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ALGORITHMS FOR EQUILIBRIA, GAMES &
SYSTEMS OF NONLINEAR EQUATIONS

We consider the extension of the basic optimal decision problem to situations involving
multiple decision makers pursuing their individual distinct objectives, in competition with
each other. The policy adopted by one decision maker affects the policies of others. Such
competitive situations arise among individuals, firms as well as nations. A solution to the
problem is the Nash equilibrium strategy which ensures that no decision maker will
benefit by deviating from this equilibrium. We introduce the best replay algorithm as the
intuitive solution to the computation of equilibria and discuss relaxed variants with
improved convergence properties.

We consider Newton-type algorithms. These aim to satisfy the optimality
conditions for each player. These algorithms are quite general and applicable to a wide
range of problemsinvolving the solution of nonlinear systems of equations.

1. COMPUTATION OF EQUILIBRIA
AND SOLUTION OF NONLINEAR EQUATIONS

1.1 Games and equilibria

For the i"" decision maker, i = 1, ..., N, we are specifically concerned with the
competitive situation of a Nash game in which the i decision maker seeks to optimize the
i" objective with respect to the i set of decision variables. We thus have the problem

YU {fi(Y,ul,uz, UL UNY gy, Ut U U‘,---,UN)ZO} (1.1)

where U' is the vector of decision variables and f' is the objective function of the i
decision maker. The equality constraints represent the model of the underlying system
which can be used to evaluate Y, given the values of U, U?, ..., U', ..., UN. Thus, we have
amapping similar to (1.4.1), given by

Y=Y UL, U2 .. U, .., U, (1.2)

This mapping can be used to eliminate the output variables, Y, from the problem and
express (1.1) as

min {}—i (UL U2, ., Ui, .. UN) } i=1, .., N| (13)

where
F(UL W2, . UL, UN) = f (y(ul, U2, .., U, .., UN), UL, U2, .., Ui, .., UN>.

For this problem, the Nash equilibrium is the point from which no decision maker would
wish to deviate unilaterally since such an action would not improve the position of that
decision maker. Thus, the Nash equilibrium Ui, i =1, ..., N, is defined by
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Al (UL U2, . UL Uy < AUl ug L UL Uy YU =N

(see e.g. Ho, 1970; Basar and Olsder, 1982). Hence, F' (U%, UZ, ..., UL, ..., UN) is the
unconstrained minimum of F', with respect to U', and this is evaluated simultaneously for
ali=1, .., N. According to the necessary conditions of an optimum, thisis equivalent to
the solution of the simultaneous system of equations

Vg FL(UL U2 . U, L, UM =0,i=1, .., N| (1.4)

We note that the second order optimality also requires that the Hessian of F'(.), with
respect to U', should be positive definite at the solution. This is ensured if each F'(.) is
convex with respect to U' in aneighbourhood of the solution. The point, (U%, U?, ..., UL, ...,
UN), satisfying (1.4), is a minimum of F', with respect to U', and thus a Nash solution.
Hence, at the Nash equilibrium, the objective function of the i decision maker satisfies

<V, V3 FH(UH Uz UL L U v > 0, VY £ 0, i=1.,N| (L5

Clearly, for an algorithm solving (1.4), thisis a difficult condition to ensure. It is therefore
desirable that all points satisfying (1.4) also satisfy (1.5). In other words that F'(.) is
globally convex with respect to U'.

Algorithm 1.1 [Best replay]
Step 0:  Given U}, U3, macheps, set k = 0.
Step1:  Compute

UL, = ag " { FL(UL, UR) }

and

Uz, = ag 30 { 72 (UL WD) |

Step 2. Equilibrium check: if

] - 1]
— < macheps
o] - L

stop. Otherwiseset k =k + 1, goto Step 1.

Where macheps is a tolerance value that depends on the accuracy to which each
optimisation problem can be solved in practice. This is essentialy a Jacobi-type
algorithm with each player optimising given the previous iteration for the other player (see
Ortega and Rheinbold, 1970).

The application of a Gauss-Seidel-type procedure (Ortega and Rheinbold, 1970)
leads to Step 1 being replaced by

b= ag U7 { 7 UL WD) }
and
U= ag T { 72 (Uky VD) .
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If the above procedures converge, then it can be verified that they converge to the solution.
However, convergence may be slow and convergence itself cannot be aways assured.

1.2 Solution of Systems of Equations

The remaining discussion is concerned with the solution of a system of nonlinear
equations arising from (1.4) (see Rosen, 1965).

2. NEWTON-TYPE ALGORITHMS
Let the equilibrium condition for the Nash strategy (1.4) be written as

W(y) = VyF (UL U2 ., U, uN=0; i=1,..,N. (2.1)

where

Ut

Ui

<
Il

UN

U, U?%, .., U, ..., UN. Hence lety € R"and W :R" — R In this section, we consider
an agorithm for solving the system of nonlinear equations W(y) = 0.

Definition. The system evaluated at point y; is denoted by W, = W (y;) and
similarly, the Jacobian V W, =V W (y;).

Thedirection of search d;, givenyy;, is determined by

VW 4= — W, 2.2)

where V )7\/,- is an approximation to V )V}, introduced below, with periodic reevaluation of
the exact V )V at intervals within the algorithm. The agorithm using the exact value V
W,  throughout is known as the Newton algorithm. The algorithm using the

approximation V );\Vj below is the quasi-Newton algorithm. The quasi-Newton agorithm
then proceeds along d; such that

Vi1 =Y + 75 di] (2.3)

with 7; € [0, 1] given by the smallest value of k =0, 1, 2, 3, ... , 7 = (m)¥, 7 € (0, 1),
satisfying

sIUWimlE — 5 IW I3 < fp <IVWI'W ,d >, pue (01 (24

Definition. The algorithms usually compute a selected number of columns of V W,

during an iteration. We use V );\Vj to denote this and the Broyden update approximation to
VW
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{ij ~ Wit~ VW (yj - yj-1>] (VJ - yi-l)T

A A
VW] = ij'l + <(yj - yj-1>v (yi B yj'1>>

(2.5)

Advantages & disadvantages of Newton's method
Advantages
1. fast convergence (see example above and theory below)
from good starting pointsif VW is nonsingular
2. exact solution in one iteration for linear W
Disadvantages
1. not globally convergent from arbitrary starting points
so 7 required to dampen the steplength

2. requires “exact' V)V evaluation (in contrast to V)?V) at each iteration
3. each iteration requires the solution of alinear system of equations
that may be singular (due to singular VW)

EXERCISE: Write a pseudo code for the full quasi-Newton algorithm above.

EXAMPLE 1. Consider the original Newton agorithm (i.e. using the exact vaue
VW(y) and the choice 7 = 1 always) as applied to

[ oyt+tyr -3 ]
v [(y1)2+(y2)2 - 9} -0

There are two solutions to this problem (y*, y?) = (3, 0) or (0, 3). Let the algorithm start
with theinitial estimate yg = (1, 5). Thefirst two iterations of Newton's algorithm are

13
VW(Yo) do = — W(Yo): [; 110} do= = [137] - BT [ﬁl
8

— .625
Y1 =Yo+do= [ 3625 ]

1 1 0 149
VW(y1) dp = — W(y1): [ @] di = — [145} = dy= | 72

T

~ | —.092
Yo=y1+di = [ 3.092 ]

Thus the algorithm isworking well in this case.

EXAMPLE 2: Consider again the original Newton algorithm as applied to

W(y) = [j ) ﬂ =0.
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The solution being (y*, y?) = (0, 0). Let the algorithm start with the initial estimate y, =
(10, 10), then we have

[ —11+€l% _ 22 x 10*
Tl —11+e) T[22 x 104
which is not avery good step.
EXAMPLE 3: Consider again the original Newton algorithm as applied to

1\2 2\2
W(y)z[(y) +(y%) 2}

&+ (y2)° — 2

which is solved by (v, y?) = (1, 1). Let yo = (2, 0.5)

VW0 do= — W(yo): |+ L ]do: B {2.25} g [-3.00}

e 0.75 0.843 9.74
_ _ [-1.00 [ 104
Y1=Yo+ dO - i 1024:| W( yl) - |:1071:|

so the choice 7y = 1 is unsatisfactory. Trying 7o = .1, we have

~ | 1.70 3.06
Y1ZYO+-1d0: |:147:| = W(yl) = |:321:|

which is still unsatisfactory. We reduce the stepsize further to o = .05 which is till
unsatisfactory

~ | 1.85 2.40
y1:y0+-05d0: |:097:| = W(yl) = |:130:| .

We reduce it further to o = .0116

~ | 1.965 2.238
Y1=Yo+ 0116 dO = |:0613:| = W( yl) = |:0856:| .

This point is satisfactory as it satisfies (2.4) (say with p = 10°%)
5 | W)IE=287 < 2.89= 5 || W(yo) || 3 + (:0116) (10*) < [V Wo]" Wo ,do > .

Note: the gradual reduction of 7y is for illustration only. We could have just tried the first
three terms of the series 7; = (0.1)%, k = 0, 1, 2. The last one, 7; = .01, would have also
satisfied (2.4) (verify).

With the value y; just determined, we proceed further to the next iteration with 7; =
(0.1)°=1
~ |-1.22
VW) di= — W(y1)) = i = [ 507 ]
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_ 070 _ [577
Y2 =Yyt = [2.68] = W(y2) = {18.13]

which is again unsatisfactory sowetry 7; = (0.1)* = 0.1

_[184 _ [ 207
y2=y1+010, = {0.820] = W(y2) = {0.876]

and this stepsize is accepted since
5 | WOR)E=253 < 287= 5 || W(yr) |3 + (1) (10%) <[V Wi]" Wy ,di > .

At the next iteration, we have

~ | -0.0756
VW(yZ) d2 = - W( y2) = d2 = |: 0.0437 :|

~ | 1.088 ~ | 0.762
Y3=Y2+ d2 = |:1257:| = W( y3) = |:1077:|

so the Newton step performs very well and from this iteration on, the algorithm converges
to the solution (1, 1) quadratically.

EXAMPLE 4: Consider the use of the approximation formula (2.5) to solve the
problem in Example 3

[0+ 0P2 - 2]
=G5 g o) =0

which is solved by (y!, y?) = (1, 1). Let yo = (1.5, 2). We assume 7; = 1 throughout. It turns

out that the algorithm using the approximation V W converges to the solution in 10
iterations with

N { 1.999137 2.021829

) . [2 2
VW10 = | 9905643 3.011004] Wh"evw(l'l)‘[ }

1 3

and the Newton algorithm (using 7; = 1 and exact value V W throughout) convergesin 6
iterations. In this case, V )5\\/10 closely approximates the value at the solution V W(1,1).
This may not happen as often as one would like.

EXAMPLE 5: Consider the use of the approximation formula (2.5) to solve the
problem in Example 1.

y-+y? — 3

o2+ (22 — 9] =2

W(y) =
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and the two solutions to this problem are (y?, y?) = (3, 0) or (0, 3). It can be shown (see
Dennis and Schnabel, 1983, Lemma 8.2.7) that for this example

1 1

lim Ny
VW = {1.5 7.5

j—00

] when ¥ W(0, 3) = {é é}

The agorithm using the approximation V );\V however, does converge to the solution as
well as the Newton agorithm using the exact value V WW(y). Indeed, it can be verified that
the former convergesin 6 and the latter in 5 iterations.

To investigate how the former algorithm proceeds, let the initial value to start the
algorithm beyg = (1, 5). Then

W(Yo) = {137] v Wo =V W) = [; 110]

-1.625
VWodo= — W(yo) = do= [_1_375]

B _ [-0.625 _ 0
Y1 =Yo+do = [ 3.625 ] W(y1) = {4.53125}
N _ N 0 0 — 1 1
VW= VW + {-1,625 -1_375] - [0.375 8.625}

EXERCISE: Confirm that W(y1) = W(yo) + VWi do (hence VWV, is a valid
linear approximation between YW(y1) and W(yo)).

We note that

11
V) = [-1.25 7.25}

so that V)?Vl isnot a good approximation to V WW(y,). At the next iteration,

~ | 0.549
VWidi= - W(yr) = = [_0_549]

) _ -0.076 T o
Ya =y +h = {3.076] WAy2) = [0.466}
A1 1 1 1
VW = [-0.799 8.201] wheress - VIV(y2) = [-0.152 6.152]
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so the approximate V)?Vz is again not really close to to the actual value. This example

illustrates that, when the approximate algorithm, based on using VVV,-, conver ges
almost as fast as the Newton algorithm, one cannot assume that the final

approximation VIV will approximate the actual VW at the solution, although often
it does.

3. CONVERGENCE OF NEWTON-TYPE ALGORITHMS

In this section, we consider the convergence properties of the basic algorithm. We
establish global convergence with relaxed descent directions and relate the achievement of
unit stepsizes to the difference of the Jacobian approximation and the actual Jacobian at the
solution. We also discuss the Q-superlinear convergence rate.

The global convergence of the algorithm mainly requires that d; is a descent
direction for the sum of squares merit function such that

<[VWI"W ,d> < — m]jd| 2 (3.1, 9

forsomem > 0. Thisisclearly satisfied by the steepest descent and, with a nonsingular
Jacobian, the Newton directions. The quasi-Newton direction satisfies

<[VWI" W . d> < — mld || 2 (3.1, b)
The stepsize is adjusted to ensure the inequality

sIWalB — 3 IWill3 < e <IVWI™W . d > (3.2

where <[V W]T W, d > < 0. If, even for small stepsizes, the Newton or the quasi-
Newton direction (2.2) does not satisfy (3.2), then the steepest descent directiond; = — [V
Wi]" W, oreven — d, may betried (Li, 1989).

In the algorithms of section 2, an approximate Jacobian is used. If (3.2) is not
satisfied for 7;=1, with this approximation, then the algorithm computes the Jacobian
numerically before attempting to reduce the stepsize in order to satisfy the stepsize
criterion (3.2).

Assumption 3.1

1. There exists a solution, y,, to W(y) = 0.
2. W € CYR");
3. Thedirection d; setisfies (3.1).

Assumption 2 is required to ensure that the algorithm is well defined. We aso
require that VW is Lipschitz continuous to establish the monotonic decrease of the
sequence { || W |3 } discussed in Theorem 3.1 below and also to establish global
convergence. The monotonic decrease may also be obtained without Lipschitz continuity if
itisassumedthat | W, || = ¢ di| ,forsome¢ e (0, co). The latter is satisfied both
by the steepest descent with a nonsingular Jacobian approximation and with the Newton
and quasi-Newton directions.
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In Theorems 3.3 - 3.5, we further require YW < C?(R") to establish the
achievement of unit stepsizes (i.e. 7; = 1). The descent condition in Assumption 3 is
satisfied by the Newton and steepest descent directions. For the quasi-Newton direction,
the algorithm ensures satisfaction by refining the Jacobian approximation. If the descent
condition is not satisfied, even after a full numerical evaluation of the Jacobian, with
reduced 6, in Step 2, then the algorithms fail. In Theorem 3.1, we have alowed for a
genera descent direction including the Newton, quasi-Newton or stegpest descent steps.
For example, one reasonable way of establishing the quasi-Newton case is by assuming

Wi |l = ¢ | di| asinTheorem 3.1, ii.

Remark. Thebound p € (0, 1]

In Theorems 3.1 - 3.2, the bound ;€ (0, 1] is sufficient. However, we have
adopted the tighter bound p < % since the latter is required to establish the convergence
to unit stepsizes. O

Theorem 3.1 [Monotonic Decr ease]

Let Assumptions 3.1 be satisfied and furthermore let either
(i) WV W beLipschitz continuous. || VW () — VW@ | < (]y - z|,
for ¢ > O; or,

(i) djsatisfies | Wj || = ¢ || d; || ,forsome¢ € (0, c0).

(iii) dj satisfies (3.1).
Then, the stepsize computed in the N-SCE and N-B-SCE algorithmsis such that ; € (0,
1] and hence the sequence {y;} generates a corresponding monotonically decreasing
sequence{ || Wj | 3}.

Pr oof
Using thefirst order expansion of || W || 3 we have

7 7 1
Sl = SIS = o) < VWO veo) fd > d
0
Furthermore, the relationships below arise from assumptions and definitions above:
1
<YWW, — VWIW, + VW) W, — VWD) W, d >dt=0
0

1
f<VVVjTWj,dj>dt= <V)/VjT)/Vj,dj>
0

y(t) = y; +t7 d and Lipschitz continuity =
VW) - VW I < Cly®) -y ll= trld |
Assumption3& (31) = <VWW,;,d > < —m|d[?
FIWslls = 3 IS =7 <[V W .4 >

1
+ 7'jof < [VwWm)I' {W(y(t)) - Wj} + {[V W)™ — [V V\Jj]T} Wi, d > dt
(3.3)
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wherey(t) = y; +t7 di. For (i), given the Lipschitz continuity and (3.1, a) we have
FIWeall3 = 2IWI3 < 5 <[V W g > [1- A {2+ ewi)}]

(3.4)
where | VW || < . Thescda p € (0O, 1) in the stepsize strategy (3.2) clearly
determines 7 suchthat p < 1 — 5% {wz + LWl } < 3.By(3.1), there exists a
7 € [0, 1] satisfying the inequalities (3.2) and (3.3). Suppose 7’ isthe largest 7 € [0, 1]
satisfying these inequalities. Thus, all = < 7° aso satisfy these conditions and that the

stepsize strategy selectsar; € [77°, 7°], where 7 € (0, 1) isinput in Step 0. By (3.1), it
followsthat { || W || 2} isamonotonically decreasing sequence. For (ii), we can use (3.3)
to derive arelationship similar to (3.4) by invoking || W, || =¢ || d; || . O

We discuss the global convergence of the basic Newton and quasi-Newton
algorithms.

**YOU ARE NOT RESPONSIBLE FOR ANY PROOFSBELOW IN THISSET**.

Lemma 3.1
Let the assumptions of Theorem 3.1 be satisfied. We then have

(MmO <[VWITW L d > =0 (3.5)
Pr oof
Thelevel set
F={ye R[IWO) I3 < W) 113}

is bounded for some |, 0. We state the proof for the Lipschitz continuous case (i) in
Theorem 3.1. Case (ii) can aso be similarly established using the compactness of . Given
1 € (0, 3), by (3.4), the choice

_ Q-
To = Min {1’ ﬁn('z/)2+€HVVJH) }

aways satisfies the stepsize strategy (3.2). Clearly, 7j, chosen in the algorithms is in the
ranger; € [T7o, To] and thereby also satisfies (3.2). As)WV is Lipschitz continuousand I is
compact, there existsascalar M < oo and || W, || < M. Thus, as ¢ € (0, o) and m
> O,wehaver; 7 > 0,V],for some? and stepsize strategy (3.2). The boundedness
of [W(y) |53 onFand <[VW]" W,d > < 0imply

0 < uLAl<[VWIm Wod>1 < X (I3 = [Wall3) <
J J

which yields (3.5). O



- (2005) Games, Equilb & NL Syst 11 -

Lemma 3.2

Inequality (3.1) and Lemma3.1imply|,"™ | dj || =0}

Pr oof

The result follows from (3.1) and (3.5). O

We can hence show the global convergence for any algorithm satisfying (3.1) as
wellas | Wi || = ¢ d|,forsome¢ € (0, c0). Asmentioned earlier, thisis satisfied

by the Newton, quasi-Newton directions and the steepest descent direction with a
nonsingular Jacobian.

Theorem 3.2 [Global Convergence]

Let Assumptions 3.1 be satisfied and let d; satisfy | W || = ¢ || d; ||, for some
¢ € (0, 00). Then the algorithms either terminate at a solution of the system WW(y) = 0 or
they generate an infinite sequence {y;} with asubsequencej € J C {0, 1, ... } such that

{ | d |l } — 0 and thus every accumulation point y, of the infinite sequence {y;} is a
solution of W(y) = 0.
Pr oof

By Lemmas (3.1) and (3.2), there exists a subsequence {y;}, j € J, such that
| d || — O.Letthereexisty, suchthat {y;} — y.. The existence of such pointsis ensured
since, the algorithms decrease || W(y;) || 5 at each iteration, thereby ensuringy; € T,
with F compact. The result then follows by letting ] — oo, | € J, since

W)=t Wly) = I el di|l=0. O

We demonstrate convergence to unit stepsizes in terms of a condition on the Jacobian or its
approximation. To establish these results, we need to further assume that d; is a Newton or
quasi-(or approximate) Newton direction and strengthen the assumption on
differentiability. We show that the convergence to unit stepsizes depends on the Jacobian.
We first establish the result for an exact Jacobian and in Theorem 3.4 discuss the case for
an approximate Jacobian such as a quasi-Newton approximation.

Theorem 3.3 [Convergence to Unit Stepsizes - Exact Jacobian]
Let Assumptions 3.1 be satisfied. Alsolet W € C?*(R") and

miv)?2 < <v[VWITIVW]lv> < M |Vv]?; m>0 Vv # 0.

Then there is a stage J such that strategy (3.2) issatisfied with[; =1, Vj  J.

Pr oof
Premultiplying therelationship V W, dj = — ), by W, we obtain

<([(VWIW,d > =—- <W,W > = — <d,[VW][VW]d > .(36)

Consider the second order expansion of || W || 3
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s I Wi ll3 = 5 Il = <IVWITWL.di >+ 5 <d, [VWITTVIW]d >

M J}(l— t) < d, { Q (y; +td) — [VW.]T[VW,]
0

+H[VWITIVW,] — [VW]T[VW] } g >dt (3.7)

where Q (.) istheHessian of || W(.) || 3, given by

[VWOITTVWOL + 3 VEWI() W),

with the last term vanishing at the solution W(y+) = 0. Using (3.6), (3.7) becomes
FIWea 2 = 5 IW I3 < <V W4 > 15 - G+ )]
where

1
G =Of(l -t Qy(y;+td) — [VWI]IVW.]| dt

§=IVWITIV W] — [VWITIVIW] L
Since, by Theorem 3.2, {y;} — y., wehave {(j},{{} — O.For 7 =1, thescaar u € [0,
1) of the stepsize strategy is bounded by
p< -Gy
Thus, when i — 1 (¢ + %), the stepsize strategy is satisfied with 7; = 1. O

The main difficulty about the use of approximate Jacobians is that d, does not
aways satisfy the descent condition <[V W]T W, d, > < 0, and that <[V 1?\/,»]T
W, di > < 0 does not necessarily imply descent. If descent is not ensured, then global

convergence cannot be established. A better Jacobian approximation is required and the
algorithms in the previous section aim to achieve this.

Theorem 3.4 [Convergence to Unit Stepsizes - Approximate Jacobian]
Let Assumptions 3.1 be satisfied. Alsolet W € C?(R") and

2 AT ) 2. :
mlv]c < <v,[VW]I'[VW]v> < M| Vv][5m>0Vv#D0,

and let d; that solves

VWid= - W (3.9)
satisfy the descent condition

<[VVVj]T Wj,dj> < - <VVj,VVj>. (3.9
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Then the stepsize strategy is satisfied for some 73 € (0, 1] and the monotonic decrease of
the sequence{ || W || 3} isensured. Also, thereisanumber y such that if

| vwatywy - VATV A < « (3.10)

then the stepsize strategy is satisfied for
7 = 1|.

Pr oof
Consider the second order expansion (3.7)

P p N
sIWall3 =3I I3 <7 <[VWI' W ,d >
M 1 2 N 7
+7 <[VW = VW]IW,d >+ 17?2 <d, [VW]IVW]d >

+@P{G+ S IIIVWITIYW] = (VTV} 11d 12>
(3.11)

From (3.8)and (3.9), wenotethat < [V W, —V );\V,-]T W, di > < 0. Also, from (3.8),
we have

<IVWIWLd >=— <WW > = — <d, [VWITVY W]d >(3.12)
Using (3.12), (3.11) becomes
I Wil =5 I 112 < 5 <[V W g >
X
1-in [ et {2g+|omIew - vy Wi | 3]
Thus, thereexistsan 73 € (0, 1] such that

p<1-tn et {2g+|Ivwrywl - v WY wi| }] < 4
(3.13)

which satisfies the stepsize strategy. The monotonic decrease of the sequence { || W, || 3}
follows from this property. Global convergence follows from Theorem 3.2. Thus,

{yi} —y. and {G} — 0.
We can use (3.13) to conclude that if x > 0issuch that

5~ M [ #{ZCJ'"'XH

(inview of {(;} — O, this defines the number x) then the stepsize strategy holds with ;=11



- (2005) Games, Equilb & NL Syst 14 -

Lemma 3.3
Let {yl} — y*, then{y'} is Q-superlinearly convergent if and only if

ld || <o Jdt), " /=0

j—oo

Pr oof

lim
j— o0

Suppose || d; || < i || di1]l, 7; =0, holds. We have

lim

t-1
Iye =yl < S0 X Yisr =il <9 lldall (Lot o+ o’ + )
i=

< 2 {y =yl + v =yl

forsome w € [0,1). As{y} — O,wischosensuchthat v +w < 1,Vj  J.Jisan
integer andissuchthat ; < 1,V Jy. Rearranging the above expression,

Y — vl < O
Iy = vell + Y1 —yell = lw

Iye =yl < == 1y = via (3.14)

which establishes the Q-superlinear convergence of {y;}.

Supposethat ||y, — Vil < Billy. — yiall. ;" 6 =0,withs < 1 This
yields the inequality
Iy =Yl Billys = yill +6 | diall

< (5) ldal (3.15)

Next, consider

1
N
-VWid =W = We+ [ VW(Y, +t(y-y))) (y= - ) dt
0

whichyields, forc; € [0, 00),
Idill < e ly-yl- (3.16)
Using (3.16) in (3.15), leads to the required result

Il < a() ldall. =

Theorem 3.5

Let D C R" be an open convex set, Assumptions 3.1 be satisfied and let {V 1;\\/,-}
be a sequence of nonsingular matrices and suppose that for somey, € D the sequence
generated by
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yer =y +d with VWid=—W (3.17)

remainsin D, and "™ y; = y,. Then {y;} satisfies ||d || < ~ | dia|, ™ ~ =0,

j—o0 ' jooo

and thence converges Q-superlinearly toy,, insomenorm || . | and W(y.) = 0 iff

i [[W-vw]a]

j—oo [E1l

=0

Pr oof

In order to establish this result in both directions, we need only to consider (3.17)
and the first order expansion of W(y)

— VWG =W = WtV Wiady + 3+ VW, — VW dy

where

1
U = [[VWHO) - VW] dad,
0

with {¥;} — 0and Wi, + V )?V,-_l d1 =0.AsV );\Vj is nonsingular, dividing the above
expression by || d.1 || yieldsthe required result. O
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