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1. Structural Separation Logic

We introduce the technical details of generalised SSL and formalise various
ingredients necessary for building an abstract library. Abstract libraries
allow programs that manipulate abstract structures without concern for
the implementation. This is achieved through a set of atomic commands
associated with the library.

Definition 1 (Atomic Commands). For an abstract library A, the set of
abstract atomic commands is denoted ATOM,.

The commands of an abstract library operate on abstract heaps mapping
addresses to abstract data. We proceed with the definition of addresses.

Definition 2. (Addresses) Given an abstract library A, a set of program
variables PVARS, a countably infinite set of abstract addresses SADD ranged
over by x,y,z, and a library-specific set of machine addresses MADDy
ranged over by R, R1, Ra, such that the domains of PVARS, SADD and
MADD, are pairwise disjoint, the set of addresses of abstract library A
ranged over by a, ay, ao, is defined as:

Appy 2 MADD,y w SADD

Definition 3 (Addressing Algebra). Given an abstract library A and an
arbitrary countable set of values VALUESy, a structural addressing algebra
on VALUES, consists of a countably infinite set of structural addresses SADD,
a countable set of addressable data DATA,, an addresses function addrs(.)
and a compression function comp(.):

SADD, DATA,,
Ay = addrs(.) : DATA, - £(SADD),

fi
comp (.) : SADD = DATA, — DATA, — DATA,

where DATA is ranged over by d,dy,-+, d, and the instance comp (x,dy,ds)
is written dj ox do. The following properties must hold for a structural
addressing algebra:

1. Value containment: Values are data, VALUESy € DATA,

2. Unaddressed values: For all v e VALUES,. addrs(v) = @



3. Address properties: For all di,do € DATA,, X € SADD, if dy oy do is
defined then:

(a) Containment: x € addrs(d;)
(b) Non-overlap: addrs(di) n addrs(dz) € {x}
(¢) Preservation: (addrs(di) ~ {x}) U addrs(dz) = addrs(dy ox d2)

4. Identity: For all d e DATA, and x € SADD, xox d =d.

5. Arbitrary addresses: For all dy,ds € DATA, and x,y € SADD, if x €
addrs(dy) and either y ¢ addrs(d;) or y = x, then dj ox y is defined.
Also, dy ox x = dj.

6. Compression left-cancellativity: For all dq,ds,ds € DATA, and x €
SADD, if dy ox do = dq ox d3, then do = d3.

7. Compression quasi-associativity: For all dy,ds,ds € DATA, and x,y €
SADD where y € addrs(dz) and either y ¢ addrs(di) or x =y, (di ox d2)oy
dz = dy ox (da oy d3).

8. Compression quasi-commutativity: For all dy,ds,d3 € DATA, and x,y €
SADD where x ¢ addrs(ds) and y ¢ addrs(dz), (dioxdz) oy d3 =
(dy oy d3) ox da.

where undefined terms are considered equal.

Abstract data is stored in abstract heaps, which are similar to standard
heaps. Given an abstract library A, an abstract heap is a mapping from
addresses to abstract data. When a heap cell is addressed with an abstract
address, we call it an abstract heap cell.

Definition 4 (Abstract Heaps). Given an abstract library A, its associated
set of addresses ADD, and abstract data DATA,, the set of abstract heaps
Ha, ranged over by h, hy,--, h,, are functions of the type:

fi
h:ADDy = DATA,
subject to the following restrictions:

Vay,as € ADDy. ag = ag v addrs(h(ay)) n addrs(h(az)) = @
#xeSADD. x D} x
Vx e dom(h) nSADD. 3R e MADDy. R D} x

where the descendent relation D for heap h is defined as a Dy y
<= yeaddrs(h(a)) and D} is its transitive closure.



By design, abstract heaps are similar to standard heaps and the con-
struction of a separation algebra over them is thus straightforward.

Definition 5 (Abstract Heap Separation Algebra). The separation algebra
of abstract heaps for an abstract library A is defined as (Hy,®4,04), where
e, is disjoint function union if the result is a consistent abstract heap, and
undefined in all other cases; 0, is a partial function with an empty domain
and co-domain.

To use our libraries in a standard programming language, we pair the
abstract heaps with the standard variables as resource model [2].

Definition 6 (Abstract Machine Separation Algebra). The separation al-
gebra of abstract machines SAp = (X x Ha, (05,904),(05,04)), is defined as
the Cartesian product of the separation algebra of variables (X, e,,0,) and
the algebra of abstract heaps (definition [f]).

In order to reason about our programs, we use the program logic of the
Views framework as described in [I]. We instantiate the framework with
the separation algebra of abstract machines (def. @ as the view monoid and
the tree library commands (def. as the atomic commands. We describe
the axioms associated with the tree library commands in definition

For an abstract library A, our views are sets of abstract machine states in
P(XxHp). We define the set of complete abstract data as the set of abstract
data with no abstract body addresses: COMPDATA, = {d € Hy | addrs(d) =
a}.

Definition 7 (Axioms). Given an abstract library A, the axiomatisation of
atomic commands is denoted AXIOMy : ATOMp — (X x Hp) x (X x Hp).

The operational semantics of the views framework is described by a la-
belled transition system. Transitions are between states, and are labelled by
atomic commands or ¢d where id labels computation steps in which the state
is not changed. We extend the id transitions of the views framework with
two additional relations corresponding to abstract allocation and dealloca-
tion (definition . In other words, abstract allocation and deallocation do
not change the underlying program states and can be seen as id transitions.

Definition 8 (Abstract Allocation). Given an abstract library A, for all x €
SADD, a € ADDy and dy,ds € DATA,, the abstract allocation and deallocation
relations are defined as follows where {p} id {¢} denotes (p,q) € id.

{a > djoxds} id {JyeSADD.a > djoxy*y —da}
{Jy €SADD.a > djoxy *y > do} id {a—djoxds}

4



The existential quantification of the abstract address y is analogous to the
existential quantification used for heap allocation in separation logic.

We have now defined all the ingredients necessary for building an ab-
stract library.

Definition 9 (Abstract Library). Given a set of abstract heaps Hy (def.
M), the set of associated atomic commands ATOM (def. and their ax-
iomatisation AX10M, (def. , the abstract library A is defined as:

Az (Hp, ATOMy, AXIOM,)



2. Module Translation

Definition 10 (Stable Interfaces). Given the set of inner interfaces IN;
and the set of outer interfaces OUT, associated with a translation, the set
of inner interface functions I : £(SADD — IN,), and the set of outer
interface functions T2 : P(SADD —~ OUT,), consist of interface functions
mapping abstract addresses to their inner and outer interfaces, respectively.
The Cartesian product of the two, constitutes the set of interface function
pairs I, = Ti" x T°“*. Given an interface function I € Z,, we write I™ and
I°'t for the first and the second projections, respectively.

Similarly, the set of stable inner-interface functions SI," : £(SADD —
#(IN.)), and the set of stable outer-interface functions SZ,°* : P(SADD —~
£(OUT;)) consist of interface functions mapping abstract addresses to a set
of possible inner and outer interfaces, respectively. The Cartesian product of
the two forms the set of stable interface function pairs ST, = ST, ™ x ST,°.
We follow the above convention and given a stable interface function pair
SI, we write ST™ and ST°“ for the first and second projections. The set of
inner interfaces IN;

Definition 11 (Heap Translation Function). Given an abstract library A =
(P(X xHp), ATOMy, AXIOM, ), a concrete library B = ((X x Mp), ATOME,
Axiomp) where (Mg, o, 0p) denotes the separation algebra of the concrete
module, an abstract heap translation function

() Mo~ I > £(M)
provides a transformation from heaps of library A into states of library B.

Definition 12 (Implementation Function). An implementation function
(.0, : ATomy - PROGE

provides an implementation for each atomic command of the abstract mod-
ule ATOM, in the language of the concrete module PROGp as a correspond-
ingly named procedure. The translation of high-level programs written in
PROG, is then achieved by replacing each atomic command of library A
with a call to the associated procedure while other constructs of the pro-
gram remain unchanged.



Definition 13 (Library Translation). Given an abstract library
Az (P(XxHa), ATOMy, AXIOMy )

and a concrete library
B = (P(X x Mp), ATOMp, AXIOMp)

a library translation 7 : A - B from abstract library A to concrete li-
brary B, is a 4-tuple of the set of interfaces, the set of stable interface
function pairs, the heap translation function and the implementation func-

tion ((IIT” x I | ST, (.>(') ) [||]T) In the context of a library translation
7 : A > B, we refer to A as the abstract or high-level library and B as the
concrete or low-level library.

Definition 14 (Abstract Machine Translation Function). Given a library
translation 7: A > B = ((IIT” x I") | ST, (.)(') , [|.|]T), the abstract machine
translation function:

|].|](_) (B xHy) > ST, - (X x Mp)

is defined as:

Ipllsy 2 { (o,m) %’eh)ﬁp{A(mM’

d I/in :hin d IIOUt :hout }
N om(I"™) A dom(1"°") }

where

" = {x|x e (SApD N dom(h))}
hoUt 2 {x|x € (SApDN co-dom(h))}
SI| ST | xSI°Ut |
in . in | dom(I)=dom(SI") A
SITL 2V TeI | ux cdom(D). I(x) € SIM(x) }
dom(I) = dom(SI°") A
Vx e dom(]). I(x) e ST (x)

11>

Sy = { Jez

The composition of interface functions is given as:
Il W 1'2 — (Ilin W Igin, IIOUt W I2out)
. . L"(x) if xedom(;") A x ¢ dom(I2™)
(L"Mw L") (x) =] L"(x) if x e dom(l2") A x ¢ dom(1;'")

undefined otherwise

and the composition of outer interfaces is defined analogously.



Definition 15 (Translated Triple). Given a library translation 7: A - B,
p,q € (X xHy) and C € PROGy, the translated triple is defined as:

Qep7ip} C{q} 2 VST e ST [, ks {[pls;} ICN, {lallss}
with [0, = {t: [pllg = Dalss | (£:p=q) €9 A ST€ST.)

Definition 16 (Sound Library Translation). A library translation 7: A —
B is a sound library translation if for all Q € PENV, p,q € (¥ x H,) and
C € PrROG,,

Qep{p} C{q} = QeEp7 {p} C{q}

Theorem 1 (Sound library translation). A library translation 7: A - B is
sound if it has the following three properties.

Property 1 (Axiom Correctness). For all 2 € PENV, p,q € (¥ xH,) and
C e ATOM,,
Qep{p} C{g} = Qra7ip} C{q}

This property ensures that the translated library correctly implements the
high-level atomic commands and satisfies the same specification.

Property 2 (Monotonicity of id Relation). For all hy,hy € Hy: and I € Z;:

{{m} pia{{na} } = {{m)' }id{(n2)" }
Property 3 (Separation Preservation). For all hy,hy € Hy and I,1' € Z,
(hyopho) =30, L. Iy ULy =1 A (k)" e (ho)™

This property is necessary to establish the correctness of translated con-
current programs. At the abstract level two threads can operate on two
disjoint (decomposable) states concurrently. We need to allow for similar
behaviour at the implementation level and we achieve this by requiring that
the translation of a state can be decomposed analogously.

Proof. The proof is by induction over the structure of the proof 2 Ep
{p} C {q}. In each case we consider the last rule applied in the proof.
We assume, as the inductive hypothesis, that the translated premises of
each rule have proofs in B. We show how to derive a proof of translated
conclusions from these translated premises. Note that when translating ab-
stract machines (definition [14]), the variable store remains unchanged and
is not affected by the translation function. Hence, in the proofs below the



vsafe (e) ,vtrue (e) ,vfalse (¢) predicates are also unaffected under the trans-
lation. We make use of this in several of the proof cases.

AXIOM case:
This follows immediately from property

SEQUENCING case:

Qea 7 {p}Ci{q} QEa 7 {¢}Co{r}
VST eSZ.. Q. 7er{lpls;} ICil, {lalls;}
vVSIeSZ . Q). 7Es{lals;} [1C2l, {Irls;}
VSI e SZ,. 1], 7es {[plgr} [C1l,;1Cl, {Irlsr}
VSIeSZ.. Q. 7er{Ipls/} 1C1;Call, {[rls;}
Qg 7. {p}Cy;Co{r}

Def.

SEQUENCING

Def.

IF case:

Qe 7. {pavtrue(e)} C; {q}
QEep 1. {pavfalse(e)} Co {q}

VST e SZ;. Q[ 7 g {[pAvtrue ()]s} ICill, {lalsr}
VSIeSZ,. Q.7 e {llpAvfalse(e)]s;} [Call, {llallsr}

VST eSZ.. [Q,.7Es {[plgy Avtrue(e)} [Cill, {lallsr} [pl<; € vsafe ()
VST eST.. [, 7es {lpls; Avfalse(e)} [Call, {lalls;} o

Def.

p € vsafe (e)

V51 ST, [0, 7 s (Iplsi) it e then [Cil, else (ol (lals}
VST eSZ,. [Q,7=r {[plg;} [if e then C; else Cofl, {[allg;}
QEp 7. {p} if e then C; else C; {q} -
WHILE case:
QEp 7. {pAvtrue(e)} C{p} Def
vSIeSZ,. O, rs {[pavtrue(e)ls ) [CL, {Ipls;} — pcvsafe(e)
VSI e ST, [, 7 g {[pls; A virue ()} (CL, {lpls} [Pl < vsafe (e) WHILE

VST e SZ.. Q.7 e {[plg;} while e do [IC[. {[g A vfalse(e)]g;}
VST eSZ.. [, 7Er {lplg;} [while e do C[|. {[lg A vfalse(e)]g;}
QEp 7. {p} while e do C {g A vfalse(e)}

el.



PARALLEL case:

Qepa 7. {p1} Ci{q} QEpT1 {p2} Co{q2}

VST eSZ,. Q). 7es {[pilsr} ICil, {larllsr}
VSIeSZ;. [Qf, 7rEr {Ip2lsst [Caoll, {la2lsr}

VST e SZ;. [Q], 7w {[pilsr * lp2lsr} ICLI, || 0C2ll, {laullss * a2lsr) zARALEL
VSIeST,. HQHTT EB {[lpl *pQHS]} [I(cl || CZI]T {I](h * QQI]SI} e
Qa7 {p1*p2} C1 | Co {q1 * g2} -
FRAME case:
Qe {p} C{qg}
VST e SZ:. Q[ 7 e {lplsr} [C, {lalls;} FRAME
VST eSZ,. Q)7 {Iplgr * Irlsr} ICN, {lallsr * 0707} I &
vS1 ST (00, Fa {Ip 1l 100, (axrlsd ="
Qep7. {p*r} C{gx*r} i
DISJUNCTION case:
QIZA T. {pl}(C{(h} Q':AT‘ {p2}C{Q2} Def
VST e SZ,. (), 7w {[pilsr) [CH, {larlsr} o
VSIeSZ,. Q.7 {lp2lls;} [CI; {le2llsr)
DISJUNCTION

vSIeST . Q). 7es {pills; v Ip2lsr} ICH, {larllss v la2llsr}
VST eSZ.. [Q,7 e {Ip1Vp2llss} ICI, {lar v qllsr}
Qepm.{p1vpe} C{a1V g}

DEF.

CONSEQUENCE case:

(p.p) €id P (¢',q) €id
VST e ST ([plgs,Ip'ls) € id (x) vSIeST. (Iq'sr.ldlls;) €id
VST e SZy. [, 7 =g {plsr} ICN, {lals/}
QEp 7. {p}C{q}

Qepr.{p'} C{d'} Def
; ; ef.
(x)= VSIeSL. Q. 7es{lp' s} [CI- {ld's/}
where PR| denotes Property

CONSEQUENCE

el.

10



EXISTENTIAL case:

QI:AT.{p}(C{q} D
VST e ST,. |90, 7 s {Ipls:} [CD, s -
VST eSZ,. [, 7ep {3X. [pls;} ICN, {3X. [qlls;}

vSI e ST [, 7= 13X pllgr} [CI, {13X.allsr}
QEep 7. {3X.p} C{3IX.q}

f.

EXISTENTIAL

er.

ASSIGN case:
(s,04) cvsafe(e)
(s,0p) c vsafe (e)
VST eSZ . Q. TEp { (s,0p) ‘ (5,04) € {(var(x,v) * o) x 04} }

{ (5,08) \ (5,04) € {(var(};,g (e)vaf("»”“’) * a) x 04} }
(5,04) € {(var(x,v) * o) x 04} A
o)

ASSIGN

Lemmdl]

IeSI|
Xi=e€

VST e ST [, 7 Ep { (s,m)
(5,04) € {(var(x,5 (e)va“*“)”) % a) x 0} A
me( v ((oA)"))
IeSI|

[ (5,m)
{[(var (x,v) * 0) x O4flg/}
VST e ST, |9, 78 [x:=el.

{(var (.2 @=07) <o) <0u ], }

Qe 7 {(var(x,v) *0) x 0y} x:= € {(var (x,é’ (e)var(x’v)w) * 0) x OA}

Def.

11



LOCAL case:

Qepr{px{{x>—)x1y} JC{g«{{x>-}x14}}
{lp*{{x—> -} x1a} s/}
VSIeST.. HQHTT EB [I(CI]T
{lg*{{x—> -} x1a} g/}
{Iollsr * {{x > -} x 18} }
VST eSZ,. [, 7Fs ICl, (%)
{lalls; * {{x > -} x18} }

Def.

VST eST,. [0, 7 s {[plss} tocal x in [CL, {lals) 0"
VST eST,. (9,7 s {lpls;} [1ocal x in C[, {[lalls;}
QEp 7. {p} local x in C {q} o
pnvsafe (x) =@
() = [pllg; nvsafe(x) =@
CALL case:
r' ¢ vsafe (€)
p ) CALL
p(e @), «r)
VST €SIy, [hf:p-ql.7FB  [call 7:=£(8)[.
{130. q (@)]lg; * 5"}
{Ip(€(e)") *rllgr}
VSIeSZ,. [Qf:p>gq,7Ep [call ¥:=1£(€)],
{llg (w) * sllgr} Det

Qtipmq Far (p(E(e))+r} call :=£(0) {a(a) 5}
where
r={{f—>ve,0}x1,}

s={{r>we,0} x1y}

r'={{f >Ve,0}x1p}
s={{f >we,0}x1p}

Lemma 1 (Corollary of Property [3).

VIeZ,. (04) =0g

12



Proof. Pick an arbitrary I € Z, and let h € Ha be an arbitrary heap. Then
we have:

(hey04) =(n) (By properties of 0y)
= (h) o5 05 (By properties of 0g) (1)

On the other hand,
(h ey OA)I = (h)I op <OA)I (By Property 3) (2)

From (1), (2) and the cancellation property of separation algebras, we can

deduce:
(04)" = 0p

as required. O

Lemma 2 (Separation Preservation). Given a module translation 7: A — B,
the composition * is preserved by the abstract machine translation function

(def. [L4). That is, for all p,q € Vx and SI € ST,

Ip* allsr = [Pl sy * lallsr

13



Proof. Take arbitrary p,q € (X x Hp) and ST € SZ., then:

UPHSI * UQHSI =

(By Property

1
(o1 05 02, M 0B

(0195 02, mpB)

(01 95 02, mpB)

(Ua mB)

mp €

Ip* alls;

14

(O‘l,h}%) €Ep A _(Ug,hi) €q
dom(,™) = hi"

dom(Ilout) — hkout
1 1 ILﬂIl
m2) | "B € [egll (<hA> )

dom(I,™) = hQAin

dom(1*") = h2™"
2 h2 IL*JIQ
mp € [ELEJ”(( i) )

(Ul,h}%) €EP A '(Jg,hi) €q
dom(I;"™) = "
dom(I;°"%) = b1 "
dom(Iy") = h2"
dom(1,°"%) = h2 "

1\{wl1 o\ [wl2
mBEIELSJu((hA) oz (n}) )

(o1,hy) €p A (02,h%) € q
dom(I;™) = h"
dom(1;°"%) = b} ™"

dom (L") = hiin

dOHl(IQOUt) — hiout
me € hl . h2 Iw(hu]z)
i Iegll (( ATE A) )

(0,ha) €p*q
dom(I"™) = hy™
dom(I"*"") = by

U ((hA>ILtJI/)

IeSI|




3. Tree Translation 7: T - C

Definition 17 (Tree heap translation function). The tree heap representa-
tion function:

(N Hy > I, - P(Mc)

is defined by induction over the structure of tree heaps as:
(0r)' = emp
(tree (R, 1)) = tree (I,R,t)
(tree (x,t)) = tree(I,x,t)

(h1 o h2>Ié 3]1,]2.[1U12=I A <h1>11 oC <h2>12
with

tree (I, R,t) = 3i,j.treeFrag(1,t) (4,7) (null,null, null)
tree (I,x,t) = treeFrag(1,t) (i*,j%) (I",u”,r") *
IM()=(i%,37) * ()= (1%, u 1)

treeFrag (1,2) (i,j) (Lu,r) = (i=r) * (j=I)
treeFrag (I,x) (i,5) (Lu,7) = I (%)=(i,5) * I°"(x)=(l,u,7)
treeFrag (I,t1 ®t2) (i,7) ({,u,r) = 3p,q. treeFrag(I,t1) (i,p) (I,u,q)
* treeFrag (Iv t2) (Q>]) (p7 u, T)
treeFrag (I,n[t]) (i,7) (L,u,r) £ iZj=n*n.u - u

+ Left (n,l,u) * First (n,d)
+ Last (n,e) * Right (n, r,u)
+3d, e. treeFrag (1,t) (d,e) (null, n, null)

15



For readability we use the the following shorthands in the definitions above:

nl = n //the left sibling
naw = n+1 //the parent of the node
nd = n+2 //the first child
ne = n+3 //the last child
nr = n+4 //the right sibling
nllL = n+5 //the left sibling lock
ndL = n+6 //the first child lock
nel = n+7 //the last child lock

norl = n+8 //the right sibling lock

16



The predicates used in the above translation are defined as:

Left (n,l,u) = ownsR(l,n,u,1) % isLLock (n U, %)
isLLock (n,u, ) = 3R, 1.[L]R*

LUnlocked (R,n,l,u) v LLocked (R,n,l,u)

LC(R,n,u)
LUnlocked (R, n,l,u) = n.dL — 0% [U]F+ eRmbu
LLocked (R,n,l,u) = n.dL - 1% LWit(l,n,u)
ownsR (I,n,u,7) = 3R.[W]R+
LUnlocked (R,n,l,u) v LLocked (R,n,1,u)
LC(R,n,u)

LWit (I, n,u) = ownsR (I,n,u, %)v
((l # null A ownsL (1,n, u, é))
)

v(l = null Au# null AownsD (u,n, 3

1
Linit (n,1,u) = n.dL — - *n.uv> -

nd—1
1

« [Vl #null AL -)
1

V(I =null Au# null A S =)
[£]: LUnlocked (R,n,l,u) ~ LLocked (R,n,l,u)
[U]: LLocked (R,n,l,u) ~ LUnlocked (R, n,I’, u)
LC(R,n,u) = Linit (n,l,u) ~
W : LUnlocked (R, n,1,u) v LLocked (R, n, 1, u)
" LUnlocked (R, n,1,u) v LLocked (R,n,1,u)
~ Llnit (n,l,u)

R nlu

Iw\»—t

nd el
1
[ L#null Alr & n* isRLock (1, u, ))

l= nuII A # nullA
ud»—»n* |sDLock( )

V( I=u= null*nlwl*lsLLock(n u, %) )

17



Right (n,r,u) £ isRLock (n,u, %) * ownsL (n,r,u,1)
isRLock (n,u,7) = 3R, r.[L]R+

R
RUnlocked (n,r,u) v RLocked (n,r,u)
LC(R,n,u)
RUnlocked (n,7,u) £ n.rL — 0% [U]R* 3mmv
RLocked (n,7,u) = n.rL - 1% RWit(n,r,u)
ownsL (n,7,u,7) = FR.[W]R*
R
RUnlocked (n,r,u) v RLocked (n,r,u)
LC(R,n,u)

RWit (n,r,u) = ownsL (n, r,u, %) v

( (r # null AownsR (n, 7, u, 1)) . )

v(r = null A # null A ownsE (u,n, %
1

Rinit (n,r,u) = nrl —»—«nauts -
nr—r
1
w|v(r #null Ara s -)

1
(r=null Au#null Auu > )

[£]:  RUnlocked (n,r,u) ~ RLocked (n,r,u)
[U]:  RUnlocked (n,r,u) ~ RLocked (n,r’,u)

RC(R,TL,U)é Rlnit(n,r,u)»
Wy : RUnlocked (n,r,u) v RLocked (n,r,u)
" RUnlocked (n,r,u) v RLocked (n, 7, u)
~ Rlnit (n,r,u)
n,r,u s %
L S s
r# null A
1
.l n *isLLock (r,u, %)

r =null A
% 1
u.e > n * isELock (u, %)

1
.. bl .
V( r=u=null * n.r = r * isRLock (n, u, %)

18



First (n,d) = isDLock (n, 3) * ownsD (n,d, 1)
isDLock (n,7) = 3R, d.[A]R*

DUnlocked (n,d) v DLocked (n, d)
DUnlocked (n,d) =

DC(R,n)
n.dL - 0% [UR + &™°
DLocked (n,d) £ n.dL - 1 * DWit (n,d)

DWit (n,d) = ownsD (n,d, 3) v (d # null A ownsR (null,d, n, 3))
ownsD (n,d,7) = 3R.[W]R

R
DUnlocked (n,d) v DLocked (n, d)
DC(R,n)
[£]:  DUnlocked (n,d) ~ DLocked (n,d)
[U]: DLocked (n,d) ~ DUnlocked (n,d")
DC(R,n) = Dlnit (n, d)
W DUnlocked (n,d) v DLocked (n, d)
" DUnlocked (n,d) v DLocked (n, d)
~ Dlnit (n, d)
Dinit (n,d) £

1
4
n.dL - —*n.uw— —

n.d—d
*

v(d#nullAdou i -) )

d#null

d.l % null * |sLLock (d,n, ) )

d null *nd|—>d>e isDLock (7, 3) )

<0/n,d N

< — Im\»—-

[

19



Last (n,e) = isELock (n, %) * ownsE (n,e, 1)
isELock (n,m) =

EUnlocked (n,e) =
ELocked (n,¢e) =

ownsE (n,e,m) =

EWit (n, e)

13

Elnit (n,e) =

EC(R,n)

13

IR, e. [AIR*
R
EUnlocked (n, e) v ELocked (n, €)
EC(R,n)
n.eL =0 [U]F + O™
n.eL - 1% EWit (n,e)
JR. [W]7Rr>(-
R
EUnlocked (n,e) v ELocked (n, €)
EC(R,n)

ownsE (n,e, %) v (e # null A ownsL (e, null, n, %))
1
n.eL — — % nuv> -

n.e—e
* 1
v(e#null Aeu s —)

[£]:  EUnlocked (n,e) ~ ELocked (n,e)

[U]:  ELocked (n,e) ~ EUnlocked (n,e")

Elnit (n,e) ~
W] : EUnlocked (n,e) v ELocked (7, €)
" EUnlocked (n,e) v ELocked (n, €)
~ Elnit (n, e)
1
n e ex

e # null A
1
e.r ¥ null = isRLock (e,n7 %)
1

. 3 .
VN eznull *n.em e |sELock(n,%)

Definition 18 (Interfaces). The sets of inner and outer interfaces associ-
ated with abstract addresses of tree heaps are defined as:

In, & (N* o {null})2 OuT; £ (N* & {null})”

while the set of inner and outer interface functions are defined as Z'" :
£(SApD — IN;), and Z°"* : P(SADD — OUT,), respectively. The set of
interface function pairs is then given as the Cartesian product of the two:
T, :Ti" x 7O,

20



Definition 19 (Stable Interface Functions). Given the sets of inner and
outer interfaces IN,;, OUT, (def. , the set of stable inner-interface func-
tions ST, : #(SADD — #(IN;)), and the set of stable outer-interface func-
tions SI,°"* : P(SADD — £(OUT,)) consist of interface functions mapping
abstract addresses to a set of possible inner and outer interfaces, respec-
tively. The Cartesian product of the two forms the set of stable interface
function pairs SZ, = S i« ST,°"t. Given a stable interface function pair
SI, we write ST and SI° for the first and second projections.

Definition 20 (Implementation Function). The implementation function
(.0, : AromT - PROGC

provides an implementation for each atomic command of tree library T as a

correspondingly named procedure given in Figures and with:

x.left = x
xup = x + 1
x.first = x + 2
x.last £ x + 3
x.right = x + 4
x.lefthL = x + 5
x.firstL = x + 6
x.lastlL = x + 7
x.rightlL = x + 8

We have now defined all necessary components for formalising the trans-
lation.

Definition 21 (Translation). The translation 7: T — C is a 4-tuple of the
set of interfaces, the set of stable interface function pairs, the tree heap trans-
lation function and the implementation function: ((INT x Out;),SZ;, (.)(') , UHT)

21



proc n:= getUp(m){ proc newNodeAfter(n){
n := [m.up] local x,r,u in

} u:= [n.up];

proc n:= getLeft(m){ x := newNode () ;
n:= [m.left] [x.up]l:= u;

} [x.left]:= n;

unlock(x.leftL) ;

[x.first]:= null;

unlock(x.firstL) ;

[x.last]:= null;

proc n:= getFirst(m){ unlock(xrlastL);
n:= [m.first] lock(n.rightL) ;

} r:= [n.right];

proc n:= getlast(m){ if r# null then
n:= [m.last] lock(r.leftLl)

} . ' else if u# null then
lock(u.lastL)

[x.right] := r;

proc n:= getRight(m){
n:= [m.right]

proc n:= newNode(){

n:= alloc(9) ; unlock (x.rightl) ;
n.leftlh := 1; if r #null then
n.rightl := 1; [r.left]:= x;
n.firsth := 1; unlock(r.leftL) ;
n.lastlh := 1; else if u#null then
} [u.last]:= x;
proc disposeNode(n){ unlock(u.lastL) ;
dealloc(n, 9) [n.right]:= x;
} unlock(n.rightL)
proc lock(a){ }
while(!<CAS(a, 0, 1)>) proc unlock(a){
skip; <[a:= 0]>;
} }

Figure 3.1: Procedures for the heap-based implementation of the tree mod-
ule.

22



proc deleteTree(n){
local 1,u,d,r in
u := [n.up];
//Acquiring the necessary locks.
lock(n.leftl) ; 1:= [n.left];
if 1#null then lock(1l.rightL)
else if u# null then lock(u.firstL) ;
lock(n.rightl) ; r:= [n.right];
if r # null then lock(r.leftL) ;
else if u# null then lock(u.lastL) ;
//Pointer Swinging.
if 1#null then [l.right] := r;

else if u#null then [u.first] := r;
if r#null then [r.left] := 1;
else if u#null then [u.last] := 1;

//Unlocking the acquired locks.

if 1# null then unlock(l.rightl) ;

else if u# null then unlock(u.firstL) ;
if r# null then unlock(r.leftL) ;

else if u# null then unlock(u.lastl) ;
d := [n.first]; call disposeForest(d);
disposeNode(n) ;

}

proc disposeForest(n){
local r,d in

if n# null then
r:=[n.right];
call disposeForest (r);
d:=[n.first];
call disposeForest (d);
disposeNode (n)

Figure 3.2: Procedures for the heap-based implementation of the tree mod-
ule (continued).
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proc appendChild(m,n){
local 1,u,e,r in
u := [n.up];
//Acquiring the necessary locks.
lock(n.leftL) ; 1:= [n.left] ;
if 1# null then lock(1l.rightL)
else if u# null then lock(u.firstL) ;
lock(n.rightLl) ; r:= [n.right] ;
if r#null then lock(r.leftl) ;
else if u# null then lock(u.lastL) ;
//Pointer Swinging.
if 1#null then [1.right] := r;

else if u#null then [u.first] := r;
if r#null then [r.left] := 1;
else if u#null then [u.last] := 1;

//Unlocking the acquired locks.

if 1# null then unlock(l.rightL) ;

else if u# null then unlock(u.firstL) ;

if r# null then unlock(r.leftL) ;

else if u# null then unlock(u.lastL) ;

[n.upl:= m; [n.right]:= null;

lock(m.lastL) ;

e:= [m.last] ; [n.left]:= e;

if e#null then lock(e.rightL) ;

else lock(m.firstL) ;

if e#null then [e.right]:= n; unlock(e.rightL) ;
else [m.first]:= n; unlock(m.firstL) ;
unlock(n.leftl) ;

[m.last]:= n; unlock(m.lastLl) ; unlock(n.rightl) ;

Figure 3.3: Procedures for the heap-based implementation of the tree mod-
ule (continued).

24



3.1 Soundness of Translation 7: T - C

Theorem 2 (Sound Transformation). The module translation 7: T — C is
a sound translation.

Proof. In lemmata [3|to[5] we show that the translation 7 : T — C satisfies the
three properties stated in theorem [I} The soundness of translation 7: T — C
then follows directly from theorem

Lemma 3 (Monotonicity of id Relation). Given the translation 7: T - C,
for all hy,he € Hr and I € Z;:

{{m}}id {{r2}} — {(m)' }id{(n2)" }

Proof. Recall that the only id transitions between abstract trees pertain to
abstract allocation and deallocation. Hence, it suffices to show that for all
t1,to € DATAT, [ € Z,, a€ SADDU{R} and x,y € SADD

(tree (a,t1 ox t2))! = Jy € SADD, in, out. (tree (a, t1 oy y))I, o (tree(y, tg))ll

with I’ 2 (Ii"[y —in],y ~ out°“t). The proof of the above statement is
provided in Appendix [A]

Lemma 4 (Composition Preservation). The composition operator is pre-
served by the translation 7: T — C. That is, for all hy, hf € Hy and [ € Z;:

<h11‘ o hr/]T)I = 3[1,[2. Il (@] Igif A <h’]r>[1 oC (hr&)h

Proof. This follows immediately from the definition of (.)('). O

Lemma 5 (Axiom Correctness). For all 2 ¢ PENv, C € Atomr, (p,C,q) €
AxioMrt and ST € ST,

[0, = {Iplsry IC0, {lallsr)

Proof. We do not give the proofs for all of the basic commands in the Tree
library. We give a few examples to illustrate the techniques involved in the
proof.
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Axiom Correctness: deleteTree

Let Zp = {1 € Z, | dom(]i") = {x} Adom(I°") = &}.
Pick an arbitrary ST € SZ.. We then need to show:

{ (var (n,n),m) me( V (3—71 EID.(tree(x,n[t]))Ml)) }

IeSI|
[deleteTree(n),

{ (var(n,n),m) me( V l(EIIQ €Zp. (tree (X,@))MIQ)) }

IeST

Pick I, 1, € Z, such that I;"(x) = (n,n) and L"(x) = (r*,1%). We give a
proof outline below showing that the implementation of deleteTree satisfies
its specification.
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{ v ({tree (x,n[1]))"*" A addrs (t) =) x {var (n,n)} }
eS|
proc deleteTree(n){

{ V  (tree (I w Iy, x,n[t]) A addrs(t) = @) X{var(n,n)}}

IeSI|
local 1,u,d,r in
V (tree (I,x,n[t]) A addrs(t) = @)
IeSI)
{ x{var (n,n) * var (1,—) = var (u,—) * var (r,—) *var(d,—)} }

, \5/'1 { 1ot (x)=(1", u®,r") * nou—>u® * Left (n,1", u”)  Right (n, 7", u") }
eS|
*3d, e. First (n,d) * Last (n, e) * treeFrag (I,t) ((d, e) (null,n,null)
x{var (n,n) * var (1,-) = var (u,—) * var (r,—) = var(d,—)}
//By lemma [12]
, \S{I { 1Mt (x)=(1", u®,7") * nou—>ux Left (n,1”,u®) * Right (n, 7", u") }
eST)
+3d,e.n.d - d*n.dL » 0 * n.e > e * n.eL — 0 » |[¢]| (4 (null:n.null)
x{var (n,n) * var (1,-) = var (u,—) * var (r,-) = var(d,-)}
u:= [n.upl; d:= [n.first];
I°UY(x)=(1",u®, ") * n.au — u * Left (n, 1%, u®) * Right (n, 7%, u")
[ES”{ svar (n,n) = var(1,-) * var (u,u®) =var(r,-)* var(d,d) }
|((d,e)(null,n,null)

*3d,e.n.d > d*n.dL - 0x*n.e >ex*n.eL—0x ||
I (x)=(1%,u®, r") = Left (n,I*,u”)
resy | #var(n,n) *var (1,-) * var (u,u”) * var (r,-) * var (d, d) } }
I (x) = (I, u®, ") * isLLock (n, u”, %) + ownsR (n, [, u”, 1) } }
151y | *var (m,m) *var (1,-) * var (u,u”) * var (r,-) * var (d,d)
lock(n.leftl) ;
IOUt(X)i(lx,uz,Tz) *

IR, [ﬁ]gn-l * [UIF™ + ownsR (17, m,u®, 3)

Rr.1
R,n, 1% u® iz T 1 :
1eSIL L % @™ % In L - 1 % ownsR (1%, n,u i

LC(Rp,.1,m,u®)
wvar (n,n) = var (1,-) * var (u,u”) * var (r,—) * var(d,d)

IOUt(X) — (lx’u:cj,rx) % ownsR (n’ la:’ ux’ %) * @Rﬂ’b,lz,u:n
IeSI|

{ Y svar (n,n) * var (1,—) * var (u,u”) * var (r,—) * var (d,d)
1:= [n.left];
I°U(x)=(1",u®,r") » ownsR (n,l"’”,u‘”, %) x gl u’
{ Ie\s{li{ svar (n,n) = var(1,1") =var(u,u”) *var(r,—) * var(d,d) } }



IeSI|

if 14

IeSI)

I1eSI)|

else if u # null then

1
)*n.llil"”

))

It (x)= (1%, u®, 77) * ownsR (n, 1%, u”, 3

74
1
( 1" #null A "0 nx isRLock (17, u”, 1
| 1

I* =null Au® # null Au®.d % n * isDLock (u®, %)
1
V( 17 = null Au® = null An.l & % % isLLock (n, u”, 3) )
svar (n,n) * var (1,1%) * var (u,u”) * var (r,—) = var(d,d)
null then  lock(l.rightL)

lock(u.firstLl) ;
1

I°"(x)=(1",u®,r*) » ownsR (n,l‘”,u””, %) wnd >
1
IZ4null A 12030

*EIRZ.T' [[,]Elr % [U]IR”* @lz,n,uz

2

Rl.r
2 1
y I, U, —

4

*.rL - 1 * ownsR (l””

)

RC(Rl.Twlxyum)
1

. 17 = null Au® # null Au®.d > n

«3R, 4. [L]Eu.d % [u]lRu.d " @uw,n

Vv
1 Ru.d
* |u®.dL — 1 ownsR (null,n,ux, 1)
DC(Rudauw)
1
vl @ =null Au® = null Al > 1%
z 1 )

*isLLock (n, u®, 2) * ownsR (lz,n, u”, i
svar (n,n) * var (1,1%) * var (u,u”) * var (r,—) = var (d, d)

IVt (x)=(1", u”, r") * n.l S 1% % 3R, W]t s LRt s (U]

1
2

Rn.l
#ndL -1 * [W]E”‘l * Right (n, 7", u")
4 LC(R,.;,n,u®)
F#null AP g IRy,
R R R Rl.r
[E] ll.'r * [u]ll/r * lx,rL N 1 * [W] l’n“l
2 4 RC(Rlelzvuz)
«| 17 = null Au® # null Au®.d > nx 3R, 4.
Rud
U rerfe s e ot d > 1 ]
2 4 DC(RuAdvuI)
v (zw = null A u® = null A W]

4
svar (n,n) * var (1,1%) * var (u,u”) * var (r,—) * var(d,d)




//Do the same for the right hand side

lock(n.rightl) ; r:= [n.right] ;

if r#null then lock(r.leftlL) else if u# null then lock(u.lastL) ;
1ot (x)=(1%, u®, 7) + IR, [W]R7L.l|:£:|1R7L.l % [u]an.z

1
2

Rn.l
*n.l & F % n.r 5 r® x| nlL —1x* [W]E"'l
4 LC(Rnlvnvuz)
1 #null A 1% > s 3R,
R R R Rl.r
(L]0 = U] * | 17r L > 1« V]
2 4 RC(Rl.rvlzﬂ/“I)
| (17 = null Au® £ null Au®d > s 3Ry .
Ru.d
Vv [ﬁ]?u"i " [u]lRu.d wlutdL — 1% [W]Enz
2 = 4 DC(Ru.dvuz)
I =null Au® = null A W]
v 1 DVI)
1eS1)

Rn.r
*ElRTL.’I‘- [W]anr * [E]an'r * [Z/[]lR’ﬂ’V‘ * TL.TL — 1 * [W]Env‘
4

2

RC(R’VL.T'7n7uz)
1
¥ #null A rP0 s n 3R,

R'nl

2

[L]Rt s U]+ 170 — 1% [W]Rer
4

LC(Rr.lvrmvu'r)
1

¥ =null Au” # null Au®.e > nx IR, ..
v

Ru.e
[E]Ffue * [u]?ue | ut.el - 1% [W]anr
1 1

EC(Ry.c,u®)

v (rx =null A u® = null A [W]Rer
4

svar (n,n) = var (1,1%) * var (u,u”) * var (r,r") * var (d,d)

if 1#null then [1l.right] := r else if u#null then [u.first] :=

if r#null then [r.left] := 1 else if u#null then [u.last] := 1;

r;




1eS1)|

IeSI|

IOUt(X)i(lm, ux’ Tac) * Eanl [W]Enl [E]?nl * [u] 1Rn.l
2

Rn.i
wn.d = 1% % e r s ndD - 1% [W]Re
! LC(Rnlznvu‘L)
1
#null A P r® 3R,
Rl.r
[ﬁ]il.'r " [U]?” | 1P 0L = 1% [W]E"l
: L IRC(Ry 1 u)
1
* I =null Au® #null A u®d = 1" * 3R, 4.
Vv Ru.d

(L1800 « U)o " L > 1% W]

2 R ! DC(Rudvu‘L)
v (zx = null A ® = null A [W] ln-l)

4

*HRH.T‘- [W]Tnm * [E]anT * [u]anm s|nrlL - 1% [W]Tnm

2 4

R’n,r

RC(Rp.ryn,u®)

P A null A P00 1T % 3R,

[C1R % [UIR %] 0L > 1% [W]Rer
4

2

R?’hl

LC(RT'L/I"Q?,’LL‘T‘)
1
¥ =null Au” #null A u®.e > 17 % IR, .

\%
[ﬁ]'iu.e % [u]ll?u.e slu el = 1 % [W]EnT
2 L JEC(Ru.cu®)

Ru.e

v (7""’3 =null Au® = null A [W]E’”)
4

svar (n,n) = var (1,1") * var (u,u”) * var (r,r") * var (d,d)

oMY (x)=(1%,u®, r*) * nd —> 1" *nor —>r"

«tree (T wlh,x,0) A Iy eIpAL"(x)=(r"1%)

+3R,,.1, Ryr [W]En.z % [E]an.l % [u]an.l % [W]zm % [£]1R7L.'r' % [u]an.'r

2

Rn.r
AL -1+ W] [ ndL -1 [W]kn
4 RC(R7L7’7”,UI) 4

12 4 null A 1205 17 3R,

[L1%r o (U 1%L 1% (V]
2

Rl.r

. IRC(Ry.pl7 u®)

| (17 = null Au® # null Au®.d > 7% % 3R, 4.
Ru.d
v [E]Eu.d % [u]lRu.d wlut.dlL — 1 % [W]Enz
: *IDC(Ry.a.u”)

4
r® #null A ¥ ST« IR,;.

[E]Em % [U]IRM W N [W]anm
2 4

v (zx = null Au® = null A [W]Ff””)

R'rnl

LC(Rr.lvrx’uw)
1
* ¥ =null Au® # null Au®.e > 17 % 3R, ..

Ru.e
N L1Ree s [URee s |0 e L - 1% W]
* JEC(Ru.c,u®)

=

Rn.r
v (" =null Au® = null A V] 77

1
wvar (n,n) * var (1,1%) * var (u,u”) * var (r,r") * var (d,d)

Rn.l

LC(Rn.lvnauz)




|

if 1#null then unlock(l.rightL) else if u# null then unlock(u.firstL) ;
if r#null then unlock(r.leftL) else if u# null then unlock(u.lastL) ;

Vo 1P (x) (1%, u®, 1)+ tree (T w 1o, x,8) A Ip e Ip* LMN(x)=(r",1%) }
IeSI| Rn.i

*n.l - —*3dR, ;. [W]E"l [L',]lR”‘l * [Z/[]?”‘l | nlL — 1% [W]?nl
1 1

LC(Rn.l 7”7’“’1)
R

. = =% IRy VIR 5 [L]Rmr s« [UIRr 5| nr D » 1% [W]Rmer v
2 4 RC(Ry.ryn,u®)

x{var (n,n) * var (1,-) * var (u,—) * var (r,—) = var (d,d)}
Ie\b{li{ (tree (x, ) A IyeIp } .
sl = =% IR [WIR LRt [U]Rt 5 | L - 1% [W]Rn
4

4

)IL*JIQ

LC(Rp.ym,u®)

n.r

*n.r — — % AR, . *[W]g’” * [[,]IR"'T * [Z/{]IR’” *|n.rlL —1x% [W]E’”
1

4 IRC(Rp.r,nou®)
(d,e) (null;n,null)
*n.u —> —

*3d,e.n.d > d*n.dL - 0xn.e—>exnel —0x* ||t
x{var (n,n) * var (1,-) = var (u,—) * var (r,-) = var(d,d)}
{ ||tH(d,6)(n”“»"v"””) x {var(d,d)} } disposeForest(d) { emp x {var(d,-)} }

IV { (tree (x,2))'"2 A I eTp }
eST| Rn.1

*n.d ——x3IR,, ;. [W]E”'l[ﬁ]?”'l * [Z/{]lR”-l *|\nll —1x* [W]Ff”»l
4

4

LC(Ry.1;n,u®)
R

LR [ﬁ]anr * [u]$n'r * n.rL -1 % [W]En'r r
1 IRC(Rp.rym,u®)

*n.r = — % IRy, . [ W]

wlw 0

*n.d—>—*ndlL—->0%*ne—>—-—xnel—>0*nu—>—
x{var (n,n) * var (1,-) = var (u,—) * var (r,-) »var(d,—)}
//Use the [W] tokens on R, ;r and R, L.
V { (tree (x,2))" A L eZp }
eST|

I Rn.l

1
wn.l — =% IR, [WIRmL + [L]71 % U 5 | ndL - 1% md = 1% % nau > u®

LC(R l:nvuw)
R

1
*n.r = — % IR, [W]lR”’ * [E]?W * [U]?’” #|norL - 1% nr—r®*nus u®

RC(Rp.r,n,u®)
*n.d > —*n.dlL > 0%*ne—->—-xnel ->0*nu—>—

x{var (n,n) * var (1,-) = var (u,—) * var (r,-) »var(d,—)}

//Destroy the R, and R, ; regions since we have all tokens on them.

V { (tree (x,2))*2 A I, e Tp }

eSI|

I
nidl > 1xnd > xnrl —1sns - 1% snues — +n.d——+n.dl —0xn.e - —+n.el - 0
x{var (n,n) * var (1,-) = var (u,—) * var (r,-) »var(d,—) }

disposeNode (n)

{ , \S/”{ (tree (x,2))*"2 A L eT)p } x {var (n,n) * var (1,-) = var (u,—) * var (r,—) *var(d,-)} }

€

IE\g/ﬂ((tree (x,@))wh A I eID) x {var(n,n)} }



4. Deadlock-Free Tree Trans-
lation 0: T — C

Definition 22 (Tree heap translation function). The tree heap representa-
tion function:

(N Hy > Ty - P(Me)

is defined by induction over the structure of tree segments as:

(o) = emp
(tree (R,t)) = tree (I, R,t)
(tree (x,t)) = tree(I,x,t)

(hl o hQ)I = 3[1,[2. Il @] I2 =1 A (h1>h oC <h2)12
with

tree (I, R,t) = 3i,j.treeFrag(I,t) (4,7) (null,null,null) (1)
tree (I,x,t) = treeFrag (I,t) (2%, 37) (1", u®,r®) (7%) A
Im(X)i (Zx’jm) A IOUt(X)i (la:’ux’rz’ﬂ_x)

treeFrag (I,@) (i,7) (L,u,r) (w) = (i=7r)A(j=1) nisPLock (u, ) *
((l=u=7r=null AR - i) vemp)
treeFrag (I,x) (i,7) (L,u,r) (7) 2 I'™x=(i,5) A I°"Y(x)=(l,u,r, )
treeFrag (I,t1 ®t2) (i,7) (l,u,r) (7)) 2 3Ip,q, 71, 2. T =71 + T2A
treeFrag (I,t1) (¢,p) (I, u,q) (m1)
«treeFrag (1,t1) (q,7) (p,u, 7) (m2)
treeFrag (I,n[t]) (4,7) (l,u,r) (w) = i=j=nAn.u—ux*isPLock (u,n)
(u#null AnauLl - unL)
(V(u =nullAnul - R+1)
* Left (n,l,u) * First (n, d)
+ Last (n,e) * Right (n, r,u)
*+3d, e, m, mo. T + Ty = 1A
isPLock (n,71)
~treeFrag (I,t) (d,e) (null,n,null) (m2)
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For readability we use the the following shorthands in the definitions above:

nl = n //the left sibling
nau = n+1 //the parent of the node
nd = n+2 //the first child
ne = n+3 //the last child
nr £ n+4 //the right sibling
nllL = n+5 //the left sibling lock
nul = n+6 //the parent lock
ndlL = n+7 //the first child lock
nelL = n+8 //the last child lock
nrlL = n+9 //the right sibling lock
nnL = n+10 //the node lock

The predicates used in the above translation are defined as:

(a—0x[Uy)
(a— 1+ L]« UIE,,)

1-m

isLock (a,7) = IR, 7. [L]R *

L(R,a)

, . [(u#null AisLock (u.nL,))
isPLock (u, ) = L(UZM”AMﬁd(R+Lﬂ»

R
Locked (a,m) = 3R [UJT +|a~ 1« (LR« T |
. [(u#null ALocked (u.nL,))
PLocked (u, ) v(u = null A Locked (R + 1,7))
a—>0>e[u:|§{ ~>El7r.a—>1>e[£]$ *[u]?_ﬂ.
a—0x[U]T ~ [L]] « [U]
L(R,a)
upe @ 1 R U a0 U
" Init(a) ~a -0 [UR
. R (a#R+1A®F, 1ol > -)
Init (a) = Vie=R+1r&L, 1—-)
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Left (n,l,u) = ownsR (I,n,u,1) % isLLock (n,u, )
isLLock (n,u, ) = 3R,1.[A]R*
LUnlocked (R, n,1,u) v LAcquired (R,n,l,u)
vLLocked (R, n,l,u)

LC(R,n,u)

LUnlocked (R, n,l,u) = n.dL - 0% [U]Fx e®mbu « [L]R
LAcquired (R,n,l,u) £  n.L —0x* [Z/{]IR* eRmbt  Plocked (u,—) * LWit (1,7, u)
LLocked (R,n,l,u) 2 n.dL —1*LWit(l,n,u)
ownsR (I,n,u,7) = 3R.[W]R+

LUnlocked (R, n,l,u) v LAcquired (R,n,l,u)
vLLocked (R, n,l,u)

LWit (I,n,u) = ownsR (l n,u, ;) %

((l#null/\ownsL(l n u,é)) )

v(l=null Au# null AownsD (u,n, 1))

LC(R,n,u)

1
Linit (n,0,u) = n.dL — — % n.uv> -

n.d —1
1

s | V(I # null Alu s -)
1

V(I =null Au# null A > =)
[£]: LAcquired (R,n,l,u) ~ LLocked (R, n,l,u)

[U]: LLocked (R,n,l,u) ~ LUnlocked (R,n,l,u)
[A]: LUnlocked (R,n,l,u) ~ LAcquired (R,n,l,u)

LC(R,n,u) = )
Linit (n,l,u) ~
W : LUnlocked (R,n,1,u) v LLocked (R, n, 1, u)
" LUnlocked (R,n,l,u) v LLocked (R, n,1,u)
~ Llnit (n,l,u)
1
gfmbu =, z S 1

l#null/\ern* isRLock (1, u, 5 ) )
l= nuII Au # nullA
ud»—»n* |sDLock( 2)

l=nullAu= nuII/\
R—>n*nl»—>l*|sLLock(n u,%)
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Right (n,r,u) £
isRLock (n,u,m) =

RUnlocked (n,r,u) =
RLocked (n,7,u) =

ownsL (n,r,u,m) =

RWit (n,r,u) =

Rinit (n,r,u) =

RC(R,n,u) =

5T &

isRLock (n, u, %) * ownsL (n,r,u,1)
IR, r. [AJR
RUnlocked (n,r,u) v RLocked (n,r,u)
v RInit (n,r,u)
Im.n.rL - 0% [U]IR* yrru
* ([L]R v (PLocked (u, ) * RWit (n,7,u)))
n.orL — 1% RWit (n,r,u)
JR. [W]ﬁx—
RUnlocked (n,r,u) v RLocked (n,r,u)
v RInit (n,r,u)

LC(R,n,u)

LC(R,n,u)

ownsL (n, r,u, %) v

( (r#null/\ownsR(n,r,u,%)) )
)

v(r = null A # null A ownsE (u,n, %
1

1
nrl - - nu— —

nrTr-—r
1

s\ v(r#nullAru 5 -)
1

(r=null Au# null Au S -)
2] : n.rL - 0 [U]R+ 97" +PLocked (u, )
' ~norL -1
n.rL — 1% RWit (n,r,u) ~
nrL - 0x [UIR* U %[ LR
[A] : L]} ~ PLocked (u,-) * RWit (n, -, u
1
Rlnit (n, r,u) ~
RUnlocked (n,r,u) v RLocked (n, 7, u)
RUnlocked (n,r,u) v RLocked (n,r,u)
~ Rlnit (n,r,u)

1
2
n.Tre=r*x

r# null A
1
r.l & n *isLLock (r,u l)

72

r =null A
Y% 1
u.e > n * isELock (u, %)

r =null Au = nulla
v 1
2 .
n.r = r % isRLock (n, u, %)
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DUnlocked (n,d) £

First (n,d) = isDLock (n, 3) * ownsD (n,d, 1)
isDLock (n,7) = 3R, d.[AJR*

DUnlocked (n,d) v DLocked (n, d)
v Dinit (n, d)

DC(R,n)

3r.n.dL - 0% [UR « o™
+ ([L]} v (PLocked (u, ) * DWit (n,d)))
DLocked (n,d) = n.dL — 1+ DWit (n,d)
DWit (n,d) = ownsD (n,d, %) v (d # null AownsR (null, d, n, null) %)
ownsD (n,d,7) = 3IR.[W]R+

DUnlocked (n,d) v DLocked (n, d) "
v Dinit (n, d)
DC(R,n)
] n.dL - 0 [U]R + &™* x PLocked (u, -)
~n.dL -1

n.dL - 1 » DWit (n,d) ~
n.dL — 0+ [UR + &7 « (£}

DC(R,n) = [A]: [£]R ~ PLocked (1, null) -  DWit (n, -)

Dinit (n, d) ~
DUnlocked (n,d) v DLocked (n,d)
DUnlocked (n,d) v DLocked (n, d)
~ Dlnit (n7 d)
1

(W]

Dlnit (n,d) = n.dL — — * n.ur> —

n.d-—d
*
v(d#nullAdu -

=

d # null A
1
d.1 3 null * isLLock(dﬂl’%)

n
[~n
d = null A
\% 1
n.d d* isDLock (n, 1)
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Last (n,e) = isELock (n, %) * ownsE (n,e, 1)
isELock (n,m) = 3R, e.[AIR*

EUnlocked (n, e) v ELocked (n, €)
v Elnit (n,e)

EC(R,n)

Ir.n.eL -0 * [L{]IR * O™

+ ([L]R v (PLocked (u, ) * EWit (n,¢€)))
ELocked (n,e) £ mn.eL — 1+ EWit(n,e)

ownsE (n,e,m) = 3IR.[W]Rx

EUnlocked (n,e) v ELocked (n, €)
v Elnit (n,e)

EUnlocked (n,e) =

EC(R,n)

EWit (n,e) = ownsE (n,e,3) v (e # null A vownsL (e, null,n, null) 3)
1

Elnit(n,e) £ n.eL - — % n.ur> —

n.e—e
* 1
v(e#null Aeu s —)

] n.eL = 0+ [U]X * O™ + PLocked (u, -)
' ~n.eL -1

n.eL - 1% EWit(n,e) ~

[u] : n.eL*O*[u]lR*QS)n’e/*[ﬁ]lR

EC(R,n) = [A] [ﬁ]lR ~ PLocked (n, null) — * EWit (n, —)

Elnit (n,e) ~

EUnlocked (n,e) v ELocked (n, e)
EUnlocked (n, e) v ELocked (n, €)

~ Elnit (n,e)

(W]

1
X 2
DM £ ns e

e # null A
1
e.r 5 null = isRLock (e,n, %)

e =null A
Vv 1
n.e & e * isELock (n, %)
Definition 23 (Interfaces). The sets of inner and outer interfaces associ-
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ated with abstract addresses of tree heaps are defined as:
INg = (N* w {null})” OuTy = (N* w {null})* x {(0,1]}

while the set of inner and outer interface functions are defined as Ig‘ :
£(SADD — INg), and Zg"* : P(SADD — OUTy), respectively. The set of
interface function pairs is then given as the Cartesian product of the two:
Zb:]g'xlgm.

Definition 24 (Stable Interface Functions). Given the sets of inner and
outer interfaces INg, OuUTy (def. , the set of stable inner-interface func-
tions STy : £(SADD —~ #(INg)), and the set of stable outer-interface func-
tions STy : P(SADD — £(OUTy)) consist of interface functions mapping
abstract addresses to a set of possible inner and outer interfaces, respec-
tively. The Cartesian product of the two forms the set of stable interface
function pairs STy £ STy™ x STy°“t. Given a stable interface function pair
SI, we write SI™ and SI°'t for the first and second projections.

Definition 25 (Implementation Function). The implementation function
0.l : AToMT - PROGC

provides an implementation for each atomic command of tree library T as a
correspondingly named procedure given in Figures and [£.3] with:

x.left
X.up
x.first
x.last
x.right
x.leftl
x.upL
x.firstL
x.lastL
x.rightL
x.nodel

© 00 NO P WN =

L L 1L 1 1L | L 1L L L |14
[EY
o

I I A A A I ]
+ + + + + + + + + +

[EEY
[EY

We have now defined all necessary components for formalising the trans-
lation.

Definition 26 (Translation). The translation 6 : T — C is a 4-tuple of the
set of interfaces, the set of stable interface function pairs, the tree heap trans-

lation function and the implementation function: ((ING x OUTy), STy, (.)(') , I].ﬂe).
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proc n:= getUp(m){

n := [m.up]

}

proc n:= getLeft(m){
n:= [m.left]

}

proc n:= getRight(m){
n:= [m.right]

proc n:= getFirst(m){
n:= [m.first]
¥

proc n:= getLast(m){
n:= [m.last]
}

proc n:= newNode(){
n:= alloc(11) ;

n.leftl := 1;
n.rightl := 1;
n.firstL := 1;
n.lastlL := 1;
n.nodel := 1;

}

proc disposeNode (n) (){
dispose(n, 11)
¥

proc lock(a){
while(!<CAS(a, 0, 1)>)
skip;
}
proc unlock(a){
<[a:= 0]>;
}

proc newNodeAfter(n){
local x,r,u,ul in
u:= [n.up];
ul:= [n.upl];
x := newNode() ;
[x.up]l:= u;
[x.upL]:= ul;
[x.left]:= n;
unlock(x.leftL) ;
[x.first]:= null;
unlock(x.firstL) ;
[x.last]:= null;
unlock(x.lastL) ;
unlock(x.nodel) ;
lock(ul) ;
lock(n.rightL) ;
r:= [n.right];
if r#null then
lock(r.leftl)
else if u# null then
lock(u.lastL)
unlock(ul) ;
[x.right] := r;
unlock(x.rightL) ;
if r # null then
[r.left]:= x;
unlock(r.leftLl) ;
else if u# null then
[u.last]:= x;
unlock(u.lastLl) ;
[n.right]:= x;
unlock(n.rightL)

Figure 4.1: Procedures for the translation 6 : T — C.



proc deleteTree(n){
local 1,u,d,r,ul in

u := [n.up]; ul:= [n.upl];
if u=null then t:= ul - 1;
//Acquiring the necessary locks.
lock(ul) ; lock(n.leftl) ; 1:= [n.left];
if 1# null then lock(l.rightL)
else if u# null then lock(u.firstL) ;
lock(n.rightLl) ; r:= [n.right];
if r# null then lock(r.leftl) ;
else if u# null then lock(u.lastLl) ;
unlock(ul) ;
//Pointer Swinging.
if 1#null then [1.right] := r;
else if u#null then [u.first] := r;
else [ul-1]:=r
if r#null then [r.left] :=1;
else if u# null then [u.last] := 1;
//Unlocking the acquired locks.
if 1 # null then unlock(l.rightL) ;
else if u# null then unlock(u.firstL) ;
if r# null then unlock(r.leftL) ;
else if u# null then unlock(u.lastL) ;
d := [n.first]; call disposeForest(d);
disposeNode(n) ;

}

proc disposeForest(n){
local r,d in

if n# null then
r:=[n.right];
call disposeForest (r);
d:=[n.first];
call disposeForest (d);
disposeNode (n)

Figure 4.2: Procedures for the translation 6 : T — C (continued).
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proc appendChild(m,n){
local 1,u,e,r,t,ul in
u := [n.up]; ul:= [n.upl];
if u=null then t:= ul - 1;
//Acquiring the necessary locks.
lock(ul) ; lock(n.leftlL); 1:= [n.left];
if 1#null then lock(1l.rightL)
else if u# null then lock(u.firstLl) ;
lock(n.rightl) ; r:= [n.right];
if r#null then lock(r.leftl) ;
else if u# null then lock(u.lastL) ;
unlock(ul) ;
//Pointer Swinging.
if 1#null then [1.right] := r;
else if u+#null then [u.first] := r;
else [t]l:=Tr
if r#null then [r.left] := 1;
else if u#null then [u.last] := 1;
//Unlocking the acquired locks.
if 14 null then unlock(l.rightlL) ;
else if u# null then unlock(u.firstL) ;
if r#null then unlock(r.leftl) ;
else if u# null then unlock(u.lastL) ;
[n.upl:= m; [n.upl] := m.nodeL; [n.right]:= null;
lock(m.nodel) ; lock(m.lastL) ;
e:= [m.last]; [n.left]:= e;
if e #null then lock(e.rightL) ;
else lock(m.firstL) ;
unlock(m.nodel) ;
if e#null then [e.right]:= n; unlock(e.rightL) ;
else [m.first]:= n; unlock(m.firstL) ;
unlock(n.leftl) ;
[m.last]:= n; unlock(m.lastLl) ; unlock(n.rightlL) ;

Figure 4.3: Procedures for the translation 6 : T — C (continued).
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4.1 Soundness of Translation §: T - C

Theorem 3 (Sound Transformation). The module translation 6 : T — C is
a sound translation.

Proof. In lemmata [6] to 8| we show that the translation 6 : T — C satisfies the
three properties stated in theorem (I The soundness of translation 6 : T — C
then follows directly from theorem

Lemma 6 (Monotonicity of id Relation). Given the translation 6 : T - C,
for all hy,hg € Ht and I € Zy:

{{m}}id {{ra}} — {(w)' }id{(n2)" }

Proof. Recall that the only id transitions between abstract trees pertain to
abstract allocation and deallocation. Hence, it suffices to show that for all
t1,t3 € DATAT, [ € Zy, ae€ SADD U {R} and x,y € SADD

(tree (a,t1 ox t2))! = Iy € SADD, in, out. (tree (a, t1 oy y))I, o (tree(y, tg))ll

with I’ 2 (Ii"[y —in],y ~ out°“t). The proof of the above statement is
provided in Appendix [C]

Lemma 7 (Composition Preservation). The composition operator is pre-
served by the translation 6 : T — C. That is, for all hy, hf € Hr and I € Zy:

<h11‘ o hr/]T)I = 3[1,[2. Il (@] Igif A <h’]r>[1 oC (hr&)h

Proof. This follows immediately from the definition of (.)('). O

Lemma 8 (Axiom Correctness). For all 2 ¢ PEnv, C € Atomr, (p,C,q) €
AxioMmt and ST € 8Ty,

120 Fr {lPls;} ICN, {Dallsr}

Proof. We do not give the proofs for all of the basic commands in the Tree
library. We give a few examples to illustrate the techniques involved in the
proof.
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Axiom Correctness: deleteTree

Let Zp 2 {I € Ty | dom(I"™) = {x} A dom(I°") = &}.
Pick an arbitrary ST € SZy. We then need to show:

{ (var (n,n),m) me( V (3—71 EID.(tree(x,n[t]))Ml)) }

I1eST)
[deleteTree(n)|,

{ (var(n,n),m) me( V l(EIIQ €Zp. (tree (X,@))MIQ)) }

IeST

Pick I, 1, € Z, such that I;"(x) = (n,n) and L"(x) = (r*,1%). We give a
proof outline below showing that the implementation of deleteTree satisfies
its specification.
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IeSI|
proc deleteTree(n){

{ V (tree({wli,x,n[t]) Aaddrs(t) =2) x{var(n,n)} }

{ vV ({tree (x,n[t]))""" A addrs(t) =2) x {var (n,n)} }

IeSI)
local 1,u,d,r,ul in
V (tree (I,x,n[t]) A addrs(t) = @)
IeSI|
x{var (n,n) * var(1,—) = var (u,—) * var (r,—) = var(d,—) = var (ul,-) * var (t,—)}

ot (x)=(1%,u®, r®, 7)) * nau — u® * Left (n, 1%, u®) * Right (n, 7", u®)
165”{ *3pl. ((uz FnullApl =u®nL) v (u®=nullApl =R+ 1)) * n.ul — pl * isLock (pl, ™)
3d,e,m, 2. 1,72 >0AT + 72 =1AlsLock (n.nL,m)
+First (n,d) * Last (n, e) * treeFrag (I,t) ((d,e) (null,n,null) (m2)
x{var (n,n) * var (1,-) * var (u,—) * var (r,—) = var(d,—) * var (ul,—)}
//By lemma [1§]
I (x)=(1%,u®, r®, ™) * n.u— u” * Left (n, 1%, u®) * Right (n, 7", u®)
165”{ +3pl. (u” # null Apl =u”nL) v (u” = null Apl = R + 1)) » n.uL — pl * isLock (pl,7*) }
+3d,e.n.d - d*n.dL » 0% n.e > e * n.eL - 0+ n.nL — 0 » |[¢|((4-e) (nullnnul)
x{var (n,n) * var (1,-) = var (u,—) * var (r,—) = var(d,—) * var (ul,-)}
u:= [n.upl; d:= [n.first]; ul:= [n.upl];
I°UY(x)=(1%,u®, r*, ) * n.u— u® * Left (n, 1%, u”) * Right (n,r*, u®)
v 4 3l ((u® # null Apl = u®.nL) v (u” = null Apl =R +1)) * n.uL — pl * isLock (pl, ™)
[SIVL wvar (n,n) * var (1, =) = var (u,u®) *var(r,-) * var(d,d) * var (ul, pl)
«3d,e.n.d > d*n.dL >0 xn.e - exn.eL — 0% n.nL — 0 ||¢]| (B (nullnnul)
{ isLock (pl,m*) * var (ul,pl) }
lock(ul)
{ Locked (pl, ™) = var (ul,pl) }
{ oMY (x)=(1",u®, r® ™) * n.u— u® * Left (n, 1%, u®) * Right (n, 7", u") }

V

+3pl. ((u” # null Apl =u”nL) v (u* = null Apl = R + 1)) * n.uL — pl * Locked (pl, ™)
IeST)

wvar (n,n) * var (1,-) * var (u,u”) * var (r,—) = var (d, d) * var (ul, pl)
+*3d,e.n.d—>d*n.dL—->0%ne—->exnel >0*xnnl —-0x* ||t||((d’e)(n””’"’"“”)

oM (x)=(1" u®, r*, m®) * *Left (n,I*,u”)
V. 2 #3pl. ((u* # null Apl = u*.nL) v (u” = null A pl =R +1)) * Locked (pl, ™)
TSIV wvar (n,n) % var (1,-) # var (u, u”) % var (r,—) * var (d,d) * var (ul, pl)
I (x)=(1",u®, r®, ™) * = isLLock (n,ux,%) * ownsR (n, 1", u”, 1)

Ie\s{u *3pl. ((u” # null Apl = u®nL) v (u” = null Apl = R + 1)) * Locked (pl, 7*)
#var (n,n) * var (1, =) * var (u,u®) * var (r,—) * var (d, d) * var (ul, pl)



lock(n.leftLl) ;

IeSI|

{ V
IeSI)
1:

vt (x)=(1%,u®, r*, 7®) * IR, ;. [A]E"" * [E]lR"'l * [U]IR"'Z * ownsR (1%, n, u®,
2

Rn.l

T xT ].
w @l U I 1L - 1 % ownsR (lm,n,u“, 4_1)

LC(R,.;,n,u®)

+3pl. (u” # null Apl =u”.nL) v (u* = null Apl = R + 1)) * Locked (pl, )
svar (n,n) = var (1,-) * var (u,u”) * var (r,—) = var (d,d) * var (ul, pl)

{ I°U(x)=(1", u®, r*, ) * ownsR (l:”, n,u”, %) % @Rl u®

*3pl. ((ug” FnullApl =u®nL)v (u*=nullApl =R+ 1)) + Locked (pl, 7™)
=var (n,n) * var (1,-) * var (u,u”) * var (r,—) = var (d,d) * var (ul, pl)

= [n.left] ;

IeST)}

IeSI|

IeSI}

o't (x)=(1%,u®, 7", ) * ownsR (lm, n,u”, %) x @Rl u®
+3pl. ((u” # null Apl = u*.nL) v (u® = null A pl = R + 1)) * Locked (pl, 7*)
svar (n,n) * var(1,1") =var(u,u”) = var(zr,-) *var(d,d) = var (ul,pl)

1

It (x)= (1%, u®, 7%, 1) * ownsR (1%, n, u”, %) £l e
1
( l”#null A lx.riin* iSRLOCk(l‘T,um,%) )

1
IV 1 = null Au® # null Au®.d S n o+ isDLock (u”, 1) )

1
VI I =null Au® = null AR — n % n.l A 1% » isLLock (n,ux, %) )
+3pl. ((u” # null Apl =u”nL) v (u” = null Apl =R + 1))  Locked (pl, ")
svar (n,n) * var (1,1%) * var (u,u”) * var (r,—) = var (d, d) * var (ul, pl)

if 1#null then lock(l.rightL)
else if u# null then lock(u.firstL) ;

It (x)=(1%, u®, 7%, 7%) * * ownsR (n, 1%, u”,
1

4 null AP 3 n
le Rl.r Rl/r lz,n,uz
#3R LA+ [L]T + U]+ 3

Ry

1
* [ I®.rL - 1 % ownsR (lm,n,um, Z_l)

RC(Rl.Tvlzﬂj’w)
1

3
" ¥ =null Au” #null Au®.d ™ n

*3Ry.a- [.A]Ff“‘d * [,C]?wd * [u]lRu.d % @Uz,n

Ru.d

1
* |u®.dL — 1 x ownsR (null,n,u’”, é_l)

DC(Rudvux)

1
vl F=nullau® =null AR - nxn.l > 1" )
*isLLock (n, 1", u™) % * ownsR (l"’“", n,u®, }l)
+3pl. ((u” # null Apl = u*.nL) v (u® = null A pl = R + 1)) * Locked (pl, 7*)
svar (n,n) * var (1,1%) * var (u,u”) * var (r,—) = var (d,d) * var (ul, pl)

1)

|




IeSI)

lock(n.rightl) ; r:=
if r#null then lock(r.leftL)
1o (x)=(1%,u®, v, 1) * IRy W]

IeSI|

if r#null then [r.left]

U (x)=(1%u®, r®, ™) * n.l 51w IRn.- [W]E"'l

| n.IL — 1% [W]Rn

4
1
17 4 null A 170

[A]Em % [E]IRM %
2

v [A]Eu.d %

2

[E] lRu.d % [u]lRu.d %

Rn.1

AT

2

+ Right (n, 7%, u")

LC(Rnl:nvuw)
n % 3 Rl.r-

[u]lle %

0L — 1% W]

Ry

*__IRC(Ry.p 7 u®)

1
* I =null Au”® # null Au®.d - n* IRy 4.

u”.dL

Ru.d

N [W]Tn.l

4

v (7= nullAut = null AR s [W]Ff”“)

DC(RudvuI)

1
+3pl. (u” # null Apl = u”.nL) v (u® = null A pl = R + 1)) * Locked (pl, )
svar (n,n) = var (1,1%) * var (u,u”) * var (r,—) = var (d,d) * var (ul, pl)
//Do the same for the right hand side

1 1
sl [T xnr =t s

12 4 null A 120>

[A]El.r % [ﬁ]le.r %

v [A] Eu.d

2

ARy IR AT

[A]Ffr.z " [E]er.z "

Y

% [E]lRu.d % [u]lRu.d %

T og [E]an'r *

[A]Zu.e * [L]lRue * [u]lRue *

[n.right] ;

else if u#nu

3
nlL —1x [W]E”'l
4

n o+ ARy,

Il then lock(u.lastL) ;

[AJT s [L]5 o (U]

Rn.l

LC(Rnl 7”7uz)

[u]lRl.r %

L > e V]

RLT

*_IRC(Ry.p 7 u®)

1
* I =null Au® # null Au®.d— n * IR, 4.

u®.dL — 1« [W]n

Rud

v (lx =nullAu® =null AR —» n * [W]E"‘l)

4

1
r® #null A r0 s n* 3R,

[l -

. IDC(Ry.qu”)

Rn/"
narL -1 W]k

2 IRC(Rp.rym,u®)

[U]?” w1 AL —> 1%

RTnl

LC(RT‘.l e 7u.r)

1
* ¥ =null Au®” #null Au®.e > no* IR, ..

u”.eL - 1% W]

Ru.e

4 EC(Ry.c,u®)

v (rw = null Au® = null A [W]ij)

+3pl. (u” # null Apl = u*.nL) v4(ux =null Apl =R +1)) * Locked (pl, ™)
svar (n,n) = var (1,1%) * var (u,u”) * var (r,r") » var (d,d) = var (ul, pl)
unlock(ul) ;

if 1#null then [1.right]
else [ul-1]:=r;

:= 1 else if u#null then [u.first]

:= 1 else if u % nul

=1

| then [u.last] := 1;




IeSI|

IeSI|

I°U(x) = (I%,u*, r®, 7%) A nl—>1"*nr—r®
«3IR,1, Ry [W]E"Z[ALR"Z % [ﬁ]an.z % [u]an.z % [W]gnr [A]an.r % [ﬁ]an.r % [u]an.T
R’n“',‘ Rn.l
A nrL -1 [W]mr #(ndL -1 [W]i™!
4 RC(Ry,.rym,u®)

I* 4 null A 17 s * AR .

LAJS s (L1 o (U |17 1
2

W= 0

LC(Ry.i,m,u®)

Ry

*_IRC(Ry.p 17 u®)

| (17 = null Au® 4 null A u®d s 72 % 3R, 4.
v R R R z R, |Rwd
[A]lud * [E]lu.d * [u]lud * | u dL s 1 * [W]lnl
? * _IDC(Ry.q.u®)

v (zw =nullAu® =null A R >« [W]Fj"‘l)
4

P 4null A P08 1%+ 3R,

[A]Er.l % [ﬁ]er.z % [U];{” w7 IL > 1% [W]En'r
4

2

R'rnl

LC(Ry.y,r™,u®)

1
¥ =null Au” #null A u®.e = 1T % 3R, .

v [A]Eu.e % [ﬁ]lRu.e % [u]lRu.e wlut.el > 1% [W]En'r
2 4

R'u“e

EC(Ry.c,u®)

y (rff = null Au® = null A [W]E"-T)

4

*3pl. ((um Fnull Apl =u®.nL) v (u” =nullApl =R+ 1)) * isLock (pl, ")
svar (n,n) = var (1,1") % var (u,u”) * var (r,r") % var (d,d) = var (ul, pl)
oMY (x)=(1",u®, r*, 7%) * nl—> 1" *nr->r"
«tree (Twly,x,0) A I eIp A L"(x) = (r",1%)

Rn.l Rn.l Rn.l Rn.l Rn.'r Rn.r Rn.r Rn.r
*3IR,.1, R [W]% [A]l * [5]1 * [uh * [W]% [-’4]1 * [5]1 * [uh

Rn/r Rnl

sSn.orl — 1% [W]E""" *|ndL — 1 [W]!
4 RC(Ry.rym,u®)

I*#null A Py S 3R,

LATE s [LIR = (U | 17 L = 1 W]
2

4

W= 0

LC(Rp.1,n,u®)

RLT

RC(RZ.TvlzauI)

| (17 = null Au® # null Au®.d > 7% % 3R, 4.
Rud
v [A]Eu.d " [E]lRu.d % [u]lfu.d sl u.dlL — 1 % [W]Enl
’ = IDC(Ry )

v (Zx =null Au® =null AR - r® » [W]Fl{n'l)

4
P 4 null A 705 17+ 3R,

[A]Em " [ﬁ]lRm % [U]lR” % 7T IL = 1 % [W]Enur‘
2

4

R7'.l

LC(RT.Z e ’u:c)

1
* ¥ =null Au® #null Au®.e = 17 % IR, ..

R’LLE
v [A]Eu.e % [E]lRu.e % [u]lRu.e sl ut.el > 1% [W]En'r
2 4

EC(Ry.c,u®)

v (r’” = null Au® = null A [W]Em)

4
wvar (n,n) * var (1,1%) * var (u,u”) * var (r,r") * var(d, d) = var (ul, -)




if 1#null then unlock(l.rightL) else if u# null then unlock(u.firstL) ;
if r#null then unlock(r.leftL) else if u# null then unlock(u.lastL) ;
It (x)=(1%,u® r®, m) * nd = 1% *nor > 1"

stree (I w Iy, x, @) A Iy e Ip A L"(x) = (r®,1%)

«3R,,.1, R [W]gn.l [A]anAz % [E]an.l % [u]an,z % [W]?nr [A]anm " [E]ikn,r

1eS1)|

Rn.r Rn.l
*[ULR"'T *(norl - 1% [W]Fljn'T *| L~ 1 [W]En.l

* JRC(Rp.rym,u®) L ILC(Ry g mu)
x{#var (n,n) = var(1,-) * var (u,—) = var (r,—) * var(d,d) = var (ul,-)}

V { (tree (x,2))/*"2 A I eID}

IeSI|
wn.d — —w = =% IR, 1, Ry WIS A]R 5 [L£]R00 % [U] R0 5 W] R [ AR
4 4
Rn.r RnAl
*[E]?nr * [u]an'r * ,n“,rL Ny [ [W]Enr * nlL S 1% [W]Enl
4 RC(Rn_T,n,uw) 4 LC(Rn.lvnrux)

*3d,e.n.d >d*n.dL - 0*n.e—>ex*nel —>0xnnlL—0
* ||t||(d’€)(nu”’n’nu”) *n.au—u” *naul - -

x{var (n,n) * var (1,-) * var (u,-) * var (r,—) * var(d,d) = var (ul,-)}

{ ¢ () (nutlmnull) s £yar (d, d)} } disposeForest(d) { emp x {var(d,-)} }

e\s/u{ (tree (x,2))*"2 A L eZp }

I
«n.l = —*n.r > —* 3IR,1, Ry [W]Enl[A]'fnl " [ﬁ]an.l % [u]an.z " [W]Enr [A]an/r
! an : RnAl
[L1Rmr e [UTR | nar L — 1 [W]Rmr s\ ndL - 1% [W]Re
*_IRC(Rp.r,n,u®) *JLC(Ry 1 mum)

*dd,e.n.d > —*n.dL - 0xn.e > —xn.eL > 0*n.nl - 0*nu—u®*nul - -
x{var (n,n) * var (1,-) * var (u,—) * var (r,-) * var (d, -) * var (ul,-)}

//Use the [W] tokens on R, ;7 and R, L.

\S/”{ (tree (x, @) A Ly e Ip } *

€

1

Rn.1

1
IR, [W]IR"'Z * [.A]?"'l * [ﬁ]?"'l * [Z/{]IR"'I #| AL = 1+ nd = =% na > u®

) *
LC(Ry.15m,—
&nn'r

1
IRy VIR 5 [ALRr % (L]} [U)R % [ nr D > 1% nar = = % nau s o®

1

+3d,e.n.d > —*n.dL - 0*n.e >—sn.eL > 0%xnnl - 0% nu>u® *nul - -
x{var (n,n) * var (1,-) = var (u,—) * var (r,—) = var(d,—) * var (ul,-)}

//Destroy the R, and R, ; regions since we have all tokens on them.

RC(Rn.7,n,u®)

VAR (tree (x,2))'*"2 A L e Ip 15 nidl > 1%nl——-snrL—1snr > —%nue -
IeSI)

*3d,e.n.d > —*n.dL - 0x*n.e > —%*n.eL > 0x*nnl > 0xnul - -

x{var (n,n) * var (1,-) * var (u,—) * var (r,—) = var(d,—) * var (ul,—-)}

disposeNode (n)

{ V { (tree (x,2))/*"2 A I e Tp } }
IeSI)

x{var (n,n) * var (1,-) = var (u,—) * var (r,—) = var(d,—) * var (ul,-)}

{ Ie\b{”{ (tree (x,2))*"2 A L eTp } x {var (n,n)} }
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A. Abstract (de)Allocation (7 :
T - C)

In the lemmata given in this report, we use the following notation for brevity.
(£ = treeFrag (1,1) (i,) (1w, )

Lemma 9 (Abstract Allocation/Deallocation). For all a € SADD U {R},
X,y € SADD, t,t' € DATAT and [ € Z,,

tree (I,a,t ox t') = Jy € SADD, in, out.tree (I',a,tox y) * tree (I',y,t')

with .
I'= (I"[y & in], I°"*[y + out])

Proof. Let
ke { (I'"(a),1°"(a)) if a € SADD
1 (G, 5)(null,null,null))  ifae{R}

for some ¢, j. Then we have:

tree (I,a,tox t') = ({toyt'))s

By Lemma [I0]= 3y, in, out.
k
<(t Ox Y>)Iu[y»—>in]7[y»—>out] * <tree (Y7

Jy, out,in.
(tree (a,toxy)
dy, out,in.
tree (I';a,toxy) * tree (I')y,t’)

t,) >ILﬂ [y—in],[y—out]

>1Lﬂ[y»—>in],[y»—>out] “ < t/)>1w[y»—>in],[yn—>out]

tree (y,

Lemma 10 (Crust Inclusion).

Vt,t' € DATAT.
Vi, g, Lu,rt.
VIiel, .
x € addrs(t) =
({t o D)

dy € SADD. Jout € OUT,,in € IN,.

((tox Y i oty * by = )R]
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Proof. By induction over the structure of ¢. In the following proofs we write
S for SADD for brevity.

Case 1. t=@
This case holds trivially as x ¢ addrs (o).

Case 2. t=z
If z # x, then the case holds vacuously since this contradicts our assumption
that x € addrs(t).
If z = x, then for arbitrary ¢,7,1,u,r,t, pick a fresh abstract address y ¢
SADD, and let:

in=(i,7), out=(l,u,r)

then we have:

({z ox t/)>(w)(lw) <<t/)>(w)(lur)
4,5) (Lu,r
Lemmal) = (DD,
(1, ) (lu r) (2,5) (Lau,r)
- <<t,>> ;?ZTZ y»—)out] * §<y>>ILﬂ‘%y>—>ZTL] EyHO’ELt] )
=y )T g o, ) ) L

Ty[y—in],[y—out]

Case 3. t =n[t"]

If x ¢ addrs(t"), then the case holds vacuously since this contradicts our
assumption that x € addrs(n[t"]). If x € addrs(t"), then for arbitrary
1,7,1,u,r,t we have

((to t/))(%])(““”) — << [t"] oy t/)>(w)(lu1“)
— << [t"o t]»(w)(lur)
= (i=j=n) * n.u - u * 3d, e.
Left (n,l,u) * Right (n,r,u)
*First (n,d) * Last (n, e)
<<t” on t >)(d ,e) (null;n,null)
(I. H) = (i=j=n) * n.u - u * 3d, e.
Left (n,l,u) * Right (n,r,u)
+First (n,d) * Last (n, e)
dy,in, out.

d,e)(null,n,null y[y—in],[y—ou
((t" ox y>)§w[)2£>z‘n]7[y'—>ozit] *(y = t,>IU[y byrout]

= dy,in,out.

i,5) (Lu,r y[y—in],[y—ou
(01" ox YD i vy = by = )b o]

o1



Case 4. t =11 ® 19

Case 4.1 x ¢ addrs(t1) Ax ¢ addrs(t2)
This case holds trivially since it contradicts our assumption that x € addrs (t; ® t2).

Case 4.2 x € addrs(t1) Ax ¢ addrs(t2).

Proof.

((tox t))f 1) -

(L I =

Lemma [I1]=

(11 ® 1) ox 1)) P47
(((t1ox t') ® t2>>§20)(l,u,7’) |

3.0 {{tr ox )71 (1)) 00
Ip,q. 3y, out,in.

b b, y|y—in|,|y—ou
omalien |y s

% <<t2>>§qu)(pauw)
Ap, q. Iy, out, in.
i,p) (Lu, s[yin],[y-rou
s
dy, out, in.
4,7) (Lu,r
(tr ©12) ox y>>§wj[i(~m})[yaout]

" <y N t/)ILﬂ[yHin],[yHout

O

Case 4.3 x ¢ addrs(t1) Ax € addrs(ts2).
The proof of this case is analogous to that of the previous case and is omit-

ted here.

Case 4.4 x € addrs(t1) Ax € addrs(t3)
This case holds trivially since ¢ = t; ® to ¢ DATAT.

Lemma 11.

Y, 7,1, u, T, YVt e DATAT, V1., 14, I17.IQ el;
(dom(I;"™) udom(;°"*) Udom(I™) U dom(IQOUt)) Naddrs(t) =@

>

i,7) (Lu,r i,7) (Lu,r
() DG <y ten

IcltJIl,Idt‘JIQ
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B. Auxiliary Lemmas (7: T —
C)

The following lemmata are used in the soundness proof of translation 7 :
T — C. Lemma [12]is used in the proof of lemma (in particular the proof of
deleteTree axiom correctness). Lemmata [13| and [14] are used in the proof
of lemma

Lemma 12 (Crust Elimination).

Vt e DATAT. VI € Z.. Vi, 5, l,u,7,t, gp
addrs(t) =@ —
(I # null A Right (1,4, u) * l.u > u)
(\/(l =null Au # null A First (u,4) * u.u — gp))
v(l = null A u=null)
(r # null A Left (7, j,u) * r.ou - )
* (v(r =null Au # null A Last (u, j) * u.u - gp)
v(r = null Au=null)
« (1))

vl =nullAu#null Au.d - i *u.dL — 0 * uwu - gp)

v(I=null * u=null)

((7’#nuII/\r.l—>j>er.lL—>0>er.u—>u) )
*

((l#nuII/\l.r—>i>el.rL—>0>el.u—>u) )

v(r=nullAu#null Au.e - j*u.el - 0% u.u— gp)
v(r = null A u=null)
" HtH(iJ)(l,u,T’)

where the crust-less tree context translation function is defined inductively
as:
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N COR D

[n[ct]]|BDEw) & (i2j2n) « nau > u * 3d, e.
*nd—=>1l*nlL—-0*nr—-r*nrlL—0
*n.d—>d*ndL—->0*n.e—->exnel -0
% ||ct||(d,e)(nu||7n,nu||)

‘(iJ)(l»“’T) 2  undefined

I8
llct, ® Ct2||(i,j)(l,w") = dpg. ||Ct1||(i,p)(l,u,q) " ||Ct2||(q7j)(p,u,r)
Proof. There are two cases to consider:

Casel. t=g

V(L =null Au # null A First (u,4) * u.u > gp)
V(1 = null A u=null)

((r#null/\Left (r,J,u) *rau —u) )

((l% null A Right (1,7, u) * l.u - u) )

v(r =null Au# null A Last (u, j) * u.u - gp)
v(r = null A u=null)
()0
(I # null ARight (1,7, u) * L.u - u)
(v(l = null A w # null A First (u, ) * w.u - gp))
v(l = null A u=null)

((r%null/\Left (r,l,u) * raw— u) )

v(r =null Au # null A Last (u, 1) * u.u - gp)
v(r = null Au=null)
" HQH(LJ)(W,T)
(l#nullAlu—uxlorL —0xlr—i)
Lemma [[3]= (v (l =null Au#null Auu — gp * udL — 0 * u.d > z))
V(1 = null A u=null)
(r#null Arau—wsrlL > 0xrl—j)
*(v(r=nuII/\u#nuII/\u.u—>gp>eu.eL—>0>eu.e—>j))
v(r = null Auznull)
" ||®||(113)(57U7T)
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Case 2. t# @

V(I =null Au # null A First (u,i) * u.u — gp)
v(l = null A u=null)

((r%null/\Left (r,7,u) * rou - u) )

((l#null/\Right(l,z’,u) wlu—u) )

v(r =null Au # null A Last (u, j) * u.u - gp)
v(r = null Au=null)
4,5) (Lu,r
(e

(I # null ARight (1,7,u) * l.u - u)
Lemma [[4= (v(l =null A u # null A First (u,) * u.u — gp))
V(1 = null A u=null)
(r # null A Left (r, j,u) * ou - u)
* (v(r =null Au# null A Last (u, j) * u.u — gp))
v(r = null A u=null)
«Left (4,1, u) * Right (j,7,u)
1.l =>1%1IlL -0 i) (Lu,r
*((j.rﬁr*j.rLe())_*”tH( & ))
(l#nullAlu—uxlorL —0xlr—i
Lemma [13= (v (I=null Au#null Auu > gp*u.dL — 0% u.d—> z))
V(1 = null A u=null)

v(r:nuII/\u#nuII/\u.u—>gp>eu.eL—>0>eu.e—>j)
v(r = null A u=null)
*i > *1.IL—>0%jr—>r=*jrL—>0
} ((zl > 1% z’.;L; 00 ETHICRAICED
jor—>r*jrl -
((l#nuII/\l.u—>u>el.rL—>O>el.r—>z') )

((7‘#nuII/\r.u—>u>er.lL—>0>+r.l—>j) )
*

V(l=nuII/\u%nuII/\u.u—>gp>eu.dL—>0>eu.d—>i)
V(1 = null A u=null)
(r#null/\r.u—»u*r.lL»O*r.l—>j)
*(v(rnuII/\u%nuII/\u.u—»gp*u.eL—>0>eu.e—>j))
v(r = null A u=null)
% Ht”(ivj)(lvu7r)
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Lemma 13.
Yi, u,r, gp.
V(1 =null Au # null A First (u,r) * uw.u — gp)

V(1 = null A u=null)

((r#null/\Left (r,l,u) * rau - u) )

((l#null/\Right(l,r,u)*l.u—»u) )

v(r = null Au # null A Last (u, 1) * u.u — gp)
v(r = null A u=null)
(l#nullAlr > 7rxlorL - 0xlu—u)
(v(l =null Au#null Aud > 7 *u.dl - 0% uu — gp))
v(l = null A u=null)
(r#nullArl > 1rlL—0*ru—u)
* (v('r =null Au#null Au.e > I+ u.el - 0 *uu — gp))
v(r = null A u=null)

Proof.

v(l =null Au# null A First (u,r) * w.u - gp)
V(1 = null A u=null)

((r%null/\Left(r,l,u)*r.u—>u) )

((l#null/\Right(l,r,u) * Ly —u) )

v(r =null Aw # null A Last (u,l) * u.u — gp)
v(r = null Auznull)
[ # null ARight (I, r,u) * L.u > u
(r # null A Left (r, L, u) * rou — u)
(v(r =null Au # null A Last (u,l) * uw.u - gp))
v(r = null A u=null)
I = null Au # null A First (u, ) * u.u — gp)
v( ((r%nuIl/\Left(r,l,u)*r.uau) ) )

v(r =null Au # null A Last (u, 1) * u.u — gp)

I=null Au = nulla

v( (r # null A Left (r, 1, u) * rou — u) )
(v(rinull) )

//Use [W] tokens to get resources out.
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1
14 null A 3Ry, [L]RE s« [URE < VIRE s Lu S
1

r#null A 3R, [L]F « [Z/{];{” * [W]?” F T
Ri.»

1 1
4 4
wlr—o>rxrl->0l*x|lrL->0*xlu—u*xru—u RC(Ry ml,10)

R'r.l
1 1
4 4
#HrlL —-0*lu—u*rru—-u LC(R,ru)
1
Rue Ru.e Ru.e 2
r=null Au#null A JRye. [L]7%¢ * [U]T™ * [W]T™ * wuw ™ gp
*
1 1 Rl/r
4 4
VI *lr>rsue—>I*|l.rL - 0*lu—u*uu~gp RC(Ry ».1.u)
1.rybU
RU.E
1 1
4 4
s u.el = 0*lu—u*uu—
gp EC(Ry.c,u)
Rl.'r
1 1
I 1
vVir=nullAu=nullAlu—ux*|{lu—uxlr—-r RC(Rypbott)
NAAS]

1

I=null Au#null A 3Ry . [£]R4 s [U]Red « VIRt xS gp
1
r#null A 3R, LA s (L1570 [U]Rr 5 IR % S

Ru.d

1 1

1 1
su.d—>rxrl—>l*judl—>0*uu—>gp*ru—u
R'nl

DC(Rudvu)

1 1

*r.lLeO*u.uigp*r.u»i

v LC(R,.1,mu)
r=null Au#null A 3R, [E]lR”‘e * [Z/{]lR“‘e * [W]?“'e

u.d

1
u.dL — 0% uu > gp *u.d—r

X%

DC(Ry.q,u)

Uu.e

NI

sHu.el - 0*uu—gp*u.e—1

EC(Ruc,'U«)
{ =null Au = nullA

r #null A AJR,.. [ﬁ];{m " [u]lfr,l . [W]izm
N 1 r.l
w AL = 0% rl =1 *rus>u LC(R;.,mu)

v(r=null)
//Destroy Ry, Ry.4, Ry1, Ru.e regions since we have all tokens on them.
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v(lznuII/\u#nuII/\u.u—>gp>eu.dL—>0>eu.d—>r)
v(l = null A u=null)
((7’#nuII/\r.u—>u*r.lL—>0>e7’.l—>l)

*

((l#nuII/\l.u—>u>el.7“L—>O>el.r—>r) )

V(T:nuII/\u%nuII/\u.u—>gp>eu.eL—>0*u.e—>l)
v(r = null A u=null)
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Lemma 14.

YVt e DATAT. V4,7, u,r,t,gp
addrs(t) =@ nt$+ @ —

(e

Left (4,1, u) * Right (j,7,u)

. ((z.l =1 *4lL -0 ) . ”t”(i,j)(z,u,r))

jr—->r*jrL -0

Proof. By induction over the structure of ¢.

Case t=0o

This case holds vacuously as it contradicts the assumption that ¢t # @.

Case t =x

This case holds vacuously as addrs(t) # @.

Case t = n[t']

If addrs(t') # @, this case holds vacuously as it contradicts our assumption
that addrs(n[t']) = @. On the other hand, if addrs(t') = @, we have:

((n[]))f ) =

(LH.)

Lemma [13] =

(i=j=n) * n.u - u * Id, e.
Left (n,l,u) * Right (n,r,u) * First (n,d) * Last (n,e)
" <<t,)>§d,e)(null,n,null)
(i=j=n) * n.u - u * 3d, e.
Left (n,l,u) * Right (n,r,u) * First (n,d) * Last (n,e)
+Left (d, null,n) * Right (e, null, n)

d.l—null *d.IL -0 d,e) (null,n,null
*((e.r—>null*e.rL—>0)_*Ht,H( : ))
(i=j=n) * n.u — u * Id, e.
xLeft (n,l,u) * Right (n,r,u)
*n.d > d*n.dL - 0%*n.e—>ex*n.el -0
*d.l = null * d.IL - 0x*e.r—>nullxerl -0

d.l—-null*d.lL -0 11(dse) (null,n,null)
¥ ((e.r = null xe.rL —» 0) = [1#l
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(i=j=n) * n.u — u * 3d, e.
xLeft (n,l,u) * Right (n,r,u)
tn.d—->d*ndL—->0*n.e—->exnel —>0+*nnl -0
* Ht/H(d,e)(null,n,null)
Left (4,1,u) * Right (4,7, u)

1.l =>1%11lL -0 i,7)(Lu,r
g ) < lafey e

jr—-r%jrL -0

Caset=1t1 ®t9

If addrs(t1) # @ v addrs(t2) # @, this case holds vacuously as it contradicts
our assumption that addrs(t) = @. If addrs(t1) = @ A addrs(t3) = & then we
have the following four cases:

Case l. t1 =B Aty =
This case holds vacuously as we have: t =11 @t =2 Q=0

Case 2. t1 =@ At # @

i,7)(Lu,r) _ 4,7) (Lyu,r
(11 ® 1)) = (g @ ty)) (P00
((12)) 77
Left (n,l,u) * Right (n,r,u)
. (z.l — I %ilL - 00 ENTPRTCOICEED

(LH.)

jr—-r*jrl—

= Left(n,l,u) * Right (n,r,u)

. td—->1%2.lL -0 ity ® 1]
jr—-rxjrL -0 e

(0,5) (L)

Case 3. t1 # DAty =@
This case is analogous to the previous case and is omitted here.

Case d. t1 # D Ata # @
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Lemma [13]=

({1 @ 2)); 7
Ip, q. <<t1>>§i,p)(l,u,q) " <<t2>>§q71)(1)»u77“)
Ip, q. Left (¢,1,u) » Right (p, q, u)
t.l = 1%e.lL—-0 ip)(Lu,
¥ (p.r - q*prL— O) - HtlH( P
+Left (¢, p,u) * Right (4,7, u)
ql—->pxillL—>0 (0,9) (psu.q)
' (j-T —>7rxjrL -0 ~Ilt2]
Left (4,1,u) * Right (4,7, u)
Ip,q.pr > q*prL ->0%ql—>p*qllL -0
il —>1*ilL -0
pr—>gxprL—>0f ([P0 )
gl—>p*ill—0 x [[to)| (@9 (D)
\j.r = 7%jrL -0
Left (4,1, u) * Right (j,7,u)

i.l > 1%L -0 i) (e
¥ j.r—»r*j.rLAO)*( It @ o] 41 )
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C. Abstract (de)Allocation (6 :
T - C)

In the lemmata given in this report, we use the following notation for brevity.
(£))§ PO < treeFrag (1,t) (i) (1w, ) ()

Lemma 15 (Abstract Allocation/Deallocation). For all a € SADD w {R},
X,y € SADD, t,t' € DATAT and I € 7y,

tree (I,a,tox t') = 3y € SADD, in,out. tree (I',a,t ox y)  tree (I',y,t')

with .
I'= (I'"[y =~ in], I°**[y = out])

Proof. Let
ke (I'"(a),1°"(a)) if a€ SADD
1 (G, 5)(null,null,null; 1)) ifae{R}

for some i, j. Then we have:

tree (I,a,toxt’) = ((tox t’))’;
By Lemma [16]= 3y, in, out.

({8 03 ¥ ) Fefyrsing fysonay * {y = £/ Erend

Jy, out,in.

>IL+J [y~in],[y+—out] )ILtJ [y—in],[y—out]

(a—>toxy +(y =t
dy, out,in.

tree ([/, a,t Ox y) * tree (Ilayat,)

Lemma 16 (Crust Inclusion).

Vt,t' € DATAT.
Vi, g, Lu,rt, .
x € addrs(t) =
((t ox t/))?J)(l»uﬁ)(ﬂ)

Jy € SADD. Jout € OUTy, in € INg.

(o TN o * by = 1)1t
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Proof. By induction over the structure of ¢. In the following proofs we write
S for SADD for brevity.

Case 1. t=@
This case holds trivially as x ¢ addrs ().

Case 2. t=z
If z # x, then the case holds vacuously since this contradicts our assumption
that x € addrs(t).
If z = x, then for arbitrary i, j,l,u,r, t,7, pick a fresh abstract address y ¢
SADD, and let:

in=(i,7), out=(l,u,r,m)

then we have:

({2 ox t/))(w)(lur)(ﬂ) <(t/>>(w)(lur)(7f)
(Lemma [I7) = <<t'>>512&1’“};’20ut]
(2,5) (Lu,r) () (2.5) (Lu,r) ()
= <(t’>> }j,-._;m 1,[y+out] * <<Y>>Iw][y»—>in],gy'j>o?t]
_ <y t/)Iu[y»—nn] Jy—out] " (<Z on y)) 4,5) (Lu,r) ()

Ty[y~in],[y—out]

Case 3. t =n[t"]

If x ¢ addrs(t"), then the case holds vacuously since this contradicts our
assumption that x € addrs(n[t"]). If x € addrs(t"), then for arbitrary
1,7, u,r,t, ™ we have
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(s )M = ((nft o 1))
= ([t ox )
= dd,e,m,mo. w1, M >0 AT + 79 = 1A

(i=7=n)A

isPLock (u, ) * n.u — u
(u# null An.uL = u.nL)

( V(u=nullAnuL =R +1) )

«Left (n,l,u) * Right (n,r,u)

+First (n,d) * Last (n, e)

+isPLock (n, 71)

" <(t" ox t/)>§d,e)(nu|l,n,null)(7r2)

(I. H.) = 3d,e,m1,ma.m1,m2 >0 AT + 72 = 1A

(i=j=n)A

isPLock (u, ) * n.u — u
(u# null An.ul =u.nL)
V(u=nullAnuL =R +1) )

xLeft (n,l,u) * Right (n,r,u)

+First (n,d) * Last (n, e)

+isPLock (n, 1)

dy,in, out.

d,e)(null,n,null) (7 y[y—in],[y—ou
<<t” Ox y>>§w[;'(—>in]v[ywol(t]2) * <y e t,>IU[y byrout]

= dy,in,out.
3,7)(Lu,r)(m Tu[y—in],[y—ou
(Lt ox YD oy = by = )b bt
Case 4. t=t1 ®

Case 4.1 x ¢ addrs(t1) Ax ¢ addrs(t2)
This case holds trivially since it contradicts our assumption that x € addrs (t; ® t2).

Case 4.2 x € addrs(t1) Ax ¢ addrs(t2).
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Proof.

((t Ox t’>>§i,j)(l,u,7“)(7r) _ <<(tl ® t2) oy t/>>gi,j)(l,u,r)(7r)
= ({((t1oxt") ® t2>>§7':.7)(l7’u,7“)(7r)

= dp,q, M, M. T+ T2 =T A

<(t1 ox t/»gi,P)(l,u,!I)(m) " <(t2>)§q,j)(p,u,r)(7r2)

(I. H) = 3p,q,m, 2. T + T2 =7 A

Jy, out,in.

(1 ox YD ap ) ey = 1)

e o
(e

Lemmall7l= 3dp,q,m,ma.m1+m2 =7 A
Jy, out,in.
(4,p) (Lu,q) (1)
{(t1 ox y»Iw[yHmL[yHout]
«((t >>(q7j)(137u77’)(7r2)
211 roly-in],[y—out]
= dy,out,in.

(6:5) (Lu,r) (1)
({((t1 ®t2) ox Y>)1L+J][y,_,m]’[y,_,0ut]

" <y N t/>ILﬂ[yr—>in],[yr—>out

Case 4.3 x ¢ addrs(t1) Ax € addrs(t2).

Ty[y—in],[y—out]

>ILtJ [y—in],[y—out]

O]

The proof of this case is analogous to that of the previous case and is omit-

ted here.

Case 4.4 x € addrs(t1) Ax € addrs(t2)
This case holds trivially since t = t; ® t2 ¢ DATAT.

Lemma 17.

V’i,j,l,u,?‘,ﬂ', Vit e DATAT, VIC,Id,Il,IQ € Ig

(dom(]li") U dom(I;°"%) U dom(Io™) U dom(12°")) N addrs(t) = @

p—

i,7)(Lu,r) (7 i,7) (Lu,r) (7
(1)) {0 2 ((gy)(E b ()

65



D. Auxiliary Lemmas (60 : T —
C)

The following lemmata are used in the soundness proof of translation 6 :
T — C. Lemma [18]is used in the proof of lemma (in particular the proof of
deleteTree axiom correctness). Lemmata |19 and [20| are used in the proof
of lemma

Lemma 18 (Crust Elimination).

YVt e DATAT. Ve, 5, L, u,r,t,gp,m1,m9. w1 + 79 =1
addrs(t) =@ —
(I # null A Right (1,4, u) * l.u —> u)
(\/(l =null Au # null A First (u,4) * u.u — gp))
v(l = null A u=null)
(r # null A Left (7, j,u) * rou - )
* (V(r =null Au # null A Last (u, j) * u.u — gp))
v(r = null Au=null)
sisPLock (u, 1)  ((t)) {9 (her) ()

vl =nullAu#null Au.d > i *u.dL — 0 *uu— gp)

v(l =null Auznull AR — 1)

((7’#nuII/\r.l—>j>er.lL—>0>er.u—>u) )
*

((l#nuII/\l.r—>i>el.rL—>0>el.u—>u) )

v(r=nullAu#null Au.e > j *u.el - 0 * uu — gp)

v(r = null A u=null)

«( (u#nullAunL - 0)v(u=null AR+1-0) )
«((I=u=null AR = i) vemp) = |[¢|| ) (Fr)

where the crust-less tree context translation function is defined inductively
as:

66



e PG (=) A (=)

Infet)| D (i = j = n)n
Ad,e.n.u > u*n.nl -0
. ( (u# null An.ul - u.nL) )

V(u=nullAnul - t+1)

*n.d —>1*nlL—->0*xnr—->r*nrL -0
*n.d > d*n.dL - 0*n.e—exn.el -0
(l=u=r=null AR —>1i)vemp)
" ||Ct||(d,e)(null,n,null)

llx|| PG = yndefined

ety ® ctQH(iJ)(l,u,T} = 3Ipq. |ty (i:p)(Lug) HctQH(q’j)(p’“’T)

Proof. There are two cases to consider:
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Casel. t=g

Lemma [19=

V(I =null Au # null A First (u,i) * u.u — gp)
v(l = null A u=null)

((r%null/\Left (r,7,u) * rou - u) )

((l#null/\Right(l,z’,u) wlu—u) )

v(r =null Au # null A Last (u, j) * u.u - gp)
v(r = null A u=null)
sisPLock (u, 1) * <(®>)§i,j)(l,u,r)(7r2)
(I # null ARight (1,7,u) * l.u - u)
(v(l =null A u # null A First (u,) * u.u — gp))
V(1 = null A u=null)
(r # null A Left (r, j,u) * ou - u)
* (v(r =null Au# null A Last (u, j) * u.u — gp))
v(r = null A u=null)
+isPLock (u, 1) * isPLock (u,m2)
ANi=rAaj=l+(({=u=r=null AR —i)vemp)
(I # null ARight (1,7, u) * l.u - u)
(v(l =null A u # null A First (u, ) * uu — gp))
v(l = null A u=null)
(r # null A Left (r, 1, u) * rou — u)
* (v(r =null Au # null A Last (u,l) * uw.u — gp))
v(r = null A u=null)
wisPLock (u,1) * ||g|| (%) (bwr)
ANi=raj=l*(({=u=r=null AR —i)vemp)
(I#nullAlu—>ux*lorL - 0xlr i)
(v(l— nuII/\u#nuII/\u.u—>gp>eu.dL—>0>eu.d—>z'))
v(l = null A u=null)
(r#null Aru—usrlL - 0xrl - j)
*(v(r:null/\u%nuII/\u.u—>gp>eu.eL—>0>eu.e—>j))
v(r = null A u=null)
«( (u#nullAunL - 0)v(u=null AR+1-0) )
«((l=u=null AR = i) v emp) * ||g]|#)Ler)
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Case 2. t# @

V(I =null Au # null A First (u,i) * u.u — gp)
v(l = null A u=null)

((r%null/\Left (r,7,u) * rou - u) )

((l#null/\Right(l,z’,u) wlu—u) )

v(r =null Au # null A Last (u, j) * u.u - gp)
v(r = null Au=null)
sisPLock (u, 7ry)  ((£)) {2 (L) (72)
(I # null ARight (1,7,u) * l.u - u)
Lemma 20 = (v(l =null A u # null A First (u,) * u.u — gp))
V(1 = null A u=null)
(r # null A Left (r, j,u) * ou - u)
* (v(r =null Au# null A Last (u, j) * u.u — gp))
v(r = null A u=null)
+isPLock (u, 1) * isPLock (u,m2)
+Left (i,1,u) * Right (4,7, u)

1l—>1%1IlL -0 (,5) (Lu,r)
* ((]T —>7r*jrL -0 - ”tH

(l#nullAlw—>uxlorL - 0xlr—>i)
Lemma [[9= (v (l =null Au # null Auu - gp * u.dL - 0 % u.d - Z))
v(l = null A u=null)

(r#nullAra—u*rlL—0xrl-j)

*(V(T:null/\u%null/\u.u—»gp*u.eL—>0>eu.e—>j))
v(r = null A u=null)

*((l=u=nullAi#null AR - i) vemp)

*isPLock (u,1) *i.l > [ *ilL - 0% jor —>r*jrL -0

. ((zl > 1#ilL—>0 ) . ”tH(z‘,j)(l,u,T))

jr—-r*jrL—-0

((l#nuII/\l.u—>u>el.rL—>0>el.r—>i) )

v(l:nuII/\u%nuII/\u.u—>gp>eu.dL—>0>eu.d—>i)
v(l = null A u=null)
(r#null Arau—uxrlL —0xrl—j)
*(v(r—nuII/\u#nuII/\u.u—>gp>eu.eL—>0>eu.e—>j))
v(r = null Auznull)
«( (unullAunL - 0)v(u=null AR+1-0) )

s ((l=u=null AR i) v emp) x |[¢]| #5)(her)

69



Lemma 19.
Yi, u,r, gp.
V(1 =null Au # null A First (u,r) * uw.u — gp)

V(1 = null A u=null)

((r#null/\Left (r,l,u) * rau - u) )

((l#null/\Right(l,r,u)*l.u—»u) )

v(r = null Au # null A Last (u, 1) * u.u — gp)
v(r = null A u=null)
(l#nullAlr > 7rxlorL - 0xlu—u)
(v(l =null Au#null Aud > 7 *u.dl - 0% uu — gp))
v(l = null A u=null)
(r#nullArl > 1rlL—0*ru—u)
* (v('r =null Au#null Au.e > I+ u.el - 0 *uu — gp))
v(r = null A u=null)
*((l=u=null AT #null AR - r) vemp)

Proof.

v(l =null Au # null A First (u, ) * u.u — gp)
v(l = null A u=null)
(r # null A Left (r,l,u) * r.u - u) )

((l#null/\Right(l,r,u) *lu—u) )

s | v(r =null Au# null A Last (u,l) * u.u — gp)

v(r = null A u=null)

[ # null ARight (1, r,u) * l.u - u
(r # null A Left (r, 1, u) * rou — u)

(v(r =null A u # null A Last (u,l) * uw.u — gp))
v(r = null A u=null)
I =null Au # null A First (u, ) * u.u — gp)

\/( (r # null A Left (r,l,u) * rou — u) )
(v(r =null A w # null A Last (u,l) * u.u > gp))

I =null Au = nullA
v ((r # null A Left (7,1, u) * rau — u))

v(r=null)
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//Use [W] tokens to get resources out.

1

L4 null A 3Ry, [ATRE s« [L]R0 s« [URer « IR s LB
1
r# null A 3R [AIRA % [£1700 s (U] IWIRA % B

X%

r

X%

l=

su.d —=>r*rd—>1x*

i 1 Rl.T
1 4
sl = ard > D [LrL = 0 Lus ut rus ulpeg
R
i 1 7.l
1 4
rlL—->0xluu*xrum-u LC(Ry.;,r,u)

1

r=null Aw#null A 3Ry .. [A]Re « [£]Rwe w [t ]Rwe s« [W]Ree w wu gp

*l.r —>r*ue—>1*

l.rLeO*l.u»iu*u.uigp

1 1 l.r

RC(Rl.rvlzu)

X%
ESTS

1
w.el = 0% lu > u*uurgp

R’u.,e

EC(Ry.c,u)

1
I
r=nullAu=null Al.u—u*

1
lusu*xlr—>r

1 Ri.r

#null A 3R, [AIRA (L1705 [UIR 3+ [WIR 5 3 u

RC(Rl.r’lvu)

1
I=null Aw# null A 3R, [A]F= s« [L]Rw s [U]Rw 5 [W]R 5 wou > gp

1

u.dL»O*u.uligp*r.u»E»u

R
1 1 u.d

DC(Ru.dvu)

1 1
1 1
rlL - 0%xuu—gp*xru—u

*R = r*
v(r=null)
//Destroy R;.,,Ry.q4, Rr1, Ry.e regions since we have all tokens on them.

r=null Au#null A 3R, [A]lRuAe

R'r'.l

LC(er 7T7u)

* [E]lRue * [u]lRue * [W]lRue

¥
ENTS

u.dl - 0*uu—>gp*ud-—>r

R'u“d

DC(Ru.dvu)

1
tlu.el = 0% uuv> gp*u.e—1

null A w = nulla

r#null A TR, [AIRA 5 [£]Rn «

1

u.e

EC(Ry.c,u)

[Z/{]lR” « W] ?m

1
rIL = 0xrl—1l*ru>u

7.l

LC( Rr.l 7T1u)
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v(lznuII/\u#nuII/\u.u—>gp>eu.dL—>0>eu.d—>r)
v(l = null A u=null)
((7’#nuII/\r.u—>u*r.lL—>0>e7’.l—>l)

*

((l#nuII/\l.u—>u>el.7“L—>O>el.r—>r) )

V(T:nuII/\u%nuII/\u.u—>gp>eu.eL—>0*u.e—>l)
v(r = null A u=null)
*((l=u=null AT #null AR - r) vemp)
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Lemma 20.

YVt e DATAT. V4,74, L, u,r,t,gp,m1,m9. T + T =1
addrs(t) =@ At —

(<t>>§i7j)(l»u¢)(”)

isPLock (u, ) * Left (4,1,u) * Right (j,r,u)
. ((z.l > 1#ilL >0 ) . HtH(Z;j)(z,u,m)

jr—->r*jrL -0

Proof. By induction over the structure of ¢.

Case t =g

This case holds vacuously as it contradicts the assumption that ¢t # @.

Case t =x

This case holds vacuously as addrs(t) # @.

Case t = n[t']

If addrs(t') # @, this case holds vacuously as it contradicts our assumption
that addrs(n[t']) = @. On the other hand, if addrs(t') = @, we have:

<<n[t/]>>§@j)(lauﬂ")(ﬂ)

(i =j :n) /\3d,e,7r3,7r4. T3+ 7y = 1A
(u#null An.uL - u.nL)
(\/(u =nullAnul - R+1)
+isPLock (n,m3) * isPLock (u, ) * Left (n,l,u)
+Right (n,r,u) * First (n,d) * Last (n,e)

" (<t/>>§d,e)(nu|l,n,nul|)(7r4)

*nu —>u

(iZj :n)/\Hd,e,ﬂg,m. T3+ 7y = 1A
(u#null An.uL - u.nL)
(\/(u =nullAnul - R+1)

+isPLock (n,m3) * isPLock (u, ) * Left (n,l,u)
+Right (n,r,u) * First (n,d) * Last (n,e)
+isPLock (n,m4) * Left (d, null,n) = Right (e, null, n)

d.l—null*d.IL -0 111(d,e) (null,n,null)
¥ ((e.r = null xe.rL —» O) allial

*n.u —>u
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Lemma([l9 = (i=j=n)A3d,e.

(u# null An.ul - u.nL)
(\/(u =nullAnul - R+1)
+isPLock (u, ) * Left (n,l,u) * Right (n,r,u)
*n.d—>d*n.dL —->0%*ne—exn.ecL -0
sn.nl - 0*d.l—>null*dIL—->0x%xer—>nullxerlL -0

dl—-nullxdIL -0 d,e) (null,n,null
*((e.r—>nuII*e.rL—>O)_*||tl||( : ))
(i=7=n)A3d,e.

(u# null An.ul - unL)
(v(u =nullAnul - R+1)
+isPLock (u, ) * Left (n,l,u) * Right (n,r,u)

*n.d —>d*n.dL —->0%*n.e—>exn.elL ->0*nnl -0
" Ht/H(d,e)(null,n,null)
+isPLock (u, ) * Left (4,1, u) * Right (j,7,u)

.0 —>1%3ilL -0 1n1Gog) (L)
i (j.r —>r*jrL— O) Il (#]]

*n.u —>u

*n.u —>u

Caset=1t1 ®ty

If addrs(t1) # @ v addrs(t2) # @, this case holds vacuously as it contradicts
our assumption that addrs(t) = @. If addrs(t1) = @ A addrs(t2) = & then we
have the following four cases:

Case l. t1 =0 Aty =@
This case holds vacuously as we have: t =t Qto =@ =g

Case 2. t1 =@ Atr # @

3,7)(Lu,r)(m) _ 3,7)(Lu,r)(m
((tl ®t2>)§ 3 )(m) = (<®®t2)>§ J)( ) ()
(<t2>)§ivj)(l:uﬂ“)(7f)
isPLock (u, ) * Left (n,l,u) * Right (n, r,u)
id—>1%ilL -0 (i,5) (Lu,r)
) (j-T -rx*jrL -0 [t
isPLock (u, ) * Left (n,l,u) * Right (n,r,u)
. (z.l > *ilL -0 ) |t ® t2||(i,j)(l,u,7")

jr—=r+jrL -0

(LH.)

Case 3. t1 # DAty =@
This case is analogous to the previous case and is omitted here.
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Case 4. t1 # DAt # O

((t1 ® tp)) (9 e (@
Ip,q, T, T2 T + T2 = TA
<<t1)>§i,p)(l,u,q)(m) " <<t2)>§q7j)(p,um)(7r2)

<IH)E Elpvqaﬂ-laﬂ-2~ T+ 7T =TA
isPLock (u, ) * Left (4,1,u) * Right (p, q, u)
1.l—>1%ilL -0 i) (Lo,
) (p-r sq#xprL—>0) " e )
+isPLock (u, o) * Left (¢, p,u) * Right (4,7, u)
Nl VRN — .
) ji ei *E.ZT{JL »00 |t | (4 P
Lemma 9= isPLock (u, ) * Left (4,1, u) * Right (j,7,u)
apaQ-P-Tﬁq*p.rL—»()*q,l —)p*q'lL_)O
1.l —>1*1.lL -0
p.r—q*prL—0 . ( ||t1||(i,10)(lvu,q) )
gl—->px*illL -0 *||t2||(q’j)(p’u’q)
\j-T—)T*j.T‘L%O
isPLock (u, ) = Left (4,1,u) * Right (4,7, u)

1= 1%1lL -0 PO
‘ )%( 1 © ][00 )

jor—>rx*jrL—0
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