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Abstract

In this paper, we consider a stochastic programming approach to multistage post-tax portfolio optimization. Asset

performance information is specified as a scenario tree generated by two alternative methods based on simulation and

optimization. We assume three tax wrappers involving the same instruments for an efficient investment strategy and

determine optimal allocations to different instruments and wrappers. The tax rules are integrated with the linear

and mixed integer stochastic models to yield an overall tax and return-efficient multistage portfolio. The computational

performance of these models is tested using a case study with different scenario trees. Our experiments show that

optimal portfolios obtained by both linear programming and mixed integer stochastic models diversify over wrappers

and the original capital is distributed among assets within each wrapper.
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1. Introduction

In financial portfolio management, multistage

stochastic programming is used to find an optimal

investment strategy by maximizing expected

wealth subject to constraints specified by the in-

vestor [4,6,8,9,13,16,20,23]. The uncertainty on

return values of instruments is represented by a
discrete approximation. Given history up to the

commencement of the investment period the de-
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termination of the finitely many outcomes of the

random return variable is called scenario tree

generation. Generating scenario trees is important

for the performance of the multistage stochastic

programming [10,11]. The root node of the sce-

nario tree represents the decision ‘‘today’’ and the

nodes further on represent conditional decisions at

later stages. The arcs linking the nodes represent
various realizations of the uncertain variables. The

dynamics of decision making is thus captured as

decisions are adjusted according to realizations of

uncertainty [24].

Taxes have a significant performance impact on

portfolio management; often larger than transac-

tion costs for most investors. Therefore, it is im-

portant for an investor or a bank to consider the
effect of taxes on all investment decisions, including
ed.
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optimal asset allocation. Nevertheless the trade-off
between seeking maximum expected return and the

tax consequences of investment decisions does not

seem to have received sufficient attention.

The relation between taxation and portfolio

composition is considered, for example, by [3,12].

However, portfolio management in view of taxa-

tion, or portfolio performance evaluation after-tax

does not seem to have been studied. Stein has
proposed a technique to measure a portfolio value

after tax in [18]. Stein has also investigated the

diversification dilemma in the presence of taxes

and the sensitivity of key parameters such as the

initial holding, investment horizon in [19] without

an integrated approach to taxation and the deter-

mination of optimal portfolios.

In this paper, we use the post-tax portfolio
optimization approach that takes into account

special UK taxation rules. Although our focus in

this research is only UK tax rules, capital gains

relief, inheritance, gifting, offshore wrapper, and

most aspects of taxation exist in most tax regimes.

Thus this approach is broadly applicable to tax

optimal investments in other countries.

A wrapper is defined as a set of assets with
specific tax rules. Three different wrappers: off-

shore bonds, onshore bonds and unit trust are

considered. Post-tax optimization finds an optimal

asset allocation with specific tax rules for each

asset at each wrapper. We introduce a multistage

stochastic approach to the post-tax portfolio

management problem. The tax rules are integrated

with the linear and mixed integer formulations to
yield an overall tax and return-efficient multistage

portfolio. The main concern of this paper is to find

an optimal investment strategy, after incorporat-

ing specific tax rules, using differing asset alloca-

tions in wrappers, over a given finite investment

horizon. Uncertainty on asset performances (or

returns) is represented with a scenario tree. We

generate scenario trees by simulation and optimi-
zation based approaches [5]. The performance of

linear and mixed integer optimization models on

different scenario trees is illustrated using a test

example.

The rest of the paper is organized as follows. In

Section 2, we give the terminology and notation

for post-tax optimization. Section 3 focuses on the
multistage stochastic post-tax linear and mixed
integer optimization models. We consider two

scenario tree generation methods which are de-

scribed in Section 4. The computational results

measuring the performance of the models are

presented in Section 5.
2. Definitions and notation

In this section, we introduce the financial ter-

minology for multistage post-tax optimization and

notation for the mathematical formulation of the

problem.

2.1. Scenario trees

We assume a portfolio of n risky assets in three
wrappers and consider its optimal restructuring

over a period in terms of expected return after

performing tax rules. After the initial investment

(t ¼ 0), the portfolio may be restructured at dis-
crete times t ¼ 1; . . . ; T � 1, and redeemed at the
end of the period (t ¼ T ). Let qt � fq1; . . . ; qtg be
stochastic events at t ¼ 1; . . . ; T . The decision
process is nonanticipative (i.e. decision at a given

stage does not depend on the future realization of

the random events). Past information and the

probabilistic specifications ðX;F;PÞ of the future
uncertainty are used to determine the decision. In

order to clarify the latter, letFt � F be the r-field
generated by the observation qt � fq1; . . . ; qtg.
The dependence of the decision at t on qt�1 means
that the decision at t is Ft�1 adapted (i.e. it is

measurable with respect to Ft�1). The constraints

on a decision at each stage involve past observa-

tions and decisions.

Due to the recourse nature of the multistage

problem, decision variables wt, bt and st are influ-

enced by previous stochastic events qt, and hence

wt ¼ wtðqtÞ, bt ¼ btðqtÞ and st ¼ stðqtÞ. However,
for simplicity, we shall use the terms wt, bt and st,

and assume their implicit dependence on qt. We

assume that qt can take only finitely many values.

Thus, the factors driving the risky events are ap-

proximated by a discrete set of scenarios or a se-

quence of events. Given the event history up to a

time t, qt, the uncertainty in the next period is
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characterized by finitely many possible outcomes
for the next observation qtþ1. This branching

process is represented using a scenario tree.

A scenario is defined as a possible realization of

the stochastic variables fq1; . . . ;qTg. Hence, the set
of scenarios corresponds to the set of leaves of the

scenario tree, NT , and nodes of the tree at level

tP 1 (the set Nt) correspond to possible realiza-

tion of qt. We denote a node of the tree (or event)
by e ¼ ðs; tÞ, where s is a scenario (path from root
to leaf), and time period t specifies a particular
node on that path. The root of the tree is 0 ¼ ðs; 0Þ
(where s can be any scenario, since the root node is
common to all scenarios). The ancestor (parent) of

event e ¼ ðs; tÞ is denoted aðeÞ ¼ ðs; t � 1Þ, and the
branching probability pe is the conditional proba-
bility of event e, given its parent event aðeÞ. The
path to event e is a partial scenario with proba-

bility Pe ¼
Q

pe along that path. Since probabili-
ties pe must sum to unity at each individual

branching, probabilities Pe will sum up to unity

across each layer of tree-nodes Nt for t ¼ 0;
1; . . . ; T .
Each node e 2 Nt at a level t ¼ 1; . . . ; T cor-

responds to a decision fwe; be; seg which must be
determined at time t, and depends in general on qt

and the past decisions fwj; bj; sjg, for j ¼ 1; . . . ;
t � 1. This process is adapted to qt as wt, bt, st
cannot depend on future events qtþ1; . . . ; qT which

are not yet realized.

2.2. Investment wrappers and tax rules

A wrapper is a set of assets, such as equities,

bond, cash and properties, with a specific set of

rules for taxation on regular basis. Different in-

vestor�s life events such as withdrawals, gifts, or
emigration [15] affect taxation rules and the per-

formance of the portfolio at the end of the in-

vestment horizon. Three different wrappers,

namely offshore bonds, onshore bonds and unit
trust are considered. Returns are obtained as div-

idends, income, and capital gains from instruments

within each wrapper.

Taxes are payable in different ways for different

wrappers and assets and receive special treatment

in specific situations according to the wrapper

utilized. The main taxes applicable in this paper
are income, capital gains, tax within bond and tax
on gross returns. In addition, we assume that an

investor is allowed to withdraw some amount of

money from different wrappers with different tax

penalties.

There is no annual tax for the offshore bond

wrapper; but at the time of encashment, tax on the

gross returns (whether from capital gain or in-

come) is due at a rate of tgb. The onshore bond
wrapper is very similar to offshore bond, except

that some tax is due every year (tgr), and tax is also
due at encashment (tob). While dividend or income
returns from investments in a unit trust wrapper

are subject to annual income tax, tin, capital gain
taxes are deferred until encashment.

Profits realized on the disposal of certain types

of assets are subject to capital gains tax. These
include direct holdings of shares and property, as

well as unit trusts. However, there is some miti-

gation of this tax in the form of taper relief. Taper

relief is a gradual reduction of the amount of tax

payable, dependent on the length of time an asset

has been held. Taper relief is provided, so that the

longer the time horizon until encashment, the

lower the tax.

2.3. Notation

Our notation is described in Table 1. All

quantities in boldface represent vectors in Rn. The

transpose of a vector is denoted with the symbol 0.

In Table 1, subscript � indicates that vectors have
two indices. The first index represents wrappers
k ¼ 1; 2; 3 for offshore bonds, onshore bonds and
unit trust, respectively. The second one denotes

each event e 2 Nt at time t ¼ 1; . . . ; T of the sce-
nario tree.
3. Multistage post-tax optimization model

In this section, we present multistage post-tax

optimization model, which describes the way that

the initial investment is allocated, the way money

grows and can be transferred between assets at

each time period, the way diversification is en-

forced, returns accumulate, and withdrawals can

be taken. Finally, the LP and MIP models finding



Table 1

Notation

Symbols and input data

1 � ð1; 1; 1; . . . ; 1Þ0
p 
 q � ðp1q1; p2q2; . . . ; pnqnÞ0 (Hadamard product)
p0q � p1q1 þ p2q2 þ � � � þ pnqn (inner product)
e � ðs; tÞ index denoting an event (a node of the

scenario tree)

aðeÞ ancestor of event e (parent in the scenario tree)

Nt set of nodes of the scenario tree at time t
pe branching probability of event

e : pe ¼ Prob½ejaðeÞ�
Pe probability of event e: if e ¼ ðs; tÞ, then

Pe ¼
Q

i¼1...t pðs;iÞ
n number of investment assets

M amount of initial investment

T investment planning horizon

TWt total withdrawal at time t
ick percentage paid in initial cost for wrapper k
ack percentage paid in annual cost for wrapper k
rke dividends or income returns for wrapper k at

node e

gke capital gains for wrapper k at node e
tgb tax on gross returns of offshore bond

tob tax within onshore bond

tgr tax at the end on gross returns from onshore

bond

tin income tax paid on dividends or income

CGt capital gains tax at period t
tc transaction cost

Decision variables

Rk cumulative returns for wrapper k
NRk net redemption value obtained from wrapper k
CT� accumulated tax

w� amount of money held in each asset

b� amount of money spent to buy an asset

s� amount of money obtained when selling an

asset

h� first withdrawal from a wrapper

u� excess withdrawal from a wrapper

f� withdrawal taken from the original investment

in a wrapper

ykt binary variable for wrapper k at t
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efficient post-tax investment allocations are de-
scribed.

3.1. Constraints

3.1.1. Initial allocation

At t ¼ 0, the initial investment is distributed
among instruments within each wrappers such that

the following constraint is satisfied:
X3

k¼1
10wk0 ¼ M : ð1Þ
3.1.2. Cash balance equations

Subsequent transactions do not alter the wealth

within the period in question. Therefore, the fol-

lowing constraints specify to balance the portfolio

for each wrapper k ¼ 1; 2; 3 at node e 2 Nt for

t ¼ 1; . . . ; T :
10bke � 10ske ¼ 0: ð2Þ
These constraints basically balance the cash by

reallocating money among assets within each

wrapper. In this way, sales fund the purchase of

other assets in the same wrapper.

3.1.3. Wealth

The wealth for each wrapper is described by the

wealth of the previous year plus the increased

value of the assets in that wrapper after paying the

corresponding annual taxes. The transaction also

allows selling or buying assets within the same

wrappers, with corresponding transaction costs.

Therefore, the wealth for each asset within wrap-

pers k ¼ 1; 2; 3 at node e 2 Nt, t ¼ 1; . . . ; T , of the
scenario tree are as follows:

w1e ¼ð1�ac1Þ ð1
�

þ reþgeÞ 
w1aðeÞ
�

þð1� tcÞb1e� s1e;

w2e ¼ð1�ac2Þ 1ð
�

þð1� tobÞðreþgeÞÞ 
w2aðeÞ
�

þð1� tcÞb2e� s2e;

w3e ¼ð1�ac3Þ 1ð
�

þð1� tinÞ 
 reþgeÞ 
w3aðeÞ
�

þð1� tcÞb3e� s3e:

ð3Þ

Notice that the annual bank fees deducted by term

ð1� ackÞ for k ¼ 1; 2; 3 must be augmented by the
bank�s initial setup fees in the first year. For chil-
dren of the root scenario node, e 2 N1, the term

becomes ð1� ick � ackÞ, and is imposed on all
constraints.

3.1.4. Cumulative taxes

While offshore and onshore bonds accumulate

taxes on overall returns, unit trust accumulates

taxes only on the capital gains of the investment.

Cumulative tax is paid at the end of investment
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horizon T when the investment is encashed. At
beginning of the investment plan (that is, at the

root node of scenario tree), the cumulative tax for

each wrapper is assumed to be zero:

CT10 ¼ CT20 ¼ CT30 ¼ 0: ð4Þ

In time periods t ¼ 1; . . . ; T for each node of the
scenario tree e 2 Nt, cumulative taxes for wrap-
pers k ¼ 1; 2; 3 are calculated by the following
equations:

CT1e ¼ CT1aðeÞ þ tgbð1� ac1Þ ðre þ geÞ
0
w1e

� �
;

CT2e ¼ CT2aðeÞ þ tgrð1� ac2Þ ðre þ geÞ
0
w2e

� �
;

CT3e ¼ CT3aðeÞ þ CGT ð1� ac3Þ g0ew3e
� �

:

ð5Þ
3.1.5. Cumulative returns

Assume that returns Rke obtained from wrap-

pers k ¼ 1; 2; 3 at each node e 2 Nt for

t ¼ 1; . . . ; T of the scenario tree are nonnegative,
Rke P 0, and are initialized as zero at the root node

of the scenario tree; that is R10 ¼ R20 ¼ R30 ¼ 0.
In offshore and onshore bonds, the returns are

accumulated every year. However, in the unit

trust, returns include the income or dividend after

income tax and the capital gain tax are deducted.

For all e 2 Nt, t ¼ 1; . . . ; T , the returns obtained
by each assets within each wrapper are calculated

as

R1e ¼ R1aðeÞ þ ð1� ac1Þ ðre þ geÞ
0
w1e

� �
;

R2e ¼ R2aðeÞ þ ð1� ac2Þð1� tobÞ ðre þ geÞ
0
w2e

� �
;

R3e ¼ ð1� ac3Þ ð1½ � tinÞ 
 re þ ge�
0
w3e:

ð6Þ

We note that tin is a vector whose elements cor-

respond to different income tax rates for different

assets within the wrapper.
3.1.6. Diversification constraints

Any diversification restriction imposed by the

investor or the bank�s advice can be expressed by
the percentage upper bounds for each asset

i ¼ 1; . . . ; n within each wrapper at node e 2 Nt

(t ¼ 1; . . . ; T ) of event tree as
X3

k¼1
wkie 6wu

kie

X3

k¼1
ð10wkeÞ; ð7Þ

where wu
kie represents an upper bound for asset i.

3.2. Multistage LP problem

The linear programming (LP) model maximizes

the expected wealth at the end of the investment

horizon after applying specific tax rules for differ-

ing asset allocations in wrappers. Expected wealth

is calculated as the total net redemption value for

each wrappers at time period T .
The redemption value is basically defined as the

net amount of money received at time T when a
wrapper is encashed after taxes are paid. The

constraints of LP model express the wealth, return,

cash balance and structure of tax rules. The gen-

eral form of the LP model can be stated as follows:

max
X3

k¼1
NRk

subject to

constraints ð1Þ–ð7Þ;
NRk ¼

X

e2NT

Pe 10ðwke

�
� CTkeÞ

�
; k ¼ 1; 2; 3;

NRk P 0; k ¼ 1; 2; 3;
CTke;Rke P 0; e 2 Nt; t ¼ 1; . . . ; T ;

k ¼ 1; 2; 3;
wke; bke; ske P 0; e 2 Nt; t ¼ 1; . . . ; T ;

k ¼ 1; 2; 3;
R10 ¼ R20 ¼ R30 ¼ 0:

The number of variables and constraints in the

LP model is increased by the number of assets,

wrappers and the topology of the scenario tree.

The size of the scenario tree depends on the depth

and branching at each time period. Our compu-

tational results show that even for large scenario

trees, it is possible to find optimal investment

strategies with the LP model in a reasonable
amount of CPU time.

Risk naturally leads diversification [21]. Notice

that the LP model is a risk-neutral approach which

does not consider risk. There are other objectives

taking risk attitudes into account such as variance
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[4,6,7,20], min–max [1,17,22], and utility functions
[25].

3.3. Withdrawals

Life events play an important role in activating

the taxation rules in the LP model. In this paper,

we only consider withdrawals; for other events

such as gifts, emigration, death and inheritance,
the reader is referred to [15]. If an investor is al-

lowed to withdraw some amount of money at any

time period of investment horizon, the objective

function of LP is then a maximization of future

wealth after tax is applied, according to the in-

vestor�s withdrawal.
For withdrawals, the net growth obtained from

each asset within wrappers is preferred to the
capital gains since it is tax deferred until the end of

the horizon. Therefore, withdrawals are allowed to

be taken from the income, dividends or capital

gains in unit trust, and from returns in onshore

and offshore bonds in any year subject to the fol-

lowing restrictions.

In offshore bond wrapper,

• withdrawals up to 5% of the original investment

per year may be taken, and the taxes deferred

until encashment. Unused portions of the an-

nual allowance of 5% may be carried forward,

i.e. if no withdrawals are taken until year 5,

then tax-deferred withdrawals may be as large

as 25% of the original investment.

• withdrawals beyond the cumulative 5% limit
may be taken, and are subject to immediate

tax at the encashment rate of tgb.
• withdrawals may only be taken from the gains

since investment––original capital must remain

in the wrapper until encashment.

In onshore bond wrapper, rules for withdrawals

are the same as offshore bond, noting that tax-
liable withdrawals are taxed at the onshore bond

encashment rate of tob.
Withdrawals from unit trust may be taken from

the current year�s growth only; any returns not
used for withdrawals are rolled back into the value

of the unit trust. As dividend and income returns

have their taxes paid annually, withdrawals can be
taken from them without further tax. Withdrawals
from growth due to capital gains, however, are

subject to tax at the tapered rate of the year of the

withdrawal.

In this case, the constraints (3), (5), and (6)

formulated in the previous section are replaced by

the following constraints reflecting different tax

rules for wealths, cumulative taxes and returns by

taking into account the effect of the withdrawals as
follows.

The wealth gained at node e 2 Nt for

t ¼ 1; . . . ; T becomes

w1e ¼ð1�ac1Þ ð1
�

þ reþgeÞ 
w1aðeÞ
�

�h1e�
1

1� tgb
u1eþð1� tcÞb1e� s1e;

w2e ¼ð1�ac2Þ 1ð
�

þð1� tobÞðreþgeÞÞ 
w2aðeÞ
�

�h2e�
1

1� tgr
u2eþð1� tcÞb2e� s2e;

w3e ¼ð1�ac3Þ 1ð
�

þð1� tinÞ 
 reþgeÞ 
w3aðeÞ
�

�h3e�
1

1�CGe

u3eþð1� tcÞb3e� s3e:

ð8Þ

In (8), the variable hke represents the part of
withdrawal taken from the cumulative 5% of the

original investment in offshore and onshore bonds

or dividend (after income tax) in unit trust. This

amount is tax deferred at time t. The variable uke
describes the part of withdrawal taken from

overall returns that exceed the 5% cumulative of

the original investment in offshore and onshore

bonds, or comes from capital gains in unit trust at
that year. In this case, the amount is subject to tax

at the rate of encashment in onshore and offshore

bonds and at the rate of capital tax at that year in

unit trust. The coefficients of variable u, in the

form of 1=ð1� xÞ, represent withdrawals subject to
immediate tax. If x is the tax rate applied to the
withdrawal the coefficient ensures that an appro-

priately larger withdrawal is removed from the
investment, so that the desired amount (u) remains

after tax is paid.

Deferred tax is accumulated from the root node

to each leaf node of the scenario tree, to be paid

when the corresponding wrapper is encashed at the

last time period. In this case, the taxes paid on
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excess withdrawals are taken into account. The
cumulative tax constraints are stated as follows:

CT1e ¼ CT1aðeÞ þ tgbð1� ac1Þ ðre
�

þ geÞ
0
w1e

�

� tgb
1� tgb

10u1e;

CT2e ¼ CT2aðeÞ þ tgrð1� ac2Þ ðre
�

þ geÞ
0
w2e

�

� tgr
1� tgr

10u2e;

CT3e ¼ CT3aðeÞ þ CGT ð1� ac3Þ g0ew3e
� �

� CGT

1� CGe

u3e:

ð9Þ

For all e 2 Nt, t ¼ 1; . . . ; T , the returns obtained
from each wrapper are calculated by considering

the first and excess withdrawals as follows:

R1e ¼ R1aðeÞ þ ð1� ac1Þ ðre
�

þ geÞ
0
w1e

�
� 10h1e

� 1

1� tgb
10u1e;

R2e ¼ R2aðeÞ þ ð1� ac2Þð1� tobÞ ðre
�

þ geÞ
0
w2e

�

� 10h2e�
1

1� tgr
10u2e;

R3e ¼ ð1� ac3Þ ð1½ � tinÞ 
 reþ ge�
0
w3e� 10h3e

� 1

1�CGe

10u3e;

ð10Þ

where Rke P 0 so that the variables hke, uke are

prevented from withdrawing money from the
capital.

In addition, the following constraints describing

the structure of the withdrawals need to be added

to the LP model. The total withdrawal at e 2 Nt

for t ¼ 1; . . . ; T from wrappers k ¼ 1; 2; 3 is com-
puted by

TWe ¼
X3

k¼1
10hke
�

þ 10uke
�
; 8e 2Nt; t ¼ 1; . . . ;T :

ð11Þ

In this case, it is ensured that the money taken
from every wrapper and asset at any time period

will be enough to cover the total amount of

withdrawal.

At any time period t, the first withdrawal from
onshore and offshore bonds must not exceed 5% of
the initial investment. In order to build the con-
straints limiting tax deferred withdrawals to the

cumulative 5%, we define the sum from e0 ¼ 0 to
e0 ¼ e to range over the partial scenario path from

root of the event e:

Xe

e0¼0
10hke0 6 ð0:05tÞ 10wk0

� �
; 8e 2 Nt;

t ¼ 1; . . . ; T ; k ¼ 1; 2: ð12Þ

The unit trust requires only the first withdrawal to

be limited to year t growth such that

h3e 6 ð1� ac3Þ ð1
�

� tinÞ 
 ðre 
 w3aðeÞÞ
�
; 8e 2 Nt;

t ¼ 1; . . . ; T : ð13Þ

At each node e 2 Nt, t ¼ 1; . . . ; T , of the scenario
tree for wrappers k ¼ 1; 2; 3, the excess withdraw-
als are bounded above such that the following

inequalities are satisfied:

u3e 6 ð1� ac3Þð1� CGeÞ ge 
 w3aðeÞ
� �

: ð14Þ
3.4. Multistage MIP problem

In the LP model, it is assumed that withdrawals

do not exceed the total returns for each instrument
within each wrapper at any time period. Although

an investor usually prefers or is advised to take

money obtained from the income or the dividend

rather than the original capital, the net growth

does not always cover the amount of withdrawal

specified. In this case, the original capital needs to

be taken into consideration. The withdrawal is

composed of funds obtained from the income or
dividends, the capital gains and the original capi-

tal. So an optimization model would naturally

attempt to take withdrawal from capital rather

than paying immediate taxes. Therefore, LP is

extended to the multistage mixed integer (MIP)

model by introducing binary variables.

The binary variables assist in the modelling

of the following procedure. Withdrawal from a
wrapper is possible either from the return on

capital in the wrapper or from the capital itself. If

the withdrawal involves the capital only then no

tax is payable. However, tax is payable if the

withdrawal is from the return on capital. It is im-

portant, therefore, to ensure that the withdrawal
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is from the return on capital in the first instance.
Once the withdrawal depletes the return in wrap-

per, then it is possible to withdraw from capital.

The binary variables involved ensure that the

withdrawal from capital is allowed only when all

the return on capital in the given wrapper has been

withdrawn.

If money is withdrawn from the income or

dividends in unit trust or 5% cumulative annual in
offshore and onshore bonds, then it is tax deferred.

However, if money is from capital gains in unit

trust, then capital gain tax has to be paid. If money

is withdrawn from the original capital, it is tax-free

for all wrappers. In order to model this special

case, we need to add a variable for each with-

drawal taken from the original investment fk and a

binary variable yke at node e 2 Nt for each
wrapper k. The binary variables represent the use
of the original capital, only when all money from

returns or capital gains in each wrapper is already

taken.

The following constraints allow money for

withdrawals to be taken from the original capital

fke when yke ¼ 1. However, when yke ¼ 0, the con-
straints force withdrawals to use only net returns
through hke and uke:

10fke �Myke 6 0; 8k ¼ 1; 2; 3; e 2 Nt;

t ¼ 1; . . . ; T ; ð15Þ

Rke þMyke 6M ; 8k ¼ 1; 2; 3; e 2 Nt;

t ¼ 1; . . . ; T : ð16Þ

To illustrate, the constraints (15) and (16) imply

that if fke > 0, then yke ¼ 1 and Rke 6 0. Since

Rke P 0 we conclude that in such case Rke ¼ 0. This
means that the return from wrapper k is equal to
zero. The total amount of withdrawal at e 2 Nt

for t ¼ 1; . . . ; T is extended to include all types of
withdrawals as well as the one taken from the

original investment. It is computed as

TWe ¼
X3

k¼1
10hke
�

þ 10uke þ 10fke
�
: ð17Þ

The withdrawal from the original investment is

cooperated such a way that wke at node e 2 Nt for

t ¼ 1; . . . ; T are as follows:
w1e ¼ð1�ac1Þ ð1
�

þ reþgeÞ
w1aðeÞ
�

�h1e�
1

1� tgb
u1e� f1eþð1� tcÞb1e� s1e;

w2e ¼ð1�ac2Þ 1ð
�

þð1� tobÞðreþgeÞÞ 
w2aðeÞ
�

�h2e�
1

1� tgr
u2e� f2eþð1� tcÞb2e� s2e;

w3e ¼ð1�ac3Þ 1ð
�

þð1� tinÞ 
 reþgeÞ
w3aðeÞ
�

�h3e�
1

1�CGe

u3e� f3eþð1� tcÞb3e� s3e:

ð18Þ

The MIP model is then stated as follows:

max
X3

k¼1
NRk

subject to

constraints ð1Þ; ð2Þ; ð4Þ; ð7Þ; ð9Þ and ð10Þ;
constraints ð12Þ–ð18Þ;

NRk ¼
X

e2NT

Pe 10ðwke

�
� CTkeÞ

�
; k ¼ 1; 2; 3;

NRk P 0; k ¼ 1; 2; 3;
CTke;Rke P 0; k ¼ 1; 2; 3; e 2 Nt;

t ¼ 1; . . . ; T ;
wke; bke; ske P 0; k ¼ 1; 2; 3; e 2 Nt;

t ¼ 1; . . . ; T ;
yke 2 f0; 1g; k ¼ 1; 2; 3; e 2 Nt;

t ¼ 1; . . . ; T ;
R10 ¼ R20 ¼ R30 ¼ 0:

Notice that when all binary variables are yke ¼ 0,
the MIP problem is then the same as the LP

problem. It is well known in the mathematical

programming community that to solve MIP

problems is computationally challenging when the
number of integer variables increases. The number

of binary variables, of course, depends on the size

of the scenario tree as well as the number of

withdrawals required. Despite the size disadvan-

tage of the MIP model, it is a more realistic ap-

proach to the post-tax optimization problem

considered in this paper, as can be seen from our

computational results.
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4. Scenario tree generation

Multistage stochastic programming requires a

coherent representation of uncertainty. This is

expressed in terms of multivariate continuous

distributions. Hence, a decision model is generated

with internal sampling or a discrete approximation

of the underlying continuous distribution. For the
post-tax optimization model, the random variables

are the uncertain return values of each asset on an

investment. The discretization of the random val-

ues and the probability space leads to a framework

in which a random variable takes finitely many

values. At each time period, new scenarios branch

from the old, creating a scenario tree. In this

paper, we generate scenario trees using two ap-
proaches based on probabilistic simulation and

optimization methods. For further details of these

procedures as well as alternative methods for sce-

nario tree generation, the reader is referred to

[5,10,11].

In the simulation based scenario tree genera-

tion approach, the price scenarios at each time

period are generated as the centroids of simula-
tions generated in parallel or sequentially. One

time period of growth from ‘‘today’’ to ‘‘tomor-

row’’ in each scenario is simulated. A large

number of randomly generated simulations is

then clustered into groups. If k branches are de-
sired from the current scenario tree node, then k
clusters need to be formed. Initially, the seed

points around which the clusters are built might
as well be chosen to be the first k scenarios, since
the scenarios are independently generated, and

are in arbitrary order. If the resulting clustering

fails to meet the criteria applied in the test stage,

new seed points will have to be chosen, and the

clustering process repeated, until the criteria is

met. The distance measure to determine which

seed each scenario is the closest to can be chosen
with great flexibility as well as the way the sim-

ulations generated.

In the optimization based approach to gener-

ate a scenario tree, the market expectations are

specified by the statistical properties that are

relevant to the problem considered. The central

moments and co-moments are the statistical

properties of the multivariate distribution. The
event tree is constructed so that these statistical
properties are matched. This is done by letting

stochastic returns and probabilities in the sce-

nario tree be the variables in a nonlinear opti-

mization problem. The objective is to minimize

the weighted square distance between the statis-

tical properties specified by the decision maker

and the statistical properties of the constructed

tree. The tree is either generated node by node;
that is solving a small size nonlinear optimization

problem at each node of the event tree or whole

tree is obtained by solving a large optimization

problem. For this specific example, the first four

central moments: mean, standard deviation,

skewness, and kurtosis, and covariances as co-

moments, are matched.

The input to the simulation based scenario tree
generation procedure consists of the structure of

the scenario tree, the number of random simula-

tions to generate, and statistical parameters for

the simulation of scenarios. For the optimization

based approach, the topology of the scenario tree

as well as the statistical properties have to be

provided. For the data used in Section 5, the

statistical parameters were measured from his-
torical data: 151 monthly valuations of cash,

bonds, and equities in the UK market, from 1988

to mid-2000.

Data for each of the three assets (cash, bonds,

and equities) was fit to an exponential growth

curve. The obtained monthly growth rates were

annualized, and used to simulate future growth. A

covariance matrix and the central moments were
measured from the residuals of the exponential fit,

and used in the optimization based scenario gen-

eration methods. Cash is assumed to be risk-free

and therefore its corresponding variance, skewness

and kurtosis are initialized as zero.

We have limited experience with both scenario

generation methods and have concluded that our

results are not particularly sensitive to the scenario
generation scheme. This may well be due to the

role of taxes in our study which is deterministic in

nature. However, the important point is that sce-

narios can be generated in different ways and that

each technique should be considered as a useful

addition to the arsenal of portfolio optimization

methodologies.



Table 2

The input data

Taxes Amount (%)

Offshore bond End of horizon 40

Onshore bond Annually 22

Onshore bond End of horizon 18

Income tax Cash 40

Income tax Equities, bond 25

Capital gain Every year 40, 40, 40, 38, 36,

34, 32, 30, 28, 26,

24

Table 3

The problem statistics

LP model MIP model

Binary variables 0 120

Continuous

variables

3250 3730

Constraints 1370 1610

Nonzeroes 9107 10547
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5. Computational results

5.1. Implementation

A dedicated solver was built in C++ for the LP

model described above, using the interior-point

linear/quadratic solver BPMPD (Fortran) [14] to

optimize the generated models. This code was an
outgrowth of the multistage portfolio analysis

program foliage [6], in which taxes are not mod-

eled. For the MIP problem, a model generating

program was written in C, and submitted to

CPLEX [2] to evaluate a solution. Computational

experiments were carried out on a 700 MHz Pen-

tium III with 256 Mb of memory.

5.2. Results

In order to illustrate the performance of the LP

and MIP models, we consider the following ex-

ample to calculate the optimal investment strategy.

An investor has sold a factory and would like to

invest in the bank 10 million pounds and to live with

this fund for the next eleven years. He would like to

get an annual withdrawal of £500,000. How would

he have to invest his wealth in order to maximize the

amount he will receive back after eleven years?

The investment horizon has been considered as

11 years since beyond year 11, the capital gains tax

(paid for the capital gains in unit trust) remains

unchanged and no more taper relief can be

achieved. The length of the investment is a very
important fact for the distribution to be chosen.

Time periods shorter than 11 years do not make

use of the complete taper relief available in unit

trust and very longer periods with large with-

drawals will make full use of the facilities offered

by offshore or onshore bonds about tax deferred

withdrawals at the beginning of the investment

plan. Besides, the model is highly sensitive to any
small change in taxes, costs and bond values, and

amount of withdrawals.

We choose the bounds of 43% for the total

amount of money invested in every asset inde-

pendently of the wrapper utilized. This assures the

investor a diversification in the portfolio distribu-

tion of his investment. Different percentages may

be used to reflect investor�s different attitudes to
risk. In addition, we assume 1.15% annual and 1%
transaction costs and no initial cost. Input data

used for this example is summarized in Table 2.

Scenario trees with a specification of four

branches at the first time period and only one

branching from period 1 to 11 are generated by

simulation and optimization based methods. The

scenario tree with this topology has 44 nodes, with

four different scenarios which is the input to the
LP and MIP models. The problem statistics in

terms of the number variables, constraints and

nonzeros are presented in Table 3.

Since the MIP model allows the investor to use

the original capital to pay for his withdrawal, this

yields superior return levels. However, even if the

difference in the size of the model, as can be seen

from Table 3, is not so large, the number of binary
variables grows exponentially in the tree for every

withdrawal and wrapper considered. Therefore,

the MIP problem becomes computationally hard

to solve. Even if some examples can be solved in a

reasonable amount of CPU time, a small change in

input data may sometimes yield a very hard MIP

model requiring days of computation. On the

other hand, the LP model, even it is a suboptimal
of the MIP, can always get an optimal investment

strategy in a reasonable amount of CPU time.



Table 4

The optimal net redemption values (pounds) obtained and CPU time (seconds) taken to solve the problem

Scenario Simulation based scenarios Optimization based scenarios

Problem LP model MIP model Problem LP model MIP model

1 0.220188 16,025,148 16,614,691 0.379585 20,921,162 21,002,231

2 0.264875 16,935,782 17,501,384 0.116110 19,184,560 19,242,997

3 0.271813 16,513,642 17,082,077 0.100000 17,493,933 17,595,703

4 0.243125 17,513,249 18,071,496 0.404305 18,545,248 18,621,901

Mean 16,760,942 17,330,798 19,416,208 19,494,934

CPU 15.79 2761.41 16.75 3015.42
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The optimal net redemption values obtained by
LP and MIP models presented in Table 4. The

mean redemption value is the sum of redemption

values multiplied by the branching probabilities at

each node of the scenario tree. In addition, the

CPU time taken to solve the models is presented in

Table 4. Note that the reported optimal redemp-

tion values do not reflect the discounted value of

the withdrawals taken during the investment pe-
riod. Therefore, the investor seems to be loosing

some money with different risk levels.

It may be also worth noting that banks usually

advise the use of only one wrapper. However, the

diversification of the investment in different

wrappers over the years will assure superior return

levels. In order to compare the impacts of two

different scenario generation techniques on the
post-tax optimization models, we plotted the net

portfolio values over the investment horizon for

each scenario generated by simulation and opti-

mization techniques. We also consider a compar-

ative illustration of the diversification effect of the

scenario tree over assets within each wrapper.

Figs. 1 and 2 are the results of LP and MIP

models with four return scenarios generated by
simulation and optimization based methods, re-

spectively. In these figures we present the diversi-

fication over wrappers and distribution of the

original investment on each asset within each

wrapper (offshore bonds, onshore bonds and unit

trust) obtained by LP and MIP models with dif-

ferent scenarios. These figures show that the

original investment is distributed among the dif-
ferent wrappers in the four scenarios considered,

for both LP and MIP models. Notice that while

MIP model ensures the diversification over assets
within each wrapper, the LP model with both
simulation and optimization return scenarios ad-

vices to invest only in bonds in the onshore bond

wrapper.

We also investigate the impact of taxes on

portfolios. Therefore taxes are not taken into ac-

count in LP and MIP models; we call this tax-free

case. The results obtained by LP and MIP models

with scenarios generated by simulation and opti-
mization based approaches are presented in Figs. 3

and 4, respectively, in terms of diversification over

wrappers and the asset distribution at each wrap-

per. These results show that taxes play an impor-

tant role on portfolio allocation as well as

diversification over wrappers.

A larger scenario tree was also generated to

investigate the performance of these models. The
event tree with 2 branching at each time period

and 11 years planning horizon has 2048 different

scenarios and 4094 nodes. The problem statistics

in terms of number of variables (including binary),

constraints, and nonzero entries for LP and MIP

problems are presented in Table 5. For this large

model, we were able to solve only the LP model

since the MIP problem has 6138 binary variables
and could not be solved in several days, even with

considerably more computational power. The re-

sults presented in Table 6 in terms of net re-

demption values and CPU time spent to solve the

multistage LP problems with scenario trees gen-

erated by optimization and simulation based ap-

proaches are obtained.

Although in Table 6 the optimization based
scenario tree took longer to compute an invest-

ment strategy, the results in Table 4 indicate that

the reverse can also occur. Furthermore, the



Fig. 1. Diversification over wrappers and distribution of assets within offshore bonds, onshore bonds and unit trust obtained by LP

and MIP models with simulation based scenario generation.
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Fig. 2. Diversification over wrappers and distribution of assets within offshore bonds, onshore bonds and unit trust obtained by LP

and MIP models with optimization based scenario generation.
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Fig. 3. Tax-free case: diversification over wrappers and distribution of assets within offshore bonds, onshore bonds and unit trust

obtained by LP and MIP models with simulation based scenario generation.

M.A. Osorio et al. / European Journal of Operational Research 157 (2004) 152–168 165



Fig. 4. Tax-free case: diversification over wrappers and distribution of assets within offshore bonds, onshore bonds and unit trust

obtained by LP and MIP models with optimization based scenario generation.
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Table 5

The problem statistics

LP model MIP model

Binary variables 0 6138

Continuous variables 243646 268198

Constraints 112574 124850

Nonzeroes 669335 742991

Table 6

The results of the LP problem

Scenario genera-

tion methods

Net redemption

values

CPU time (sec-

onds)

Simulation 15,142,500 228.78

Optimization 10,862,700 297.01
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computational burden does not seem to be a sig-
nificant factor, in view of the wealth involved. The

question, therefore, is whether there is a choice

between the scenario tree generators and between

the LP and MIP models. The optimization and

simulation based trees yield conflicting expected

net redemption values in Tables 4 and 6.

Inspecting Figs. 1–4, however, indicates that

whichever scenario tree is used, the MIP model
yields very similar strategies. The wrappers utilized

follow very similar trajectories. Hence, although

the MIP model is computationally hard, its use

seems to dominate any discrepancy between either

scenario tree.
6. Conclusions

In this paper, we consider a stochastic pro-

gramming framework for post-tax portfolio opti-

mization. Two models are considered. The LP

model restricts annual withdrawals to be within

the amount of investment return in that year. The

MIP model allows general withdrawals. Two sce-

nario tree generators are used to specify the dy-
namic investment problem.

Numerical results indicate that the MIP model

is superior in generating better expected net re-

demption value results and in generating strategies

reasonably consistent across scenario trees. Di-
versification over wrappers with both LP and MIP
models is ensured and the original investment is

distributed among assets within each wrapper.
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