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1 Introdu
tionA hybrid automaton [16,2℄ is a digital, real-time system that intera
ts with ananalogue environment. Hybrid automata are ubiquitous in all areas of modernengineering and te
hnology. For example, the (digital) height 
ontrol of anautomobile 
hassis depends on and in�uen
es the (
ontinuous) driving 
ondi-tions of the vehi
le [22℄. Hybrid automata typi
ally operate in safety 
riti
alareas, su
h as the highway 
ontrol systems [25,21℄ and air tra�
 
ontrol [24℄.They 
ombine a �nite set of 
ontrol states with 
ontinuous dynami
s. In ev-ery 
ontrol state, the 
ontinuous variables evolve a

ording to an ordinarydi�erential equation (or, more generally, di�erential in
lusion [4℄), and thesystem 
hanges 
ontrol states if the 
ontinuous variables rea
h 
ertain thresh-olds; every su
h state 
hange 
an involve non-
ontinuous re-assignment of the
ontinuous variables.One of the key 
on
erns in the theory of hybrid automata is the algorithmi
veri�
ation of safety 
riti
al properties. This problem is well understood forlinear systems, where the traje
tories of the 
ontinuous variables are linearfun
tions [3℄ and implemented in the model 
he
ker HyTe
h [17℄. The situa-tion for non-linear systems is, not surprisingly, mu
h less satisfa
tory. Whilethe approximation of non-linear hybrid automata by linear systems is asymp-toti
ally 
omplete [18℄, it results in a huge blow-up in the number of dis
rete
ontrol states and asso
iated state transitions, whi
h limits the possibilities ofalgorithmi
 analysis.This paper presents an alternative approa
h. Con
eptually, we regard a hybridautomaton as the integration of two di�erent types of systems: the evolutionof a family of 
ontinuous systems, governed by di�erential equations, and theEmail addresses: ae�do
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dynami
s of a dis
rete system given by a generalised iterated fun
tion sys-tem (IFS), see [20℄. We synthesise the domain-theoreti
 approa
h to solvingdi�erential equations [9,11,13℄ and the domain-theoreti
 approa
h to obtainthe attra
tor of an iterated fun
tion system [8℄ to develop a domain-theoreti
semanti
s for general hybrid automata. The denotational semanti
s assigns toevery time point t the set JHK(t) of states that the automaton H 
an rea
hat time t, starting from one of its initial states. The semanti
 fun
tion JHKis obtained as the least �xpoint in the (
ontinuous) domain of 
ompa
t-setvalued fun
tions of a real variable. Our �rst main results are 
orre
tness and
omputational adequa
y of this denotational semanti
s w.r.t. the operationalsemanti
s, given in terms of a labelled transition system. While this providesa mathemati
al representation of the states visited at ea
h parti
ular point intime, we 
an now moreover use standard te
hniques of domain theory to a
tu-ally 
ompute this fun
tion. The impli
ations are twofold: �rst, we obtain newresults on the 
omputability of traje
tories based on the domain theoreti
model of 
omputation. Se
ond, our analysis gives rise to a dire
tly imple-mentable algorithm that 
omputes approximations to the semanti
 fun
tion
JHK up to an arbitrary degree of a

ura
y, and hen
e gives approximations tothe set of rea
hable states up to an arbitrary error bound. As the algorithmsindu
ed by our method work on bases of the involved domains, whi
h 
an bede�ned in terms of either the rational or the dyadi
 numbers, this property ismoreover guaranteed for implementations of our te
hnique, as with rationalarithmeti
 no rounding of real numbers is required.Te
hni
ally, the paper is divided in two parts. In the �rst part, we fo
uson �ow automata, where the behaviour of the 
ontinuous variables in everydis
rete 
ontrol state is governed by �ow fun
tions, whi
h behave like thesolutions of ordinary di�erential equations. In this setup, we formulate anoperator on the domain of 
ompa
t-set valued fun
tions of a real variablethat pre
isely 
aptures the rea
hable states at any parti
ular point in time.We impose two 
onditions on the automata under s
rutiny: �rst, we requirethat the ingredients of the automaton, i.e. the �ow and transition fun
tions,give rise to S
ott 
ontinuous fun
tions on the respe
tive domains. In orderto show that the least �xpoint pre
isely 
aptures the rea
hable states, weassume that the automaton is separated, i.e. has no transient states whi
hthe automaton 
an leave immediately (after 0 time units) after entering. Wedis
uss these restri
tions by means of examples, and show that the semanti
fun
tion asso
iated with a �ow automaton 
annot be 
omputable in absen
eof these properties.In the se
ond part of the paper, we transfer the results obtained to hybridautomata, where the traje
tories of the 
ontinuous variables are given by anordinary di�erential equation. By instantiating earlier results on domain the-oreti
 solutions of initial value problems [9,11,13℄ we show that we 
an e�e
-tively obtain the asso
iated �ows, thus redu
ing the problem of 
omputing the2



semanti
 fun
tion of a hybrid automaton to that of a �ow automaton. Takentogether, the domain theoreti
 approa
h provides a new 
omputational modelfor the analysis of hybrid systems, and gives rise to both new 
omputabilityresults, and dire
tly implementable data types and algorithms for the analysisof non-linear systems. Apart from providing algorithms that are guaranteedto 
apture the set of rea
hable states at any parti
ular point in time, the se-manti
 fun
tion asso
iated with a hybrid automaton 
ontains many furtheritems of information, as it allows us for example to 
ompute the �rst point intime where the system 
an enter into a parti
ular 
ontrol state; this will beexploited in further work.Related Work.We have already mentioned symboli
 te
hniques for the anal-ysis of linear hybrid automata [3℄ and their implementation in the HyTe
hmodel 
he
ker [17℄. Approximating non-linear systems by linear hybrid au-tomata, while being asymptoti
ally 
omplete, results in an explosion of thenumber of dis
rete 
ontrol states and the asso
iated state transition fun
tions[18℄, whi
h is avoided by the domain theoreti
 approa
h. The domain theo-reti
 approa
h of this paper is related to the interval analysis approa
h of [19℄,where interval numeri
al methods are used to 
ompute over-approximationsof the set of rea
hable states. In 
ontrast to lo
.
it., where outward rounding isrequired if the result of an arithmeti
 operation is not ma
hine representable,the domain theoreti
 model of 
omputation a
tually allows to 
ompute thesemanti
 fun
tion up to an arbitrary degree of a

ura
y.2 Preliminaries and NotationWe use basi
 notions of domain theory, see e.g. [1,15℄. In parti
ular, our anal-ysis employs the following domains de�ned over the real numbers: the domainof n-dimensional 
ompa
t re
tangles extended with a least element
IR

n = {a ⊆ R
n | a nonempty 
ompa
t re
tangle} ∪ {R

n},ordered by reverse in
lusion, and the upper spa
e
UR

n = {c ⊆ R
n | c nonempty and 
ompa
t} ∪ {R

n}of nonempty 
ompa
t subsets of R
n, also ordered by reverse in
lusion [7℄. A
losed semi re
tangle in R

n is of the form a1×· · ·×an, where the ai are 
losed(not ne
essarily bounded) intervals in R. If A is a semi-re
tangle, we write
IA = {A∩ r | r ∈ IR

n} and UA = {A∩ c | c ∈ UR
n} for the sub-domain of allelements above A. In parti
ular, we will 
onsider the domain I[0,∞), whosebottom element is ⊥= [0,∞).We denote the extension of UA (resp. IA) with a top element ⊤ = ∅ as U

⊤A3



(resp. I⊤A) and refer to them as the extended upper spa
e (resp. the extendedinterval domain).For a semi re
tangle A, IA and U are 
ontinuous S
ott domains and and U
⊤Aand I

⊤
A are 
ontinuous latti
es. We often 
onsider IA ⊆ U

⊤
A as a sub-domainwithout making this expli
it; similarly, we identify x ∈ R

n with the degeneratehyper-re
tangle {x} ∈ IR
n ⊆ U

⊤
R

n. We write ⊥ = A for the least element ofboth IA and UA, and ⊤ = ∅ for the top element of U
⊤A and I

⊤A. Note thatthe way-below relation in UA and IA and their extensions U
⊤A and I

⊤A isgiven by a≪ b i� b ⊆ ao, where ao is the interior of a.If (Ci)i∈I is a family of 
ompa
t subsets Ci ⊆ R
ni , we identify (xi)i∈I ∈

∏

i∈I U
⊤Ci with the set {(i, y) | i ∈ I, y ∈ xi} for 
onvenien
e of notation.Note that this indu
es a membership predi
ate and subset relation, whi
h areexpli
itly given by

(j, z) ∈ (xi)i∈I ⇐⇒ z ∈ xj , (xi)i∈I ⊆ (yi)i∈I ⇐⇒ ∀i ∈ I.xi ⊆ yiwhere (xi)i∈I and (yi)i∈I ∈
∏

i∈I U
⊤Ci, j ∈ I and z ∈ Cj. Moreover, we obtaintwo 
ontinuous maps ∩,∪, whose expli
it de�nition reads

3 : (
∏

i∈I

U
⊤Ci)

2 →
∏

i∈I

U
⊤Ci, ((xi)i∈I , (yi)i∈I) 7→ (xi3yi)i∈Iwhere 3 ∈ {∩,∪}. Note that, domain theoreti
ally, ∩ is the least upper boundand ∪ gives us the greatest lower bound of two elements of ∏

i∈I U
⊤Ci. We al-ways 
onsider sub-domains of the extended upper spa
e or the interval domainequipped with the S
ott topology.The symbol⇒ is used for the 
ontinuous fun
tion spa
e. In parti
ular, for semire
tangles A,B, we 
onsider the set (A ⇒ U

⊤B) of fun
tions f : A → U
⊤Bwhi
h are 
ontinuous with respe
t to the Eu
lidean topology on A and theS
ott topology on B. Similarly, (U⊤A ⇒ U

⊤B) denotes the set of fun
tionsthat are 
ontinuous w.r.t. the S
ott topology on U
⊤A and U

⊤B; the same
onventions apply to the interval domain.We extend the ordinary arithmeti
al operations to the extended upper spa
ewithout further mention. In parti
ular, we write a3b = {x3y | x ∈ a, y ∈ b},where 3 ∈ {+,−, ∗, /} and a, b ∈ U
⊤
R

n. (We adopt the standard 
onventionthat a/b =⊥ if 0 ∈ b.)It is a straightforward exer
ise to see that S
ott 
ontinuous fun
tions of type
A → U

⊤B are pre
isely the semi 
ontinuous fun
tions of set-valued analysis[4℄. More 
on
retely, we have that f : A → U
⊤B is S
ott 
ontinuous, i�

∀x ∈ A∀ǫ > 0∃δ > 0∀x′ ∈ Bδ(x).f(x′) ⊆ f(x) +Bǫ4



where Bǫ(x) = {x′ ∈ A | ‖x − x′‖ < ǫ} and Bδ = Bδ(0). Note that we havethe S
ott 
ontinuous extension mapping
E : (A⇒ U

⊤
B) → (U⊤

A ⇒ U
⊤
B), f 7→ λx.

l

y∈x

f(y),and it is an easy exer
ise to show that this greatest lower bound is a
tuallygiven by dire
t image, i.e. E(f)(x) =
⋃

{f(y) | y ∈ x}.3 Flows and Flow AutomataWe begin our study of hybrid automata by �rst dis
ussing �ow automata,where the 
ontinuous evolution in every 
ontrol state is an expli
itly given�ow fun
tion. This will subsequently be shown to be equivalent to the 
asethat the 
ontinuous evolution is spe
i�ed by a ve
tor �eld in Se
tion 6. For�ow automata, every dis
rete 
ontrol state 
omes with a �ow fun
tion thatbehaves like the solution of an initial value problem and governs the evolutionof the 
ontinuous variables in that state. We restri
t attention to �ows takevalues in a regular 
losed set C (i.e. a 
losed set whi
h is equal to the 
losureof its interior) that will later 
orrespond to the invariant sets asso
iated withthe dis
rete 
ontrol states of an automaton.De�nition 1 If D ⊆ R
n × [0,∞) is a subset, then the support of a ve
tor

x ∈ R
n is the set Dx = {t ∈ [0,∞) | (x, t) ∈ D}. A �ow on a regular 
losedsubset C ⊆ R

n is a 
ontinuous fun
tion f : D → C de�ned on a regular 
losedset D with C × {0} ⊆ D ⊆ C × [0,∞) su
h that for all s, t ≥ 0 and all x ∈ C(1) s+t ∈ Dx i� s ∈ Dx and t ∈ Df(x,s). In this 
ase f(x, s+t) = f(f(x, s), t).(2) the fun
tion f(·, t) is inje
tive for all t ∈ R.(3) the partial derivative ∂f
∂t

: Do → R
n exists in the interior Do of D and
an be 
ontinuously extended to the whole of D.In the following, we will identify ∂f

∂t
with its 
ontinuous extension to D.That is, a �ow f : D ⊆ R

n × [0,∞) → C on C ⊆ R
n behaves like the solutionof an initial value problem ḟ(t) = v(f(t)), f(0) = x de�ned on the support

Dx of x, where v is de�ned on a subset of Eu
lidean spa
e R
n. We brie�ysummarise some of the well known properties of �ow fun
tions that we willuse later.Proposition 2 Suppose f : D → C is a �ow on C ⊆ R

n.(1) the support Dx = {t ∈ [0,∞) | (x, t) ∈ D} is a 
losed interval for every
x ∈ C. 5



(2) f(x, 0) = x for all x ∈ C(3) ∂f
∂t

(f(x, t), 0) = ∂f
∂t

(x, t) whenever x ∈ R
n and t ∈ Dx(4) The fun
tion fx = λt.f(x, t) : Dx → R
n solves the initial value problem

ḟx(t) = ∂f
∂t

(fx(t), 0) with initial 
ondition fx(0) = x, where ḟx denotestaking derivative (w.r.t. time).For later referen
e, we note the following 
orollary, whi
h ensures boundednessof �ows on 
ompa
t re
tangles.Corollary 3 Suppose R ⊆ R
n is regular 
ompa
t and f : D ⊆ R×[0,∞) → Ris a �ow on R. Then there exists K > 0 s.t. ‖∂f

∂t
(x, t)‖ ≤ K for all (x, t) ∈ D.PROOF. Continuity of ∂f

∂t
and 
ompa
tness ofR implies thatK = sup{∂f

∂t
(x, 0) |

x ∈ R} <∞. By Proposition 2, for all x ∈ R, the fun
tion g = f(x, ·) satis�es
ġ(t) = ∂f

∂t
(g(t), 0), hen
e ‖ġ(t)‖ ≤ K for all t ∈ [0,∞). But by de�nition of g,we have ġ(t) = ∂f

∂t
(x, t) and the result follows, as x was arbitrary.Flows arise as solutions of initial value problems. In the light of the laterdevelopments, we fo
us on (lo
ally) Lips
hitz ve
tor �elds de�ned on a 
om-pa
t subset of R

n; note that every lo
ally Lips
hitz ve
tor �eld de�ned on a
ompa
t spa
e is automati
ally globally Lips
hitz.Lemma 4 Suppose v : C → R
n is a lo
ally Lips
hitz ve
tor �eld de�ned on aregular 
ompa
t subset C ⊆ R

n. If f(x, ·) denotes the maximal solution of theinitial value problem f(x, t) = v(f(x, t)), f(x, 0) = x, then f is a �ow. We saythat f is the �ow indu
ed by v.PROOF. Follows from the 
ontinuous dependen
e of the solution of an initialvalue problem on the initial 
ondition and the 
ontinuation theorem, see e.g.[5℄.We now introdu
e 
ontinuous �ow automata.De�nition 5 A �ow automaton in R
n is a tuple F = (Q, inv, flow, res, init)where

• Q is a �nite set of dis
rete 
ontrol states
• inv = (inv(q))q∈Q is a family of state invariants where inv(q) ⊆ R

n is aregular 
losed set
• flow = (flow(q))q∈Q is a family of �ow fun
tions where flow(q) : D(q) ⊆

inv(q) × [0,∞) → inv(q) is a �ow on inv(q)6



• res = (res(p, q))p,q∈Q is a family of reset relations with res(p, q) : inv(p) →
P(inv(q))

• init = (init(q))q∈Q is a family of initial states with init(q) ⊆ inv(q)for all q ∈ Q, resp. (p, q) ∈ Q × Q. We 
all a �ow automaton 
ompa
t, if
inv(q), init(q) ∈ U

⊤
R

n are 
ompa
t for all q ∈ Q and res(p, q)(x) ∈ U
⊤inv(q)is a 
ompa
t subset of inv(q) for all p, q ∈ Q and all x ∈ inv(q). A stateof a �ow automaton is a tuple (q, x) with q ∈ Q and x ∈ inv(q). We write

SF = {(q, x) | q ∈ Q, x ∈ inv(q)} for the state spa
e of F and iF = {(q, x) ∈
S | x ∈ init(q)} for the set of initial states.Remark 6 The above de�nition of �ow automata, though slightly di�erent,is equivalent to the standard de�nition given e.g. in [3℄. While our 
ontrolstates are in one-to-one 
orresponden
e to the 
ontrol lo
ations of lo
.
it., thetransitions between 
ontrol states are modelled in terms of a �nite multiset
V ⊆ Q × Q of transitions, and an a
tion predi
ate act(v) ⊆ R

n × R
n isassigned to every transition v ∈ V . In this terminology, the automaton 
an
hange its state, say from state (q, x) to state (q′, x′) i� there exists a transition

(q, q′) ∈ V with (x, x′) ∈ act(v). In our terminology, this 
an be modelled bythe reset relation res(q, q′) = λx.{y ∈ inv(q) | ∃(q, q′) ∈ V.(x, y) ∈ act(q, q′)}.For the remainder of the paper, we assume that all �ow automata are 
ompa
t.Our main interest lies in the 
omparison of the denotational semanti
s andthe operational semanti
s of a �ow automaton. The latter is given in termsof a labelled transition system, where a label is either a positive real numbersthat signi�es the duration of a 
ontinuous transition or 0, indi
ating that theautomaton is 
hanging its dis
rete 
ontrol state.De�nition 7 Suppose F = (Q, inv, flow, res, init) is a �ow automaton and let
Σ = [0,∞). The transition system TF asso
iated with F is the tuple (SF ,→),where SF is the state spa
e of F and →⊆ S×Σ×S is de�ned by the followingtwo 
lauses:�ow transitions (q, x) →t (q′, x′) i� q = q′, t ∈ D(q)x and flow(q)(x, t) = x′for t > 0jump transitions (q, x) →0 (q′, x′) i� x′ ∈ res(q, q′)(x);For states s, s′ ∈ S, we write s →t

∗ s
′ if there is a �nite sequen
e of states

s1, . . . , sk with s →t1 s1 →
t2 · · · →tk sk = s′ with t1, . . . , tk ∈ Σ and ∑k

i=1 tk =
t. We write init →t

∗ s i� there exists i ∈ iF with i→t
∗ s.An F -traje
tory is a �nite or in�nite sequen
e (ti, qi, fi)i<N where N ∈ N ∪

{∞} su
h that (ti)i<N is non-de
reasing in [0,∞), (qi)i<N is a sequen
e in Qand fi : [ti−1, ti] → inv(q) is a fun
tion (we use the 
onvention that t−1 = 0)that, for all i < N , satis�es 7



• f0(t−1) ∈ init(q0) and (qi, fi(ti−1)) →
t (qi, fi(ti−1 + t)) for all t ∈ [ti−1, ti]

• (qi, fi(ti)) →
0 (qi+1, fi+1(ti)).We denote the set of possible states of the automaton F at time t by RF (t) andthe set of all states the automaton 
an visit up to time t by VF (t), formallyde�ned by

RF (t) = {s ∈ SF | init →t
∗ s} and VF (t) =

⋃

{RF (s) | s ≤ t}where t ∈ [0,∞).Note that by assumption, flow(qi)(fi(ti−1), t) = fi(ti−1 + t). Compared withthe de�nition of traje
tories in [2℄, it is straightforward to verify that, underthe 
orresponden
e outlined in Remark 6, our de�nition of traje
tories givesrise to the same semanti
s.We now turn to the main issue of the present paper and des
ribe the ne
essaryingredients needed to perform domain theoreti
 analysis of a �ow automaton
F . Our main goal is to de�ne a domain theoreti
 semanti
 fun
tion JF K :
[0,∞) →

∏

q∈Q U
⊤inv(q), where, for a 
losed semi re
tangle R ⊆ R

k, U
⊤Ris the extended upper spa
e asso
iated with R, that is the d
po of 
ompa
tsubsets of R, ordered by reverse in
lusion. The fun
tion JF K asso
iates toevery time point t ∈ [0,∞) an element of ∏

q∈Q U
⊤inv(q). That is, to everypoint in time t we asso
iate a family (sq)q∈Q, with sq ⊆ inv(q), of 
ompa
tsets su
h that {(q, x) | x ∈ sq} = RF (t). Having 
omputed RF , it is easy toderive a me
hanism for 
omputing the possibly visited states VF (t) at time tby unfolding the de�nition of VF . We demonstrate later that it is also possibleto obtain VF dire
tly as a �xed point.The goal of the 
onstru
tion is to give a 
ontinuous semanti
s of �ow au-tomata: if the automaton is e�e
tively given, i.e. both flow and res ariseas limits of sequen
es of �nitary approximations with flow =

⊔

k∈N fk and
res =

⊔

k∈N rk, then we 
an e�e
tively obtain σk : [0,∞) →
∏

q∈Q inv(q) su
hthat JF K =
⊔

k∈N σk. This provides us with three important properties:(1) The fun
tion σk is a 
onservative approximation of the semanti
s of F ,for all k ≥ 0(2) The semanti
s of F 
an be 
omputed up to an arbitrary degree of a

ura
y(3) The algorithm for 
omputing σk 
an be implemented on a digital 
om-puter without loss of pre
isionClearly, 
ontinuity of the semanti
s mapping J·K 
an only be a
hieved if werestri
t attention to �ow automata whose 
omponents are 
ontinuous. Thismotivates the next de�nition.De�nition 8 A �ow automaton F = (Q, inv, flow, res, inv) is 
ontinuous, if8



res(p, q) : inv(p) → U
⊤inv(q) is S
ott 
ontinuous for all p, q ∈ Q. We say that

F is separated, if
• x ∈ res(p, q)(y) implies that res(q, r)(x) = ∅ for all p, q, r ∈ Q and y ∈ inv(p)
• x ∈ init(q) implies that res(q, r)(x) = ∅ for all q, r ∈ QWhile the 
ontinuity 
ondition on res is 
learly enfor
ed by our goal to be ableto approximate the semanti
s of �ow automata, the separation 
ondition tellsus that there are no transient states, i.e. the automaton 
annot perform state
hanges from q0 to q1, and subsequently from q1 to q2 without remaining instate q1 for a non-zero amount of time.We will see later that separation and 
ontinuity imply that the automatonunder s
rutiny is non-zeno. While we believe that all of our results 
an beestablished even for non-separated automata under the additional assumptionthat the automata are non-zeno, the main bene�t of the separation propertyis that it is very easy to verify.For a 
ontinuous �ow automaton, the family res(p, q)p,q∈Q indu
es a gener-alised IFS on the extended upper spa
es of inv(p), for p ∈ Q, as we will seein De�nition 15 later on. The following example dis
usses the requirementsintrodu
ed in De�nition 8.Example 9 We 
onsider the following variant F of a thermostat automaton,see e.g. [18℄. Let Q = {on, off} with inv(q) = [1, 3] for q = on, off. The �owfun
tions are given by the di�erential equations flow(on)(x0, ·) = the uniquesolution of ẋ = −x+ 5, x(0) = x0, and similarly, flow(off)(x0, ·) = the uniquesolution of ẋ = −x, x(0) = x0, with initial state (on, 2). We �x two subsets
φ, ψ ⊆ [1, 3] and let res(on, off)(x) = {x}∩φ. The fun
tion res(off, on) is givenby x 7→ ψ, if x ∈ [0, 1], and x 7→ ∅ otherwise. Graphi
ally, the automaton 
anbe displayed as follows, where x′ denotes the value of x after the 
hange of
ontrol states.

x=2 // �~}|xyz{
(on)

ẋ = −x+ 5
x ∈ [1, 3]

x ∈ φ

x′ = x
//

�~}|xyz{
(o�)
ẋ = −x
x ∈ [1, 3]

x ∈ [0, 1]

x′ ∈ ψ
ooWe now dis
uss several alternatives for the sets φ and ψ, and relate them to
ontinuity of the indu
ed automaton.(1) Suppose ψ = (1, 2). Then res(off, on) does not take values in U

⊤[1, 3], as
(1, 2) is not 
ompa
t, hen
e res(off, on) is not a well de�ned fun
tion oftype [1, 3] → U

⊤[1, 3].(2) Suppose φ = (2, 3]. Then the F is not 
ontinuous, as for x = 2 and9



ǫ > 0, we fail to �nd δ s.t. for all x′ ∈ Bδ(x) we have res(on, off)(x′) ∈
res(on, off)(x) +Bǫ.(3) If both φ and ψ are 
ompa
t, then F is 
ontinuous.(4) We have that F is separated, i� φ ∩ [0, 1] = φ ∩ ψ = ∅ and φ ∩ {2} = ∅.To verify 
ontinuity of the reset fun
tions in pra
tise, note that S
ott 
onti-nuity is preserved by fun
tion 
omposition, hen
e all 
ombinations of S
ott
ontinuous fun
tions will be S
ott 
ontinuous. In parti
ular, we note that thefollowing fun
tions are S
ott 
ontinuous, and thus 
an be used as buildingblo
ks for reset fun
tions.Proposition 10 Suppose A,B ∈ U

⊤
R

n.(1) All step fun
tions
aց b : A → U

⊤
B, x 7→







b x ∈ ao

⊥ otherwiseare 
ontinuous for a ∈ U
⊤A, b ∈ U

⊤B, where ao denotes the interior of a.(2) All 
o-step fun
tions
aտ b : A → U

⊤
B, x 7→







b x ∈ a

⊤ otherwiseare 
ontinuous for a ∈ U
⊤A, b ∈ U

⊤B.(3) All fun
tions
⊲⊳ b : A → U

⊤
B, x 7→ {x} ∩ bare 
ontinuous for b ∈ U

⊤B(4) If f1, f2 : A → U
⊤B are 
ontinuous, then so is f1 ∪ f2 : A → U

⊤B, x 7→
f1(x) ∪ f2(x).(5) If (fi)i∈I is dire
ted (w.r.t. the pointwise ordering), then ⊔

i∈I fi : A →
U

⊤B, x 7→
⊔

i∈I fi(x) is 
ontinuous.PROOF. Item (3) follows from 
ontinuity of the binary join operation onbounded 
omplete domains, for (2) see [14℄. All remaining items are standard,see e.g. [15℄.The previous proposition gives some general 
onstru
tion prin
iples for 
on-tinuous hybrid automata, and 
an be applied to show that a large 
lass of �owautomata are a
tually 
ontinuous. We now turn to the separation property.The following example, whi
h is a variation of the boun
ing ball automaton[23℄ shows that the separation property is vital for the 
omputability of thesemanti
 fun
tion asso
iated with a �ow automaton.10



Example 11 Consider the automaton F = (Q, init, flow, res, inv) with
• Q = {q}
• inv(q) = [−1, 1]
• flow(r, t) = r + a · t
• res(x) = {2x,−2x} ∩ [0, 1]
• init(q) = {0}

x=0 // wvutpqrs
q

ẋ = a
x ∈ [0, 1]ABC

FED
x′∈{2x,−2x}∩[0,1]

����

where a ∈ [−1, 1] is a 
omputable real number, as depi
ted on the right above.Suppose we 
an e�e
tively �nd a sequen
e of fun
tions Rk : [0, 1] → U
⊤[0, 1]su
h that ⊔

k∈NRk = RF . Then 
learly R(1) = {0} i� a = 0, and R(1) ∩
[1/2, 1] 6= ∅ i� a 6= 0. As R(1) =

⋂

k∈NRk(1), this implies that we 
an semi-de
ide whether a = 0. Together with a semi de
ision pro
edure for a 6= 0, wearrive at a de
ision pro
edure for a = 0, whi
h is impossible, see e.g. [26℄.Re
all that a �ow automaton is zeno, if it admits a traje
tory (ti, qi, fi)i<∞ with
supi<∞ ti < ∞. The key 
onsequen
e of separation, whi
h makes it possibleto 
ompute the semanti
 fun
tion asso
iated with a �ow automaton, is thatseparated automata are non-zeno. This follows from the next proposition.Proposition 12 Suppose F is separated and 
ontinuous. Then there exists
ǫ > 0 su
h that ti − ti−1 ≥ ǫ for all F -traje
tories (ti, qi, fi)i<N and all 0 ≤ i <
N .PROOF. We assume F = (Q, inv, flow, res, init). For all p, q ∈ Q, the sets

postp,q = {x ∈ inv(q) | ∃y ∈ inv(p).x ∈ res(p, q)(y)}and
prep,q = res(p, q)−1({x ∈ U

⊤inv(q) | x 6= ⊤})are 
losed, hen
e 
ompa
t by boundedness of invp, invq. Therefore the sets
inp =

⋃

q∈Q

postq,p ∪ initp and outp =
⋃

q∈Q

prep,qare 
ompa
t for all p ∈ Q. As F is separated, inp ∩ outp = ∅ for all p ∈ Q.Therefore, there exists δ > 0, su
h that for all q ∈ Q and all x, y ∈ inq × outqone has ‖x− y‖ ≥ δ.By Corollary 3, there existsK > 0 su
h that ∂flow(q)
∂t

(r, x) ≤ K for all q ∈ Q andall (r, x) ∈ inv(q)× [0,∞)∩O(q). Put ǫ = δ/K and suppose ρ = (ti, qi, fi)i<Nis an F -traje
tory with t−1 = 0, as usual. Then, for all i ≥ 0, we have that
fi(ti−1) ∈ inqi

and fi(ti) ∈ outqi
. Hen
e we have ti > ti−1 and

δ ≤ ‖fi(ti−1) − fi(ti)‖ ≤ K‖ti−1 − ti‖ ≤ K · (ti − ti−1)11



as the fun
tion flow(qi) is uniformly Lips
hitz in t. Therefore ti − ti−1 ≥ ǫ as
laimed.As an immediate 
orollary, we obtain an easy-to-
he
k su�
ient 
ondition fora �ow automaton to be non-zeno.Corollary 13 Suppose F is separated and 
ontinuous. Then F is non zeno.PROOF. If F were zeno, then F would have a traje
tory (ti, qi, fi)i<∞ where
supi ti <∞, whi
h is impossible, as ti − ti−1 ≥ ǫ with ǫ as in Proposition 12.Remark 14 While the fa
t that an automaton is separated is su�
ient for itbeing non-zeno, the separation property is not ne
essary. Consider for examplethe automaton

�~}|xyz{
(up)
ẋ = 1

x ∈ [−1, 1]
x = 1 // �~}|xyz{

(trans)
ẋ = 1

x ∈ [−1, 1]
x = 1 // �~}|xyz{

(down)
ẋ = −1

x ∈ [−1, 1]

x = −1

yy

with reset relations res(up, trans) = res(trans, down) = λx.{x} ∩ {1} and
res(down, up) = λx.{x} ∩ {−1} and initial state (up, 0). Then 
learly F isnon-zeno, but F is not separated. This suggests that the separation prop-erty 
an be relaxed, and one just needs to require that there is no �nite loop
(q0, x0), (q1, x1), . . . , (ql, xl) with xi+1 ∈ resqi,qi+1

(xi) and x0 ∈ resql,q0
(xl), butwe refrain from doing so, as the te
hni
al 
ompli
ations would obs
ure thete
hniques at the heart of our analysis.4 Denotational Semanti
s of Continuous and Separated AutomataWe now turn to the main obje
tive of the present paper and des
ribe a 
om-putational method for obtaining the rea
hable states RF for a 
ontinuous andseparated �ow automaton F . Our te
hnique will 
ompute the fun
tion RF asleast �xpoint of a fun
tional of type ([0,∞) ⇒ U) → ([0,∞) ⇒ U), where

U =
∏

q∈Q U
⊤inv(q). We �rst introdu
e some terminology to make the notationmore readable.De�nition 15 Suppose F = (Q, inv, flow, res, init) is a �ow automaton. The12



fun
tion
fF : U × [0,∞) → U ,

((xq)q∈Q, t) 7→ {flow(q)(yq, t) | yq ∈ xq, t ∈ D(q)yq
}is 
alled the extended �ow fun
tion, and

rF : U → U , (xq)q∈Q 7→ (
⋃

p∈Q

E(res(p, q))(xp))q∈Qis the extended reset fun
tion with E as de�ned at the end of Se
tion 2. If theautomaton F is 
lear from the 
ontext, we omit the 
orresponding subs
ript.Both the extended �ow fun
tion and the extended reset fun
tion 
olle
t all�ow and reset fun
tions asso
iated with a �ow automaton in a single map. Itis easy to see that both the extended �ow fun
tion, and the extended resetfun
tion are S
ott 
ontinuous.Lemma 16 If F is a 
ontinuous �ow automaton, then both fF and rF areS
ott 
ontinuous.PROOF. Both are straightforward 
al
ulations and follow from the S
ott-
ontinuity of the extension mapping, dis
ussed at the end of Se
tion 2. For
ontinuity of the extended reset fun
tion, one furthermore needs that of set-theoreti
 union.With this notation, we are now ready to introdu
e the key 
on
ept of thepresent paper: the forward a
tion asso
iated with a �ow automaton. As wewill see later, the least �xpoint of this operator 
aptures the set of of states theautomaton 
an engage in at time t and, moreover, 
an be e�e
tively 
omputed.De�nition 17 Suppose F is a �ow automaton. The operator
ΦF : ([0,∞) ⇒ U) → ([0,∞) ⇒ U), ρ 7→ λt.fF (iF , t) ∪

⋃

s≤t

fF (rF (ρ(s)), t− s)is 
alled the forward a
tion asso
iated with F .The forward a
tion 
ombines the dis
rete a
tion and the 
ontinuous �ow, and
an be seen as a generalisation of the �xpoint operator asso
iated with anIFS [8℄. Our goal is to show that the least �xpoint of the forward a
tion ispre
isely the fun
tion RF that 
omputes rea
hable states. In order to 
omputethis �xpoint e�e
tively, we �rst have to ensure that ΦF is 
ompatible withapproximations, i.e. ΦF is well-de�ned and S
ott 
ontinuous.13



Lemma 18 Suppose ρ : [0,∞) → U . Then ΦF (ρ) : [0,∞) → U is well de�nedand S
ott 
ontinuous.PROOF. For well de�nedness, we have to show that ΦF (ρ) a
tually takesvalues in U , that is 
ompa
t sets. This, and 
ontinuity of ΦF , will follow byrepresenting ΦF as 
omposition of well-de�ned and 
ontinuous fun
tions.Now let ρ ∈ ([0,∞) ⇒ U) and 
onsider gρ : [0,∞)2 → U , de�ned by gρ(s, t) =
fF (rF (ρ(s)), t−s). Then gρ is 
ontinuous by the 
ontinuity of 
omposition andsubtra
tion. Therefore, also the 
anoni
al extension of gρ, E(gρ) : U⊤[0,∞)2 →
U , S 7→

⋃

(s,t)∈S gρ(s, t) is well de�ned and S
ott 
ontinuous. Now 
onsider the
ontinuous fun
tion h : [0,∞) → U
⊤[0,∞)2, given by h(t) = {(s, t) ∈ [0,∞)2 |

s ≤ t}. It is easy to see that ΦF (ρ) = E(gρ) ◦ h, whi
h shows that ΦF (ρ) iswell de�ned and 
ontinuous.Lemma 19 The operator ΦF : ([0,∞) ⇒ U) → ([0,∞) ⇒ U) is 
ontinuous.PROOF. Suppose ρ =
⊔

k∈N ρk : [0,∞) → U . Take gρ (resp. gρk
) as in theproof of Lemma 18. An easy analysis, using 
ontinuity of fF and rF , showsthat gρ =

⊔

k∈N gρk
. The 
laim now follows from 
ontinuity of the extensionfun
tion E : ([0,∞)2 ⇒ U) → (U⊤[0,∞)2 ⇒ U) and the 
ontinuity of h.Continuity of ΦF now guarantees the existen
e of a least �xpoint of ΦF , whi
hwe denote by JF K throughout. We now examine this �xpoint and show thatit pre
isely 
aptures the set of all F -traje
tories.In order to show soundness, it is 
onvenient to formulate traje
tories as mapsinto the upper spa
e. In order to turn the traje
tories into S
ott 
ontinu-ous fun
tions, we let the indu
ed fun
tion take a non-singleton set as valuewhenever the dis
rete 
ontrol state 
hanges.Lemma 20 Suppose f : [−1, 0] → R and g : [0, 1] → R are 
ontinuous. Thenthe fun
tion f ⊕ g : [−1, 1] → U

⊤
R, with

f ⊕ g : t 7→















{f(t)} if t < 0

{f(0), g(0)} if t = 0

{g(t)} if t > 0is S
ott 
ontinuous.PROOF. Follows immediately from the ǫ-δ 
hara
terisation of 
ontinuity ofmaps into the extended upper spa
e.14
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Figure 1. The fun
tion ρ
♯For F -traje
tories, we have the following 
orollary. Note that the 
ondition ontraje
tories is automati
 for 
ontinuous and separated automata.Corollary 21 Suppose F is a �ow automaton and ρ = (ti, qi, fi)i<N is a F -traje
tory with supi ti = ∞ in 
ase N = ∞. Then

ρ♯ : [0,∞) → U , t 7→ {(qi, fi(t)) | i < N, t ∈ [ti−1, ti]}is S
ott-
ontinuous. Moreover, RF (t) =
⋃

{ρ♯(t) | ρ is an F − traje
tory}, if Fis a �ow automaton.The fun
tion ρ♯ is visualised in Figure 1. The next statement is a steppingstone for proving the soundness of our approa
h. We begin by noting thatevery �xpoint of ΦF is an over-approximation of the set of all traje
tories.Lemma 22 Suppose F is separated and 
ontinuous, ρ is an F -traje
tory and
σ = ΦF (σ) is a �xpoint of ΦF . Then ΦF (σ) ⊑ ρ♯.PROOF. Suppose that ρ = (ti, qi, fi)i<N for some N ∈ N ∪ {∞}. We showby indu
tion on i that ρ♯ ↾ [0, ti] ⊒ ΦF (σ) ↾ [0, ti]. Re
all our 
onventionthat t−1 = 0 and note that, by Proposition 12, we have that t0 > 0, hen
e
ρ♯(0) = {(q0, f0(0))} ∈ iF ⊆ fF (iF , 0) ⊆ ΦF (σ)(0) = σ(0). Now suppose
i ≥ −1 and let t ∈ [ti, ti+1]. We show that ΦF (σ)(t) ↾ [0, ti+1] ⊑ ρ♯(t) ↾ [0, ti+1],i.e. (qi+1, fi+1(t)) ∈ ΦF (σ)(t) for all t ∈ [ti, ti+1]. By indu
tion hypothesis, wehave

(qi, fi(ti)) ∈ σ(ti) (1)and the de�nition of F -traje
tories gives
fi+1(ti) ∈ res(qi, qi+1)(fi(ti)) fi+1(t) = flow(qi+1)(fi+1(ti), t− ti) (2)for all t ∈ [t, ti+1]. Taken together, Equation (1), 
ombined with the left handpart of (2) give

(qi+1, fi+1(ti)) ∈ rF (σ(ti)). (3)In 
ombination with the right hand part of (2) this yields
(qi+1, fi+1(t)) ∈ fF (rF (σ(ti)), t− ti) ⊆ ΦF (σ)(t) = σ(t)whi
h 
on
ludes the proof. 15



Note that the proof of the previous theorem relies on separatedness, as oth-erwise even the base 
ase of the indu
tion would not work. Using the aboveresult, soundness of the �xpoint 
onstru
tion is immediate:Corollary 23 (Corre
tness) Suppose F is 
ontinuous and separated. Then
s ∈ JF K(t) if init →t

∗ s for all s ∈ SF and all t ∈ [0,∞).PROOF. Let s ∈ SF and assume that init →t
∗ s. Then there exists an F -traje
tory ρ su
h that s ∈ ρ♯(t) ⊆ JF K as JF K is a �xpoint of ΦF .While the previous result 
an be read as asserting soundness, we now turn to
omputational adequa
y of the 
onstru
tion, that is we show that RF = JF K,where JF K is the least �xpoint of ΦF . Moreover, our analysis entails that JF K isthe unique �xpoint of ΦF . Both fa
ts are 
onsequen
es of the following lemma.Lemma 24 Suppose σ is a �xpoint of ΦF . Then σ(t) ⊆ RF (t) for all t ∈

[0,∞).PROOF. We de�ne, for q ∈ Q, the sets inq and outq as in the proof ofProposition 12, and similarly pi
k δ and K su
h that for all q ∈ Q

∂flow(q)

∂t
(r, t) ≤ K and inf{‖x− y‖ | (x, y) ∈ inq × outq} ≥ δfor all r ∈ inv(q) and all t ∈ [0,∞) that satisfy (r, t) ∈ O(q).Suppose for a 
ontradi
tion that there exists t ∈ [0,∞) su
h that σ(t) 6⊆ RF (t).Let

t0 = inf{t ∈ T | σ(t) 6⊆ RF (t)}.Let ǫ = δ
K
. By de�nition of t0, we 
an �nd t1 ∈ [t0, t0 + ǫ) su
h that σ(t1) 6=

RF (t1). Let (q1, x1) ∈ σ(t1) \ RF (t1). Then, by de�nition of ΦF , and the fa
tthat (q1, x1) /∈ RF (t1), we have that
(q1, x1) ∈

⋃

s∈[t0,t1]

fF (rF (σ(s)), t1 − s).Hen
e we �nd s1 ∈ [t0, t1] and (r1, y1) ∈ σ(s1) together with z1 ∈ res(r1, q1)(y1)su
h that (q1, x1) ∈ fF ((q1, z1), t1 − s1), i.e. x1 = flow(q1)(z1, t1 − s1). Now
(r1, y1) /∈ RF (s1), for otherwise we 
ould 
onstru
t an F -traje
tory that wit-nesses (q1, x1) ∈ RF (t1). By repeating the same argument, we �nd s2 ∈ [t0, s1]and (r2, y2) ∈ σ(s2), together with z2 ∈ res(r2, r1)(y2) su
h that (r1, y1) ∈
fF ((r1, z1), s1 − s2), i.e. y1 = flow(r1)(z2, s1 − s2). Summing up, we have
|s1 − s2| < ǫ and 16



• (r2, y2) ∈ σ(s2)
• z2 ∈ res(r2, r1)(y2)

• y1 = flow(r1)(z2, s1 − s2)
• z1 ∈ res(r1, q1)(y1)Note that in parti
ular, z2 ∈ inr1

and y1 ∈ outr1
, where in and out are as inthe proof of Proposition 12. Using the bound K on the derivative of flow(q)w.r.t. time, we have

δ ≤ ‖y1 − z2‖ ≤ K|s1 − s2|whi
h implies that ǫ > |s1 − s2| ≥
δ
K
, 
ontradi
ting our 
hoi
e of ǫ.This immediately gives 
omputational adequa
y:Theorem 25 (Computational Adequa
y) Suppose F is separated and 
on-tinuous. Then s ∈ JF K(t) i� init →t

∗ s for all s ∈ SF and all t ≥ 0.PROOF. From Corollary 23 we already have RF (t) ⊆ JF K(t) for all t ≥ 0,and an appli
ation of Lemma 24 yields the 
onverse in
lusion.The proof of the theorem in fa
t demonstrates that any fun
tion ρ ∈ ([0,∞) ⇒
U) with ρ ⊑ JF K whi
h does not arise as an F -traje
tory, ne
essarily leads toa violation of the separatedness property. As it turns out, the least �xpoint
JF K of ΦF is a
tually unique.Corollary 26 The operator ΦF has a unique �xpoint.PROOF. Suppose σ : [0,∞) → U is a �xpoint of ΦF . As JF K is the leastsu
h, we have JF K ⊑ σ. Together with Lemma 24, this implies

σ(t) ⊆ JF K(t) = RF (t) ⊆ σ(t)for all t ∈ [0,∞), hen
e σ = JF K.Unfolding the de�nition of VF , we also obtain 
omputational means to obtainthe states of a �ow automaton F that 
an be visited up to time t in terms ofthe least �xpoint JF K of the forward a
tion ΦF asso
iated with F . This thengives VF (t) =
⋃

s≤tRF (s). However, we 
an also obtain VF as a �xpoint of anoperator in its own right.De�nition 27 The operator
ΨF : ([0,∞) ⇒ U) → ([0,∞) ⇒ U), ρ 7→ fF (init, [0, t])∪

⋃

s≤t

fF (rF (ρ(s)), [0, t−s])17



where fF : U × I[0,∞) → U , (x, α) 7→
d

t∈α fF (x, t) is the 
anoni
al extensionof fF to time intervals, is the visited states operator asso
iated with F .The properties of ΨF are similar to those of ΦF , in parti
ular, ΨF is S
ott
ontinuous, and the least �xpoint 
aptures the set of visited states.Theorem 28 Suppose ρ : [0,∞) → U is the least �xpoint of ΨF . Then ρ =
VF .PROOF. Similar to the proof of Lemma 18 and Lemma 19, one 
he
ks that
ΨF (ρ), for ρ : [0,∞) → U , and ΨF itself, are S
ott 
ontinuous. Lemma 22remains valid, if we repla
e ΦF by ΨF , and ρ♯ by ρ♭, where ρ♭(t) =

⋃

s≤t ρ
♯(s).Note that ρ♭ 
an be formulated in terms of the extension fun
tion E , andis hen
e S
ott 
ontinuous. Finally, the proof of Theorem 25 
an be repeatedalmost verbatim.While Theorem 25 and Theorem 28 are important on their own, as they allowus to obtain the semanti
s of hybrid automata as a least �xpoint in a suitablefun
tion spa
e, they also allow us to derive new results about the fun
tion

RF that yields the states rea
hable at time t for 
ontinuous and separatedautomata:Corollary 29 (1) RF (t) and VF (t) are 
ompa
t for every t ∈ [0,∞).(2) RF and VF are S
ott 
ontinuous.PROOF. This is be
ause both RF and VF arise as least �xpoints of a S
ott
ontinuous fun
tional that takes only takes 
ompa
t sets as values.5 Approximation of Flow AutomataIn the previous se
tion, we have seen that the semanti
s JF K : [0,∞) → Uof a �ow automaton F 
an be 
omputed as the least �xpoint of a fun
tionalon ([0,∞) ⇒ U). While this gives a mathemati
al means of understandingthe semanti
s, we now show that this also indu
es a method to 
ompute thesemanti
s up to an arbitrary degree of a

ura
y.To do this, we restri
t attention to 
ountable bases of the involved domains,that is to �nitely representable obje
ts that generate all of the involved do-mains by means of dire
ted suprema. We show, that we 
an e�e
tively 
omputethe least �xpoint of the fun
tional up to an arbitrary degree of a

ura
y, if18



we approximate all 
ontinuous ingredients of the automaton. We begin by in-trodu
ing the bases of the domains we are interested in. For the remainderof the se
tion, we �x a 
ountable dense ordered subring D = {d0, d1, . . . }with de
idable equality and order and 
omputable ring operations. We put
Dk = {d0, . . . , dk}. We only treat the 
ase of 
omputing RF as a least �x-point; the setup 
an be easily adapted to a

ommodate also VF .De�nition 30 We let, for an arbitrary set S ⊆ R, IR

n
S = {[a1, b1] × · · · ×

[an, bn] ∈ IR
n | a1, . . . , an, b1, . . . , bn ∈ S} ∪ {R} denote the set of re
tangleswith endpoints in S, augmented with the least element R. If A ⊆ R

n is a semire
tangle, then IAS = {A ∩ b | b ∈ IR
n
S} denotes the set of re
tangles R ∈ IR

nthat are 
ontained in A and have 
orners in S, again with a bottom element.We distinguish two di�erent kinds of step fun
tions:
aցi b : A → B, x 7→







b x ∈ ao

⊥ otherwise, and aց b : A → B, x 7→







b a≪ x

⊥ otherwisewhere B is a d
po with b ∈ B in both 
ases; A ⊆ R
n is a semi re
tangle with

a ∈ IA in the 
ase of a ցi b, and A is a d
po with a ∈ A for a ց b. We usethe following bases:(1) If A ⊆ R
n is a semi-re
tangle with 
orners in D∪{±∞}, then the set IADof re
tangles 
ontained in A having 
orners in D together with A itself, is
alled the standard base of IA; the standard base of I

⊤A is IAD ∪ {⊤}.(2) If A ∈ IR
n
D, then the set U

⊤AD = {∪1≤i≤kDi | i ∈ N, Di ∈ IAD} of �niteunions of re
tangles with 
orners in D is the re
tangular base of U
⊤A.(3) If AD and BD are bases of the d
pos A and B, respe
tively, then (A ⇒

B)D = {
⊔

i≤i≤k ai ց bi ∈ (A ⇒ B) | a1, . . . , ak ∈ AD, b1, . . . bk ∈ BD} isthe indu
ed base of (A ⇒ B).(4) Finally, if A ⊆ R
n is a semi re
tangle with 
orners in D∪{±∞} and BDis a base of the d
po B, then (A ⇒ B)D = {

⊔

1≤i≤k ai ց
i bi ∈ (A ⇒ B) |

a1, . . . , ak ∈ IAD, b1, . . . , bk ∈ BD is the indu
ed base of of (A ⇒ B)where we indi
ate by ⊔

1≤i≤k ai ց bi ∈ (A ⇒ B) that we 
onsider only 
onsider
onsistent step fun
tions [10, Se
tion 2℄, similarly for ⊔

1≤i≤k ai ց
i bi.In words, if A,B ⊆ R

n are semi-re
tangles, IAD is the set of re
tangles 
on-tained in A with 
orners in D and U
⊤
AD is the set of �nite unions of re
tangleswith 
orners in D. For the fun
tion spa
e, (A ⇒ U

⊤B)D is the indu
ed baseof the spa
e of fun
tions of one or more real variables; (U⊤A ⇒ U
⊤B)D is theindu
ed base of the fun
tion spa
e of a 
ompa
t set valued variable.It is easy to see that the sets introdu
ed above are indeed bases of the 
orre-sponding domain. We now use these bases to show that the �xpoint operator

ΦF asso
iated to a �ow automaton 
an be e�e
tively 
omputed, given approx-imations of the 
omponents of the automaton. In order to make assertions19



about the 
omputability of fun
tions in the domain theoreti
 model of 
om-putation, we have to �x an enumeration of the base of the involved domains.We do not do this expli
itly here, but instead assume that all of the bases (·)Dabove 
ome with an e�e
tive enumeration ι : N → (·)D, whi
h we �x through-out the dis
ussion. In parti
ular, the enumeration gives rise to a notion ofe�e
tive sequen
e: If A is a d
po whose base is enumerated via ι : N → AD,then a sequen
e (ak)k∈N in AD is e�e
tive, if ak = ι(f(k)) for some totalre
ursive fun
tion f .First, note that 
omposition of base fun
tions yields a base fun
tion, and thatthe extension fun
tion is e�e
tively 
omputable.Lemma 31 Suppose f ∈ (A ⇒ U
⊤B)D and g ∈ (U⊤B ⇒ U

⊤C)D. Then(1) g ◦ f ∈ (A ⇒ U
⊤C)D and g ◦ f is e�e
tively 
omputable.(2) E(f) ∈ (U⊤

A ⇒ U
⊤
B)D and E(f) is e�e
tively 
omputable.PROOF. The �rst item is straightforward, as

(
⊔

i∈I

ai ց bi) ◦ (
⊔

j∈J

cj ց dj) =
⊔

{(
⊔

h∈H

ch) ց bi | H ⊆ I �nite, ⊔

h∈H

dh ≪ ai}.The se
ond item is as in [10, Se
tion 2℄.The next lemma gives a basis representation of subtra
tion, whi
h is needed inthe de�nition of the �xpoint fun
tional ΦF asso
iated with F , see De�nition17.Lemma 32 The fun
tions Mk : [0,∞)2 → I[0,∞), de�ned by Mk =
⊔

{a ×
bց b− a | a, b ∈ I[0,∞)Dk

} satisfy Mk ∈ ([0,∞)2 ⇒ I[0,∞))D for all k ∈ N,and ⊔

k∈N Mk = λ(x, y).y − x.Building on these basi
 fa
ts, we 
an now show that the least �xpoint of theoperator ΦF asso
iated with a �ow automaton is e�e
tively 
omputable. Thisof 
ourse hinges on the fa
t that the automaton is e�e
tively given. In this
ontext, we identify an interval valued fun
tion f : D → IC de�ned on a 
losedset D ⊆ R
m that takes values in a 
ompa
t set C ⊆ R

n with the fun
tion
f̄ : R

n → I
⊤C, x 7→







f(x) x ∈ D

⊤ = ∅ x /∈ Dthat takes values in the extended interval domain I
⊤C = IC ∪ {∅}. The nextlemma justi�es this identi�
ation. 20



Lemma 33 Suppose D ⊆ R
n is 
losed and f : D → IC is 
ontinuous. Thenso is f .The proof uses the fa
t that D is 
losed, and is straightforward. In parti
ular,this allows us to view a �ow on a 
ompa
t set C that is de�ned on a regular
losed subset of R

n × [0,∞) as a fun
tion of type R
n × [0,∞) → I

⊤C. We 
annow de�ne e�e
tively given �ow automata as follows.De�nition 34 Suppose F = (Q, init, flow, res, inv) is a �ow automaton. Wesay that F is e�e
tively given if inv(q) ∈ IR
n
D for all q ∈ Q and F 
omes with

• an e�e
tive sequen
e (iqk)k∈N in (U⊤inv(q))D with ⊔

k∈N i
q
k = init(q)

• an e�e
tive sequen
e (f q
k )k∈N in (Rn×[0,∞) → I

⊤(inv(q)) su
h that ⊔

k∈N f
q
k =

flow(q)
• an e�e
tive sequen
e (rp,q

k )k∈N in (inv(p) ⇒ U
⊤inv(q))D with ⊔

k r
p,q
k =

res(p, q)for all q ∈ Q, resp. all (p, q) ∈ Q2. The family of sequen
es (f q
k)k∈N, (Oq

k)k∈N,
(iqk)k∈N (where q ∈ Q) and (rp,q

k )k∈N (where (p, q) ∈ Q2) are 
alled an e�e
tivepresentation of F .That is to say that, for an e�e
tively given �ow automaton, the initial states,the �ow fun
tions and the reset fun
tions are 
omputable. It is easy to see thatevery e�e
tively given �ow automaton indu
es a 
omputable extended �owfun
tion, and a 
omputable extended reset fun
tion. Sin
e the forward a
tionasso
iated with a �ow automaton 
omputes di�eren
es of time points, whi
h� at ea
h �nite step of the 
omputation � are only known approximatively,we need to extend the type of the approximating �ow fun
tion in su
h a waythat it a

epts interval values in the se
ond 
lause below.Lemma 35 Suppose F is an e�e
tively given �ow automaton.(1) We 
an e�e
tively 
onstru
t an in
reasing sequen
e (̂ik) ∈ UD with ⊔

k∈N îk =
iF .(2) We 
an e�e
tively 
onstru
t an in
reasing sequen
e (f̂k) ∈ (U×I[0,∞) ⇒
U)D with ⊔

k∈N f̂k(x, {t}) = fF (x, t) for all x ∈ U and all t ∈ [0,∞).(3) We 
an e�e
tively 
onstru
t an in
reasing sequen
e (r̂k) ∈ (
∏

q∈Q U
⊤inv(q) ⇒

∏

q∈Q U
⊤inv(q))D with ⊔

k∈N r̂k = rF .PROOF. The �rst 
laim is immediate, the se
ond and the third are an ap-pli
ation of Lemma 31.Lemma 36 Suppose F is e�e
tively given, (̂ik), (r̂k) and (f̂k) are as in Lemma35 and ρk = λt.f̂k (̂ik, t). Then ρk ∈ ([0,∞) ⇒ U)D is e�e
tively 
omputableand ⊔

k∈N ρk = λt.flow(init, t). 21



PROOF. Suppose that f̂k =
⊔

i∈I ai × bi ց ci. We know that f̂k is e�e
tively
omputable by Lemma 35. Then ρk =
⊔

{bi ց ci | i ∈ I, ai ≪ îk}.We now turn to the se
ond part of the �xpoint fun
tional.Lemma 37 Suppose F is e�e
tively given and take (f̂k) and (r̂k) as in Lemma35. If ρ ∈ ([0,∞) ⇒ U)D and
∆k(ρ) = λ(s, t).f̂k(r̂k(ρ(s),Mk(s, t))) and Σk(ρ) = λt.E(∆k)({t}, [0, t]),whereMk is de�ned as in Lemma 32, then both Σk(ρ) and ∆k(ρ) are e�e
tively
omputable, and Σk(ρ) ∈ ([0,∞) ⇒ U)D.PROOF. Computability of ∆k follows from Lemma 31. Now suppose that

∆k(ρ) =
⊔

i∈I ai × bi ց ci. Then Σk(ρ) =
⊔

{ai ց ci | bi ≪ [0, ai]}, where
ai = [ai, ai].We 
an now 
ompute JF K as ⊔

k σk by putting σ0 = λt.⊥, where ⊥ is the leastelement of U , and σk+1 = λt.ρk(t) ∪ Σk(σk)(t), where ρk is as in Lemma 36.This is the 
ontent of the following theorem.Theorem 38 Suppose F is an e�e
tively given �ow automaton. Then we 
ane�e
tively obtain a sequen
e (σk) with ⊔

k∈N σk = JF K.PROOF. We put σ0 = λt.⊥, where ⊥ is the least element of U , and
σk+1 = λt.ρk(t) ∪ Σk(σk)(t)where ρk is as in Lemma 36. Then σk+1 
an be e�e
tively obtained from σkby Lemma 36 and Lemma 37. We still have to show that JF K =

⊔

k∈N σk.By de�nition of ΦF , we have, by the domain theoreti
 �xpoint theorem that
JF K =

⊔

k∈N Φk
F (λt.⊥). Re
all that

ΦF (ρ) = λt.fF (iF , t) ∪ E(λ(s, t).fF (rF (ρ(s), t− s))({t}, [0, t]).Using the fa
t that iF , fF and rF are e�e
tively approximated by (̂ik), (f̂k)and (r̂k), respe
tively, the above 
an be re-written as
ΦF (ρ) = λt.(

⊔

k

f̂k (̂ik, t) ∪ E(λ(s, t).
⊔

k

f̂k(r̂k(ρ(s),Mk(t, s)))({t}, [0, t]),whi
h, by 
ontinuity, amounts to ΦF =
⊔

k∈N Φk, where
Φk(ρ) = λt.fk (̂ik, t) ∪ E(λ(s, t).f̂k(r̂k(ρ(s),Mk(t, s)))({t}, [0, t]).22



But this just means that σ0 = ⊥ and σk+1 = Φk(σk), whi
h implies, again by
ontinuity, that JF K =
⊔

k σk, whi
h was what we had to show.While this puts us into a position to e�e
tively 
ompute an in
reasing sequen
eof sets 
onverging to the rea
hable states of a �ow automaton at any timepoint, the following example shows that the 
onvergen
e is not e�e
tive ingeneral in a natural metri
.Example 39 This example shows that, for an e�e
tively given �ow automa-ton F , the 
onvergen
e JF K(t) =
⊔

k∈N σk(t) is not e�e
tive in general if wemeasure the 
onvergen
e speed in the Hausdor� metri
, given by
dH(C,D) = max{sup

c∈C
inf
d∈D

‖c− d‖, sup
d∈D

inf
c∈C

‖c− d‖}for two 
ompa
t sets C,D ⊆ R
n, where dH(∅, ∅) = 0 and dH(C,D) = ∞ ifeither C or D (but not both) are empty. Alternatively, the Hausdor� distan
ebetween two 
ompa
t subsets of R

n is 
hara
terised by
dH(C,D) = max{ǫ ≥ 0 | Be(C) ⊆ D and Bǫ(D) ⊆ C}where the ǫ-ball around a 
ompa
t set C is given by Bǫ(C) = {x ∈ R

n | ∃y ∈
C.‖x − y‖ ≤ ǫ}. Now 
onsider the following automaton, where a ∈ [0, 2] is a
omputable real number:

x=0 // �~}|xyz{
q

ẋ = a
x ∈ [−2, 2]ABC

FED
x≥1

x′=−2

��

Theorem 38 provides us with 
omputable sequen
e (Rk)k∈N su
h that ⊔

k∈NRk =
R(1) equals the set of rea
hable states at time t = 1. It is straightforward toverify that a ≥ 1 ⇐⇒ −1 ∈ R(1). If the 
onvergen
e R(1) =

⊔

k∈NRkwere e�e
tive in the Hausdor� metri
 on the spa
e U = U
⊤[−2, 2], we 
ould
omputably determine k ∈ N su
h that dH(R(1), Rk) ≤

1
2
. We obtain

a ≥ 1 ⇐⇒ −1 ∈ R(1) ⇐⇒ −1 ∈ Rkand, sin
e −1 ∈ Rk 
an be e�e
tively determined, a de
ision pro
edure for
a ≥ 1. By the dual 
onstru
tion, we 
an de
ide a ≤ 1, resulting in a de
isionpro
edure for a = 1, whi
h is impossible, see for example [26℄.In other words, we 
annot e�e
tively determine the 
onvergen
e speed, andhen
e the 
omplexity, of the algorithm underlying Theorem 38.23



6 Hybrid AutomataIn this se
tion, we transfer our results on �ow automata to hybrid systems,where the 
ontinuous behaviour of the system in every given 
ontrol stateis des
ribed by a ve
tor �eld. This is a
hieved by asso
iating the equivalent�ow automaton to the hybrid automaton under 
onsideration. If the hybridautomaton is e�e
tively given, we show that the same also holds for the in-du
ed �ow automaton. We thus obtain an e�e
tive framework for the analysisof hybrid automata. The following is a variant of the standard de�nition of ahybrid automaton [16,2℄.De�nition 40 A hybrid automaton is a tuple H = (Q, inv, vect, res, init)where Q, inv, res, init are as in De�nition 5, and vect = (vectq)q∈Q is a familyof ve
tor �elds vect(q) : inv(q) ⊆ R
n → R

n where ea
h vect(q) is lo
allyLips
hitz, i.e. every z ∈ inv(q) has a neighbourhood N ⊆ V (q) su
h that
‖vect(q)(x) − vect(q)(y)‖ ≤ L‖x− y‖, for all x, y ∈ N and some L ∈ R.In 
ontrast to the standard de�nition, the traje
tories of the real variablesare des
ribed by a di�erential equation rather than di�erential in
lusion. Werequire this restri
tion in view of the domain theoreti
 treatment of di�eren-tial equations [12℄, whi
h in general gives a stri
t over-approximation to thesolution of a di�erential in
lusion.We re
all from Lemma 4 that every Lips
hitz ve
tor �eld v : C → R

n de�nedon a regular 
ompa
t subset C ⊆ R
n indu
es a �ow fun
tion f : O ⊆ C ×

[0,∞) → R
n. Repla
ing the ve
tor �eld by the indu
ed �ow fun
tion, everyhybrid automaton H indu
es a �ow automaton F ; in this 
ase, we write JHKfor JF K.De�nition 41 Suppose H = (Q, inv, vect, res, init) is a hybrid automaton and

flow(q) is the �ow indu
ed by vect(q). The automaton F = (Q, inv, flow, res, init)is 
alled the �ow automaton indu
ed by H. We say that H is 
ontinuous (resp.separated), if the indu
ed �ow automaton is 
ontinuous (resp. separated). Wesay that H is e�e
tively given if it 
omes with
• an e�e
tive sequen
e (iqk)k∈N in (U⊤inv(q))D with ⊔

k∈N i
q
k = init(q)

• an e�e
tive sequen
e (vq
k)k∈N in (inv(q) ⇒ IR

n)D with ⊔

k∈N v
q
k = vect(q)

• an e�e
tive sequen
e (rp,q
k )k∈N in (inv(p) ⇒ U

⊤inv(q))D with ⊔

k r
p,q
k =

res(p, q)for all q ∈ Q, resp. all (p, q) ∈ Q2 and inv(q) ∈ U
⊤
R

n
D for all q ∈ Q. The familyof sequen
es (iqk)k∈N, (vq

k)k∈N (where q ∈ Q) and (rp,q
k )k∈N (where (p, q) ∈ Q2)are 
alled an e�e
tive presentation of H.24



We have seen in Theorem 38 that the fun
tion JF K asso
iated with a �owautomaton, whi
h 
aptures the states rea
hable by F at time t ∈ [0,∞),is e�e
tively 
omputable, if F is e�e
tively given. In order to asso
iate ane�e
tively given �ow automaton to an e�e
tively given hybrid automaton, wetherefore have to produ
e approximations fk ∈ (
∏

q∈Q inv(q) × [0,∞) ⇒ U)of the �ow fun
tion indu
ed by a hybrid automaton. In other words, we haveto solve the initial value problems de�ned by the ve
tor �eld that de�nesthe hybrid automation. This is a
hieved by instantiating results from [12,13℄,where it is shown how to solve initial value problems in a domain theoreti
framework; however, we have to adapt these results to deal with the upperspa
e. We re
all the main result on domain theoreti
 solutions of initial valueproblems, formulated for (globally) Lips
hitz ve
tor �elds de�ned on the wholeof R
n that we will adapt to the present setting later.As before, D ⊆ R is a dense subring with e�e
tive ring operations and de
id-able ordering.Theorem 42 For every given u ∈ (IRn → IR

n)D, we 
an e�e
tively 
ompute
yu ∈ ([0,∞) ⇒ IR

n)D su
h that the following holds: If u =
⊔

k∈N uk is anextension of a real valued and Lips
hitz ve
tor �eld v : R
n → R

n, then y =
⊔

k∈N y
uk is real valued and satis�es ẏ = v(y), y(0) = 0.Note that the restri
tion on the initial value y(0) is not essential, as everyinitial value problem with initial 
ondition y(0) = c 
an be translated intoan equivalent problem with initial 
ondition y(0) = 0. Using this translationte
hnique, we 
an now show that the �ow fun
tion asso
iated with a Lips
hitzve
tor �eld is 
omputable. This generalises the 
orresponding result in [9℄ todimension n > 1. In a nutshell, the next proposition shows that the domaintheoreti
 solution of initial value problems also puts us into the position to
onstru
t the �ows indu
ed by the ve
tor �elds. Notationally, we use 
urryingfor 
onvenien
e, i.e. if f =

⊔

j∈J aj ցi bj : [0,∞) → IR
n is a step fun
tion,we write c ցi f for the fun
tion ⊔

j∈J c × aj ցi bj . Re
all that we use thepointwise extension of arithmeti
al operations to elements of IRn, in parti
ular
c+ d = {x+ y | (x, y) ∈ c× d} for c, d ∈ IR

n.Proposition 43 Suppose u =
⊔

k∈N uk is an extension of a Lips
hitz ve
tor�eld v : R
n → R

n. Then
f =

⊔

k∈N

fk with fk =
⊔

c∈(IRn)Dk

cցi yuk(·+c) + c : R
n × [0,∞) → IR

nwith y(·) as in Theorem 42 is real valued and equals the �ow asso
iated with
v. Moreover, if (uk) is an e�e
tive sequen
e, then so is (fk).25



PROOF. Clearly (fk) is monotone, and it will follow from showing that f =
⊔

k∈N fk equals the �ow asso
iated with v that the fk are a
tually well de�ned.First suppose that f is the �ow asso
iated with v. We show that cցi yuk(·+c)+
c ⊑ f for any c ∈ IR

n; this will establish ⊔

k∈N fk ⊑ f . Let r ∈ R
n and

t ≥ 0. The 
ase r /∈ co is trivial, as c ցi yuk(·+c) + c(r)(t) = ⊥ ⊑ f(r, t),so assume r ∈ co. Pi
k an in
reasing sequen
e (ck) ∈ IR
n with r =

⊔

k∈N ckand c0 = c. Then ⊔

k∈N uk(· + ck) = v(· + r), hen
e y =
⊔

k∈N y
uk(·+ck) is realvalued and satis�es ẏ = v(y + c) and y(0) = 0, when
e z = y + r satis�es

z = f(r, ·), where we re
all that f denotes the �ow asso
iated with v. Now
yuk(·+c) + c ⊑ y + r ⊑ f(r, ·) as 
laimed.We now show that ⊔

k∈N fk is real valued. Together with f ⊑
⊔

k∈N fk this willimply the overall 
laim, as f only takes real values. Let c ∈ R
n and let k0 ≥ 0be big enough so that c ∈ do for some d ∈ IR

n
Dk
. Pi
k a sequen
e (ck)k≥k0su
h that ck ∈ IR

n
Dk

and ⊔

k∈N ck = c. Then ⊔

k≥k0
uk(· + ck) = v(· + c), hen
e

⊔

k≥k0
yuk(·+ck) +ck ⊑

⊔

k≥k0
fk(c, ·) and the 
laim follows, as ⊔

k≥k0
yuk(·+ck) +ckis real valued by 
onstru
tion.That is to say, if a ve
tor �eld is e�e
tively given, so is the indu
ed �ow. Wenow adapt this result to ve
tor �elds de�ned on a 
ompa
t subset of R

n thatwill later be instantiated with the (
ompa
t) invariant set inv(q) obtainedfrom a hybrid automaton.Proposition 44 Suppose C ⊆ R
n is 
ompa
t and v : C → R

n is a Lips
hitzve
tor �eld. If (uk)k∈N is an e�e
tive sequen
e in (C ⇒ IR
n) with v =

⊔

k∈N ukthen we 
an 
onstru
t an e�e
tive sequen
e (uk)k∈N in (Rn ⇒ IR
n) su
h that

⊔

k∈N uk = v for an extension v : R
n → R

n of v that is globally Lips
hitz.PROOF. We adapt the 
lassi
al extension theorem for Lips
hitz fun
tions[6℄ to the interval valued setting. If L is the Lips
hitz 
onstant of v, we 
anextend every fun
tion w : C → IR
n with w ⊑ v the fun
tion w : R → IR

nwhose i-th 
omponent is given by
wi : R

n → IR, x 7→ [sup
y∈C

u−i (y) − L‖x− y‖, inf
y∈C

u+
i (y) + L‖x− y‖]where ui = [u−i , u

+
i ]. It follows from [6℄ that v is a Lips
hitz extension of v to

R
n and it is easy to see that for w ⊑ v we have w ⊑ v so w is well de�ned.We show that w is S
ott-
ontinuous for w ⊑ v, whi
h will amounts to showingthat wi

+ (resp. wi
−) is upper (resp. lower) semi-
ontinuous. Let ǫ > 0 and

x1 ∈ R
n. We 
an �nd y ∈ C su
h that wi

+(x1) ≥ w+
i (y)+L‖x1 −y‖− ǫ. Then

wi
+(x1) − wi

+(x2) ≤ L‖x1 − x2‖ + ǫ whi
h implies upper semi-
ontinuity of
wi

+; the 
ase of wi
− is analogous. Similarly one shows that ⊔

k∈N uk = v; if26



inv(q)

flow(q)

Figure 2. Restri
tion of the global �ow fun
tion
w ∈ (C → IR

n)D then the sup taken in the de�nition of w ranges over a �niteset whi
h implies that the 
onstru
tion of (uk)k∈N 
an be made e�e
tive.
We are now in the position to turn an e�e
tive presentation of a hybrid au-tomaton into an e�e
tive presentation of the asso
iated �ow automaton, whi
hamounts to 
omputing the maximally de�ned solution of the initial value prob-lem asso
iated with a ve
tor �eld v de�ned on a 
ompa
t subset C ⊆ R

n. Thisis a
hieved in two steps: �rst, we 
ompute an everywhere de�ned solution ofthe initial value problem given by the Lips
hitz extension v : R
n → R

n andthen restri
t the ensuing �ow to values in C. Graphi
ally speaking, we needto 
ut out those portions of the �ows that leave or re-enter a state invariantso that we are left with the shaded area in Figure 2Theorem 45 Suppose H is an e�e
tively given Hybrid automaton. Then sois the asso
iated �ow automaton F . Moreover, we 
an 
onstru
t an e�e
tivepresentation of F from an e�e
tive presentation of H.
PROOF. We only have to show that we 
an e�e
tively 
onstru
t the �owfun
tions. So suppose C ∈ (U⊤

R
n)D, v : C → R

n is a Lips
hitz ve
tor �eld and
(vk)k∈N is an e�e
tive sequen
e in (C ⇒ IR) with ⊔

k∈N vk = v. We are goingto 
onstru
t an e�e
tive sequen
e (fk)k∈N su
h that fk ∈ (C × [0,∞) ⇒ I
⊤C)with ⊔

k∈N fk = f where f is the �ow indu
ed by v; note that this employsextending f to a fun
tion of type C × [0,∞) → I
⊤C as des
ribed in Lemma33.Proposition 44 allows us to obtain an e�e
tive sequen
e (uk)k∈N in (Rn ⇒ IR

n)su
h that ⊔

k∈N uk is a Lips
hitz extension of v to the whole of R
n. Hen
e we
an apply Proposition 43 to the sequen
e of maximal extensions of the ukto obtain an e�e
tive sequen
e (fk)k∈N so that ea
h fk and the supremum

f =
⊔

k∈N fk have type R
n × [0,∞) → IR

n. Let Dk = {(x, t) ∈ C × [0,∞) |
fk(x, t) ∩C 6= ∅ for all 0 ≤ s ≤ t}. Sin
e fk ∈ (Rn × [0,∞) ⇒ IR

n)D is a stepfun
tion, Dk 
an be e�e
tively obtained, and moreover monotoni
ity of the fk27



imply that the Dk are de
reasing w.r.t ⊆. Now de�ne
gk : C × [0,∞) → I

⊤C, x 7→







fk(x) ∩ C x ∈ Dk

∅ otherwiseIt follows that f =
⊔

k∈N fk is the �ow asso
iated with the ve
tor �eld v.Together with Theorem 38, we have now shown that the semanti
 fun
tion
JHK, asso
iated with an e�e
tively given hybrid automaton, is 
omputable.Theorem 46 Suppose H is e�e
tively given, 
ontinuous and separated. Thenthe fun
tion JHK : [0,∞) → U is e�e
tively 
omputable.Moreover, as all our 
onstru
tions are based on bases of the domains involved,the algorithms underlying Theorems 46 and 38 are based on proper data types,and 
an be dire
tly implemented on a digital 
omputer: we 
hoose the dyadi
(or rational) numbers for D, and then de�ne data types that dire
tly rep-resent the bases [0,∞)D and UD, as well as the bases of the fun
tion spa
e
([0,∞) ⇒ U)D. Computing with dyadi
 (or rational) numbers then allows usto manipulate elements of the data types without any loss of arithmeti
al pre-
ision. Moreover, we have shown that the �xpoint operator that gives rise tothe semanti
 fun
tion JHK of a hybrid automaton, 
an be e�e
tively 
omputedon the des
ribed data types.
7 Con
lusions and Future Work.Of 
ourse, mu
h remains to be done. While the presentation in this paper isgeared towards demonstrating that domain theory 
an be used to fa
ilitate thealgorithmi
 analysis of hybrid automata, we anti
ipate that major improve-ments will be made on the e�
ien
y of the involved algorithms. In parti
ular,we are working towards 
onditions that ensure e�e
tive 
onvergen
e and esti-mates of the 
onvergen
e speed and the 
omplexity of the des
ribed �xpointalgorithms in terms of the Hausdor� distan
e in U .For now, we have 
on
entrated on 
omputing the semanti
 fun
tion JHK as-so
iated with a hybrid automaton. Future work will bring a framework for
omputing the set of rea
hable states of a hybrid automaton, and a real timelogi
 with asso
iated model 
he
king pro
edure for the automated veri�
ationof hybrid automata. 28
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