ)
def
= {σ}

[|S1; S2|]S (σ)
def
= {σ2 | S = [|S1|]S (σ) ∧ σ2 ∈ [|S2|]S (S)}

[|S1 + S2|]S (σ)
def
= [|S1|]S (σ) ∪ [|S2|]S (σ)

[|S›|]S (σ)
def
= [| skip + S; S›|]S (σ)

where we lift the interpretation function to a set of concrete states such that
for S ∈ P (S):

[|S|]S (S)
def
=
⋃
σ∈S

([|S|]S (σ))

Definition 45 (Atomic Command Interpretation). Given the sequential
command interpretation function [|.|]S (.), the interpretation function for
atomic commands:

[|.|]A (.) : Atom→ S → P (S)

is defined as :

[|〈S〉|]A (σ)
def
= [|S|]S (σ)

We lift the interpretation function to a set of concrete states such that for
S ∈ P (S):

[|S|]A (S)
def
=
⋃
σ∈S

([|S|]A (σ))

4.4 Soundness

In order to establish the soundness of CoLoSL program logic, we relate its
proof judgements to its operational semantics. To this end, we relate the
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CoLoSL states, i.e. worlds, to the concrete states by means of a reification
function. The reification of worlds is defined in terms of relating (reifying)
machine states in M to concrete states in S. As such, given that CoLoSL
is parametric in the choice of underlying machine states, the reification of
machine states is also a parameter in CoLoSL.

Since CoLoSL is an instantiation of the views framework [5], its soundness
follows immediately from the soundness of views, provided that the atomic
axioms are sound with respect to their operational semantics. Recall that the
axioms of atomic commands are defined in terms of the axioms pertaining to
elementary commands which are parametrised in CoLoSL. Thus, to ensure
the soundness of atomic commands, we require that the elementary axioms
are also sound with respect to their operational semantics. We proceed with

Parameter 9 (Machine state reification). Given the separation algebra of
machine states (M, •M,0M), assume a reification function b.cM : M→ P (S),
relating machine states to sets of concrete states.

Parameter 10 (Elementary soundness). Given the separation algebra of
machine states (M, •M,0M),and their reification function b.cM, assume for
each elementary command E ∈ Elem, its axiom (M1,E,M2) ∈ AxE and any
given machine state m ∈M the following soundness property holds.

[|E|]E (bM1 •M {m}cM) ⊆ bM2 •M {m}cM
Definition 46 (Reification). The reification of worlds, b.cW : World→ P (S)
is defined as:

b(l, g, I)cW
def
= b(l ◦ g)McM

Theorem 1 (Atomic command soundness). For all A ∈ Atom, (W1,A,W2) ∈
AxA and w ∈World:

[|A|]A (bW1 • {w}cW ) ⊆ bW2 •M R ({w})cW
Proof. By induction over the structure of A.

Case 〈S〉
Pick an arbitrary S ∈ Seqs, w ∈ World and W1,W2 ∈ P (World) such that
(W1, 〈S〉 ,W2) ∈ AxA. From the definition of AxA we then know there exists
M1,M2 ∈ P (M) such that:

(M1, S,M2) ∈ AxS ∧W1 V
{M1}{M2} W2 (4.41)

RTS.
[|〈S〉|]A (bW1 • {w}cW ) ⊆ bW2 •R ({w})cW
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Proof. Pick an arbitrary w1 = (l, g, I) ∈ W1; it then suffices to show that
there exists w2 ∈W2 and w′ ∈ R(w) such that

[|〈S〉|]A (bw1 • wcW ) =
⌊
w2 • w′

⌋
W

(4.42)

Given w1 = (l1, g1, I1), from the definitions of [|.|]A (.) and b.cW , and the
properties of • and •M we have:

[|〈S〉|]A (bw1 • wcW ) = [|S|]S (bw1 • wcW )

= [|S|]S
(
b(l1 ◦ g1)M •M (wL)McM

)
(4.43)

On the other hand, from (4.41) and the definition of V we know there exists
m1 ∈M1 and m′ ∈M such that

m1 ◦m′ = (l1 ◦ g1)M∧ (4.44)

∀m2 ∈M2. ∃w2 = (l2, g2, I2) ∈W2.
m2 ◦m′ = (l2 ◦ g2)M ∧ (w1, w2) ∈ G

(4.45)

Consequently from (4.43) and (4.44) we have:

[|〈S〉|]A (bw1 • wcW ) = [|S|]S
(⌊
m1 •M m′ •M (wL)M

⌋
M
)

(4.46)

From (4.41) and Lemma 16 we can rewrite (4.46) as

[|〈S〉|]A (bw1 • wcW ) ⊆
⌊
M2 •M {m′ •M (wL)M}

⌋
M

That is, there exits m2 ∈M2 such that

[|〈S〉|]A (bw1 • wcW ) =
⌊
m2 •M m′ •M (wL)M

⌋
M (4.47)

From (4.45) we know there exists w2 ∈World such that

w2 = (l2, g2, I2) ∈W2 ∧m2 ◦m′ = (l2 ◦ g2)M (4.48)

(w1, w2) ∈ G (4.49)

From the definition of b.cW and the properties of •M and • we can thus
rewrite (4.47) as

[|〈S〉|]A (bw1 • wcW ) = b(l2 ◦ wL, g2, I2)cW (4.50)

From (4.49) and Lemma 17 we know there exists w′ ∈World such that

w′ = (wL, g2, I2) ∧ w′ ∈ R(w) (4.51)

Consequently, from (4.48), (4.50) and (4.51) we know there exists w2 ∈W2

and w′ ∈ R(w) such that

[|〈S〉|]A (bw1 • wcW ) =
⌊
w2 • w′

⌋
W

as required.
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5. Examples

5.1 Concurrent Spanning Tree

Programs manipulating arbitrary graphs present the following significant
challenge for compositional verification: because of deep sharing between
different components of a graph, changes to one subgraph may affect other
subgraphs which may point into it. This makes it hard to reason about
updates to each subgraph in isolation. In a concurrent setting, this difficulty
compounds with the fact that threads working on different parts of the graph
may affect each other in ways that are difficult to reason about locally to each
subgraph. Central to those issues is the fact that different subgraphs present
unspecified sharing and may overlap in arbitrary ways. We now demonstrate
on a concurrent spanning tree example that CoLoSL may be just the tool
you need in this case, as it naturally deals with arbitrary overlapping views of
the shared state, and allows one to tailor interferences to a given subjective
view.

Our example, presented in Fig. 5.4, operates on a directed binary graph
(henceforth simply graph), i.e. a directed graph where each node has at most
two successors, called its left and right children. The program computes a
in-place spanning tree of the graph, i.e. a tree that covers all nodes of the
graphs from a given root, concurrently as follows: each time a new node
is encountered, two new threads are created that each prune the edges of
the left and right children recursively. A mark bit is associated to each
node to keep track of which ones have already been visited. Each thread
returns whether the root of the subgraph it was operating on had already
been visited; if so, the parent thread removes the link from its root node to
the corresponding child. Intuitively, it is allowed to do so because, since the
child was marked by another thread, the child has to be already reachable
via some other path in the graph.

We will prove that, given a shared graph as input, the program always
returns a tree, i.e. all sharing and cycles have been appropriately removed.
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Pleasingly, the CoLoSL specification achieves maximal locality and allows
us to reason only on the current subgraph manipulated by a thread, instead
of the whole graph. Because of arbitrary sharing between the two, a global
specification would be unpleasant indeed! However, we do not establish that
the final tree indeed spans the original graph. The reason it does is subtle
indeed, as are the invariants required, but in ways unrelated to our main
issue, which is to provide tight specifications for each thread.

To reason about this program, following Hobor and Villard [10], we use
two representations of graphs. The first is a mathematical representation γ =
(V,E) where V is a finite set of vertices and E : V → (V ]{ null})×(V ]{ null})
is a function associating each vertex with at most two successors, where null

denotes the absence of an edge from the node. We write n ∈ γ for n ∈ V ,
γ(n) for E(n) and |γ| for |V |.

x

y w

z

ll

l

r

r
 

 
R

Figure 5.1: A graph.

Mathematical graphs are connected to a second,
in-memory representation by an inductive predi-
cate graph (x, γ), denoting a spatial (in-heap) graph
rooted at address x corresponding to the mathe-
matical graph γ. The predicate definition uses the
overlapping conjunction to account for the sharing
between the left and right children and for potential
cycles in the graph, as shown in Fig. 5.2. The basic
action we allow on spatial graphs is to mark a node, changing its mark
field from 0 to 1 and claiming ownership of its left and right pointers in
the process. Such an action is allowed by a marking capability of the form
am (n, e) where n denotes the vertex (address) and e the edge via which
vertex n is visited. For instance, the capabilities associated with marking
of vertex z in Fig. 5.1 are am (z, y.r) and am (z, w.l). Note that the param-
eterisation of our actions are merely a notational convenience and can be
substituted for their full definitions. Given a graph at root address x, in
order to account for the ability to mark the root vertex x, we introduce a
logical (virtual) root edge R into x as depicted in Fig. 5.1 together with its
associated marking capability am (x,R). The shared state contains node x
which can be either unmarked (U (x, l, r)) or marked (M (x)); as well as the
left and right subgraphs captured recursively by G (l, γ) and G (r, γ).

Each vertex is represented as three consecutive cells in the heap tracking
the mark bit and the addresses of the left (l) and right (r) subgraphs. For
brevity, we write x 7→ m, l, r for x 7→ m › x + 1 7→ l › x + 2 7→ r, and x.m,
x.l, and x.r for x, x + 1, and x + 2, respectively. When vertex x is in the
unmarked state, the whole cell x 7→ 0, l, r and the capabilities to mark the
children reside in the shared state. In the marked state, the shared state only
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graph (x, γ)
def
= [am (x,R)] ›

�� ��G (x, γ)
Iγ

Iγ
def
=
⋃
n∈γ

I(n)

G (x, γ)
def
= (x = null ∧ emp) ∨ x ∈ γ ∧ ∃l, r. γ(x) = (l, r)
∧ (U (x, l, r) ∨M (x)) ∪› G (l, γ) ∪› G (r, γ)

U (x, l, r)
def
= x 7→ 0, l, r › [am (l, x.l)] › [am (r, x.r)]

M (x)
def
= x 7→ 1

I(n)
def
= {am (n,−) : ∃l, r.U (n, l, r) ; M (n)}

Figure 5.2: Global specification of the graph predicate.

g (x, γ)
def
= (x = null ∧ emp) ∨ x ∈ γ ∧ ∃l, r. γ(x) = (l, r)∧�� ��U (x, l, r) ∨M (x)

I(x)
› g (l, γ) › g (r, γ)

t (x, γ)
def
= (x = null ∧ emp) ∨ x ∈ γ ∧ ∃l, r. γ(x) = (l, r)∧�� ��M (x)

I(x)
› ∃l′ ∈ {l, null}. ∃r′ ∈ {r, null}.

[am (l, x.l)] › x.l 7→ l′ › t (l′, γ) ›

[am (r, x.r)] › x.r 7→ r′ › t (r′, γ)

Figure 5.3: Local specification of the graph predicate.

contains x.m 7→ 1: the left and right subgraphs (pointers and capabilities)
have been claimed by the thread who marked the node, while other threads
need not access the children of x once they see that x is already marked.
The atomic CAS instruction prevents several threads to concurrently mark
the same node and claim ownership of the same resource.

The interference associated with the graph is described as the union of
interferences pertaining to the vertices of the graph (n ∈ γ). For each vertex
n ∈ γ, the only permitted action is that of marking n which can be carried out
by any of the marking capabilities associated with node n (am (n,−)). Note
that the anonymous quantification − is yet another notational shorthand
and can be substituted for the following more verbose definition.

I(n)
def
=
⋃
p∈γ

 ⋃
e∈{p.l,p.r,R}

am (n, e) : ∃l, r.U (n, l, r) ; M (n)


Fig. 5.4 shows an in place concurrent algorithm for calculating a spanning

tree of a graph. The graph (x, γ) predicate defined in Fig. 5.2 is a global
account of the graph in that it captures all vertices and the interference
associated with them. However, our spanning tree algorithm operates locally
as it is called upon recursively for each node. That is, for each span(n)
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call (where n 7→ n and n ∈ γ), the footprint of the call is limited to
node n. Moreover, in order to reason about the concurrent recursive calls
span(x.l) ‖ span(x.r), we need to split the state into two ›-composed states
prior to the calls, pass each constituent state onto the relevant thread and
combine the resulting states by › composition through an application of
the Par rule. We thus provide a local specification of the graph, g (x, γ) as
defined in Fig. 5.3 such that for all n, p ∈ γ and e ∈ {p.l, p.r,R}{

n 7→ n › b 7→ − › [am (n, e)] › g (n, γ)
}

b:= span(n){
n 7→ n › [am (n, e)] › (b 7→ 1 › t (n, γ) ∨ b 7→ 0 › t ( null, γ))

}
The definition of the g (x, γ) predicate is similar to that of

�� ��G (x, γ)
Iγ

except

that the global view
�� ��G (x, γ)

Iγ
that describes the resources associated with

all |γ| vertices has been replaced by |γ| ›-composed more local views, each
describing the resources of a vertex n ∈ γ. Moreover, the interference of each
local view concerning a vertex n ∈ γ has been shifted from Iγ to I(n) as to
reflect only those actions that affect n.

Similarly, the t (x, γ) predicate represents a tree rooted at x, as is standard
in separation logic [15], and consists of |γ| subjective views one for each vertex
in γ. The assertion of each subjective view reflects that the corresponding
vertex (x) has been marked

�� ��M (x)
I(x)

. The resources associated with each

node x, namely the left and right pointers and the corresponding marking
capabilities have been claimed by the marking thread and moved into the
local state. The vertex addressed by the left pointer of x (i.e. l′) corresponds
to either the initial value prior to marking (l where γ(x) = (l, r)) or null

when l has more than one predecessors and has been marked by another
thread, making the whole predicate stable against actions of the program
and the environment.

We now demonstrate how to obtain the local specification g (x, γ) from
the global specification of Fig. 5.2. When expanding the definition of G (x, γ),
there are two cases to consider depending on whether or not x = null. In
what follows we only consider the case where x 6= null since the derivation in
the case of x = null is trivial. Let P and Q predicates be defined as below.

P
def
= ~n∈γ (γ(n) = (l, r) ∧ (U (n, l, r) ∨M (n)) )

Q
def
= ~n∈γ

(
γ(n) = (l, r) ∧

�� ��U (n, l, r) ∨M (n)
I(n)

)
From the definitions of G (x, γ) and g (x, γ) we then have:

G (x, γ) ⇐⇒ P g (x, γ) ⇐⇒ Q
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In order to derive the local specification g (x, γ) from the global specification
G (x, γ), it thus suffices to show

�� ��P Iγ
V Q as demonstrated below.

�� ��P Iγ

(Copy)
=⇒

�� ��P Iγ
› · · · ›

�� ��P Iγ︸ ︷︷ ︸
|γ| times

(Forget)
=⇒ ~n∈γ

(
γ(n) = (l, r) ∧

�� ��U (n, l, r) ∨M (n)
Iγ

)
(Shift)

V ~n∈γ

(
γ(n) = (l, r) ∧

�� ��U (n, l, r) ∨M (n)
I(n)

)
def⇐⇒ Q
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//x 7→ x › b 7→ − › graph (x, γ)

//x 7→ x › b 7→ − › am (x,R) ›
�� ��G (x, γ)

Iγ
}

//{x 7→ x › b 7→ − › [am (x,R)] › g (x, γ)}
b:= span (x ) {
//
{
x 7→ x › b 7→ − › [am (x,R)] › ∃l, r.

�� ��U (x, l, r) ∨M (x)
I(x)

› g (l, γ) › g (r, γ)
}

r e s := 〈 CAS(x .m, 0 , 1) 〉 ;

//

{
x 7→ x › b 7→ − › [am (x,R)] ›

�� ��M (x)
I(x)

› ∃l, r. g (l, γ) › g (r, γ)

›
(
res 7→ 0 ∨

(
res 7→ 1 › x.l 7→ l › x.r 7→ r › [am (l, x.l)] › [am (r, x.r)]

))}
i f ( r e s ) then {

//

{
x 7→ x › b 7→ − › [am (x,R)] ›

�� ��M (x)
I(x)

› res 7→ 1

›∃l, r. x.l 7→ l › x.r 7→ r › [am (l, x.l)] › g (l, γ) › [am (r, x.r)] › g (r, γ)

}
//{[am (l, x.l)] › g (l, γ) › [am (r, x.r)] › g (r, γ)}
b1:= span (x . l ) —— b2:= span (x . r )

//

{
[am (l, x.l)] › ((b1 7→ 1 › t (l, γ)) ∨ b1 7→ 0) ›

[am (r, x.r)] › ((b2 7→ 1 › t (r, γ)) ∨ b2 7→ 0)

}

//


x 7→ x › b 7→ − › [am (x,R)] ›

�� ��M (x)
I(x)

› res 7→ 1

›∃l, r. x.l 7→ l › [am (l, x.l)] › ((b1 7→ 1 › t (l, γ)) ∨ b1 7→ 0) ›

x.r 7→ r › [am (r, x.r)] › ((b2 7→ 1 › t (r, γ)) ∨ b2 7→ 0)


i f ( ! b1 ) then

[x . l ]:= nu l l
i f ( ! b2 ) then

[x . r ]:= nu l l

//


x 7→ x › b 7→ − › [am (x,R)] ›

�� ��M (x)
I(x)

› res 7→ 1 › b1 7→ − › b2 7→ −
›∃l, r. ∃l′ ∈ {l,null}. [am (l, x.l)] › x.l 7→ l′ › t (l′, γ) ›

∃r′ ∈ {r,null}. [am (r, x.r)] › x.r 7→ r′ › t (r′, γ)


//
{
x 7→ x › b 7→ − › res 7→ 1 › b1 7→ − › b2 7→ − › am (x,R) › t (x, γ)

}
}

//

{
x 7→ x › b 7→ − › [am (x,R)] ›

(res 7→ 1 › t (x, γ)) ∨
(
res 7→ 0 ›

�� ��M (x)
I(x)

› g (l, γ) › g (r, γ)
)}

//
{
x 7→ x › b 7→ − › [am (x,R)] › (res 7→ 1 › t (x, γ)) ∨ (res 7→ 0)

}
return r e s

}
//
{
x 7→ x › [am (x,R)] › ((b 7→ 1 › t (x, γ)) ∨ b 7→ 0)

}
Figure 5.4: Concurrent Spanning Tree Implementation

57



5.2 Set Module

In this section we consider a concurrent set module as described in [6]. We
first produce the set specification in CoLoSL and show how to reason about
its operations and verify them with respect to their specification. We then
compare the CoLoSL specification of the set module against its specification
in Concurrent Abstract Predicates (CAP) described in [6]. We demonstrate
that our CoLoSL reasoning considerably improves on CAP by producing a
more concise specification and allowing for more local reasoning.

CoLoSL Specification

We implement a set as a sorted singly-linked list with no duplicate elements
(since it represents a set) and one lock per node as described in [6]. Our
set module provides three operations: contains(h,v), add(h,v) and remove(h,v).
As the name suggests, the contains(h,v) function checks whether value v is
contained in the set at h; the add(h,v) and remove(h,v) functions add/remove
value v to/from the list, respectively.

Fig. 5.9-5.7 illustrate a possible implementation of the set operations. All
three operations proceed by traversing the sorted list from the head address
and locating the first node in the list holding a value v′ greater than or
equal to v (through the locate procedure). The algorithm for locating such
a node begins by locking the head node; it then moves down the list by
hand-over-hand locking whereby first the node following the one currently
held is locked and subsequently the previously locked node is released. No
thread can access a node locked by another thread or traverse past it. As
such, no thread can overtake an other thread in accessing the list.

Fig. 5.5 shows a specification of the set module in CoLoSL similar to
that of Concurrent Abstract Predicates (CAP) defined in [6]. In what follows
we first give a description of the predicates of Fig. 5.5 and subsequently
contrast our specification with that of CAP.

Since CoLoSL is parametric in the separation algebra of capabilities and
their assertions, we instantiate it with a fractional heap to represent the
separation algebra of capabilities and write heap-like assertions of the form

a
π
⇀⇁ b to denote capability a with permission π. Moreover, our capabilities

are stateful in that they can capture some additional information (b). As we
demonstrate below, this leads to conciser specifications. For readability we

write a ⇀⇁ b for a
1
⇀⇁ b, a

π
⇀⇁ − for ∃b. a

π
⇀⇁ b and a ⇀⇁ − for ∃b. a

1
⇀⇁ b.
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in (h, v)
def
= ∃π. isLock (h, π) › h.V⇀⇁ − › L∈ (h, v)

out (h, v)
def
= ∃π. isLock (h, π) › h.V⇀⇁ − › L6∈ (h, v)

L∈ (h, v)
def
= ∃L. sorted (L) ∧ v ∈ L ∧ lsg (h, null,−∞ :: L+ +{∞}, h)

L6∈ (h, v)
def
= ∃L. sorted (L) ∧ v 6∈ L ∧ lsg (h, null,−∞ :: L+ +{∞}, h)

lsg (x, z, L, h)
def
= (L = [] ∧ x = z ∧ emp)∨
∃y, v, L′. L = v :: L′ ∧

�� ��node (x, v, y)
I(h,x)

› lsg (y, z, L′, h)

node (x, v, y)
def
= U (x, v, y) ∨ L (x, v, y)

U (x, v, y)
def
= link (x, y) › val (x, v, y)

L (x, v, y)
def
= locked (x) › val (x, v, y)

link (x, y)
def
= x.next 7→ y › isLock (y, 1) › x.M⇀⇁ −

val (x, v, y)
def
= x.value 7→ v › x.N⇀⇁ y

isLock (x, π)
def
= x.L

π
⇀⇁ − ›

�� ��x.lock 7→ 0 › x.U⇀⇁ − ∨ x.lock 7→ 1
L(x)

locked (x)
def
= x.U⇀⇁ − ›

�� ��x.lock 7→ 1
L(x)

L(x)
def
=


x.L

−
⇀⇁ − :

{
x.lock 7→ 0 › x.U⇀⇁ −; x.lock 7→ 1

}
x.U⇀⇁ − :

{
x.lock 7→ 1 ; x.lock 7→ 0 › x.U⇀⇁ −

}
x.L⇀⇁ − › x.U⇀⇁ − :

{
x.lock 7→ 1 ; x.L

1
⇀⇁ − › x.U

1
⇀⇁ −

}


I(h, x)
def
=

true :

{
∃v, y.U (x, v, y) ; L (x, v, y)

∃v, y. L (x, v, y) ; U (x, v, y)

}
x.M⇀⇁ − › h.V⇀⇁ − :

∃v′, y, z. L (x, v′, y) › L (y, v, z)
; L (x, v′, z) › L (y, v, z)

∃v′, w, y. v′ < v ∧ L (w, v′, y) › L (x, v, y)
; L (w, v′, y)

∃v1,v2,y,z,w. v1 < v < v2 ∧ L (x, v1, y) › val (w, v, y) › val (y, v2, z)
; L (x, v1, w) › val (w, v, y) › val (y, v2, z)




Figure 5.5: CoLoSL specification of the concurrent set module.
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isLock(x, π) / locked(x) Every node in the singly-linked list is protected
by a lock that is to be acquired prior to its modification. The isLock (x, π)
predicate is similar to that in [6] and states that the lock at address x can be
acquired with permission π ∈ (0, 1]. Multiple threads may attempt to acquire
the lock at once and thus we use the π argument to reflect this sharing where
1 denotes exclusive right to acquisition while π ∈ (0, 1) accounts for sharing
of the lock between multiple threads. The isLock (x, π) predicate asserts that

the thread’s local state contains the capability x.L
π
⇀⇁ − to acquire the lock

and that the lock resides in the shared state where at any one point either the
lock is unlocked (x.lock 7→ 0) and the shared state contains the capability to
unlock it (x.U⇀⇁ −); or it is locked (x.lock 7→ 1) and the unlocking capability
has been claimed by the locking thread.

The locked (x) predicate asserts that the thread’s local state contains the
exclusive capability to unlock the lock ([x.U⇀⇁ −]); and that the x is in the
locked state (x.lock 7→ 1).

L(x) denotes the interference associated with the lock on node at address

x. When a thread holds a non-zero locking capability on node x (x.L
−
⇀⇁ −),

it can change the lock state from unlocked (0) to locked (1) and claim the
exclusive unlocking capability in doing so (x.U ⇀⇁ −). Similarly, a thread
holding the full unlocking capability on x (x.U⇀⇁ −) can change the lock state
from locked to unlocked and return the full unlocking capability to the shared
state. When removing a value v from the set, the node containing the value
v must be removed from the shared state and disposed of. However, recall
that CoLoSL does not have an explicit mechanism for unsharing resources
modelling a dual behaviour to that of the Extend principle. Instead,
resources can be unshared through actions explicitly specified as part of their
associated interference. This is the case in the last component of L(x); it is
concerned with unsharing of node x’s lock and making it a local resource. It
states that when a thread holds full permission on both locking and unlocking
capabilities of x, it can claim its lock in exchange for the capabilities.

in(h, v) / out(h, v) The in (h, v) predicate states that the set at head
address h contains value v and captures exclusive right to alter the set with
respect to v by changing whether v belongs to it. It asserts that the thread
owns some capability (π) to acquire the lock associated with head address
(isLock (h, π)) and that the thread owns the exclusive capability to alter
the set with respect to value v (h.V ⇀⇁ −) should it own the capability
to modify the address at which value v is stored (cf. the description of
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U (x, v, y) predicate). The underlying singly-inked list is captured by the
L∈ (h, v) predicate. The L∈ (h, v) predicate uses an auxiliary carrier sorted
list L (such that v ∈ L) to capture the contents of the singly-linked list via
the lsg predicate. For simpler implementation, we extend L with two sentinel
values −∞ and ∞, one at each end to avoid corner cases such as removing
the first/last element of the list. The out (h, v) predicate is analogous to
in (h, v) and corresponds to the case where the set does not contain v.

lsg(x, z, L, h) This predicate is defined inductively and describes a seg-
ment of the list at h that starts at address x and extends upto (but not
including) address z and contains the elements in the mathematical list L.
When L is empty, it corresponds to a void segment and yields no resources
(emp); otherwise, it is defined as the composition of the first node of the
segment at address x,

�� ��node (x, v, y)
I(h,x)

, and the tail of the list segment

(lsg (y, z, L′, h)). The node (x, v, y) predicate describes a node at address x
with value v and successor y and can be either unlocked (U (x, v, y)) or locked
(L (x, v, y)).

U(x, v, y) / L(x, v, y) The U (x, v, y) predicate states that the node
at address x is unlocked, it contains value v and comes before the node
at address y. The statement of the L (x, v, y) predicate is analogous and
describes the node when locked. A thread may modify the next pointer of
node at address x, only when it holds the modification capability x.M⇀⇁ −
in its local state. When the node is in the unlocked state, no thread can
modify it and thus the modification capability x.M⇀⇁ − as well as the next
pointer of the node (x.next 7→ y) lie in the shared state. Recall that when
traversing the list by hand-over-hand locking, no thread can overtake an
other in traversing the list. Consequently, a node can only be locked by a
thread that has already acquired the lock associated with the previous node.
Therefore, when the node x is in the unlocked state, the exclusive capability
to lock its successor at address y (isLock (y, 1)) also lies in the shared state.
When a thread successfully locks the node at x (and is hence in possession of
the locked (x) resource), it can then claim the next pointer, the modification
capability and the locking capability pertaining to its successors (captured
by link (x, y)), and move them into its local state. In return, it transfers
the locked (x) resource to the shared state as evidence that it is indeed the
locking thread.

In both locked and unlocked states, the shared state contains the value
field (x.value 7→ v) and the “successor” capability x.N⇀⇁ y. This capability
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is used to track the current successor of x even when the node is locked and
its next pointer has been claimed by the locking thread.

I (h, x) As discussed above, given a node at address x with successor y,
any thread in possession of the locked (x) resource may change its state from
unlocked (U (x, v, y)) to locked (L (x, v, y)) and claim the link (x, y) resource
in exchange for locked (x). This is captured by the first action associated
with the true assertion; that is, no additional capability is required for
performing this action and holding the locked (x) resource locally is sufficient
for performing the action. Conversely, as described by the second action of
true, a thread in possession of the link (x, y) resource may change its state
from locked (L (x, v, y)) to unlocked (U (x, v, y)) and return link (x, y) to the
shared state in return for locked (x).

Consider a node at address y, with value v, successor z and predecessor
x. A thread may remove value v from the set provided that both the node
and its predecessor are locked by the thread; and the thread holds the value
capability h.V ⇀⇁ − as well as the update capabilities pertaining to both
the node itself (x.M ⇀⇁ −) and its predecessor node (y.M ⇀⇁ −). This is
captured by the first two actions associated with x.M ⇀⇁ − › h.V ⇀⇁ − in
I(h, x). First, the next pointer of x is redirected to z (the first action of
x.M ⇀⇁ − › h.V ⇀⇁ −); and then node y is removed from the shared state
(the second action of y.M⇀⇁ − › h.V⇀⇁ −). Similarly, for a thread to insert
the value v in between node x and node y, the predecessor node x must
be locked; and the thread should hold the value capability h.V ⇀⇁ − as
well as the update capability on x. This is reflected in the last action of
x.M⇀⇁ − › h.V⇀⇁ −.

Reasoning about Set Operations

Fig. 5.6-5.9 illustrate the implementation of the set operations along with
an outline of the reasoning steps involved in establishing their correctness
against their CoLoSL specification. In what follows, we give an account of
reasoning about the set add operation as outlined in Fig. 5.7; we demonstrate
that given a set at address h, where value v may or may not be present in
the set, after a call to the add(h,v) operation the set will contain the value v.
That is, the add(h,v) operation satisfies the following specification.

{in (h, v) ∨ out (h, v)}
add(h,v)

{in (h, v)}
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The implementation of add proceeds by locating the index at which the
new node is to be inserted through a call to the locate(h,v) operation. The
locate(h,v) call traverses the list by hand-over-hand locking until it locates
the addresses of node p with value vp and node c with value vc such that
vp < v ≤ vc. It then locks p and claims its next pointer (link (p, c)) as allowed
by L(p). Note that since the list contains the sentinel values −∞ and +∞ at
either end, for any given value v′ the locate operation always finds v1 and v2
such that v1 < v′ ≤ v2. If c.value =v and consequently the set contains value
v, node p is unlocked and the operating thread simply returns. On the other
hand if vc > v, a new node z with value v and successor c is allocated and
the shared state is extended by the resources associated with the new node
z as follows. First, the shared state is extended by z’s lock and in doing so
the locking and unlocking capabilities pertaining to z are generated on the
fly. That is the z. lock 7→ 0 predicate is replaced by isLock (z, 1) as shown in
the following derivation.

∃L1, L2, vp, vc, π. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg (c, null, vc :: L2,h)


(frame off) {emp}

alloc+assign

V {z.value 7→ v › z.next 7→ c › z. lock 7→ 0}
Extend
V

{
z.value 7→ v › z.next 7→ c › z.L⇀⇁ − ›

�� ��z. lock 7→ 0 › z.U⇀⇁ −
L(z)

}
isLock def. {z.value 7→ v › z.next 7→ c › isLock (z, 1)}

(frame on)


∃L1, L2, vp, vc, π. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg (c, null, vc :: L2,h)

›z.value 7→ v › z.next 7→ c › isLock (z, 1)


The shared state is then extended with the remaining resources of node z

and the relevant capabilities are also generated; subsequently, the subjective
views of nodes p, z and c are combined through an application of the Merge
principle as demonstrated by the following derivation.

∃L1, L2, vp, vc, π. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg (c, null, vc :: L2,h)

›z.value 7→ v › z.next 7→ c › isLock ( z, 1)


(frame off) {link (p, c) › z.value 7→ v › z.next 7→ c}

link def.
=⇒

{
p.next 7→ c › p.M⇀⇁ − › isLock (c, 1) › z.next 7→ c › z.value 7→ v

}
Extend
V

{
p.next 7→ c › p.M⇀⇁ − ›

�



�
	isLock (c, 1) › z.next 7→ c › z.M⇀⇁ −

›z.value 7→ v › z.N⇀⇁ c
I( z)

}
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U def.
=⇒

{
p.next 7→ c › p.M⇀⇁ − ›

�� ��U ( z, v, c)
I( z)

}
node def.

=⇒
{
p.next 7→ c › p.M⇀⇁ − ›

�� ��node ( z, v, c)
I( z)

}

(frame on)


∃L1, L2, vp, vc, π. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› p.next 7→ c › p.M⇀⇁ − › lsg (c, null, vc :: L2,h)

›
�� ��node ( z, v, c)

I( z)
› isLock ( z, 1)


lsg def.
=⇒


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› p.next 7→ c › p.M⇀⇁ − ›

�� ��L (c, vc,d)
I(c)

›lsg (d, null, L2,h) ›
�� ��node ( z, v, c)

I( z)
› isLock ( z, 1)


Merge×2

=⇒


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c) › node ( z, v, c) › L (c, vc,d) ›

I(p)∪I( z)∪I(c)
›p.next 7→ c › p.M⇀⇁ − › lsg (d, null, L2,h) › isLock ( z, 1)


At this point, since the locking thread holds the next pointer of p in its local
state (p.next 7→ c), it modifies it to point to the new node z; and through
the action of p.M ⇀⇁ − › h.V ⇀⇁ −, the L (p, vp, c) predicate is updated as
L (p, vp, z). Recall that the L (p, vp, c) predicate states that the node at p

is locked, it holds value vp and prior to locking its successor was the node
at address c. As such, since the value of the new node z lies between that
of p and c (vp < v < vc), this action allows us to insert z in between p

and c provided that z itself points to c. This is captured by the following
derivation where (†) denotes the application of the action associated with
the p.M⇀⇁ − › h.V⇀⇁ − capability in I(p).

∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c) › node ( z, v, c) › L (c, vc,d) ›

I(p)∪I( z)∪I(c)
›p.next 7→ c › p.M⇀⇁ − › lsg (d, null, L2,h) › isLock ( z, 1)


(p.next:= z)

=⇒


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c) › node ( z, v, c) › L (c, vc,d) ›

I(p)∪I( z)∪I(c)
›p.next 7→ z › p.M⇀⇁ − › lsg (d, null, L2,h) › isLock ( z, 1)


link def.
=⇒


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c) › node ( z, v, c) › L (c, vc,d) ›

I(p)∪I( z)∪I(c)
› link (p, z)


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(†)
V


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, z) › node ( z, v, c) › L (c, vc,d) ›

I(p)∪I( z)∪I(c)
› link (p, z)


All that remains is to unlock the node at p; to do this, first the state of
the node is changed from locked (L (p, vp, z)) to unlocked (U (p, vp, z)) by
applying the action of p.M⇀⇁ − capability. Subsequently, through several
applications of Copy, Forget and Shift principles, the subjective views
of p, z and c nodes are recovered as follows where (†) denotes the application
of the action associated with the p.M⇀⇁ − capability in I(p).

∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, z) › node ( z, v, c) › L (c, vc,d) ›

I(p)∪I( z)∪I(c)
› link (p, z)


(frame off)

{�� ��L (p, vp, c) › node (z, v, c) › node (c, vc, d)
I(p)∪I(z)∪I(c)

› link (p, z)
}

(†)
V

{�� ��U (p, vp, z) › node (z, v, c) › node (c, vc, d)
I(p)∪I(z)∪I(c)

› locked (p)
}

node def.
=⇒

{�� ��node (p, vp, z) › node (z, v, c) › node (c, vc, d)
I(p)∪I(z)∪I(c)

› locked (p)
}

Copy×2
=⇒



�� ��node (p, vp, z) › node (z, v, c) › node (c, vc, d)
I(p)∪I(z)∪I(c)

›
�� ��node (p, vp, z) › node (z, v, c) › node (c, vc, d)

I(p)∪I(z)∪I(c)
›
�� ��node (p, vp, z) › node (z, v, c) › node (c, vc, d)

I(p)∪I(z)∪I(c)
›locked (p)


Forget×3

=⇒

{�� ��node (p, vp, z)
I(p)∪I(z)∪I(c)

›
�� ��node (z, v, c)

I(p)∪I(z)∪I(c)
›
�� ��node (c, vc, d)

I(p)∪I(z)∪I(c)
› locked (p)

}
Shift×3
V

{�� ��node (p, vp, z)
I(p)

›
�� ��node (z, v, c)

I(z)
›
�� ��node (c, vc, d)

I(c)
› locked (p)

}
(frame on)


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��node (p, vp, z)

I(p)
›
�� ��node (z, v, c)

I(z)
›
�� ��node (c, vc, d)

I(c)
› locked (p)


lsg def.
=⇒

{
∃L, π. v ∈ L ∧ sorted (L) ∧ isLock (h, π) › h.V⇀⇁ − › lsg (h, null, L,h)
›locked (p)

}
in def.
=⇒

{
in (h, v) › locked (p)

}
Finally, p’s lock is released by applying the action of p.U ⇀⇁ − capability
in L(p) and we obtain in (h, v) as required. This is demonstrated in the
following derivation where (†) denotes applying the action of p.U⇀⇁ −.{

in (h, v) › locked (p)
}
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locked def.
=⇒

{
in (h, v) › p.U⇀⇁ − ›

�� ��p.lock 7→ 1
L(p)

}
(†)
V
{
in (h, v) ›

�� ��p.lock 7→ 0 › p.U⇀⇁ −
L(p)

}
=⇒

{
in (h, v)

}
Note that the final implication follows directly from the semantics of CoLoSL.
That is, for all P ∈ Assn and I ∈ IAssn,

�� ��P I
=⇒ emp is valid.

// {in (h, v) ∨ out (h, v)}
contains(h,v){
(p, c):= locate(h,v);

//


∃L1, L2, vp, vc, π. vp < v ≤ vc ∧ sorted (L1++{vp}++vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg ( c, null, vc :: L2, h)


b:= (c.value ==v);

//


∃L1, L2, vp, vc, π. vp < v ∧ sorted (L1++{vp}++vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg ( c, null, vc :: L2, h)

› ((vc > v ∧ b = false) ∨ (vc = v ∧ b = true))


/ › Apply the action of p.M⇀⇁ − wrapped in the definition of link (p, c) . › /

//


∃L1, L2, vp, vc, π. vp < v ∧ sorted (L1++{vp}++vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��U (p, vp, c)

I(p)
› locked (p) › lsg ( c, null, vc :: L2, h)

› ((vc > v ∧ b = false) ∨ (vc = v ∧ b = true))


unlock(p);

//


∃L1, L2, vp, vc, π. vp < v ≤ vc ∧ sorted (L1++{vp}++vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��node (p, vp, c)

I(p)
› lsg ( c, null, vc :: L2, h)

› ((vc > v ∧ b = false) ∨ (vc = v ∧ b = true))


// {((out (h, v) ∧ b = false) ∨ (in (h, v) ∧ b = true))}
}
// {((out (h, v) ∧ b = false) ∨ (in (h, v) ∧ b = true))}

Figure 5.6: Implementation of the set contains operation.
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// {in (h, v) ∨ out (h, v)}
add(h,v){
(p, c):= locate(h,v);

//


∃L1, L2, vp, vc, π. vp < v ≤ vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg (c, null, vc :: L2,h)


if (c.value > v) then{

//


∃L1, L2, vp, vc, π. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg (c, null, vc :: L2,h)


//{emp}
z:= alloc (3);
z.value:=v; z.next:= c; z.lock:=0;

// {z.value 7→ v › z.next 7→ c › z. lock 7→ 0}
/ › Use the Extend principle. › /
// {z.value 7→ v › z.next 7→ c › isLock ( z, 1)}

//


∃L1, L2, vp, vc, π. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg (c, null, vc :: L2,h)

›z.value 7→ v › z.next 7→ c › isLock ( z, 1)


/ › Use the Extend principle followed by Merge principle. › /

//


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c) › node (z, v, c) › node (c, vc,d)

I(p)∪I(z)∪I(c)
›p.M⇀⇁ − › p.next 7→ c › lsg (d, null, L2,h) › isLock (z, 1)


p.next:= z

//


∃L1, L2, vp, vc, π, d. vp < v < vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, c) › node (z, v, c) › node (c, vc, d)

I(p)∪I(z)∪I(c)
›link (p, z) › lsg (d, null, L2,h)


/ › Apply the actions of h.V⇀⇁ − › p.M⇀⇁ − and true in I(p) in order. › /
/ › Use the Copy, Forget and Shift principles in order. › /
//
{
in (h, v) › locked (p)

}
}
//
{
in (h, v) › locked (p)

}
unlock(p) ;

//
{
in (h, v)

}
}
// {in (h, v)}

Figure 5.7: Implementation of the set add operation.
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// {in (h, v) ∨ out (h, v)}
remove(h,v){
(p, c):= locate(h,v);

//


∃L1, L2, vp, vc, π. vp < v ≤ vc ∧ sorted (L1 + +{vp}+ +vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg ( c, null, vc :: L2, h)


if (c.value ==v) then{
lock(c. lock) ;

//


∃L1, L2, vp < v, d, π. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +v :: L2)∧
h.L

π
⇀⇁ − › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) ›

�� ��L (c, v, d)
I(c)

› link (c, d) › lsg (d, null, L2,h)


z:= c.next ; [p.next]:= z ;

//


∃L1, L2, vp < v. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +L2)∧
h.L

π
⇀⇁ − › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› p.M⇀⇁ − › p.next 7→ z › isLock ( c, 1)

›
�� ��L (c, v, z)

I(c)
› c.M⇀⇁ − › c.next 7→ z › isLock (z, 1) › lsg (z, null, L2,h)


/ › Use the Merge principle. › /

//


∃L1, L2, vp < v, π. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +L2)∧
h.L

π
⇀⇁ − › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c) › L (c, v, z)

I(p)∪I(c)
› p.M⇀⇁ − › p.next 7→ z › isLock (c, 1)

› c.M⇀⇁ − › c.next 7→ z › isLock (z, 1) › lsg (z, null, L2, h)


/ › Apply the actions of h.V⇀⇁ − › p.M⇀⇁ − cpability in I(p) in order. › /

//


∃L1, L2, vp < v, π. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h,p, L1,h)

›
�� ��L (p, vp, z)

I(p)∪I(c)
› p.M⇀⇁ − › p.next 7→ z › isLock (c, 1)

›L (c, v, z) › c.M⇀⇁ − › c.next 7→ z › isLock (z, 1) › lsg (z, null, L2,h)


/ › Use Shift; apply the action of c.L⇀⇁ − › c.U⇀⇁ − in L(c). › /

//


∃L1, L2, vp < v, π. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +L2) ∧ isLock (h, π)

›h.V⇀⇁ − › lsg (h,p, L1,h) ›
�� ��L (p, vp, z)

I(p)
› link (p, z) › lsg (z, null, L2,h)

›c.value 7→ v › c.next 7→ z › c. lock 7→ 1


dispose(c, 3) ;

//

{
∃L1, L2, vp < v, π. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +L2) ∧ isLock (h, π)

›h.V⇀⇁ − › lsg (h,p, L1,h) ›
�� ��L (p, vp, z)

I(p)
› link (p, z) › lsg (z, null, L2,h)

}
}

//

{
∃L1, L2, vp < v, π, n. v 6∈ L2 ∧ sorted (L1 + +{vp}+ +L2) ∧ isLock (h, π)

›h.V⇀⇁ − › lsg (h,p, L1,h) ›
�� ��L (p, vp,n)

I(p)
› link (p, n) › lsg (n, null, L2,h)

}
unlock(p); //

{
out (h, v)

}
}// {out (h, v)}

Figure 5.8: Implementation of the set remove operation.
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// {in (h, v) ∨ out (h, v)}
(p, c):= locate(h,v){
p:= h

lock(p.lock)

c:= p.next

//


∃L, π. sorted (−∞ :: L++{+∞})∧
isLock (h, π) › h.V⇀⇁ −
›
�� ��L (p,−∞, c)

I(p)
› link (p, c) › lsg (h, c, L++{∞}, null)


//


∃L1, L2, vp, π. vp < v ∧ sorted (L1++{vp}++L2)∧
isLock (h, π) › h.V⇀⇁ −
›lsg (h, p, L1, h) ›

�� ��L (p, vp, c)
I(p)

› link (p, c) › lsg (h, c, L2, null)


while(c.value < v ){

//


∃L1, L2, vp, vc, d, π. vp < vc < v ∧ sorted (L1++{vp; vc}++L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h) ›

�� ��L (p, vp, c)
I(p)

› link (p, c)

›
�� ��node ( c, vc, d)

I( c)
› lsg (d, null, L2, h)


lock(c. lock );

//


∃L1, L2, vp, vc, d, π. vp < vc < v ∧ sorted (L1++{vp; vc}++L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h) ›

�� ��L (p, vp, c)
I(p)

› link (p, c)

›locked ( c) ›
�� ��node ( c, vc, d)

I( c)
› lsg (d, null, L2, h)


//


∃L1, L2, vp, vc, d, π. vp < vc < v ∧ sorted (L1++{vp; vc}++L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h) ›

�� ��L (p, vp, c)
I(p)

› link (p, c)

›
�� ��L ( c, vc, d)

I( c)
› link ( c, d) › lsg (d, null, L2, h)


unlock(p.lock);

p:= c ;

c:= p.next ;

//


∃L1, L2, vp, c, π. vp < v ∧ sorted (L1++{vp}++L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg ( c, null, L2, h)


}

//


∃L1, L2, vp, vc, π. vp < v ≤ vc ∧ sorted (L1++{vp}++vc :: L2)∧
isLock (h, π) › h.V⇀⇁ − › lsg (h, p, L1, h)

›
�� ��L (p, vp, c)

I(p)
› link (p, c) › lsg ( c, null, vc :: L2, h)


Figure 5.9: Implementation of the set locate operation.
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CoLoSL vs. CAP Specification

The definitions of most of the predicates in Fig. 5.5 are analogous to
the correspondingly-named CAP predicates specified in [6]. The difference
however lies in the definitions of the L∈, L6∈, and lsg predicates. Fig. 5.10
presents the CAP definitions of these predicates.

There are two main advantages to the CoLoSL specification of the set
module. In the CAP specification, all elements of the set (represented as a
singly-linked list) reside in a single shared region labelled s. Each node at a
given address x, is associated with an (infinite) set of update capabilities of
the form LGap(x, y, v) for all possible addresses y and all possible values v.
This is to capture all potential successor addresses y and all potential values
v that may be stored at address x. For instance, since the value v′ may be
contained in the list at address a before address b, there must exist an update
capability LGap(a, b, v′) to accommodate possible modifications of value v′

with respect to a and b. In order to modify a node, a thread can acquire the
lock associated with the node and subsequently claim the relevant update
capability. Since the capabilities associated with a region are all allocated at
the point of region creation, the shared region is required to keep track of all
(infinitely many) possible update capabilities LGap(x, y, v) associated with
all addresses x, all possible successor addresses y and all values v. This is
captured by the gaps (S, s) and mygaps (S, s) predicates through the infinite
multiplicative star operator~. The gaps (S, s) predicate uses an auxiliary
mathematical set S to track those nodes of the list that are currently locked
and thus infer which LGap capabilities reside in the shared state and which
ones have been removed. This results in an inevitably cluttered and a rather
counter-intuitive specification since it seems unnatural to account for the
capabilities pertaining to addresses not in the domain of the set.

On the other hand, in the CoLoSL specification we use a combination of
the x.M ⇀⇁ − and x.N ⇀⇁ y capabilities to achieve the same effect for each
address x. Since CoLoSL allows for dynamic extension of the shared state,
the capabilities associated with each address x are generated upon extension
of the shared state with those addresses, thus avoiding the need to account
for capabilities concerning those addresses absent from the list.

Moreover, since the fractional heaps used to represent the separation
algebra of capabilities are stateful, rather than having a distinct capability to
modify the element at address x before address y for each possible successor
address y, we appeal to a single capability of the form x.N ⇀⇁ y whereby
the capability is modified accordingly to reflect the changes to the successor
address. For instance, when the node at address x is redirected to point
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L/ (h, v, s)
def
= ∃L, S. sorted (L) ∧ v / L ∧ lsg (h, null, S,−∞ :: L+ +{∞})

› (gaps (S, s) ∧mygaps (v, s)) where / =∈ or / =6∈

lsg (x, z, S, L)
def
= (L = [] ∧ S = ∅ ∧ x = z ∧ emp)∨

(∃y, v, L′. L = v :: L′ ∧ U (x, v, y) › lsg (y, z, S, L′))∨(
∃y, v, L′, S′. L = v :: L′ ∧ S = {(x, y)} ] S′∧

L (x, v, y) › lsg (y, z, S′, L′)

)
gaps (S, s)

def
=~(x, y) 6∈ S.~v. [LGap(x, y, v)]s1 ›

~(x, y) ∈ S.∃w.~v 6= w. [LGap(x, y, v)]s1 ∧
∀x, y, w, z. (x, y) ∈ S ∧ (w, z) ∈ S =⇒ (x = w ⇐⇒ y = z)

mygaps (v, s)
def
=~x, y. [LGap(x, y, v)]s1 › true

Figure 5.10: CAP predicates of the set module that contrast with the CoLoSL
specification of Fig. 5.5.

from address y to a new location at address z, x.N⇀⇁ y is also updated to
x.N⇀⇁ z.
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ring (x, i, n)
def
=

�� ��∃v. ~i−1k=0 x+ k 7→ v ›~n−1k=i x+ k 7→ v − 1 n−1⋃
j=0

I′(j)

node (x, i, n)
def
= [ai] ›

�
�

�

∃v. (x+ a 7→ v › x+ b 7→ v)

∨ (x+ a 7→ v + 1 › x+ b 7→ v)
I(i)

where a = min((i−1)%n, i) and b = max((i−1)%n, i)

turn (x, i, n)
def
=

{
∃v. x 7→ v › x+ (n− 1) 7→ v if i = 0

∃v. x+ (i− 1) 7→ v + 1 › x+ i 7→ v otherwise

I(i)
def
= I ′(i) ∪ I ′′(i)

I ′(i)
def
=



{
[ai] : ∃v. x+ (i−1) 7→ v › x+ i 7→ v − 1 ;

x+ (i− 1) 7→ v › x+ i 7→ v

}
if i = 0{

[a0] : ∃v. x 7→ v › x+ (n− 1) 7→ v ;

x 7→ v + 1 › x+ (n− 1) 7→ v

}
otherwise

I ′′(i)
def
=

{
[an−1] :∃v.x 7→ v › x+ (n− 2) 7→ v › x+ (n− 1) 7→ v − 1

; x 7→ v › x+ (n− 2) 7→ v › x+ (n− 1) 7→ v

}
if i = 0

[a0] :

∃v.x 7→ v › x+ 1 7→ v › x+ (n− 1) 7→ v − 1

; x 7→ v + 1 › x+ 1 7→ v › x+ (n− 1) 7→ v

 if i = 1


[ai−1] :

∃v.x+ (i− 2) 7→ v + 1 › x+ (i− 1) 7→ v › x+ i 7→ v

; x+ (i− 2) 7→ v + 1 › x+ (i− 1) 7→ v + 1 › x+ i 7→ v

 otherwise

Figure 5.11: The CoLoSL specification of an n-ary mutual exclusion ring.

5.3 N-ary Mutual Exclusion Ring

In this section we demonstrate how we can generalise the concepts introduced
in §2 to generate an n-ary mutual exclusion device to manage concurrent
accesses to a shared resource such as a database.

We generalise the ternary specification of Dijkstra’s token ring described
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in §2 to n places as presented in Fig. 5.11. The ring (x, i, n) predicate describes
the members of the ring as n consecutive heap cells between address x and
address x + (n − 1), inclusively where the element at index i is the next
to be incremented (hereafter, the leading element or component). That is,
all components upto (but not including) index i have value v while those
between i and n− 1 (end of the ring) have value v− 1 for some value v. The
interference on the ring is the combined interference associated with each
member of the ring (I ′(0) ∪ · · · ∪ I ′(n− 1)).

While the ring (x, i, n) predicate provides a global account of all members
of the ring, we also provide a local description of each of the components
in the ring. The ith component of the n-ary ring at address x is captured
by the node (x, i, n) predicate. As before, given a node at index i and its
predecessor at index (i− 1)%n (where % denotes the remainder operation),
at any given time either their values are equal, or the node at the lower
index (min((i − 1)%n, i) ) is greater by one. The interference associated
with the ith node consists of the updates allowed on the node itself (I ′(i)) as
well as the updates associated with its predecessor (I ′′(i)). The turn (x, i, n)
predicate states that the leading component of the n-ary ring at address
x resides at index i. That is, until the value of the member at index i is
incremented no other component may be updated and as such, the thread
associated with this element bears the sole right to manipulate the ring.

As we will shortly demonstrate, each of the n threads in the mutual
exclusion ring maintains a local (subjective) view of the ring when interacting
with it. That is, when a thread inspects the current state of the ring (in
order to infer whether it is associated with the leading component) or when
incrementing the value of its ring member, it does so locally by enquiring
only the values of its own component and its immediate left neighbour. As
such, the specification of these operations are also local and are concerned
with the values of the node and its neighbour alone (see Fig. 5.16). On the
other hand, the n-threaded concurrent database is equipped with the global
specification of the mutual exclusion ring as to reflect the overall state of the
ring and convey the identity of the leading thread (the thread next in line to
access the database).

Fig. 5.12 presents a possible implementation for instantiating an n-place
mutual exclusion ring along with an outline of the reasoning steps taken.
Upon allocation of n consecutive cells at heap address x as the members
of the ring, the shared state is extended by the ring components and their
associated interference producing a global specification of the ring, similar to
the initial ternary specification of §2. Using the Copy, Shift and Forget
principles, we then obtain a local specification for each of the ring components
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{x 7→ −}
x:= DME(n){
{x 7→ −}
x:= alloc(n){
∃x. x 7→ x ›~n−1i=0 (x+ i 7→ 0)

}
//Apply the Extend principle∃x. x 7→ x ›~n−1i=0 ([ai]) ›

�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃
i=0

I′(i)


//Apply the Copy principle n times.
∃x.x 7→ x›~n−1i=0 ([ai])

›
�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃

i=0
I′(i)

›· · · ›
�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃

i=0
I′(i)︸ ︷︷ ︸

n+1 copies


∃x.x 7→ x›~n−1i=0 ([ai]) › ring (x, 0, n)

›
�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃

i=0
I′(i)

›· · · ›
�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃

i=0
I′(i)︸ ︷︷ ︸

n copies


//Apply the Shift principle n times.
∃x.x 7→ x›~n−1i=0 ([ai]) › ring (x, 0, n)

›
�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃

i=0
I(i)

›· · · ›
�� ��~n−1i=0 (x+ i 7→ 0) n−1⋃

i=0
I(i)︸ ︷︷ ︸

n copies


//Apply the Forget principle n times.
∃x. x 7→ x ›~n−1i=0

(
[ai] ›

�� ��x+ i 7→ 0 › x+ ((i− 1)%n) 7→ 0 n−1⋃
i=0

I(i)

)
›ring (x, 0, n)


//Apply the Shift principle n times.{
∃x. x 7→ x ›~n−1i=0

(
[ai] ›

�� ��x+ i 7→ 0 › x+ ((i− 1)%n) 7→ 0
I(i)

)
›ring (x, 0, n)

}
{
∃x. x 7→ x ›~n−1i=0 node (x, i, n) › ring (x, 0, n)

}
}{
∃x. x 7→ x ›~n−1i=0 node (x, i, n) › ring (x, 0, n)

}
Figure 5.12: Instantiation of the n-ary mutual exclusion ring.
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DB (d, x, n)
def
=

�
�

�

∃i. ring (x, i, n) ›

((data-base(d) › d ⇀⇁ 0) ∨ (d ⇀⇁ 1 › [ai]))
I(d)

data-base(d)
def
= d 7→ −

I(d)
def
=

n⋃
i=1

{
[ai] :

{
ring (x, i, n) › data-base(d) › d ⇀⇁ 0

; ring (x, i, n) › d ⇀⇁ 1 › [ai]

} }
⋃{

true :

{
ring (x, i, n) › d ⇀⇁ 1 › [ai] ;

ring (x, i, n) › data-base(d) › d ⇀⇁ 0

} }

Figure 5.13: The CoLoSL specification of a shared database accessible by n
threads synchronised through an n-ary mutual exclusion ring.

as captured by the final ›-composed node predicates.
Fig. 5.16 presents two auxiliary methods for maintaining the n-ary ring

at address x, namely isTurn(x, i ,n) and next(x, i ), along with their CoLoSL
proof sketches. The isTurn(x, i ,n) method can be used to ascertain whether
the element at index i is the leading component (i.e. turn (x, i, n) holds);
while next(x, i ) is used to increment the value of the component at index i.

We proceed with the specification of a shared database concurrently
accessed by n threads as presented in Fig. 5.13. The DB (d, x, n) predicate
describes a database whose contents is captured by the data-base(d) predicate
and concurrent access to it is synchronised by means of an n-ary mutual
exclusion ring at address x as described above. An auxiliary capability d ⇀⇁ −
tracks the status of the database: d ⇀⇁ 0 denotes that the database is idle
(not being accessed by any threads) and thus its contents (data-base(d)) are
in the shared state, visible to all threads. Conversely, d ⇀⇁ 1 indicates that
the database is busy (under manipulation by a thread) and thus its contents
have been claimed by the leading thread and are missing from the shared
state. Moreover, the thread manipulating the database has temporarily
turned its update capability ([ai]) to the shared state; this is used to track
the identity of the leading thread.

The specification of the database itself (data-base(d)) is orthogonal to
the objective of this example and we thus represent it as a single heap cell at
address d. In general, data-base(d) can be defined arbitrarily to capture the
contents of a database at location d so long as it is disjoint from the mutual
exclusion ring.

The interference associated with the database (I(d)), asserts that ith
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thread (in the n-ary mutual exclusion ring at address x) associated with the
leading component (ring (x, i, n)) may change the status of the database from
idle to busy and claim the contents of the database in return for its update
capability [ai]. That is, the leading thread at index i who possesses the sole
right to manipulate the mutual exclusion ring, may remove the contents of
the database from the shared state and update it locally. Conversely, once
the leading thread has completed its operations on the database, it may
return its contents to the shared state and reset its status from busy to idle
while claiming its update capability.

We finalise this section by providing an example implementation of an
n-threaded concurrent database and its proof sketch as shown in Fig. 5.14. At
the beginning of the database program in Fig. 5.14 (concurrent-database(d,n)),
the contents of the database is unshared and is held locally as captured by
the data-base(d) predicate in the precondition. The program proceeds by
first generating an n-ary mutual exclusion ring by calling the instantiation
method (DME(n)). It then extends the shared state by the contents of the
database and in doing so it makes the database a shared resource accessible
by all n threads in the mutual exclusion ring at x. The program then
continues by executing in parallel the programs associated with each of the
n threads for concurrently manipulating the database (process([d ],[ x ], i,[n])

for i ∈ {0, · · · , n− 1}).
The ith thread executing the (process(d,x, i ,n)) program for manipulating

the database, continuously spins until it becomes the leading thread. It then
claims the database locally and proceeds with its intended modifications.
Once complete, it returns the database to the shared state and advances
the mutual exclusion ring by calling the next(x, i ) method. It then resumes
spinning and the same process repeats indefinitely.
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{x 7→ − › d 7→ d › n 7→ n › data-base(d)}
concurrent-database(d, n){
{x 7→ − › d 7→ d › n 7→ n › data-base(d)}
x := DME(n){
∃x. x 7→ x › d 7→ d › n 7→ n › data-base(d)›

~n−1i=0 (node (x, i, n)) › ring (x, 0, n)

}
//Apply the Extend principle{
∃x. x 7→ x › d 7→ d › n 7→ n › DB (d, x, n) ›~n−1i=0 (node (x, i, n))

}
//Apply the Copy principle n times{
∃x. x 7→ x › d 7→ d › n 7→ n ›~n−1i=0 (node (x, i, n) › DB (d, x, n))

}
{(node (x, 0, n) › DB (d, x, n)) › · · · › (node (x, n− 1, n) › DB (d, x, n))}
process([d ],[ x ],0,[ n]) || · · · || process([d ],[ x ],[ n ]-1,[ n])

{(node (x, 0, n) › DB (d, x, n)) › · · · › (node (x, n− 1, n) › DB (d, x, n))}{
∃x. x 7→ x › d 7→ d › n 7→ n ›~n−1i=0 (node (x, i, n) › DB (d, x, n))

}
}{
∃x. x 7→ x › d 7→ d › n 7→ n ›~n−1i=0 (node (x, i, n) › DB (d, x, n))

}
Figure 5.14: An n-threaded concurrent database where the implementation
of the process method is given Fig. 5.15.
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{x 7→ x › d 7→ d › i 7→ i › n 7→ n › node (x, i, n) › DB (d, x, n)}
process(d,x, i ,n){
while(true){
{x 7→ x › d 7→ d › i 7→ i › n 7→ n › node (x, i, n) › DB (d, x, n)}
do{

b:= isTurn(x,i ,n)

}while(!b){
x 7→ x › d 7→ d › i 7→ i › n 7→ n › [ai] ›

�� ��turn (x, i, n)
I(i)

› DB (d, x, n)
}

{
x 7→ x › d 7→ d › i 7→ i › n 7→ n › [ai] ›

�� ��turn (x, i, n)
I(i)

›
�� ��∃j. ring (x, j, n) › ((data-base(d) › d ⇀⇁ 0) ∨ (d ⇀⇁ 1 › [aj ])) I(d)

}
{
x 7→ x › d 7→ d › i 7→ i › n 7→ n › [ai] ›

�� ��turn (x, i, n)
I(i)

›
�� ��ring (x, i, n) › data-base(d) › d ⇀⇁ 0

I(d)

}
//Thread has exclusive access to the critical section
//Claim the database locally by applying the action of [ai].{
x 7→ x › d 7→ d › i 7→ i › n 7→ n ›

�� ��turn (x, i, n)
I(i)

›data-base(d) ›
�� ��ring (x, i, n) › d ⇀⇁ 1 › [ai] I(d)

}
//Mutate the database as needed.{
x 7→ x › d 7→ d › i 7→ i › n 7→ n ›

�� ��turn (x, i, n)
I(i)

›data-base(d) ›
�� ��ring (x, i, n) › d ⇀⇁ 1 › [ai] I(d)

}
//Return the database to the shared region.{
x 7→ x › d 7→ d › i 7→ i › n 7→ n › [ai] ›

�� ��turn (x, i, n)
I(i)

› DB (d, x, n)
}

next(x, i ){
x 7→ x › d 7→ d › i 7→ i › n 7→ n › node (x, i, n) › DB (d, x, n)

}
}
}{
x 7→ x › d 7→ d › i 7→ i › n 7→ n › node (x, i, n) › DB (d, x, n)

}
Figure 5.15: The code for each of the n threads of the concurrent database.
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{x 7→ x › i 7→ i › n 7→ n › b 7→ − › node (x, i, n)}
b:= isTurn(x, i , n){{

x 7→ x › i 7→ i › n 7→ n › b 7→ − › node (x, i, n)
}{

x 7→ x › i 7→ i › n 7→ n › b 7→ −
›(node (x, i, n) ∨ [ai] ›

�� ��turn (x, i, n)
I(i)

)

}
if ( i == 0){{

x 7→ x › i 7→ 0 › n 7→ n › b 7→ −›

(node (x, 0, n) ∨ [a0] ›
�� ��turn (x, 0, n)

I(i)
)

}
b := ([x] == [x+(n-1)]){
x 7→ x › i 7→ 0 › n 7→ n

›((b 7→ 0 › node (x, 0, n)) ∨ (b 7→ 1 › [a0] ›
�� ��turn (x, 0, n)

I(i)
))

}
{
x 7→ x › i 7→ i › n 7→ n

›((b 7→ 0 › node (x, i, n)) ∨ (b 7→ 1 › [ai] ›
�� ��turn (x, i, n)

I(i)
))

}
}
else{{

x 7→ x › i 7→ i › n 7→ n › (node (x, i, n) ∨ [ai] ›
�� ��turn (x, i, n)

I(i)
)
}

b := ([x+i] < [x+(i-1)]){
x 7→ x › i 7→ i › n 7→ n

›((b 7→ 0 › node (x, i, n)) ∨ (b 7→ 1 › [ai] ›
�� ��turn (x, i, n)

I(i)
))

}
}{
x 7→ x › i 7→ i8n 7→ n

›((b 7→ 0 › node (x, i, n)) ∨ (b 7→ 1 › [ai] ›
�� ��turn (x, i, n)

I(i)
))

}
}{
x 7→ x › i 7→ i › n 7→ n

›((b 7→ 0 › node (x, i, n)) ∨ (b 7→ 1 › [ai] ›
�� ��turn (x, i, n)

I(i)
))

}
{
x 7→ x › i 7→ i › [ai] ›

�� ��turn (x, i, n)
I(i)

}
next(x, i ){{

x 7→ x › i 7→ i › [ai] ›
�� ��turn (x, i, n)

I(i)

}
〈 [x+i]+= 1〉
{x 7→ x › i 7→ i › node (x, i, n)}
}
{x 7→ x › i 7→ i › node (x, i, n)}

Figure 5.16: Auxiliary operations of the n-ary mutual exclusion ring.
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A. Auxiliary Lemmata

Lemma 7 (Forget-Closure). For all I, I′ ∈ AMod and s1, s2, r ∈ LState

I↓ (s1 ◦ s2, r, I′) =⇒ I↓ (s1, s2 ◦ r, I′)

Proof. Pick an arbitrary I, I′ ∈ AMod and s1, s2, r ∈ LState such that

I↓
(
s1 ◦ s2, r, I′

)
(A.1)

From the definition of ↓, it then suffices to show

I′ ⊆ I (A.2)

∀n ∈ N. I↓n
(
s1, s2 ◦ r, I′

)
(A.3)

RTS. (A.2)
This follows trivially from (A.1) and the definition of ↓.

RTS. (A.3)
Rather than proving (A.3) directly, we first establish the following.

∀n ∈ N.∀s1, s2, r ∈ LState.

I↓n
(
s1 ◦ s2, r, I′

)
=⇒ I↓n

(
s1, s2 ◦ r, I′

)
(A.4)

We can then despatch (A.3) from (A.1) and (A.4); since for an arbitrary
n ∈ N, from (A.1) and the definition of ↓ we have I ↓n (s1 ◦ s2, r, I′) and
consequently from (A.4) we derive I↓n (s1, s2 ◦ r, I′) as required.

RTS. (A.4)
We proceed by induction on the number of steps n.

Base case n = 0
Pick an arbitrary s1, s2, r ∈ LState. We are then required to show I ↓0
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(s1, s2 ◦ r, I′) which follows trivially from the definition of ↓0.

Inductive Step Pick an arbitrary n ∈ N and s1, s2, r ∈ LState such that

I↓n
(
s1 ◦ s2, r, I′

)
(A.5)

∀s1, s2, r ∈ LState.

I↓(n−1)
(
s1 ◦ s2, r, I′

)
=⇒ I↓(n−1)

(
s1, s2 ◦ r, I′

)
(I.H.)

RTS.

∀κ.∀a ∈ I(κ). potential(a, s1 ◦ s2 ◦ r)⇒(
reflected(a, s1 ◦ s2 ◦ r, I′(κ))∧
∀(s′, r′) ∈ a[s1, s2 ◦ r]. I↓(n−1) (s′, r′, I′))

)
∨

¬visible(a, s1) ∧ ∀(s′, r′) ∈ a[s1, s2 ◦ r]. I↓(n−1)
(
s′, r′, I′

)
(A.6)

RTS. (A.6)
Pick an arbitrary κ and a ∈ I(κ) such that

potential(a, s1 ◦ s2 ◦ r) (A.7)

Then from (A.5) we have:(
reflected(a, s1 ◦ s2 ◦ r, I′(κ))∧
∀(s′, r′) ∈ a[s1 ◦ s2, ◦r]. I↓(n−1) (s′, r′, I′))

)
∨

¬visible(a, s1 ◦ s2) ∧ ∀(s′, r′) ∈ a[s1 ◦ s2, r]. I↓(n−1)
(
s′, r′, I′

)
There are two cases to consider:
Case 1.(
reflected(a, s1 ◦ s2 ◦ r, I′(κ)) ∧ ∀(s′, r′) ∈ a[s1 ◦ s2, r]. I↓(n−1) (s′, r′, I′))

)
Pick an arbitrary (s′, r′) such that

(s′, r′) ∈ a[s1, s2 ◦ r] (A.8)

Then from the definition of a[s1, s2 ◦ r] and by the cross-split property we
know there exists ps1, ps2, pr, s

′
1, s
′
2, r
′′′ ∈ LState such that :

fst (∆a) = ps1 ◦ ps2 ◦ pr ∧ s1 = ps1 ◦ s′1 ∧ s2 = ps2 ◦ s′2 ∧ r = pr ◦ r′′∧(
(ps1 > 0L ∧ s′ = snd (∆a) ◦ s′1 ∧ r′ = s′2 ◦ r′′)
∨ (ps1 = 0Ls

′ = s1 ∧ r′ = snd (∆a) ◦ s′2 ◦ r′′)

)
(A.9)
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and consequently from the definition of a[s1 ◦ s2, r]

fst (∆a) = ps1 ◦ ps2 ◦ pr ∧ s1 = ps1 ◦ s′1 ∧ s2 = ps2 ◦ s′2 ∧ r = pr ◦ r′′∧
(s′ = snd (∆a) ◦ s′1 ∧ r′ = s′2 ◦ r′′ ∧ (snd (∆a) ◦ s′1 ◦ s′2, r′′) ∈ a[s1 ◦ s2, r])

∨

ps1 = 0Ls
′ = s1 ∧ r′ = snd (∆a) ◦ s′2 ◦ r′′∧(

(ps2 = 0L ∧ (s′1 ◦ s′2, snd (∆a) ◦ r′′) ∈ a[s1 ◦ s2, r])
∨(ps2 > 0L ∧ (s′1 ◦ snd (∆a) ◦ s′2, r′′) ∈ a[s1 ◦ s2, r])

)


That is,

∃s′′. (s′ ◦ s′′, r′ − s′′) ∈ a[s1 ◦ s2, r] (A.10)

Then from the assumption of case 1. and (A.10) we have:

I↓(n−1)
(
s′ ◦ s′′, r′ − s′′, I′

)
Finally from (I.H.)

I↓(n−1)
(
snd(s′, (r′ − s′′) ◦ s′′, I′

)
That is,

I↓(n−1)
(
s′, r′, I′

)
(A.11)

Thus from the assumption of case 1., (A.8) and (A.11) we have:(
reflected(a, s1 ◦ s2 ◦ r, I′(κ))∧
∀(s′, r′) ∈ a[s1, s2 ◦ r]. I↓(n−1) (s′, r′, I′))

)
as required.

Case 2.
¬visible(a, s1 ◦ s2) ∧ ∀(s′, r′) ∈ a[s1 ◦ s2, r]. I↓(n−1) (s′, r′, I′)
Pick an arbitrary s′, r′ ∈ LState such that

(s′, r′) ∈ a[s1, s2 ◦ r] (A.12)

Then from the assumption of case 2, (A.12) and the definitions of visible and
a[s1, s2 ◦ r] we know there exists r′′ ∈ LState such that

¬visible(a, s1) (A.13)

s′ = s1 ∧ r′ = s2 ◦ r′′ (A.14)

(s1 ◦ s2, r′′) ∈ a[s1 ◦ s2, r] (A.15)
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From the assumption of case 2 and (A.15) we then have:

I↓(n−1)
(
s1 ◦ s2, r′′, I′

)
(A.16)

and consequently from (I.H.) and (A.14)

I↓(n−1)
(
s′, r′, I′

)
(A.17)

Finally from (A.12), (A.13) and (A.17) we have

¬visible(a, s1) ∧ ∀(s′, r′) ∈ a[s1, s2 ◦ r]. I↓(n−1)
(
s′, r′, I′

)
as required.
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Lemma 8 (Merge-Closure). For all I, I1, I2 ∈ AMod and sp, sc, sq, r ∈
LState,

I↓ (sp ◦ sc, sq ◦ r, I1) ∧ I↓ (sq ◦ sc, sp ◦ r, I2) =⇒
I↓ (sp ◦ sc ◦ sq, r, I1 ∪ I2)

Proof. Pick an arbitrary I, I1, I2 ∈ AMod and sp, sc, sq, r ∈ LState such that

I↓ (sp ◦ sc, sq ◦ r, I1) ∧ I↓ (sq ◦ sc, sp ◦ r, I2) (A.18)

From the definition of ↓, it then suffices to show

I1 ∪ I2 ⊆ I (A.19)

∀n ∈ N. I↓n (sp ◦ sc ◦ sq, r, I1 ∪ I2) (A.20)

RTS. (A.19)
Since from (A.18) and the definition of ↓ we have I1 ⊆ I ∧ I2 ⊆ I, we can
thus conclude I1 ∪ I2 ⊆ I as required.

RTS. (A.20)
Rather than proving (A.20) directly, we first establish the following.

∀n ∈ N.∀sp, sc, sq, r ∈ LState.

I↓n (sp ◦ sc, sq ◦ r, I1) ∧ I↓n (sc ◦ sq, sp ◦ r, I2)
=⇒ I↓n (sp ◦ sc ◦ sq, r, I1 ∪ I2) (A.21)

We can then despatch (A.20) from (A.18) and (A.21); since for an arbitrary
n ∈ N, from (A.18) and the definition of ↓ we have I↓n (sp ◦ sc, sq ◦ r, I1)∧I↓n
(sc ◦ sq, sp ◦ r, I2) and consequently from (A.21) we derive I↓n (sp ◦ sc ◦ sq, r, I1 ∪ I2)
as required.

RTS. (A.21)
We proceed by induction on the number of steps n.

Base case n = 0
Pick an arbitrary s1, s2, r ∈ LState. We are then required to show I ↓0
(s1, s2 ◦ r, I′) which follows trivially from the definition of ↓0.

Inductive Step Pick an arbitrary sp, sq, sc, r ∈ LState and n ∈ N, such that

I↓n (sp ◦ sc, sq ◦ r, I1) (A.22)

I↓n (sq ◦ sc, sp ◦ r, I2) (A.23)
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∀sp, sq, sc, r ∈ LState.

I↓(n−1) (sp ◦ sc, sq ◦ r, I1) ∧ I↓(n−1) (sq ◦ sc, sp ◦ r, I2)
=⇒ I↓(n−1) (sp ◦ sc ◦ sq, r, I1 ∪ I2) (I.H.)

RTS.

∀κ.∀a ∈ I(κ). potential(a, sp ◦ sc ◦ sq ◦ r)⇒
(reflected(a, sp ◦ sc ◦ sq ◦ r, (I1 ∪ I2) (κ)) ∨ ¬visible(a, sp ◦ sc ◦ sq) )∧
∀(s′, r′) ∈ a[sp ◦ sc ◦ sq, r]. I↓(n−1) (s′, r′, I1 ∪ I2))

Pick an arbitrary κ and a ∈ I(κ) such that

potential(a, sp ◦ sc ◦ sq ◦ r) (A.24)

From (A.22) and (A.24) we have:

(reflected(a, sp ◦ sc ◦ sq ◦ r, I1(κ)) ∨ ¬visible(a, sp ◦ sc))∧
∀(s′, r′) ∈ a[sp ◦ sc, sq ◦ r]. I↓(n−1) (s′, r′, I1)

and consequently from the definition of I1 ∪ I2 we have:

(reflected(a, sp ◦ sc ◦ sq ◦ r, (I1 ∪ I2) (κ)) ∨ ¬visible(a, sp ◦ sc))∧
∀(s′, r′) ∈ a[sp ◦ sc, sq ◦ r]. I↓(n−1) (s′, r′, I1)

(A.25)

Similarly, from (A.23) and (A.24) we have:

(reflected(a, sp ◦ sc ◦ sq ◦ r, (I1 ∪ I2) (κ)) ∨ ¬visible(a, sc ◦ sq))∧
∀(s′, r′) ∈ a[sc ◦ sq, sp ◦ r]. I↓(n−1) (s′, r′, I2)

(A.26)

From (A.25), (A.26) and the definition of visible we have:

(reflected(a, sp ◦ sc ◦ sq ◦ r, (I1 ∪ I2) (κ)) ∨ ¬visible(a, sp ◦ sc ◦ sq))∧
∀(s′, r′) ∈ a[sp ◦ sc, sq ◦ r]. I↓(n−1) (s′, r′, I1)∧
∀(s′, r′) ∈ a[sc ◦ sq, sp ◦ r]. I↓(n−1) (s′, r′, I2)

(A.27)

Pick an arbitrary s′, r′ ∈ LState such that

(s′, r′) ∈ a[sp ◦ sc ◦ sq, r] (A.28)

Then from the definition of a[sp ◦ sc ◦ sq] and by the cross-split property we
know there exists pp, pc, pq, s

′
p, s
′
c, s
′
q ∈ LState such that :

s′ = sp ◦ sc ◦ sq∨ (pp > 0L ∨ pc > 0L ∨ pq > 0L) ∧ s′ = snd (∆a) ◦ s′p ◦ s′c ◦ s′q
∧fst (∆a) = pp ◦ pc ◦ pq ◦ pr
∧sp = pp ◦ s′p ∧ sc = pc ◦ s′c ∧ sq = pq ◦ s′q ∧ r = pr ◦ r′

 (A.29)
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and consequently from the definitions of a[sp ◦ sc, sq ◦ r] and a[sc ◦ sq, sp ◦ r]
we have:(

s′ = sp ◦ sc ◦ sq∧
(sp ◦ sc, sq ◦ r′) ∈ a[sp ◦ sc, sq ◦ r] ∧ (sc ◦ sq, sp ◦ r′) ∈ a[sc ◦ sq, sp ◦ r]

)

∨



s′ = snd (∆a) ◦ s′p ◦ s′c ◦ s′q∧

((pc > 0L ∨ (pc = 0L ∧ pp > 0L ∧ pq > 0L)))∧
(snd (∆a) ◦ s′p ◦ s′c, s′q ◦ r′) ∈ a[sp ◦ sc, sq ◦ r]∧
(snd (∆a) ◦ s′c ◦ s′q, s′p ◦ r′) ∈ a[sc ◦ sq, sp ◦ r]


∨

pp > 0L ∧ pc = pq = 0L∧
(snd (∆a) ◦ s′p ◦ s′c, s′q ◦ r′) ∈ a[sp ◦ sc, sq ◦ r]∧
(s′c ◦ s′q, snd (∆a) ◦ s′p ◦ r′) ∈ a[sc ◦ sq, sp ◦ r]


∨

pq > 0L ∧ pc = pp = 0L∧
(s′p ◦ s′c, snd (∆a) ◦ s′q ◦ r′) ∈ a[sp ◦ sc, sq ◦ r]∧
(snd (∆a) ◦ s′c ◦ s′q, s′p ◦ r′) ∈ a[sc ◦ sq, sp ◦ r]






(A.30)

From (A.30), (A.22), (A.23) and (A.24) we have:(
s′ = sp ◦ sc ◦ sq∧
I↓(n−1) (sp ◦ sc, sq ◦ r′, I1) ∧ I↓(n−1) (sc ◦ sq, sp ◦ r′, I2)

)

∨



s′ = snd (∆a) ◦ s′p ◦ s′c ◦ s′q∧

((pc > 0L ∨ (pc = 0L ∧ pp > 0L ∧ pq > 0L)))∧
I↓(n−1)

(
snd (∆a) ◦ s′p ◦ s′c, s′q ◦ r′, I1

)
∧

I↓(n−1)
(
snd (∆a) ◦ s′c ◦ s′q, s′p ◦ r′, I2

)


∨

pp > 0L ∧ pc = pq = 0L∧
I↓(n−1)

(
snd (∆a) ◦ s′p ◦ s′c, s′q ◦ r′, I1

)
∧

I↓(n−1)
(
s′c ◦ s′q, snd (∆a) ◦ s′p ◦ r′, I2

)


∨

pq > 0L ∧ pc = pp = 0L∧
I↓(n−1)

(
s′p ◦ s′c, snd (∆a) ◦ s′q ◦ r′, I1

)
∧

I↓(n−1)
(
snd (∆a) ◦ s′c ◦ s′q, s′p ◦ r′, I2

)






(A.31)

and thus from (A.31) and (I.H.)

I↓(n−1)
(
s′, r′, I1 ∪ I2

)
(A.32)

Finally, from (A.27), (A.28) and (A.32) we have:

(reflected(a, sp ◦ sc ◦ sq ◦ r, (I1 ∪ I2) (κ)) ∨ ¬visible(a, sp ◦ sc ◦ sq))∧
∀(s′, r′) ∈ a[sp ◦ sc ◦ sq, r]. I↓(n−1) (s′, r′, I1 ∪ I2)

as required.
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Lemma 9 (Shift-Fence). For all I1, I2 ∈ AMod, s, s′, r ∈ LState and a ∈
rg(I1):

I1 v{s} I2 ∧
(
s′ ∈ a(s) ∨ (s′,−) ∈ a[s, r]

)
=⇒ I1 v{s

′} I2

Proof. Pick an arbitrary I1, I2 ∈ AMod, s, s′, r ∈ LState and a ∈ rg(I1) such
that:

I1 v{s} I2 (A.33)

RTS. I1 v{s
′} I2.

There are two cases to consider:
Case 1. s′ ∈ a(s)
From the definition of v{s} and (A.33) we know there exists a fence F such
that:

s ∈ F (A.34)

F � I1 (A.35)

∀l ∈ F.∀κ.∀a ∈ I2(κ). reflected(a, l, I1(κ)) ∧
∀a ∈ I1(κ). a(l) is defined ∧ visible(a, l) =⇒ reflected(a, l, I2(κ))

(A.36)

By definition of � and from (A.34)-(A.35) and assumption of case 1. we
have:

s′ ∈ F (A.37)

Finally by definition of v{s′} and (A.35)-(A.37) we have

I1 v{s
′} I2

as required.

Case 2. (s′,−) ∈ a[s, r]
From the definitions of a[s, r] and a(s) and from the assumption of the case
we know s′ ∈ a(s). The rest of the proof is identical to that of case 1.

Lemma 10 (Shift-Closure-1). For all I1, I2, I ∈ AMod and s, r ∈ LState,

I↓ (s, r, I1) ∧ I1 v{s} I2 =⇒ I ∪ I2 ↓ (s, r, I2)
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Proof. Pick an arbitrary I1, I2, I ∈ AMod and s, r ∈ LState such that

I↓ (s, r, I1) (A.38)

I1 v{s} I2 (A.39)

From the definition of ↓, it then suffices to show

I2 ⊆ I ∪ I2 (A.40)

∀n ∈ N. I ∪ I2 ↓n (s, r, I2) (A.41)

RTS. (A.40)
This holds trivially from the definition of I ∪ I2.

RTS. (A.41)
Rather than proving (A.41) directly, we first establish the following.

∀n ∈ N. ∀s, r ∈ LState.

I↓n (s, r, I1) ∧ I1 v{s} I2 =⇒ I ∪ I2 ↓n (s, r, I2) (A.42)

We can then despatch (A.41) from (A.38), (A.39) and (A.42); since for an
arbitrary n ∈ N, from (A.38) and the definition of ↓ we have I↓n (s, r, I1) and
consequently from (A.39) and (A.42) we derive I∪ I2 ↓n (s, r, I2) as required.

RTS. (A.42)
We proceed by induction on the number of steps n.

Base case n = 0
Pick an arbitrary s, r ∈ LState. We are then required to show I∪I2 ↓0 (s, r, I2)
which follows trivially from the definition of ↓0.

Inductive Case
Pick an arbitrary s, r ∈ LState such that:

I↓n (s, r, I1) (A.43)

I1 v{s} I2 (A.44)

∀s, r ∈ LState.

I↓(n−1) (s, r, I1) ∧ I1 v{s} I2 =⇒ I ∪ I2 ↓(n−1) (s, r, I2) (I.H)

RTS.

∀κ.∀a ∈ (I ∪ I2) (κ). potential(a, s ◦ r)⇒
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(reflected(a, s ◦ r, I2(κ)) ∨ ¬visible(a, s) )∧
∀(s′, r′) ∈ a[s, r]. I ∪ I2 ↓(n−1) (s′, r′, I2)

(A.45)

Pick an arbitrary κ and a ∈ (I ∪ I2) (κ) such that:

potential(a, s ◦ r) (A.46)

Since wither a ∈ I(κ) or a ∈ I2(κ), there are two cases to consider:

Case 1. a ∈ I(κ).
From (A.43) and (A.46) we have:

(reflected(a, s ◦ r, I1(κ)) ∨ ¬visible(a, s) )∧
∀(s′, r′) ∈ a[s, r]. I↓(n−1) (s′, r′, I1)

(A.47)

Pick an arbitrary (s′, r′) such that

(s′, r′) ∈ a[s, r] (A.48)

Then from (A.47) we have:

I↓(n−1)
(
s′, r′, I1

)
(A.49)

On the other hand, from (A.48) and Lemma 9 we have:

I1 v{s
′} I2 (A.50)

Consequently, from (A.49), (A.50) and (I.H) we have:

I ∪ I2 ↓(n−1)
(
s′, r′, I2

)
and thus from (A.48) we have

∀(s′, r′) ∈ a[s, r]. I ∪ I2 ↓(n−1)
(
s′, r′, I2

)
(A.51)

Since either visible(a, s) or ¬visible(a, s), there are two cases to consider:

Case 1.1. ¬visible(a, s)
From the assumption of case 1.1. and (A.51) we then have

¬visible(a, s)∧
∀(s′, r′) ∈ a[s, r]. I ∪ I2 ↓(n−1)

(
s′, r′, I2

)
as required.
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Case 1.2. visible(a, s)
From (A.47) and the assumption of case 1.2. we then have

reflected(a, s ◦ r, I1(κ)) (A.52)

Pick an arbitrary l ∈ LState such that:

fst (a) ≤ s ◦ r ◦ l (A.53)

Then from (A.52) and the definition of reflected we have:

∃a′ ∈ I1(κ). fst
(
a′
)
≤ s ◦ r ◦ l ∧∆a′ = ∆a (A.54)

From (A.46) and by definition of potential we know a[s ◦ r] is defined; from
(A.54), and the definition of a′[s ◦ r] we know that a′[s ◦ r] is also defined.
Consequently, from the definition of a′(s), we know a′(s) is also defined.
Thus, from the definition of visible, (A.54) and the assumption of case 1.2
we have

visible(a′, s) (A.55)

Thus from (A.44), (A.54), (A.55) and from the definition of v{s} we have

∃a′′ ∈ I2(κ). fst
(
a′′
)
≤ s ◦ r ◦ l ∧∆a′′ = ∆a′ (A.56)

Finally, from (A.53), (A.54), (A.56) and by definition of reflected we have:

reflected(a, s ◦ r, I2(κ)) (A.57)

From (A.51) and (A.57) we have

reflected(a, s ◦ r, I2(κ))∧
∀(s′, r′) ∈ a[s, r]. I ∪ I2 ↓(n−1)

(
s′, r′, I2

)
as required.

Case 2. a ∈ I2(κ).
From the assumption of the case we trivially have

reflected(a, s ◦ r, I2(κ)) (A.58)

Pick an arbitrary s′, r′ ∈ LState such that:

(s′, r′) ∈ a[s, r] (A.59)
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From (A.46), the definition of potential and by Lemma 26 we know there
exists l such that

fst (a) < s ◦ r ◦ l ∧
∃l′. fst (∆a) ◦ l′ = s ◦ r ∧ snd (∆a) ] l′

and thus from (A.44) we know there exists a′ ∈ I1(κ) such that:

∆a′ = ∆a∧
fst
(
a′
)
< s ◦ r ◦ l ∧

∃l′. fst
(
∆a′

)
◦ l′ = s ◦ r ∧ snd

(
∆a′

)
] l′

and consequently from the definition of potential and Lemma 26 we have:

∆a′ = ∆a ∧ potential(a′, s ◦ r) (A.60)

Since ∆a′ = ∆a, from the definition of a[s, r] we know a[s, r] = a′[s, r]. Thus,
from (A.43), (A.46), (A.59) and (A.60) we have:

I↓(n−1)
(
s′, r′, I1

)
(A.61)

From (A.44), (A.59), Lemma 9 and since a[s, r] = a′[s, r], we have

I1 v{s
′} I2 (A.62)

Finally, from (A.61), (A.62) and (I.H) we have:

I ∪ I2 ↓(n−1)
(
s′, r′, I2

)
Thus from (A.59) we have

∀(s′, r′) ∈ a[s, r]. I ∪ I2 ↓(n−1)
(
s′, r′, I2

)
(A.63)

and consequently, from (A.58) and (A.63) we have

reflected(a, s ◦ r, I2(κ))∧ (A.64)

∀(s′, r′) ∈ a[s, r]. I ∪ I2 ↓(n−1)
(
s′, r′, I2

)
(A.65)

as required.

Lemma 11 (Shift-Closure-2). For all I0, I1, I2, I ∈ AMod and s1, r1, s0, r0 ∈
LState

I↓ (s1, r1, I1) ∧ I1 v{s1} I2 ∧
I↓ (s0, r0, I0) ∧ s1 ◦ r1 = s0 ◦ r0 =⇒

I ∪ I2 ↓ (s0, r0, I0)
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Proof. Pick an arbitrary I0, I1, I2, I ∈ AMod and s1, r1, s0, r0 ∈ LState such
that

I↓ (s1, r1, I1) (A.66)

I1 v{s1} I2 (A.67)

I↓ (s0, r0, I0) (A.68)

s1 ◦ r1 = s0 ◦ r0 (A.69)

From the definition of ↓, it then suffices to show

I0 ⊆ I ∪ I2 (A.70)

∀n ∈ N. I ∪ I2 ↓n (s0, r0, I0) (A.71)

RTS. (A.70)
From (A.68) and the definition of ↓ we have I0 ⊆ I and consequently I0 ⊆ I∪I2
as required.

RTS. (A.71)
Rather than proving (A.71) directly, we first establish the following.

∀n ∈ N.∀s1, r1, s0, r0 ∈ LState.

I↓n (s1, r1, I1) ∧ I1 v{s1} I2∧
I↓n (s0, r0, I0) ∧ s1 ◦ r1 = s0 ◦ r0 =⇒

I ∪ I2 ↓n (s0, r0, I0) (A.72)

We can then despatch (A.71) from (A.66)-(A.69) and (A.72); since for
an arbitrary n ∈ N, from (A.66), (A.68) and the definition of ↓ we have
I ↓n (s1, r1, I1) ∧ I ↓n (s0, r0, I0) and consequently from (A.67), (A.69) and
(A.72) we derive I ∪ I2 ↓n (s0, r0, I0) as required.

RTS. (A.72)
We proceed by induction on the number of steps n.

Base case n = 0
Pick an arbitrary s1, r1, s0, r0 ∈ LState. We are then required to show
I ∪ I2 ↓0 (s0, r0, I0) which follows trivially from the definition of ↓0.

Inductive Case
Pick an arbitrary n ∈ N and s1, r1, s0, r0 ∈ LState such that:

I↓n (s1, r1, I1) (A.73)
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I1 v{s1} I2 (A.74)

I↓n (s0, r0, I0) (A.75)

s1 ◦ r1 = s0 ◦ r0 (A.76)

∀s′1, r′1, s′0, r′0 ∈ LState.

I↓(n−1) (s′1, r
′
1, I1) ∧ I1 v{s

′
1} I2∧

I↓(n−1) (s′0, r
′
0, I0) ∧ s′1 ◦ r′1 = s′0 ◦ r′0 =⇒

I ∪ I2 ↓(n−1) (s′0, r
′
0, I0)

(I.H)

RTS.

∀κ.∀a ∈ (I ∪ I2) (κ). potential(a, s0 ◦ r0)⇒
(reflected(a, s0 ◦ r0, I0(κ)) ∨ ¬visible(a, s0) )∧
∀(s′, r′) ∈ a[s0, r0]. I ∪ I2 ↓(n−1) (s′, r′, I0)

(A.77)

Pick an arbitrary κ and a ∈ (I ∪ I2) (κ) such that

potential(a, s0 ◦ r0) (A.78)

There are two cases to consider:

Case 1. a ∈ I(κ)
Then from (A.75) and assumption of case 1. we have:

(reflected(a, s0 ◦ r0, I0(κ)) ∨ ¬visible(a, s0) )∧
∀(s′, r′) ∈ a[s0, r0]. I↓(n−1) (s′, r′, I0)

(A.79)

Pick an arbitrary (s′, r′) such that

(s′, r′) ∈ a[s0, r0] (A.80)

Then from (A.79) and (A.80) we have:

I↓(n−1)
(
s′, r′, I0

)
(A.81)

From (A.80) and the definition of a[s0, r0], we know that fst (∆a) ≤ s0◦r0 and
consequently from (A.76) we have fst (∆a) ≤ s1 ◦ r1. Thus from Lemma 27
we know there exists ps, pr ∈ LState such that :

fst (∆a) = ps ◦ pr ∧ ps ≤ s1 ∧ pr ≤ r1

From the definition of a[s1, r1] we then have

(ps = 0L ∧ (s1, snd (∆a) ◦ (r1 − pr)) ∈ a[s1, r1])
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∨(ps > 0L ∧ (snd (∆a) ◦ (s1 − ps), r1 − pr) ∈ a[s1, r1])

That is, there exists s′′, r′′ ∈ LState such that

(s′′, r′′) ∈ a[s1, r1] (A.82)

From (A.74), (A.82) and Lemma 9 we have:

I1 v{s
′′} I2 (A.83)

From (A.76), (A.80), (A.82) and Lemma 12 we have:

s′ ◦ r′ = s′′ ◦ r′′ (A.84)

From the assumption of case 1, (A.82) and (A.73) we have:

(reflected(a, s1 ◦ r1, I1(κ)) ∨ ¬visible(a, s1) )∧
∀(s′, r′) ∈ a[s1, r1]. I↓(n−1) (s′, r′, I1)

and thus from (A.82) we have:

I↓(n−1)
(
s′′, r′′, I1

)
(A.85)

Consequently, from (A.81), (A.83), (A.84), (A.85) and (I.H) we have:

I ∪ I2 ↓(n−1)
(
s′, r′, I0

)
as required.

Case 2. a ∈ I2(κ)
From the assumption of the case and (A.74) we have

reflected(a, s1, I1(κ)) (A.86)

From (A.76) and (A.78) we have potential(a, s1 ◦ r1) and consequently from
the definition of potential we know there exists l ∈ LState such that fst (a) ≤
s1 ◦ r1 ◦ l. Thus from (A.86) and the definition of reflected we have:

∃a′ ∈ I1(κ).∆a = ∆a′ ∧ fst
(
a′
)
≤ s1 ◦ r1 ◦ l (A.87)

From (A.76) and (A.78) we have potential(a, s1 ◦ r1). Consequently, from
(A.87) and the definition of potential we have:

potential(a′, s1 ◦ r1) (A.88)
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Since I1 ⊆ I, we know a′ ∈ I(κ). Consequently, from (A.87), (A.88), (A.75),
(A.76) and the definition of a[s0, r0] we have

∀(s′, r′) ∈ a[s0, r0]. I↓(n−1) (s′, r′, I0) (A.89)

Similarly, from (A.87), (A.88) (A.73) and the definition of a[s1, r1] we have

∀(s′, r′) ∈ a[s1, r1]. I↓(n−1) (s′, r′, I1) (A.90)

Pick an arbitrary (s′, r′) such that

(s′, r′) ∈ a[s0, r0] (A.91)

Then from (A.89) we have:

I↓(n−1)
(
s′, r′, I0

)
(A.92)

From (A.91) and the definition of a[s0, r0], we know that fst (∆a) ≤ s0◦r0 and
consequently from (A.76) we have fst (∆a) ≤ s1 ◦ r1. Thus from Lemma 27
we know there exists ps, pr ∈ LState such that :

fst (∆a) = ps ◦ pr ∧ ps ≤ s1 ∧ pr ≤ r1

From the definition of a[s1, r1] we then have

(ps = 0L ∧ (s1, snd
(
∆a′

)
◦ (r1 − pr)) ∈ a′[s1, r1])

∨(ps > 0L ∧ (snd
(
∆a′

)
◦ (s1 − ps), r1 − pr) ∈ a′[s1, r1])

That is, there exists s′′, r′′ ∈ LState such that

(s′′, r′′) ∈ a[s1, r1] (A.93)

Thus from (A.90) we have:

I↓(n−1)
(
s′′, r′′, I1

)
(A.94)

From (A.91), (A.93), (A.76) and the definition of a[s1, r1] we have:

s′ ◦ r′ = s′′ ◦ r′′ (A.95)

From (A.74) and (A.91) and Lemma 9 we have:

I1 v{s
′} I2 (A.96)
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From (A.92), (A.94), (A.95), (A.96) and (I.H) we have:

I ∪ I2 ↓(n−1)
(
s′, r′, I0

)
and thus from (A.91)

∀(s′, r′) ∈ a[s0, r0]. I ∪ I2 ↓(n−1)
(
s′, r′, I0

)
(A.97)

Since either visible(a, s0) or ¬visible(a, s0), there are two cases to consider:

Case 2.1. ¬visible(a, s0)
From (A.97) and the assumption of case 2.1. we then have

¬visible(a, s0)∧
∀(s′, r′) ∈ a[s0, r0]. I ∪ I2 ↓(n−1) (s′, r′, I0)

as required.

Case 2.2. visible(a, s0)
Pick an arbitrary l such that

fst (a) ≤ s0 ◦ r0 ◦ l (A.98)

From (A.98) and (A.76) we then know fst (a) ≤ s1 ◦ r1 ◦ l; from (A.86) and
the definition of reflected we thus have

∃a1 ∈ I1(κ).∆a1 = ∆a ∧ fst (a1) ≤ s1 ◦ r1 ◦ l (A.99)

Since I1 ⊆ I, from (A.99) we know a1 ∈ I(κ). Consequently, from (A.75),
(A.78), the assumption of case 2.2. and the definition of reflected we then
have:

∃a0 ∈ I0(κ).∆a0 = ∆a1 ∧ fst (a0) ≤ s1 ◦ r1 ◦ l (A.100)

Consequently, from (A.99), (A.100) and (A.76) we have:

∃a0 ∈ I0(κ).∆a0 = ∆a ∧ fst (a0) ≤ s0 ◦ r0 ◦ l (A.101)

Thus from (A.98), (A.101) and by definition of reflected we have:

reflected(a, s0 ◦ r0, I0(κ)) (A.102)

Finally, from (A.97) and (A.102) we have:

reflected(a, s0 ◦ r0, I0(κ))∧
∀(s′, r′) ∈ a[s0, r0]. I ∪ I2 ↓(n−1)

(
s′, r′, I0

)
as required.
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Lemma 12 (action-application). For all a ∈ LState× LState and s1 , r1, s2,
r2, s

′
1, r
′
1, s
′
2, r
′
2 ∈ LState,

s1 ◦ r1 = s2 ◦ r2 ∧ (s′1, r
′
1) ∈ a[s1, r1]∧ (s′2, r

′
2) ∈ a[s2, r2] =⇒ s′1 ◦ r′1 = s′2 ◦ r′2

Proof. Take arbitrary a ∈ LState × LState and s1 , r1, s2, r2, s
′
1, r

′
1, s

′
2,

r′2 ∈ LState such that

s1 ◦ r1 = s2 ◦ r2 (A.103)

(s′1, r
′
1) ∈ a[s1, r1] (A.104)

(s′2, r
′
2) ∈ a[s2, r2] (A.105)

Then from (A.104), and the definitions of a[s1, r1] and a[s1 ◦ r1] we have:

a[s1 ◦ r1] = s′1 ◦ r′1 (A.106)

Similarly, from (A.105) we have:

a[s2 ◦ r2] = s′2 ◦ r′2 (A.107)

Finally, from (A.103), (A.106) and (A.107) we have:

s′1 ◦ r′1 = s′2 ◦ r′2

as required.
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Lemma 13 (Extend-Closure-1). For all I, Ie, I0 ∈ AMod such that ∀κ ∈
dom (I0) . I0(κ) = ∅; and for all g, se ∈ LState and F,Fe ∈ P (LState),

g ∈ F ∧ F � I ∧ se ∈ Fe ∧ Fe � Ie ∪ I0 =⇒ I ∪ Ie ∪ I0 ↓ (se, g, Ie)

Proof. Pick an arbitrary I, Ie, I0 ∈ AMod, g, se ∈ LState and F,Fe ∈
P (LState) such that

∀κ ∈ dom (I0) . I0(κ) = ∅ (A.108)

g ∈ F ∧ se ∈ Fe (A.109)

F � I ∧ Fe � Ie ∪ I0 (A.110)

From the definition of ↓, it then suffices to show

Ie ⊆ I ∪ Ie ∪ I0 (A.111)

∀n ∈ N. I ∪ Ie ↓n (se, g, Ie) (A.112)

RTS. (A.111)
This holds trivially from the definition of I ∪ Ie.

RTS. (A.112)
Rather than proving (A.112) directly, we first establish the following.

∀n ∈ N.∀g, se ∈ LState.

g ∈ F ∧ se ∈ Fe =⇒ I ∪ Ie ∪ I0 ↓n (se, g, Ie) (A.113)

We can then despatch (A.112) from (A.109) and (A.113); since for an arbi-
trary n ∈ N, from (A.109) and (A.113) we have I ∪ Ie ∪ I0 ↓n (se, g, Ie) as
required.

RTS. (A.113)
We proceed by induction on the number of steps n.

Base case n = 0
Pick an arbitrary g, se ∈ LState. We are then required to show I ∪ Ie ∪ I0 ↓0
(se, g, Ie) which follows trivially from the definition of ↓0.

Inductive case
Pick an arbitrary n ∈ N and g, se ∈ LState such that

g ∈ F (A.114)

100



se ∈ Fe (A.115)

∀g′, s′e. g′ ∈ F ∧ s′e ∈ Fe =⇒ I ∪ Ie ∪ I0 ↓(n−1)
(
s′e, g

′, Ie
)

(I.H)

RTS.

∀κ.∀a ∈ (I ∪ Ie ∪ I0) (κ). potential(a, se ◦ g)⇒
(reflected(a, se ◦ g, Ie(κ)) ∨ ¬visible(a, se) )∧
∀(s′, r′) ∈ a[se, g]. I ∪ Ie ∪ I0 ↓(n−1) (s′, r′, Ie)

(A.116)

RTS. A.116
Pick an arbitrary κ, a ∈ (I ∪ Ie ∪ I0) (κ) and (s′, r′) such that

potential(a, se ◦ g) (A.117)

(s′, r′) ∈ a[se, g] (A.118)

Since from (A.108) we know I0(κ) = ∅ we know a ∈ Ie(κ) ∨ a ∈ I(κ), and
thus there are two cases to consider.

Case 1. a ∈ I(κ)
From (A.117) and the definition of potential we have se ◦ g u fst (a) 6= ∅ and
consequently, g u fst (a) 6= ∅, from (A.114) we then have:

fst (∆a) ≤ g ∧ fst (∆a) ⊥ se (A.119)

From (A.117), (A.119) and the definitions of potential we have:

potential(a, g) (A.120)

From (A.119) and the definition of visible we have:

¬visible(a, se) (A.121)

On the other hand, from (A.118), (A.119) and the definitions of a[se, g], a[g]
and ⊥, we know:

s′ = se (A.122)

a[g] = r′ (A.123)

Consequently, from (A.110), (A.114), (A.120), (A.123) and the definition of
� we have:

r′ ∈ F (A.124)
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Finally, from (A.115), (A.124), (I.H) we have:

I ∪ Ie ∪ I0 ↓(n−1)
(
se, r

′, Ie
)

(A.125)

and consequently from (A.122) and (A.118)-(A.125) we have

¬visible(a, se)∧
∀(s′, r′) ∈ a[se, g]. I ∪ Ie ∪ I0 ↓(n−1)

(
se, r

′, Ie
)

as required.

Case 2. a ∈ Ie(κ)
From the assumption of the case and the definition of reflected we trivially
have

reflected(a, se ◦ g, Ie(κ) (A.126)

Since from (A.117) and the definition of potential we have se ◦ g u fst (a) 6= ∅
and consequently, se u fst (a) 6= ∅, from (A.115) we have:

fst (∆a) ≤ se ∧ fst (∆a) ⊥ g (A.127)

From (A.117), (A.127) and the definition of potential we have:

potential(a, se) (A.128)

On the other hand, from (A.118), (A.127) and the definitions of a[se, g] and
⊥, we have:

r′ = g (A.129)

a[se] = s′ (A.130)

Consequently, from (A.110), (A.115), (A.128), (A.130) and the definition of
� we have:

s′ ∈ Fe (A.131)

Finally, from (A.114), (A.131) and (I.H) we have:

I ∪ Ie ∪ I0 ↓(n−1)
(
s′, g, Ie

)
and consequently from (A.129)

I ∪ Ie ∪ I0 ↓(n−1)
(
s′, r′, Ie

)
(A.132)
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Thus from (A.118) and (A.126)-(A.132) we have:

reflected(a, se ◦ g, Ie(κ))∧
∀(s′, r′) ∈ a[se, g]. I ∪ Ie ∪ I0 ↓(n−1)

(
s′, r′, Ie

)
as required.

Lemma 14 (Extend-closure-2). For all I0, I, Ie ∈ AMod, s, g, se ∈ LState
and F,Fe ∈ P (LState)

g ∈ F ∧ F � I ∧ se ∈ Fe ∧ Fe � Ie ∧ I↓ (s, g − s, I0)
=⇒ I ∪ Ie ↓ (s, (g − s) ◦ se, I0)

Proof. Pick an arbitrary I0, I, Ie ∈ AMod, s, g, se ∈ LState and F,Fe ∈
P (LState) such that

g ∈ F ∧ se ∈ Fe (A.133)

F � I ∧ Fe � Ie (A.134)

I↓ (s, g − s, I0) (A.135)

From the definition of ↓, it then suffices to show

I0 ⊆ I ∪ I2 (A.136)

∀n ∈ N. I ∪ Ie ↓n (s, (g − s) ◦ se, I0) (A.137)

RTS. (A.136)
Since from (A.135) and the definition of ↓ we have I0 ⊆ I, we can conse-
quently derive I0 ⊆ I ∪ Ie as required.

RTS. (A.137)
Rather than proving (A.137) directly, we first establish the following.

∀n ∈ N.∀s, g, se ∈ LState.

g ∈ F ∧ se ∈ Fe ∧ I↓n (s, g − s, I0) =⇒
I ∪ Ie ↓n (s, (g − s) ◦ se, I0) (A.138)

We can then despatch (A.137) from (A.133)-(A.135) and (A.138); since
for an arbitrary n ∈ N, from (A.135) and the definition of ↓ we have
I ↓n (s, g − s, I0) and consequently from (A.133) and (A.138) we derive

103



I ∪ Ie ↓n (s, (g − s) ◦ se, I0) as required.

RTS. (A.138)
We proceed by induction on the number of steps n.

Base case n = 0
Pick an arbitrary s, g, se ∈ LState. We are then required to show I ∪ Ie ↓0
(s, (g − s) ◦ se, I0) which follows trivially from the definition of ↓0.

Inductive case
Pick an arbitrary n ∈ N and s, r, g, se ∈ LState such that

g ∈ F (A.139)

se ∈ Fe (A.140)

g = s ◦ r (A.141)

I↓n (s, r, I0) (A.142)

∀s′′, g′′, s′′e . g′′ ∈ F ∧ s′′e ∈ Fe ∧ I↓(n−1)
(
s′′, g′′ − s′′, I0

)
=⇒ I ∪ Ie ↓(n−1)

(
s′′, (g′′ − s′′) ◦ s′′e , I0

)
(I.H)

RTS.

(reflected(a, g ◦ se, I0(κ)) ∨ ¬visible(a, s) )∧
∀(s′, r′) ∈ a[s, r ◦ se]. I ∪ Ie ↓(n−1) (s′, r′, I0)

Pick an arbitrary κ, a ∈ (I ∪ Ie) (κ) and (s′, r′) such that

potential(a, g ◦ se) (A.143)

(s′, r′) ∈ a[s, r ◦ se] (A.144)

Since either a ∈ I(κ) or a ∈ Ie(κ), there are two cases to consider:

Case 1. a ∈ I(κ)
Since from (A.143) and the definition of potential we have se ◦ g u fst (a) 6= ∅
and consequently, g u fst (a) 6= ∅, from (A.139) we have:

fst (∆a) ≤ g ∧ fst (∆a) ⊥ se (A.145)

From (A.143), (A.145) and the definition of potential we have:

potential(a, g) (A.146)
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On the other hand, from (A.144), (A.145) and the definitions of a[s, r ◦ se]
and ⊥, we know there exists r′′:

r′ = r′′ ◦ se (A.147)

(s′, r′′) ∈ a[s, r] (A.148)

From (A.148) and the definitions of a[s, r] and a[s◦r], we know s′◦r′′ = a[s◦r].
Consequently, from (A.134), (A.139), (A.146), the definition of � and since
g = s ◦ r (A.141), we have:

s′ ◦ r′′ ∈ F (A.149)

On the other hand, from (A.142), (A.146), (A.143) and (A.148) we have:

(reflected(a, s ◦ r, I0(κ)) ∨ ¬visible(a, s))∧ (A.150)

I↓(n−1)
(
s′, r′′, I0

)
(A.151)

From (A.140), (A.149), (A.150) and (I.H) we have:

I ∪ Ie ↓(n−1)
(
s′, r′′ ◦ se, I0

)
and thus from (A.147)

I ∪ Ie ↓(n−1)
(
s′, r′, I0

)
(A.152)

Consequently, from (A.144)-(A.152) we have:

∀(s′, r′) ∈ a[s, r ◦ se]. I ∪ Ie ↓(n−1)
(
s′, r′, I0

)
(A.153)

From (A.150) there are two cases to consider:
Case 1.1. ¬visible(a, s)
From (A.153) and the assumption of the case we have:

¬visible(a, s)∧
∀(s′, r′) ∈ a[s, r ◦ se]. I ∪ Ie ↓(n−1)

(
s′, r′, I0

)
as required.

Case 1.2. reflected(a, s ◦ r, I0(κ)
Pick an arbitrary l ∈ LState such that

fst (a) ≤ g ◦ se ◦ l (A.154)
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From the assumption of the case, (A.141) and the definition of reflected we
then have

∃a′ ∈ I0(κ).∆a′ = ∆a ∧ fst
(
a′
)
≤ g ◦ se ◦ l (A.155)

Thus from (A.154), (A.155) and the definition of reflected we have:

reflected(a, g ◦ se, I0(κ)) (A.156)

Thus from (A.153) and (A.156) we have:

reflected(a, g ◦ se, I0(κ))∧
∀(s′, r′) ∈ a[s, r ◦ se]. I ∪ Ie ↓(n−1)

(
s′, r′, I0

)
as required.

Case 2. a ∈ Ie(κ)
Since from (A.143) and the definition of potential we have g ◦ se u fst (a) 6= ∅
and consequently, se u fst (a) 6= ∅, from (A.140) and the assumption of the
case we have:

fst (∆a) ≤ se ∧ fst (∆a) ⊥ g (A.157)

and consequently from the definition of visible and (A.141) we have

¬visible(a, s) (A.158)

From (A.143), (A.157) and the definition of potential we have:

potential(a, se) (A.159)

From (A.141), (A.157) and the definitions of a[s, r ◦se] and ⊥, we know there
exists s′e such that:

s′ = s ∧ r′ = r ◦ s′e (A.160)

a[se] = s′e (A.161)

Consequently, from (A.134), (A.140), (A.159), (A.161) and the definition of
� we have:

s′e ∈ Fe (A.162)

From (A.141), (A.160) and Lemma 15 we have:

I↓(n−1)
(
s′, r, I0

)
(A.163)
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From (A.139), (A.162), (A.163), (I.H) we have:

I ∪ Ie ↓(n−1)
(
s′, r ◦ s′e, I0

)
and thus from (A.160)

I ∪ Ie ↓(n−1)
(
s′, r′, I0

)
(A.164)

Finally, from (A.144), (A.158) and (A.164) we have:

¬visible(a, s)∧
∀(s′, r′) ∈ a[s, r ◦ se]. I ∪ Ie ↓(n−1)

(
s′, r′, I0

)
as required.
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Lemma 15. For all I, I′ ∈ AMod and n ∈ N+

∀s, r ∈ LState. I↓n
(
s, r, I′

)
=⇒ I↓(n−1)

(
s, r, I′

)
Proof. Pick an arbitrary s, r ∈ LState and proceed by induction on number
of steps n.

Base case: n = 1
Pick an arbitrary s, r ∈ LState. We are then required to show I↓0 (s, r, I′)
which trivially follows from the definition of ↓0.

Inductive case
Pick an arbitrary s, r ∈ LState such that

I↓(n+1)

(
s, r, I′

)
(A.165)

∀s′, r′ ∈ LState. I↓n
(
s′, r′, I′

)
=⇒ I↓(n−1)

(
s′, r′, I′

)
(I.H)

RTS.

∀κ.∀a ∈ I(κ). potential(a, s ◦ r)⇒
(reflected(a, s ◦ r, I′(κ)) ∨ ¬visible(a, s) )∧
∀(s′, r′) ∈ a[s, r]. I↓(n−1) (s′, r′, I′)

Pick an arbitrary κ and a ∈ I(κ) such that

potential(a, s ◦ r) (A.166)

Then from (A.165) we have:

(reflected(a, s ◦ r, I′(κ)) ∨ ¬visible(a, s) )∧
∀(s′, r′) ∈ a[s, r]. I↓n (s′, r′, I′)

and consequently from (I.H)

(reflected(a, s ◦ r, I′(κ)) ∨ ¬visible(a, s) )∧
∀(s′, r′) ∈ a[s, r]. I↓(n−1) (s′, r′, I′)

as required.

108



Lemma 16 (Sequential command soundness). For all S ∈ Seqs, (M1, S,M2) ∈
AxS and m ∈M:

[|S|]S (bM1 •M {m}cM) ⊆ bM2 •M {m}cM
Proof. By induction over the structure of S. Pick an arbitrary m ∈M.

Case E
This follows immediately from parameter 10.

Case skip
RTS.

[|S|]S (bM •M {m}cM) ⊆ bM •M {m}cM

Proof.
[|S|]S (bM •M {m}cM) = bM •M {m}cM

⊆ bM •M {m}cM
as required.

Case S1;S2
RTS.

[|S1;S2|]S (bM •M {m}cM) ⊆
⌊
M ′ •M {m}

⌋
M

where (M,S1,M ′′) , (M ′′,S2,M ′) ∈ AxS.

Proof.

[|S1; S2|]S (bM •M {m}cM) = [|S2|]S ([|S1|]S (bM •M {m}cM))
(I.H.) ⊆ [|S2|]S (bM ′′ •M {m}cM)
(I.H.) ⊆ bM ′ •M {m}cM

as required.

Case S1 + S2
RTS.

[|S1 + S2|]S (bM •M {m}cM) ⊆
⌊
M ′ •M {m}

⌋
M

where (M,S1,M ′) , (M,S2,M ′) ∈ AxS.

Proof.

[|S1 + S2|]S (bM •M {m}cM) = [|S1|]S (bM •M {m}cM) ∪ [|S2|]S (bM •M {m}cM)
(I.H.) ⊆ bM ′ •M {m}cM ∪ bM ′ •M {m}cM

⊆ bM ′ •M {m}cM
as required.
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Case S›

RTS.
[|S›|]S (bM •M {m}cM) ⊆ bM •M {m}cM

where (M,S,M) ∈ AxS.

Proof.

[|S›|]S (bM •M {m}cM) = [| skip + S;S›|]S (bM •M {m}cM)
= [| skip|]S (bM •M {m}cM) ∪ [|S; S›|]S (bM •M {m}cM)

(I.H.) ⊆ bM •M {m}cM ∪ bM •M {m}cM
⊆ bM •M {m}cM

as required.
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Lemma 17. For all w1, w2, w, w
′ = (l′, g′, I′) ∈World,

w1 • w2 = w ∧ (l′, g′, I′) ∈ G(w1) =⇒ ((w2)L, g
′, I′) ∈ R(w2)

Proof. Pick an arbitrary w1, w2, w such that:

w1 • w2 = w (A.167)

(l′, g′, I′) ∈ G(w1) (A.168)

RTS.

((w2)L, g
′, I′) ∈ R(w2)

* From (A.168) and by definition of G we know:

(l′, g′, I′) ∈ (Gu ∪Ge ∪Gs)› (w2) (A.169)

From (A.167), (A.169) and by Lemmata 18, 19 and 20 we have:

((w2)L, g
′, I′) ∈ (Ru ∪Re ∪Rs)› (w2)

and consequently

((w2)L, g
′, I′) ∈ R(w2)

as required.

Lemma 18. For all w1, w2, w, w
′ = (l′, g′, I′) ∈World,

w1 • w2 = w ∧ (l′, g′, I′) ∈ Gu(w1) =⇒ ((w2)L, g
′, I′) ∈ Ru(w2)

where we write Ru(w) to denote {w′ | (w,w′) ∈ Ru(w)}.

Proof. Pick an arbitrary W1 = (l1, g1, I1), w2 = (l2, g2, I2), w and (l′, g′, I′)
such that:

w1 • w2 = w (A.170)

(l′, g′, I′) ∈ Gu(w1) (A.171)

RTS.

((w2)L, g
′, I′) ∈ Ru(w2)
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* From (A.170) we know:

g1 = g2 (A.172)

I1 = I2 (A.173)

By definition of Guand from (A.171) and (A.173) we know:

I′ = I1 = I2 (A.174)

(l1 ◦ g1)K)⊥K =
(
(l′ ◦ g′)M

)⊥
K (A.175)

g′ = g1 ∨
(
∃κ ≤ (l1)K. (g1, g

′) ∈ dI1e (κ) ∧
((l1 ◦ g1)M)⊥M = ((l′ ◦ g′)M)⊥M

)
There are two cases to consider:

Case 1. g1 = g′

From (A.172) and the assumption of the case we know g′ = g2. Consequently,
from (A.174) we have:

((w2)L, g
′, I′) = (l2, g2, I2) (A.176)

By definition of Ru and from (A.176) we can conclude:

((w2)L, g
′, I′) ∈ Ru(l2, g2, I2) (A.177)

as required.

Case 2.

∃κ ≤ (l1)K. (g1, g
′) ∈ dI1e (κ) (A.178)

((l1 ◦ g1)M)⊥M =
(
(l′ ◦ g′)M

)⊥
M (A.179)

From (A.170), (A.172) and (A.173) we know that

w = (l1 ◦ l2, g2, I2) (A.180)

Since wf (w) (by definition of World) and from (A.172) we know:

(l1 ◦ l2 ◦ g2)K = (l1)K •K (l2)K •K (g2) = (l1 ◦ g1)K •K (l2)K is defined
(A.181)

(l1 ◦ l2 ◦ g1)M = (l1 •M g1)M •M (l2)M is defined (A.182)
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Since κ1 ≤ (l1)K (A.178), from (A.181) and Lemma 28, we know:

κ ] (l2)K •K (g2)K (A.183)

From (A.172), (A.179) and (A.182) we know

(l′ ◦ g′)M •M (l2)M = (l′ ◦ l2 ◦ g′)M is defined (A.184)

From (A.175) and (A.181) we know

(l′ ◦ g′)K •K (l2)K = (l′ ◦ l2 ◦ g′)K is defined (A.185)

From (A.184) and (A.185) we know l′1 ◦ l2 ◦ g′ is defined and consequently:

l2 ◦ g′ is defined (A.186)

From (A.173), (A.178), (A.183), (A.186) and by definition of Ru, we have:

((w2)L, g
′, I′) = (l2, g2, I2) ∈ Ru(l2, s2, I2)

as required.

Lemma 19. For all w1, w2, w, w
′ = (l′, g′, I′) ∈World,

w1 • w2 = w ∧ w′ ∈ Ge(w1) =⇒ ((w2)L, g
′, I′) ∈ Re(w2)

Proof. Pick an arbitrary w1 = (l1, g1, I1), w2 = (l2, g2, I2), w and w′ =
(l′, g′, I′) such that:

w1 • w2 = w (A.187)

w′ ∈ Ge(w1) (A.188)

RTS.

((w2)L, g
′, I′) ∈ Re(w2)

From (A.187) we know:

g1 = g2 ∧ I1 = I2 (A.189)

By definition of Ge and from (A.188) and (A.189) we know there exists
l3, l4, g

′′ ∈ LState, κ1, κ2 ∈ K and I′′ such that

l1 = l3 ◦ l4 ∧ l′1 = l3 ◦ (0M, κ1)
∧g′′ = l4 ◦ (0M, κ2) ∧ g′ = g2 ◦ g′′
∧κ1 •K κ2 ≺ dom (I′′) ∧ κ1 •K κ2 ⊥ dom (I2)

∧I′ = I2 ∪ I′′ ∧ I′′ ↑(g′′) (g2, I2) ∧ g′′ c© I′′

(A.190)
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From (A.190) and the definition of Re we have:

((w2)L, g
′, I′) ∈ Re(w2)

as required.

Lemma 20. For all w1, w2, w, w
′ = (l′, g′, I′) ∈World,

w1 • w2 = w ∧ w′ ∈ Gs(w1) =⇒ ((w2)L, g
′, I′) ∈ Rs(w2)

Proof. Pick an arbitrary w1 = (l1, g1, I1), w2 = (l2, g2, I2), w and w′ =
(l′, g′, I′) such that:

w1 • w2 = w (A.191)

w′ ∈ Gs(w1) (A.192)

RTS.

((w2)L, g
′, I′) ∈ Rs(w2)

From (A.191) we know:

g1 = g2 ∧ I1 = I2 (A.193)

By definition of Gsand from (A.192), and (A.193) we know there exists
I′′ ∈ AMod such that

g′ = g2 ∧ I′ = I2 ∪ I′′ ∧ I′′ ↑(0L) (g2, I2) (A.194)

From (A.194) and the definition of Rs we have:

((w2)L, g
′, I′) ∈ Rs(w2)

as required.
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Lemma 21. Given any assertion P ∈ Assn, the following is valid.

P ⇔ promote (P )

Proof. TO DO

Lemma 22. for all P ∈ Assn, ι ∈ LEnv, w,w′ ∈World,

w, ι � P ∧ (w,w′) ∈ Re =⇒ w′, ι � P

Proof. From the definition of Re, it then suffices to show that for all P ∈ Assn,
ι ∈ LEnv, l, g, g′ ∈ LState and I, I′ ∈ AMod:

(l, g, I), ι � P ∧ I′ ↑(g′) (g, I) =⇒ (l, g ◦ g′, I ∪ I′), ι � P

We proceed by induction on the structure of assertion P .

Case P
def
= A Immediate.

Case P
def
= P1 =⇒ P2

Pick an arbitrary ι ∈ LEnv, l, g, g′ ∈ LState and I, I′ ∈ AMod such that

(l, g, I), ι � P1 ∨ P2 (A.195)

I′ ↑(g′) (g, I) (A.196)

∀l, g, g′ ∈ LState.∀I′, I ∈ AMod.

(l, g, I), ι � P1 ∧ I′ ↑(g′) (g, I) =⇒ (l, g ◦ g′, I ∪ I′), ι � P1 (I.H1)

∀l, g, g′ ∈ LState.∀I′, I ∈ AMod.

(l, g, I), ι � P2 ∧ I′ ↑(g′) (g, I) =⇒ (l, g ◦ g′, I ∪ I′), ι � P2 (I.H2)

From (A.195) and the definition of � we know (l, g, I), ι � P1 or (l, g, I), ι �
P2; consequently, from (A.196), (I.H1) and (I.H2) we have: (l, g◦g′, I∪I′), ι �
P1 or (l, g ◦ g′, I ∪ I′), ι � P2. Thus, from the definition of � we have:

(l, g ◦ g′, I ∪ I′), ι � P1 ∨ P2

as required.

Cases P
def
= ∃x. P ′; P def

= P1 › P2; P
def
= P1 ∪› P2; P

def
= P1 ∧ P2

These cases are analogous to the previous case and are omitted here.

Case P
def
=

�� ��P ′
I

Pick an arbitrary ι ∈ LEnv, s, g ∈ LState and I, I′ ∈ AMod such that

(l, g, I), ι �
�� ��P ′

I
(A.197)
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I′ ↑(g′) (g, I) (A.198)

∀l, g, g′ ∈ LState.∀I′, I ∈ AMod.

(l, g, I), ι � P ′ ∧ I′ ↑(g′) (g, I) =⇒ (l, g ◦ g′, I ∪ I′), ι � P ′ (I.H)

From (A.197) and the definition of � we have:

l = 0L ∧ ∃s′, r′. g = s′ ◦ r′ ∧ s′, ι �g,I P ′ ∧ I↓
(
s′, r′, 〈|I|〉ι

)
Thus from (A.198) and Lemma 23 we have

l = 0L ∧ ∃s′, r′. g ◦ g′ = s′ ◦ r′ ◦ g′ ∧ s′, ι �g◦g′,I∪I′ P ′∧
I↓
(
s′, r′, 〈|I|〉ι

)
and consequently from (A.198) and (I.H) we have

l = 0L ∧ ∃s′, r′. g ◦ g′ = s′ ◦ r′ ∧ s′, ι �g◦g′,I∪I′ P ′∧
I ∪ I′ ↓

(
s′, r′, 〈|I|〉ι

)
That is,

(l, g ◦ g′, I ∪ I′), ι �
�� ��P ′

I
(A.199)

as required.

Lemma 23. for all P ∈ Assn, ι ∈ LEnv, s, g, g′ ∈ LState and I, I′ ∈ AMod:

s, ι �g,I P ∧ I′ ↑(g′) (g, I) =⇒ s, ι �g◦g′,I∪I′ P

Proof. By induction on the structure of assertion P .

Case P
def
= A Immediate.

Case P
def
= P1 =⇒ P2

Pick an arbitrary ι ∈ LEnv, s, g, g′ ∈ LState and I, I′ ∈ AMod such that

s, ι �g,I P1 =⇒ P2 (A.200)

I′ ↑(g′) (g, I) (A.201)

∀s, g, g′ ∈ LState.∀I′, I ∈ AMod.

s, ι �g,I P1 ∧ I′ ↑(g′) (g, I) =⇒ s, ι �g◦g′,I∪I′ P1 (I.H1)

∀s, g, g′ ∈ LState.∀I′, I ∈ AMod.

s, ι �g,I P2 ∧ I′ ↑(g′) (g, I) =⇒ s, ι �g◦g′,I∪I′ P2 (I.H2)
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From (A.200) and the definition of �g,I we know s, ι �g,I P1 implies P2 �g,I;
consequently, from (A.201), (I.H1) and (I.H2) we have: s, ι �g◦g′,I∪I′ P1

implies s, ι �g◦g′,I∪I′ P2. Thus, from the definition of �g◦g′,I∪I′ we have:

s, ι �g◦g′,I∪I′ P1 =⇒ P2

as required.

Cases P
def
= ∃x. P ′; P def

= P1 › P2; P
def
= P1 ∪› P2

These cases are analogous to the previous case and are omitted here.

Case P
def
=

�� ��P ′
I

Pick an arbitrary ι ∈ LEnv, s, g ∈ LState and I, I′ ∈ AMod such that

s, ι �g,I
�� ��P ′

I
(A.202)

I′ ↑(g′) (g, I) (A.203)

∀s, g, g′ ∈ LState.∀I′, I ∈ AMod.

s, ι �g,I P
′ ∧ I′ ↑(g′) (g, I) =⇒ s, ι �g◦g′,I∪I′ P

′ (I.H)

From (A.202) and the definition of �g,I we have:

s = 0L ∧ ∃s′, r′. g = s′ ◦ r′ ∧ s′, ι �g,I P ′ ∧ I↓
(
s′, r′, 〈|I|〉ι

)
Thus from (A.203) and (I.H) we have

s = 0L ∧ ∃s′, r′. g ◦ g′ = s′ ◦ r′ ∧ s′, ι �g◦g′,I∪I′ P ′∧
I ∪ I′ ↓

(
s′, r′, 〈|I|〉ι

)
That is,

s, ι �g,I∪I′
�� ��P ′

I

as required.

Lemma 24. for all P ∈ Assn, ι ∈ LEnv, w,w′ ∈World,

w, ι � P ∧ (w,w′) ∈ Rs =⇒ w′, ι � P

Proof. From the definition of Rs, it then suffices to show that for all P ∈ Assn,
ι ∈ LEnv, l, g,∈ LState and I, I′ ∈ AMod:

(l, g, I), ι � P ∧ I′ ↑(0L) (g, I) =⇒ (l, g, I ∪ I′), ι � P

This follows immediately from the more general result established in Lemma 22
from (A.195) to (A.199).
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Lemma 25. for all P ∈ Assn, ι ∈ LEnv, s, g ∈ LState and I, I′ ∈ AMod:

(s, g, I), ι � P ∧ I′ ↑(s) (g, I) =⇒ s, ι �g◦s,I∪I′ P

Proof. By induction on the structure of assertion P .

Case P
def
= A Immediate.

Case P
def
= P1 =⇒ P2

Pick an arbitrary ι ∈ LEnv, s, g ∈ LState and I, I′ ∈ AMod such that

(s, g, I), ι � P1 =⇒ P2 (A.204)

I′ ↑(s) (g, I) (A.205)

∀s, g ∈ LState.∀I, I′ ∈ AMod.

(s, g, I), ι � P1 ∧ I′ ↑(s) (g, I) =⇒ s, ι �g◦s,I∪I′ P1 (I.H1)

∀s, g ∈ LState.∀I, I′ ∈ AMod.

(s, g, I), ι � P2 ∧ I′ ↑(s) (g, I) =⇒ s, ι �g◦s,I∪I′ P2 (I.H2)

From (A.204) and the definition of � we know (s, g, I), ι � P1 implies
(s, g, I), ι � P2; consequently, from (A.205), (I.H1) and (I.H2) we have:
s, ι �g◦s,I∪I′ P1 implies s, ι �g◦s,I∪I′ P2. Thus, from the definition of �g◦s,I∪I′
we have:

s, ι �g◦s,I∪I′ P1 =⇒ P2

as required.

Cases P
def
= ∃x. P ′; P def

= P1 › P2; P
def
= P1 ∪› P2

These cases are analogous to the previous case and are omitted here.

Case P
def
=

�� ��P ′
I

Pick an arbitrary ι ∈ LEnv, s, g ∈ LState and I, I′ ∈ AMod such that

(s, g, I), ι �
�� ��P ′

I
(A.206)

I′ ↑(s) (g, I) (A.207)

From (A.206) and the definition of � we have:

s = 0L ∧ ∃s′, r′. g = s′ ◦ r′ ∧ s′, ι �g,I P ′ ∧ I↓
(
s′, r′, 〈|I|〉ι

)
Thus from (A.207) we have

s = 0L ∧ ∃s′, r′. g = s′ ◦ r′ ∧ s′, ι �g,I P ′ ∧ I ∪ I′ ↓
(
s′, r′ ◦ s, 〈|I|〉ι

)
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and consequently from (A.207), Lemma 23 and since s = 0L

s = 0L ∧ ∃s′, r′. g ◦ s = s′ ◦ r′ ∧ s′, ι �g◦s,I∪I′ P ′

∧ I ∪ I′ ↓
(
s′, r′ ◦ s, 〈|I|〉ι

)
That is,

s, ι �g◦s,I∪I′
�� ��P ′

I

as required.
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Lemma 26. Given any separation algebra (A, •A,0A) with the cross-split
property, for any a, b ∈ A:

∃c ∈ A. a ≤ b •A c ⇐⇒ a uA b 6= ∅

Proof =⇒ . We proceed with proof by contradiction. Take arbitrary
a, b, c ∈ A such that

a ≤ b ◦ c (A.208)

and assume
a uA b = ∅ (A.209)

From (A.209) and by definition of uA, we have:

¬∃d, e, f, g. a = d •A e ∧ b = e •A f ∧ d •A e •A f = g (A.210)

From (A.208) we have ∃h. a •A h = b •A c and consequently by the cross-split
property we have:

∃ab, ac, hb, hc, t. ab •A ac = a (A.211)

hb •A hc = h (A.212)

ab •A hb = b (A.213)

ac •A hc = c (A.214)

t = ab •A ac •A hb •A hc (A.215)

From (A.215) we have:

∃s. ab •A ac •A hb = s (A.216)

From (A.211), (A.213) and (A.216) we have:

∃d, e, f, g. a = d •A e ∧ b = e •A f ∧ d •A e •A f = g (A.217)

From (A.210) and (A.217) we derive a contradiction and can hence deduce:

a uA b 6= ∅

as required.

Proof ⇐. Take arbitrary a, b ∈ A such that

a uA b 6= ∅
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Then by definition of uA we have:

∃d, e, f ∈ A. a = d •A e
b = e •A f
d •A e •A f is defined

and thus by definition of ≤ we have a ≤ b •A d and consequently

∃c. a ≤ b •A c

as required.

Lemma 27. Given any separation algebra (M, •M,0M) with the cross-split
property:

∀a, b, c ∈M. a ≤ b •M c =⇒ ∃m,n. a = m •M n ∧ m ≤ b ∧ n ≤ c

Proof. Pick an arbitrary a, b, c ∈ M. Since a ≤ b •M c, we know ∃d ∈ M.
such that:

a •M d = b •M c (A.218)

By the cross-split property of M, We can deduce: ∃ab, ac, db, dc ∈M. such
that:

a = ab •M ac (A.219)

b = ab •M db (A.220)

c = ac •M dc (A.221)

d = db •M dc

Since ab ≤ b (A.220) and ac ≤ c (A.221), from (A.219) we can deduce:

∃m,n ∈M. a = m •M n ∧ m ≤ b ∧ n ≤ c

as required.

Lemma 28. Given any separation algebra (M, •M,0M),

∀a, b, c, d ∈M. a •M b = d ∧ c ≤ b =⇒ ∃f ∈M. a •M c = f

Proof. Pick an arbitrary a, b, c, d ∈M such that:

a •M b = d (A.222)

c ≤ b (A.223)
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From (A.223), we have:

∃e ∈M. c •M e = b (A.224)

and consequently from (A.222) we have:

a •M c •M e = d (A.225)

Since e ≤ d (A.225), we have:

∃f ∈M. e •M f = d (A.226)

From (A.225), (A.226) and cancellativity of separation algebras we have:

a •M c = f (A.227)

and thus
∃f ∈M. a •M c = f (A.228)

as required.
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B. Ode To Q

Dear Q, this is P , let’s call off this fight
�� ��P I1

�� ��Q I2

Though we may differ, we’re both in the right
�� ��P I1

›
�� ��Q I2

= ,
Contend we may yet consistent our ways I1 = {a : P ; P ′} I2 = {a : Q; Q′}
In concert our shared fates unfold with sleight I1 ∪ I2 = ,

I’m lost in the dark, you see all that’s light
�� ��P I1
/ ›

�� ��Q I2
,

Your wisdom I crave, what say we unite?
�� ��P ∪› Q

I1∪I2
,

In tandem evolving we gain what we yearned
�� ��P ′ ∪› Q′

I1∪I2
Though strong our liaison we part with delight

�� ��P ′
I1∪I2

›
�� ��Q′

I1∪I2

That which was complete is now marred and trite
�� ��P ′

I1∪I2/ ›
�� ��Q′

I1∪I2/
We seek out that simple yet stable rite

�� ��P ′
I1, ›

�� ��Q′
I2,

Your memory now dimmed, your spirit I bear
�� ��P ′

I1

In mine for always and this I recite:
�� ��P ′

I1
› ?

�� ��Q′
I2
∨
�� ��Q3 I3

∨
�� ��Q4 I4

∨ · · ·

Our discord our strength, conciseness our might Concurrent

Tangled at heart though disjointed at sight Local

CoLoSL our feat, our effort but slight Subjective

Sound our ideas, our paper pray cite! Logic
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