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Abstract

This paper presents a primal-dual interior point algorithm for solving general
constrained non-linear programming problems. The initial problem is transformed
to an equivalent equality constrained problem, with inequality constraints incorpo-
rated into the objective function by means of a logarithmic barrier function. Sat-
isfaction of the equality constraints is enforced through the incorporation of an
adaptive quadratic penalty function into the objective. The penalty parameter is
determined using a strategy that ensures a descent property for a merit function. It
is shown that the adaptive penalty does not grow indefinitely if feasibility accuracy
is allowed up to a given finite precision. Different step-sizes are used for the primal
and dual variables. The algorithm applies the Newton method to solve the first
order optimality conditions of the equivalent equality problem. Global convergence
of the algorithm is achieved through the monotonic decrease of a merit function.
Finally, computational results are presented which show the efficient performance
of the algorithm.

Key Words: Non-linear Programming, primal-dual interior point methods, adaptive
penalty parameter, augmented Lagrangian, convergence analysis.

1. Department of Chemical Engineering, 2. Department of Computing,
Princeton University, Imperial College,
Princeton, NJ 08540, USA. London SW7 2BZ, U.K.

*The research reported in this paper was done while the first author was at Imperial College.
The authors gratefully acknowledge constructive comments from Professor L. C. W. Dixon and an
anonymous referee. We are also grateful to Dr Stanislav Zakovic for his very helpful suggestions
and comments. Financial support was provided by the EPSRC grant M16016

tCorresponding author. Tel. +44 20 75948345, fax: +44 20 75818024, email: br@doc.ic.ac.uk



1 Introduction

In this paper, we discuss a primal-dual interior point algorithm for solving general non-
linear programming problems. The algorithm is based on two different approaches. The
first is the augmented Lagrangian sequential quadratic programming (SQP) framework for
general constrained optimization problems, discussed in Rustem [22]. The SQP algorithms
possess good theoretical and practical properties and are very efficient for solving general
NLP problems [5]. The second approach is the primal-dual interior point method, where
a barrier function and a damped Newton framework are used in order to solve NLP prob-
lems. This is closely related to the SQP framework, since after the initial incorporation
of the inequality constraints into the objective function an equivalent equality constrained
problem is obtained. The latter is solved by applying the Newton method to the first
order optimality conditions.

The algorithm presented in this paper is motivated by the fact that the solution of the
first order optimality conditions of any NLP problem, which is the core of interior point
algorithms, is not sufficient to guarantee the convergence to a local minimum, unless the
problem is convex. An algorithm that merely solves the first order optimality conditions
may converge to a saddle point or even to a local maximum, since these conditions are
also satisfied at those points. To avoid such undesirable behavior we use a merit func-
tion, whose aim is to guide the iterates of the algorithm toward a local minimum. The
merit function incorporates the inequality constraints by means of the logarithmic barrier
function and the equality constraints by means of the quadratic penalty function. Further-
more, the subproblem that is used to compute the search direction involves the augmented
Lagrangian of the equality constrained barrier problem. The search direction is shown to
be descent for the merit function. It is also shown that the penalty parameter in the merit
function does not increase indefinitely, if the iterates of the algorithm are not near a feasi-
ble point of the barrier problem. This is a particularly important point as it involves the
use of the equality constrained problem and the corresponding augmented Lagrangian to
establish the finiteness of the penalty parameter. If the iterates of the algorithm are near a
feasible point of the barrier problem, then a switch in the merit function is performed. In
this case we use the Euclidean norm of the first order optimality conditions as the merit
function. The second merit function, on its own, only ensures convergence to a point
satisfying the first order perturbed optimality conditions, without distinguishing between
a minimum or maximum. However, the second merit function is expected to be activated
when the iterates have been placed, by the primary penalty-barrier merit function, within
a neighborhood of a local minimum. As will be discussed later, it is this switch of the
merit functions that enables the global convergence of the algorithm to a local minimum.

Although our algorithm is related to the approaches proposed by El-Bakry et al. [8]
and Yamashita [32], it differs in significant aspects, such as the choice of the merit function,
the adaptive penalty selection rule and the step-size rules. Other algorithms which use
an adaptive penalty have been recently developed by Vanderbei and Shanno [27], Gaju-
lapalli and Lasdon [12] and Gay et al. [13]. More recently it has come to our attention
that Vanderbei and Shanno [28], report a similar descent property and penalty selection
rule. Our algorithm, is based on the adaptive penalty strategy introduced by Rustem in
[21], [22], [23] and a switch-activated second merit function of the first order perturbed
optimality conditions. One important property that needs to be highlighted is that the



penalty parameter need not be increased indefinitely and descent is assured. The first
merit function which uses an adaptive penalty adjustment strategy assures descent for
infeasible and exactly feasible points.

Recently, general (non-convex) NLP problems have been the subject of intensive re-
search in the optimization community and several primal-dual interior point algorithms
have been emerged. The common characteristic of these algorithms is that they need
to use a merit function within a line-search or trust-region framework to achieve global
convergence. In the rest of this section we mention some of the most recent work. One of
the first primal-dual algorithms for constrained optimization was developed by Yamashita
[32], where the [; penalty function of the barrier problem is used as merit function to
globalise the algorithm. The step size for the primal variables is determined by a line
search procedure that guarantees sufficient decrease of the merit function, while the step
size for the dual variables is determined in such a way that the complementarity condition
is always bounded away from zero and bounded from above. El-Bakry et al. [8] develop
a primal-dual interior point algorithm for general NLP problems. They basically extend
the general primal-dual framework for LP problems, proposed by Kojima, Mijuno and
Yoshise [16], to NLP problems. The /3 norm of the residuals is used as merit function in a
line search procedure to globalise the algorithm. A difficulty with this algorithm, caused
mainly by the choice of the merit function, is that it may converge to a saddle point or a
maximum when a minimum is being sought. In fact Simantiraki and Shanno [24] provide
appropriate tests that exhibit this behaviour.

A primal-dual interior point algorithm for non-convex NLP problems is developed by
Gay et al. [13]. They also use two merit functions and a variation of the watchdog strat-
egy [6], in order to force convergence of the iterates to a local minimum. However, no
detailed proof of the global convergence of the algorithm is given in [13]. Also, Akrotiri-
anakis and Rustem [1] develop a primal-dual algorithm that uses an approximation of
Fletcher’s exact and differentiable merit function together with a line-search procedure in
order to achieve global convergence. Vanderbei and Shanno [27] extend their quadratic
programming solver LOQO [25] to be able to solve general NLP problems. They propose
a primal-dual algorithm that uses the quadratic penalty function of the barrier problem
as merit function. The major theoretical difficulty of this algorithm is that the penalty
parameter, in the merit function, has to tend to infinity to achieve global convergence.
As the penalty parameter becomes arbitrarily large, the conditioning of the Hessian ma-
trix becomes arbitrarily bad. In a more recent paper Benson, Shanno and Vanderbei [3]
consider three possible remedies to the Wachter and Biegler problem [30] which arises
when primal-dual methods fail to converge because the iterates are bounded away from
the optimum. The remedies proposed in [3] are: shifting of the slack variables of the
problem, a trust-region method and a modified method. Forsgren and Gill [10] extend the
classical Fiacco and McCormick [9] penalty-barrier function, by augmenting it with two
extra functions that measure proximity to the central path. The merit function is used
in a line search procedure to determine the step size and its monotonic decrease ensures
the global convergence of the method. Yamashita and Yabe [34] also investigate the use
of the classical Fiacco and McCormick penalty-barrier function [9] augmented by an extra
logarithmic term involving the complementarity condition and the equality constraints.
The Newton’s method is applied to solve the shifted perturbed optimality conditions. It is



shown that the merit function decreases monotonically at every iteration, ensuring global
convergence of the algorithm.

This paper is organized as follows. In section 2 we introduce the basic features of the
augmented Lagrangian methods, used in this paper. In section 3 we present the basic
algorithmic framework of primal-dual methods for NLP problems. Section 4 describes
the primal-dual interior point algorithm. In section 5 we establish the global convergence
of the algorithm. In section 6, we report our numerical experience. We also provide an
example where we demonstrate how the mechanism that switches between the two merit
functions enables the algorithm to converge to a local minimum and avoid saddle points
or local maxima. Finally, in section 7 we present our conclusions.

2 Augmented Lagrangian Methods

Penalty methods are mainly used for equality constrained optimization problems. The

aim is to eliminate the constraints and augment the cost function with a penalty term

that associates a high cost to infeasible points. The severity of the penalty is determined

by a parameter, denoted by c. As c takes higher values feasibility is increasingly ensured.
Consider the equality constrained problem

min f(z) subject to g(z) =0, (1)
where f : R — R, and g(z) : R" — R? are given smooth functions. The Lagrangian

function of this problem is L(z,y) = f(z) — y' g(z).
Consider (1) augmented with a quadratic penalty term

min f(z) +§ | g(z) ||> subject to g(z) = 0. 2)
The Lagrangian of (2) is given by the augmented Lagrangian function
c
Le(z,y) = f(@) — v g(z) + 5 | (o) |I* - (3)

Problem (2) has the same local minima as problem (1). The gradient and the Hessian
of L. with respect to z are

VaLe(z,y) = Vf(z) + Vg(z)" (cg(z) — ),

q
VieLe(z,y) = V2f (@) + 3 V20i() (cgi(z) — i) + cVg(z) Vg ()" (4)
i=1
In particular, if z, and y, satisfy the first order optimality conditions of problem (1), then
VeLe(Ze,ys) = VL(Zy,yx) = 0 and V2, Lo(Zy, ys) = Var L(Tx, ys) + cVg(z,)Vg(z,)T.

Consequently, z, is an unconstrained minimum of L.(z,y.). For a detailed treatment of
penalty and augmented Lagrangian methods we refer to [4] and [5].



3 Basic Iteration in Primal-Dual Methods

Cousider the following constrained problem

(5)
ST g(z)=0, z>0,

where x € R", f : R” — R and g(z) : R — R The formulation in (5) is quite general
because every equality and inequality constrained optimization problem can be reduced
to that form, by adding for example slack variables to the constraints.

In barrier methods, (5) is approximated by augmenting the objective with the loga-
rithmic barrier function B(z;u) : R* — R, B(z;p) = —p Y"1 log(z?). Thus, the initial
problem is approximated by

min  f(z) — pu X" log(z?)
(6)
ST g(.T) = 07

where £ > 0 and the barrier parameter y is a given sufficiently small and strictly positive
constant [9], [5]. The optimality conditions of (6) are

Vf(z)=Vg@)Ty—pX e = 0
(7)

where X is the diagonal matrix defined as X = diag(z!,...,z"). Also e € R" is the vector
of all ones. Introducing the non-linear transformation z = uX~'e, (7) becomes

V(@)= Vg(z)y—2z = 0
glz) = 0 (8)
XZe = e,

where 2,z > 0 and Z = diag(z', ..., 2"). The introduction of z is essential to the numerical
success of the barrier methods (see for example [8]).
Consider now the Lagrangian function of the equality and inequality constrained prob-
lem (5)
L(z,y,2) = f(z) — yTg(x) - zT'Ta (9)

where y € R? and z € R} = {v € R" : v > 0} are the Lagrange multiplier vectors of the
equality constraints, g(z) = 0, and non-negativity constraints, z > 0, respectively. The



KKT conditions of (5) are given by the nonlinear system of equations

ViL(z,y,2)
F(z,y,2) = g(x) =0, (10)
XZe
where 2,z >0, V,L(z,y,2) = Vf(z)—Vg(z)Ty— 2z and F(z,y,z) is a mapping from

N2+ to N2, Note that system (8) differs from the KKT conditions (10) of the initial
problem (5), only in the complementarity conditions.

A point (z(p),y(u), 2()) is said to belong to the central path C, if it is the solution
of the perturbed KKT conditions (8), for a fixed value of . Conditions (8) approximate
the KKT conditions (10) increasingly accurately as y — 0. Hence, as y — 0, the sequence
{(z(p),y(p),2(u))} converges to the solution of the KKT conditions (10), of the initial
constrained problem (5).

Furthermore, primal-dual methods use the Newton or a quasi-Newton method to solve
approximately the perturbed KKT conditions (8), for a fixed value of p. Therefore, the
first order change of the above system needs to be found. The k-th Newton iteration for
solving (8) can be written as

V2, L(zk, yk 26) —Vglzp)T T Azy, Vo L(zk, Yiy 2k)
Vg(z) 0 0 Ay | = — 9(zx)
Zk 0 Xk Azk X;cZke — ME€

or in matrix-vector form

J (wg) Awy, = —r(wy), (11)

where wy, = (zk, Yk, 2k), and Awy = (Azg, Ayg, Azg). The solution of (11) gives a
direction vector Awj which is used to find the next approximation of the solution of
(8). That is, the next iterate is wg11 = wg + AgAwy, where Ay is the diagonal matrix
Ay = diag(agr Iy, oyrly, ozply) and I, I, are the n-th and ¢-th order identity matrices
respectively. The step-lengths agk, ayk, and a,j belong to the interval (0,1] and may all
be equal to or different from each other.

A unit step along the Newton direction is often not allowed because it violates the
non-negativity constraints on z and z in (8). To avoid this violation, the step-sizes ayy
and a,y, are selected such that the new iterates zy; and 241 are strictly positive for all .
When an approximation of the central point, corresponding to the value where p is fixed,
is found, the barrier parameter y is fixed onto a strictly smaller value and the iterations
proceed until y becomes zero.



4 Description of the Algorithm

The algorithm discussed below solves problem (5) and is based on a sequence of opti-
mization problems characterized by a penalty ¢ > 0 and a barrier p > 0 parameter. The
following assumptions are used throughout the paper.

Assumptions:

Al: The second order derivatives of the objective function f and the constraints g are
continuous.

A2: The columns of the matrix [Vg(z),e; : i € I} are linear independent, where IO =
{i:liminfy oozt =0, i =1,2,...,n} and e; represents the i-th column of the n x n
identity matrix. Also the sequence {zj} is bounded.

A3: Strict complementarity of the solution w, = (Z4,¥x, 2«) is satisfied, that is if 22 > 0
then z2 =0, for i = 1,2,...,n and vice versa.

A4: The second order sufficiency condition for optimality is satisfied at the solution
point, i.e., if for all vectors 0 # v € R" such that Vg'(z,)Tv =10,i=1,2,...,¢, and
elv =0, for i € I?, then v V2, L(z,y, 2z)v > 0.

We note that most nonlinear programming algorithms invoke similar assumptions (see
e.g. [8], [13], [32]). Nevertheless, A1-A4 restrict the applicability of the algorithms to
specific problem classes. For example, any algorithm requiring these assumptions would
not be applicable to concave minimization problems such as the examples considered in
Vanderbei and Shanno [29].

The original equality and inequality constrained optimization problem (5) is approxi-
mated by

min  f(z) + 5 || g(z) |13 —p i, log(a?)
(12)

ST g(z) =0,

for ¢, > 0. The objective in (5) is augmented by the penalty and the logarithmic
barrier functions. The penalty is used to enforce satisfaction of the equality constraints
by adding a high cost to the objective function for infeasible points. The barrier is needed
to introduce an interior point method to solve the initial problem (5), since it creates
a positive singularity at the boundary of the feasible region. Thus, strict feasibility is
enforced, while approaching the optimum solution.

Penalty-barrier methods involve outer and inner iterations [7]. Outer iterations are
associated with decreasing the barrier parameter u, such that u approaches zero. Inner
iterations determine the penalty parameter ¢ and then solve the optimization problem
(12) for the corresponding values of y and c.

The Lagrangian associated with the optimization problem (12) is given by

L(z,y;¢,p) = f(z) + g I g(@) I3 —u_log(a") — g(a)Ty,
i=1



while the first order optimality conditions are the system of nonlinear equations
Vi(z) — pX~te+cVg(z) g(z) — Vg(a)"y

g9(z)

for z > 0. By invoking the nonlinear transformation z = uX 'e the above conditions
become

Vf(z) -z +cVg(z) g(z) — Vg(z)y
F(m,y,z; ¢, ,u') = g(.’E) =0, (13)
XZe — pe

with z,z > 0. For p fixed, system (13) is solved by using the quasi-Newton method. At
the k-th iteration, the Newton system is

H, -Vgi -I Az Vik— 2k + ckVi g — Vol yk
Vg 0 0 Aye | = 7| 9 (14)
Zk, 0 Xk Azk X;cZke — Mue,

where Hj, is a positive definite approximation of the Hessian of the augmented Lagrangian
defined in (4). In matrix-vector form (14) can be written as

J(wg; cx) Awy, = —F (wg; ¢k, fik), (15)

where J(wy; c) is the Jacobian matrix of the vector function F'(wy; ¢k, pg). Equation (15)
is different from the corresponding equation (11) due to the introduction of the penalty
term in the objective function. The algorithm uses different step-sizes for the primal and
dual variables. Hence, the next iterate wgy1 = (Tx41,Yk+1,2k+1) is defined as

Thtl = Tk + 0k ATgy  Ypt1 = Yk + pAYg,  Zp41 = 2k + 0 Az, (16)

where ag, and a,; are the step-lengths for the primal variables x and the pair of dual
variables y and z, respectively.

To initiate the algorithm, a strictly interior starting point is needed, that is a point
0 > 0. By controlling the step lengths a,; and «,, the
algorithm ensures that the generated iterates remain strictly in the interior of the feasible
region. Moreover, the algorithm moves from one inner iteration to another inner iteration
(i.e., with y fixed) by seeking to minimize the merit function

w? = (29,9°,2%), with z°, 2

B(z;c, 1) = f() +§ I 9(z) I3 —p)_ log(z"), (17)
=1

which is basically the objective function of the barrier problem (12). This is achieved by
properly selecting the values of the penalty parameter ¢ at each inner iteration. In order



to avoid situations where the penalty parameter may grow to large values, we introduce a
second merit function defined by the 5 norm of the KKT residuals of the barrier problem
(12). The potential difficulties of the the penalty parameter in the merit function ®(z;c, u)
have been considered by other authors. For example, Bartholomew-Biggs [2] avoids this
undesirable situation by constructing search directions based directly on the augmented
Lagrangian of the of the barrier problem. As shown later, the monotonic decrease of both
merit functions and the rules for determining the primal and dual step-sizes, guarantee
that the inner iterates converge to the solution of (12), for a fixed value of ;. Subsequently,
by reducing u, such that {u} — 0, the optimum of the initial problem (5) is reached.

A detailed description of the algorithm follows. Throughout the algorithm, subscript
k indicates variables changed in inner iterations (i.e., while u is fixed) and superscript
! indicates variables changed in outer iterations (i.e., when p decreases). Superscript i
denotes elements of vectors.

Algorithm 1

STEP 0: Initialization:
Choose z°,2° € ®" and §° € R, such that z°, 2° > 0, penalty and
barrier parameters ¢y > 0, u° > 0 and parameters: v, €y, n,p € (0,1), § > 0.

Set [ =0 and £ = 0. new-—merit = false

STEP 1: Test for convergence of outer iterations:

It || (&9 250" ll2 / A+ || (@,9",2) |l2) < €o, then Stop.
STEP 2: Start of inner iterations: (u is fixed to u! throughout this step)

Set (xk:aykazk) = (fil’gl’él)

Step 2.1: Test for convergence of inner iterations:
If (Il F(zk, Yk, 215 ck, 1) | < mpt)-and.]|g()[|* < €g) then
Set (z+1, g+, 211 = (21, Yk, 2) and GoTo step 3
Step 2.2: Solve Newton system (14) to obtain Awy = (Axzy, Ayg, Azk)
Step 2.3: Penalty parameter selection:
Ck+1 = Ck
If (.not.new—merit) then
Muum = DzEV fro — i || gr 13 —p! Az X; e+ || Ay ||2,
If (Mpum > 0.and.||gk||? > ;) then
Az,{ka—ulmgx,;leﬂmzkngk

ll9x 113

Ck+1 = maz{ , cp + 0}
Step 2.4: Step-length selection rules:

Set a;nkasc = minlgisn {;—22 : A.’L‘}c < O}

If ((Mpum > 0.and.(0 < ||gx||? < €4)).or.new-merit) then

a;r]tca:c — mlnlﬁiﬁn{__k_Ainc |A2J,ZC < 0}



&y, = min{1, yal8%  yal%*
Let oy = %6y, where 6 is the smallest non-negative integer such that
IF (wi + cx Dwg) |2 — [|F (wi) I < po (VE* (wi) F (wy), Awg)
W1 = Wi + apAwy
new—merit = true
Else
Ggr, = min{ya}®* 1}.
Let agy = (%d,y, where 6 is the smallest non-negative integer such that
(2115 1y 1) — B(2h; chr1s 41) < p gk V(s cppr, )" Ay,
with zg11 =z + A ATy,
Set LB}, = min{3mpu, z} 2z} and UB}, = max{2Mp, }_ 2} },
for some m, M > 0.
For i = 1,2,...,n find: o, = max{q; : LB} < m};+1(z,i + a;AzL) <UB;}
Set Oy = min{l, minlSiSn{aik}}
Set Yrt1 = Yk + @ Ayx and 2zpy 1 = 25 + QA2
End if

Step 2.5: Set k =k + 1 and GoTo Step 2.1
STEP 3: Reduce barrier parameter as described in section § 4.4.
new-merit = false

STEP 4: Set [ =1+ 1 and GoTo Step 1.

4.1 Penalty parameter selection rule

The penalty parameter ¢ plays an important role in the algorithm. At each iteration,
its value is determined such that a descent property is ensured for the merit function
®(x; ¢, p). For p fixed, the gradient of ® at the k-th iteration is

VO (xk; cpy ) = Vi + ek Vi gr — uX,;le. (18)
The direction Az, is a descent direction for @, at the current point xj, if
AzTV®(zh; cp, 1) < 0. (19)

By considering the second equation of the Newton system (14), the directional derivative
AzIV®(wk; ek, ) can be written as

AzEV®(zp; cpy ) = ALV (1) — ek || gk |2 —uAa:fX,;le, (20)

where ¢, is the value of the penalty parameter at the beginning of the k-th iteration. Since
the barrier parameter 4 is fixed throughout the inner iterations, we can deduce from (20)
that the sign of Azl V®(zy;cx, 1) depends on the value of the penalty parameter. If ¢y, is
not large enough then the descent property (19) may not be satisfied. Thus, a new value

10



cip+1 > ¢ must be determined to guarantee the satisfaction of the descent property. The
next lemmas show that Algorithm 1 chooses the value of the penalty parameter in such a
way that Axy is descent direction for the merit function.

Let ¢, > 0 denote the finite precision (set to 1078 in the numerical experiments of
Section 6). Thus, we have a worst case feasibility precision

lg(2)[1* > €. (21)

In Lemmas 1 and 4 we show that descent is always guaranteed if (21) holds or g(z) = 0
and the penalty parameter ¢ = cx(€y) remains finite.

If, at some inner iteration k, we have 0 < ||g(z)||> < €, and the descent condition
(19) is not satisfied, then a switch to the following merit function

|F(z,y, 2 c,p)|? (22)

is performed for all consecutive inner iterations. Once the convergence of the inner iteration
is achieved, the algorithm returns to minimizing merit function (17). This is a variation
of the so called “watchdog” technique, which was first suggested by Chamberlain et al. in
[6]. In the context of interior point methods it was also used by Gay et al. in [13]. The
convergence criteria for (22) has been well established [8, 35].

Lemma 1 Let f and g be differentiable functions and let there exist small e > 0, such
that ||gx||? > €g. If Axy is calculated by solving the Newton system (14) and cg1 is chosen
as in step 2.3 of Algorithm 1 then Axy is a descent direction for the merit function @ at

the current point xy. Furthermore

Az V(s cp1,p) < — || Az |5, < 0. (23)
Proof In step 2.3, Algorithm 1 initially checks the inequality
AzgV i —cp || g | —pAzg X et || Az |7, <0, (24)

If (24) is satisfied then by setting cx4+1 = ¢ and re-arranging (24) we obtain (23). On the
other hand if (24) is not satisfied, by setting

ATV fiy — pAap Xy et || Az |,
Il gx II”
and substituting it into (20) it can be verified that (23) also holds. o

Cky1 = max{ ,Ck + (5}, 6 >0,

Remark 1 The role of the parameter ¢ in the definition of cx+1 is to guarantee that the
penalty parameter increases by at least a certain amount every time it needs to be updated.

We have observed that this technique results in a better performance of Algorithm 1.

In the previous lemma it is assumed that ||gx||*> > €;. The next lemma demonstrates
that Az remains a descent direction for the merit function ® when g = 0, i.e., when
feasibility of the equality constraints has been achieved.

11



Lemma 2 Let f and g be differentiable functions and let Awy, = (Azy, Ayk, Azg) be the
Newton direction taken by solving system (14). If for some or all iterations k, g = 0, then

the descent property (23) is satisfied for any choice of the penalty parameter ¢ € [0, 00).

Proof If g, = 0 then (20) yields
Az VO (zk; cx, ) = Az Vfy — pAzg X, te (25)
and the second equation of the Newton system (14) becomes
VgrAzy = 0. (26)
Furthermore, solving the third equation of (14) for Az, we have
Az, = =X ' ZyAzy — 2 + pX; e (27)
Substituting Az into the first equation of (14) yields
Vi — eVt g + pXy e = —(Hy + X; ' Z) Azy, + Vi, (i + Ayg). (28)
Pre-multiplying (28) by Ax:,: yields
AzIV i — cx Azt Vgl g+ pAzl X e = —Axl (Hy + X' Z)) Azg + Azt VgE (ye + Ayy).
Using (26), the above equation becomes
AV fir + pAzE X e = — Azl (Hy + X, ' Zy) Ay, (29)
and from (25), equation (29) yields
AzEV®(zy; e, p) = —Azk (Hy + Xk_le)Amk. (30)
From the fact that zj and zj are strictly positive and Assumption (A4), we have
—Azf (Hy, + X, ' Zp) Azy, < — Az} Hi Ay, (31)

From (30) and (31) it is derived that (23) holds for every ¢ € [0, 00). .

Lemma 3 Let the assumptions of the previous lemma hold and let g, = 0, for some k.
Then the algorithm chooses cx+1 = cg, in step 2.3. Also, Axy, is still a descent direction
for the merit function ® at xy,.

Proof In the previous lemma it was proved that the descent property (23) is satisfied
for gy = 0. This basically means that the condition in step 2.3 of Algorithm 1 is always
satisfied. Consequently, the algorithm does not need to increase the value of the penalty

parameter and simply sets cxt+1 = cx. For this choice of the penalty parameter it can be
verified that the descent property (23) still holds .

12



Corollary 1 If || Az ||= 0 then the algorithm chooses cx+1 = cj.

Proof We note that when Az = 0, the Newton direction necessarily implies that g, = 0
and therefore this case is explicitly covered by Lemmas 2 and 3. °

Lemma 4 Let f and g be continuously differentiable functions and
ATV fi, — pAzT X, et || Ay 13, < M* < oo,
Then for p fized:
(i) there always exists a constant cx1 > 0, satisfying step 2.3 of Algorithm 1.

(ii) assuming that the sequence {x} is bounded, cj is increased finitely often, that is,

there exists an integer k. > 0 such that for all k > k., we have c, € [0,00).

Proof Part (7) is a direct consequence of Lemmas 1 - 3 and Corollary 1, since a finite value
ck+1 is always generated, in step 2.3. Part (ii) will be shown by contradiction. Assume
that ¢y — oo as k — 0o. From the way cg is defined in step 2.3 we can deduce that, if
cx — 00, then ||gx||?> — 0. Hence, there exists an integer k; such that for all £ > k; we have:
0 < ||gk||? < €. As can be seen in step 2.4, however, in the case where 0 < ||gi[? < ¢,
the algorithm stops increasing the penalty parameter since it switches to the second merit
function. Therefore the maximum value that ¢; can take is: ¢, = ¢, = M*/e, where
Mpum and ¢, are finite values. Hence we have ¢, < co. This contradicts our assumption
that ¢y — 0o as k — oo. Hence the penalty parameter does not increase indefinitely, that
is, there exists an integer k, > 0 such that for all £ > k,, we have ¢, < oo. .

4.2 Primal step-size rule

In step 2.4 of the algorithm we adopt Armijo’s rule to determine the new iterate zj1.
The maximum allowable step-size is determined by the boundary of the feasible region
and is given by _

max f

T .
: k 7

a = min — : Az’ < 0L

xk lgign{ Qa:}c k }

This is indeed the maximum allowed step, since o;'* gives an infinitely large value to at

least one term of the logarithmic barrier function 37, log(zt +1)- However, if the step-size
is in the interval [0, a[}*") then the next primal iterate x4 is strictly feasible and none
of the logarithmic terms becomes infinitely large.

We take as initial step &y a number very close to alj®
never greater than one, i.e., &z = min{yal®* 1}, with v € (0,1). The final step is

agr = (3G, where 6 is the first non-negative integer for which Armijo’s rule is satisfied

and we ensure that it is

and the factor 3 is usually chosen in the interval [0.1,0.5], depending on the confidence we
have on the initial step dy;. The value of the parameter p is usually chosen in the interval
[1075,1071].
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4.3 Dual step-size rule

In this section we discuss the calculation of the step-size of the dual variables z. The
strategy uses the information provided by the new primal iterate zp,1, in order to find
the new iterate z;1. It is a modification of the strategy suggested by Yamashita [32] and
Yamashita and Yabe [33].

While the barrier parameter y is fixed, we determine a step aik along the direction
Az,ig, for each dual variable z,i, 1 =1,2,...n, such that the box constraints are satisfied

aik = max{a > 0: LB,i < (a:}c + azkA.T}'c)(Z]ic + aAz,i) < UB,’.C}. (32)
The lower bounds LB,i and upper bounds UB,i, 1 =1,2,...,n are defined as
LB} = min{mys, (s}, + cqeAaf)2}} and UB] = max{2M, (s} + aqeAcf)sf},  (33)

where the parameters m and M are chosen such that

1—9)(1 — +%7) min;{z! 2%
0 < m < min{l, ( N (M;)”) i k}}, (34)

and y
M > max{1, %} S0, (35)

with v € (0,1) and My a positive large number. These two parameters are always fixed
to constants which satisfy (34) and (35), while y is fixed. The values of m and M change
when the barrier parameter y is decreased.

The common dual step length «,; is the minimum of all individual step lengths aik
with the restriction of being always not more than one, namely

Oz = min{l, lIgzléln{a;k}}

The step-size for the dual variables y can be either ay, = 1 or ayy = o

The difference between the present step-size rule and the one proposed in [33] lies
in the definition of the lower bounds LB{, i = 1,2,...,n of the box constraints (32). In
particular, the term 1 — v/(Mp)** € (0,1) in the definition of the parameter m, given
by (34), results in the lower bounds LB} being smaller than the corresponding bounds
defined in [33]. Consequently, the step lengths «, are larger than those in [33]. Also by
noting that

L (1 —y/(Mo)**) =1~
and
2h + Az > (1—7)zk >0, foralli =1,2,..n

it can be shown that asymptotically the algorithm accepts the maximum allowable step
for the dual variables.

14



4.4 Barrier parameter selection rule

The barrier parameter y plays an important role in interior point methods. By gradually
reducing it to zero, the algorithms converge to the optimum solution. The efficiency of
interior point algorithms heavily depends on the speed by which p approaches zero. Very
fast and premature reduction of yx, however, can cause the failure of these algorithms [31].

The strategy which is used to reduce the barrier parameter in Algorithm 1, derives
from two other strategies, presented by Lasdon et al. [17] and Gay et al. [13]. The basic
characteristic of our strategy is that, it determines the new value of u, by taking into
consideration the distance of the current point (zg,yx, 2x) from the central path and the
optimum solution of the initial problem. The barrier reduction strategy is shown in Figure
1.

ptt = min{0.954¢,0.01(0.95)% || F(zk, Yk, 2x) |2}
If || F(zk, Yk, 2k 1) [|2< 0-1npt then
If 4t < 107% then
pt = min{0.854¢,0.01(0.85)%20 || F(zk, yg, 2&) |2}
Else
p = min{0.854¢,0.01(0.85)* || F(zk, yx, 2x) |2}

Figure 1: Barrier reduction rule.

The vectors F(zy, yx, z; p') and F(zy, yg, 2 ) represent the perturbed and unperturbed
KKT conditions of the initial problem (5) and are defined by (8) and (10) respectively.
The threshold determining whether the barrier parameter is going to decrease is initially
checked in Step 2.1 of Algorithm 1. If the current point is close enough to the central path
(ie., if | F(zk, vk, 253 4') ||2 < 0.1np') and the optimum solution (i.e., if ' < 10~%), then
the barrier parameter is reduced faster, since it is multiplied by the factor (0.85)2%, where
o > 0. If it is only close to the central path and not close to the optimum solution then
the barrier parameter is still reduced but not as fast as before, since it is now multiplied
by the larger factor (0.85)?. Hence, o can be thought of as a parameter which accelerates
the decrease of u at appropriate points. In our numerical tests, this barrier reduction rule
has performed very effectively.

5 Global Convergence

In this section we show that the algorithm is globally convergent, because it always guaran-
tees progress towards a solution from any starting point. El-Bakry et al. [8] and Yamashita
[32] have also shown global convergence for their primal-dual algorithms. In [8] the global
convergence is achieved by determining a single step-size for all the variables. The Armijo
rule is used to guarantee that the Euclidean norm of the KKT conditions, which plays the
role of a merit function, is reduced at each iteration.

Algorithm 1 is closely related to that in [32], since both algorithms use the same
strategies to determine different step-sizes for the primal and dual variables. They use,
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however, different merit functions to guarantee global convergence. In [32], the non-
differentiable merit function

d(z; p, ) = +pZ|g |—u210g

is used, while we have chosen the merit function defined by (17), which has the useful
property to be continuously differentiable. An advantage of the differentiability of the
merit function @ is that the adaptive strategy, developed by Rustem in [22], is used to
determine the penalty parameter ¢, to ensure a descent property for @, leading to the
global convergence of the algorithm.

We show that, while the barrier parameter is fixed to a value p!, the algorithm produces
iterates wy (') = (zx(p'), yu(p'), zx (1)), for & > 0, which are bounded and converge to a

point wy(p') = (2. (1), y« (1'), 2 (u")) such that

I F (@ (i), g (1), 2 (15 00, 1) [|= 0,

where F(z,y,z;c, ) is the vector of the perturbed KKT conditions, defined in (13). In
other words, we show that the inner iterations (2.1) - (2.5) of Algorithm 1, converge to a
solution of the perturbed KKT conditions. For simplicity we suppress the index [, and we
use wy, instead of wy (u') to denote the iterates produced while pu = p'.

The basic result of Lemmas 1 to 4 is that the direction Axy, taken from the solution
of the Newton system (14), is a descent direction for the merit function ® at the current
point zg, that is inequality (23) holds. In the next theorem we show that the sequence
{®(zk; cy, )} is monotonically decreasing if the barrier parameter y is fixed. We also show
that the step agg, chosen in step 2.4 is always positive.

Theorem 1 Assume that the following conditions hold
i. the objective function f and the constraints g are twice continuously differentiable,

ii. the approximate Hessian matriz Hy, is such that, for every iteration k and for every

vector v € R"™ there exist constants M' > m' > 0, such that

m' || v |3< " Hyo < M || w |I3,

iii. for each iteration k, there exists a triple (Axy, Ay, Azy), as a solution to the Newton

system (14),

iv. there exists an iteration k., small ¢, > 0, ||gkl|*> & (0,¢;) and a scalar c, > 0,

(cx = c«(€g)), such that the penalty parameter restriction in step 2.3
Az V fr — crleg) | gr I3 —pATE X, et || Ay ||7,< 0
is satisfied for all k > k, with cp11(eq) = cix(€g) = cx(e€g)-
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Then the step-size computed in step 2.4 is such that ag € (0,1] and hence the sequence

{®(zk; ch, b))} is monotonically decreasing, for k > k. and u fized.

Proof Consider the case ||gx||? ¢ (0,€,) and first order approximation with remainder of
the function ®(z;c,, p) around the point zg11 = xf + oz Azg

P(Ty15Cey ) — P(Ths Coy ) =
1
Qk ATT VD (25 Coy 1) + aik/o (1 — 1) Az} V2B (zp, + tag,Azy; ey, ) Azy, dt.

The above equation, after adding and subtracting the Hessian matrix Hy in the remainder,
yields
B (Tpi1; 00, 1) — Dahs Cas ) < e ATEVO(hs 04y ) + 302, Azt Hy Az

1
tal, / (1— )| Azl (V28(ay, + tagn Aty cx, ) — Hy ) Ay, | dt. (36)
0

Furthermore, inequality (36) can take the following equivalent form
(w1504, p) — Plahscxrp) <

2
(0%
0k Azk VO(wk; €y ) + —5E Az HeDay + oy | A |13, (37)

where 1
Y = /0 (1=1t) || Va®(ax + tamkAzy;cy, u) — Hy |2 dt.

Furthermore, from assumption (i) we have
1
| Ay, [I5< WAngkAwka (38)
and from Lemmas 1 and 2
Azl HyAzy < — Azl VO(y;coy ). (39)
Substituting (38) and (39) into (37) yields

1
Bk 115 1) — Bokscort) < cak DT VR(ags o, )1~ k(5 + 25)). (40)

The scalar p in Armijo’s rule in step 2.4 determines a step-length oy such that

¢k)

1
p<1—0¢wk( 5

2
Since from Lemmas 1 to 4 we always have Azl V®(zg;ce,pu) < 0, there must exist
agr € (0,1], to ensure (40) and Armijo’s rule in step 2.4. Assume that o is the largest
step in the interval (0, 1] satisfying both (40) and Armijo’s rule. Consequently for every
a < o, inequality (40) and Armijo’s rule are also satisfied. Hence the strategy in step 2.4
always selects a step-length a,; € [Ba’,a’], where 0 < 8 < 1. From the above analysis,
it follows that the sequence {®(zx;c., )} is monotonically decreasing. °
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Remark 2 The results of the above theorem can be proved to hold before the penalty
parameter ¢ achieves a constant value c.. This can be done by considering the difference
D(zpa1;chr1, ) — P(zk; ckr1, ) and the Taylor expansion of the function ®(z;cky1, )
instead of ®(x;ce, p). In the above theorem we chose to prove the case where ¢ = ¢4 has
been achieved, in order to show that asymptotically, ® is monotonically decreasing and the

strategy in step 2.4 selects a step-length oy € (0,1].

An immediate consequence of the above theorem is that the sequence {z} is bounded
away from zero. This is established in the following corollary.

Corollary 2 The sequence {zy} of primal variables generated by Algorithm 1, with u

fized, is bounded away from zero.
Proof Assume to the contrary that the sequence {z} — 0. Then {— > ; log(zt)} — oo.
From the assumption that the feasible region is bounded we conclude that the sequences

{f(zx)} and {]| g(zk) ||} are also bounded. Hence {®(zk;c., )} — oo which contradicts
the monotonic decrease of . .

The following lemma, proved by Yamashita in [32], shows that the dual step-size rule,
used by the Algorithm 1, generates iterates z; which are also bounded above and away
from zero.

Lemma 5 While p is fized, the lower bounds LB,i and the upper bounds UB,’;, 1 =
1,2,...,n, of the box constraints in the dual step-size rule, are bounded away from zero
and bounded from above respectively, if the corresponding components xz, of the iterates

xi are also bounded above and away from zero.
Proof The proof can be found in [32]. o

Having established that the sequences of iterates {zy} and {z;} are bounded above
and away from zero, we show that the iterates {yx}, k£ > 0 are also bounded. In particular
Lemma 7 shows that if at each iteration of the algorithm we take a unit step along the
direction Ay, then the resulting sequence {yx + Ay} is bounded. In addition to this,
Lemma 7 also shows that the Newton direction Awy, = (Azy, Ayg, Azg) is bounded, while
w is fixed. We first establish the following technical result.

Lemma 6 Let wy be a sequence of vectors generated by Algorithm 1 for u fized. Then

the matriz sequence {O; '} is bounded, where

0 Vg

O = )
—Vgg Hy+ X, Zy
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Proof The inverse of the partitioned matrix Oy is

o1 (Vg Vgi]? —[VarQ%Vgi] ' Vgrl
k )

UV Vo Vel ™t Qe — W% VaL [V Vgl |1 Varll

where Q = (Hy + X,;le)_l. According to Assumption (A4), Corollary 2 and Lemma
5, the matrices Q, and [VgiQVgl]™! exist and are bounded. Hence the matrix G),;l is
bounded, since all matrices involved in it are bounded. .

Lemma 7 Let wy is a sequence of vectors generated by Algorithm 1 for p fized. Then the

sequence of vectors {(Axy,yr + Ayk, Azg)} is bounded.
Proof Solving the third equation of the Newton system (14) for Az, yields
Azp = —z, + uXk_le — Xk_leAxk. (41)

Substituting (41) into the first equation of (14) and re-arranging the first two equations,
yields the following reduced system

0 Vi i gk (12)

Vot Hp+X;'Z |\ Axy Vi + Vo gy — nXy e

where y;, = yi + Ayg. From the previous lemma we have that the inverse of the matrix
in the left side of (42) exists and is bounded. Hence the sequences {Azy} and {y} are
also bounded. Considering now (41), we can easily deduce that the sequence {Az} is
bounded, since it is a sum of bounded sequences. °

Lemmas 8 and 9 provide the necessary results needed by Theorem 2, which shows
that the sequence of {wy} converges to a point w, = (Z«,Yx, 2s), satisfying the KKT
conditions of problem (12).

Lemma 8 Let the assumptions of Theorem 1 be satisfied and the barrier parameter i is

fized. Also suppose, for some iteration ko > 0, the level set
S1={z € R} : O(z;04,1) < P(Thgs Cxy 1) } (43)
is compact. Then for all k > ky we have

lim Az} V®(zy;ce, ) = 0. (44)
k—00
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Proof The scalar p € (0,1/2) in the step-size strategy at step 2.4, determines ayy such
that
4Py o

) <

1
<1- -

and by solving for a,; we obtain

_ 2 <a 1;
1/2 + hy /m! = ok < 1/2 + oy /m!”

Hence the largest value that the step-length oy, can take and still satisfy Armijo’s rule in
step 2.4 is

1-p
1/2 + 4/ -
Recall that the step-length a is chosen by reducing the maximum allowable step-length
@z until Armijo’s rule is satisfied. Therefore oy € [3a2,, ;] and thereby also satisfies
Armijo’s rule.

As the merit function @ is twice continuously differentiable and the level set S; is
bounded, there exists a scalar M < oo such that

a2, = min{1,

1 _
Y = /0 (1—t) || V2®(k + toprAy; cx, ) — Hy |l2 dt < M < oo.

Thus we always have oz > @z, > 0, where

1—0p )
"1/2+ M/m!

Qg = min{l

Hence the step-size a, is always bounded away from zero.
Furthermore, from Armijo’s rule and Lemmas 1 and 2 we have

O(zp115 €, ) — B(h; ey 1) < gk VO(g; i, p) T Ay, < 0. (45)
From our assumption that the level set Sy is bounded, it can be deduced that
lim |®(zki1;ch,pp) — P(zk; i, pp)| = 0.
k—00
Consequently, from (45)
lim (pag VO (zk; ¢y, p) T Azy) = 0.
k—o0

Finally, since p, azr > 0 it can be deduced that (44) holds. .

Lemma 9 Let the assumptions of the previous lemma hold. Then

lim || Azy ||3,= 0. (46)
k—o0
Proof From (23) we have
—V®(zx; ) Az 2| Az [[F, - (47)
Hence from (47) and (44) we have that (46) holds. o
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Theorem 2 Let the assumptions of the previous lemma hold and let €5 = 10~8. Then the

algorithm converges, in the limit, to a point satisfying

V(@) —z+cVg(z) g(z) — Vg(2)Ty 0
F(‘Tayaz; C,M) = g(x) = 0 ’ (48)
XZe— pe 0

for u fized.

Proof Consider the case ||gi|®> ¢ (0,€,) and let z.(p), 2:() € R™ and y.(u) € N9
be such that limg ,oo zx = (@), limg_y00 2k = 24(p), and limg ooy = yu(p), V& >
k., k € K C {1,2,...}. The existence of such points is ensured since by Assumption A2
and Lemmas 5 and 7, the sequence {(zr(1),yr(1), 2zx(1))} is bounded for p fixed, and
by Theorem 1 the algorithm always decreases the merit function ® sufficiently at each
iteration, thereby ensuring z; € S7, with S compact.

We first prove that for k sufficiently large, the dual step, a,j, becomes the unit one,
by showing that

Jim | 2 + Az — pXplel=0 (49)

By adding —,uijle to both sides of (41) we have

2k + Az —pXihe | < =X Ze | | Ay |+ o X7 = X500 0 el (50)

Moreover
1 1
X t-xL? < S £
| k k+1 © < nllg?gxn{(w}c $%+1)}
2 A 712
- n max{(awk) ( ‘Ik)Q}

lsisn (w}c)Q (%4—1)

Since we always have oy € (0,1], (Az%)? <|| Az ||? and the sequence {z;} bounded
away from zero, from the above inequality and (46) we can derive

_ _ _ : Azy |?
lim | X' =X 1P < nl NAzel” 51
Hence letting k& — oo in (50), and using (46) and (51) we can deduce that (49) holds.
Consequently, zx+1 = zx + Az, for k sufficiently large.

Furthermore, using (41) and for £k sufficiently large, the complementarity condition
becomes

Xip12k41 = Xpp1 (26 + Bzg) = X1 Xy (- Zp Az + pe) (52)

From (46) and the fact that the elements of the diagonal matrix Xj X, ! can be written
as

Axt

L gk, foralli=1,2,..,n,

L L

i
Lpi1
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we can derive that
lim X1 X, = I, (53)
k—o0

where I, is the n x n identity matrix. Letting k¥ — oo in (52), and using (46) and (53)
yields

lim X 12641 = X (p)2e(p) = pe (54)
k—o0
Also for k — oo, the second equation of the Newton system (14) and (46) yield

(VgrAzg) = g(@. (1)) = 0. (55)

lim
k—o0
The first equation of the Newton system (14) can be written as
Vi — Vi ki1 + e Voh g — uXy e = —(Hp + X Zy) Axy,
where yx11 = yx + Ayg. Letting k — oo, and using (46) the above equation yields

Jim | Vi = Vogiyre + Vg gr — p X e =0 (56)

From the assumptions that the functions f and g have continuous gradients and Vg,{ has
full column rank and using (51), equation (56) yields

Jim | Virs1 — Vaia¥ke1 + &V ii1gks1 — X e =0
or equivalently

V(@ (1) — V(@ (1) yu (i) + e Vg(ma (1)) g2 (1)) — p X () "'e =0 (57)

From (57), (55) and (54) we can conclude that the vector (z.(u),y«(u),z«(p)) is a
solution of the perturbed KKT conditions (13).

The convergence result for ||g|? € (0,€4) is a consequence of El-Bakry et al. [8] and
Zakovic et al. [35]. o

An immediate consequence of Theorem 2 is that, for any convergent subsequence,
produced by the algorithm, for u = !, there is an iteration k, such that

| Fzg, vz, 25 ¢, 1) [|1< (58)

for all k > k, where > 0 and F(z,y, z;¢, 1) is given by (13). At this point, we record
the value of the current iterate

('%lagla 2l) = (Ik, Yi» z]:;)a

+1 < pt. Therefore a sequence of approximate central points

and set y to a smaller value y
{(#,9', 2"} is generated.
In the remaining part of this section, we show that the sequence of approximate central

oints converges to a KKT point (Z*,7*, 2*) of the initial constrained optimization problem
b g b Y,

(5)-
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For a given e¢ > 0, sufficiently small, consider the set of all the approximate central
points, generated by Algorithm 1

Sa(e) = {(@", 3", 2) e <|| F(&", 3", 25 e, p!) 1<) F(2°,5°, 2% i, 1°) I, Vit < %}

If € > 0 then the step-size rules, described in section 4 guarantee that ', € Sy(e) are
bounded away from zero, for [ > 0. Consequently (#!)7z! is also bounded away from zero
in Sy(e). The following lemma shows that the sequence {§'} is bounded if the sequence
{#'} is also bounded.

Lemma 10 Assuming that the columns of Vg(Z') are linearly independent and the iterates

l

I' are in a compact set for | > 0, then there exists a constant My > 0 such that

19 1< M+ | 2 )

Proof By deﬁning ,,.l — Vf(.’fl) —él-l-cvg(.’fl)Tg(.’fl)—Vg(-'il)Tgl and solving for Vg(;;;l)ng
we obtain
Vg(i:l)Tgl — Vf(i‘l) _ 2[ + ch(:il)Tg(:il) _ ’l"l.

From our assumptions the above equation can be written as

i = [Ve@)Vea) 1 Vg() (V1) + eVg(@) (@) - 1)
~[Vg(a) Vg (") Vg(@') 5.

Taking norms in both sides of the above equation yield
151 < 111Ve(@) V@) 17 Vg(@") || V(&) +cVg(a') g@") —r' |
+ 11 V(@) Ve(@) 1 ve@) || 2|
< Mi(1+ ) 2 ).

where the constant M; is defined as

My > max{| [Vg(a")Vg(@)T]*Vg(@") || | V(@) + cVg(@)Tg(@") —r |,
I [Vg(@)Vg(#)] Vg |}

and is finite according to our assumptions. °

Lemma 11 If (z!,7', 2') € Sa(e) for all 1 > 0, then the sequence {(Z',7,2)} is bounded

above.

Proof From Lemma 10, it suffices to prove that the sequences {Z#'} and {#'} are bounded
from above. By assumption (A2), the sequence {%'} is bounded. Assume that there exists
a non-empty set I>°, which contains the indices i of those elements, (#!)!, of the vector

3! for which lim;_,o(2!)® = oco. From the boundedness of the sequences {(Z')*(z')‘},
i =1,2,...,n, we obtain lim inf;_,(#!)? = 0, for those indices i € I>°. Furthermore from

the definition of the set I2, in Assumption (A4), it is evident that 1* C I0.
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From (58) and the fact that {u'} — 0 we have that the sequence

{I V@) =2 +e.Vg(@) g(&) - Va(@) "5 |1}
is bounded. Using this and the fact that {|| V£(z') ||} and {|| c¢Vg(&")Tg(z!) ||} are
bounded, we conclude that {|| -2 — Vg(#!)T§' ||} is also bounded. Hence, we have

|2+ V(@) "y |
1@, 2 |

By setting @' ”E lgll’ we have {@'} bounded and {@'} — %*. It is clear that || @* ||= 1

=0 (59)

and the components of @*, corresponding to those indices i ¢ I, i.e., {(!)} < oo, are
zero. If 4* is the vector consisting of the components of #* which correspond to the indices
i € I2°, then || 4* |=|| @* ||= 1. Furthermore, from (59) we have

Vo@)'y' +2  [Ve(@)", L] (5, 2)
(@2 | (@ 2) |l

However, this result contradicts Assumption (A2). Hence, the set I3° is empty, or for

all indices i = 1,2,...,n, the sequences {(3')’} are bounded. Consequently, {'} is also
bounded. .

= [Vg(@)T, e; :i € I 4* — 0.

The following theorem shows that the sequence {(&!, ¢, 2!)} converges to (Z*,7*,7*)
which is a KKT point of the initial constrained optimization problem (5).

Theorem 3 Let {u'} be a positive monotonically decreasing sequence of barrier param-
eters with {p'} — 0, and let {(z',7',2")} be a sequence of approzimate central points
satisfying (58) for p = u!, 1 > 0. Then the sequence {(&, 4!, 5)} is bounded and its limit

point (T*,7*, 2*) satisfies the following conditions

Vf(z) -z +cVg(z)Tg(z) — Vg(z)Ty 0
F(z,y,zc,p) = | g(z) =10 |. (60
XZe 0

Proof From Lemma 10 the sequence {(z!, ', 2')} is bounded and remains in the compact
set Sa(e). Thus it has a limit point in Ss(€), denoted as (z*,3*, 2*). From (58) and the
fact that u! — 0 we easily obtain that lim;_, || F(z!, 7, ') ||= 0. Therefore,

Vf(@*) — 2" +cVg(z) g(z) — Vg(@) 'y = 0

X*Z*e = 0.

Clearly from the above equations we may derive that (Z*,7*,2*) is a KKT point of the
initial constrained optimization problem (5). )
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6 Numerical Results

The test-problems solved by the algorithm fall into two categories. The first category
consists of small size problems drawn mainly from the Hock and Schittkowski collection
[15]. The second category consists of real-world problems of larger size. These problems
were taken from Vanderbei’s web site [26]. The implementation of the algorithm has been
done using standard C' and is interfaced with the powerful mathematical programming
language AMPL [11].

The various parameters used in the algorithm are as follows. In Step 1, the accuracy
of the stopping criterion is g = 1078. In Step 2.3, § = 10 and ¢, = 107%. In Step 2.4,
we set v = 0.995, 3= 0.5, p=10"*, m = 1, and M = 10. In the barrier reduction rule,
described in section § 4.4, we set ¢ = 6. Furthermore, our implementation provides two
options to the user, regarding the calculation of the Hessian matrix Hy. In the first option,
the Hessian can be approximated by a positive definite matrix using Powell’s modification
to BFGS updating formula [19]. In the second option, the exact Hessian, provided through
the interface with AMPL, is used. In this case, in order to ensure that the Newton direction
Azy in (23) is descent, the exact Hessian has to be sufficiently positive definite at every
iteration. Hence, Hj, is replaced by a positive definite matrix I:Ik, which is generated
by the modified Cholesky factorization as described by Gill et al [14], and has the form
Hy, = Hy, + Ej, where Ej, is a nonnegative diagonal matrix that is zero if Hj is positive
definite. This technique has worked very well in practice enabling the algorithm to solve
large problems. It should be stated, however, that the algorithm, using either the exact
or the BFGS approximation of the Hessian, has demonstrated fast local convergence.

Tables 1 summarize the numerical results for the test-problems taken from the Hock
and Schittkowski collection. The following abbreviations have been used:

Prob: The problem number given in the Hock and Schittkowski collection [15].

Iter: The total number of inner iterations required to find the optimum solution of the
original problem (5). It is the final value of the inner iteration counter &k in Algorithm
1.

¢4: The final value of the penalty parameter.

All the numerical results have been obtained by using the exact Hessian, provided by
AMPL, except those marked with x (i.e., tests 74, 75, 93 97), which were solved using the
BFGS updating formula [19]. The algorithm solved all the problems to the given accuracy.
For all of the problems the initial value ¢y of the penalty parameter ¢ is set to zero. Its
final value c, is usually kept at low levels. For some tests, however, its final value needed
to become large in order to achieve convergence, which was achieved in all tests. We have
also observed that usually the penalty parameter becomes large for the problems, whose
starting point, provided by Hock and Schittkowski [15], is close to the boundary of the
feasible region. In such cases, Vanderbei and Shanno [27] suggest that the starting point
should be set to a 90%-10% mixture of the two bounds of the box constraints, with the
higher value placed on the nearer bound. If the algorithm starts from such a point, the
final value of the penalty parameter can be kept low, with similar convergence.

For problems 102 and 103 we needed to follow the advice of Gay et al [13] and increase
the initial value of the barrier parameter, ug, to 10* in order to allow the algorithm to
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converge in less than one hundred iterations. However, this technique did not help in
problem 101, which was also solved but in more than one hundred iterations. For all the
remaining problems the initial value of the barrier parameter was set to ug = 1. It should
also be mentioned that among the problems of the Hock and Schittkowski collection,
solved by our algorithm, there exist some particularly difficult problems. For example,
problems 64 and 72 are highly nonconvex, problem 108 has a singular reduced Hessian,
and problems 88 to 92 have very large condition numbers of the coefficient matrix in the
Newton system.

Moreover, Table 2 summaries the number of variables and constraints of the larger
problems solved by the algorithm. All of these problems are limited up to 300 variables
and constraints, since we use the student version of AMPL. In order to overcome this
limitation and be able to test the algorithm on a diverse collection of problems, we have
reduced, in some problems, the number of variables or constraints to 300, by modifying
some parameters in their definition. Hence, problems “markowitz100”, “1_Ip_150", “min-
surf288”, “oet1_148”, “oet3_148” and “svanberg299” are smaller versions of the original
tests “markowitz”, “1_Ip”, “minsurf”, “oetl”, “oet3” and “svanberg”. Table 3 summaries
the numerical results for the large problems. As can be seen the algorithm can be very
efficient and robust in solving difficult and larger problems.

We present an example to show the importance of the mechanism that switches between
the two merit functions. Consider the following box-constrained optimization problem:

fl) = (z1—1D(z1 - 2)(z1 = 3) + (z1 = 2)(z1 = 3)(z2 — 1) —
(331 — 3)(.’1)2 — 1)(.%2 — 2) — (.’L‘Q — 1)($2 — 2)(.’L‘2 — 3), (61)
s.t. 5<z;<5, i=1,2

Problem (61) has three local minima:

xk . = (—5,—0.69783), 22, = (3.39512,5),z3 ;. = (2.500,1.500)

min
and two saddle points:

xl.g = (1.29289,1.29289), 22, = (2.70711,2.70711)

We solve (61) with the original Algorithm 1 and with a variant that uses only the norm
of the KKT conditions as the merit function in all iterations. Table 4 shows solutions to
which both versions of the algorithm have converged, starting from different points. It is
clear that using the KKT residual norm as the only merit function there is no guarantee
that the algorithm will converge to a local minimum. On the other hand, the switching
of merit functions provides a robust and efficient way to guarantee the convergence of the
algorithm to a local minimum.

As a final note we would like to mention that the performance of the algorithm is very
good and comparable with other primal-dual interior point algorithms. For example, our
algorithm seems to have superior performance, in terms of the number of iterations, than
the interior point algorithms described by Vanderbei and Shanno [27], and Gay et al. [13].
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7 Summary and Conclusions

A primal-dual interior point algorithm for general nonlinear programming problems has
been presented. Its distinct feature is the incorporation of two differentiable merit func-
tions, which guide the algorithm to a local minimum. A switching mechanism is employed
in order to decide which merit function is most appropriate to be used. This mechanism
guarantees progress towards to a local minimum and avoid convergence to saddle points
and local maxima. By ensuring the monotonic decrease of each merit function, it has been
shown that the algorithm is globally convergent. The numerical results demonstrate that
the algorithm can be used to successfully solve various nonlinear programming problems
in an efficient and robust way.
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Prob. | Tter. Cy Prob. | Tter. Cy Prob. | Tter. Cy Prob. | Tter. Cy
1 27 0 29 47 | 5.8x10™ || 56 11 | 9.4x108 86 16 | 7.6x10'2
2 15 0 30 10 | 1.6x10% 57 22 18.9 87 13 | 1.7x10'2
3 10 0 31 9 | 1.7x10 | 59 12 | 1.7x10™ | 88 16 | 2.1x10°
4 10 0 32 45 0 60 11 0 89 16 | 1.5x10!
5 10 0 33 10 0 61 20 | 9.5x10° 90 20 | 1.1x10"
6 6 0 34 19 | 3.4x10' || 62 12 0 91 16 | 1.0x10™
7 9 | 2.3x10° 35 12 0 63 20 | 2.3x109 92 18 | 7.1x10"
8 5 0 36 20 0 64 23 | 4.1x10' || 93* | 15 | 2.3x10'?
9 5 0 37 57 175.4 65 12 | 1.2x10™ | 95 31 | 1.0x10'2
10 14 | 1.2x10"2 38 25 0 66 20 | 9.8x10'2 96 31 | 4.3x10'2
11 11 | 1.9x10'2 | 39 8 | 5.3x10° 67 45 | 3.8x10™ || 97* | 22 | 1.9x108
12 15 | 3.8x10'" || 40 25 | 5.8x10° 68 11 | 2.3x107 || 98* | 19 | 3.1x10°
14 11 | 2.3x101! 41 36 | 1.2x10! 69 43 | 4.2x10° 99 35 | 1.2x10'°
15 22 | 3.6x10° 42 13 | 2.1x107 70 14 | 3.0x10™2 || 100 | 14 | 6.1x10"?
16 13 | 6.6x10'% || 43 13 0 71 25 | 2.8x10" || 102 | 69 | 7.8x10'2
17 55 | 2.3x10'? || 44 23 0 72 18 | 6.1x10™ || 103 | 66 | 1.3x10'2
18 12 | 4.4x10"2 45 22 0 73 12 | 4.1x10™ || 104 | 59 | 6.6x10'2
19 21 | 8.1x10'2 || 46 26 33.69 74 8* | 6.0x10° | 105 | 12 0
20 16 | 6.7x10' || 47 20 71.8 75 9* 104 107 | 15 | 7.1x10'?
21 10 0 48 5 0 76 12 0 108 | 21 | 6.8x10'2
22 12 | 5.3x10'% || 49 19 0 7 12 3243 110 | 11 0
23 20 | 3.6x10'2 | 50 9 0 78 50 | 1.3x10* || 111 | 13 13957
24 19 | 9.7x10'° 51 5 0 79 7 10 112 | 26 0
25 31 0 52 4 0 80 14 | 2.2x10% || 113 | 15 | 4.8x10'2
26 21 10 53 9 0 81 56 465 114 | 48 | 2.7x10'?
27 9 7065 54 13 0 83 16 | 2.8x10' || 117 | 18 | 1.1x10'?
28 4 0 55 11 | 41x10™ | 84 35 | 3.6x10° || 119 | 19 | 1157.6

Table 1: Numerical Results for the Hock-Schitkowski problems
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Prob. Vars | Constr Prob. Vars | Constr
Antenna 49 166 dea2 6 100
Catenary 198 100 dea_lp 10 126

markowitz100 | 300 201 dea_Ilp2 10 126
1.1p 150 8 152 dea_frac lin 8 100
nnls 300 0 fir linear 11 154

nnls2 300 201 fir_convex 11 154
oetl_148 3 298 fir_socp 12 155
oet3_148 4 298 fir_exp 12 155

minsurf 289 0 svanberg299 | 299 298
obstclal 64 0 vanderml 100 99
dea 6 100 vanderm3 100 99
Table 2: Characteristics of large problems
Prob. Tter. Cy Prob. Tter. Cy
Antenna 79 | 1.3x10!° dea2 12 0
Catenary 23 | 1.5x10% dea_lp 11 1481
markowitz100 | 31 25.1 dea_lp2 11 1481
1.1p_150 18 | 9.1x10' || deafraclin | 14 0
nnls 32 0 fir linear 20 | 5.0x10!'2
nnls2 17 0 fir_convex 21 | 2.4x10'
oet1_148 16 0 fir_socp 20 | 2.3x10"
oet3_148 18 0 fir_exp 20 | 4.1x10%0
minsurf 9 0 svanberg299 | 26 | 1.7x10°
obstclal 24 0 vanderm1 74 | 3.9x10"
dea 25 0 vanderm3 78 | 1.1x10'°

Table 3: Numerical Results for large problems
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starting point | Original Algorithm 1 | Algorithm 1 with only the KKT residual
norm as merit function
(-5,-5) Tin Tsad
(-5, 5) Trmin T5ad
(5:-5) Tynin Tin
(5, 5) T Tiad
(1,1) Thin T5ad
(3,3) Tmin Traa
(-5, 0) Trnin Tsad
(5,0) Tynin Tin
(0,-5) Trnin T5ad
(0, 5) Thin T3ad

Table 4: Convergence of Algorithm 1 and its variant that uses only the KKT residual

norm as merit function starting points
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