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GAME THEORY (GT)

Thus far, we have considered situations where a single DM chooses an optimal decision without
reference to the effect his decision has on other DM's (and without reference to the effect the decision of others
may have on him). A computer company, for example, must determine an advertising policy and pricing policy
for its computers and each computer manufactures's decision will effect the revenues & profits of other computer
manufacturers.

Noncooperative GT is useful for making decisions in cases where two or more DM's have conflicting
interests. Mostly, we shall be concerned with two decision makers. However, GT extends to more than two
DM's.

1. TWO PERSON ZERO SUM & CONSTANT SUM GAMES

Characteristics of 0-sum two person Games:
1. There are two players (called row player and column player)

2. The row player must choose 1 of m strategies. Simultaneously, the column player must choose 1 of
n strategies.

3. If the row player chooses his/hers it strategy and the column player chooses his/her j strategy the
row player receives a reward of a;; and the column player looses an amount a;;. Thus, we may think
of the row player's reward of a;; as coming from the column player.

This is a 2 person 0 — sum game : the matrix a;; is the game's reward matrix.

Row Player's Column player's strategy
strategy Col 1 Col 2 Coln
Row 1 an ap aiy
Row a an A
Reward Matrix
Rowm am| am) Amn
Example 1:

1 3 -1
2 1 - 2 0

Row player receives 2 units if the row player chooses the second strategy and the column player chooses the first
strategy.

2 person 0-sum game: for any choice of strategies the sum of rewards to the players is zero. Every £
one player wins comes out of the other player's pocket. Thus the two players have totally conflicting interests -
no cooperation can occur.

John-von Neumann and Oscar Morgenstern (Theory of Games and Economic Behaviour, J.
Wiley 1943) developed the theory of 0-sum 2 person games and how they should be played.

Basic Assumption of 2 person 0-sum games:

Each player chooses a strategy that enables him to do the best he can given that the opponent knows the
strategy he is following.
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Row Player's Column player's strategy Row
Strategy Col 1 Col 2 Col 3 minimum
Row 1 4 4 10 4
Row 2 2 3 1 1
Row 3 6 5
Column maximum 6 5 10

How should the Row Player (RP) play this game? If RP chooses R1, the assumption implies that the
Column Player (CP) will choose C1 or C2 and hold the RP to a reward of 4 (the smallest number in row 1 of the
game matrix). If RP chooses R2, CP will choose C3 and hold the RP's reward to 1 (the smallest-minimum in the
second row). If RP chooses R3 then CP will allow him 5. Thus, the assumption = RP should choose the row
having the largest minimum. Since max (4, 1,5) = 5, RP chooses R3. This ensures a win of at least max (row
minimum) = 5.

If the CP chooses C1, the RP will choose R3 (to maximise earnings). If CP chooses C2 the RP will
choose R3. If the CP chooses C3 the RP will choose R1 (10 = max (10, 1, 7)). Thus the CP can hold his
losses to min (column max) = min (6, 5, 10) = 5 by choosing C2.

Thus, the RP can ensure at least 5 (win) and the CP can hold the RP's gains to at most 5. Thus, the only
rational outcome of this game is for the RP to win 5. The RP cannot expect to win more because the CP (by
choosing C2) can hold RP's win to 5.

The game matrix we have analysed satisfies the SADDLE POINT CONDITION property

maximum o minimum .
overall | (row minimum) = | overall | ( column maximum ) (1)
rOwS columns

Any 2 person 0-sum game (2p0sg) satisfying (1) is said to have a SADDLE POINT. If a 2p0sg has a saddle
point the RP should choose any R strategy attaining the maximum on the LHS of (1) and a CP should choose a C
strategy attaining the minimum on the RHS.

In the game considered a saddle point occurred at R3 and C2. If the game has a saddle point we call the
common value to both sides of (1) the VALUE (v) of the game. In the above case v = 5.

An easy way of identifying saddle points is to observe that the reward for a saddle point must be the
smallest number in its row and the largest number in its column. Like the centre point of a horse's saddle, a
saddle point for a 2p0sg is a local minimum in one direction (looking across the row) and local maximum in
another direction (down the column).

A saddle point can also be seen as an EQUILIBRIUM POINT in that neither player can benefit from a
unilateral change from the optimal strategy (of Row 3 to either R1 or 2) since his reward would decrease. If the
column player changed from the optimal strategy (of C2 to C1 or 3) RP's reward would increase. = A saddle
point is stable in that neither player has an incentive to deviate from it.

Many 2p0sg's do not have saddle points.

-1 +1
+1 -1

Max (rowmin) = — 1 < min (col. max) = + 1

Example 2:

TWO PERSON CONSTANT SUM GAMES (2PCSG)
Two players can still be in total conflict.

Definition: A 2pcsg is a two player game in which, for any choice of both players' strategies, the RP's
reward and the CP's reward add up to a constant c.

Note: 2p0sg is a 2pcsg withc = 0.

2pcsg maintains the total conflict between RP and CP. A unit increase in RP's reward = a unit
decrease in CP's reward.
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The optimal strategies and value of a 2pcsg can be found by the same methods used to solve a 2p0sg.

Example 3:

TV.8 — 9 pm slot. Two channels competing for an audience of 10 million. Each channel (N1 & N2)
must simultaneously announce their programme. Possible choices for N1 & N2 and the number of N1 viewers
(millions) for each choice are:

N1 N2
Western Soap Comedy Row minimum
w 3-5 1-5 6-0 1-5
S 4.5 5-8 5-0 4.5
C 3-8 1-4 7-0 1-4
Column 4.5 5.8 7-0

max.

Value of the game for N1? 3 a saddle point?
If both N1 and N2 show W then N1 gets 3 - Sm viewers, N2 gets (10 —3.5 =) 6 - 5m.
2pcsg withc = 10m.

Looking at the row minima: choosing a soap, N1 can be sure of at least max (1-5,4-5,1-4) =
4 - 5m viewers. Looking at column maxima, choosing a western, N2 can hold N1 at most min (4-5,5-8,7-0)
= 4.5m viewers. Since

max (row minimum) = (col. maximum) = 4-5

(1) is satisfied. Thus, N1 choosing a soap and N2 choosing a western yield a saddle point. Neither side will do

better if it unilaterally changes strategy (check this). Thus, the value of the game to N1 = 4 - 5m. viewers and

the value of the gameto N2 = 10-0 — 4-5 = 5-5m The optimal strategy for N1 is soap and N2 is western.
2. 2P0SG — RANDOMISED STRATEGIES

NOT ALL 2P0SG HAVE SADDLE POINTS. We discuss how one can find the value and optimal
strategies for a 2p0sg that does not have a saddle point.

Example 4: ODDS and EVENS

2 Players: Odd (O) and Even (E) simultaneously choose the number of fingers (1 or 2) to put out. If
the sum of the fingers put out by both players is odd, O wins £1 from E. If the sum of the fingers is even, E wins
£1 from O. Row player: Odd; Column player : E. Reward matrix:

R. Player: O C. Player: E row
min
1 Finger 2 Fingers
1 Finger -1 + 1 -1
2 Fingers + 1 -1 -1
Col. max + 1 + 1

This is a 0 — sum game: the amount gained by one player = - the amount lost by the other.
Since max (row min) = 1 and min (col. max) + 1, (1) is not satisfied = no saddle point.

O can be sure of a reward of — 1 (at least) and E can hold O to a reward of at most + 1. Thus, it is
unclear how to determine the value of the game and the optimal strategies. For any choice of strategies by both



GT (2003) 4

players, there is a player who can benefit by unilaterally changing his/her strategy. E.G. if both players put out 1
finger, then O can increase O's reward from — 1to + 1 by changing from 1 to 2 fingers. Thus, no choice of
strategies by both players is stable.

RANDOMISED OR MIXED STRATEGIES

Until now we have assumed that each time a player plays a game, the player will choose the same
strategy. Why not allow each player to select a probability of playing each strategy?

Example 5:

Xx; = probability that O puts out 1 fingers
X, = probability that O puts out 2 fingers
y1 = probability that E puts out 1 finger

y, = probability that E puts out 2 fingers

Ifx; > 0,x; > O0andx; 4+ x; = 1, (xy, x2) is a randomized, or mixed, strategy for O. e.g. (3, §)

could be realised by O if O tossed a coin before each play of the game and put out 1 finger for heads and 2
fingers for tails. Similarly ify;,y, > 0andy; +y, = 1, (y1, y2) is a mixed strategy for E.

Any mixed strategy (Xi, X3 ,..., Xm) for R player is a PURE STRATEGY if any of the x; = 1.
Similarly, any mixed strategy (yi,..., yn) for C player is a pure strategy if for any, i, y; = 1. A pure
strategy is a special case of a mixed strategy in which a player always chooses the same action.

Example 6:

In the example on page 2, the game had a value of 5 (saddle point). R's optimal strategy could be
represented as the pure strategy (0, 0, 1) and C's strategy was the pure strategy (0, 1, 0).

We continue to assume that both players play a 2p0sg in accordance of the basic assumption on page 1.
In the context of randomised strategies the assumption (from the point of view of the odd) may be stated as
follows: Odd should choose x; and x, to maximise O's expected reward under the assumption that Even knows
the values of x;, on a particular play of the game E is not assumed to know O's actual strategy choice until the
game is played.

Each player knows that his/her opponent will choose the probabilities
(x1, X2 ,...) and (y1, y2 ...)

to maximise their own expected reward. The choice of the strategy itself is done according to the
probabilities that have been computed.

3. FURTHER LINEAR PROGRAMMING: DUALITY & COMPLEMENTARY SLACKNESS
3.1 DUALITY
Consider the LP (called the PRIMAL problem)

(P) max{ch‘Axgb;XZO}; c, XeR", A € R™ b € R™

The DUAL of this problem is defined as

(D) min{bTy‘ATyzc,yZO}yERm

NOTE: The DUAL of (D) is (P). Hence the DUAL of the DUAL is the PRIMAL.
Example 7:

Furniture company (FC) manufactures desks (D), tables (T) and chairs (CH). The manufacture of each
type of furniture requires wood (W) and two types of labour: finishing (FI) and carpentry (CA). Resources
needed for each D, T, CH
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Resources D T CH
W 8 ft 6 ft 1ft
FI 4 hrs 2 hrs 1-5hrs
CA 2 hrs 1-5hrs 0-5hrs

Available: 48 ft wood. 20 F1 hours and 8 CA hours. Demand for T,D & CH unlimited. FC wishes to maximise
revenue.

x; = number of D, x, = number of T, X3 = number of CH

A Desk sells £60, a Table for £30 , a Chair for £20.

The PRIMAL problem:
max 6OX1 + 30X2 + 20X3

S.T. 8x; + 6 x, + x3 < 48 (W. Constraint)
4x; + 2 x; + 1-5x3 < 20 (FI. constraint)
2x1 + 1-5x, + -5x3 < 8 (CA constraint)
X1, X2, X3 > 0

The DUAL problem:
min  48y; + 20y2 + 8ys

S.T. 8y1 + 4y, + 2y; > 60 (Desk constraint)
6y; + 2y, + 1-5y; > 30 (Table constraint)
y1 + 1-5y, 4+ 0-5y; > 20 (Chair constraint)
Y, ¥2,¥3 =2 0
The first constraint corresponds to x; (DESKS) because each number in the first dual constraint comes

from the x; (DESK) column of the primal. Similarly the second dual constraint is associated with tables and the
third with chairs. Also, y; is associated with wood y, with finishing hours and y3 with carpentry hours.

Resource/Product
Resources D T CH rAe\s/giLﬂ%??:
W 8ft oft 1ft 48 ft
FI 4 2 1-5 20 hrs
CA 2 1-5 -5 8 hrs
Price (selling) £60 £30 £20

To interpret the Dual: You are an entrepreneur who wants to purchase all of FC's resources.
Then you must determine the price you are willing to pay for a unit of each of FC's resources. Define

y1: price paid for 1ft of wood
yo: price paid for 1 finishing hour
y3: price paid for 1 carpentry hour

Now we show that the resource price yj, y2, y3 should be determined by solving the DUAL above. The
total price you must pay for all of these resources is 48y; + 20y, + 8y;. You wish to minimise the cost of
your purchase:
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min 48y; + 20y, + 8ys

In setting resource prices what constraints do you face? You must set the resource prices high enough
to induce FC to sell you its resources:

You must offer at least £60 for a combination of the resources that includes 8ft of W, 4 of FI hrs, 2 of
CA hrs since FC could, if it wished, use these to produce a desk & sell it for £60. Thus,

8y1 + 4y, + 2y; > 60

Similar reasoning shows that you must pay at least £30 for the resources used to produce a table (6 ft of
W, 2 Fl hrs, 1.5 CA hrs). This means that yj, y,, y3 must satisfy

6y; + 2y, + 1.5y; > 30
Similarly, the third (chair) constraint (dual)

y1 + 1-5y2 + 0-5y; > 20
states that you must pay at least £20 (price of a chair) for the resources needed to produce a chair (1ft. W., 1 -5

FI hrs.,, 0-5 CA hrs). The sign restrictions y;, y» y3 > 0 must also hold. The i dual variable thus
corresponds, in a natural way, to the i" primal constraint.

DUAL THEOREM (DT) 1

P: max{ch‘Axgb,XEO}; A e R™ xc¢ceR"

D: min{bTy‘ Aly > ¢,y > 0}; y,b € R™

|DT states that P and D have equal optimal objective function Values.|

Lemma 1 Let x, y be feasible w.r.t. the primal and the dual problems respectively i.e.

x: Ax < b,x >0 and y: Aly > ¢, y > 0]

Then
cx < by

Proof

Sincey > 0, multiplying Ax < b by y' yields
y'Ax < y'b
Since x > 0 multiplying ATy > ¢ by x' yields

xT ATy > xTc
Since y' Ax = x" ATy, we have

xTe < xTATy = yT Ax < y'b. O

Example 8:

If a feasible solution to either the primal or the dual is known, it can be used to obtain a bound on the
optimal value of the objective function of the other problem.

In the FC problem x; = X, = x3 = 1 is feasible. This has an objective function value of
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60(1) + 30(1) + 20(1) = 110

Lemma 1 = Any dual feasible solution must satisfy

48y, + 20y, + 8y; > 110
Lemma 2

Let X be a feasible solution to the primal i.e.
ReR:Ax < b, x>0
and § be feasible solution to the dual i.e.

e R%ATy>c,y >0

If T = f/T b, then X is optimal for (P) and y is optimal for (D)|

Proof
Lemma 1 = for any feasible point x
c'x < by

Thus, any primal feasible x must yield an objective function value c¢'x that does not exceed b'§. Since X is
primal feasible and has objective function value ¢c’X = by, X corresponds to the largest value ¢"x can take.
Hence X is optimal. Similarly Lemma 1 =

¢ < y'b

and for any dual feasible y the objective function y'b exceeds c¢'X. Since ¥ is dual feasible and objective value

f/Tb = ¢'%, § corresponds the smallest value by can take. Hence ¥ is an optimal solution for the dual. O
Example 9:
2 0
For the FCproblem X = |0 |;y = [10| = c'x = 280 = bly.
8 10

Lemma 3: If (P) is unbounded then (D) is infeasible.

Lemma 4: If (D) is unbounded then (P) is infeasible.

DUAL THEOREM 2

Given the primal problem

max{ch‘ Ax < b, x > 0}
and the dual

min{bTy’ ATy > ¢,y > 0}
Suppose B is an optimal basis for the primal. Recall:

Ax =b = Bxg + Nxy = b.

xo=¢c'x = xp=chxp + chxn

xg + B! Nxyx = B7!bp (=x3 =B 'b;xy =0)

xo +(ck B' N — ci)xy = ciB'b (=y"b)



GT (2003) 8

Theny = BT ¢ (and y" = ¢} B™!) is an optimal solution to the dual and bT y = ¢ x, for the optimal values
of x and y.

Proof
Plan:

1. We use the fact that B is an optimal basis for the primal, to show that y = BT ¢; is dual feasible. (For
simplicity, we assume that all slacks of the primal problem are non-basic at the optimum solution. For the case in
which a slack variable is basic, note that it can be shown that the corresponding element of B ¢y is zero.)

2. Show that the optimal primal objective function value = the dual objective function value for BT ¢ .

3. Having found a primal feasible solution from B and a dual feasible solution, B ¢z that have equal
objective values, we invoke Lemma 2 to conclude that BT cg is optimal for the dual and b" x = ¢Ty. Thus:

1. Let B be an optimal basis and let y = BT cg  (y=[y1, ..., ym]"). Thus, y; is the i" element of BT
cg . We use the fact that B is primal optimal to show that BT cg is feasible for the dual. Since B is primal
optimal, the coefficient of each variable in the reduced cost

(IBIN - o)
must be nonnegative:

(ck B'N — ¢f)y>0
usingy = BTcp
(y" N — ¢f) >0 or Ny > cn.
Thus, BT cg satisfies the n dual constraints:

. T T = T R-T
ATyZ[B;N]TyZ[gT} y = |:113T§] Z |:B ISN CB:|

= [cp
CN
Since, B is an optimal basis for the primal, we also know that the coefficient of the i slack variable in

xo +(cg BN — ck)xy = c¢fB7'b

is the i" element (y;) of y = BT cg . (The reason for this is that in the initial simplex tableau the coefficient of
a slack variable is zero and the corresponding (i th) column of N is ¢; -the column of the i slack which is null
everywhere except in

the i row where it has a unit entry- the i element of (¢} B™! N — ¢} ) is in general given by

(CE B! n; — Ci)

where n; is the i column of N. In the case of the i slack, the original objective function coefficient ¢; = 0 and n;

= ¢;. Thus, the coefficient of the i slack is given by cg B! e, which is the i element of y.) Thus, fori =
1,2,..,m,y; > 0. We have shown thaty = BT cp satisfies all n constraints of the dual problem and that all
elements of BT cp are nonnegative. Thusy = BT cp is dual feasible.

2. We now need to show that dual objective function value for BT cg = primal objective value for B.
From xo +(cf B! N — cl)xy = ¢ B™!b we know that the primal objective value is xp = ¢} B!
b. But the dual objective value for the dual feasible solution BT ¢ is
b'y = bf BTcp
which is the required result.

3. We now invoke Lemma 2 to establish the Dual Theorem. O

Example 10: FC X = 2,0,8 SLACKS:s; = 24,5, = 0,83 = 0
Basic Variable

X0 + 5x%2 + 10s; + 10s;3 = 280 Xo = 280

— 2X2 + s + 252 — 8S3 = 24 S1 = 24
— 2X; + X3 + 28, — 4s3 = 8 X3 = 8



GT (2003) 9

X1 + 1'25X2 - '552 + 1'553 = 2 X1 = 2
We may also compute the dual optimal solution directly:
1 0 0 0 0
B_TCBV = 2 2 - -5 20 = 10
-8 —4 1.5 60 10
3.2 COMPLEMENTARY SLACKNESS
Relates the primal and dual optimal solutions. Let
P: max { x| Ax < bx >0} xceR AeR™beR

Let S € R™ be the slack variables for (P) ie. s = S:z
S
D: min{bTy‘ATyzc,yZO}yeRm

Let e € R" be the dual slack variables, ie. e = :
Cn

THEOREM: COMPLEMENTARY SLACKNESS

Let x be feasible to P and y be feasible to D. Then x is primal optimal and y is dual optimal iff

SiYiZO 1 1,2,...,[1’1

eix;, =0 j=12,..,n

From (2) and (3) it follows that
i primal slack > 0 = i dual = 0
i" dual > 0 = i primal slack = 0

j™ dual slack > 0 = j™ primal = 0

j™ primal > 0 = j™ dualslack = 0

(4) and (6) = if a constraint in either primal or dual is not satisfied as an equality (has either s; > 0ore; >
0) then the corresponding variable of the other (or complementary) problem must equal zero.

complementary slackness.

Example 11:

s = 48 — (8(2) + 6(0)

X1 = 2
FC X = X2 =0 s = s2 = 20 — (4(2) + 2(0)
X3 = 8

ss = 8 — (2(2) + 1-5(0)

e1=(8(0) + 4(10) + 2(10))

- 60 =0

(2)

(3)

C))

(5)

(6)

(7

Hence
24
0
0
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y= |10 e = e=(600) + 2(10)+ 1-5(10)) — 30 = 5
10

e;=(1(0) + 1-5(10)+ 0-5(10)) — 20 = 0
S1y1 = $2y2 = s3y3 = 0
€1 X1 = €6 Xy = €63X3 = 0

s > 0 = y; = 0: A positive slack in the wood constraint = wood must have zero price. Since slack in the
wood constraint means that extra wood will not be used, an extra foot of wood would indeed be worthless.

y2 > 0 = s, = 0:y, > 0 = an extra finishing hour has some value. This can only occur if we are using
all available finishing hours (i.e. s, = 0).

3.3 FINDING THE DUAL OF AN LP NOT IN NORMAL FORM

Example 12: Maximisation problem
max xXg = 2X; + X
ST X] + X = 2
2X1 — X2 Z 3
X1 — X2 S 1
X7 > 0 x, unrestricted
To convert to NF:
(1) Multiply each > constraintby — 1. This converts > intoa < constraint.

2x1 — X >3 — —=2X1 +x < -3

(2) Replace each = constraint by two inequality constraints: a < and a > constraint. Then convert
the > constraint to a < constraint using (1).

>2 0 —x —x <2 .
X] +x =2 — { iiii;;z_’ R } Two constraints

(3) Replace each unrestricted variable x; by x{ — x{’ where x{,x{" > 0.

!/ n
X2 — X5 — X
we have
max Xg = 2x; + X, — X}
ST x; + x5 — x5 <2
—-x; =X, + x5 < =2
- 2x; + x5 — x4 < =3
x; —x, + x5 <1
X1, X5, X5 > 0

We can now find the dual.

Rules for finding the Dual directly
(1) Ifthe i primal constraintisa > constraint the i" dual variable must satisfy y; < 0

(2) The i primal constraint = constraint, the dual variable y; is unrestricted in sign
3)  The i primal variable is unrestricted, the i dual constraint is an = constraint.
p

max Xo
. *
min yo x; >0 X, unrs

X1 X2
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V1 1 1 =2
¥2 2 - 1 > 3"
y3 2> 0 V3 1 - 1 <1
>2 1
max X
min yg x; >0 X, unrs
X1 X2
yiunrs Y1 1 1 =2
y2<0 y2 2 -1 >3
y3 > 0 y3 1 -1 <1
>2 =1
DUAL PROBLEM:
min yo = 2y1 + 3y2 + y3
ST yi +2y2 +y3 =22

yi—y2—ys =1
yrunrs,y, < 0,y3 > 0

Example 13: minimisation problem
minyy = 2y; + 4y, + 6y;3

ST yi + 2y2 + y3 > 2
Y1 -y =1

)
)

2+ y3 =1 (
2y1 + y2 <3
yi(unrs)  y2,y3 > 0

IA

(1) Change each < constraintto > by multiplying < constraint by — 1:
2y1 +y2 <3 = =2yt —y2 > — 3

(2) Replace each = constraint by a > constraintanda < constraint. Then transform < toa > constraint:

— 2+y3 21 .
y2+y3 =1 — { Azl —y_ys>_1 ( Two constraint

(3) Replace unrs variable y; by yv. — y/; vyi,y/ > 0.
miny, = 2y} — 2y + 4y, + 6y;
ST Yi— Vi 2+ y3 > 2

i — Yi - y3 > 1
2+ y3 > 1



GT (2003) 12
-y2 — y3 =2 — 1
=2y1 + 2% -y > -3
ylls y/ll’ Y2, y3 > 0

now find the dual.

Rules for finding the Dual (for min problem) directly

max Xg
min yq x; >0 X, >0 X3 unrs x4 <0
X1 X2 X3 X4
yrunrs” yi 1 1 0 2 _ )
2> 0 v 2 0 1 1 <4
y3 >0 V3 1 -1 1 0 <6
>2 > 1 =1" < 3

(1) Ifthe jth primal constraint is a < constraint, the dual variable x; must satisfy x; < 0
(2) Ifthei™ primal c. isan = constraint, the dual variable x; will be unrs.

(3) If the i primal variable y; is unrestricted. the i dual constraint is an equality constraint.

maxxog = 2X; + X» +Xx3 + 3x4

ST X1 + Xp +2x4 =2
2x4 + x3 + x4 < 4
X] — X2 + X3 S 6

X1, X > 0,x3unrs, x4 < 0

4. LINEAR PROGRAMMING & ZERO SUM GAMES

LP can be used to find the value and optimal strategies (for the row (R) and column (C) players) for
any 2p0sg.

Example 14: STONE (S), PAPER (P) AND SCISSORS (SR)

Each of the two players simultaneously utters one of the three words S, P or SC. If both players utter
the same word, the game is a draw. Otherwise one player wins £1 from the other according to the rules: SC

defeats (cuts) P, P defeats (covers) S, S defeats (breaks) SC. Find the value and optimal strategies for this
2p0sg.

C Player
Row
R Player S P Sc min
S 0 -1 +1 —1
P +1 0 -1 -1
SC -1 +1 0 -1
Col. max +1 +1 +1

The game does not have a saddle point. Let
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X; = probability that row player chooses S
X, = probability that row player chooses P

x3 = probability that row player chooses Sc

y1 = probability that column player chooses S

y» = probability that column player chooses P

y3 = probability that column player chooses Sc

The Row Player's LP

If R chooses the mixed strategy (x;, X2, X3) then R's expected reward against each of the C's strategies
are:

R's expected reward if

C Chooses R chooses (x1, X2, X3)
S X2 — X3
P — X1 +X3
SC X] — X2

By the basic assumption, C will choose a strategy that makes R's expected reward equal to

min (X, — X3, — X| + X3, X| — X2)
Then R should choose (x, X, x3) to make min (x; — X3, — X; + X3, X] — Xp) as large as possible. To
obtain an LP formulation (R's LP) that will yield R's optimal strategy, observe that for any values of x;, X, X3
the largest value of min (x, — X3, — X; + X3, X; — Xp) is just that /argest number (say v) that is

simultaneously less than or equal to x, — x3, — X; + X3, X] — Xp. Also, probabilities x;, x, x3 > 0 and
X1+ X2 + X3 = 1

Max xo9 = vV

ST. v< X — X3 (Stone Constraint)

v< —Xx +x3 (Paper Constraint)
v < X — Xy (Scissors Constraint)
X + X2 +x3 =1 X1,X,%x3 > 0, vunrestricted

v in optimal solution is R's “floor". No matter what strategy played by C, R's expected reward is at least

The Column Player's LP

Suppose that C has chosen the mixed strategy (y;, y2, y3). For each of R's strategies we may compute
R's expected reward if C has chosen (yy, y2, ¥3)-

Row Player's expected reward
R. Chooses if C chooses (y1, y2, ¥3)

S -y +y3
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P Yr — Y3

SC -y + Y2

Since R is assumed to know (yi, y2, y3), R will choose a strategy to ensure that R obtains an expected
reward of

max (— y2 + y3,¥1 — Y3, — Y1 + ¥2)

Thus, C should choose (yi, y2, y3) to make

max(— y> + y3,y1 — ¥3, — Y1 + Y2)

as small as possible. To obtain an LP formulation, observe that for any choice of (y1, y2, ¥3)

max (— y2 + y3,¥1 — Y3, — Y1 + ¥2)

will equal to the smallest number that is simultaneously greater than or equalto — y» + y3, y1 — V3, — VI

3
+ yy (call this number w). Also yi,y2,¥3 > 0,5 y; = 1 For a mixed strategy:

TS
min yy = w
ST. w> —y2+y3 ; W2y —y3s ,W2= —Yy +¥

yi +y2+y3 =1 Vi,¥2,y3 > 0 w unrestricted.

observe that w is a “ceiling" on C's expected losses (or on R's expected reward) because by choosing a mixed
strategy (yi, y2, y3) that solves the LP, C can ensure that C's expected losses will be at most w (whatever R
does).

THE RELATION BETWEEN THE LP'S OF R AND C
It is easy to show that C's LP is the DUAL of the R's LP.

R's LP: max Xy =V
ST —X +x3 +v <0
X1 — X3 +vVv SO
— X1 +Xx +v <0
X1 +X, +X3 =1

X1, X2, X3 > 0 v unrestricted.

Let the duals be yi, y2, y3 and w respectively

max
min X1 X2 X3 v
yi(> 0) 0o -1 1 1 <0
y2( > 0) 1 0 —1 1 <0
ys( > 0) -1 10 1 <0
w (unrs) 1 1 1 0 =1
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We read R's LP across the above table and the dual of R's LP is obtained by reading down each column. Recall
that the dual constraint corresponding to v will be an = constraint (as v is unrs) and the dual variable
corresponding to the primal x; + x, + x3 = 1 will be unrs. Thus, the dual can be read down as

minyy = w

ST Y2 —y3 +w>0
-V +y3s +w2>0
yi -y +w >0
yi + vy + ¥ =1

yi,Y¥2,yYs > 0 wunrestricted

which is C's LP.

The DUAL THEOREM = v = w (Both LP's feasible and bounded)
R's “floor" = C's “ceiling"

This is known as the minmax theorem. The common value v and w is the VALUE of the game to R. It
can be shown that the optimal strategies obtained via LP represent a stable equilibrium: neither player can
improve by a unilateral change in strategy.

For the Stone Paper Scissors game:

RsLP = w=20 xlzé,xz:%,m:%; CsLP= v=20 ylzé,yzzé,w:%

The fact that v and w are unrestricted can be overcome. Suppose that you add a constant ¢ to every
element of A so that all coefficients become nonnegative:

max XxXg = V

ST vi < (a1 + o)x1 + (a1 + ©)x2 + .. + (am + ©)Xp
y’ < (ap + O)x1 + (ap + ©)x2 + ... + (am2 + €)X
v < (am + ©)x1 + (am+ ©)x2 + ... + (84mn + ©)Xm

X] + X 4+ o+ xXp =1

X1 ,X2, .., Xm > 0 vV > ?
Note:
x1+ x4+ o +xp) = 1
v < apnx; + a1 X2 + oo+ 8mi Xm + ¢ (X1 + X2 + o+ Xm)
Thus,

v —c < anxs + ax+ ..+ an Xm

The same holds for all the constraints. Define v” such that

IV =v+c (or v=v—o)

Then the above max problem can be written as

max Xg = Vv’

IN

v’ (8.11 +C) X + .. + (am1 +C) Xm

<~
IA

@ to)xi + .. + (amn +¢) Xm
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The same can be shown for the dual

miny, = w’
n

w > anyr + .. +amyn + ¢l yi)

i=1
n

w’ > am) Y1 + ... + am Yn + C(Z yl)

i=1

Thus, the solution of the primal LP does not change by adding c to every element of A and v’ = v +
c. The dual solution also does not change and w = w + c.

To introduce > 0 constraints for w, v we therefore have to do the following:

|add ¢ = | most negative element of matrix A | to all elements of A.|

Let v* and w" be the optimal values of the original game (c = 0). Letv", w" be the optimal
values when c is given as above. Since after adding ¢ the matrix will not have any negative elements (rewards)
v',w" > 0hold. Thus after adding ¢ we may assume that v’ and w* > 0 and ignore v and w unrs. The value
v" of the original game: v\ = v — candw" = w" — c.

5. TWO-PERSON NON CONSTANT-SUM GAMES
Example 15: Prisoner's Dilemma

Two prisoners who escaped and participated in a robbery have been recaptured and are awaiting trial for
their new crime. Although both are guilty, the police chief is not sure whether he has enough evidence to convict
them. In order to entice them to testify against each other, the police chief tells each prisoner: “If only one of
you confesses and testifies against the other (partner), the person who confesses will go free while the person
who does not confess will surely be convicted to a 20 year jail sentence. If both of you confess you will both be
convicted and sent to prison for 5 years (because of lack of evidence). If neither confess, I shall convict you of a
misdemeanour and you each will get 1 year in prison". What should the prisoners do?

If the prisoners cannot communicate with each other, the strategies and rewards are:
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Prisoner 2
Prisoner 1 Confess Don't Confess
Confess (=5, -5) (0, —20)
Don't Confess (=20, 0) (-1, =1
T T
Pl's P2's
reward reward
Note that sum of rewards in each cell varies from —2 (= —1 —1)to —20(= — 20 + 0) =

This is not a constant sum game.

Does any strategy “dominate” the other? For each prisoner, “confess" dominates “don't confess"
strategy. If each prisoner follows his undominated “confess" strategy, however, each prisoner will get 5 years.
On the other hand, if each prisoner chooses the dominated “don't confess" strategy, each prisoner will get 1 year.
Thus, if each prisoner chooses his dominated strategy they are better off than if each chooses his undominted

strategy.

Definition: As in a 2p0sg a choice of strategy by each player (prisoner) is an EQUILIBRIUM POINT if
neither player can benefit by a unilateral change in strategy.

(=5, —5) is an equilibrium point: either prisoner deviating from this decreases his reward to — 20
(from — 5). However each is better off at ( — 1, — 1). However this is not an equilibrium point because if we
are at (— 1, — 1) each prisoner can increase his reward from — 1 to 0 by changing from Don't Confess to
Confess (each can benefit from double-crossing his opponent). If the players are cooperating (both don't
confess) each player can gain by double-crossing. If both double cross, they will be worse off than the
cooperative strategy (don't confess). This cannot occur in a constant sum game.

NC = non-cooperative action
C = cooperative action
P = punishment for non cooperation
S = payoff to person who is double-crossed
R = reward for cooperating if both players cooperate
T = temptation to double-cross the opponent
P2
P1 NC C
NC (P,P) (T, S)
C (S, T) (R,R)

In this game (P, P) is an equilibrium point. This requires P > S. For (R, R) not to be an equilibrium point
requires T > R (each player has temptation to double-cross). A game is reasonable if R > P. Thus, a

prisoner's dilemma requires:
T>R>P>S

This example is of interest because it explains why two adversaries often fail to cooperate with each other.

Example 16: Arms Race
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US and SU are engaged in an arms race. Each have two strategies: develop a new missile (D) or
maintain the status-quo. The reward matrix is based on the assumption that if only one nation develops a new
missile, the nation with the new missile will conquer the other nations. In this case, the conquering nation earns
a reward of 20 and the conquered looses 100 units. Assume cost of developing a missile 10 units. Find the
equilibrium point(s).
SU

UsS D M

(=10, — 10) (10, — 100)

M (=100, 10) (0,0)

D : Non-cooperative; M : Cooperative. ( — 10, — 10) (both nations non-cooperative) is an equilibrium
point. Although (0, 0) leaves both nations better off than ( — 10, — 10), we see that in this situation each nation
will gain from a double cross. Thus, (0, 0) is not stable. This example shows how maintaining the balance of
power may lead to an arms race.
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6. N-PERSON GAME THEORY

In many situations, there are more than two competitors. We therefore consider games with three or
more players. Let N = {1, ..., n} be the set of players in an n-person game which is specified by the game's
characteristic function.

Definition: For each subset S of N, the characteristic function v of a game gives the amount v(S) that
the members of S can be sure of receiving if they act together and form a coalition.

Thus, v(S) can be determined by calculating the amount that members of S can get without help from
players who are not in S.

Example 17: The drug game

Dr Medicine (player 1) has invented a new drug. Dr Medicine cannot manufacture this drug on his/her
own but can sell the formula to company (player) 2 or company (player) 3. The chosen company will split a £1
million with Dr Medicine. The characteristic function of this game is given by

v({ ) =v({1}) =v({2}) =v({3}) =v({2,3}) =0

v({1, 2})=v({l, 3})=v({1, 2, 3}) = £1, 000, 000.
Example 18: The rubbish dumping game

Each property owner has one bag of rubbish and has to dump his/her bag on somebody's property. If b
bags of rubbish are dumped on a coalition of property owners, the coalition receives a reward of -b.

The best that the members of any coalition can do is to dump all the rubbish on the property of owners
not in S. Thus, the characteristic function of the garbage game (| S | is the number of players in S) is given by
v{{ShH=—-@ - [S]) Gf[S] <4

v({1,2,3,4})= —4(Gf |S| = 4).
The latter follows because if all players are in S, they must dump their garbage on members of S.
Example 19: The land development game

Player 1 owns a piece of land and values it at £10000. Players 2 and 3 are developers who can develop
the land and increase its worth to £20000 and £30000, respectively. There are no other prospective buyers.

(any coalition that does not contain 1): v({ })= v({2})=v({3})=v({2,3})=0

(any other coalition value is the maximum value a member of the coalition places on the land
v({1,2})=£20000 v({1,3})=£30000 v({1,2,3})=£30, 000.

Consider any subset of player sets A & B: A N B = (). For any n-person game the characteristic
function satisfies superadditivity

v(A U B) > v(A)+v(B).

If the players A U B band together, one (but not the only) option is to let the players in A fend for themselves
and players in B fend for themselves. This would result in the coalition receiving an amount v(A) + v(B). Thus,
v(A U B) must be at least as large as v(A) + v(B).

Solution concepts for n-person games are related to the reward that each player will receive.
Definition: Reward Vector

Let
X1
X2

Xn

be a vector such that player i receives reward x;. This is the reward vector. A reward vector x (x; is the it
element of X) is not a reasonable candidate for a solution unless it satisfies
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n
v(N)=>"x; (Group Rationality: GR)
i=1

i.e. any reasonable reward vector must give all the players an amount that equals the amount that can be attained
by the supercoalition consisting of all players, and

xi > v({i}) (foreachi € N) (Individual Rationality: IR)

i.e. player i must receive a reward at least as large as what he can get for himself (v({i})).
Definition: If x satisfies both GR and IR, we call that x an imputation.

Example 20: Consider the payoff vectors of Example 19. Any solution concept for n-person games
chooses some subset of the set of imputations (possibly empty) as the solution to the n-person game.

X is X an imputation?
(£10000, £10000, £10000) Yes
(£5000, £2000, £5000) No: x; < v({1}), so IR violated
(£12000, £19000, -£1000) No: IR violated
(£11000, £11000, £11000) No: GR violated

THE CORE OF AN n-PERSON GAME

Definition: Given an imputation x = [X{, X2, ..., X5]T, we say that the imputation y = [y1, y2, ..., Yn]"
dominates x through a coalition S, i.e.

y >5x
if
> yi < v(S) andforalli € S, y; > x;
ies
If y > S x, then both of the following must be true:
— Each member of S prefers y to x

— Since > y; < v(S), the members of S can attain the rewards given by y
i€S

Thus,y > S x, then x should not be considered as a possible solution to the game, because the players in S can
object to the rewards given by x and enforce their objection by banding together and thereby receiving the
rewards given by y (since the members of S can surely receive an amount equal to v(s)).

John von Neumann and Oskar Morgenstern argued that a reasonable solution concept for an n-person
game was the set of all undominated imputations.

Definition: The core of an n-person game is the set of all undominated imputations. The following two
examples illustrate domination.

Example 21: Consider a three person game with the following characteristic function:

v 1) = V({1 = v(i2)) = v(3}) =0
v({1.2})=0.1, v({1,3})=0.2, v({2,3})=0.2, v({1,2,3})=1

Let x = [.05, .90, .05]T, y = .10, .80, .10]".

To showy > {1:3} x, note that both x and y are imputations. Next, observe that with y, players 1 and 3

receive more than they receive with x. Also, y gives players in {1, 3} a total of .1 + .1 = .2. Since .2 does not
exceed v({1, 3}) = .2, it is reasonable to assume that players 1 and 3 can band together and receive a total reward
of .2. Thus, players 1 and 3 will never allow the rewards given by x to occur.

Example 22: For the land development game in Example 19, let x = [£19000, £100, £10100]T, y =
[£19800, £100, £10100]". To show y > 13} x, we need only observe that players 1 and 3 from y (£29900)
does not exceed v({1, 3}). If x were proposed as a solution, player 1 would sell the land to player 3 and y (or
some other imputation that dominates x) would result. The important point is that x cannot occur because players
1 and 3 would not allow it.

THEOREM: DETERMINATION OF THE CORE



GT (2003) 21
An imputation X = [X{, X2, ..., X5]' is in the core of an n-person game if and only if for each subset
(coalition) S of N we have

Sx > wS).

ieS

(for the proof see, for example, P. Morris, Infroduction to Game Theory, Springer, 1994)
This theorem states that an imputation x is in the core (ie x is undominated) iff for every coalition S the total of
the rewards for each player in S (according to x) is at least as large as v(S).

We consider the core of the three games discussed so far.

Example 23: The drug game (continued). X = [X{, X5, x3]T will be an imputation iff
X; > 0; x> 0; x3 > 0; x1+x,+x3=£1000000

The theorem shows that x = [x;, X2, x3]T will be in the core iff x|, x,, X3 satisfy the above conditions and
X1 +Xp > £1000000; x;+x3 > £1000000; x,+x3 > £0; x; +x, +x3 > £1000000

If x = [X1, X2, X3]T is in the core, then all the above inequalities must hold simultaneously. As x; + x, + X3 =
£1000000, we must also have x; + x, = £1000000 ; x; + x3 = £1000000. Hence, x; = £1000000 and x; = x3 =
£0. We see that this satisfies all the inequalities and thus the core of the game is the imputation x = (£1000000,
£0, £0). The core emphasises the importance of player 1.

An alternative solution concept is the Shapley value. This would give player 1 less than £1000000 and
players 2 and 3 some money.

For this example, if we choose an imputation that is not in the core, we can show how it is dominated.
Consider imputation x = (£900000, £50000, £50000). If we let y = (£925000, £75000, £0), theny > {2ix,

Example 24: The Garbage Game (Continued). x = [X], X2, X3, X4]T is an imputation iff
X] > 35X > -3 X3 > 35 x4 > -3 XX tXx3tx4=-4

Applying the theorem to all three-player coalitions, for x = [Xi, X2, X3, X4]" to be in the core, it is necessary to
satisfy
Xi+txo+x3> -1 xp+xp+x4> -1 x+x3+x4 > -1 xo+x3+x4 > -1

Adding these four inequalities, we find that 3(x; + x; + X3 + x4) > -4, we find that this contradicts the equality
X] T X + X3 + x4 = -4. Thus, no imputation can satisfy the conditions for the core. Hence, the core of the garbage
game is empty.

To understand the reason for the empty core, consider the imputation x = [-2, -1, -1, 0]7, which treats
players 1, 2, 3 unfairly. Players 1 and 2 could, for example, join together to ensure the imputation x = [-1.5, -.5, -
1, -1]7. Thus, y > {1:2!x. In a similar fashion any imputation could be dominated by another imputation. The
two player version of the game has a core consisting of (-1, -1) and forn > 2, the core is empty.

Example 25: The Land Development Game (Continued). X = [X1, X2, X3]" is an imputation iff
X1 > £10000; x, > £0; x3 > £0; x; + X, +x3 =£30000

The theorem shows that x = [x;, X2, x3]T will be in the core iff x|, x,, X3 satisfy the above conditions and
X1 +Xo > £20000, X1 + X3 > £30000, Xy + X3 > £0, X; +Xo +X3 > £30000

Considering x; + x3 > £30000 and x; + x; + x3 = £30000 leads to x, = £0 and x; + x3 = £30000. By x; + X,

> £20000, we have x; > £20000. Any x in the core must also satisfy x3 > £0 and x; < £30000 and any x
satisfying x, = £0 and x; + x3 = £30000 in the core. Thus, if £20000 < x; < £30000 and any vector of the
form (x1, £0, £(30000 - x;)) will be in the core.

Player 3 outbids player 2 and purchases the land from player 1 for price x;(£20000 < x; < £30000).
Then player 1 receives x;, player 3 receives 30000-x; and player 2 receives nothing. In this example, the core
contains an infinite number of points.

THE SHAPLEY VALUE
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In the drug game, we found that the core of the drug gave all the benefits or rewards to the game's most
important player (the inventor of the drug). An alternative concept for n-person games is the Shapley value
which in general gives more equitable solutions than the core does.
(see: L. Shapley “Quota Solutions of n-Person Games" in: Contributions to the Theory of Games, eds. H. Kuhn
and A. Tucker, Princeton University Press, Princeton, NJ, 1953 and Owen, G. “Game Theory" Academic Press,
Florida, 1982).

For any characteristic function, Lloyd Shapley showed that there is a unique reward vector x = [X;, Xz,
..., Xn] " satisfying the following axioms:

Axiom 1 Relabelling of players interchanges the players' rewards. Suppose the Shapley value of a three
person game is x = [10, 15, 20]". If we interchange the roles of player 1 and 3 (for example, if originally v({1})
=10, and v({3}) = 15, we would make v({1}) = 15 and v({3}) = 10) then the Shapley value for the new game
would be x = [20, 15, 10]".

Axiom 2 Group rationality. Y x; = v(N).
i=1

Axiom 3 If v(S — {i}) = v(S) holds for all coalitions S, then the Shapley value has x; = 0. If player i
adds no value to any coalition, player i receives reward 0 from the Shapley value.

Axiom 4 Let x be the Shapley value vector of game v and let y be the Shapley value vector for game 9.
Then, the Shapley value vector for the game (v + V) is X + y.

The validity of Axiom 4 is often questioned: adding up rewards from two different games may be like
adding up apples and oranges. If Axioms 1-4 are assumed to be valid, however, Shapley proved:

THEOREM (SHAPLEY VALUE)

Given any n-person game with characteristic function v, there is a unique reward vector x = [x;, X2, ...,
xa]T satisfying axioms 1-4. The reward to the i player (x;) is given by

Xi = S n®FE U - ve] pa®) = BSOS
all S for which
isnotin S

where | S| is the number of players in coalition S and forn > 1,n!=n(n— 1)(n — 2)...(2)(1) (with 0! = 1).

Although the above formulae seem complex, they have a simple interpretation. Suppose players 1, 2, ...,
n arrive in a random order. That is, for any of the n! permutations of 1, 2, ..., n has a 1/(n!) chance of being in
which the players arrive. For example, if n = 3, then there is a 1/3! = 1/6 probability that the players will arrive in
any one of the following sequences

1 2 3 2 3 1
1 3 2 3 1
2 1 3 3 2 1

Suppose that when player i arrives, she finds players in the set S have already arrived. If player i forms a
coalition with the players who are present when he arrives, player adds v(SU {i}) — v(S) to coalition S. The
probability that when player i arrives the players in the coalition S are present is p,(S). Then the formulae imply
that player i's reward should be the expected amount that player i adds to the coalition made up of the players
who are present when player i arrives.

To derive the formula for We now show that p,(S) given above is the probability that when player i
arrives, the players in the subset S will be present. Observe that the number of permutations of 1, 2, ..., n that
result in player i's arriving when players in the coalition S are present is given by

(1)

i arrives

( —[S[ =D = [S] = 2)... @)(D)
Players not in SU{i} arrive

ISI(SI=1)(SI = 2) ... @)(D) ‘

S arrives

= |S|!n - [S] - 1!

Since there are a total of n! permutations of 1, 2, ..., n, the probability that player i will arrive and see the players
in S is
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Is|! (n —n!|S\— n_ Pa(S) .

Thus, the definition of x; is this: calculate [v (S U {i}) — v(s) ] for each of the n! possible orderings of
the players, weight each one with probability 1/(n!) of that ordering occurring, add the results. Among the n!
terms in the sum which defines x; there are many duplications. Indeed, suppose that we have an ordering in
which {i} occurs at position k. With S being the set of players in this ordering, if we permute the part of the
ordering coming before {i} and the part coming after it, we obtain a new ordering in which x; is again in the k'
position. Moreover, for both the original and the permitted orderings, the term [v (S U {i}) — v(s)] is the same.
There are | S| ! permutations of the players coming before, and (n — | S| — 1)! permutations coming after,
{i}. Thus, the term [v (S U {i}) — v(s)] occurs |S|!(n — |S| — 1)! times. This explains the probability
Pn(S), given that any ordering has probability 1/(n!) and associated with [v (S U {i}) — v(s)], thereare | S | !(n
— | S| — 1! orderings.

Example 26 : The drug game (continued). The Shapley value.

For x;, the reward player 1 should receive, we list all coalitions S in which player 1 is not a member.
For each such coalition, we compute v(S U {i}) — v(S) and p3(S):

S p3(S) v(SU{l}) — v(S)
() 2/6 £0

(2} 1/6 £1000000

(2,3} 2/6 £1000000

(3} 1/6 £1000000

Since player 1 adds on the average
— 4000000
(2/6)(0) + (1/6)(1000000) + 2/6(1000000) + (1/6)(1000000) = £ ==

the Shapley value concept recommends that player 1 receives a reward of £M. To compute the Shapley
value for player 2, we require the information:

S p3(S) v(SU {2}) — v(S)
0 2/6 £0

{1} 1/6 £1000000

(3} 1/6 £0

(1,3} 2/6 £0

Thus, the Shapley value for player 2 is
(1/6)(£1000000) = £1000000,
Since, the Shapley value must allocate a total of v({1, 2, 3}) = £1000000 to the players, the Shapley value for
player 3 is
£1000000 — x; — x, = £1000000,

Shapley value is essentially computed using the fact that player i should receive the expected amount that she
adds to the coalition present when she arrives. In this example, this method yields the computation below

AMOUNT (£) ADDED BY PLAYER'S ARRIVAL

ORDER OF

ARRIVAL Player 1 Player 2 Player 3
1,2,3 0 1000000 0
1,3,2 0 0 1000000
2,1,3 1000000 0 0
2,3,1 1000000 0 0
3, 1,2 1000000 0 0
3,2,1 1000000 0 0

5

Since each of the six orderings are equally likely, we find that the Shapley values are given as above.
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The Shapley value can be used as a measure of the power of individual members of a political or
business organisation. For example, the UN Security Council consists of five permanent members (who have the
veto power over any resolution) and ten nonpermanent members. For a resolution to pass the Security Council, it
must receive at least nine votes, including the votes of all permanent members. Assigning a value 1 to all
coalitions that can pass a resolution, and a value 0 to all those that cannot defines a characteristic function. For
this characteristic function, it can be shown that the Shapley value for each permanent member is .1963 and the
Shapley value for each nonpermanent member is .001865 and 5 x (.1963) + 10 x (.001865) = 1. Thus, the
Shapley value indicates that 5 x (.1963) = 98% of the power in the Security Council resides with the permanent
members.

Example 27: Suppose three types of planes use an airport. A Piper Cub (player 1) requires a 100-yd
runway, a DC-10 (player 2) requires a 150-yd runway and a 747 (player 3) requires a 400 yd runway. Suppose
the cost in pounds of maintaining a runway for a year is equal to the length of the runway. since 747's land at the
airport, the airport will have a 400-yd runway. For simplicity, suppose that each year only one plane lands at the
airport. How much of the £400 annual maintenance cost should be charged to each plane?

We define a three-player game in which the value to a coalition is the cost associated with the runway
length needed to service the largest plane in the coalition. Thus, the characteristic function for this game (cost
= negative revenue) would be
v({ })=0,v({1})=-£100, v({1, 2}) =v({2}) = -£150
v({3}) =v({2,3}) =v({l, 3}) = v({l, 2, 3}) = -£400
To find the Shapley value (cost) to each player, we assume that the three planes land in a random order and we
determine how much cost (on the average) each plane adds to the cost incurred by the planes that are already

present:
COST ADDED BY PLAYER'S ARRIVAL(£)

aﬂ?\[} fLF P %OFB(?%EEY Player 1 Player 2 Player 3
1,2,3 1/6 100 50 250
1,3,2 1/6 100 0 300
2,1,3 1/6 0 150 250
2,3,1 1/6 0 150 250
3,1,2 1/6 0 0 400
3,2,1 1/6 0 0 400
Player 1 cost= (1/6)(100 + 100) = £200/6

Player 2 cost = (1/6)(50 + 150 + 150) = £350/6

Player 3 cost= (1/6)(250 + 300 + 250 + 250 + 400 + 400) = £1850/6

In general, even if more than one plane of each type lands, it has been shown that the Shapley value allocates
runway operating cost as follows: all planes that use a portion of the runway should divide the cost of that
portion of the runway (S. Littlechild and G. Owen (1973). “A simple expression for the Shapley value in a
special case" Management Science, Vol. 20, 370-372). Thus, all planes should cover the cost of the first 100 yd
of runway, the DC10's and 747's should pay the next 150 — 100=50 yd of runway and the 747's should pay the
last 400 — 150 = 250 yd of runway. If there were ten Piper Cub, five DC10 and two 747 landings, the Shapley
value concept would recommend that each Piper Cub pay £100/(10 + 5 + 2)= £5.88, each DC10 pay £(5.88 +
(150 — 100)/(5 + 2)) = £13.03 and each 747 pay £(13.03 + (400 — 150)/2)=£138.03.



