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The region calculus of Tofte and Talpin is a polymorphically typed lambda cal-
culus with annotations that make memory allocation and deallocation explicit. It
is intended as an intermediate language for implementing Hindley-Milner typed
functional languages such as ML without traditional trace-based garbage collection.
Static region and effect inference can be used to annotate a statically typed ML pro-
gram with memory management primitives. Soundness of the calculus with respect
to the region and effect system is crucial to guarantee safe deallocation of regions,
i.e., deallocation should only take place for objects which are provably dead.

The original soundness proof by Tofte and Talpin requires a complex co-inductive
safety relation. In this paper, we present two small-step operational semantics for
the region calculus and prove their type soundness with respect to the region and
effect system. Following the standard syntactic approach of Wright, Felleisen, and
Harper, we obtain simple inductive proofs.

The first semantics is store-less. It is simple and elegant and gives rise to per-
spicuous proofs. The second semantics provides a store-based model for the region
calculus. Albeit slightly more complicated, its additional expressiveness allows to
model operations on references with destructive update. A pure fragment of both
small-step semantics is then proven equivalent to the original big-step operational
approach of Tofte and Talpin. This leads to an alternative soundness proof for their
evaluation-style formulation.
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1. INTRODUCTION

Memory management for dynamic data structures is a problem in programming. While
memory allocation is dictated by the problem at hand, there is considerable freedom in
memory deallocation. If deallocation happens too late, the program suffers from memory
bloat and space leaks, which impede performance. If deallocation happens too early, there
might be dangling pointers into deallocated memory. Dereferencing a dangling pointer is
unsafe and can lead to a crash, or worse, to wrong results.

Some languages (like C or Pascal) leave the deallocation problem entirely to the pro-
grammer, whereas others (like Lisp, Smalltalk, Java, and ML) perform automatic deallo-
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cation by incorporating a trace-based garbage collector into the runtime system. While the
programmer-based solution is immensely error-prone, programs can in principle be tuned
for optimal memory use. Traditional garbage collection avoids a large class of errors, but it
has some problems, too. Since the garbage collector is, in general, unaware of the semantics
of the running program, it must preserve all pointers reachable from a given set of root
pointers. This set is a conservative approximation of the set of pointers that will actually
be used by the program. As a consequence, deallocation might happen too late, which can
lead to space leaks. In addition, trace-based garbage collection takes extra, non-productive
time and can cause erratic pauses in the execution of programs, hampering its use for
real-time applications. Finally, inter-operability between garbage collected languages and
non-garbage collected languages is difficult.

Theregion calculus of Tofte and Talpin [15, 14] (which we will refer to as TTRC) provides
an alternative method of memory management for the functional language ML [10]. Itis
used as an intermediate language in an ML compiler, the ML-kit [2, 3, 12, 14, 15]. The
basic idea of the region calculus is to split memory into regions that are allocated in a
stack-like manner, directed by a construct of the language. Deallocation is instantaneous, it
just pops the topmost region from the stack. Using this method, it is possible to implement
ML without a trace-based garbage collector. In some instances, the region calculus can
prove that a pointer is semantically dead, even though it is still reachable by the program. In
these cases, the region it points to can be safely deallocated, something trace-based garbage
collectors cannot do.

1.1. Related Work

The first proof of consistency, or type soundness, for the region calculus as it is given by
Tofte and Talpin [15] is quite complicated and uses rule-based co-induction. The source of
complication is twofold. First, Tofte and Talpin prove two properties at the same time: type
soundness anttanslation soundnessThe latter property guarantees that there is some
relation between a non-region annotated value and its region-based counterpart. In this
paper, we focus on the problem of type soundness, ie. the property which guarantees that
regions are not deallocated while they are still in use.

The second source of complication is due to the co-inductive definition of their consis-
tency relation, required because of the loss of information when deleting a region from
the store in their big-step semantics. Their safety relation not only requires a co-inductive
proof, but is rather complex and lacks intuition of why deallocation safety is obtained.

Recently, alternative type-soundness proofs for the region calculus have been proposed.

1. Crary, Walker, and Morrisett [5] provide an indirect soundness proof by translating the
region calculus into their capability calculus. The capability calculus has a sophisticated
type-and-effect system that supports safe allocation and deallocation of regions in an
arbitrary order. This added flexibility may lead to a better use of memory at runtime, since
there are cases where a region may be de-allocated earlier than in the region calculus. They
provide a syntactic soundness proof for the capability calculus.

2. Banerjee, Heintze, and Riecke [1] translate the region calculugintan extension
of the polymorphic lambda calculus with a special type constructor for encapsulation. They
construct an original denotational model for their calculus and give a semantic soundness
proof based on the model.
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3. Dal zilio and Gordon [17] modify the operational semantics of Tofte and Talpin so
that it also keeps track of deallocated regions. This extra information allows an inductive
definition of the consistency relation and an inductive correctness proof. Then they go on
to show that this result is a consequence of a more general result for aztygadulus
with name groups. This is shown by using a translation from the region calculus into the
typednr-calculus with name groups.

4. Helsen and Thiemann [9] define a store-less small-step operational semantics for the
region calculus and prove type soundness using the syntactic method of Wright, Felleisen,
and Harper.

5. Calcagno [4] defines a high-level big-step operational semantics and proves type
soundness for it. Calcagno formally relates the high-level semantics to the original low-
level semantics of TTRC.

1.2. Contribution and Overview

The present paper is based on the work of Calcagno, Helsen, and Thiemann [4, 9].
After recalling the syntax and the semantics of TTRC in Section 2, Section 3 gives a
simplified account of &tore-less region calculu@bbreviated SRC), using the reduction-
style formulation pioneered by Plotkin [11]. Its syntactic type soundness is stated without
proofs and without the treatment of polymorphism and recursion, which can be found
elsewhere [9].

While the store-less formulation is extremely simple and elegant, it is desirable to model
a calculus with references and destructive update. Therefore, in section 4, we introduce
a new calculus with an explicitely passed store: ithperative region calculusr IRC.

This calculus extends SRC (and TTRC) with operations on references, as they are actually
implemented in the ML-kit [3]. We also give a small-step operational semantics, similar in
spirit to the definition of the store-less region calculus.

Then, using the syntactic approach of Wright and Felleisen [16], in a variation pioneered
by Harper [7], we prove type soundness of IRC without the standard treatment of poly-
morphism and recursion. Adding polymorphism and recursion makes the proofs more
technical, but does add new concepts. The resulting proofs all follow a relatively simple
inductive pattern, and are therefore considerably easier than the co-inductive proofs of Tofte
and Talpin.

In previous work, Calcagno [4] proves type soundness of TTRC by defining a store-less
big-step operational semantics, which is parametric in a set of currently allocated regions.
He proves his store-less semantics equivalent to TTRC.

Inspired by this work, section 5 shows the equivalence of TTRC with IRC, as well as
the equivalence of IRC and SRC. However, instead of relating two big-step semantics, we
relate a big-step semantics (TTRC) with a small-step semantics (IRC) on the one hand and
two small-step semantics (IRC and SRC) on the other hand. The former result leads to
type-soundness of TTRC. In these equivalences, we ignore the reference operations of IRC
for simplicity of the presentation. Finally, section 6 concludes.

1.3. Notation
Let s be a partial function omapfrom a setA to a setB. Then donfs) = {z € A |
Jy € B,s(xz) = y} is the domain ok and rarfs) = {y € B | 3z € A, s(z) = y} is the
range ofs. The maps| 4/ is therestrictionof s to A’ C dom(s), defined bys| 4+ (a) = s(a),
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if a € A’, and undefined otherwise. #fc A, write s — x for the maps|qoms)\ {»}. Write
s + {a — b} for the extended mag defined bys'(z) = b, if z = a, ands’(z) = s(z), if
T # a.

Given two finite maps; ands, where raifs;) Uran(ss) is a set of finite maps, then write
s1 < sg (s2 extendss;) if dom(s;) C dom(se) and for allr € dom(s;), dom(s;(r)) C
dom(sz(r)) andsz(7)|dom(s, () = s1(r). All the maps considered in this work are finite.

The notatione[z — €'], stands for the termwith e’ substituted for each free occurrence
of z. As usual, substitution avoids capture of variables by renaming. \Wete’ if e and
e’ are syntactically equal.

2. THE REGION CALCULUS OF TOFTE AND TALPIN

The original TTRC includes ML-style polymorphism and polymorphic recursion on
regions. To simplify the presentaccount, we consider a non-recursive monomorphic version
of TTRC. The addition of polymorphism and recursion is tedious, but standard [9, 4].

2.1. Syntax of TTRC
The following grammar defines the syntax of TTRC.

Terms e == z|cat gp|Az.eat o|e@Qe]|letregion pin e|copy [o,0]e
Values v ::= (r,1)

Moreover, assume that

€ Vname variable names
€ Cname constant symbols
€ RegionVars region variables
€ RegionNamegegion hames

€ Locations store locations

IR 08

where the set¥name Cname RegionVarsRegionNamed ocationsare mutually disjoint
denumerable sets. Occurrenceg @i e are bound byetregion oin eand are subject
to alpha-conversion.

In comparison to the lambda calculus, constants and lambda abstractions carry a region
annotationat o, which indicates the region in which the value is allocated. Since constants
also carry this annotation, the region calculus formalizes a fully boxed implementation
strategy. Executinfgtregion oin e allocates a new region of memory, then evaluates
e, and finally deallocates the region again. The teapy [0, ¢] e is a simple addition
to the original region calculus. It copies a value of base type from one region to another
and stands for a prototypical primitive operation. Finallpragramis a term without free
variablesr € Vnamebut may contain free occurrences of region variablesRegionVars

2.2. Dynamic Semantics of TTRC
This section paraphrases the dynamic semantics of TTRC using the original big-step
operational formulation [15]. First, there are a few definitions.
A region environmentR, is a finite map from region variablesto region names. A
value environmenWE, is a finite map from variables to values.sforable valuds either
a constant{c), or a closure(z, e, VE, R), which consists of a formal parameter, the
body of the closureg, a value environment, and a region environmentedionis a finite
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R € RegionEnv= RegionVars— RegionNames
VE € ValueEnv = Vname— {(r,1) | r € RegionName$ € Locationg
S € Store = RegionNames- (Locations— Content$
Contents = {(c¢) | ¢ € Cnamég
{{z,e,VE, R) | x € Vnamee € Terms
VE € ValueEny R € RegionEny

(-

R(g)=r ¢ dom(S(r))

(b-const)
S,VE Rbycat oy (rl),S+{r— S(r)+{l—(}}
VE(z) =wv
(b-var)
S,VE Ry z v, S
R(o)=r ¢ domS
(b-abstr) (e) =r 1 ¢dom(S(r))

S,VE,RF, Az.eat ol (r,1),S+ {r— S(r)+{l— (z,e,VE R)}}

S,VE,R l_b €1 U« (7’17l1)751 51(7‘1)(11) = <£L',€,VE’,R/>
(b-app) S1,VE, Rbyex b vg, S So, VE +{z+— v}, R Fyelv, s

S,VE,RF,e; Qe | v,5

r¢domS) S+{r—{}},VER+{o—r}t,elv S

(b-letregion)
S,VE, R |, letregion oin elv,S —r

S,VE,RF, el (r,1),S" S'(r)(1) = {c)
(b-copy) R(o)=r R(d)=r" U ¢dom(S'(r'))
S,VE, Ry, copy [0, 0'le d (7', 1'),S" +{r" = S"(r") + {l' = ()} }

FIG. 1. Big-step evaluation relation of TTRC [15]

map from locations], to storable values. Atoreg S, is a finite map from region names to
regions.

With these definitions, the big-step evaluation relafoWE, R -, e |} v, S’ relates the
expressiong, using the storeS, the value environmenY/E, and the region environment,
R, to its valuev and the final stor&’. Figure 1 shows its definition.

The following lemma states that the final store of an evaluation extends the initial store
and the domains are identical. See also lemma 4.1. in [15]:

LeEMMA 2.1. S1,VE, Rt el v, S, impliesS; < S, anddom(S;) = dom(S3)

2.3. Static Semantics of the Region Calculus



6 CALCAGNO, HELSEN AND THIEMANN

The static semantics deals with several semantic objects, but first, we introduce the
notion of aregion placeholderp, which ranges —for the moment— over region variables,
o. Aregion placeholder is merely a notational convenience to “reuse” type and reduction
rules. Its use will become clearer in due course when we extend place holders to range
over additional objects.

An effectyp is a finite set of region place-holdeys, The effect of a termy, indicates the
set of regions that may be affected by evaluatioa. dfofte and Talpin distinguish between
get(o) andput(p) effects to denote whether an object is read from a region or written into
aregion, respectively. This qualification is irrelevant for type soundness and can easily be
added if desiredTypes , andtypes with placgeu, are defined by mutual induction:

Tou=int |pu—> pu
po= (7,p)

A type is either an integer type or a function type. Function types carry a latent effect,
which is produced when an argument is supplied to the function.

A type with place,u, is a pair of a type;, and a region placeholdes, The latter
specifies where an object of typds stored.

A type environmenfTE, is a finite map from variables to types with place. The empty
type environment is writtet }.

Write frv (1) andfrv (¢) for the set of region variables that occugimndy respectively.
Analogouslyfrv (TE) = |J{frv (TE(x)) | z € dom(TE)}.

Figure 2 defines the static semantics of TTRC in terms of the judgmieht, e : u, .
Its intended meaning is that in type environmdiit the terme has type with place:
and effecty. It differs from the presentation of Tofte and Talpin [15] in two respects:
first, as stated earlier, we are omitting recursion and polymorphism. Secondly, we ignore
effect variables, which are an artefact for type unification [13]. In the absence of region
polymorphism, they can be omitted from the type system.

3. THE STORE-LESS REGION CALCULUS

The store-less region calculus [9] provides a very simple and elegant syntactic soundness
proof. It is based on the observation that terms tile¢ p cannot be used as values. This
is because evaluation of the ternat p allocates memory, stores the constat it, and
returns a pointer to the stored constant. As a consequence, the store-less formulation of the
region calculus (Figure 3) must include terms to express pointers to constants and pointers
to functions. These are the valug$, and(\ z. ) ,. Their region annotation indicates the
region the pointer points to. A region placeholder is now either a region variable, as before,
or a special constant(dead regiof that denotes a deallocated region.

The reductions explicitly require a region variabléo ensure that deallocated pointers
cannot be used in a computation. For examples. e), is a dangling pointer to a function
in a deallocated region. Such a pointer can be safely passed as a parameter, but invoking
the function is not allowed.

The rules (1) and (2) deal with memory allocation of constants and lambda abstractions.
The rules (4) and (5) are computation rules that definetipy operation and beta-value
reduction. Rule (3) deallocates a region of memory by substitetogtheletregion -
bound region variable, once the body has turned into a syntactic value. The substitution
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TE(z) =p
(var) [
TEF, z:p,0
(const) )
TEF, cat p: (int ,p),{p}

TE+{z—m}byepzp ¢C¢
(abstr) /

TEFy, Az.eat p: (u 2 pa,p), {p}
(app) TEby en: (m == p2,p), 01 TEFy €2, 0o

TEF; 1 @ey i g, 0 U1 Ups U{p}

TEF, e:pu, o o¢ frv(TE p)

(letregion)

TEF,, letregion  pin e:u, ¢\ {0}

TEF, e: (int ,p), ¢

(copy)

TE, copy [p,p'le: (int ,p"),ppU{p,p'}

FIG. 2. Static Semantics of TTRC [15]

v]o — o] replaces all free occurrences @i v with e. Finally, Rules (6) through (9) are
context rules, which specify a left-to-right call-by-value semantics.

3.1. Static Semantics
In addition to the typing rules for TTRC (see Fig. 2), we need two new rules that account
for the freshly acquired value terms. The rules are simple variations qttrest)and
(abstr)rules of TTRC. The difference is that these ruis®red-constand(stored-abstr)
provide a typing for pointers and therefore have no effect.

(stored-const)

TEF, (¢),: (int ,p),0
TE+{z =}y eip,e ¢C¢

’

TEF, (Az.€),: (1 LA a2, p), 0

(stored-abstr)

3.2. Type Soundness

This section proves the syntactic type soundness for the small-step transition refation
with respect to the type system of Section 2.3 using the additional rules from Section 3.1.
The proof is structured as usual: first we formulate some standard lemmas. Then, we prove
type preservationalso known asubject reductiorl6, 6], which states that a well-typed
term remains well-typed under the small-step transition relatiqn The second result is
the progressproperty, which states that a well-typed closed term is either a value or it can
be further reduced. Taken together, these two results imply type soundness.
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Terms e n=v|x|cat p|Az.eat p|e@e]|letregion pin e]|copy [p1,p2]e
Values v = (), | (Az.€),
Placeholdersp ::= o | e
Reduction rules
cat p —g <C>Q (1)
Az.eat g —, (Az.€e), 2
letregion oin v —;v[gr o] 3)
Copy [QhQQ} <C>Ql s <C>92 (4)
(Az.e), Qv —; ez — v] (5)
Reduction in context
e —ge
(6)
eQe’ —, e @e”
e —ge
(7)
vQe —,v@Q¢
e —ge
, , : : 8
letregion oin e —4 letregion oin ¢
e —g €
)

copy [p1,p2] e —5 coOpy [p1, p2] €

FIG. 3. Small-step reduction relation for SRC
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We just state the lemmas and theorems here. Full proofs, including the treatment
of polymorphism and recursion, may be found elsewhere [9]. Also, the proofs of type
soundness for IRC, detailed in section 4.4, bear a lot of similarity with those for the lemmas
and theorems below.

First, we observe that syntactic values have no effect.

LeEMMA 3.1. Forall TE, valuesy, and typesu, if TE F,, v : 11, ¢ theny = 0.

The set of closed expressions is closed under small-step transition.

LEMMA 3.2. If eis closed and —, €/, thene’ is also closed.

Substitution of a value of the correct type for a variable of the same type preserves the
type of the enclosing term.

LEMMA 3.3. Suppose TE- {z — u} by e o p/,¢" and TEF,, v @ p, 0, then
TEF, ez —v] i/, ¢

Typing is preserved under region substitution.

LEmMA 3.4. IfTEF,, e: p, ¢ then, for all substitutions,Sthat map region variables
to region place-holders, we have that($E) ,, S.(¢e) : S.(u), S-(p).

The following proposition states type preservation: if a well-typed term can be reduced,
then its reduct has the same type as the original term, but possibly less effect.

ProposiTioN 3.1 (Type Preservation). Suppose TE-; e : u, . If e —5 ¢’ then
there exists an effegt’ for which TEF,, e’ : u, ¢’ andy’ C .

The canonical forms lemma determines the form of a value, given its type.

LEmMMA 3.5 (Canonical Forms). The following hold:

LUHTER, v: (1 LN k2, p), ¢ then there exist a ande such that = (A z. e) ,.
2f TEF, v: (int ,p),y then there exists asuch that = (c),.

The progress property states that a closed, well-typed term is either a syntactic value or
can be further reduced, unless it affects a dead region.

ProprosITION 3.2 (Progress). If { } k-, e: u, o ande & o then either

1.there existg’ such thate —, ¢’ or
2.¢is avalue.

Finally, the type soundness theorem says that a well-typed closed term either gives rise
to an infinite reduction sequence, or it eventually reduces to a value of the same type. Let
—», be the reflexive and transitive closure of the relatien.
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Terms e n=wl|alcat p|Az.eat p|le@e|copy [p,p]e]
letregion oin e|region rin e|
ref eat p|lelei=¢

Values v oz= (r,1)] (e,1)
Placeholders  p == g7 |e

Storables w = () | (Az.e) | (ref v)
Types with placesy = (7, p)

Types T u=int |,ui> plref p

FIG. 4. Syntactic categories of IRC

THEOREM 3.1 (Type Soundness). Suppose thaf } -, e : u, o withe & .
Then, either there exists some vatuwith e —; v and{ } -, v : u, 0 or, for eache’
wheree — ¢’, there existg” withe’ —, ¢”.

4. THE IMPERATIVE REGION CALCULUS

The imperative region calculus extends TTRC with operations on references. Hence,
operationally, IRC is a close match to the actual intermediate language used in the ML-kit.
The update operations require an explicit store in the semantics, so the challenge is to come
up with a store-based small-step operational semantics that again admits a syntactic type
soundness proof.

4.1. Syntax

Figure 4 shows the entire syntax of IRC. The set of terms now includes the usual oper-
ations on references in ML notation: creation of a referenek, e at p, dereferencing
a reference! e, and updating a referenee:= e. In addition, there is a new interme-
diate term,region r in e. The binding constructietregion o in e, reduces to
region rin e[p — r] as soon as evaluation has committed to a particular region. It
is important to note thategion r in e does not bind-, but merely records the region
used in the store. This annotation is required to successfully dealloa#ts finishing the
evaluation ofe.

Avalue is once again a pointer, that is, a pair of a lijeof dead ¢) region and a location
[ € Locations Place-holders are either region variables, region names, or the constant
In comparison to the definition of TTR@aluegSec. 2.1), the present definition allows
for values of the form(e, ). Such a value denotes a pointer into a deallocated region. In
contrast, a live value has the forfmn 7) for some region name.

Similarly to the original big-step semantics (Sec. 2.2¥t@e s, is a finite map from
region names to regions. r&gion, p, is a finite map from locations to storablesstrable
w, is either a constant, a closed lambda abstraction, or a reference to a value.

Types with places, types, and effects are as before. The only extension is theftype
of references to objects of type (with plage)
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s,letregion  pin e —; s+ {r— { }},region rin e[o+ 7] (10)
wherer ¢ dom(s)
s,region rin v —; s[r— o] —r,vr— e (11)
s,cat r—; s+ {r—s(r)+{l— {c)}}, (r1) (12)
wherel ¢ dom(s(r))
s,Ax.eat r—; s+ {r—s(r)+{l— Az e)}}, (r1) (13)
wherel ¢ dom(s(r))
s, (1, 1) Qv —; s, e[z — v (14)

wheres(r)(l) = (Az. e)
s,copy [ri,72] (r1,01) —i s+ {ra — s(ra) + {la — (c)}}, (r2,12) (15)
wheres(r1)(l1) = (c¢) andly & dom(s(rs))
s,ref vat r—; s+ {r— s(r)+{l— (ref v)}}, (r,1) (16)
wherel ¢ dom(s(r))

8

~—

s,V (1) =4 s,v 17)
wheres(r)(l) = (ref )
s,(r,l):i= v—o;s+{r—s(r)+{l— (ref v)}},v (18)

wheres(r)(l) = (ref ')

FIG. 5. Dynamic semantics of IRC - reduction rules

4.2. Dynamic Semantics

The dynamic semantics is defined as a relation on configurations. A configusatitn
a pair of a stores, and a closed expressian, Figure 5 shows the reduction rules, figure 6
the reductions in context.

With some abuse of notationjr — e] denotes the terma after substitution o# for all
occurrences of the constanin e. Write frn (¢) andfrn (w) for the sets of region names
in e andw respectively, where again we stress ttegfion r in e does not bind- in e.

Then, defindrn (s) = J{frn (s(r)({)) | r € dom(s),l € dom(s(r))}. Now, s[r — e]
denotes the storeafter substitution oé for all r € frn (s).

Rule (10) allocates a fresh regiemn the store, whereas rule (11) deallocates a region if
the body of theegion -expression has been reduced to a value. Rules (12), (13) and (16)
store constants, lambdas and references respectively. Beta reduction is specified by Rule
(14) and thecopy primitive is reduced with rule (15). Finally, rules (17) and (18) define
pointer dereferencing and destructive update respectively. The context rules of figure 6
specify a left-to-right call-by-value semantics for IRC.

4.3. Static Semantics
To formulate the static semantics, we need two additional finite mapsgian type
K, mapping locations to types andhaap type H, mapping a region name to a region
type, thus providing the typing for locations in the store. The definitiodinrof—) for type
environmentsTE, typesy and effectsp is analogous to the definition éfv (—) for those
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s,e—; 8, e

s,region rin e —,; s’,region rin €

S,€1 —¢ §,€61

s,e1 Qeqg —; 8’ €] Qeg

s,e—; 8 e

s,vQe—; s, vQ@Qc¢

s,e—; 8 e

s,copy [ri,m2]e —; s’,copy [ri, )€

s,e—; 8 e

s,ref eat r —; s',ref e atr

s,e—; 8, e

s,v:= e—; s, v=¢€

FIG. 6. Dynamic semantics of IRC - reduction in context

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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H(r)(l) =7
(pointer) (dead)
H,TEF (r,0): (1,7),0 H,TEF (o,1): (1,0),0
TE(x) = p
(var) ——mm8™ (const)
HTEFz:p,0 H,TEF cat p: (int ,p),{p}

HTE+{z— pltepm,p oC¢

(abstr) -
H,TEF Aa.eat p: (u2 = p1,p),{p}

HTEFer: (p2 —= pi,p),o1  HTEF ez pa, o

(app)
H,TEF e; Qeg : pg, 01 Upa Up U {p}

H,TEFe: (int ,p1),¢

(copy) :
H,TEF copy [p1,p2]e: (int , p2), 0 U{p1,p2}

H TEFe:p,p 0 & frv(TE, p)
(letregion)

H,TEI letregion  pin e:pu, ¢\ {o}

H,TEFe:pu, ¢ r & frn (TE, u)
(useregion)

H,TEFregion rin e:p,o\{r}

HTEFe: p,p

(ref)
H,TEref ecat p:(ref u,p),pU{p}

H,TEFe: (ref wu,p),¢
(deref)

HTEF! e: u,oU{p}

H TEF ey : (ref u,p), o1 H,TEF e : p, o
(setref)

H,TEF e1:= ea: p, 01 Upa U{p}

FIG. 7. Expression typing

objects. The definition ofrn (H) is analogous to the definition &fn (s). We need the
following judgments:

expressiontyping H,TEF e: u,y;
configuration typing H + s,e : u, ¢;
heap typing H I s;and
storables typing Hrw:T.

Expression typing (Fig. 7) is a simple extension of the typing judgment in TTRC. The
heap type is only used to provide a typing for live pointers in (ptenter) A dead pointer
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(stored-const) _
HE{c):int

/

HAz—ptrepm,e ¢Co

(stored-abstr) -
HEF Mz €):pg 2

HA{}rv:pl
HFE (ref v):ref pu

(stored-ref)

FIG. 8. Storable typing

can assume any type, due to r@dlead) The remaining rules are as before, the heap type
is just passed unchanged through the whole typing derivation.

The type rulegref), (deref)and(setref)are equivalent to the primitive type schemes for
reference operations as defined in section 11.1 of [15].

Remark. The set of IRC-terms can be divided irgore termgterms that do not contain
sub-terms of the formegion rin e) andintermediate termferms that do contain sub-
terms of the fornregion rin ¢). A term of the form(\ . e) or letregion oin e
only makes sense if is pure. Furthermore, substitution always inserts pure terms (values
(p,1)) into pure terms.

There is just one rule for configuration typing: A configuratign has type with place
and effectp under heap typé/, if H is a valid heap type fos ande is a closed expression
typeable with heap typ#l.

HEs HA{}lFe:up
(conf)

HEsje:p,p

There is also just one rule for heap typing:

dom(H) = dom(s)
(Vr € dom(H)) dom(H (r)) = dom(s(r))
(heap) (v ¢ dom(H)) (v1 € dom(H(r))) H F s(r)(1) : H(r)(1)

H*EFs

That is, the names of the regions in the heap type and the actual store must agree. Further,
the domains of all regions must agree and, for each regiand each locatiohin », H
must provide a valid type for the contentss¢f) (). The latter is asserted using a storable
typing.

Storable typings (Fig. 8) provide the types for storables. Since all storables are closed,
a storable typing simply refers to expression typing in the empty environment.

4.4, Type Soundness
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The type soundness proof is again structured in the standard way. Before we begin the
proof, we have to formulate several lemmas.
LEMMA 4.1. If H,TEF v : p, @ theny = .

LEMMA 4.2. If HTEFe: p,pthenH, TE + TEF e: u, .

LEMMA 4.3. If HTEFe: y,pandH < H' thenH', TEF e: p, .

LEmMMA 4.4. If HTEF e : p,p andr € dom(H) \ frn (H,TE e, u, ) then H —

r, TEF e: u,p.

LemMA 4.5 (Region Substitution). Let# be a substitution that either maps a region
namer to e (i.e, 8, = {r — e}) or that maps a region variable to a region namee(

0, = {0 1}).
1LIfH,TEF e: u,othend(H),0(TE) - 6(e) : O(u),0(p).

2If Ht sthend(H) F 0(s).
BUfHFE s,e:p,pthenf(H) F 0(s),0(e) : (), 0(y).

41fHFw:Tthend(H) F O(w) : O(7).

Proof. By simultaneous induction on the derivations. The proof of the cagk, falies

crucially on the typing rul¢dead) m

LEMMA 4.6 (Value Substitution).
Supposed, TE+ {z — p'} Fe: p,pandH, TEF v : i/, (0. ThenH, TEF e[z — 0]

1, p.

The following lemma is an adaptation of lemma 4.1 from [15] for IRC:

LEMMA 4.7. Suppose; is a pure term (see remark ). Thep, e; —; s9, ex implies
s1 < so. Moreover, ifes € Values thenlom(sy) = dom(s2).

Type preservation states that whenever a reduction is possible from a typed configuration,
then the resulting configuration is also typed, but possibly with less effect.

ProprosiTiON 4.1 (Type Preservation).
Supposé] - s, e : p, o, frn () € dom(H), ands,e —; s',¢€’.
Then there existl’ and ¢’ such thatl’ F s', ¢’ : u, ¢’ whereyp’ C .

By requiring thatfrn () € dom(H), we guarantee that regions in use are allocated

already.

Proof.
interesting cases.

By induction on the definition ok,e —; s’,¢’. We only consider some
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Cases, letregion  pin e —; s+ {r— { }},region rin elo+ r]
wherer ¢ dom(s). SinceH + s, letregion oin e : u, e is assumed it must be that
HF sandH,{} I letregion oin e : u,p, by rule (conf) By rule (letregion)
it must be thatd,{ } e : u,¢ andp ¢ frv(u) andp = ¢’ \ {p}. By Lemma 4.5,
Hlo— r],{ Yo+ r] F elo 1]  plo = r].¢'[o ~ r]. Since domH) = dom(s), by
rule (heap)for H I s, it follows thatr ¢ dom(H). Thereforey ¢ frn (1) and because
o ¢ frv (u), the above judgment is equivalentkh { } - e[o — 7] : p, ¢'[0 — r] where
r does not occur inu. These are exactly the assumptions for r(useregion) hence
H,{}Fregion rin e:p,p. LetH' = H +{r— {}}. SinceH < H’, Lemma 4.3
yields thatd’, { } Fregion rin e: pu,p. SinceH' F s+ {r — { }}, rule(conf)yields
HFs+{r—{}}region rin e:p,ep.

Cases,region rin v —; s[r+— o] —r v[r — e|.
SinceH F s,region rin v : u,e is assumed it must be théf - s and H,{ }
region rin v : u,p, byrule(conf) By rule(useregion)we have thatf,{ } - v : u, ¢,
r¢fr(p)ande = ¢’ \ {r}. ByLemma4.5H[r — o], { }[r — o] L v[r > o] : u[r —
o], o'[r — o] also holds. By Lemma 4.1, = ). Taken together with the assumption
on the non-occurrence of in p it holds thatH|[r — e].{ } - v[r — e] : u, 0. As
r ¢ fm (H[r — o], v[r — o], u), Lemma 4.4 implies thatl’, { } - v[r — e] : u, ) where
H' = Hr — o] —r. Therefore, becaus#’ + s[r — | — r, rule (conf)yields that
H'Fs[r— o] —r v[r— o] :pu,0.

Cases,\z.eat r —; s+ {r— s(r)+{l— (Az.e)}}, (1)
wherel ¢ dom(s(r)). By assumptionH + s, Az. e at r : u, . By rule(conf)it must be

thatH - sandH,{} - Az.eat r: u, . Rule(abstr)gives thaty = (1 = pg,7)

andp = {r}. LetH' = H+{r — H(r)+ {l —» 1 = ps}} ands’ = s+ {r —
s(r)+ {l — (Az.e)}}. Sincelz. eis closed and ¢ dom(s(r)) = dom(H(r)), rules
(stored-abstr)and (heap)yield H' + s'. SinceH'(r)(l) = pu1 ~— pus rule (pointer)
yieldsH',{ }  (r,1) : (u1 = ps,7),0. Applying rule(conf)yields H' + ', (r,1) :
(11 = po,7),0. This suffices the claim, sindeC {r}.
Cases, (1,1) Qv —; s, e[z +— v]

wheres(r)(l) = (Az. e). By assumptionH F s, (r,1) Qv : u, ¢. By rule(conf)it must
be thatH + sandH,{ } F (r,1) Qv : pu, . From rule(app), we have thaf{, { } - (r,1) :

(2 = p,7), 1, thatH,{ } v : uy, o and also that = @3 U gy U ¢’ U {r}. So,

from rule (pointer), it must be thatH (r)(1) = py —— u (this follows from(heap) too)
andy; = (). By rule (heap) it must be thatd + s(r)(1) : H(r)(l). But this means that

HE(Az.e): ps N w. Therefore, by ruléstored-abstr)we have thafd, {z — ua} +

e: u, ", forsomep” C ¢'. Lemma 4.6 then giveH, { } I e[z — v] : u, ", and hence,
by rule(conf), H s, e[x — v] : u, ", This suffices for the claim becaugé C ¢’ C ¢.

Cases,! (r,1) —; s,v

wheres(r)(l) = (ref wv). From the assumptio®l + s,! (r,1) : p,p. So, by rule
(conf) it must be thatd - sandH,{ } ! (r,1) : u, . From rule(deref) we have that
H,{}F (r,]): (ref p,7),¢" andp = ¢’ U{p}. Rule(pointer)gives thatp = r. Rule
(heap)givesH + s(r)(l) : H(r)(1), thatis,H F (ref o) :ref u. Now, rule(stored-ref)
says thatd,{ } F v : u, 0 and applying rulgconf)yields H + s,v : p, (). Conclude by
observing tha C .
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Cases, (1,1) := v —; s+ {r—s(r)+ {l — (ref v)}},v.
By assumptiorH + s, (r,1) := v : u, . Again, by rule(conf) it must be that{ + s and
H{}F (r]):= v:p,o Byrule(setref) it holds thatd,{ } F (r,1) : (ref u,r),¢’,
thatHd,{ } Fv: u,¢"” and also thap = ¢’ U " U {r}.
So, from rule(stored-ref) we have thatd + (ref o) : (ref p,r). Hence, withs’ =
s+ {r — s(r)+ {l — (ref v)}} this amounts taH - s'(r)(l) : (ref pu,r), so that
HES.
Applying rule (conf) to the value yieldsH + s',v : u,(. Conclude by observing that
0 C .

s,e —; s, €
Case

s,region rin e —; s,region rin e
By assumptionH F s,region rin e: u,p. So, from rule(conf) we have tha#{ I s
andH,{ } Fregion rin e: u,¢. Byrule(useregion)itmust be that/,{ } Fe: u, ¢’

andy = ¢"\ {r}.
By induction, there exist somE" andy” such thatd” I s, ¢’ : u, " wherep” C ¢’.
Rule(conf)requires that?” - s’ andH”, { } ¢’ : u, ¢”. Rule(useregion)s applicable

because: has not changed. ItyieldsthAt’, { } - region rin ¢’ : pu, "\ {r}. Finally,
rule (conf)yields H” + s',region rin €' : pu, ¢\ {r}. This yields the claim because

"\ {r} c '\ {r} =¢.
n

LEMMA 4.8 (Canonical Forms). Supposéd + s, (r,1) : p, 0, then

LIfp = (int ,r)thens(r)(l) = (c) for some;
20f = (1 = po,r) thens(r)(l) = (Az. e), for somer ande;
3.df = (ref puq,7)thens(r)(l) = (ref v), for somev.

Proof. Slightly more complicated than usual due to the indirection through the store.

Casel. By rule(conf), we have thaf + s. By rule(pointer), it must be thaf{ () () =
int . Rule (heap)gives thatH + s(r)(1) : H(r)(l), that is, H + s(r)(l) : int .
The only storable that fulfills this requirement is of the fofmy: by rule (stored-const)
H*F {c):int . Hencegs(r)(l) = (c).

Case2. and3. Analogous.
|

ProposITION 4.2 (Progress). Supposeéd + s,e : u, wherep C RegionNames.
Then either

leis avalue; or
2.there exist’, ¢/ such thats, e —; s, ¢’.

The assumptiop C RegionNamebas two implications:

1. e ¢ , meaning that deallocated regions are not accessed, and
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2. for all p € RegionVarsp ¢ ¢, implying that regions are not accessed before they are
allocated.

Proof. By induction on the structure af Again, we only consider some non-trivial
cases.

Case\x.eat p. By assumptiond - H,\x. e at p : u,p with o C RegionNames
Hencep = {p}, p=randu = (u1 —— pusa, p). By reduction rule (13)s, A z. e at 7 is
aredex (Case 2.).

Casee; @ ey. By assumption + s,e; @Q es : u, o With ¢ C RegionNamesBY rules
(conf)and(app), we have thatl, { } I e1 : (u2 = 11, p), 1, thatH, { } - ex : p12, 2,
and thatp = o1 U o U ' U {p}, sop = r sincep C RegionNames

If e, is not a value then applying rulgonf)yields H + s,e; : (e —— p,7), 1 With
1 € RegionNamesBy induction,e; is either a value (which contradicts our assumption)
or there exist’ ande} such thats,e; — s, ¢f. By rule (20),s,e1 Qeg —; ', €] Q es.

If e is a value then applying rulgonf)yields H F s, e : s, oo With oo C RegionNames
Applying induction toe, yields two cases.

If s,eq —; &, €, then, by rule (21)s,v; @ e; —; s',v1 @ €5.

If e; = vy is a value, too, then, by Lemma 48, = (r,1) ands(r)(l) = (A z. e), for some
x ande. Hencesgs, (r,1) @ v, is reduce-able with rule (14) (case 2.).

Caseref eat p. By assumptiond + s,ref eat p: u,¢ with ¢ C RegionNames
Henceyu = (ref u1,p), ¢ = ¢’ U{p} andp = r. So we conclude thatref cat risa
redex (Case 2.).

Case! e. By assumptior{ F s,! e: u, p with ¢ C RegionNamesBy rules(conf)and
(deref) itmustbethafl, { } Fe: u/, ¢’ wherey' = (ref u,p), o = ¢’ U{p}andp = r.

By rule (conf), it follows thatH s, e : i/, ¢’ wherey’ C RegionNames

By induction, eitherfe is a value or it can be reduced. dfis a value then, by Lemma 4.8
item 3.,e = (r1,1) ands(ry)(l) = (ref wv). Hence,s,! (r1,1) is a redex for reduction
rule (17) (case 2.).

!

If s,e —; s’, ¢’ then, by rule (24)s,! e —; s',! €'

Casee; 1= ep. Byassumptiorf{ - s, e; 1= es @ p, o With o C RegionNamesBy rules
(conf)and(setref) we have thaf, { } Fe; : (ref u,p),¢1,thatH, { } F es: u, pa, and
thaty = 1 U g U {p}, sOp = r sincep C RegionNames

If e; is not a value then applying ruleonf)yields H,{ } I s,ey : (ref p,r), o1 with
1 C RegionNamesBy induction,e; is either a value (contradiction) or there exisand
e} such thats,e; — s’ €. By rule (25),s,e1 1= es —; s',€} = ea.

If e; isavalue then applying ruleonf)yieldsH, s - s, es : i, o With oo C RegionNames

Applying induction toe, yields two cases. l&s = vs is a value, then by Lemma 4.8,
e1 = (r,1) ands(r)(l) = (ref wv), for somev. Hence,s, (r,1) := vy is a redex for rule
(18) (case 2.).

Caseregion rin e. By assumptiond + s,region rin e: u,p with
» C RegionNames By rules(conf) and (useregion) it must be thatd,{ } - e : pu, ¢’
wherey’ C o U {r}. Sincer € RegionNamesy’ C RegionNamesBY rule (conf), it
follows thatH + s, e : u, ¢’ wherey’ C RegionNames
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By induction, eithee is a value or it can be reduced.dlfs a value ther, region rin e
is a redex for reduction rule (11) (case 2.).

If s,e —; s’,¢’ then, by (19)s,region rin e —; s’,region rin €.
[ |

Let —; be the reflexive and transitive closure of small-step reductign We can now
state the type soundness theorem, which follows immediately from the previous results.

THEOREM 4.1 (Type Soundness).
Suppose for aterm that H F s,e : u, ¢, frn(p) € dom(H) and ¢ C RegionNames.
Then, either

ethere exist a valuey, a heap typeH’ and a stores’ such thats,e —; s’,v and
HF s v:p, 0 or

ofor eachs’, ¢’ with s,e —; s, €/, there exist”, ¢’ such thats’, ¢’ —; s”,¢”.

Proof. The proof is an induction on the number of reduction steps. We can repeatedly
use proposition 4.1 and 4.2 since the condiffor{x) C dom(H ) is preserved by reductions

and the effect set only decreases

5. EQUIVALENCES BETWEEN CALCULI
In this section, we relate the three different calculi TTRC, SRC and IRC to each other.
For brevity, we consider pure IRC (PIRC), which excludes the operations on references and
thecopy operator. Moreover, due to the absence of a store, it is not possible to introduce
destructive updates in SRC.

5.1. Equivalence between TTRC and PIRC
Superficially, the two store-based semantics have alotincommon. However, we are faced
with the technical difficulty of relating a big-step operational semantics with a small-step
operational semantics.
First, define the following product relations:

QRel = TTRC-Storex TTRC-ValueEnx TTRC-RegionEnx
TTRC-Terms< PIRC-Storex PIRC-Terms

QRelV = TTRC-Storex TTRC-Valuex PIRC-Storex PIRC-Values

QRelS = TTRC-Storex PIRC-Store

With the equivalences of figure 9, define the rela@ic QRel, relating TTRC configura-
tions to PIRC configurations, an auxiliary relatighy C QRelV, relating TTRC values to
PIRC values, and an auxiliary relatigh, C QRelS relating TTRC stores to PIRC stores.
Observe that the auxiliary definitions f@, and 9, can be eliminated by inserting them
in the definition ofQ.

To show that the relatio@ is well-defined, interpret the equivalences from left to right
as the defining clauses of a functional @(QRel) — P(QRel). For example, in the case
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0,(S, 5) & dom(S) = dom(s) A (Vr € dom(S)) dom(S(r)) = dom(s(r))

Q.,(S, (r,1),8,v) & (v=(r,1) N Qs(S,s) Ar € dom(S) Al € dom(S(r)) A

Q(S,VE,R,cat g,s,¢/) & cat oA Qs(S,s) A p ¢ domR)) V

cat r A Qs(S,s) ANR(p) =r) V

cat e NQ4(S,s))

v A Qy(S,VE(x),s,v)) V

x A Qs(S,5) ANz ¢ domVE))

(Az.e” at o) A Q4(S,s) Ao ¢ domR) A
Q(S,VE—z,R,e,s,e")) V

(e =(Az.e”at 1) A Qs(S,8) AR(0) =1 A
Q(S,VE—z,R,e,s,e")) V

(
(
(
Q(S,VE,R,z,s,€¢') & (e
(
(

Q(S,VE,R,\z.eat p,s,¢) &

= (e} Qel) N Qs(S,8) AN Q(S,VE, R, e1,5,€]) A
Q(S,VE, R, eq, s, €5)

Q(S,VE, R, letregion  pin e,s,e’) < ¢ = (letregion oin ") A Qs(S,s) A

Q(S,VE,R — p,e,s,¢")

Q(S,VE,R,e; Qeg, s,€') <

FIG. 9. Relation between TTRC and PIRC terms
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of function application the definition is as follows:

QQ) - ...
U {(S,VE, R,e; Qeg,s,e') | e =(e) Qeb) A Q'5(S,s) A
Q'(S,VE, R, e1,s,€}) A
Q/(S7VE: Ra 627876/2)}
U...

It is easy to verify that the functional Q is monotone in the complete latfig®Rel), ),
so the existence of fixed points is guaranteed.

It remains to be decided which fixed point we are interested in. First, note that the empty
relation is not a fixed point. In PIRC, a least fixed point would be enough, since it can be
shown thatQ is well-founded, following a similar argument as in [4]. However, as soon
as we consider full IRC with update-able references, it is generally possible to have cycles
in the store. The well-foundedness argument breaks down and the least fixed point of Q
would exclude all programs that create or use a cycle in the store. This problem is easily
avoided by defining as the greatest fixed point of Q.

The reader may find it alarming that we introduce greatest fixed points, and therefore
possibly co-induction, one of the sources of complexity in the original Tofte-Talpin proof.
First, note that the language considered by Tofte and Talpin does not include destructive
updates and hence, the least fixed point would do. Secondly, our proofs hardly build on the
structure of@ itself. In fact, it turns out that only one lemma requires a simple co-induction.

Finally, we point out two peculiarities @&: the reader may have wondered thata TTRC
store and a PIRC store are related®@y as soon as the domains agree. This reflects the
idea that values in the stores only need to correspond if a PIRC pointer refers to them. Also,
the relationQ does not relate intermediate PIRC terms, since those have no counterpart in
TTRC.

Before formulating the equivalence theorem, we need several technical lemmas for the
main proof.

The first lemma states that the relation is closed under extension of the stores and is
proven by co-induction on the structure @f

LEMMA 5.1. SUppOS@S(SQ, 82), S1 < S5y and51 < 89 then

1.9(S1,VE, R, e, s1,¢') impliesQ(S2, VE, R, e, 59, ¢€');
2.9,(51,v,s1,v") impliesQ,,(Sa, v, s2,v").

Proof. In order to prove the lemma by co-induction @) we formulate the above
property as a seX C QRel:

X = {(57VE7 R,e,s,e’) | QS(57 8) /\351781.
S1 <SNAs1<sANQ(S1,VE R,e,s51,¢€')}

The co-induction principle states thatid C Q(X), thenX C Q; the latter obviously
proves the claim.
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To showX C Q(X), let us specify @X). We only consider the case for function
application:

QX) = ...
U {(S,VE,R,e; Qeg,s,e') | e = () Qeb) A Qy(S,s) ATS1,s1.
S <SAsp<sA
Q(SlaVEaRaelvslaell) A
Q(ShVEa Ra 62,81,6’2)}
U...

Now, take(S,VE, R, e, s,e’) € X, thenQ,(S,s) and Q(S1,VE, R, e, s1,€¢'), S1 < S,
s1 < s for someS; ands;. Again, we consider the case for function application, so
e = e; Qey. Then, sinced (51, VE, R, eq Qey, s1,€'), it must be thae’ = e} Qel,. More-
over,Q(S1,VE, R, ey, s1,€}) andQ(S1, VE, R, es, s1, €5) hold, so, we can conclude that
(S,VE,R,e,s,¢') € Q(X). ®

Substitution of a value for a variable in PIRC is related to an extension of the type
environment in TTRC.

LemMA 5.2. If Q(S,VE — z, R,e,s,e') and Q,(S,v, s,v’) then Q(S,VE + {z —
v} Rye, s, € [x — v]).

Proof. By induction one. The only interesting case is the one for variables.
Casee =y. S0Q(S,VE—z, R,y,s,e’) andQ, (S, v, s,v’).

Subcaser # y Then, eitherQ, (S, (VE — z)(y), s,e’) wheree’ = v”. Now, ob-
viously we also haved, (S, (VE + {z — v})(y), s,v" [z — v']), s0 Q(S,VE + {z
vk Ry, s, e[z — v']).

Alternatively, Q(S,VE — z, R, y, s, y), SO we have thaj ¢ dom(VE — z). Then, trivially
we also havgy ¢ domVE + {z — v}). Hence,Q(S,VE+ {x — v}, R, y, s, y[z — v']).

Subcaser = y So,¢’ = z sincexr ¢ domVE — z). But Q,(S,v,s,v’), therefore
Q,(S, (VE+ {z — v})(y), s,v"). Hence,Q(S,VE+ {x — v}, R, y, s, y[z — v']).

]

The next lemma deals with region allocation.

LEmMA 5.3. If Q(S,VE,R — p,e,s,¢) thenQ(S + {r — {}},VE R+ {0 —
rhes+{r—{}}€lo—r])

Proof. By induction one. Note that it is immediate that (S, s), alsoQ, (S + {r —
{}},s+{r—{}}). We will use this fact implicitly.

Casex. By definition of Q(S, VE, R — o, z, s, €’), there are two cases:

Subcaser ¢ dom(VE). In this case¢’ = z andQ;(S, s). SinceVE does not change,
the claim follows immediately.

SubcaseVE(z) = v. Hence,Q, (S, v, s,v’), for somev’ wheree’ = /. Now, the
claim holds independent at.
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Casec at ¢'. By definition of Q(S,VE, R — o, cat ¢',s,¢’), there are three cases:

Subcase’ = cat ¢'. Hencey’ ¢ dom(R—p). Toseetha@(S+{r — { }},VE, R+
{o—r},cat o, s+{r— {}},cat ¢o'[o+— r]),there are two cases to considerp K o’
then the related term becomeat r and the claim holds sindg? + {¢ — r})(0) = r.

If o # ¢ thentherelated termisat ¢’ and the claim holds singg ¢ dom(R'+{g + r}).

Subcase’ = cat r’. Hence(R'—p)(¢') = ’. ThereforeQ(S+{r — { }},VE, R+
{o—r},cat o,s+{r—{}},cat 7).

Subcases’ = cat e. In this case¢’ remains unchanged under the substitution, so
thato(S + {r — { }},VE,R+ {0+ r}.cat ¢,s+ {r— { }},cat e)isimmediate.

Case)lz.eat ¢. Analogous to the previous case, plus appealing to the induction hy-
pothesis.

Casee; @ e,. Immediate by appealing to the induction hypothesis.

Caseletregion ¢’ in e. SinceQ(S,VE, R — g, letregion  ¢'in e,s,¢’), it must
be thate’ = letregion o'in ¢ andQ(S,VE,R — o — ¢',e,s,€").
We can assume w.l.o.g. that# ¢’. SinceR — o — ¢ = R — ¢’ — p, it holds that
Q(S,VE,R — ¢’ — p,e,s,¢’). By induction,Q(S + {r — { }},VEER — ¢ + {0 —
r}t e, s+{r— {}},e[o— r]). SinceR—¢'+{o — r} = R+{o — r}—¢ applyingthe
definition of Q yields thatQ(S + {r — { }},VE, R+ {0 — r},letregion  ¢'in e, s+
{r—{}},letregion o in ¢’[p+ r]), which proves the claim.
[ |

As a final lemma, we prove that region deallocation does not influence the equivalence
relation.

LEMMA 5.4. The following hold:

1If Q(S,VE R e,s',¢') thenQ(S — r,VE, R, e, s'[r +— o] — r €'[r — o]).
2.1t Q,(S,v,s',v") thenQ, (S — r,v,s'[r +— o] — r,v'[r — o]).

Proof. Again, we can make an immediate observation on deallocation in two related
stores and use this fact throughout the proo®if S, s’), thenQ (S — r, s'[r — o] — 7).

Item 1. By induction one.

Casezx. SinceQ(S,VE, R, z, ', ¢'), there are two cases:

SubcaseVE(z) = v. So, it must be that' = v’ with Q,,(S, v, s’,v"). We have two
cases. I’ = (e,1) then the claim holds immediately. Suppasge= (+',1). If ' # r then
the claim holds. If" = r thenv’[r — e] = (e,1) and the claim holds, too.

Subcaser ¢ domVE). Immediate.

Casec at p. SinceQ(S,VE, R,cat p,s’,¢'), there are three cases.

Subcase’ = cat p. S0,0 ¢ domR) andQ,(S, s).

Since(c at g)[r — o] = c at p, it is immediate thatQ(S — r,VE, R,c at o, s'[r —
o] —r,cat p).

Subcase’ = cat . So,R(g) = r’ wherer’ € dom(S) andQ;(S, s).

If »' # r then the claim holds. If’ = r then(c at ')[r — e] = c at e and the claim
holds, too.
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Subcase’ = c at e. Immediate.

Case)z. e at o. Analogous to case at p, applying the induction hypothesis to
obtain the result foe.

Casee; @ e;. Simply appeals to the induction hypothesis éprandes.

Caseletregion oin e. SinceQ(S, VE, R, letregion oin e, s, ¢’) it mustbe
thate’ = letregion oin € and Q(S,VE,R — p,e,s’,e”). By induction Q(S —
r,VE,R—op,e,s[r— o]—r,e’[r— e]),s09(S—r, VE R,letregion pin e, s'[r—
o] —r,letregion  pgin €’[r— e]).

Item 2. By assumption we hav@, (S, (r',1), s’,v"). If v/ = (e 1), the claim is imme-
diate. Otherwise we have that = (+',1). If » # o/, then(r',l)[r — ] = (+',1), SO
we have tha©Q, (S — r, (r',1), s'[r — ] — r,(r’,1)). On the other hand, if = ' then
(r',1)[r — o] = (e,1), so thatQ, (S — r, (1',1), s'[r — e] — r, (e,1)) holds.

[

The main equivalence theorem requires the notionsitiakterm.
DEFINITION 5.1.

1. An IRC configuratiors, e is stuckif ¢ is not a value and there do not existe’ such
thats,e —; s, ¢€’.
2. An IRC configuratiors, e becomes studif s,e —; s’, e’ ands’, ¢’ is stuck.

Now, we can formulate the equivalence theorem:
THEOREM 5.1. The following hold:

1.Suppose thas,VE, R -, e | v,S’. For eachs, e’ such thatQ(S,VE, R, e, s,¢€’),
eithers, ¢’ becomes stuck or there exigtv’ so thats, e’ —; s',v" and Q, (5", v, s',v').

2.0f s,/ —; §',v" and Q(S,VE, R, e,s,€’), thenS,VE,R +, e || v, S’ for which
Q, (S8, v, 8, v).

Part 1. of theorem 5.1 is weaker than expected. However, the apparent weakness is due
to the fact that the theorem deals with an untyped semantics. The problem is that, for some
un-typeable expressions, the TTRC semantics is slightly less deterministic than the PIRC
semantics. Consider the following example:

letregion o in
let f = letregion o1in Az.(5at pg1)at ¢ in
letregion o2in f@(3at g9)

This term definitely gets stuck in PIRC since the region allocate@{an function f is
substituted fow after leaving the binding fof. In TTRC, on the other hand, this term may
still evaluate tab if the region allocated t@, in the definition off is re-allocated t@s in
the last line.

Below we will show that this subtle difference between the two semantics becomes
irrelevant for well-typed terms. First, we proceed with the proof of theorem 5.1.

Proof. (part1.oftheorem 5.1) By induction on the derivation , VE,R -, e || v, S".
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R(o) =r ¢ dom(S(r))
Case . Lets, ¢’ be suchthat
S,VE,RbFy cat ol (r,1),S+{r+— S(r)+{l— (a}}

Q(S,VE,R,cat p,s,e'). Then there are two cases:

Subcase’ = cat r. Then Q,(S,s) wherel ¢ dom(s(r)). As a consequence,
s,cat v —; s+ {r — s(r) +{l — (¢)}},(r,1). It also holds thatQ,(S + {r —

Sr)+{l—= A}, (r D), s +{r—s(r) +{l—(}}, (1)
Subcase’ = c at . This term is stuck.

VE(z) = v
Case . Lets, ¢’ be such tha®@(S, VE, R, z, s, €’). It must be that
S,VE Rty z v, S
e/ =o' where@Q, (S, v, s,v"), which proves the claim.
R(o) =r [ ¢dom(S(r))
Case .
S,VE,RF, Az.eat ol (r,1),S+ {r— S(r)+{l— (z,e,VE R)}}
Let s, e” be such tha®(S,VE, R, Ax. cat o,s,¢e”). There are two cases.

Subcase” = \x. ¢’ at r. Then Q(S,VE — x, R, e,s,¢’) and Q4(S,s). Hence,
[ ¢ dom(s(r)) sothats, Az.e’ at r —; s+ {r — s(r)+{l — (Az.e)}}, (r,1). Fromthe
assumptions itisimmediate th@t,(S+{r — S(r)+{l — (z,e,VE R)}}, (r,1), s+{r —
s(r)+{l — (Az.e)}}, (r,1)).

Subcase’” = \z. e’ at o. This term is stuck.

S,VE,RFyei ) (r1,0),51 Si(r1)(l) = (z,e, VE,R')
Case SLVE Rby es bvs, Sy Sy, VE + {2 — v}, R Hy e b v, '

SVE, Rty e1 @es | v, S
Lets,e” be such tha®(S, VE, R,e; Qeq, s,€”). Hence, Q4 (S, s), Q(S,VE, R, e1, s, ¢€})
andQ(S,VE, R, ea, s, €,) wheree” = e} Q€.

By induction onS,VE,R F, e; | (r1,{1),S1 eithers, e} becomes stuck (in which
cases, ej @ e, becomes also stuck) or there exi$t v; such thats, e}, —; s}, v} and
Qv(sla (7‘1,[1)78/1,'0,1)-

By induction onS;,VE, R -, ez | v2,S2 (using lemmas 2.1, 4.7 and 5.1 to establish
Q sinceQ; (51, 7)) eithers’, e}, becomes stuck (in which casg, v] @ e/, becomes also
stuck) or there exist), v, such thats), e}, —; s, v andQ,,(Ss, va, sh, v4).

From the definition ofQ, (51, (r1,11), s1, v}), there are two cases foy. Eitherv| =
(e,17) and then the IRC configuratios},, v; @ v4 is stuck; orv; = (rq,1;) and since
S1(r1)(l) = (z,e,VE,R’) it must be thats](r1)(l1) = Az. ¢/ where Q(S1,VE —

xz, R e, s1,¢). Hence,sh, v Qv —; sh, e[z — v4]. By lemmas 2.1, 4.7 and 5.1, it
holds thatQ(Ss, VE — z, R, e, s5,¢€’) (since Q;(S2, s5)). Lemma 5.2 then states that
Q(S2, VE + {z +— wva}, R e, sh, €' [x +— vh)]).

By induction, we obtain that eithef,, ¢'[x — v5] becomes stuck (in which cask, v] Q)
becomes also stuck) or there exists soshe’ such thats), e’[x — v5] —; s',¢" and
Q. (5", v,8 V).

Putting the parts together using reduction rules (14), (20) and (21), ej#ie® e, becomes
stuck ors, e}y @ e}, —; s',v" whereQ, (5, v, s, v’).
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r¢domS) S+{r—{}},3VER+{o—r}t,elv,S
Case . Lets, e’ be such
S,VE, R I, letregion oin elv,8—r

that Q(S, VE, R, letregion oin e, s,e"’). Hence we have tha,(S, s), thate” =
letregion oin €' and also tha(S,VE, R — g, ¢, s,¢’). Therefore,
s, letregion oin ¢ —;s+{r—{}}region rin €'[o— r|]. By Lemmab5.3,it
holds thato(S + {r — { }},VEER+ {o— r},e,s+ {r— { }},e[o— 7]).
By induction, eithers + {r — { }},e’[o — r] becomes stuck (in which case+
{r — { }},region rin €'[o — r] becomes stuck, too) or there existv’ such that
s+{r—{}}eo—r] > ¢,v andQ,(5’,v,s',v"). Because of reduction rule (19),
we haves + {r — { }},region rin e'[op— 7] —; s',region rin o’. Butthe last
configuration is a redex (rule (11)}!,region rin v —; §'[r +— ] — r v'[r — e]. By
Lemma 5.4, it follows that,, (S’ — r, v, s'[r — e] — r,v'[r — e]), which concludes the

proof.
[ |

Proof. (part2. of theorem 5.1) By induction on the number of steps4dp, e’ —»; s, v".
We only consider two interesting cases:

Cases, letregion  pin ¢ —; s+ {r—{}},region rin efp— r] —; s,
wherer € dom(s). Thens + {r — { }},elo > 1] —; s1,v] wheres;[r — o] —r = ¢
andv|[r — e] = ¢’, so thatsy, region rin v} —; s, v’ is the last step.

Suppose nov@(S, VE, R, letregion oin e, s,letregion oin ¢’), thenlemma5.3
impliesQ(S + {r — { }},VE R+ {o—r},e;s+{r—={}},elo—r]).

By induction hypothesiss + {r — { }},VE,R + {0 — r} F, e | v1,5; for which
Q,(S1,v1,51,v1). Hence, by rule(b-letregion) S, VE, R I, letregion oin e |
vy, 81 —r,andQ,(S; — r, vy, s1,v") follows from lemma 5.4.

Cases, e} Qe —; s',v'. Thens,e] Qe —; s1,v]Qel, —; s9,v] QY —; s9,€'[x —
vh] —; s v, wherev] = (r,1) andsa(r)(1) = (A z.€’) ands, e} —; s1,v] andsy, e, —;
sq2, v4. Note that all the intermediate; have strictly fewer steps thane} @ e, —; s, v'.
Suppose now thad(S, VE, R, e; Qeg, s,¢] Qe)), thenQ(S,VE, R, e;, s, ¢}) fori = 1, 2.
By the induction hypothesisj, VE, R I, e; |} v1, S1 for which Q,,(S1, v1, s1,v7).

SinceS < S; ands < s; (by lemmas 2.1 and 4.7) and beca@g S, s1), lemma 5.1
givesQ(S1, VE, R, ez, 51, €5). By the induction hypothesis;, VE, R I, es || v2, S, for
which Qv(527 V2, S2, 1)/2)

So, again bylemmab5.1, we have taat(Ss, v1, s2, v} ). ThereforeSy(r)(1) = (z,e,VE, R')
with Q(S2, VE' — z, R/, e, s9,€’). Lemma 5.2 then implies

Q(S2, VE +{z — va}, R, e, s2, €[z — v}]). By the induction hypothesis, we derive that
So, VE + {z — v}, R’ F e | v, S for which Q, (5", v, s’,v"). Finally, application of
reduction rulgb-app)yieldsS,VE,R -, e; Q ey | v, S".

[ |

Before we refine theorem 5.1 to typed terms, we need to formalize hotranslate
typed TTRC terms to IRC-terms.

DEFINITION 5.2.

1. We say thatS, R, e, 1, p) is atyped start configuratiofior a TTRC prograne iff
{}Fye:p,pandS ={r—{}reranR)}.
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2. The tuple(S, R, e, 1, , s, €') is atyped translationff (S, R, e, u, ¢) is a typed start
configurationg’ = R(e) ands = {r — { }|r e ran(R)}.

We have the following property for typed translations:

LEmMA 5.5. If (S, R, e, u,p,s,¢') is atyped translation, the®(S,{ }, R, e, s,¢€’).

The following theorem is the typed variant of theorem 5.1:
THEOREM 5.2. Suppose a typed translatids, R, e, i, , s,€e’). Then

1If S, [l,R -, e | v, 5 then there exist’ and s’ such thats,e’ —; s’,v" where
Q, (S8, v, 8, 0v).

2.If s,/ —; §',v' then there exisv and S’ such thatS,[|,R -, e | v, 5" where
Q, (8", v, 8, 0v).

Proof. Part 2. is a special case of theorem 5.1, part 2.

For part 1., take a heap typg = {r — { }|r € ran(R)}. Now, obviously, H +
s,e : u, and therefore by lemma 4.5 we ha® H) + R(s),R(e) : R(u), R(¥).
Hence H F s,¢' : R(u), R(¢) whereR(¢) C RegionNameandfrn (R(u)) C ran(R)(=
dom(H)). So, we can use theorem 4.1 to conclude that the configuratigncannot
become stuck. Because of lemma 5.5 we h&(&,{ }, R,e, s,¢’) and so by theo-

rem 5.1 we know that there existands’ such thak, e’ —; s’, v’ andQ, (5", v,s’,v’). R

We conclude this section by proving type soundness for TTRC. Since there is no notion
of a stuck term in a big-step semantics, we extend the TTRC evaluation relation with error
reductions, which can be found in figure 10. The canonical rules for error propagation are
omitted.

The following lemma relates error reductions in TTRC with stuck terms in IRC.

LEMMA 5.6. If Q(S,VE, R, e,s,¢')andS,VE, R -, e |} err thens, ¢’ becomes stuck.

Proof. By induction on the evaluation &, VE, R I, e || err. All error propagation
cases are straightforward applications of the induction hypothesis. The base cases are easily
shown using theorem 5.1, we illustrate this with the case for application:

CaseS,VE,R -, e; Qe | err
SoS,VE,R F; e1 | (r1,01),51. SinceQ(S,VE, R, ey, s,¢}) and using theorem 5.1 we
have either that, ¢ is stuck from which we also have thate] @ ¢, is stuck following
reduction rule (20).

Alternatively, there exist,v| such thats,e] —»; s1,v] where Q,(S1, (r1,11), s1,v]).
We also haveS;,VE, R -, ez || vz, 52 and Q(S,VE, R, 2, s,¢e5). By lemmas 2.1, 4.7
and 5.1, we have th&(S,, VE, R, e3, s1, €5). Again, we can apply theorem 5.1 and have
either that:

e 31, e, becomes stuck and therefore, by reduction rules (20) and (21}, #{af e/,
also becomes stuck; or
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o ¢ dom(R)
S,VE,Rt,cat gl err

(b-const-err)

x ¢ dom(VE)
S,VE, Rtz | err

(b-var-err)

o & dom(R)
S,VE Ry Az.eat ol err

(b-abstr-err)

S,VE,R Fb €1 ‘U (rl,ll),Sl A 517VE7R Fb €9 »U Vg, SQ A
(b-app-err) (r1 & dom(S2) V Sa(r1)(l1) # (z, e, VE, R'))
S,VE Rl es Qey || err

{o,¢'} € dom(R) v
(b-copy-err) (S;VE Ry el (r,1),5" A (r ¢ dom(S") v S'(r)(I) # {c}))

S,VE, R I, copy [p, 0] e err

FIG. 10. Extension of TTRC big-step evaluation with errors

o there exists a configuratien, v such thaky, e; —; sa, v with Q,(S2, va, s2,v5).
Again by lemmas 2.1, 4.7 and 5.1 we have t@at Sy, (r1,11), 52, v}).

Following reductionb-app-err) we have now two cases:
— Caser; ¢ dom(S3). Thenv] = (e,l;) and therefore, by rules (14), (20) and
(21), the configuration, ¢; @ e/, becomes stuck.

— CaseSy(r1)(l1) # (z,e,VE,R'). Then, ifv] = (e,l1), See previous case.
Otherwise,S>(r1(11)) = {¢) = s2(r1(l1)). Hence, again by rules (14), (20) and (21),
s, ¢} @ el, becomes stuck.

THEOREM 5.3 (Type Soundness of TTRC).If (S, R, e, u, ) is a typed start config-
uration, thenS, { }, R, e J err.

Proof. Takes ande’ such thai(S, R, e, i1, p, s, €’) is a typed translation. By analogous
reasoning as in the proof for theorem 5.2, we know that does not become stuck. But
sinceQ(S,{ }, R, e, s, e’) bylemmab.5, we can concludetita }, R+, e Jf errasacon-

sequence of lemma 5.61

Note that this soundness result is slightly stronger than the original theorem of Tofte and
Talpin [14] since it proves soundness for terminating as well as non-terminating programs.
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R(s, (r,1),€e, ) S (=)o Ns(r)() ={c)Nalo) =7)V
(= ey ANs(r)(l) = (Az.e) A
R(s,e,e’,a) ANa(o) =)
(o,0),€¢,a) (e =(c)e) V(e = (Az.€")s)
s,cat re,a) "=cat pNalp)=r

=cat e
"=Xx.e”at o AR(s, e, a) Na(o) =71

e
s,cat o, ¢ ) e
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e =Ax.¢at e
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(s, z.eat re, )
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(s,
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s,Az.cat o ¢ )
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s, letregion oin e e )
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el @e, AR(s,e1,€],a) ANR(s, ez, eh, a)
"=letregion  gin ¢’ Ar ¢ dom(s) A

R(s+{r—{ }helor 1], ¢" a+ {0 1})

e =letregion  pin €’ Aa(p) =rA

R(s,e,e”, )

?\l?\l?\l?\lk}ﬁﬁﬁ
tteeeeee

R(s,region rin e, e, a)

i3

FIG. 11. Relation between PIRC and SRC terms

5.2. Equivalence between PIRC and SRC

Proving equivalence between PIRC and SRC is considerably simpler because we are
dealing with two small-step semantics. The proof boils down to a simple induction on the
two transition relations.

The mostimportant difference between PIRC and SRC is the handling of region constants.
Region variables play a dual role in SRC. On the one hand, they are alpha-convertible to
avoid conflicting uses, but on the other hand, they substitute for region names and thus turn
up in addresses (values). In contrast, the region names in PIRC are bound by the store
which guarantees that a region name is not in use at the point where a new region is created.
In the relationiR, we cater for this apparent mismatch with an explicit region environment
that maps region variables (in SRC) to region names (in PIRC).

We relate PIRC configurations and SRC terms via a relation

R C PIRC-Storex PIRC-Termsx SRC-Terms (RegionVars— RegionNames

defined by the equivalences in figure 11. The mag RegionVars— RegionNames
relates allocated region variables in SRC with actual regions in PIRC. In all equivalences,
we implicitly assume that is injective and dorfs) = ran(«).

In contrast to the relatio@ of section 5.1, we can defirfé as the least fixed point of
the associated functional. In fact, it is easy to see é well-founded and that cycles
are a non-issue since it is not possible to create them in SRC.

The relationR is trivially non-empty. Moreover, we have the following proposition:

ProrosiTION 5.1. If e is a pure PIRC-termg an injective region environment where
dom(a) =frv(e) ands = {r — { }|r e ran(a)}, thenR(«a(s), a(e), e, ).

Before we can state the equivalence theorem, we need a few lemmas which are all proven
by simple inductions:

LEMMA 5.7. SupposéR(s,e,e’,a+ {0+ r}).
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ThenR(s[r — o] —r,e[r — o], e'[o — o], a).

LEMMA 5.8. SUupposéR(s,e,e’,a), o ¢ dome) andr ¢ ran(c).
ThenR(s,e,e’,a+ {0+ 1}).

LEMMA 5.9. SupposéR(s,ei, e}, a)andR(s,es, €5, o).
ThenR (s, ei[x — ea], e}z — e5], ).

We write qu to mean one or two reduction steps. The equivalence between SRC and
PIRC is a result of the following theorem:

THEOREM 5.4. SUpposéR(si,e1, €], a).

1.1f s1,e1 —; s2, ey then there exist), and o’ such thatR (ss, s, €5, a’) and either
€] —s e ore] = éb.

2.Ife] —4 e} thenthere existy, e, o’ suchthaty, e; —>%’2 S9,e3 anNdR (s, ea, €5, a').

Proof. The proofis a case analysis on the definitior-efand—, making use of lem-
mas 5.7,5.8and 5.9.m

6. CONCLUSIONS

We have considered three different operational semantics of “the region calculus”: the
original evaluation-style formulation [15], a store-less transition semantics [9], and a novel
store-based variation, which extends the other two with operations on references. We have
proven type soundness for both the small-step semantics with respect to the original region
and effect system, by using the standard syntactic approach [16, 7]. The resulting proofs
are simple inductions, considerably easier than the co-inductive formulation of Tofte and
Talpin. Additionally, we have shown that all formulations are essentially equivalent in their
typed subsets. As a direct consequence, we have given an alternative type soundness proof
for the original region calculus semantics.

The store-less big-step semantics by Calcagno [4] is very similar to our store-less formu-
lation. His high-level semantics is parameterized by a-seftcurrently allocated regions.

This is essentially equivalent to using a special considot dead regions: it is possible
to relate the two semantics by renaming the regions outsittee. However, this clear
relation is not maintained when moving to a semantics with an explicit store.

The approach witl has the appealing property that all dangling pointers are explicitly
marked withe. As a consequence, IRC enables to cleanly and simply reasonrabosg
of a region after deallocating it. In contrast, an approach like TTRC withamgicessarily
involves dangling pointers to old regions. These regions may be deallocated, and then
re-used for different purposes. In the case of a re-used region, the dynamic semantics of
TTRC would use the overwritten contents of the store, just like a real implementation.
However, the static semantics prevents TTRC from doing so.
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