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Lecture11 and 12: Ray tracing

Sofar we have only discussedalgorithmsin which arebasedon so-calledobject-order rendering. In this
scenariothe renderingcanbe describedasfollows: Eachobject is processedin turn andits visibility is
determinedusingalgorithmssuchasz-buffering. After determiningits visibility, the surfaceis projected
ontotheview planeandrendered.In thisscenarioit is difficult to modelany physicaleffectssuchasshad-
ows, reflectionandtransparency which arecausedby the interactionbetweenobjects.More importantly,
this scenariomake implicitly theassumptionthatthelight travelsfrom thevisibleobjectstowardstheeye.
This raisesthefollowing question:

Do light raysproceedfromtheeyeto thelight or fromthelight to theeye?

To look at thisquestionin moredetail,it is importantto understandsomeof fundamentalsaboutlight rays:

1. Light raystravel in straightlines.

2. Light raysdo not interferewith eachotherif they cross.

3. Light raystravel from thelight sourceto theeyebut thephysicsareinvariantunderpathreversal.

An alternative to object-order renderingtechniquesareso-calledimage-order renderingtechniques. One
of theseimage-orderrenderingtechniquesis calledray tracing.Anotherimage-orderrenderingtechnique
is calledvolumerenderingandwill bediscussedin moredetail in lectures15 and16. Raytracingallows
to addconsiderablymorerealismto the renderedscenesinceit canbeusedto addshadow effects,trans-
parency andreflections.Thebasicideaof ray tracingis thefollowing: For eachpixel on thescreen,a ray
is definedby the line joining theviewpoint andthepixel on theviewing plane(perspective projection)or
by a line orthogonalto theview plane(orthographicprojection).Eachray is thencastthroughtheviewing
volumeandcheckedfor any intersectionswith theobjectsinsidetheviewing volume.An exampleof a ray
tracingscenariois shown in Figure1.

For eachraywecastthroughtheviewing volume,weneedto testwhichsurfacesof objectsareintersecting
theray. If asurfaceis intersected,wecalculatethedistancefrom thepixel to thevisiblesurfaceintersection
point. Thesmallestcalculatedintersectiondistanceidentifiesthevisible surfacefor thepixel. Raysfrom
thepixel to thenearestsurfacearereferredto asprimaryrays. Wealsoreflecttherayoff thevisiblesurface
alongthespecularpath(angleof reflectionequalsangleof incidence).If thesurfaceis transparent,wealso
senda ray throughthesurfacein therefractiondirection. Reflectionandrefractionraysarereferredto as
secondaryrays. An exampleof a ray tracingscenariowith primaryandsecondaryraysis shown later in
Figure10. At eachintersectionpointwecalculatethesurfacenormalandthespecular, ambientanddiffuse
reflectionfrom thesurface(seelecture7).

Surfacecalculationsfor ray tracing

Thekey problemin ray tracingis thatfor eachraywemustcalculateall possibleintersectionswith objects
insidetheviewing volume.In thefollowing wewill show how it is possibleto calculatetheintersectionof
rayswith variousgeometricprimitives.Before,wemustdefineageometricdescriptionof rays:In general,
a raycanbedescribedby apoint ��� andaunit directionvector � asshown in Figure2. Thecoordinatesof
any point alongtheray canbecalculatedasfollows:�����	��
�� �� � � (1)

Initially, wemaydefine� � asthecurrentpixel onviewing plane��� . The � directionvectorcanbeobtained
from thepositionof thepixel ��� throughwhich theraypasses,andtheviewpoint ��� :� 
 ���������� � � ��� � �
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Viewer

Figure1: Raytracingis a methodwhich castsa separateray from theviewpoint througheachpixel on the
viewing plane.For eachray thenearestintersectionwith anobjectdeterminesthevisiblesurfaces.

In thisnotation,����� denotesthepartof theraybehindtheviewing plane(visiblepart)and ����� denotes
thepartof theray in front of theviewing plane(invisible part). To find a visible point of intersectionof a
ray with anobject,wemustalwaystestwhether����� at theintersectionpoint.

Sphere

Onewayof describingobjectsis theuseof solidmodelssuchasspheres,boxes,cylindersandotherobjects
whosegeometricshapescanbedescribedeasily. A simpleobjectfor ray tracingis a sphere.A spherecan
bedescribedby its centre��� anda vector � originatingat thecentreasshown in Figure3. Thepointson
thesurfaceof thespherecanbedescribedby:� � ��� � �  �"!  
#�
where! is theradiusof thesphere.To testwhethera ray intersectsa surface,wecansubstitute� usingthe
definitionof a ray in equation(1) andobtain:� � �  � � �$� � �  ��!  
��
Setting % ��
#� � �$��� andexpandingthedot productproducesthefollowing quadraticequation�  '& � �)(*% ���+�  � % � �  �$!  
,�
which hasthefollowing solutionfor � :�-
.� �-(/% �-0#1 � �-(2% ���  � � % � �   !  
If the quadraticequationhasno solution,the ray doesnot intersectthe sphere.If the quadraticequation
hastwo solutionsandweassumethat ��34���  , thevalue ��3 correspondsto theintersectionpointatwhich
theray entersthespherewhile �  correspondsto thepoint at which theray exits thesphere.

c
�

DanielRueckert,2002



ComputerGraphics 3

p
0 d

y

x

z

ray path

Figure2: A ray with aninitial positionvector � � andadirectionvector � .

x

y

z

p

ray path

0

d

q
p

s

Figure3: A ray intersectingasphere.
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Figure4: Calculatingtheintersectionof a ray with a cylinder.

Cylinder

A morecomplex solid model for ray tracing is a cylinder. A cylinder may be definedby two position
vectors�53768�  which specifythetwo endpointsof thecylinder andits radius ! (seeFigure4). Theaxisof
thecylindercanbewrittenas % ��
#��39���  . Assuming� is a radialvector, weobtain� 3 ;: % �  � 
#� �  � � (2)

Since�<(/% ��
#� wecanwrite: � % � (*% ����
�� � (2% �  � �)(*% �)����3 (/% �: 
 � � (/% �  � �=(/% �)��� 3 (2% �% � (/% �
Substitutingin equation(2) weobtain

� 
�� �> � � ���539�@? � � (2% �  � �)(*% �)����3 (/% �% � (*% � A % �
Using the fact that �-(B� 
C!  , we canusethesameapproachasbeforeto solve a quadraticequationfor� . If theequationhasno solution,theray doesnot intersectthecylinder. If theequationhastwo solutions��3<D@�  , it is still necessaryto checkwhetherthe intersectionoccursbetweenthe two endpointsof the
cylinder. For thiswe needto solve thefollowing equation: 3 
 � � (/% �  ��3 �=(*% �$�$�53 (/% �% � (2% �
If thevalueof : 3 is between0 and1, it follows that thereis an intersectionon theoutsidesurfaceof the
cylinder. Otherwiseit is necessaryto compute:  using:  
 � � (/% �  �  �=(*% �$�$�53 (/% �% � (2% �
If the valueof :  is between0 and1 it follows that thereis an intersectionon the insidesurfaceof the
cylinder.
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Figure5: Calculatingtheintersectionof a ray with aplane.

Plane

Eventhoughthecalculationof theintersectionof raysandsolid modelsis relatively simple,many objects
cannotberepresentedeasilywith solid models.In practice,thesurfacesof mostobjectswill bedescribed
by a setof trianglesor planarpolygons.In orderto testwhethera ray intersectsa triangleor polygon,we
needto testwhetherthe ray will intersectthe planedefinedby the triangleor polygon. The intersection
pointof a ray anda planeis givenby ��3  � 
�� �9 � �
where �53 is a point in theplane.Sincethesurfacenormal E is perpendicularto theplane(seeFigure5),
multiplying with E yields: �<(FE 
,�G
H�I� � �$�53J� (/E  � �=(FE
Solvingfor � yieldsthepointat which theray intersectstheplane:�=
.� �I� � ����3*� (*E�)(FE
Triangle

To calculatetheintersectionof araywith a trianglewecanusetheintersectiontestdescribedbeforeto test
whetherthe planedefinedby the triangle is actually intersectedby the ray. However, in orderto reduce
the computationalcomplexity we canfirst testwhetherthe triangle is front facingor not andonly then
calculatethe intersectionof theplanewith theray. To determinewhethera triangleis front facingor not,
we canusethefollowing test: �=(FE ���
If thetriangleis front facingwe proceedandcalculatetheintersectionof theray with theplanedefinedby
thetriangle.In thefinal stepwe mustcalculatewhethertheintersectionpoint is insidethetriangleor not.

Any point � insidea trianglecanbedescribedasfollows:� 
 :�KL;M	N (3)
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Figure6: Calculatingtheintersectionof a raywith a triangle.

Here K and N aretwo edgevectorsdefiningthe triangle(seeFigure6). Thescalarmultipliers : 6 M must
satisfythefollowing threeconditions: �OD : DQP�OD M DRP:STM DRP (4)

Using the point of intersection� andtaking the dot productsof both K and N with equation(3), we can
derive thefollowing two expressionsfor thetwo scalarmultipliers : 6 M :: 
 � N ( N �J� �S( K ����� K ( N �F� �<( N �� K ( K �J� N ( N ����� K ( N �  M 
 � �<( N ��� : � K ( N �N ( N
After calculationof : and M onecancheckwhetherthethreeconditionsof equation(4) hold.

Polygon

As for triangles,we canfirst testwhetherthe polygon is front facingor back facing. If the polygon is
front facingwe calculatethe intersectionof theray with theplanedefinedby thepolygon. Thenwe need
to testwhetherthe intersectionpoint with the planeis containedby the polygon. This canbe achieved
by projectingthe3D polygonandthe intersectionpoint onto the U �TV planeandcalculatingwhetherthe
intersectionpoint is insidethe2D polygon.

Space-subdivision methods

By far the largestamounttime during ray tracingis spenton thecalculationof intersectionswith objects
in thescene.Oneway of reducingthenumberof intersectioncalculationsis to enclosegroupsof adjacent
objectsinto a boundingvolumesuchasa sphereor box (seeFigure7). For example,a facerepresented
by a large setof polygonsmay be enclosedin sucha boundingbox. During the ray tracing,eachray is
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Figure7: Groupingof objectsinto a boundingbox for ray tracing.

first testedwhetherit intersectstheboundingbox. If theray doesintersecttheboundingbox, theray will
not intersectany of the polygons. If the ray intersectsthe boundingbox, eachof the objectsinside the
boundingbox mustbecheckedfor intersectionswith theray.

Anotherwayof speedingup theintersectioncalculationis to usespacesubdivisionmethods.Thesimplest
spacesubdivisionmethodis theso-calleduniformspacesubdivisionwhichdividestheviewingvolumeinto
uniform cubeswith a pre-definedsize(seeFigure8(a)). Eachcubehasa list of objectswhich areinside
the cube. During the ray tracing,we calculatewhich cubeswill intersectthe ray. Only for thosecubes
which have objectsinside we needto calculateintersectionpoints with objects. A more sophisticated
spacesubdivision methodis theso-calledadaptivespacesubdivision. Initially, theviewing volumeforms
asinglecube.Thecubeis thenrecursively subdividedinto eightsmallercubes.Thesubdivisiononly stops
if a cubecontainsno otherobjectsor if thecubesizereachesapre-definedlimit (seeFigure8(b)).

Recursive ray tracing

So far, we have only discussedhow to determinethe intersectionof rayswith objectsinsidethe viewing
volume.Oncethenearestintersectionhasbeenfound,we cancalculatetheambient,diffuseandspecular
reflectionsat the intersectionpoint. Also, themodellingof multiple light sourcescanbeachievedeasily,
sincewe canaddseparatediffuseandspecularreflectionsfor eachlight source.However, theray tracing
wouldstill look likeany standardobject-orderrenderingtechnique.To exploit theadvantagesof raytracing,
we canstartto incorporatenew effectssuchasshadowsto make therenderingmorerealistic.

Themodellingof shadowswith ray tracingis simple. In practice,shadowscanbecreatedasfollows: For
eachray, we determinethe nearestintersectionpoint. For eachlight source,we thendeterminewhether
a new ray startingfrom the light sourceto thenearestintersectionpoint is intersectedby any otherobject
in theviewing volume.If theray intersectstheany otherobject,any contribution from this light sourceis
ignored.If it doesnot intersectany otherobject,thecontributionfrom this light sourceis addedto thetotal
intensity. Figure9 showsanexampleof how shadowsmaybecreatedby occlusion.

Let usassumethat E is surfacenormaland W is thedirectionvectorof the incomingray. To calculatethe
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Figure8: (a)Uniform spacesubdivision for ray tracingand(b) adaptivespacesubdivision for ray tracing.

illumination atanintersectionpoint,wecanusethefollowing equation:X 
RY[Z X Z �\ �#] � X �5^ Y[_[� E)(*` � �  Y � � W=(F`Ia� �cbed (5)

In this illumination model, f � denotesthe colour of light sourceg , ` � is the directionvectorof the light
sourceand ` a� is the reflecteddirectionvector from the light source. Here Y[Z denotesambientmaterial
colour,

X Z denotesthe ambientcolour of the light, Yh_ denotesthe diffuse material colour, Y � denotes
specularmaterialcolour, and i denotesthespecularreflectioncoefficient.

To incorporateshadows, ] � representsadeltafunctionwhich indicateswhethera light sourceg is obscured
or not: ] ��
kj � if light sourceg is obscuredP if light sourceg is not obscured

In addition to shadows, ray tracingalsoallows the generationof other realistic imagesshowing the re-
flection and transmissionpropertiesof objects. This can be achieved as follows: Oncethe ray tracing
procedurehasdeterminedthe intersectionfor the primary ray, the procedurecanbe repeatedrecursively
for eachsecondaryraywhichmayoriginateat theintersection.Thesemaybeeitherreflectionor refraction
rays,or both.Usingthisscenariowecanbuild abinaryray tracingtree.Figure11showssuchabinaryray
tracingtreefor thesceneshown in Figure10. In this binarytreeeachnodecorrespondsto theintersection
betweena ray anda surface. Eachnodemayhave exactly onebranchfor reflectionraysandonebranch
for refractionrays. This recursive ray tracingmaycontinueinfinitely andmaybelimited by a maximum
recursiondepthwhich determinesthespeedof processingandtheamountof memoryneededfor storage.

The intensityassignedto a pixel is determinedby accumulatingthe intensitycontributionsstartinga the
bottom (leaf nodesin the tree) of the ray tracing tree. Surfaceintensity from eachnodein the tree is
attenuatedby thedistancefrom theparentsurface(next highernodesin thetree)andaddedto theintensity
of theparentsurface.Thepixel intensityis thenthesumof theattenuatedintensitiesof the root nodeor
the ray tracingtree. If no surfaceintersectsthe ray, the ray tracingtreewill be empty, andthe pixel will
beassignedthevalueof thebackground.If a ray intersectsa non-reflectinglight source,thepixel canbe
assignedthe intensityof the light source.Figure12 shows anexampleof how light maypropagatefrom
theleafnodesto theroot node.
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Figure9: Ray tracingis a methodwhich castsa ray from the viewpoint througha pixel andcanmodel
reflectionsandtransmissions.
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Figure10: Ray tracingis a methodwhich castsa ray from theviewpoint througha pixel andcanmodel
reflectionsandtransmissions.
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Figure11: Propagationof raysusingrecursiveray tracing.

Usingarecursiveray tracingalgorithmasshown in Figure14,theilluminationateachpixel ontheviewing
planecanbecalculatedasfollows:X 
,Y Z X Z �\ �#] � X � ^ Y _ � E=(/` �l�  Yh�7� W=(*`Ia� �+bed  Y[m X m  Y b X b
Here, Y[m is thereflectioncoefficient of thetransmittedray,

X m is the intensityof thereflectedray, Y b is the
transmissioncoefficientof thetransmittedray, and

X b is theintensityof thetransmittedray.

Reflection,Refraction and Translucency

In order to calculatethe illumation due to reflection,refractionand translucency we mustcalculatethe
directionof secondaryraysat theintersectionof a primaryray with anobject.An exampleof a ray which
is reflectedfrom a surfaceis shown in Figure13(a).Thedirection n of a reflectedray canbeexpressedas
a functionof thesurfacenormal E at theintersectionpointanddirection � of theincidentray:n 
 � ��� & �-(/E � E
Figure13(b)shows anexampleof a ray which changesdirectionasit crossestheboundarybetweenone
mediumandanother. To calculatethedirectionof thetransmittedray, we canuseSnell’s law which states
that: Yo3qpsrut	�wvq3*�5
RY  p8rut	�lv  �
Here Y 3 is a constantfor transmissionmedium1 (for example,air) and Y  is a constantfor transmission
medium2 (for example,water). v�3 is theanglebetweentheincidentray andthesurfacenormal,and v  is
theanglebetweentherefractedrayandthesurfacenormal.Using � for thedirectionvectorof theincident
ray and n for thedirectionvectorof therefractedray, Snell’s law statesthat:Y 3 � �;xSE �5
RY  � nyxSE �
Fromthiswe cancalculatethedirectionof therefractedrayas

n 
 Y 3Y  'z{S|}R~��� � � E=(*� �   ? Y  Yh3�A  ��P���� E-(/�����E  ����
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Figure12: Propagationof light usingrecursiveray tracing.

Thisequationhasonly asolutionif � E=(F� �  �,P�� ? Y  Y 3�A  
which indicatesthephysicalphenomenonof the limiting angleafterwhich total reflectionoccurs.When
light passesfrom onemediuminto anotheronewhoseindex of refractionis low, theangleof thetransmitted
ray is greaterthanthe angleof the incidentray. If the angleof the incidentray is large, the angleof the
transmittedray is largerthan � �[� , andtheray is reflectedfrom theinterfacebetweenthemedia,ratherthan
beingtransmitted.This is calledtotal reflectionandthesmallestangleatwhichthisoccursis calledcritical
angle.

Sofar it hasbeenassumedthatrefractionis perfect.Thisassumptionprovidesanadequatemodelfor clear
glassor water. However, in practicethetransmittedray is distributedin a smallconearoundthedirection
computedby Snell’s law. This is illustratedin Figure 13(c). This is also know as specularrefraction.
Clearly, it is impossibleto modeltheray tracingprocessusinga largenumberof rays.However, realistic
effectssuchasfrostedglasscanbeproducedusingtwo or threeraysrandomlydistributedwithin thiscone.

Raytracing and Radiosity

In summaryray tracingcanbeusedto createrealisticeffectssuchas:� shadows� reflections� transparency

In raytracingeachlight ray is simulatedoneby one,tracingtheir pathforwardsor backwards.As a result
of the illumination in ray tracingscenesin view dependent.In particularray tracingcanmodelspecular
reflectionbut notdiffusereflections.To modeldiffuserelectionsmethodssuchasradiositymaybeused.
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Figure13: Raysintersectinga surfacecanbeusedto achieve effectssuchas(a) reflection,(b) refraction
and(c) translucency.

Radiositysimulatesthe interreflectionof light in 3D scenesandattemptsto modelambientillumination
moreaccurately. This enablesrenderingbasedon globalillumination modelswhich take into accountthat
the light is emittedfrom surfacesis not only the resultof relectionsfrom designatedlight sources.This
requiressettingupasystemof linearequationswhosesolutionsyieldsthelight distribution in therendered
scene.As aresultsurfacescanno longerbeshadedindividually sincethey areinterrelatedandthesolution
is view independent.In contrastto ray tracing,radiosityis well suitedfor therenderingof diffusescenes
(suchindoorscences).
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v = calculate viewpoint
for (x = x_min; x < x_max; x++){

for (y = y_min; y < y_max; y++){
r = calculate ray passing from viewpoint v to pixels x, y
c = calculate color using cast_ray(r, 1)
draw color c and pixel x, y

}
}

procedure cast_ray(r: ray, d: depth): color
determine closest intersection i with closest object c
if (intersection = true)
compute normal n at intersection
return color_ray(r, c, i, n, d)

else
return color_background

end

procedure color_ray(r: ray, c: object, i: intersection,
n: normal, d: depth): color

set color to ambient color
for each light do
calculate ray from intersection to light
if dot product of normal and direction to light is positive then

compute how much light is blocked by opaque and transparent
surfaces and use to scale diffusion and specular terms
before adding them to color

end

if (d < maxDepth) then
if (c is reflective) then

rray = calculate ray in reflection direction
rcol = cast_ray(rray, depth+1)
scale rcol by specular coefficient and add to color

end
if (c is transparent) then

tray = calculate ray in refraction direction
tcol = cast_ray(tray, depth+1)
scale tcol by transmission coefficient and add to color

end
end
return color

end

Figure14: Basicalgorithmfor recursiveray tracing.
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