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In this work we review and analyse some recent advances on the application of multi-
agent modal logics in the representation of individual and group knowledge, as well as
temporal and spatial reasoning. The main theoretical contributions can be summa-
rized as follows. In Chapter 3 we introduce the language of (multi-modal) second-order
propositional modal logic (SOPML), an extension of standand modal logic with propo-
sitional quantification. We show how SOPML can be usefully adopted as a specification
language to express local properties of Kripke frames in modal logic, including higher-
order knowledge of agents in epistemic contexts, that is, knowledge agents have about
other agents’ knowledge. Further, we prove novel axiomatisation results with respect to
several classes of Kripke frames. In particular, we highlight the key role played by com-
mon knowledge in obtaining a complete axiomatisation for second-order propositional
epistemic logic (SOPEL), the epistemic version of SOPML. In Chapter 4 we introduce
original notions of (bi)simulation and prove that they preserve the interpretation of for-
mulas in SOPML. We also define (bi)simulation games and show them as powerful as
(bi)simulation relations. Then, we apply this formal machinery to assess the expres-
sive power of SOPML in representing spatial and temporal properties. In Chapter 5
we move to a dynamic setting and introduce second-order public announcement logic
(SOPAL) by extending SOPEL with announcement operators. We make use of SOPAL
to analyse the notions of knowability, successfulness of announcements, and preservation
under arbitrary announcements. Interestingly, SOPAL is proved to be as expressive as
SOPEL, but exponentially more succint. Finally, in Chapter 6, we return to a purely
propositional setting and extend public announcement logic (PAL) with operators for
both global and local announcements. We illustrate the formal machinery by means
of scenarios in multi-agent systems and prove that this logic is stricly more expressive
than PAL. The final outcome of these investigations is a family of expressive modal lan-
guages, suitable to reason about relevant concepts in knowledge representation, while
still enjoying nice computational properties.
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Chapter 1

Introduction

In this chapter we review our main scientific contributions since obtaining the PhD in

2006. These are situated at the intersection of three relevant research areas:

1. Multi-agent systems (MAS) and logics for strategic abilities;
2. Data-aware systems, including auctioning mechanisms;

3. Formal methods and verification by model checking.

In order to position our contributions with respect to the state-of-the-art and to
illustrate the comparative advancement, here we discuss significant, recent works in
these three areas. Given the vastity of the subject matter, the discussion will necessarily
be partial and oriented towards our research interests in the verification of multi-agent

systems by means of agent-based techniques.

1.1 Logics for Multi-agent Systems

Multi-agent systems are open, distributed systems where the processes involved, or
agents, show highly flexible and autonomous behaviour [127]. Agents in MAS are as-
sumed to be proactive, endowed with beliefs about the surrounding environment, as
well as their own private goals and plans to achieve them [101]. Researchers in artificial
intelligence have adopted multi-agent systems to model and solve problems in several
areas — including economics, game theory, planning, and robotics — that are difficult,
viz. impossible, for an individual agent or a monolithic system to tackle [105]. Most
importantly, the agent paradigm allows for a modular approach to system modelling,

in which the interactions between agents are not hard-coded in the systems description,

1
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Introduction 2

but emerge at run-time according to the agents’ specification. Moreover, the description
of agents in terms of intentional attitudes (e.g., beliefs, intentions, goals) allows us to
abstract from actual implementation details and accounts for a high level of flexibility
in the system description. The problems and techniques in the literature on MAS have
much in common with distributed systems and software engineering, but contrary to
these disciplines, here the emphasis is on the local, private information state of agents,
as well as concepts such as individual and collective knowledge and belief. These fea-
tures of MAS have been deemed extremely valuable in designing complex distributed

applications, at least in the modelling stage.

Closely related to the verification of multi-agent stystems, logic-based formalisms
for representing and reasoning about strategic abilities, both individual and coalitional,
have been a thriving area of research in artificial intelligence and multi-agent system
[51, 52, 74]. A diverse family of multi-modal logics has been introduced to provide
a formal account of complex strategic reasoning and behaviours for individual agents
and groups, including alternating-time temporal logic (ATL) [4], strategy logic [53],
coalition logic [98], just to name a few. In parallel with these developments, a well-
established tradition in knowledge representation focuses on extending formalisms for
reactive systems with epistemic operators, so as to reason about the systems’ evolution,
as well as the knowledge agents have thereof [64]. Seminal contributions on extensions of
linear- and branching-time temporal logics with agent-indexed epistemic modalities date
back to the ’80s [79, 80]. Since then, these investigations have matured into a solid body
of works, which is nowadays rightly regarded as a key contribution of formal methods
to computer science [95], particularly when combined with verification techniques [70,
89, 91].

In this broad research area our contributions have been aimed at

(i) analysing individual and group knowledge in multi-agent systems, with a specific

focus on contexts of imperfect information;

(ii) specifying properties of data-aware and data-intensive MAS, where processes and

data are seen as two equally relevant tenets of the system specification.

To develop these points I benefited from an IEF Marie Curie fellowship related to
the FOMMAS project: First-order Modal Logics for the Specification and Verification
of Multi-Agent Systems. Hereafter we review the key findings of the FOMMAS project,

including later developments.
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Introduction 3

1.1.1 Temporal and Epistemic Logics for Multi-agent Systems

In this line we investigated expressive epistemic and temporal-epistemic multi-agent log-
ics for MAS specification, proving both completeness [26-28, 31] and verification results
[23-25]. Also related to general knowledge representation, a crucial distinction operated
in game-theoretic contexts, including MAS, is whether players have perfect/imperfect
information about the environment they are interacting in and with. Originally, most
of the logics for strategies mentioned above have been introduced in contexts of per-
fect information, partly because this setting exhibits better computational properties.
However, for many applications of interest, including autonomous agents, distributed
computing, and economic theory, perfect information is either unrealistic as a working
hypothesis or unattainable [63], and has to be dropped. Unfortunately, imperfect in-
formation is known to make the verification task computationally more costly. As an
example, while we can model check ATL with perfect information in polynomial time,
the corresponding problem for imperfect information is Ag -complete [88]. When per-
fect recall is included in the picture, the problem goes from being PTIME-complete to
undecidable [62]. Thus, for logics of strategies to be adopted as specification languages
in contexts of imperfect information it is key to develop efficient verification tools and
techniques, capable of tackling model checking for practical cases of interest, possibly
by means of appropriate approximations whenever the original problem is untractable

or undecidable.

Our contribution on this subject consists of rich combinations of strategy and epis-
temic logic for MAS specifications [15, 16, 18]. Specifically, in [15] we introduced Epis-
temic Strategy Logic, an extension of strategy logic [96] with modal operators for indi-
vidual and group knowledge, and we showed that the complexity of the model checking
problem is no worse than in the purely strategic case. So, the extra expressivity for
knowledge representation and reasoning comes at no computational cost, at least as
long as the verification task is concerned. In [16] we provided a tableau-based decision
procedure for ATEL, an epistemic extension of ATL, by building on previous work in
[75, 76]. Finally, in [18] we proposed a context-sensitive semantics for ATL, in which
epistemic alternatives are restricted according to the strategy currently used. This mod-
elling choice allows us to recover some important validities that do not normally hold

under imperfect information.

Directly related to the present work, we have recently started to investigate proposi-
tional quantification in epistemic logic. In [43] we introduced second-order propositional
epistemic logic (SOPEL), where propositional quantification is used to express compara-

isons between agents’ knowledge such as “agent a knows at least as much as agent b”.
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Introduction 4

The issues pertaining to the formalisation of such properties have already been consid-
ered in the literature (e.g., comparative epistemic logic [119]), but within a different
formal account [120, 121]. The completeness results for SOPEL appearing in [43] are
extended in Chapter 3 to general second-order propositional modal logic (SOPML). Fur-
ther, in [44] we introduced (bi)simulation relations for SOPML, as well as (bi)simulation
games. Then, we showed that the two notions, while preserving both the truth of for-
mulas in SOPML, are not equivalent in general. In Chapter 4 we put forward a novel
notion of (bi)simulation that is provably equivalent to (bi)simulation games. Finally,
in [45] we defined an extension of public announcement logic (PAL) with propositional
quantification, in order to express relevant epistemic concepts, including knowability,
preservation under arbitrary announcements, and successfulness. These results appear

as Chapter 5 hereafter.

1.1.2 First-order Extensions of MAS Logics

If agent-based logics are to be applied to the specification of multi-agent systems where
the role played by data is key, these need to be extended with relational and first-order
features to account for the data part. As an example, in auctions the behaviour of
agents has to be checked against all admissible values for bids, asking prices, and true
values, thus calling for (universal) quantification in the specification language for such
properties. However, it is well-known that assuming naively unrestricted first-order
quantification quickly leads to the undecidability of a number of problems, including
satisfiability and model checking. Hence, more sophisticated methodologies have to be
adopted to lift logics for agents to the first order. In fact, first-order logic includes some
interesting fragments with nice computational properties (e.g., the monadic, guarded,
and two-variable fragments [49]), which can be used to express specific behaviours of
data-aware systems (DaS). For instance, quantification in DaS can be guarded by as-
suming that values range on appropriate subsets, suitably specified by predicates in the
language. Also, whenever we want to compare two values that appear at different times
of the system’s execution, two variables are sufficient. Within the FOMMAS project we
contributed to these investigations, by proving that some sound and complete axiomati-
sations for multi-agent temporal-epistemic logics can be lifted to the monodic fragment
of first-order logic, i.e., a controlled form of quantification [29, 30, 32-34]. These inves-
tigations were further pursued with the EU STREP Project ACSI [1].



240

245

250

255

260

Introduction 5

Material Order

Desk Legs 4

Chair Legs 16

Purchase Order

, Desk 1
Chair 4
Customer E,—-—-— Manufacturer

Material Order

Hammer Nails 1000

Glue 10

FIGURE 1.1: The order-to-cash scenario.

1.2 Data-aware Systems

Data-aware systems (DaS) are a novel paradigm for the design, implementation and
integration of business processes in service-oriented computing [106]. The originality of
this approach consists in “combin[ing] data and processes in a holistic manner as the
basic building block[s]” of the system’s description [56]. Typically data-aware systems
include a data model, to account for the relational structure of data, as well as the
business processes manipulating data. Both the data model and business processes are
seen as equally important tenets of the system description. This setting is in marked
contrast with most of the tradition on service architectures and composition, which
usually abstracts data away to reduce the complexity of the system description and thus
making the verification task amenable to standard model checking techniques [106]. As
an example of DaS, here we briefly describe a business process inspired by a concrete

IBM use case [87], illustrated in Fig. 1.1.

The order-to-cash scenario details the interactions of manufacturers, customers, and
suppliers in an e-commerce situation involving the purchase and delivery of goods and
services. At the start of the business process, a customer prepares and submits to some
manufacturer a purchase order (PO), i.e., a list of products the customer requires, to-
gether with information about these products such as quantity, price, expected-by date,
etc. Upon receiving a PO, the manufacturer prepares a material order (MO), i.e., a
list of components needed to assemble the requested products, based on the informa-
tion provided by the customer herself. The manufacturer then selects some suppliers

and forwards them the appropriate material orders. Upon receiving an MO, a supplier
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Introduction 6

evaluates the information provided therein and either accepts or rejects the order. In
the former case she then proceeds to deliver the requested components to the manufac-
turer, according to the relevant specs. In the latter she notifies the manufacturer of her
rejection. Finally, when the manufacturer receives the components, she assembles the

product and, provided that the order has been paid for, she delivers it to the customer.

Observe that, even in such a plain scenario, all key components of data-aware systems
are clearly represented. The data model includes the purchase and material orders,
which can be encoded as some kind of data structure, typically a relation database;
while the business processes detailing the evolution of orders from creation, through
validation/rejection, to fulfilment, can be described by an appropriate set of operations
on relational structures. Most importantly, the system’s execution depends crucially on
the data content of purchase and material orders: the supplier might chose to accept or
reject a material order depending on whether she has enough resources for the requested
quantity, whether the price is within a certain range of profitability, or whether she
can meet the deadline for delivery. Thus, the agents’ available actions and behaviour

essentially depend on the information registered in the data model.

Our contributions in this area showed that the specification and verification of data-
aware systems can benefit hugely from the adoption of a multi-agent perspective. Indeed,
in the other-to-cash scenario above, the clients, manufacturers, and suppliers all have
their private information, that they might want to share only partially or in a con-
trolled way. They also have different goals (e.g., profit maximisation, timeliness), and
they might have various plans available to achieve them. Similarly, in auction-based
mechanisms bidders normally keep their true values private, as well as their bids in
sealed auctions, for instance. This agent-based perspective on DaS has been explored
in our works [40, 42], while most of current approaches still regard DaS as monolithic
systems [59-61, 82]. Moreover, the agent approach allows for the application of modular

abstraction techniques to tackle the model checking problem [77].

A significant advancement in the verification of data-aware systems has come from
the EU STREP project ACSI [1], to which I contributed in 2011-12. The ACSI project
focused on artifact-centric systems, a specific data-driven approach to the modelling and
deployment of business processes, for which we produced a stream of fundamental con-
tributions [38, 39, 41, 42, 59, 73, 82]. Among these results, a key finding is represented
by the notion of uniformity, which has been used in [40, 42] to obtain a decidable model
checking problem. Intuitively, a data-aware system is uniform whenever its evolution
is determined only by data that are named explicitly in the system’s description. Con-
versely, all data that are not exhibited can be deemed equivalent, as far as the system’s

execution is concerned. This allows to apply abstraction-based techniques to reduce the
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model checking problem to the finite case, provided that some additional constraints are
met. Interestingly, the uniformity condition, which is related to the notion of genericity
in database theory [2], is satisfied by a vast class of interesting systems, including some
types of auctions. After the completion of the ACSI project, we pursued further these
investigations into the verification of DaS. In particular, we applied these results and
methodology to open multi-agent systems, where agents are assumed to join and leave
the system at run-time. In [21, 22] we were able to prove that, under specific conditions,

the model checking problem for these open MAS is decidable.

Albeit their success, we identify several criticalities regarding the methods made

available by the ACSI project, as well as the current literature on DaS in general.

1. Although uniformity defines an important class of DaS, many systems of interest
are not uniform. Indeed, most manipulations of data bring us outside the realm of
uniformity. Even simple operations, such as increments on natural numbers, are
sufficient to break uniformity. Hence, a first challenge is to find conditions more
robust than uniformity, which still imply a decidable model checking problem. We
tackled these issues in [17, 19], where we showed that some weaker results are

available also for non-uniform systems.

2. A further assumption normally required to obtain decidability, besides uniformity,
is boundedness, that is, the existence of an upper bound on the number of active
elements in a data-aware system at any time in the execution [59]. However, in
several scenarios assuming the existence of such a bound may appear arbitrary and
artificial: databases can grow beyond any given size, by simply keeping on adding
new entries (without removing any of the old ones). Thus, a further challenge
with respect to the state-of-the-art is to identify classes of models, still general
enough for representing most DaS of significance, but which can also be bounded

in a natural way.

3. Related to the previous point, a third challenge is represented by unbounded sys-
tems (such as the expanding databases above). Again, in this case the decidability
results of the ACSI project do not apply unconditionally, so novel techniques need
to be explored. In [17] we obtained preliminary results on the verification of un-

bounded systems.

To provide principled answers to the questions raised above, we recently obtained
a Jeunes Chercheuses/Jeunes Chercheurs fellowship from the Agence Nationale de la
Recherche for our project SVeDaS: Specification and Verification of Data-aware Systems.

The SVeDaS project is solidly set within the most recent advances on the verification of



335

340

345

350

355

360

365

Introduction 8

data-aware systems. Yet, it is meant to question the constraints imposed on DaS, namely
uniformity and boundedness, in order to develop novel verification methods suitable for
a wider class of DaS. Moreover, the SVeDaS project focuses on the particular data-
aware systems represented by auction-based mechanisms. Indeed, auctions can be seen
as a specific class of DaS: their outcome depends essentially on the values of bids, base
prices, and true values. As a proof of concept, in [14, 35] we formalised a basic version
of parallel and iterated English (ascending bid) auctions as DaS, then we successfully
verified them against safety and liveness properties. These results validate the approach
proposed in the SVeDaS project. However, more elaborate use cases, including real-
time bidding, in which agents can modify their behaviour according to the outcome of
previous auctions, are not covered by ACSI, since they suffer from limitation (1) detailed
above. To overcome such issues, proposals have been put forward [17] that also support
arithmetic operations [61]. Yet, these contributions neglect the imperfect knowledge
that agents typically have of the system’s global state, which limits the applicability of

similar results to auctions.

1.3 Formal Verification by Model Checking

Formal methods are widely used to represent and analyse distributed and reactive sys-
tems. In combination with verification techniques by model checking, they have become
one of the success stories in computer science [8, 55]. In the model checking approach,
to verify whether a system S satisfies a property P (such as a safety, liveness, or secrecy
requirement), first S is modelled as (some kind of) transition system Mg, while prop-
erty P is recast as a formula ¢p in some logical language of choice. Finally, verification
is reduced to check whether the formula ¢p is true in the model Mg, or Mg £ ¢p
formally. This verification procedure in outlined in Fig. 1.2. Nowadays, model checking
is being successfully applied to the automated verification of real-life scenarios in safety

critical systems, avionics, AUVs, robotics, and security protocols [85, 91, 99].

Similarly, the actual deployment of data-aware systems calls for the development
of verification techniques. As an example, in designing auction-based mechanisms we
might require that bidders for a particular resource bid consistently with the true value
they assign to the resource (i.e., they do not exceed it), without revealing this true value
publicly. Such requirements specify the behaviour of agents with respect to a possible
infinite number of values for their bids and true values. However, verification techniques
such as model checking are “mainly appropriate to control-intensive applications and less
suited for data-intensive applications” [8]. Irrespectively of these difficulties, the model

checking problem for auctions has received considerable attention recently [7, 78, 126,
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(System S) (Requirement P)

Modeling Formalising
(Model Mg (Specification (bp)

Model Checking: Mg E ¢pp?

True Time Out | False |

FI1GURE 1.2: The model checking procedure in a nutshell.

128, 129]. Indeed, it is hard to overestimate the relevance of auctions and auction-based
mechanisms in a wide range of distributed systems (e.g., task scheduling, power grid
management, and resource allocation [57, 102]). However, with some notable exceptions,
most of the research on this topic has focus on the design of auctioning mechanisms and
the analysis of their formal properties, while the automated verification of these designs

has only partially been addressed.

Our contributions to formal verification by model checking cover a wide range of
methodologies and application domains. In [24, 25] we put forward an automata-
theoretic technique for the verification of CTLK, an epistemic extension of the temporal
logic CTL. This technique was implemented in an explicit-state model checker called
ETAV — Epistemic Tree Automata Verifier. Finally, in [20] we developed an automated
procedure for model checking quantum protocols, on top of the MCMAS model checker
[92]. Further, in [36, 37] we introduced abtraction techniques for MAS verification,
based on three-valued logics. While results along these lines are certainly of interest for
model checking general multi-agent systems, we advocate a principled approch to the
verification of data-aware systems that it is also capable of dealing with auction-based
mechanisms. We reckon that, given the relevance that data representation and reasoning
have gained in recent years, it is key for the deployment of business processes to pro-
vide data-aware systems with sound verification methodologies. In turn, this endeavour
raises a number of challenges ranging from (i) the logic-based languages for specifying

DaS behaviours, to (ii) the data structures to represent DaS symbolically, as well as
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We presented preliminaries results on model checking auctions in [35]. However, efficient

verification algorithms are yet to be explored.
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Chapter 2

Overview

The rest of the present work is devoted to one particular line of research among those
reviewed in Chapter 1. Specifically, we develop and extend some of our contributions in
the area of knowledge representation and reasoning [43-45]. This is meant to provide a
coherent picture of some recent and interesting results, which still fit in the more general

framework of modal logics for multi-agent systems.

Modal logics are nowadays a well-established area in mathematical logic, which has
also become one of the most popular formal frameworks in artificial intelligence for
knowledge representation and reasoning [47, 123]. This success is due to several reasons,
including an expressive and flexible formal language, which enjoys nice computational
properties [48, 109]. In particular, at the core of the semantics of modal logics lies the
notion of world, or state. Indeed, this concept is very natural when analysing compu-
tational notions (a system evolving over time from a previous to a successive state),
accounts of agency (states that are preferred, desired, or epistemically possible), and
rational interactions (states that can be winning, losing, terminal, initial, etc.) Indeed,
distributed computing [81], reactive systems [93], multi-agent systems [113], and game
theory [112] have all benefited from the application of tools and techniques from modal
logics, and this list is by no means exhaustive. Most importantly, the states in the mod-
els for modal logics are connected by means of indexed relations R,, for some index a,
which can model (program) transitions, epistemic or desired alternatives, or the effect of
possible moves, where index a can assume a number of readings: a specific program, a
dimension of time (say, future or past), an agent, a move, etc. Each accessibility relation
R, in the semantics is then paired with a necessity operator O, in the modal language,
where a formula O, may be read as: after every execution of a, in each future time
along dimension a, in every state considered possible or desired by agent a, or in every

state that is the result of performing move a, formula ¢ holds.

11
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The language of modal logics provides a crisp, variable-free way of expressing a
variety of properties of interest. It is also important to realise that there is a multiplicity
of modal logics: although the well-known normal axiomatisation K characterises the
class KC of validities on all models for modal logic, this does not mean that all logics for,
say, agency, are the same and correspond to K. It only means that they are typically
extensions of K. As a simple example, the scheme of formulas (i) O, — ¢ appears
reasonable when 0O, denotes ‘agent a knows that ...’, but perhaps it is less desirable

)

when it is read as ‘agent a believes that ...’ as philosophically knowledge is analysed
as truthful belief [83]. One of the reasons for the success of modal logics is that in
many relevant cases a syntactic scheme corresponds to an additional constraint on the
accessibility relation R,: in the case of scheme (i), reflexivity of R, is, in a precise sense,

a sufficient and necessary condition for its validity.

To appreciate this point, we use a little bit more detail (we assume some familiarity
with modal logics, precise definitions are given in Section 3.1.) As already mentioned,
central in the semantics of modal logic is the notion of (Kripke) frame F, which comprises
of a set W of states and some accessibility relations R,, for indexes a € I. We can then
define a notion of validity £ on frames and formulate the result mentioned above as

follows:

R, is reflexive iff F EOup — ¢, for all formulas ¢ (2.1)

Characterisations such as (2.1) are referred to as correspondence results [109], because
they establish a mapping between a first-order property on frames (i.e., reflexivity) and
a modal validity (i.e., scheme (7)). Another example of correspondence is between the
first-order formula VaVy(Rq(x,y) - Rp(x,y)) and modal scheme Opp — Ogp, which
intuitively says that, e.g., whatever is achieved by program b, is also achieved by program

a, or that agent a knows at least as much as agent b.

Mathematically elegant and powerful as correspondence theory may be, it also has
shortcomings. Firstly, note that in the case of (2.1), correspondence is defined globally,
i.e., scheme (i) has to be valid throughout the frame. This means that for instance (using
a doxastic reading of (7)), we cannot model situations in which a’s beliefs are true, but b
does not know that. Indeed, if the truthfulness of agent a’s beliefs is tantamount to the
validity of (i), then (i) Ky(Oap — ¢) is also a validity, enforcing agent b’s knowledge.
In particular, we cannot express that for all ¢, O, — ¢ is true, while for some some
¥, =Kp(Oa1 — ) holds as well. Secondly, in (2.1) quantification appears at the meta-
, and therefore the outermost, level. It is therefore impossible to distinguish (and to
express in the language of modal logic) the following two situations: in the first, agent b

knows that a has perfect information and is a perfect reasoner, and therefore, b knows a
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priori that whatever a believes must be correct, that is, b knows that, for every formula
¢, (i) holds. Informally, this would be represented as Kj(for all ¢,0,¢ — ¢), which
is not a well-formed formula in modal logic however. In the second situation agent b
has systematically some empirical way to verify a posteriori, for every property ¢, that
whenever a believes it, then ¢ is true, that is, for every formula ¢, b knows that (i)
holds. This other situation can be represented as scheme (7i) above, which we remarked

to be valid whenever (7) is.

As observed in [43], by allowing for quantification over propositions — and thus
obtaining the language of second-order propositional modal logic (SOPML) — both issues
mentioned above can be addressed. To wit, as regards the first example, the SOPML
formula Yp(Ou.p - p) A =K Vp(Oup — p) intuitively expresses that all beliefs of agent a
are correct, but b does not know this fact. Moreover, the two different readings in the
second example can be represented by formulas K,Vp(O.p — p) and VpKy(Qup = p),
respectively. The reader may recognise here the distinction between de dicto and de re
quantification. More generally, the truth of formula Vp(O,p — p) at state s enforces the
truthfulness of agent a’s beliefs in s only, therefore this is a local property of the frame, as
opposed to the global validity of (i). This fact allows agent b to consider (epistemically)
possible a different state s’ in which (i) does not hold.

The aim of the present work is to advance the application of propositional quan-
tification and second-order propositional modal logic in knowledge representation and
reasoning, through exploring and securing their theoretical fundations. We uphold the
use of propositional quantification to express higher-order properties of knowledge, i.e.,
knowledge about other agents’ knowledge, including truthfulness of knowledge, inclu-
sions between the knowledge of agents, as well as dynamic properties such as knowability,
successfulness, and preservation after arbitrary announcements. Specifically, the present
work is structured as follows. In Part I we analyse second-order propositional modal
logic from a static viewpoint. In Chapter 3 we introduce SOPML and interpret it on
different classes of Kripke frames according to the features of the accessibility relations
as well as the algebraic structure of the quantification domain of propositions. Most
importantly, we provide completeness results with respect to various classes of Kripke
frames. Results along this line are key to assess the computational properties of formal
languages, as well as to develop automated reasoning methods. Here the main result
shows that for SOPEL — the epistemic version of SOPML — the common knowledge
operator acts as a universal modality on the class of full frames, thus allowing us to ob-
tain a complete axiomatisation. In Chapter 4 we introduce (bi)simulation relations and
prove that they preserve the interpretation of formulas in SOPML. Bisimulations are
then applied to assess the expressive power of SOPML. Furthermore, part 11 is devoted

to the dynamics of knowledge. In Chapter 5 we introduce second-order propositional
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announcement logic (SOPAL), an extension of SOPEL with public announcements. No-
tably, the interplay of announcement operators and propositional quantification allows
us to express arbitrary announcements as well as notions such as knowability, preser-
vation, and successfulness, which have been analysed previously within the framework
of arbitrary public announcement logic (APAL) [9]. We thoroughly compare these two
formalisms. Finally, in Chapter 6 we revert to a purely propositional setting to discuss
the logic of global and local announcements (GLAL), an extension of public announce-
ment logic (PAL) with operators for both global and local announcements. The final
outcome of this work is a family of expressive modal languages, suitable to reason about
relevant concepts in knowledge representation, while still enjoying nice computational

properties.

A Note on Related Work. The present contribution builds on previously pub-
lished works by the applicant and co-authors. Specifically, Chapter 3 extends [43] by
considering general SOPML instead of just SOPEL. Indeed, here we tackle all normal
modalities, rather than considering only multi-modal S5, suitable for the epistemic in-
terpretation of modal logic, as it is done in [43]. Further, Chapter 4 draws from [44], but
the (bi)simulation relations here considered are more general and provably equivalent to
the (bi)simulation games. Finally, Chapter 5 is based on [45]. We refer to each chapter

for an in-depth discussion of the differences with respect to the published papers.
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Chapter 3

Completeness Results for

Second-order Propositional
Modal Logic

In this chapter we introduce the formal machinery on propositional quantification that
will be used throughout the thesis. The main theoretical contribution consists in the
completeness proof for second-order propositional modal logic with respect to several
classes of Kripke frames. More specifically, in Section 3.1 we present the language of
SOPML, including its epistemic version SOPEL, and provide it with a semantics in
terms of Kripke frames extended with a domain D of sets of states for the interpretation
of quantification. We consider various semantical constraint on our models, both on
domain D and on the accessibility relations, and create a logical landscape that extends
the state-of-the-art in a multi-agent direction, which we set to explore in the rest of the
thesis. In Section 3.2 we illustrate the richness of the formal framework, particularly to
express local properties in modal logic (LPML) [119, 120]. We compare and contrast our
approach with [121], and show that the latter can be subsumed in the account here put
forward. This validates our endeavour from the viewpoint of applications to knowledge
representation. However, we maintain that for SOPML to be adopted as a specification
language in artificial intelligence and knowledge representation, appropriate theoretical
results and formal tools need to be developed. To this end, in Section 3.3 we present
axiomatisations for a number of classes of validities and provide novel soundness and
completeness results. The key finding here is that, while the full semantics for SOPML
is incomplete for most of modal calculi, the same semantics admits a complete ax-
iomatisation for SOPEL, where the accessibility relations are interpreted on equivalence
relations. To obtain such a result, we make essential use of the fact that the common

knowledge operator C' acts as a universal modality. As a consequence, for reasoning
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about knowledge, SOPML admits sound and complete axiomatisations. To conclude, in
Section 3.4 we discuss the results obtained and compare them with the state-of-the-art
in SOPML. Our long-term aim for this thesis is to provide formal tools so as to facilitate
the use of SOPML as a language for knowledge representation, as well as temporal and

spatial reasoning in artificial intelligence.

3.1 Second-order Propositional Modal Logic

In this section we present the language of SOPML, some of its syntactic fragments, and
their interpretation on Kripke frames and models. Then, we prove some preliminary

results to be used hereafter.

3.1.1 The Formal Languages

To introduce second-order propositional modal logic, we fix a set AP of atomic propo-

sitions and a finite set I of indexes for modalities.

Definition 3.1 (SOPML). The language L opn contains formulas 1 as defined by the
following BNF:

Y ou= pl=p | —>p |00 | Ot | Yy

where pe AP, ael, and Acl.

The language Lopm; contains modal formulas 0,9, for every index a € I. A general
reading of this would be ‘according to the aspect or dimension a, formula ) holds’. The
box can have more concrete interpretations, for instance dynamic (after execution of
program or action a, ¥ holds), temporal or spatial (along dimentions a, 1), or deontic
(in all situations that abide to norm a, v is true). Indices may also denote agents,
in which case 0,1 can represent attitudes that relate to goals (‘agent a desires 1,
or ‘has 1 as a goal’), actions (agent a intends to achieve ), or information (‘agent
a believes 1’ or ‘a knows that v’). The latter, epistemic interpretation of O, will
obtain some special attention in this thesis, and we will write K, rather than O,
for ‘agent a knows that ¢’. Instead of 0%, in the epistemic interpretation we will
write Cy® (in the group A of agents it is common knowledge that ). To give a
hint of what this operator means in epistemic logic, define E41 (everybody in group
A knows that ¥) as Agea Kqtp. Then, formula Cy4v) intuitively captures the infinite
conjunction Y A Egqp AEAEAW ANEAEAE Y A ... (the standard definitions for T, 1,v, A,
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and < apply). To sum up, whenever we consider the epistemic interpretation of modal
operators, we write K, and Cy, and define formulas ¢ in the language L,y of second-

order propositional epistemic logic (SOPEL) according to the following BNF:

Vo= p| Y[ > Y [ Ko | Cay | Vpyp

for p e AP, a € I, and A ¢ I. Then, the operator 0% is interpreted intuitively as
reachability along all dimensions in A, similarly to the interpretation of C'4. Also, we
omit index A whenever it is equal to I and write 0% and C for 07+ and Cr¢. Standard

references for modal logic are [47, 48], while for epistemic logic we refer to [64, 95].

In this paper we extend modal (epistemic) languages with propositional quantifica-
tion. The quantified formula Vp informally says that ‘for all propositions, 1 is true’,
or, ‘for all interpretations of p, ¥ obtains’. As standard, the quantifier 3 is dual to V:
Ipy = =VYp-1p. Analogously, in Lyopmi, Oa¢ and &7 ¢ ares shorthands for -0, —¢ and
~0% =¢, and in Lope;, M, and C 4 are dual to K, and C4. In what follows we use jasa
placeholder for any unary operator -, O,, O, and @ for any quantifier ¥V, 3. The name
‘second-order propositional modal (epistemic) logic’ is related to second-order quantifi-
cation, as will become apparent in Section 3.2. In particular, this formalism has been

studied in relation to monadic second-order logic — MSO [90, 107].

Example 3.1. To give a flavour of the expressivity of Lsopmi, we present some speci-
fications written in the language. We use variants of Oy in our notation: their mean-
ing will be clear from the context. Using Lsopmi one can for instance ewpress that
agents a believes that agent b will always have some desire p that will remain unful-
filled: B, o* Ip(Dyp A=p), where operators B, and Dy are used to represent the dozastic
and desire dimensions for agent a and b, respectively, whereas O* corresponds to the
reachability relation with respect to all agents’ moves. As a further example, formula
(i) Vp(Oup — Opp) expresses, in a dynamic context, that everything brought about by
program a is also brought about by program b, or, provided a doxastic interpretation of
the box operator, agent b believes everything that agent a believes. Deontically, the for-
mula Ip(OpA—-p) expresses that the current world is not ideal: there are facts that ought
to hold, but they don’t. Finally, the dozastic-epistemic formula (i) Kp3Ip(Bep A =p)
intuitively expresses that agent b knows that agent a’s beliefs are incorrect, while (iii)
Vp(Bap = p) A Oa3q(Bag A ~q)) denotes that currently, agent a’s beliefs are correct,
but after executing program o, this ceases to be the case. We remark that by using
propositional quantification we can reason about general properties of knowledge, e.g.,
truthfulness, inclusion, equivalence of agents’ knowledge and beliefs, as in specifications

(i), (ii), and (iii) above.
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In this thesis we consider various fragments of Lgopm and Lgope. To begin with,
the languages L, of (propositional) modal logic and L. of (propositional) epistemic
logic are obtained by removing clause Vpy from the definitions of Lsopm and Lgopers
respectively. Likewise, the language L4 of quantified boolean formulas omits clauses
Oq% and O%% from Lopm; while propositional logic £, is defined as standard by con-
sidering only propositional connectives. Moreover, the universal fragment of Lopm; (or
Lo-sopmi) is defined by the following BNF:

Y ou= plaply A vy|Oa | Oy | VY

Notice that in £, sopm; negation applies to atoms only. Hence, £,_;opm; contains no
formula of the form 3pp, G, or &1, For convenience, we will also denote the set of
atoms AP by L,,. A special role in this paper will be played by the languages £, of
sort x, with x € X = {ap, pl, ml, sopml}. We summarise the main (syntactic) inclusions

between languages in the following schema.

£ml c Ea—sopml -

ﬁap c Epl ﬁsopml

D
C=]
&
0

We now introduce some syntactic notions that will be used throughout the chapter,

starting with subformulas and free atoms.

Definition 3.2 (Subformula and free atoms). The sets Sub(¢) and fr(¢) of subformulas

and free atoms of formula ¢ € Lg,, are recursively defined as follows:

Sub(p) = {»} fr(p) = {»}

Sub(fo) = {fotuSub(e) fr(§ o) = fr(¢)
Sub(¢—¢') = {¢— ¢} uSub(¢)u Sub(¢') fr(¢—¢") = fr(¢)ufr(')
Sub(¥pp) = {Vpo}u Sub(¢) fr(¥po) = fr(¢) ~ {p}

A sentence is a formula ¢ with an empty set of free atoms, i.e., fr(¢) = @. The set
bnd(¢) of bound atoms in ¢ is defined as standard as the set of all atoms ¢ appearing
in the scope of any quantifier Qq. We assume that for each formula ¢ € Lyopmi, fr(¢)
and bnd(¢) are disjoint. Actually, we impose that each quantifier binds a different
variable. Both constraints can be enforced without loss of generality by renaming bound

variables. Also, we introduce the set of atomic propositions in a formula ¢ as AP(¢) =

fr(¢) vbnd(¢).

Next we define when a formula is free for substitution.
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Definition 3.3 (Free for ...). Given an atom p € fr(¢), a formula 1) is free for p in ¢ iff
p does not appear in ¢ within the scope of any quantifier Qq for ¢ € fr(¢). Alternatively,

we can define whether v is free for p in ¢ by induction on the structure of ¢ as follows:

for ¢ atomic, Y is free for p in ¢

for ¢ = ¢', 1 is free for p in ¢ iff it is in ¢’

for ¢ = ¢’ > @, 1 is free for p in ¢ iff it is in ¢’ and ¢"

for ¢ = Vq¢', 1 is free for p in ¢ iff g ¢ fr(+)) and 1) is free for p in ¢’

We finally introduce a notion of substitution for free formulas.

Definition 3.4 (Substitution). Let ¢ be free for p € fr(¢), the substitution ¢[p/¢] is

inductively defined as follows:

q for ¢ different from p

alp/v] =
1) otherwise
(4 6")[p/¥] = 1(¢'[p/¥])
(@' = ")p/v] = (¢'[p/v]) = (&"[p/¥])
(Vro")[p/v] = Vr(¢'[p/t]), where r is assumed different from p as p € fr(¢)

Intuitively, 1) being free for p in ¢ means that a substitution of p by ¥ in ¢ does
not create any new binding. As an example, —q is free for p in 3r(r — p) but not in
¢ =3q(p < q). In the following we will see that, while 3g(p <> ¢) is actually a validity,
if we were to blindly substitute p with ¢ in ¢, we would obtain 3¢(-q < ¢), which
is tantamount to a contradiction. But note that, since —¢ is not free for p in ¢, by
Definition 3.4, ¢[p/-q] is not well-defined.

Example 3.2. As a further example of the expressive power of SOPEL, consider the
following specification: agent b knows everything that a knows, and agent ¢ knows this
fact, but d does not. This epistemic situation can be recast in Lgope as the following
formula:

Vp(Kap = Kp) A K Vp(Kap = Kyp) A ~Kq¥Vp(Kap - Kpp)

In particular, we can reason further about agent d’s knowledge. Indeed, agent d might
know that a knows something ignored by b, without being able to explicitly point out the
content of a’s extra knowledge. This can be recast in Lgope by the following de dicto

formula:

Ka3p(Kap A ~Kpp) (3.1)
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However, d could actually know about a specific fact that a knows, but b ignores, as

expressed in the de re formula:

IpKq(Kap A -Kypp) (3.2)

We remark that intuitively (3.2) is strictly stronger than (and entails) (3.1), in the
sense that any model satisfying (3.2) also satisfies (3.1). Thus, among other things,
SOPEL allows us to distinguish the two readings — de re and de dicto — of individual
knowledge.

3.1.2 Kripke Frames and Models

To provide a meaning to formulas in L,,,,; and fragments, we consider multi-modal

Kripke frames and models, extended with a domain for the interpretation of quantifiers.

Definition 3.5 (Kripke frame). A Kripke frame is a tuple F = (W, D, R) where

e W is a set of possible worlds;
e D is the domain of propositions, i.e., a subset of 2V

o R:I-2W"W assigns a binary relation on W to each index in I.

As standard in propositional modal logic (PML), for every index a € I, R, is an
accessibility relation between worlds in W [47]. Differently from standard Kripke frames,
Definition 3.5 includes a set D ¢ 2V of “admissible” propositions for the interpretation of
atoms and quantifiers. Clearly, the Kripke frames in Definition 3.5 are related to general
frames [47, 94]. However, there are some notable differences. Firstly, in general frames
the domain D of propositions is a boolean algebra with operators, whereas no such
assumption holds in the present case. Secondly, the language interpreted on general
frames is usually a plain modal logic, while here we address quantification as well.
Indeed, propositional quantification makes our language strictly more expressive than
propositional modal logic interpreted on general frames, as will become apparent later

on.

The accessibility relations can satisfy various properties, e.g., seriality, symmetry,
transitivity, reflexivity, etc. When interpreting the language L, we assume that each
R, is an equivalence relation (i.e., symmetric, transitive and reflexive), in line with
the epistemic reading of modal operators [95]. In the following, for a coalition A ¢ I,

we consider also the reflexive and transitive closure R% = (Ugea Rq)* of the union of
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accessibility relations, to be used for the interpretation of operator 0’ . Then, for agent a,
coalition A, and w € W, we set Rq(w) = {w' | Ro(w,w")} and R (w) = {w' | R} (w,w")}.
If R, is an equivalence relation for every a € A, then R’ (w) is the equivalence class of
w € W, it can be represented as the set £4 = { R’ (w) | w e W} of its equivalence classes,

and whenever A is a singleton {a}, we have that R} (w) = {w' | Riy(w,w")} = Ra(w).

To interpret formulas in Ly, on Kripke frames, we introduce assignments as
functions V : AP — D. Also, for U € D, the assignment Vg assigns U to p and
coincides with V' on all other atoms. Hence, atoms can only be assigned proposi-
tions in D ¢ 2. A Kripke model over F is then defined as a pair M = (F,V). In
the rest of the paper we consider specific classes of Kripke frames and models, which
feature pre-eminently in the literature on SOPML [66, 94]. To introduce them, we
first define operators [a] : 2V — 2W| for every a € I, such that [a](U) = {w € W |
R,(w) € U}; while operator [A]* : 2 — 2W is introduced so that [A]*(U) = {w €
W | for every n € N, for every sequence wy,...,w,, if wy = w and for every i < n,w; =

wis1 or Rg(w;, w;rq) for some a € A, then w, € U}.
Definition 3.6. A Kripke frame F is

boolean iff D is a boolean algebra, i.e., it is closed under intersection, union,
and complement

modal  iff D is a boolean algebra closed under operators [a] and [A]*,
for every ael and Acl

full iff D=2W

A Kripke model M = (F,V) is boolean (modal, full, respectively) whenever the
underlying frame F is. We distinguish the class ICyy; of all Kripke frames, the class ICyoo;
of all boolean frames, the class K040 of all modal frames, and the class K, of all
full frames. Observe that, by using an analogy with monadic second-order logic, the
class of full frames corresponds to the basic interpretation of SOPML, where any frame
is uniquely identified by fixing the set W of worlds and accessibility relations, as the
domain D is equal to 2". On the other hand, the other classes of frames are related
to the Henkin interpretation of MSO, where D can be a possibly strict subset of 2"V
(cf. [108]).

Furthermore, within each of the classes in Definition 3.6, we will consider further
conditions on the accessibility relations R,: reflexivity r, transitivity ¢, and symmetry
s. Hereafter, given type y € Y = {all, bool, modal, full} and subset T ¢ {rt,s}, K
denotes the corresponding class of frames satisfying the properties in 7. For simplicity,
K%, denotes class ng{f’t’s} (which we also write as ICZ“) of frames in which all accessibility

relations are equivalences, that is, the class of epistemic frames for the interpretation of
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SOPEL. We define a function 7: X - Y from language sort symbols to type symbols
as follows: @p = all; pl = bool; ml = modal; and sopml = full. In total, we obtain 32
classes K of frames. However, we only consider 20 of them: the subsets 7 ¢ {r,t,s}
corresponding to the 5 normal modalities K, T, S4, B, and S5, combined with the
4 types all, bool, modal, and full. Further classes of frames could be introduced, for
instance the class where every formula in Ly, defines a proposition in D. However,
such a class is not directly relevant for the results below and its introduction requires a
non-trivial generalisation of Kripke frames [94]. Thus, such extensions are beyond the

scope of the present work.

We finally define the notion of satisfaction for formulas in Lopm;-

Definition 3.7 (Semantics). We define whether Kripke model M = (F,V) satisfies

formula ¢ € Lsopmi at world w, or (M, w) & ¢, as follows:

(M,w)Ep iff  weV(p)

(M,w) E - it (M,w)

(Mw)ep->o"  iff  (M,w)# Y or (M,w) =’
(M,w) EOgu iff  for all w’ € Ry(w), (M, w") E

(M,w) ey iff ~ for all w' e R (w), (M, w")
(M,w) E Vpy iff  forallUeD, (M w)Ey

where MY, = (F, V).

By Definition 3.7, a quantified formula Vpi) (respectively, 3pi)) is true at world w
iff for every (respectively, some) assignment of propositions in D to atom p, v is true.
Further, as it is the case for the common knowledge operator C4, (M,w) = 0% iff
(M, w") & 1 for every world w’ reachable from w, i.e., for every w’ such that for some
sequence wy, . . ., wy of worlds, (i) wy = w, (i) wi =w', and (i) for every i < k, w; = w41
or Rq(w;, wis1) for some a € A. Hence, in non-epistemic contexts, 0% can be interpreted
as a reachability operator, analogous to the common knowledge operator C4. Indeed,

in epistemic contexts, formulas K,¢ can be defined as Cy,y¢.

The satisfaction set [¢ ] of formula ¢ in model M is defined as {w e W | (M, w) &
¢}. We omit the subscript M whenever clear by the context. We now introduce var-
ious notions of truth and validity. First, we write (F,V,w) E ¢ as a shorthand for
((F,V),w) & ¢. Then, we say that ¢ is true at w, or (F,w) E ¢, iff (F,V,w) = ¢ for
every assignment V'; ¢ is valid in a frame F, or F E ¢, iff (F,w) E ¢ for every world w
in F; ¢ is valid in a class K of frames, or K £ ¢, iff F £ ¢ for every F € K. Also, ¢ is
true in a model M, or M E ¢, iff (M, w) & ¢ for every world w. Finally, ¢ is satisfiable
iff for some model M and world w, (M,w) E ¢.
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Observe that if we define Th(K) = {¢ € Lyopmi | K E ¢}, then clearly

Th(Kau) € Th(Kooot) € Th(Kinodar) € Th(Kpunr)

We will show that these inclusions are strict, but first we illustrate some applications

of SOPEL in reasoning about knowledge.

Example 3.3. Consider sets I = {a,b,d} of agents and AP = {p} of atoms. The
epistemice frame F = (W, D, R) € K¢, is given with components W and R as depicted in
Fig. 3.1.

a,b,d

a,b,dC@ @Da,b,d
d

FiGURE 3.1: Frame F in Example 3.3.

Moreover, if we suppose that D = {{w1},{w2}}, then for every assignment V., (F,V,w1) &

Ip(Kapn-Kpp), as (F, V{Zl},wl) E K,pA-Kypp. Similarly, (F,V,w2) & Ip(KepA-Kpp)
by considering assignment V{IL&}. As a consequence, (F,w1) F Kqap(Kap A ~Kypp), that
is, the de dicto formula in Example 3.2 holds at wy. However, this is not the case for
its de re counterpart, as (F,wi) # IpKq(Kap A —Kpp). To see the latter, note that
Ky (Kap A=Kpp) is not true at wy for any valuation of p with {w1} or {ws}.

On the other hand, if we suppose that F is a full frame in IC]‘iu”, that is, D = 2V, then
we obtain that (F,V,wy) £ IpK (K.p A =Kypp), as both (F, V{};l w2},w1) E KoypA-Kyp
and (F, V{p

wy,wa )}’

wg) = Kap A —|Kbp.

Example 3.4. To assess the expressivity of SOPEL in knowledge representation, we
contrast it with comparative epistemic logic (CEL) [121]. CEL extends the language L.y
of propositional modal logic with formulas a > b, the intuitive interpretation of which is:
agent b knows at least as much as agent a. Semantically, the clause for satisfaction of

such formulas at world w in model M is given as

(M,w)Ea>b iff Ra(w)2 Ry(w) (3.3)
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In this sense a > b also expresses a local property of frame F, namely the inclusion

Ry(w) € Ry(w).

We show that the comparison between agent a’s and agent b’s knowledge can be recast
in Lsopel a8
Vp(Kap — Kypp) (3.4)

In particular, the RHS of (3.3) is tantamount to the satisfaction of (3.4) at w,

whenever model M is full. More precisely, for an arbitrary model M we have
Mw)razb = (M,w)kE Vp(Kap > Kpp)

while the converse holds for full M. As a result, formulas a > b and (3.4) have the
same meaning in the class of full models, and therefore CEL can indeed be mimicked in
SOPEL. We discuss this fact in more detail in Section 3.2.

Moreover, in SOPEL we can make distinctions that are not expressible in epistemic
logic. Related to Example 3.1, in Lgope; we can state that b knows that a’s beliefs are

not truthful by using formula

Ky3p(Bap A —p) (3.5)

Notice that (3.5) expresses a de dicto reading of quantification with respect to agent
b’s knowledge, that is, b knows that there exists some fact believed by a, which is false,
possibly without being able to explicitly point out the actual content of a’s false belief. On
the other hand, b could actually be aware of some fact which is believed by a but false,

as expressed in the following de re formula:

IpKy(Bap A —p) (3.6)

We remark that (3.5) and (3.6) are not equivalent in general, (3.6) being strictly
stronger than (3.5). Specifically, to account for the difference between (3.5) and (3.6),
consider frame G in Fig. 3.2(a), where the W- and R-components are as depicted, and
D = {{w} | we W}. Clearly, (G,V,w1) E Bap A =p for V(p) = {u1}, and similarly
(G, V', wa) E Bap A =p for V'(p) = {uz}. Hence, (G,w) E (3.5) for w € {wy,wa}. On
the other hand, for no U € D, (G,VF w) & Bup A =p. Therefore, (G,w) # (3.6) for
w € {wy,ws}. Finally, we observe that IpK,p - K,3Ipg is a validity in every class of
frames. As a result, in SOPEL formula (3.6) is strictly stronger than (3.5), and we can
distinguish the de dicto and de re readings of agent b’s higher-level knowledge.
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(a) frame G (b) frame G’

FIGURE 3.2: Frames G and G’ in Example 3.4.

Finally, consider frame G' in Fig. 3.2(b) with D" = {{w'} | v’ € W'}, We can
check that (G',w") & (3.6) (and (3.5) as well). However, G and G', taken as frames for
modal logic (that is, suppressing the domains D and D' of interpretation, and using only
the language L), are bisimilar, with bisimulation relation H such that H(w',w;) and

785 H(u',u;) forie{1,2} [47]. Hence, G and G' cannot be distinguished by any propositional
modal formula, implying that the de re formula (3.6) cannot be expressed in L. We

return to this example and the notion of bisimulation in Chapter 4.

3.1.3 Preliminary Results

In this section we prove some preliminary results on the model theory of second-order
790 propositional modal logic, that will be frequently used hereafter. To start with, in

Lemma 3.8 we extend some basic but useful results in the theory of quantification.

Lemma 3.8.

1. Let ¢ be a formula in Lsopm and F a frame in Kqy. If assignments V' and V'
coincide on fr(¢), then

(F.Vow)e ¢ iff (F,V . w)E¢

795 2. Recall that X = {ap, pl, modal, sopml} and ~= {(ap, all), (pl, bool), (ml, modal),
(sopml, full)}. Let x € X. Then,
(a) for every v € L, and model M over F € Kz, we have [ € D;
(b) if F e Kz and ¢ € L, is free for p in ¢, then

(F Vo @ EG i (FVow) = olpfy]

By Lemma 3.8(1) models built over the same frame and agreeing on the interpretation

soo of free atoms, satisfy the same formulas. It follows in particular that a sentence ¢ is



805

810

815

820

825

830

Completeness Results for SOPML 28

either satisfied by any assignment or none, that is, (F,w) & ¢ iff for every model M
over F, (M,w) E ¢, iff for some model M over F, (M,w) E ¢. As a consequence of
Lemma 3.8(2a), the domain of quantification in a model includes the set of denotations
of formulas in that model, according to the various fragments of L,p,;. Moreover,
by Lemma 3.8(2b) the syntactic operation of substitution ¢[p/t¢’] corresponds to the
semantic notion of reinterpretation M}[E e These results, which show that quantification

in SOPML is “well-behaved”, will be extensively used hereafter.

As a further preliminary result, we show that if a formula ¢ € Ly, is satisfied,
then it is satisfied in a universal model, that is, a model where each state is reachable
from any other state. Notice that in universal models, the operator C' is the universal
modality, defined so that (M, w) £ C iff for all w' e W, (M, w") = 1. Although this is
a standard result in propositional modal logic (e.g., [47, Proposition 2.6]), which makes
use of the notion of generated submodel, in our case we need to ensure that taking
submodels keeps the underlying frame in the same class as the original one. First of all,

we define the submodel generated by a world.

Definition 3.9 (Submodel). Given model M = (W, D, R, V) and world w € W, the
submodel generated by w is the model M, = (W, Dy, Ry, Vi) such that

W, is the set of worlds reachable from w, i.e., W, = R} (w);

Dy ={Uy €Wy |Uy =UnW, for some U € D};

for every a €I, Ry q=RaN Wf,;

for every pe AP, Vi,(p) =V (p) n Wy,

We remark that Definition 3.9 applies to any model M and it is tantamount to
restricting the components of M to the set of states reachable from the selected world

w.

We now state the following preservation result on the submodel construction.
Proposition 3.10. For y € {all, bool, modal, full} and 7 < {r,t,s}, if a frame F belongs
to Ky, then also Fy, € K. In particular, F € Kj, implies F, € K3,

By the following lemma formulas in Ly, are preserved on generated submodels.

Lemma 3.11. Let M be a model and consider submodel M., for w e W. For every
veWy and ¢ € Loopmi,

(M) iff (My,v)E9
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As an immediate corollary of Lemma 3.11 we have that, for every w e W, (M,w) E ¢

iff (M, w) E ¢.

Now let KCpniv be the class of universal frames, that is, the frames where every world is
accessible from any other world. In universal (epistemic) frames the common knowledge
operator C' acts clearly as the universal modality. Also, every generated submodel is
based on a frame in K.u;,. As a consequence of Lemma 3.11, we have the following

result.

Corollary 3.12. For y € {all, bool, modal, full},

Th(KS) = Th(KSn Kunio)

By Corollary 3.12 we can assume without loss of generality that, as long as we are
interested in validity, the common knowledge operator C' acts as the universal modality

on the set W of worlds. This fact will be used in Section 3.3 for the completeness proof
of SOPEL.

3.2 Local Properties in Modal Logic

In the introduction we discussed the difference between a global property as expressed
by the modal schema (i) O,p — ¢, whose validity entails that the accessibility relation
in a given frame is reflexive, and a local property such as the one represented by the
SOPML formula Vp(O,p — p) that, as we shall see, implies that R,(w,w) holds in all
and only worlds w where the formula is evaluated to true. Along this line, [119-121] put
forward a sophisticated account to express local properties, by introducing dedicated
modal operators to a basic propositional modal logic. In order to present the language
of local properties in modal logic, or LPML, to compare the two approaches, and more
generally to discuss the expressive power of SOPML, we consider a monadic second-order

logic and a first-order fragment interpreted on Kripke frames.

Given a frame F = (W, D, R) and a set AP of atoms, we define an MSO alphabet
containing binary predicate constants R’ and R, for every index a € I and set Ac 1, a
unary predicate variable P for every atom p € AP, and a set X of individual variables.

Then, MSO formulas © € L,,,, are defined in BNF as follows:
© = P(z)|z=y|Ra(z,y) | Ry(z,y)|-O |0 > O | V2O | VPO

where a eI, Acl, and z,y € X.
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We also consider the following first-order fragment L, of MSO:

© == z=y|Ri(z,y)|-©O|O0—>0|VzO

The first-order language Ly, is obtained from L, by removing predicate quantifi-
cation obviously, but also the clauses for unary predicates as well as binary relation
R’,. This is indeed the first-order language considered in [121]. Moreover, we denote as
E}O the fragment of Ly, containing formulas with at most one free individual variable.
This fragment is well-known to be rich enough to express properties of frames such as

reflexivity, symmetry, and transitivity.

As regards the interpretation of MSO and FO formulas, an assignment p now is a
function associating a world w € W to every individual variable x, and a set U € D to
every predicate variable P. For w € W and U € D, the variants p}, and pg are defined
similarly to SOPML.

Definition 3.13 (Semantics of MSO). We define whether frame F = (W, D, R) satisfies

formula © € L,,,, for an assignment p, or (F,p) = O, as follows:

(F,p) & P(x) iff p(x) € p(P)
(Fip)Ex=Y iff p(z) = p(y)
(F,p)E Ro(,y)  iff Rao(p(z), p(y))
(F,p) e Ry(z,y) iff R (p(z),p(y))

(F,p) = -0 iff (F,p) #©
(F,p)E©@->0' iff (F,p)# 0O or (F,p) 0O
(F,p) EVzO iff for all we W, (F,pl) E©
(F,p) E VPO iff for all U € D, (F,p5) E©

Obviously Definition 3.13 induces an interpretation of formulas in Ly, as well. In
particular, for a formula ©(x) € E}o, we write (F,w) E © to denote that (F,p) = © for
p(x) =w, and F £ O if (F,w) £ O for all we W. The different interpretations of the
satisfaction relation = for SOPML and MSO respectively will be clear from the context.

We now briefly recall some basic modal theory on local definability: we refer the
interested reader to [47, 48] for further details. We use 6 (or 6(d,p) to emphasise
sequences @ of indices and p of atoms) for formulas in £,,;. Likewise, we use O ¢ E}o for
first-order formulas with at most one free variable interpreted over states (or ©(d,z) to

denote that © mentions @ as indices and has x as the free variable).

Definition 3.14. Let 0 € £, and © € L},
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1. 0 defines frame property © iff for all frames F, F =0 iff F = ©.

2. 0 locally defines © iff for all F and all w e F, (F,w) E 0 iff (F,w) = O.

As examples of Definition 3.14, consider the well-known schemes T Ogp — ¢, 4
Oup = O, 0, ¢, and B ¢ —» O, Og @, that (locally) define the properties of reflexivity,

transitivity, and symmetry on frames.

In the theory of PML, when formula 8 locally defines © and some other mild con-
ditions hold, one obtains the following connection between axiomatisation and com-
pleteness: if an axiomatisation Ax is complete for a class K of frames, then Ax + 6
is complete for class {F € K | F £ VzO} of frames satisfying condition ©. So for
instance, taking the basic modal logic K, which is sound and complete with respect
to the class K of all frames, the logic K + T is sound and complete with respect to
class {F ¢ K | F & VzRy(z,z)}, that is, the class of reflexive frames. As further
examples, whereas S5 = K+ T + 4 + B is sound and complete with respect to class
S5 = {F € K| R, is an equivalence relation}, the logic S5 + (Opp — Ocp) is sound and
complete with respect to {F € S5 | F E Va(R.(x) € Ry(x))}.

This is an appealing modular feature of modal logic. Yet, as also remarked in ([119—
121]), this can only be applied if one adds formula 6 as a global property: assuming 6
as an axiom implies that it becomes a validity. For instance, adding formula B,p — ¢
to an axiom system, in order to model that agent a’s beliefs are correct, implies that
in the resulting logic, it is common knowledge that a’s beliefs are correct, and this
fact will remain true no matter what happens. Likewise, by adding Kpp — K.p as an
axiom for modelling that ¢ is at least as knowledgeable as b, in the resulting frames and
models it will be common knowledge that ¢ knows whatever b knows, and this will again
remain true no matter what happens. Thus, it is of interest to study formalisms that
can express properties like: ‘although a’s beliefs are correct, b does not know this’ and
‘c knows everything that b knows, but after b opens the letter, this ceases to hold’. By

using propositional quantification we can intuitively formalise such expressions as

Vp(Bap = p) A =KpVp(Bap — p) (3.7)

and

Vp(Kyp — K.p) A [read,]3q(Kpg A K q) (3.8)
respectively.

To compare our approach based on SOPML to van Ditmarsch et al.’s LPML, we

first provide a brief account of the latter.
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0(a,p) O(a,x) @(a)

Bep - Gop (B (5.5) = Fa(eo0) Sup(a,b)
Oep — O Op p Vy, 2(Ra(x,y) A Ro(y,2) = Re(z,2)) Trans(a,b,c)
-0 L JyRa(x,y) Ser(a)

Oap = P Ro(z,z) Refl(a)
—~Ogp—> 0p—0cp Vy, 2(Ra(x,y) A Ro(x,2) = Re(y, 2)) Eucl(a,b,c)
= O p— —0p0cp Vz(Re(z,2) = IyRp(z,y) A Re(y,2)) Dens(a,b,c)

(-0apA-T6q) > -0c(pvg) Yy, z2((Ra(z,y) A Ro(2,2)) > (y = 27 Re(z,y))  Func(a, b, ¢)

TABLE 3.1: asin [12, Table 1] ©(a,z) is a property of state z, and @(aG) is a name in
the object language such that @(d) holds at w iff ©(d, ) holds in M for p(z) = w.

3.2.1 Local properties and LPML

This section on LPML is based on [119-121]: we refer the reader to these references for a
more extensive exposition. The term ‘logic’ is maybe not appropriate for LPML, rather,
it is a specific approach to ‘connect’, in a modal object language, a modal formula 6 € L,,;
and a first-order property © € £}0 through the introduction of a relational atom @ (or
@(ad)), in such a way that on Kripke models @ is interpreted as © locally. More precisely,
the language of LPML extends £,,; with formulas of type B(d), whose interpretation is
provided by an associated formula Og(ad, z) € ,C}O, according to the following satisfaction

clause:

(F,Viw)em(a) iff (F,w)EOg(d,r) (3.9)

By clause (3.9) we say that formula m(a) expresses locally first-order property Og
(at w).

Then, LPML investigates how operator @ can help us, in the object language, to
build a bridge between modal formulas 6z on the one hand, and first-order properties
Og that 0y locally defines on the other. So, for instance, we can have @(a) = Refl(a)
for Og(a,x) = Ry(x,x), or B(b,c) = Sup(b,c) for Og(b,c,z) = Vy(Re(x,y) = Rp(z,y))
(for more examples, see Table 3.1). In LPML, property (3.7) is then represented as
Refl(a) A —~KpRefl(a), while property (3.8) is given as Sup(b,c) A [ready]-Sup(b,c).

Recalling that operator @ is part of the object language of LPML, [121] then adds to
the basic modal logic K, for specific formulas 05 € L,,;, an axiom Axg and an inference
rule Rg. Further, [121, Theorem 2] provides a sufficient condition on the relationship
between 0z, @ and Og, called local harmony, under which K + Axg + Ry is a sound and

complete axiomatisation for the class of models that satisfy Og.

Definition 3.15 (Local Harmony). Formulas 0(a,p) € L., ©(ad,z) € [,}0, and B(d) in
LPML are in local harmony iff (i) 6 (locally) defines O, and (ii) @ expresses © locally.
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Now, one could say that LPML as a language is at least as expressive as first-order
logic over binary relations, as there are no restrictions, in the object language, on the
relational atoms @ that can be added to standard PML. However, the aim of LPML is
not to express arbitrary first-order properties ©, but to reason locally about properties
like veridicality of agent a’s beliefs, or an agent ¢ knowing more than b. In particular,
there has to exist a modal formulas # that (locally) defines ©. LPML expresses such
first-order properties by adding atoms like Refl(a) and Sup(b, ¢), respectively. We reckon
that SOPML, allowing for quantification over propositions, is an alternative way to study

local properties which is at least as natural as LPML, provably more expressive.

3.2.2 Local properties, LPML and SOPML

We now show that if formulas ©g(d,z) and 0gy(d,p) are in local harmony with some
atom @(a), then m(d) is equivalent to Vpé(d,p) € Lsopmi, within the class of full frames.

Hence, SOPML is at least as expressive as LPML in expressing local properties.

Theorem 3.16. Suppose that 0(a,p), ®(a), and O(a) are in local harmony. Then, for
every full model M and world w,

(M,w) e Vpb(a,p) iff (M,w)EB(a)

Theorem 3.16 implies in a sense that what can be done in LPML, can also be done
in SOPML: if 6(a,p), @(a) and ©(a) are in local harmony, then, to reason locally about
a scheme 6, one can either use the universal closure Vpf in SOPML, or atom ®(a)
in LPML. The result also suggests ways in which SOPML may be more appropriate
to reason about local properties, namely cases where © is not locally defined by any
formula 6 € L,,;, or, conversely, when 6 does not define a first-order property © locally.

Hereafter we consider such cases.

Example 3.5. Consider the following first-order formulas:

©1 = -Ry(z,x) (irreflexivity)

©2 =31, ., T Nicn (Ra(2,25) A Nizjen @i # ) (having at least n Rq-successors)

O3 = Vy(Ra(z,y) A Ra(y,x) — x =y) (anti-symmetry)

O4 = Vy(Rp(z,y) > ~Ra(x,y)) (Ra and Ry have empty intersection)

O5 = Vy(Ra(x,y) A Rp(z,y) = Re(x,y)) (Re contains the intersection of R, and
Ry).
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It is well-known that these first-order properties are mot definable in modal logic

[47, 48]. However, consider the following formulas in SOPML

e 1 =3p(0up A —p)

e 03 =3p1,. .., Pn(Nign Calpi A Nj<n,j+i _‘pj))

@3 =3p(p A Vq(Calg A Cap) = q))

4 = Ip(0up A Op=p)

@5 = ¥p(Bep = 3¢(0ag A Op(q = p)))

which locally define ©1 to O5 on full frames. We show this result in the following lemma.

Lemma 3.17. Consider formulas @; € Lgopm; and ©; € E}O i Fxample 3.5, for i =
1,...,5. Let F be a full frame, then

.7'—F=g0i ’Lﬁ .7'-F=@i

As a consequence of Lemma 3.17, SOPML is strictly richer than LPML, as in the

former we can express properties ©1-05 that cannot be expressed in the latter.

Example 3.6 (Distributed Knowledge). To come back to an example from epistemic
logic, an interesting notion in collective knowledge is that of distributed knowledge Dep.
The intuition here is that distributed knowledge is the knowledge of a ‘wise man’ (cf. [64])
with whom all agents have shared their knowledge. The typical example is a situation
where, for instance, one agent knows @, another knows that @ — 1, implying distributed
knowledge of 1. A more concrete example goes as follows: it is distributed knowledge in
every group of agents (provided everybody knows its own birthday) whether two agents
share their birthday. The notion of distributed knowledge Dy for n agents has an ax-
tomatisation that is sound and complete with respect to models where the corresponding
relation Rp is the intersection of all the individual agents’ accessibility relations. How-
ever, intersection is not locally definable in modal logic (for more on a discussion on
modal properties of distributed knowledge, or implicit knowledge as it is sometimes called,
see for instance [84, 103].) However, in SOPML, by using formula @5 in Example 3.5
we can express that agent ¢ knows exactly what the distributed knowledge of agents a

and b is:

Vp(Kap = Kcp) AVp(Kyp = Kep) AVp(Kep = 3¢(Kaq A Ky(q = p))) (3.10)

Notice that (3.10) uses exactly the idea of the typical example of distributed knowledge

between two agents discussed above: if agent ¢ knows some fact p, i.e., p is distributed
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knowledge between a and b, then there exists some fact q such that a knows q and b

knows q — p. So, they are able to derive p by pooling together their knowledge.

Can we generalise this to n agents? Indeed we can, as follows. Define

©=Vp(Dp—3q1...3gn-1(K1q1 A+ AN Kp1gn-1 A Kn(/\ i = D))

<n
and let
O = Vy((Ri(x,y) A--- A Ry(z,y) - Rp(z,y))

Then, we can prove the following result.

Proposition 3.18. For every full frame F, (F,w) & ¢ iff (F,w) E O(z).

The proof is a generalisation of the proof of Lemma 3.17(5). It follows that operator

D locally expresses the distributed knowledge of ¢ among agents 1,...,n:

A\ Vp(Kip - Dp) A A Dy

<n

From Examples 3.5 and 3.6 it follows that SOPML is more expressive than proposi-
tional modal logic, and it can also express local properties that cannot be dealt with in
LPML. Example 3.5 also indicates when SOPML can axiomatise frames that cannot be
characterised in PML: for instance, formula 3p(0Op A —p) characterises irreflezive frames,
in the same way as Ip(0Op A O O —p) characterises intransitive frames. Venema [124]
calls such characterisations negatively definable. The idea here is the following: suppose
that formula 0 € L£,,; locally defines some property O; is there a modal formula that
locally defines -O7 As an example, whereas R,(z,x) is (locally) defined by O.,p — p,
the negation —R(z,z) is not (locally) defined by —~(Op — p), or equivalently, Oup A —p,
since this would require that on frames for this formula, atom p were false. Gabbay
[69] came up with a derivation rule, rather than an axiom, to characterise irreflexivity;
while [124] analyses more generally when a negative characterisation of some class of
frames also leads to an axiomatisation of such class. For our discussion, it is important
to realise that reflexivity is actually characterised by a modal scheme Oy, — ¢, and,
in contrast, by formula Yp(O,p — p) in SOPML. But then, irreflexivity is characterised
by the negation of that SOPML formula: 3p(0p A -=p). Moreover, notice that SOPML
allows us to interpret such formulas locally, so that we can reason about models that

have both reflexive and irreflexive points.

From Example 3.5 we also learn that there are first-order properties © that cannot

be characterised by any modal formula 8 € £,,,;, while we do have a formula in SOPML
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characterising it. It is also possible to come up with formulas in SOPML that do not
correspond to any first-order formula (hence, in SOPML one could reason locally about
them, but not in LPML.) A first example of such formulas is 3p-0 for 6 = (OpAOO-p) >
oo opaa-p) (here o

[124], although § as a scheme characterises Dedekind-complete frames among the linear

is interpreted as the converse of relation R for 0). As argued in

orderings, the frames for = are not elementary, and hence not first-order definable. A
further example is Lob formula Vp(o(o — p) — Op): this formula characterises frames

with R being transitive and its converse well-founded [124, p. 8].

To conclude our comparison between SOPML and LPML, we observe that the @
operators act in fact as a sort of linguistic black boxes, bringing the metalanguage of
the theory of first-order logic into the object language of modal logic. In constrast,
SOPML is more transparent, as everything is done in the object language. In addition,
for the first-order conditions in [121] there must always be a suitable modal counterpart.
Indeed, the axioms Axg:®(d) - Og(a,p) in [121] make sense only as long as there is a
propositional modal formula 6 related to @, and this is not always the case as discussed

above. We will see later that none of the above has to be assumed to axiomatise SOPML.

3.2.3 Monadic Second-order Logic

We conclude this section by analysing the expressiveness of second-order propositional
modal logic through a correspondence between SOPML and monadic second-order logic

(MSO), that extends the standard translation between modal and first-order logic [47].

More specifically, ST is the translation between SOPML and MSO defined as follows:

ST (p) = P(x)

STz(-9) = -STa(¢)

STu(¢ ~ ¢') = STu(¢) > STu(¢')

STy (0ag) = Vy(Ra(z,y) > STy(¢))
ST (04¢) = Vy(Ry(z,y) > STy ()
ST (Vpg) = VP(ST.(9))

Clearly, for every formula ¢ € Lsopmi, STp(¢) € Lyso is a formula where x is the
only free individual variable. If ¢ € £,,; is a purely propositional modal formula, then
ST,(+) € Ly, is a first-order formula, as obtained via the standard translation. In

particular, ST, (v) belongs to L'}O.

We can now prove the following preservation result for the standard translation, that

will be used later in the completeness proof.
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Lemma 3.19. For every model M = (F,V), world w e W, and formula 1 € Lgopmi,

M,w) e iff (F,p) = STe(¥)

whenever p(x) =w and p(F;) =V (p;).

As a consequence of Lemma 3.19, there is a one-to-one correspondence between
formulas in SOPML and their standard translations in MSO in the following sense:
a frame F validates the universal closure Vpy of a formula ¢ € Ly, iff property
Vl’Vﬁ)STZ(¢) € Lomso holds in F, where P are all the unary predicates appearing in
ST,(1). We observe that this is not the case for propositional modal logic in general.
For instance, for the McKinsey formula 0 p — ¢ Op there is no first-order principle ©

such that © holds in all and only frames validating the McKinsey formula.

3.3 Completeness and Model Checking

In this section we present two theoretical results regarding second-order propositional
modal logic. First, by building on [43, 66] we provide sound and complete axiomatisa-
tions for various classes of validities, defined on a number of classes of models for SOPML.
In particular, we will show that the operator O* (or, rather, common knowledge) is key
to obtain a complete axiomatisation of epistemic models with respect to SOPEL. Fur-
ther, we will analyse the model checking problem and prove that its complexity is no
worse than for quantified boolean logic. These results give us useful insights into the
computational complexity of SOPML, as well as its amenability for knowledge repre-
sentation and reasoning. Specifically, we are able to demonstrate that in many cases of
interest the computational properties of SOPML are no worse than that of the purely

propositional case.

3.3.1 Semantic Completeness

This section is devoted to axiomatise several classes of validities on Kripke frames built
on sets I of indexes and AP of atomic propositions. We first present a class K, of logics,
one for each z € {ap, pl, ml, sopml}. In the following, O is a placeholder for any of modal

operators O, and 0%, for a € I and Ac I.

Definition 3.20 (Logic K, ). For each x € {ap, pl, ml, sopml}, the axioms and inference

rules of K, are as follows:
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Prop all instances of propositional tautologies
K 0(¢ > ) - (0p - 0y)

T o

4 O%¢ =030, ¢

Cl 04~ AweaDa(¢ A Ty0)

C2 from ¢ = Agea Oa(¥ A @) infer ¢ — O%1p
Ex,  Vpo > 6lp/i], where ¢ £,

BF VpOo¢ — OVpop

MP  from ¢ — ¢ and ¢ infer ¢

Nec from ¢ infer O¢

Gen from ¢ — 9 infer ¢ — Vpyy, for p not free in ¢

On top of that, Ky,,m also includes axiom

At Ip(pAVYe(q—0"(p = q)) A Naer V7 (Oar = O (p = Oar)))

The axioms Prop and K are standard of any modal logic, as are rules Modus Ponens
(MP) and Necessitation (Nec). Axioms T, 4, C1 and inference rule C2 guarantee that
0% is interpreted as the reflexive and transitive closure of the various Og, for a € A:
T and 4 ensure reflexivity and transitivity respectively, C1 is the ‘elimination’ rule for
0%, as it enables to derive arbitrary iterations O, ... O, ¢ from O%¢, and C2 is the
‘introduction’ or ‘induction’ rule for 0%. Axiom BF is known as the Barcan formula and
it intuitively says that the domain D of interpretation is the same for all worlds in W: if
for all assignments something holds in all reachable worlds, then in all reachable worlds,
it holds for all assignments (this would not be the case if in a a-successor world, the
domain D’ of intepretation were bigger than D, for instance.) In Example 3.7 we will
demonstrate that the converse of BF is derivable in all K. The scheme of axioms Ex,
and the generalisation rule Gen are typical of first-order settings. Scheme Ex, is the
elimination axiom for V: if something holds for all valuations, then it also holds for each
instance from the domain (which can be the set of all atoms, boolean formulas, modal
formulas, or SOPML formulas.) The rule Gen of generalisation is the introduction rule

for V: if ¥ follows from ¢ for an arbitrary p, we infer that Ypy follows from ¢.

Notice that axiom At is only part of logic Kgopm. It modifies the homonymous
axiom appearing in [66] to take into account the multi-modal setting. Semantically, this
formula is true at a world w if {w} € D. To see this, take assignment V for which
V(p) = {w}. Then whichever property v holds in w (¢ and &r being specific instances),

in all worlds reachable from w, property (p — 1) will hold: for w itself, this is so because
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both p and 3 hold; for any world reachable from w, different from w, this is so because

p is false at that successor. More generally, At holds on frames that are atomic:

Definition 3.21 (Atomicity). A frame F = (W, D, R) is atomic if for every w € W there
is U € D such that (i) w e U; (ii) for all U’ € D, w € U’ implies U ¢ U’; and (%) for all
uelU,U €D, and a€l, if Ry(w,w") for some w' € U’, then R,(u,u") holds for some

u' e U’. We call such U € D an atom (of F).

Loosely speaking, At holds in w if there is an atom U containing w and such that
all worlds in U have access to the same sets U’ in D as w. Clearly, for every w € W, the

atom containing w is unique.

As customary in PML, by considering a suitable combination of axioms

T Dp—¢
B ¢o->00¢
4 Op—-00¢

we can introduce the following normal extensions of K, for = € {ap, pl, ml, sopml}:

T, = K,+T

S4, = K,+T+4
B, = K,+T+B
S5, = K,+T+B+4

This gives us our 20 logics, 5 for each type z € X.

The notions of proof and theoremhood are defined as standard. A formula ¢ is
derivable in logic L from a set A of formulas, or A g, ¢, iff for some ¢, ..., om € A,

formula A, ¢; — ¢ is a theorem in L, or F1, Aj<p, @i = ¢-

Example 3.7. As an example, we provide a proof of the converse of the Barcan formula

CBF aVpgp - VpoO ¢ in Kgp:

1. Ypp — ¢ by axiom Exgp

2. 0(Vpo - ¢) » (OVpe — O0) by aziom K

3. o(Vpo — ¢) from (1) by rule Nec

4. OVpd — O¢ from (2), (3) by rule MP

5. OVpp - VpOo from (4) by rule Gen, as p is not free in OVpp

Since CBF is derivable in Ky, it is derivable in all the other 19 logics mentioned so

far.
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We now prove the soundness and completeness results for some of the logics L,
with respect to the corresponding class K of Kripke frames, starting with soundness.
Hereafter, given a logic L,, let 7(L,) be a subset of {r,¢, s}, such that L, includes axiom
T iff 7 contains r (for reflexivity), L, includes axiom 4 iff 7 contains ¢ (for transitivity),

and L, includes axiom B iff 7 contains s (for symmetry).

Theorem 3.22 (Soundness). Recall that X = {ap, pl, modal, sopml} and ~= {(ap, all),
(pl, bool), (ml, modal), (sopml, full)}. For x € X and every formula ¢ € Lsopmi,

FL, ¢ implies IC;(L“) 0

As a consequence of Theorem 3.22, all our 20 logics are sound with respect to the

corresponding classes of frames.

Before moving to the completeness proof, we state some negative results already
stated in [66].

Theorem 3.23. For |I| =1, the theories Th(K},,;) are not axviomatisable for T ¢ {r,t}

and T = {rs}.

No result is available in the literature for classes IC;}ull and IC%” of symmetric and
symmetric, transitive full frames. Here we provide a complete axiomatisation for the
class IC;u” of epistemic full frames, among others. Hence, our result is in contrast with
Theorem 3.23. We immediately state the completeness result. Here we use the notation
of Theorem 3.22.

Theorem 3.24 (Completeness). For x € {ap, pl}, and every ¢ € Lsopmi,

;(Lw) E¢ implies Fr, ¢

Moreover,

ICJecu” F¢ dmplies rss, ., ¢

Theorem 3.24 guarantees completeness of logics of type x, with respect to models
of sort T, for the types of atomic propositions and propositional formulas. Complete-
ness also holds if we add properties such as reflexivity, transitivity, and symmetry to
the frames, as long as we add the corresponding axioms from {T,4,B} to the logic.
The theorem also states completeness for logic S5,,,,,; with respect to full frames with
equivalence relations. To our knowledge this is the first completeness result for SOPML

in a multi-agent setting. Most importantly, by using common knowledge and axiom
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At we are able to prove that logic S5y, is complete, differently to what stated in
Theorem 3.23 for modalities weaker than S5. On the other hand, our method does not
apply to modal frames. Hence, the completeness result for the class of modal frames

remains an open problem.

To prove Theorem 3.24 for x € {ap, pl}, we show that if a formula ¢ is L,-consistent,
then we can construct an appropriate model My, that satisfies ¢. For logic L, (re-
spectively, Ly;) this amounts to finding a model whose underlying frame is any frame

(respectively, a boolean algebra). As regards S5,p,;, more work is needed.

3.3.1.1 Completeness of L,, and Ly,

In this section we show that if a formula ¢ is L,-consistent for x € {ap, pl}, that is,

¥1, —¢, then we can construct a (canonical) model My, = (F,V) that satisfies ¢.
7(Lg)

Moreover, F is shown to belong to the appropriate class K of frames. This implies
that IC;(L“) # —¢. Hereafter we prove this result first for = = ap, and then introduce
the changes to be made for x = pl. For readability, we omit the subscript ap whenever
clear by the context. First of all, we present some useful notions. We define Sub*(¢)
as the set of all subformulas of ¢, together with formulas 6 A 0%6 and 0O,(0 A 0%0) for
every subformula 0%6 of ¢ and a € A. Further, let Sub™(¢$) be the set of all formulas in

Sub*(¢) as well as their negations. More formally,

Sub”(¢)
Sub™ ()

Sub(p) u{O ATL0,0,(0 ADOR0) | 046 € Sub(p) and a e A}
Sub*(6) U {0 | 0 € Sub*(¢)}

Notice that Sub*(¢) and Sub”(¢) are finite by construction.
Next we introduce some terminology on sets of formulas.

Definition 3.25. Let A, 3 ¢ Lo, be sets of formulas over set AP of atoms, and Y a

denumerable set of atoms. Let ¢ € L, and define

¢ if 6=
~ = !

-~¢ otherwise

We say that A is closed under single negation if for each ¢ € A, either ¢ is of the

form —¢’ for some ¢’ € A, or else ¢ € A. Moreover, A is

L,-consistent iff A, L
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Y-complete iff for every formula ¢ € X, pe Aor ~pe A

Y -maximal iff A is consistent and YX-complete

Y -rich iff for every ¢ over AP, if Ipg € A then ¢[p/q] € A for some geY
Y -universal iff for every ¢ over AP, if Vp¢ € A then ¢[p/q] € A for every ge Y
Y—saturated iff A is Y-maximal, Y-rich and Y-universal for some Y ¢ AP

Hereafter we omit the subscript L, whenever clear by the context. We may also

omit reference to X if X = Lyopm.

By the next lemma every consistent set of formulas can be extended to a maximal

set.

Lemma 3.26 (Maximality). Suppose that ¥ is closed under single negation. If a set

A ¢ X is consistent, then there exists a X-maximal set ® 2 A.

Now we show that a ¥-maximal set ® can be extended to obtain a Q-saturated set
I, for some Q € Lgopm. First, we present the procedure informally, referring to the
construction in the saturation lemma below. The issue with ® is that it might contain
existential formulas 3pt), for which there is no witness ¢ such that [p/q] € ®. Hence,
we consider such a new atom ¢ and add v¥[p/q] to ®: this can be done consistently as
q, being new, does not appear in v, and therefore it can substituted for p in . We
repeat the procedure for all existential formulas in ®. The result is a consistent set
'™, which also contains a witness for every existential formula in ®. However, this
procedure has two consequences: on one hand, we add formulas ¥[p/q] to ®, whose
subformulas are not necessarily decided by ®. On the other, for every universal formula
Vph, the substitution 0[p/q] is admissible, but subformulas of 6[p/q] are not decided
either. Hence, we consider all subformulas of the various ¢[p/q] and 0[p/q], and proceed
to maximise I'!"® against these subformulas, similarly as shown in Lemma 3.26. The
outcome is a maximal and rich set I'y, with witnesses for all existential formulas in ®.
However, new existential formulas might have been introduced in the step from I'l" to
I"1, which have to be taken care of. Therefore, we repeat these steps and build an infinite
sequence ¢ =Ty, I‘Fl”e, Iy, Fgre, I's... of sets of formulas. Finally, we show that the union

of all the sets in the sequence is a saturated set as desired.

Lemma 3.27 (Saturation). Let ¥ be closed under single negation, and let ® be -
maximal. Then there exists a set 1 2 X of formulas in Lgopmi, closed under negation,
and a set I' of formulas over APUY, where Y is an infinite set of new variables, such
that I' 2 ®, and ' is Q-saturated.

Observe that, in the construction of I', only witnesses for existential formulas and

exemplifications of universal formulas are introduced (as well as subformulas thereof).
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Hence, T really contains only alphabetical variants of the formulas in Sub™(¢). On the
other hand, all modal formulas in I' have bounded modal depth. These features are
key for the completeness proof, specifically for the truth lemma, and it also prevents
the application of the method developed here to the class of modal frames. Indeed,
saturated sets are infinite in general because of quantification; whereas there is only a

finite number of types of modal formulas.

We now describe the construction of the canonical model for a formula ¢ such that v
-¢. First, define W as the set of all saturated sets w of formulas over AP UY as
obtained in Lemmas 3.26 and 3.27 starting from Sub”(¢). Notice that W is non-empty
as the set {¢} € Sub™(¢) is consistent by hypothesis, and by Lemma 3.27 there exists
a saturated set I' 2 {¢} in W. Further, for w,w’ € W and a € I, define R,(w,w") iff
{¢ | 040 € w} € w'. Finally, for every new atom p in Lemma 3.27, we consider a set

Up={weW |pew}cW and define the domain D of propositions as {U, | p€ Q}.
We can then introduce the canonical model for a consistent formula ¢.

Definition 3.28 (Canonical Model). The canonical model for an L-consistent formula
¢ is a tuple My, = (W, D, R, V') where (i) W, D and R are defined as above; and (ii) V
is the assignment such that w e V(p) iff p € w.

Next we prove that the canonical model with respect to any logic Lg, is indeed

Zl(lL“p ) (recall that @p = all and that L,, represents 5

different logics: Kgp, Typ, S4ap, Bap, and S5,,).

a model based on a frame in K

By the remarks above, W is a non-empty set of saturated sets and D is a subset of
2W . Moreover, axiom T (respectively, 4, B) enforces relation R, on W to be reflexive
(respectively, transitive, symmetric), as it is the case for propositional modal logic.

Hence we obtain the following result.

Lemma 3.29. The canonical model My, in Definition 3.28 is a Kripke model based

. T(Lap)
on a frame in IC ;" *"".

We can finally prove the truth lemma for logics L,,. Here we adapt the proof in
[64] for propositional epistemic languages with common knowledge. Indeed the key case

concerns operators O’.

Lemma 3.30 (Truth lemma). For every logic Ly, in the canonical model My,,, for

every w e W and every formula 1 € €,

(My,,, w) ey iff ew
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By Lemma 3.30, if t#,,, =¢ then there exists a saturated set w 2 {¢} such that in the
canonical model My, , we have (My,,,w) £ ¢. Moreover, My, is based on a frame
F e ICZI()L‘”’ ), Thus, ICZI(,L‘”’) # —¢. This concludes the completeness proof for L.

As regards logic L,;, we need to modify the definition of saturation, the proof of

Lemma 3.27, the definition of the canonical model, and the proof of the truth lemma.

First, a set A of formulas in Lyyppm is

Y-universal iff for every formula ¢ over AP, if Vp¢ € A then ¢[p/1p] € A
for every propositional formulas 1 € L, possibly by propositional
equivalence, built over Y

Y-saturated iff A is Y-maximal, Y-rich and Y-universal for some Y ¢ AP

In particular, for L,,; witnesses of existential formulas and instantiations of universal
formulas are propositional formulas 1 € £, built over set Y of atoms, which without
loss of generality can be assumed to be in some canonical representation, for instance,
in conjunctive normal form. By doing so, we have that there is only a finite number of

equivalent propositional formulas.

We now state the appropriate version of the saturation lemma for L,,;.

Lemma 3.31 (Saturation). Let X be closed under single negation, and let ® be -
mazimal. Then there exists a set Q2 X of formulas in Lsopmi, closed under negation,
and a set T' of formulas over APUY, where Y is an infinite set of new variables, such

that ' 2 ®, and I is Q-saturated.

Notice that the statement of Lemma 3.31 is the same as for Lemma 3.27, but here
we are using a different notion of saturation. In particular, the proof of the lemma is
different in the following: I';,1 is obtained by saturating I‘Eﬁ with propositional formulas,

rather than simply atoms.

We now introduce the canonical model for L,,;.
Definition 3.32 (Canonical Model). The canonical model for an L,;-consistent formula
¢ is a tuple My, , = (W, D, R, V) where

e W is the set of all saturated sets w of formulas over AP UY as obtained in

Lemma 3.31, starting from Sub”(¢);

e D is the domain of sets Uy = {w e W | ) e w} € W, for every propositional formula
P e Ly over Q;
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e R and V are given as in Def. 3.28.

Given Def. 3.32 of canonical model, we can show that D is closed under boolean

operations, and therefore My, , is indeed a boolean model.

Lemma 3.33. The canonical model My, is boolean.

pl)

. . L
As a consequence of Lemma. 3.33, My, is based on a frame in ICZO(OZ . Moreover,

we are able to prove the following version of the truth lemma.

Lemma 3.34 (Truth lemma). For every logic Ly, in the canonical model My, ,, for

every w e W and every formula 1 € §2,

(Mo, w)ed  dff dew

As a consequence of Lemma 3.34, the truth lemma also holds for boolean frames and

we obtain a completeness proof for L.

We now discuss briefly why the method developed above fails for modal frames. In
modal models each modal formula 1) defines an element in D, that is, the set U, of states
satisfying ¢, and by axiom Ex,,;, ¥ can be substitued in any formula. As a result, in
the construction of the canonical model we obtain formulas of arbitrary modal depth,
while a key feature of the proof for arbitrary and boolean frames is the fact that the
construction of the canonical model make use only of formulas of bounded modal depth.

As a result, the completeness proof for boolean frames is left as an open problem.

3.3.1.2 Completeness of S5,,,,,;

We now establish the completeness of S5,,,,; with respect to class IC]‘?u”. To do this,
apart from atomicity of frames, we introduce an additional property on them: complete-

ness.

Definition 3.35 (Completeness of frames). A frame F is complete iff the domain D is

closed under infinite unions and intersections.

Notice that we use ‘complete’ with two different meanings: (i) semantical complete-
ness of a logic, and (ii) algebraic completeness of a frame. The context will disambiguate.
We use at and com as subscripts to denote the respective classes of frames. Clearly, every

full frame is boolean, atomic and complete. Hence, Th(K¢ ) € Th(K%,;,). The

bool,at,com U,

converse inclusion follows from the next well-known algebraic result.
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Theorem 3.36 ([72]). Every complete atomic boolean algebra is isomorphic to the pow-

erset of some set.

By Theorem 3.36 we can prove the following lemma.

Lemma 3.37. Th(K%,;) = Th(Kj ).

bool,at,com

In [66] Fine remarks that the language of second-order propositional mono-modal
logic is not rich enough to express algebraic completeness. We prove that this is the case
for SOPML as well. To do so, we introduce the Dedekind-MacNeille completion F* of an
epistemic frame F. First of all, given aset Z ¢ D, let Z* ={U € D | U’ c U for every U’ €
7} denote the set of upper bounds of Z, and let Z! = {U € D | U c U’ for every U’ € Z} be
the set of lower bounds. The Dedekind-MacNeille completion F* of F has components

e W*=D;
e D'={ZcD|(z% =2}

e for every a € I and atoms U,U’, R (U,U’) iff Ry (u,u") for some v e U and u' € U".

Notice that once again each R} is well-defined by the definition of atomicity, that is,
if RY(U,U") then R,(u,u) for some u € U and u' € U'. Hence, for every v e U, R,(v,v")
for some v’ € U’'. Moreover, R, is an equivalence relation whenever R, is, and F* is
atomic by construction, as for each atom U € D, ({U}*)! = {U} is an atom in D*. It
is also complete (it is well-known that the completion of a partially ordered set is the

smallest complete lattice that contains the given partial order, see for instance [72].)

Given this background, we are now able to prove the following result.

Lemma 3.38. Th(K¢ )= Th(lciooz,at)

bool,at,com

By combining Lemma 3.37 and 3.38 we obtain that Th(K$,,) = Th(Kj,, ,;). Thus,

e

for our purposes it is sufficient to prove completeness of S5,,,,,; with respect to ICbOOl’ at-

To this aim, we introduce the canonical model Mgs

sopml *

Definition 3.39 (Canonical Model). The canonical model for an S5,,,;-consistent

formula ¢ is a tuple Mgs =(W,D,R,V) where

sopml

e R and V are given as in Def. 3.28.

e W is the restriction of the set of all saturated sets w of formulas over APUY
as obtained in Lemma 3.31, starting from Sub™(¢), to the states reachable from

IT 2 {¢} through the reachability relation R7j;
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e D is the domain of sets Uy = {w e W | ¢ e w} € W, for every propositional formula
P e Ly over Q;

By Corollary 3.12 and following discussion, the restriction on W can be operated
without loss of generality. We now prove that axiom At ensures atomicity of M in

particular.

Lemma 3.40. The canonical model ./\/ls550pml is boolean and atomic.
By Lemma 3.40, we obtain that the canonical model is built on a boolean and atomic

frame. Finally, we state the truth lemma for Mgs

sopml*®

Lemma 3.41 (Truth lemma). In the canonical model Mgs for every w e W and

sopml’?

every formula 1 € €,

(Mss,, W) EY iff ew

We omit the proof as it goes as in Lemma 3.34. This completes the proof for S5,
Observe the essential use of common knowledge in the proof of Lemma 3.40. Specifically,
operator C acts as the universal modality in the canonical frame for S5y, and this
allows us to quantify over all states belonging to the same atom. This remark fails
for modalities strictly weaker than S5. Thus, common knowledge is key to obtain a

complete axiomatisation for epistemic frames.

We conclude this section by summarising the soundness and completeness results for

our logics with respect to the relevant classes of frames.

Theorem 3.42 (Soundness and Completeness). For x € {ap, pl}, each logic L, is sound
and complete with respect to the class IC;(LI) of frames that are reflexive (respectively,

transitive, symmetric), whenever L, includes axiom T (respectively, 4, B).

Moreover, the logic S5sopmi s a sound and complete axiomatisation of IC;}UH.

As a result, for types ap and pl we are able to prove soundness and completeness for
all normal modalities in a multi-modal setting. More interestingly, for type sopml we
obtain such result for the epistemic interpretation of modalities only. To our knowledge,
these are the first results of this kind on SOPML in a multi-modal setting. Finally, the

completess question for type x = ml is still open.
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3.3.2 Generalised Completeness

We now extend the completeness results in the previous section by considering extra
axioms expressing properties of frames. Specifically, let L be any axiomatisation men-
tioned in Theorem 3.42. Then, if we extend L with the universal closure Vpiy of a
formula 1 € Lsopmi, the resulting calculus L + Vpy) is sound and complete with respect
to the class of frames satisfying the MSO condition VxVﬁSTx(w), where P are all the
unary predicates appearing in ST,(1)).

Theorem 3.43. Let ¢ be a formula in SOPML, then the logic L + Y is sound and
complete with respect to the corresponding class K of frames satisfying VwVﬁSTx(lb).

By the result above we immediately obtain that for every formula 6(d,p) appearing
in Table 3.1, L + Vpf(a,p) is sound and complete with respect to the class of frames
satisfying VacV?@(d, x). More generally, there is a one-to-one correspondence between
a SOPML axiom Y56 and the MSO condition V&V PST,(#) on the corresponding class
of sound and complete frames. Notice that this is not the case in propositional modal

logic.

3.3.3 The Model Checking Problem

To explore further the computational properties of SOPML, in this section we tackle

the corresponding model checking problem, defined as follows.

Definition 3.44 (Model Checking). Given a formula ¢ € L4, and a finite model M,
determine whether M k& ¢.

Then, by using also Algorithm 1 we are able to prove the following complexity result.

Theorem 3.45 (Model Checking). The model checking problem for SOPML is PSPACE-

complete.

As a result, the model checking problem for SOPML is no more computationally
complex than the corresponding problem for quantified boolean formulas. Thus, the
enhanced expressiveness comes at no extra computational cost, when compared with
QBF. With respect to propositional modal logic, the complexity increases from PTIME
to PSPACE. However, this is something to be expected given the extra expressive power

of propositional quantification.
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Algorithm 1 Computation of the satisfaction set [¢]a

switch (¢):
case p:
return V(p);
case —):
return W\ [¥]ag;
case | AP’
return [Y]a 0 [ ag;
case O,1:
return {weW | Ro(w) < [¢]m}
case O1):
return {we W | R}(w) € [¢]m};
case Vpi):
return ﬂUeD{[[%Z)ﬂM@};

3.3.4 The Finite Model Property

We now briefly argue why the logic SOPML does not have the final model property.

Consider the following set of formulas:

I' = {OaT,04Ca T, Vp(Bap = Oq Oq ), 0aIp(p A Og—p) }

The first two formulas of I' requires R, to be serial, the third enforces transitivity of
R,, and by the fourth and Example 3.5, we know that R, is irreflexive. But it is easy
to verify that a transitive, serial, and irreflexive relation requires the underlying model
to be infinite. In other words, we found a finite set I' of SOPML formulas which only

has infinite models.

Theorem 3.46. The logic SOPML does not have the finite model property.

3.4 Discussion and Related Literature

In this section we upheld and motivated the use of second-order propositional modal
logic as a specification language for reasoning about knowledge as well as spatial and
temporal properties in artificial intelligence. Specifically, we aimed at developing proof-
and model-theoretic techniques, notably complete axiomatisations, to support the use
of SOPML in applications. In Section 3.1 we introduced 20 different classes of Kripke
frames, according to the structure of the domain D of quantification and the features
of the accessibility relations. In Section 3.3 we provided complete axiomatisations for
11 of these classes. Specifically, whenever the frames are general or boolean, we obtain

complete axiomatisations for all normal modalities. On the other hand, for full frames we
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know from previous results that normal modalities weaker that S5 are unaxiomatisable
[66, 90]. Nonetheless, for S5 and the epistemic interpretation of modalities we are able
to provide a complete system of axioms. An interesting feature of the proof is the
essential use of common knowledge as universal operator: this fact, which is exploited
in the completeness proof, only holds for S5 modalities. On the other hand, we left the

completeness of modal frames as an open problem.

The contributions in this chapter are inspired by a series of papers on LPML, an
extension of propositional modal logic to express local properties [119-121]. Here, in-
stead of introducing an ad hoc language (with an adjustment for each local property
one has in mind), we make use of the general framework of second-order propositional
multi-modal logic. In Section 3.2 we provided a detailed comparison of the two ap-
proaches. In particular, we showed that SOPML subsumes LPML. Moreover, in cases
where first-order properties are not definable by modal formulas (e.g. irreflexivity), or
modal formulas express properties not definable in first-order logic (e.g. Dedekind com-
pleteness), SOPML is strictly more expressive than LPML and allows to reason about

such properties locally.

Mono-modal SOPML was first considered by Bull and Fine [50, 66], mainly in relation
with axiomatisability and (un)decidability questions. However, the high computational
complexity of SOPML and some undecidability and non-axiomatisability results might
partially explain why SOPML has been studied far less than propositional modal logic,
and it has been virtually unexplored as a specification language for knowledge repre-
sentation and reasoning. Here we considered a multi-modal version of SOPML, and its

epistemic counterpart — SOPEL, which had originally been introduced in [43, 44].

Amongst more recent contributions, in [90] the authors proved that the expressive
power of SOPML (for modalities weaker than 4.2) is the same as second-order predicate
logic, and thus undecidable; while [107] provided SOPML with analogues of the van
Benthem-Rosen and Goldblatt-Thomason theorems. In [67] propositional quantification
and bisimulations are analysed in the context of modal logic. However, the type of quan-
tification there considered preserve standard bisimulations, and therefore the resulting

logic is provably as expressive as epistemic logic, strictly weaker than SOPML.

More directly related to the present contribution are [43, 44] by the same authors.
In [43] we introduced epistemic quantified boolean logic (EQBL), an epistemic variant
of SOPML, and provided axiomatisability and model-checking results. Differently from
the reference, here we tackle general SOPML, defined also on modalities strictly weaker
than S5. Indeed, in this chapter we analysed all normal modalities. Moreover, in

Appendix A.1 we provide full details on the construction of the canonical models to
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prove completeness, and discuss key issues on the interaction between quantification

and common knowledge in the completeness proof.
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Chapter 4

Simulations and Games

In this chapter we investigate the expressive power of second-order propositional modal
logic by introducing truth-preserving (bi)simulation relations for SOPML. Bisimulations
are an essential tool for the model theory of propositional modal logic, as they exactly
describe the conditions under which two models satisfy the same formulas in PML.
Moreover, propositional modal logic is characterized by the well-known van Benthem
theorem as the bisimulation-invariant fragment of first-order logic [47]. Hereafter we
introduce (bi)simulations for SOPML and prove that they are indeed truth-preserving.
Further, in Section 4.1.1 we present abstractions for frames and show that these are
similar. In Section 4.2 we define games for (bi)simulations and prove the equivalence
of the two approaches: model- and game-theoretic. Finally, in Section 4.3 we provide
examples on the application of (bi)simulations to the analysis of the expressive power of

SOPML in spatial and temporal reasoning.

4.1 Simulations and Bisimulations

We define the notion of (bi)simulations on frames, although it is immediate to extend this
definition to models. In the rest of the chapter we consider frames F = (W, D, R), F' =
(W',D’,R"), and models M = (F,V), M' = (F,V) defined on F and F' respectively.
Hereafter we use % to denote a relation on domain D, differently from Section 3.3, where

it stands for a set of formulas. The distinction will be clear by the context.

Definition 4.1 (Frame Simulation). Given frames F and F', a simulation is a pair
(0,%) of relations 0 € W x W', X ¢ D x D’ such that (i) for every U € D, X(U,U") for

some U’ € D'; and (i) o(w,w") implies

1. for every ve W, ael, if R,(w,v) then o(v,v") for some v' € R] (w');

53
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2. for every U e D, U' e D', ¥(U,U’) implies w € U iff w' e U’.

Notice that condition 1 in Definition 4.1 expresses the standard notion of simulation
in PML. Hence, simulations for SOPML extend the corresponding definition for PML (we
devote more discussion to this point later on.) Moreover, the definition of simulation
above differs from a similar notion put forward in [44]. Specifically, in [44] only a
relation on states is considered, thus obtaining a strictly weaker notion. This will become

apparent when analysing simulation games in Section 4.2.

We say that state w’ simulates w, or w < w', iff o(w,w’) holds for some simu-
lation pair (o,%). Similarly, a set U' simulates U, or U < U’, iff ¥(U,U’) holds
for some simulation pair (¢,%). Differently from what happens in PML, the pair

(x,<) is not a simulation generally. To check this, consider isomorphic' frames G; =

({wr, wa}, {{wr}, {wa}}, {(w1, w2), (w2, w1)}) and Go = ({@1, w2}, {{z1}, {w2}}, {(21,22),
(x9,21)}). Clearly, wy < x1 and {w;} < {z2}. However, it is not the case that wy € {w;}
iff z1 € {x2}. Nonetheless, each < is a preorder, i.e., a reflexive and transitive relation.

Finally, a frame F’ simulates F, or F < F', iff for every w € W, w < w' for some w’ € W'.

We illustrate the newly introduced notion by an example.
Example 4.1. Consider frames G = (W, R, D) and G' = (W', R', D"} over set I = {a,b,c}
of indexes, depicted in Figure 4.1, with

o W ={wy, w2, ws};
Ry = {(w1,w3), (w3, w1)}, Ry = {(w1,w2), (wa,w1)}, Re={(wa,w3), (w3, wa)};

D = {{w1},{wsz},{ws}};

W' = {us | s is a finite sequence on {1,2,3} starting with 1, with no adjacent

repetition};

fO’F every i€ I; R; = {(usaus’) | s'=s-m and Ri(wlast(s)’wm)};

let U} = {us | last(s) =n}, then D" = {U{,Us, U3}.

Intuitively, frame G can be thought of as a scenario where robots a, b, and ¢ move
around locations wy, wy, ws (robot a moves between wy and ws, etc.) Frame G' would
then be a structure that allows one to capture the same scenario but with the additional
possibility to reason about some notion of history, or time. One might for instance add

an atom p; which is true exactly at nodes at level i. To do this, one meeds to make

We do not provide a formal definition of isomorphism. It suffices to say that it is a one-to-one
correspondence that preserve accessibility relations and sets in D.
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W |
N

(a) frame G
b a
U2 U3
b a
b ¢ ¢ a
Ul@ @32
a c c b
a b

(b) frame G’

FIGURE 4.1: Frames G and G’ in Example 4.1 (D components are omitted for clarity).

appropriate assumptions about D' in G', like requiring that the frame is full. We do not

uos  consider these matters further.

Now consider the pair (o,%) of relations ¢ € W x W' and ¥ ¢ D x D’ such that
o(wn,us) holds iff last(s) =n and ({wy},U),) holds iff n = m. We check that (o,%)
is indeed a simulation. Firstly, for every {wn} € D, we have X({wy},U}) for U, €
D'. Secondly, if o(wn,us) and Ri(wp,wy,), then s' = s-m is such that R;(us,uys)

1500 and o (W, ug). Thirdly, if o(wp,us) and X({wg},U),), then last(s) =n and k = m.
Therefore, wy, € {wg} iff n =k, iff last(s) =m, iff useU],.

Finally, we observe that for every wy, € W, o(wy,us) for last(s) =n. Thus, frame

G' simulates G.

We now consider the following remark on the relation between simulations and prop-
1505 erties of frames.
Remark 4.2. If a frame F' simulates a boolean (respectively modal, full) frame F, then

F' need not to be boolean (respectively modal, full). Nor does F’ being boolean (modal,

full) imply that F is also boolean (modal, full).
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To see this, consider that a simulation F' may contain sets of states that do not
simulate any state in F, which are not closed under set-theoretic operations. The other
implication can be proved by a similar line of reasoning. Hence, similar frames need not
to belong to the same class. Below we compare these results with those available for

bisimulations.

We now state that simulations preserve the satisfaction of the universal fragment of
SOPML.

Theorem 4.3. If w < w', then for every ¢ € Lq_sopmis

(F,w')Y e implies (F,w)Ee

As an immediate consequence of Theorem 4.3 we obtain the following corollary.

Corollary 4.4. If F < F', then for every ¢ € Lo_sopmi,

f’izgo implies F E @

Thus, the notion of simulation introduced in Definition 4.1 preserves the universal

fragment of SOPML, similarly to the case for standard simulations and PML.

Example 4.2. Consider again frames G and G' in Example /.1. We showed that G’
simulates G. Moreover, we can easily check that G' validates the following formula in

ﬁa—sopml :

Vp (p -\ pr) (4.1)

iel
which intuitively says that at each position some agent moves to a different position. By

Corollary 4.4 we deduce that (4.1) is valid in G as well.

Example 4.3. Consider the notion of submodel M, generated by world w given in
Definition 3.9. It is easy to check that the pair (o,X), where o is the identity relation
and X(U,U") holds iff U = U'nW,, is the restriction of U’ to the worlds accessible from w,
is a simulation between Fy, and F. In particular, for every U € Dy, X(U,U") whenever
U=U'nW, forU"e D. Moreover, oc(w,w) implies that, forve W, a€l, if Ry o(w,v)
then Ry(w,v) and o(v,v). Finally, if o(w,w) and X(U,U"), thenU =U'nWy, andw € U
iffw eU'. As an immediate consequence of Theorem 4.3, we obtain the implication from
left to right of Lemma 3.11, restricted to universal SOPML.

Simulations can naturally be extended to bisimulations. Also in this case, our focus

is at the level of frames. In the following the converse of a relation R is the relation
R ={(u,v) | R(v,u)}.
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Definition 4.5 (Frame Bisimulation). Given frames F and F', a bisimulation is a pair
(w, Q) of relations w € W x W', Q ¢ D x D' such that both (w,Q) and (w™,Q7!) are
simulations. That is, (i) for every U € D, Q(U,U") for some U’ € D', and for every
U'eD', QU,U") for some U € D'; and (i) w(w,w") implies

1. for every ve W, a €I, if Ry(w,v) then w(v,v") for some v’ € R, (w');
2. for every v' e W', ael, if R (w',v") then w(v,v") for some v € R, (w);

3. for every Ue D, U" e D', Q(U,U") implies w € U iff w’' e U’.

States w and w’ are bisimilar, or w ~ w', iff w(w,w") holds for some bisimulation
pair (w,Q). Similarly, sets U" and U are bisimilar, or U ~ U’, iff Q(U,U’) holds for
some bisimulation pair (w,2). Again, the pair (»,~) is not necessarily a bisimulation,
similarly to what was shown above for simulations, but each ~ is an equivalence relation.
Finally, frames F and F' are bisimilar, or F ~ F', iff (i) for every w € W, w » w’ for

some w' € W'; and (i1) for every w’ € W', w ~ w' for some w e W.

Example 4.4. Notice that frames G and G' in Example 4.1 are actually bisimilar. To
prove this fact, we show that the converse relations o' € W x W and ¥t ¢ D' x D
form a simulation pair. Firstly, for every U] € D', the set U = {wy} € D is such that
Y(U,U"). Secondly, if o~ (us,w,) and Ri(us,us) then last(s) =n and s' = s-m for
Wy, € W such that R;(wy,, wy,). Hence, 0~ (ug, wp,). As to (3), the proof is identical as

for simulations.

We now state the following remark on the relationship between properties of frames

and bisimulations.

Remark 4.6. Suppose that F and F’ are bisimilar. Then, F is boolean (respectively

modal) iff 7’ is. However, if F is full, then F’ need not to be full. Nor does F’ being
full imply that F is also full. Moreover, if F and F’ are both bisimilar and full, then

they are isomorphic, that is, any bisimulation between full F and F’ is an isomorphism.

Compare the situation for bisimulations with the weaker results available in Re-
mark 4.2 for simulations. Specifically, bisimulations preserve the class of boolean and

modal frames.
We now state the main preservation result of this section.

Theorem 4.7. If w~w', then for every formula ¢ € Lsopmi,

(Fow)e e iff (FLw')Ep.
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As an immediate consequence of Theorem 4.7 we obtain the following.

Corollary 4.8. If F ~ F', then for every ¢ € Lsopmi,

Fep iff Flep

We can now infer that bisimulations in SOPML are ‘stronger’ than the corresponding
notion for PML: whereas we noticed that the frames of Figure 3.2 are bisimilar in PML,
as a consequence of Theorem 4.7, and Example 3.4, which says that the frames do not

agree on formula (3.6), we conclude that they are not bisimilar in the SOPML sense.

Example 4.5. We now consider two graph-theoretic properties. First, the notion of
3-colorability, as formalised by the following SOPML formula, where operator O is in-
terpreted on the edges E € W? of a graph G = (W, E), while 0* is interpreted on the

reflexive and transitive closure of E as standard:

Ip1,p2,p3 (D*(m vpavps) AT A\ =(pi Apj) A N\ O (pi > - <>pz)) (4.2)
it] 1,2,3

The truth of this formula in a vertex v € G implies that (i) all vertices in the subgraph
generated by v are either p1, pa, or ps; (ii) each vertex has at most one colour; and (iii)
no two adjacent vertices have the same colour. Thus, the subgraph generated by v is 3-
colorable. Observe that frame G in Figure 4.1(a) is indeed 3-colorable, and since states
wy and uy are bisimilar, as an immediate consequence of Theorem 4.7, also frame G’ is

3-colorable.

To illustrate further the (in)expressivity of SOPML through simulations, we consider
one more graph-theoretic property: the existence of a Hamiltonian path, i.e., a path
that wvisits all vertices in a graph exactly once. Again, frame G in Figure 4.1(a) has a
Hamiltonian path wi,ws,ws. On the other hand, frame G' in Figure /.1(b) has no such

path. Since G and G' are bisimilar, the following result immediately follows.

Lemma 4.9. The property of having a Hamiltonian path is not expressible in SOPML.

Indeed, it is known that such property is expressible in the language MSOs, an ex-
tension of MSO, which is strictly more expressive than SOPML [58, Proposition 5.13].

Discussion. We now compare our definition of (bi)simulation for SOPML, with the
standard notion of (bi)simulation for PML [47]. Observe that if a frame F’ simulates
F in SOPML, with simulation pair (o,X), then for every model M = (F, V') based on
F, model M" = (F',%(V)) on F' PML-simulates M. In particular, if o(w,w") then for
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every v e W, a €I, Ry(w,v) implies that o(v,v") for some v’ € R, (w") by condition (ii).1
in Definition 4.1. Moreover, w € V(p) € D iff w’ € ¥(V)(p) € D’ by conditions (i) and
(i1).2. Therefore, if M’ satisfies any universal formula ¢ in PML, then ¢ also holds in
M. Hence, Definition 4.1 of simulation for frames in SOPML is indeed a generalisation
of the model-theoretic notion in PML. Furthermore, if frames F’ and F are bisimilar in
SOPML, with bisimulation pair (w,2), then models M = (F,V) and M’ = (F',Q(V))
are also bisimilar in PML. Likewise, models M’ = (F/, V') and M = (F,Q1(V)) are
PML-bisimilar as well. Also in this case, SOPML bisimulations on frames generalise

PML bisimulations on models.

4.1.1 Abstraction

This section is devoted to the definition of a notion of abstraction for Kripke frames.
Abstractions are deemed useful for system verification, as they allow to ignore some
selected features of the system, thus focusing only on the properties relevant for the
verification task [54]. Indeed, a key fact about abstractions is that they simulate the
original system. Hereafter we prove such a result for SOPML, starting with a family of

equivalence relations on states.

Definition 4.10 (Equivalence). Given a frame F, consider an equivalence relation ~ on
W such that for every state w,w’ € W, w ~ w’ implies that for every U € D, w € U iff
w’ € U. Further, we denote by [w] = {w’ e W | w’ ~ w} the equivalence class of w in F,
and for a set U ¢ W, we let [U] be {[w]|weU}.

Clearly, if we replace ‘implies’ in Definition 4.10 by ‘iff’, we obtain the coarsest
equivalence relation satisfying the conditions therein.
Definition 4.11 (Abstraction). Given a frame F, the abstraction F4 = (WA, DA, R4)
of F (according to equivalence relation ~) is the frame such that

o WA= {[w]|weW};

e DA={[U]|U ¢ D};

e for every a € I, R2([w],[w']) iff Ry(v,v") for some v € [w], v" € [w'].

Notice that the coarsest abstraction F# is finite whenever the interpretation domain
D in F is, and of size [W4| = O(D) at most.

Example 4.6. To illustrate abstractions, we show that the frame G in FExample 4.1

is (isomorphic to) the coarsest abstraction G'A of G'. First of all, two worlds us and
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ug are equivalent according to the coarsest equivalence ~ iff for all U) € D', ug € U],
iff ug € U, iff last(s) = last(s'). So, in abstraction G'* we have three equivalence
classes [ug1], [ur2], and [ups], for sequences t € {1,2,3}* beginning with 1. As to the
accessibility relations, R;A([ut.n][ut/.m]) iff for wtp, g in W', Ri(Upp, Upran), that is,

w60t =t-n and Ri(wn,wn,). Hence, for instance, for agent a, we have R'A([u.1][up3]) and
RA([ug.3][ur1]), as required. Finally, D'* = {{U"]| U} € D'} = {{{ue1]}, {[ue2]}, {[ue3]}}-
Clearly, the abstraction G'* of G' is isomorphic to G, with mapping w; ~ [ugi] for
i=1,2,3.

We now extend a standard result in modal logic, namely that abstractions are indeed
1635 simulations, to SOPML.

Lemma 4.12. Given a frame F with abstraction F?, the pair of mappings w — [w]

and U ~ [U] is a simulation.

We remark that the abstraction F4 of a full frame  is isomorphic to F. In fact, for

every w € W, the set {w} belongs to D, and since w ~ w' iff for all U e D, w e U iff w' € U,
1600w ~w' implies in particular that w € {w'}, that is, w = w’. As a consequence, w — {w} is
the only simulation on states between F and F4, and it is also an isomorphism. Further,

in Example 4.6 we observed that frame G is (isomorphic to) the coarsest abstraction of

G'. Hence, Lemma 4.12 provides an alternative proof of the fact that G simulates G,

that was discussed in Example 4.4.

1645 The following corollary follows immediately from Lemmas 4.3 and 4.12.

Corollary 4.13. Let F be a frame with abstraction F2. For every universal formula

285 *Ca—sopml;

(fA, [w]) E @ implies (F,w)Eq@

The results presented above have an impact that goes beyond their theoretical inter-

est. As an example, we observed that relevant properties P of frames (such as reflexivity,

1650 transitivity, symmetry, etc.) are definable in propositional modal logic in the sense that
for some formula ¢ in PML, a frame F validates ¢ iff F satisfies property P. In SOPML
more properties become frame-definable within the class of full frames. For instance,

in Section 3.2 we showed that a full frame F is irreflexive iff F & Ip(0p A —p). On the
other hand, whenever we consider the class of all frames, several properties remain non-

1655 definable. For instance, the frame G in Example 4.1 is symmetric, while G’ is irreflexive.
Since, G and G’ are bisimilar, and therefore satisfy the same formulas in SOPML, we
conclude that neither of these properties is definable in the class of all frames. Such

results provide us with further knowledge on the expressive power of SOPML.
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4.2 Simulation Games for SOPML

The relation between (bi)simulations and zero-sum games is well-known in propositional
modal logic [47], where bisimulation games are routinely applied to derive (in)expressivity
results. In this section we introduce (bi)simulation games for SOPML. Similarly to the
case for PML, the existence of a winning strategy for Duplicator guarantees the preser-
vation of (universal) formulas in SOPML. We start by considering simulation games

played by Spoiler and Duplicator.

Definition 4.14 (Simulation Game). A simulation game G starting from pointed frames
(F,w) and (F',w') is defined as follows. Let (F,v,U), (F',v',U’) be the current state
of the game, where v € W (respectively, v’ € W') and U (respectively, U’) is a possibly
empty tuple of sets in D (respectively, D’).

Then, the game proceeds according to the following rules:

1. Either Spoiler picks a set U € D and Duplicator has to reply with a set U’ € D’ such
that v e U iff v € U’. The new state of the game is (F,v,U-U), (F',o',U"-U").

2. Or, for some a € I, Spoiler picks a state u € R,(v) and Duplicator has to reply
with state u’ € R (v") such that for every i, u € U; iff ' € U/. The new state of the
game is (F,u,U), (F o', U").

If Duplicator cannot match a Spoiler’s move, then Spoiler wins the game. Otherwise,
Duplicator wins the game. A winning strategy is a strategy whereby Duplicator can reply

to all of Spoiler’s moves, thus winning the game.

We now show that the existence of a winning strategy is tantamount to the existence

of a simulation.

Theorem 4.15. Duplicator has a winning strategy for the simulation game starting in

(F,w), (F',w") iff (F,w) < (F,w'").

Notice that this result is in marked contrast with [44], where the notion of simula-
tion there provided entails the existence of a winning strategy for Duplicator, but the
existence of a winning strategy does not imply the existence of a simulation. On the
contrary, here we have a perfect match between the two concepts. This is due to the

novel notion of simulation put forward in Definition 4.1.

As a direct consequence of Theorem 4.3 and 4.15, we obtain that the existence of a

winning strategy for Duplicator implies the preservation of formulas in L,_gopmi-
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Corollary 4.16. If Duplicator has a winning strategy for the game starting in state

(F,w), (F',w"), then for every universal formula ¢ € Lq—sopmi,

(F',iw") e @ implies (F,w)E ¢

Next, simulation games can be easily generalized to bisimulation games.

Definition 4.17 (Bisimulation Game). A bisimulation game G starting from pointed
frames (F,w) and (F',w') is defined as follows. Let (F,v,U), (F',v',U’) be the state
of the game, where v € W (respectively, v’ € W') and U (respectively, U’) is a possibly
empty tuple of sets in D (respectively, D’).

Then, the game proceeds according to the following rules:

1. Either Spoiler picks a set U € D (respectively, U’ € D') and Duplicator has to reply
with a set U’ € D" (respectively, U € D) such that v € U iff v’ € U'. The new state
of the game is (F,v,U-U), (F', o', U"-U").

2. Or, for some a € I, Spoiler picks a state u € R,(v) (respectively, v’ € R/, (v")) and
Duplicator has to reply with state u’ € R, (v") (respectively, u € R,(v)) such that
for every i, u € U; iff u' € U/. The new state of the game is (F,u,U), (F',u',U").

As above, if Duplicator cannot match a Spoiler’s move, then Spoiler wins the game.

Otherwise, Duplicator wins the game. A winning strategy is defined as usual.

By adapting the proof of Theorem 4.15, we can prove the following equivalence

between bisimulations and bisimulation games.
Theorem 4.18. Duplicator has a winning strategy for the bisimulation game starting

in (F,w), (F,w") iff (F,w)~ (F,w').

Again, the existence of a winning strategy for Duplicator matches the existence of
a bisimulation pair. By Theorem 4.7 and 4.18 we are then able to prove the following

preservation result.

Corollary 4.19. If Duplicator has a winning strategy for the bisimulation game starting

in state (F,w), (F',w"), then for every formula ¢ € Lopmi,

(FlLouYeo iff (Fw)ee

We conclude by discussing the two groups of preservation results. Both Theorems 4.3

and 4.7 and Corollaries 4.16 and 4.19 provide results on the preservation of (the universal
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fragment of) SOPML. However, (bi)simulations define global concepts, as these are
defined on the whole state space W x W’ and D x D’; while games are played locally, as
at each point in the game the players have only a local view on the frames, centred on
a pair of states and finite sequences of sets. Hence, the nature of these two notions is
profoundly different. However, they are provably equivalent by Theorems 4.15 and 4.18.
We envisage different applications for the two notions. For instance, (bi)simulations are
typically used to prove inexpressibility results; while games can be used to show that
two frames are not bisimilar, by providing moves for Spoiler to which Duplicator cannot

reply. These applications are discussed in the following section.

4.3 Simulations and Expressivity

In this section we explore the expressivity of SOPML, also by using the (bi)simulations
and (bi)simulation games introduced in Section 4.1 and 4.2. We focus on some temporal
and spatial. In what follows we say that a property P is expressible in a language £ and
class KC of frames iff for some formula ¢ € £, K & ¢ iff K has property P. Sometimes we

omit either £ or K, whenever these are clear from the context.

First of all, consider Dedekind-completeness of a total order <, i.e., a total, transitive,
and antisymmetric binary relation: a totally ordered set is Dedekind-complete if every
non-empty subset that has an upper bound, has a least upper bound. We recall that the
Dedekind-completeness of the real numbers is not expressible in PML: the proof makes
use of a propositional bisimulation between the structure (R, <) of reals and the rationals
(Q,<) [12]. On the other hand, in SOPML we can express Dedekind-completeness by
means of the following formula, where modal operators O and < are interpreted on the
strict linear order <, while m¢ (respectively, 4¢) are shorthands for ¢ AO¢ (respectively,
o Vv OP). Also, we recall that relation x < y, which is used for the interpretation of

operators m and ¢, can be defined as x <y or x = y.

Vp((4p A ¢ m-p) —> (4.3)
(¢(pAO-p)v (4.4)

g (m(q < m-p)A (4.5)

Is (#sAm(s > q)A (4.6)
B(-sAqg—>E-s)AB(s—>0-9))))) (4.7)

This formula states that (4.3) for every non-empty and upper bounded set p, either
(4.4) p has a greatest element, or (4.5) there exists a set ¢ of “strict” upper bounds,

(4.6) which includes a non-empty subset s (4.7) that is a singleton and the least upper
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FIGURE 4.2: Frames G; and Gy (the D-components are omitted for clarity).

1745 bound. Thus, the validity of this formula when operators 0O and < are interpreted on <

implies that the corresponding total order < is Dedekind-complete.

Intuitively, formula (4.3)-(4.7) fails in (Q, <) since, for instance, the set {g € Q| ¢ <
V/2} is non-empty and upper bounded, and therefore satisfy (4.3)-(4.5). However, it has
no least upper bound s € Q to satisfy (4.6) and (4.7).

1750 On the other hand, the identity relation is clearly a simulation between structures
(Q,<) and (R, <) seen as full frames, i.e., (Q,<) < (R, <), and if Dedekind-completeness
were expressible as a formula ¢ in universal SOPML, (R, <) £ ¢ would imply (Q, <) E ¢,

a contradiction. Hence, we immediately obtain the following inexpressibility result.

Lemma 4.20. Dedekind-completeness is not expressible in the universal fragment Lq_sopmi-

1755 As a further example, we prove that neither finiteness nor infinity of the state space
W are expressible in boolean frames. This is in line with the situation in PML. Indeed,
consider frame G = (N, succ, {N, @}) of the naturals with the successor relation and the
reflexive-point frame Go = ({w'}, {(w',w")}, {{w'},@}) in Figure 4.2, which are boolean
by definition of D; and Ds. In particular, the relations w mapping every natural n € N

e to w’, and © mapping N to {w'} and the empty set @ to itself, form a bisimulation
pair. Equivalently, it is easy to see that Duplicator has a winning strategy in the game
starting from state (Gy,n), (Go,w"), for every n € N: Duplicator has only to reply with
w’ to any m € N chosen by Spoiler, and with {w’} (respectively, @) whenever Spoiler
chooses N (respectively, @). Thus, G; and G validate the same formulas in SOPML.

1765 However, Gy is infinite while Gs is finite. As consequence, we obtain the following result.

Lemma 4.21. Neither finiteness nor infinity are expressible in the class of boolean

frames.

To conclude our brief review of expressivity results in SOPML, we show that for

1770 the sublanguage of Lg,,n without the reflexive and transitive closure operator 07,
finiteness is not even expressible in full frames. For n € N, let [n] be the set {0,...,n},

Gy, the frame ([n], suce, 2[™), and Gy = (N, suce, 2V) the frame isomorphic to the natural
numbers. Both Gy and each G, are full. Let G be the class of all frames G, for n € N,

and consider the following result.
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Lemma 4.22. In the fragment of Lsopmi without operator 0, the theory Th(G) is a
subset of Th(Gy).

Hence, if ¢ expressed ‘being finite’, then it would be valid in G, and hence also in

On, a contradiction. Thus, finiteness is not expressible even in the class of full frames.

In this section we made use of (bi)simulations and (bi)simulations games to show that
SOPML can express notions, such as Dedekind-completeness, that are not expressible in
PML; whereas other properties, such as finiteness, cannot even be expressed in SOPML.
Together with the remarks in Section 4.1 on 3-colorability and the existence of Hamil-
tonian paths, these results provide us with some interesting insight on the application

of model-theoretic techniques to the analysis of the expressivity of SOPML.

4.4 Discussion and Related Literature

In this chapter we introduced suitable notions of (bi)simulation and proved that they
preserve the satisfaction of (universal) SOPML. Then, we defined game-theoretical
counterparts to (bi)simulations and showed that the two approaches are equivalent.
This is in marked contrast with [44], which put forward a different, stronger notion of
(bi)simulation. We remarked that, while set-theoretical (bi)simulations might be more
appropriate to prove inexpressibility results, their game-theoretic counterparts might
be better computationally to actually show whether two frames are bisimilar. Finally,
we made use of (bi)simulations to obtain some inexpressibility results. Specifically, we
showed that being finite and having a Hamiltonian path are not expressible in SOPML;
while other properties, viz. Dedekind-completeness and 3-colorability, are actually ex-
pressible. We conclude that SOPML can indeed be used as a modelling language for
artificial intelligence, particularly for temporal and spatial reasoning, as well as to de-
scribe higher-level knowledge of agents, that is, the knowledge agents have about other
agents’ knowledge and beliefs. In this respect, we reckon that the development of model-

theoretic techniques is key for applications.

In our opinion the results presented in this chapter raise a number of interesting
questions. We believe that one in particular deserves more attention. The Van Ben-
them theorem is a well-known result in model theory, stating that modal logic is the
bisimulation-invariant fragment of first-order logic [109]. In the light of the notion of
bisimulation provided above, it makes sense to ask the same question in the present
context: is SOPML the bisimulation-invariant fragment of second-order logic? We leave

this problem open for future work.
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Chapter 5

Second-order Propositional

Announcement Logic

Modal epistemic logics have historically been focused primarily on the static proper-
ties of knowledge [83, 125]. Indeed, in Chapter 3 and 4 we introduced the language of
second-order propositional epistemic logic, which is suitable to express static proper-
ties of agents in frames. However, nowadays an increasing interest is directed towards
the dynamics of knowledge: how is individual knowledge affected by factual change,

information exchange, or knowledge updates?

These questions have given rise to temporal epistemic logics [64] and dynamic epis-
temic logics [122], among others. A particular form of dynamics appearing in epistemic
logic deals with truthful public announcements, i.e., publicly observable information that
is assumed to be reliable. These occur in many multi-agent scenarios: card games, the
muddy children puzzle, security protocols [117]. Public announcements are executed as
model refinements on the epistemic state of the agents listening to them. This idea has
been formalised into public announcement logic (PAL) [71, 100], which extends epistemic

logic with formulas of type [¢]), to express that after announcing ¢ publicly, ¢ holds.

Once public announcements are introduced, it is legitimate to wonder what remains
true after arbitrary announcements (a property known as preservation), or what can
be known by agents provided some suitable announcement (knowability). In this paper
we extend the framework of PAL to deal exactly with this sort of issues. We intro-
duce second-order propositional announcement logic (SOPAL), which extends PAL with
propositional quantification. As a result, the knowability of formula ¢ (by an agent a)

becomes intuitively expressible in SOPAL as

¢ = Ip(p)Ka¢ (5.1)

69
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that is, if ¢ is true, then after some truthful announcement p, agent a knows that ¢ is

true.

The main contributions in this chapter can be summarized as follows. We first
introduce the syntax and semantics of SOPAL. Then, we compare SOPAL with arbitrary
public announcement logic (APAL) [9, 10], an extension of PAL also including arbitrary
announcements, and show in which sense SOPAL is strictly more expressive than APAL.
We further provide reduction equivalences to eliminate announcements from SOPAL,
and thus show that SOPAL is as expressive as second-order propositional epistemic logic
(SOPEL) introduced in Chapter 3. This result allows us to transfer both the complete
axiomatisation and the decidable model checking problem in Chapter 3 for SOPEL
to SOPAL. Moreover, we prove that, even if they are equally expressive, SOPAL is
exponentially more succinct than SOPEL. Finally, we apply SOPAL to multi-agent
game scenarios and specify the dynamic epistemic notions of knowable, preserved, and

successful formula.

As a result, we have a powerful logic, with nice computational properties, such as
a complete axiomatisation, a decidable model checking problem, and a wide range of

interesting applications.

5.1 The Formal Framework

In this section we introduce the syntax and semantics of second-order propositional
announcement logic. Also in this chapter we make use of a set AP of atomic propositions

and a finite set I of indexes for agents. Formulas in SOPAL are defined as follows.

Definition 5.1 (SOPAL). The formulas in SOPAL are defined in BNF as follows, for
pe AP and a € [I:

¢ ou= p| Y=Y | Kato | Catp [ [W] | Vpyb

The language Lgopq of SOPAL extends SOPEL with announcement formulas [1)]¢,
whose reading is that “after (truthfully) announcing v, ¢ is true”. Equivalently, SOPAL
can be thought of as an extension of PAL with propositional quantification. As stan-
dard, formulas Kt can be introduced as Cy,y9. Nonetheless, here we assume K, as

primitive in analogy to SOPML. Further, the dual operator () is defined as —[t]-.

Second-order propositional announcement logic extends a number of well-known for-
malisms. The language L,, of Public Announcement Logic is obtained by removing

inductive construct Vpi in Definition 5.1; language L. without clause [¢]¢ as well
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is epistemic logic, and language L, without clauses K, and C4¢ as well is proposi-
tional logic. Also, language Lope obtained by removing clause [¢]y in Definition 5.1 is
second-order propositional epistemic logic from Chapter 3; while the language Ly, of
quantified boolean formulas is obtained from L,pe; by removing clause K, and Cytp

as well.

In the following we consider for comparison also the language of arbitrary public

announcement logic [9, 10], obtained by extending PAL with formulas o:

¥ o= pla | > Y| Kep [Cav | [9]¢ | 09

where Ot is here read as “after every truthful announcement, ¢ holds”. Hereafter we
show that SOPAL is rich enough to express APAL through quantification. We summa-
rize the main (syntactic) language inclusions in the following schema, where languages
in boldface, which have already been introduced in Chapter 3, are mentioned for com-

parison.

Lapal
, c apa
l
c M ¢
['el ['sopal
r C c S r c
C
ap = pl sopel
S Lgpr <

Example 5.1. To illustrate the expressive power of SOPAL, we discuss various epis-
temic notions. In public announcement logic a formula ¢ is said to be preserved if ¢
is true after any announcement. In SOPAL we can capture this by requiring that the

following formula holds:

¢~ Yq[qlo (5.2)

We informally remark that (5.2) does not hold for Moore’s formula p A -Kgp. How-
ever, in SOPAL we can define a suitable restriction of (5.2), concerning epistemic an-

nouncements only:

¢ — Vp[Kapld (5.3)

In Ezample 5.2 we show that (5.3), differently from (5.2), does hold for Moore’s

formulas.

Another notion of interest in PAL is knowability: a formula ¢ is knowable (by agent
a) iff after some announcement, a knows ¢. We remarked that this notion can be stated
formally as (5.1). Clearly, Moore’s formulas are not knowable. We will discuss and com-

pare preserved, knowable, and other classes of formulas in more detail in Section 5.3.1.
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In the rest of the section we extend to SOPAL the notions of free atom and substi-
tution defined on SOPML in Chapter 3, as well as auxiliary lemmas that are necessary

throughout the rest of the chapter.

Definition 5.2 (Free Atoms). The set fr(¢) of free atoms in a SOPAL formula ¢ is
recursively defined as in Definition 3.2, together with the following clause for announce-

ment formulas:

frilele’) = fr(@)ufi(¢)

The set bnd(¢) of bound atoms in ¢ is standardly introduced as the set of all atoms
q appearing in the scope of some quantifier (Jq. By renaming bound atoms, here also
we assume without loss of generality that for every formula ¢, sets fr(¢) and bnd(¢) are

disjoint. We now define when an atom is free for substitution.

Definition 5.3 (Free for ...). A formula 1) is free for atom p in ¢ iff p does not appear
in ¢ within the scope of any quantifier Qq, whenever ¢ is free in v, and if ¢ = [¢']¢"
and p € fr(¢"), then ¢ € Lyr. Alternatively, we can define whether ¢ is free for p in ¢ as
in Definition 3.3, together with the following clause:

if ¢ = [¢']¢" then 9 is free for p in ¢ iff it is in ¢ and ¢” and p € fr(¢") implies ¢ € Lyps

Finally, we extend the notion of substitution to SOPAL.

Definition 5.4 (Substitution). If 1 is free for p in ¢, then we inductively define the
substitution ¢[p/1] as in Definition 3.4, together with the following clause:

([eleDp/v] = [elp/¥116' /Y]

Notice that we make use of square brackets [, ] for both substitutions and announce-

ment operators, as both usages are standard. The context will disambiguate.

The restriction on substitution can be deemed quite strong, as we allow only for the
substitution of quantified boolean formulas in announcements. Intuitively, this is neces-
sary because, while [p]p is valid, substitution [¢ A =K,q](g A =K,q) is not. Nonetheless,
we will see that, also with such restriction, all results mentioned in the introduction are

provable.

To interpret SOPAL formulas we make use of the epistemic Kripke frames and models

introduced in Chapter 3, where for every agent index a € I, R, € W? is an equivalence
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relation on the set W of worlds. Nonetheless, for technical reasons, in Section 5.4
we will also consider general frames, whose accessibility relations are not necessarily
equivalences. Further, hereafter we consider classes K¢, of all (epistemic) Kripke frames,
Koo Of all (epistemic) boolean frames, K7, ,,, of all(epistemic) modal frames, and Kf,
of all (epistemic) full frames introduced in Chapter 3, where the accessibility relations

are equivalences.
We now define the notion of satisfaction for SOPAL.

Definition 5.5 (Satisfaction). We define whether model M = (F, V) satisfies formula
¢ at world w, or (M, w) E ¢, as in Definition 3.7, together with the following clause for

annoucement formulas :
(M,w) e [¢]" iff (M,w) &9 implies (M), w) & '

where the refinement M, = (I/VW,, Dyy, Ry V\¢> of model M according to 1) is defined as:
(i) Wiy = {0 € W | (M,0) = ¥}; (id) Dy = {Uyy = Un Wiy, | U € DY; (iii) Ry o = RanW2;
and (i) Viy(p) = V(p) n W), for every pe AP.

We recall that, given formula ¢ € Lyopar, [¢]m = {w € W | (M,w) & ¢} is the
satisfaction set in model M. We omit the subscript M whenever clear from the context.
We then state the following useful extension of Lemma 3.8(2a) on satisfaction sets. In
the following we extend function 73 X — Y from language sort symbols to type symbols

as follows: ap = all; ]7[ = bool; el = modal; ];El = modal; and sopal = full.

Lemma 5.6. For every formula ¢ € L,, for x = ap (resp. pl, el, pal, sopal), and for
M =(F,V) with F € K, we have that [¢]m € D.

We observe that the case of x = pal follows from the fact that PAL is as expressive

as epistemic logic [100].

By Lemma 5.6 we can prove the following result, which guarantees that Definition 5.5

is well-defined in the sense that the refinement M4 belongs to the same class as model

M.

Lemma 5.7. If a model M is boolean (respectively, modal, full), then the model refine-
ment M4 for ¢ € Lsopal is also boolean (respectively, modal, full).

To conclude, in the following we consider the standard notions of truth and validity

introduced in Chapter 3.
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Example 5.2. To illustrate the semantics of SOPAL, we consider the following instance
of (5.8) for Moore’s formula p A =Kgp:

(p Al ap) - VQ[KaQ](p Al ap) (5'4)

and show that (5.4) is a validity in all frames.

Suppose that (M,w) & p A =Kgp. Then, for some w' € R,(w) different from w,
(M,w") & =p. Also, if (ML, w) ¥ [K.q](pA-Kup) for some reinterpretation M3, then
we have (M) |koqw) ¥ DA =Kap, that is, (M, w) & Kaq but w' must not appear in
(MD) kg -6y (M, w") # Kaq. But then, (M, w) ¥ Kuq either. A contradiction.

Thus, even though Moore’s formulas are not preserved under arbitrary announce-

ments, they are indeed preserved by arbitrary epistemic announcements as in (5.4).

Example 5.3. We elaborate on the example of [121, Section 4.3], and consider a simple
card game with three players in I = {1,2,3}. The cards are identified by their colour:
red (r), white (w), and blue (b). In AP we consider atoms r;, w;, b;, for i € I, where
intuitively wy denotes that player 1 holds the white card. Also, all players know the cards
of the game, and that each player can see his own card, but not that of the other players.
The situation where each player is dealt a card can be modeled by the full model M in
Fig. 5.1. The state rwb in M denotes that player 1 holds red, 2 holds white, and 3 holds

blue. We then have for instance
(M, I’Wb) EriAKiri A=Kori A K1-Korg

i.e., player 1 holds red, she knows it, but 2 does not, and finally, 1 knows that 2 does
not know that 1 holds red.

In general, for every state s,

J#l J#l

(M, s) l=EIp(p/\KZ-p/\/\—. jp/\Ki/\—. jp)

i.e., every player i knows something that the other players do not know (and she knows

that they do not), namely the value of the card that i possesses.

Now suppose player i announces publicly the card she has. Such an announcement
in state rwb leads to the updated model M’ in Fig. 5.1. Indeed, for q; € {r;,w;,b;} we
have

Ve

(M, s) & q; = Ip(K;p) (/\ KjQi)
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rwb —> rbw

AVAYEES
NAY

brw —> bwr

FIGURE 5.1: The full models M and M’ in Example 5.2 (reflexive edges are omitted
for clarity).

that is, there is some proposition (namely, the value U = R;(s) of player i’s card) that

player i can truthfully announce, so that any other player knows the value of i’s card.

On the other hand, the mere announcement that player i knows something is not
sufficient to derive the same conclusion, as for every state s € W, (M,s) & IpK;p, and
therefore M3, = M. Hence,

(M, s) # ¢ — (IpKip) (/\ Kj%’)

Ve

Furthermore, the (false) announcement that player i knows everything implies that

the other players know her card:
(M, s) E qi > [VpKp] (/\ Kj%‘)
j#i

Indeed, (M, s) ¥ VpK;p, and therefore (M, s) & [VpE;p](Njzi Kjq;) trivially. However,
it is not the case that every truthful announcement pertaining to player i’s knowledge

entails that the other players know her card:

J#

(M, 5) # ¢i > Vp[ K. (/\ quz)
as for proposition U = W, (M}, s") & Kip for every s" € W. But (M) k,p,5) ¥
Nj=i Kjqi, since (M) k,p = M-

By comparing the formulas above, we clearly see that quantifying inside or outside

(epistemic) announcements allows us to express subtle differences in SOPAL.
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5.2 Comparison with APAL

In this section we compare SOPAL with APAL, whose original motivation also included
the ability to express arbitrary announcements in PAL. The main result of this section
is that SOPAL is capable of capturing APAL at the frame level, while the two logics
are incomparable at the model level. But first we state an extension of Lemma 3.8

containing auxiliary results that will be routinely applied throughout the paper.

Lemma 5.8. Let g and ¢ be free for p in ¢.
1. For x = ap (resp. pl, el, pal, sopal), 1 € L, and M € KZ, (M@}]M,w) E ¢ iff
(M, w) & ¢[p/v]
2. If p e fr(¢) implies € Lopy, then (Mﬁwﬂ)w = (Mip[p/v] )Ew}]
3. If V(fr(¢)) = V'(fr(¢)) then (M,w) E ¢ iff (M, w) = ¢

4. f V(fr()) = V'(fr(¥)) then My = M},

According to Lemma 5.8(1), the syntactic notion of substitution ¢[p/] corresponds

P
vl
interaction between substitution, reinterpretation and model refinement, namely the re-

to the semantic concept of reinterpretation M while Lemma 5.8(2) specifies the

finement (./\/llﬁ7 ] )j¢ of a reinterpreted model is equal to the reinterpretation (Mg[p/y] )Iﬂ) ]
of the model refined by the substituted formula ¢[p/v], provided that ¢ € Ly r when-
ever p € fr(¢). Moreover, by Lemma 5.8(3-4) models built on the same frame and
agreeing on the interpretation of free atoms, also satisfy the same formulas, and their
model refinements are equal. These results, which show that quantification in SOPAL

is “well-behaved”, will be extensively used hereafter.

To compare SOPAL and APAL we recall the clause for interpreting the operator O

[9]:

(M,w)eoy iff forall peLly, (M,w)E[d]Y (5.5)

We now prove that, according to (5.5), APAL can be captured within SOPAL in the

following sense.

Definition 5.9. Given a class K of frames, a logic L' is

e at least as m-expressive as logic L, or L <, L', iff for any ¢ € L, for some ¢’ € L',

for any model M in K,

M,w) ¢ iff (M,w)E¢



2020

2025

2030

2035

Second-order Propositional Announcement Logic 77

)

L? @
b ®

FIGURE 5.2: The full models M and M’ (reflexive edges are omitted for clarity).

e at least as f-expressive as logic L, or L <y L', iff for any ¢ € L, for some ¢ € L', for

any frame F in KC,

(Fw)eo iff (F,w)Edq

Clearly, each relation < is a partial order, and we write L=L" iff L< L' and L' < L,
and L < L"iff L<L"and L+ L'. Also, L <, L' implies L < L', but the converse is not

true in general.

To investigate the relation between SOPAL and APAL, we start with some prelimi-
nary results. First of all, we test the intuition that the operator 0O can be expressed by

quantification and announcements.

Lemma 5.10. Let M be an epistemic model, then

(M,w) = Vp[pled implies that (M,w) = O0¢p (5.6)

However, the converse of (5.6) does not always hold. Consider the full model M
in Fig. 5.2. Formally, we have that M = (W, R, D, V) with W = {w, wo1, w10, w11 };
Rq = {(wij,wiryr) | i=4"}; Ry = {(wij,wiryr) | = 5'}; D=2"; and V(q) = {w; | j = 0} for
every q € AP. We can check that, for every ¢ € L, [¢] is equal to either W, or @, or
{wij | j =0}, or {wy; | j =1}. As a consequence, for every ¢ € L¢, (M, wio) £ [¢](Kaq =
KyK,q), that is, (M,w;) E O(K.q - KpKyq). However, for U = {wgg,wo1, w10} we
obtain that (M?, wig) # [p](Kuq = KpKaq), ie., (M,w1o) # Vp[p](Kag > KpKaq).

Actually, clause (5.5) for APAL preserves bisimilarity of structures, while Defini-
tion 5.5 for SOPAL does not. To see this, consider the full model M’ in Fig. 5.2.
We remark without proof that the pointed models (M, wig) and (M’,sy) are bisim-
ilar [47], and satisfy the same formulas in PAL, and consequently, in APAL. How-
ever, we noticed that (M, w1o) # Vp[p](K.q - KpK.q), while it is easy to check that
(M, 50) = Vp[p](Kag - KpKaq).
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Incidentally, models M and M’ above prove that SOPAL is no less expressive than
APAL at the level of models. Indeed, if SOPAL <, APAL, then for ¢ = Vp[p](K.q —
KyK,q) in SOPAL there exists a corresponding ¢’ in APAL. However, (M, wig) # ¢
implies (M, w1g) # ¢’, which implies (M’ sg) # ¢’ by bisimulation, which finally implies
(M, 50) # ¢. A contradiction.

Lemma 5.11. In class ICJ‘fu” of full frames, SOPAL ¢,, APAL.

We remark that Definition 5.5 is discussed in [9], but discarded exactly on the ground
that it does not preserve bisimulations. Bisimulation-preserving quantification is anal-
ysed in [67] and the resulting logic is proved as expressive as epistemic logic. Here we
maintain that in second-order propositional modal logics a stronger notion of bisimula-
tion is needed, which takes into account also quantification, as discussed in Chapter 4.

Also, clause (5.5) has other issues, in particular, it is not analytic (more below).

Even though Vp[p]t is not equivalent to O at the level of models, the two formulas

are provably equivalent at the level of frames, under a cardinality assumption.

Consider the following translation 7 : L4pq = Lsopar from APAL to SOPAL:

7(p) = p

(1)) = -1(¥)

(W —-9) = (@) -> 7))
T(Ka1)) = Kar(¥)
7(Ca®) = Car(v)
(W) = [Wlr@)
(oY) = Vplp]r(¢¥)

where p does not appear free in v’
We can now prove the following result.

Lemma 5.12. In the class of epistemic frames where |D| is enumerable,

o iff ET(e)

As a result, whenever the domain D of propositions is enumerable, APAL can be
captured within SOPAL at the frame level, by means of translation 7. Specifically, the
arbitrary announcement operator O can be expressed by quantification and standard

announcements. As a corollary of Lemma 5.12, we have the following result.
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Corollary 5.13. In the class of epistemic frames where |D| is enumerable, APAL <
SOPAL.

We now show that the converse of Corollary 5.13 does not hold in general. Specifi-

2065 cally, consider set I = {a} of agents, and the reflexive and full frames F; = ({w}, {(w, w)},2"1)
and Fy = ({v,0'},W2,2"2). For ¢ = 3Ip(p A My~p), notice that (Fi,w) # ¢, while
(F2,8) E ¢ for every s € Wy, Suppose that there exists ¢’ corresponding to ¢ in the
sense of Definition 5.9 for <;. Then, (Fi,w) # ¢', while (Fa, s) E ¢'. Moreover, for every
APAL formula v, if (M1, w) # 1 for some model M; on Fi, then there exists a bisimilar

2000 model My on Fy such that (Mas,s) # . Hence, (Fz,s) E ¢ implies (F1,w) £ 1. In
particular, (Fs,s) E ¢’ implies (F1,w) E ¢'. A contradiction.

Lemma 5.14. In class IC]‘?UH of full frames, SOPAL ¢y APAL.

As an immediate consequence of Corollary 5.13 and Lemma 5.14 we obtain the

following.

2015 Corollary 5.15. In class of epistemic frames where |D| is enumerable, APAL <y SOPAL.

Finally, we remarked above that clause (5.5) is discussed in [9], but dismissed on
the ground that it does not preserve bisimulations. On the other hand, the APAL
semantics is not analytic in the sense that Lemma 5.8(3) fails: models that agree on the
interpretation of free atoms, may differ in the satisfaction of formulas. Consider again

2080 model M in Fig. 5.2 and formula ¢ = O(K,q > K;K,q). Then, define model M” such
that for every U ¢ W, V(py) = U for some py # q. Clearly, V and V" agree on the only
free variable ¢ in ¢. However, (M,wg) E ¢ as noticed above, while (M", wgy) # .
In particular, for U = {wgg, wo1, w10}, (M",weo) ¥ [pr](Keq > KpKaq). Therefore, in
APAL the satisfaction of formulas does not depend on values assigned to free variables
2085 only, but, if the formula contains an operator O, on the interpretation of all variables in

AP. The example above also entails the following result.

Lemma 5.16. In class IC]‘?u” of full frames, APAL ¢,, SOPAL.

To summarize the main results proved in this section, SOPAL and APAL are incom-

parable at the model level, that is, we have both APAL ¢£,, SOPAL and SOPAL ¢,

2000 APAL; while the former is strictly more expressive than the latter at the frame level,
i.e., APAL <y SOPAL.
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5.3 Expressivity

In this section we explore the expressivity of SOPAL in the various classes of Kripke
frames, starting with the properties of quantifiers. The main result of this section is
that SOPAL is as expressive as second-order propositional epistemic logic introduced in

Chapter 3.

Lemma 5.17. In SOPAL we have the following validities, for x € {ap, pl, el, pal, sopal } :

K& e Vpo — ¢[p/] for every v € L, (5.7)

where 1 is free for p in ¢.

For every class KC of frames,
KeY—¢ implies KeY— Vpo (5.8)
where p does not appear free in 1.

We remark that the proof of Lemma 5.17 makes essential use of Lemma 5.8.

By Lemma 5.17 we can see that SOPAL satisfies the standard principles of quantifi-
cation: the axioms Ex, (5.7) for exemplification and Gen (5.8) for generalisation are
indeed valid in SOPAL.

Furthermore, it is of utmost interest to study the interactions between quantification

and public announcements in SOPAL. In this respect, we obtain the following key result.

Lemma 5.18. The following validities hold in all classes of frames.

[V]Vpd < - Vp[Y]e (5.9
(¥)3pg < P AIp(Y)e (5.10
Y]3pg < Y- IplY]e (5.11
V)Vpp < Y AVP()d (5.12

where p does not appear in ¢ (without loss of generality bound variables can always be

renamed,).

We recall that SOPEL is obtained by removing clause [¢]¢ from Definition 5.1.
From Lemma 5.18 and the standard reduction axioms of public announcement logic

[100], we immediately derive the following expressivity result.

Theorem 5.19. SOPAL is as expressive as SOPEL.
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This result is extremely relevant, as it allows to apply to SOPAL the model theory
and techniques developed for SOPEL in Part I. As an example, the truth preserving
bisimulations introduced in Chapter 4 for second-order propositional modal logic apply
to SOPAL as well. Further consequences of Theorem 5.19 regard the decidability of

model checking SOPAL and its axiomatisation.

Corollary 5.20.

e The model checking problem for SOPAL is PSPACE-hard.

e SOPAL has sound and complete axiomatisations with respect to classes Kgy of
all frame, Kyoo of boolean frames, and Ky of full frames, obtained by adding
validities (5.9)-(5.12) and the reduction axioms of PAL to the corresponding az-
tomatisations of SOPEL in Chapter 3.

Thus, the fact that SOPAL and SOPEL are equally expressive allows us to transfer
to the former many useful results proved in Chapter 3 and 4 about the latter. However,
equal expressivity does not mean that SOPAL and SOPEL are the same, as it will

become apparent in Section 5.4.

5.3.1 Knowability

In this section we analyse the notions of preservation and knowability introduced in
Example 5.1, and present successfulness. Such concepts are of interest to understand the

epistemic capabilities of agents in response to different types of public announcements.

We start by introducing the positive fragment £f . of SOPAL inductively defined

sopal

as

¢ ou= ploplvad YV | Ko | Catp [ [=]¢ | Vpyo

As anticipated in Example 5.1, preserved formulas keep their truth under arbitrary
announcements. Given a class K, they are defined semantically as those ¢ € Ly, for
which K & ¢ - Vp[p]¢. We immediately extend the following result proved in [9] for
APAL.

Lemma 5.21. Positive formulas are preserved in K.

As an immediate consequence of Lemma 5.21, positive formulas are preserved in

every class of frames.
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In connection with preserved formulas, in Example 5.1 we introduced the formulas
preserved under arbitrary epistemic announcements (in a class ) as those formulas
¢ for which K = ¢ - Vp[K,p]¢. In Example 5.2 we remarked that Moore’s formulas
are not preserved under arbitrary announcements, but they are for epistemic announce-
ments. Obviously, positive formulas are also preserved epistemically. So, it would be of
interest to characterize exactly the class of formulas preserved under arbitrary epistemic

announcements, but this is beyond the scope of the present contribution.

Another semantic notion of interest when dealing with public announcements is
that of success. Formally, a formula ¢ is successful in class K of frames iff [¢]¢ is
valid in K. Now let ¢ € L,, for x € {ap,pl, el, pal, sopal}, be a preserved formula. In
particula, ¢ - Vp[p]¢ is a validity in the corresponding class K% of frames, and therefore
K. E ¢ - [¢]¢ by exemplification Ex,, i.e., K & [¢]¢. Hence, we obtain the following

result.

Lemma 5.22. For x € {ap,pl,el,pal, sopal}, every formula ¢ € L, preserved in the

corresponding class K% of frames is also successful in K.

Finally, we recall that for a given class I of frames, knowable formulas as those
formulas ¢ for which, for any agent a € Ag, K £ ¢ - Ip(p)K,¢. Now observe that, for
a preserved formula ¢ € L, K% = ¢ — Vp[p]¢ implies that ¢ - [¢]¢ is a validity in the
class K of frames, and therefore K% E ¢ - (¢)K,¢. Finally, K% = ¢ - Ip(p)K.¢ by

Ex,. As a result, the following lemma holds.

Lemma 5.23. Positive formulas are knowable in K¢, (always knowable). Formulas

preserved (resp. successful) in the corresponding class K% of frames are also knowable in
K&
2.

We clearly see that SOPAL allows for a fine-grained analysis of the dynamic epistemic

notions of preservation, successfulness, and knowability.

5.4 Succinctness of SOPAL

The fact that SOPAL and SOPEL are equally expressive does not necessarily mean that
they are ‘the same’. Indeed, we now argue that SOPAL is more succinct than SOPEL,
in the sense described below. We will sketch the argument using techniques from [68],
where it was proven that PAL is exponentionally more succinct than epistemic logic.

For the following we define the length |¢| of a formula ¢ € L,,4 as standard [47].
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Definition 5.24 (Succinctness). Given two logics L and Lg that are equally expressive
on a class IC of frames, we say that L is exponentially more succinct than Lo on IC,
written Li ﬁe,gp Lo, iff there are sequences @peN = ¢1,@2,... of formulas in L and
YneN = Y1,%9,... in Ly and a polynomial function f such that, for all n € N,

L [ion| < f(n);

2. ’wn| > 2"

3. 1y, is the shortest formula in Lo equivalent to ¢, in K.

In stating the main result below we also consider the class K4y of frames with arbi-

trary accessibility relations.

Theorem 5.25.

e SOPAL <" SOPEL if |[I|>2

e SOPAL <% SOPEL if |I| >4
all

To prove Theorem 5.25 consider the following sequences @,y and Y,eN:

wo = T
Pne1 = {(en)(Map Vv Myq)
Yo = T
Yn = Ma(Yn-1Ap) vV Mp(Yn-11q)

It is easy to see that |¢;| <i-6 and |1 > 2°. Using PAL equivalences, we also have
that ¢; and v; are equivalent, for all <. So the first two items for succinctness are easily
checked, what remains to establish is, that even when we allow for quantification, there

are no formulas 3; € Lyype; shorter than i; € £, equivalent to ¢; € L.

For propositional epistemic logic, the technique that [68] uses to prove that 1; € L
is the shortest formula equivalent to ¢; € L,y is that of formula size games. We now

extend such games to deal with quantification.

Definition 5.26 (Formula Size Game). The rules of the one-person formula size game
(FSG) for Spoiler are the following. The game is played on a tree, where each node
is labeled with a pair (M o N) such that M and N are finite sets of finite pointed
models. At each step of the game, a node is labeled with one of the symbols from the
set X ={T, L,p,~,V,A, M, Ko, C4,Cy,3p, Vp} and either it is closed or at most two new
nodes are added. Let a node (M o N) be given. Spoiler can make the following moves

at this node:
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T-move This can be played only if N = @. When Spoiler plays this move, the node is
closed and labeled with T.

atomic-move Spoiler chooses an atom p such that every pointed model in M satisfies
p, and no pointed model in N does. After this move, this node is closed and labeled

with p.

not-move Spoiler labels the node with symbol —= and adds one new node denoted
(N o M) as a successor to (M o IN).

or-move Spoiler labels the node with symbol v and splits M in two sets M = M; u Mo.
Two new nodes are added to the tree as successors to (M o IN}), i.e., (M; o N) and
(Mg o N).

and-move Spoiler labels the node with the symbol A and splits IN in two sets IN =
N; uNg. Two new nodes are added to the tree as successors to (M o N), namely
(Mo Nj) and (M o No).

M,-move Spoiler labels the node with symbol M, and for each pointed model (M, w) €
M, he chooses a pointed model (M, w") such that R,(w,w"). All such choices are
collected in IM;. A set of models IN is then constructed as follows. For each pointed
model (NV,v) € N, add to Nj all pointed models (N,v") such that R.(v,v"). If
for some pointed model (N, v), world v does not have an R]-successor, nothing is
added to Ny for (N, v). A new node (M;0oN;) is added as a successor to (MoN).

K,-move Spoiler labels the node with symbol K, and for each pointed model (N, v) €
N, he chooses a pointed model (NV,v") such that R}, (v,v"). All those choices are
collected in Ny. A set of models IM; is then constructed as follows. For each
pointed model (M,w) € M, add to M; all pointed models (M,w’) such that
R, (w,w"). If for some pointed model (M,w), world w does not have an R,-
successor, nothing is added to M; for (M, w). A new node (M o N;) is added as

a successor to (M o N).

C 4-move Spoiler labels the node with symbol C'4 and for each pointed model (M, w) €
M, he chooses a pointed model (M, w") such that R* (w,w"). All such choices are
collected in IM;. A set of models IN is then constructed as follows. For each pointed
model (NV,v) € N, add to Nj all pointed models (N, v") such that R'f (v,v"). If for
some pointed model (N, v), world v does not have a reachable successor, nothing is

added to Ny for (M,v). A new node (M;0N;) is added as a successor to (Mo N).

Ca-move Spoiler labels the node with symbol C4 and for each pointed model (N, v) €
N, he chooses a pointed model (N,v") such that R'{(v,v"). All such choices are

collected in IN7. A set of models M; is then constructed as follows. For each
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pointed model (M,w) € M, add to M; all pointed models (M,w") such that
R’ (w,w"). If for some pointed model (M, w), world w does not have a reachable
successor, nothing is added to M; for (M, w). A new node (M; o N;) is added as

a successor to (M o N).

Ip-move Spoiler labels the node with symbol Ip and, for each (M, w) € M, she chooses
a set U € D and replaces (M, w) with (M¥,,w). All these choices are collected in
M;. A set Ny is then constructed as follows: for each (N,v) € N and any U’ € D',
add (N, v) to Ni.

Vp-move Spoiler labels the node with symbol Vp and, for each (N,v) € N, she chooses
a set U’ € D" and replaces (N, v) with (N}},,v). All these choices are collected in
N;. A set My is then constructed as follows: for each (M,w) € M and any U € D,
add (MP,w) to M.

Notice that the moves for L, and, K,, C4, and Vp are derived from the moves for
their dual operators in the following senses: Spoiler acts on N, instead of M. Moves
and and or are called splitting moves, while K,-, M,-, C.a, and C g4-moves are called

agent moves.

Definition 5.27. Spoiler wins the FSG starting at (M o N) in n moves iff there is a
game tree T" with root (Mo IN) and precisely n nodes such that every leaf of T" is closed.

Otherwise, Spoiler loses the game in n moves.

We are now in a position to prove the following result, which extends Theorem 1 in

[68] with the case to deal with quantification.

Theorem 5.28. Spoiler can win the F'SG starting at (M o N) in less than k moves iff
there is a SOPEL formula 1) € Lgope; such that M =1, N & -, and || < k.

Example 5.4. Consider Fig. 5.3. This is a game tree for pair (M,N) with M =
{(M,w)} and N = {(N,w)}, respectively depicted on the left and on the right of the root
of the tree. Designated points of the models are black dots, non-designated points are
open dots. Leaves are closed nodes and are depicted with thick perimeters. We further
assume that in M and IN all atoms are true in all worlds, and there is only one agent
a. Notice that the two initial models are bisimilar, and hence have the same epistemic
theory. This implies that the FSG starting in (M o IN) can only be won if an Ip or Vp
move is played. Note that the game displayed ‘corresponds’ to the formula Ip(Mg—pADp).

In light of Theorem 5.28, if for every n € N we can find classes M,, and N,, of pointed
models such that the following holds:
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FIGURE 5.3: The game tree from Example 5.4.

1. M, E ¢, and N, E ~p;

2. it takes Spoiler at least 2" moves to win the FSG starting in (IM,, o N,,);

270 then we have shown that also item 3 of Definition 5.24 holds for the three step proof,
thus settling that SOPAL ﬁe,gi SOPEL:
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FIGURE 5.4: The starting node (M5 o Ny) for the formula size game.

We show the two items above, first for n = 2 and the class K, of all frames. Con-
sider 19 = Mu(p A (Map v Myq)) v My(q A (Map A Mypq)). We let Mo = {(Magq,€),
(Map, €), (Mpa, €), Mpp,€)} and No = {Nga,€), (Nap, €)s Noas€), Nop,€)} as depicted in
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Fig. 5.4. We leave it to the reader to check that My E 1 while Ng = —). Let us call
the worlds in My, for instance, €, wg,, and wyy, and €, v, Vqq those in N,,. Note that
the models in Ny are similar to those in My, the only difference being that in the final
point, no atom is true. For Spoiler to exploit this (let us initially not consider quantifier
moves), she has to take care that for instance there is a path in the game tree that has
(Maa,waq) at the left of the node, and (Ngq,veq) on the right, after which he can play
an atom-move and close that branch. Model pairs of type (Mgyq,€) and (Ngq,€) are
called diverging pairs. Note that every diverging pair will generate at least one branch
in the game tree that takes exactly two agent moves and one atom move. Also, when
an agent a-move is played at a certain node, there can be no models at that node in
which the first transition is for agent b: otherwise Spoiler cannot make the move. So,
whenever there are models on one side of a node that have an a-transition first together
with models that have a b-transition first, Spoiler needs to play a splitting move. Then,
it is clear that for every diverging pair, there is a terminal node in the game tree that
only contains that pair, and which is closed by an atom-move. This explains that there
are at least 4 moves needed to win the game starting in (M30Ns), and at least 2" moves

for a game starting in (IM,, o N, ).

So, can Spoiler do any better now that she has quantifier moves available? No,
she cannot: note that Spoiler’s task is to find a ‘difference’ between the models on
the left and those on the right, so in particular he needs to demonstrate a difference
between the models that make up a diverging pair. Note that the difference between
the models in such pairs is n steps away from e (forcing Spoiler to take n agent-moves),
and this difference is then between the truth of one atom, p or ¢. If Spoiler plays a
quantifier move, he runs the risk of two models of a diverging pair becoming identical
(the valuations could become the same) in which case Spoiler looses the game: having
a model (M, w) appearing both on the left and right of a node in the game is a losing
position! In our example, if Spoiler plays an 3r-move, the effect is that there are still
the same number of diverging pairs, which completely agree on the valuation of r. If
Spoiler plays an Ip-move in a node within a model My, (for x € {a,b}), then as an effect
of this move there will be a model N, with a valuation such that the resulting M/,
and N, will be identical models! (for instance, if the valuation in M,, was changed
by Spoiler such that p were to be false in w, and true in wgq, then this model would
become identical to Ny, with the same valuation.) It should be clear that any node in
the game with two identical models, one on each side of the node, is a losing position
for Spoiler. In sum, by playing a quantifier move, Spoiler cannot improve, but possibly

worsen his chances of winning the game in k moves.

So, the key idea in [68] can be summarised as follows: pairs ((Mgq,€), (Naa,€)) and
((Mpa,€), (Npa,€)) are called diverging pairs, because Spoiler cannot keep them in the
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same branch of the game tree in order to win the game. So the number of diverging
pairs in the starting node of the game is an indicator for the number of splitting moves
that Spoiler needs to play. We then argued that by playing quantifier moves, Spoiler

does not change the number of diverging pairs.

For the class KF,, of full (epistemic) frames, we use the models and formulas as
presented in [68]. We now assume I = {a,b,c,d} and introduce four atoms a, b, c and d.

Define ¢, € Lsopar and ¥y, € Lgoper as follows:

p1 = Mc(crMg(dn(Meav Mpb)))
Pn+1 = <S0n>Q01

and

U1 M.(c A Mg(d A (Myav Myb)))
Yoe1 = Y A Mc(wn ACA Md(wn Ad A (Ma(wn A a) N Mb(wn A b))))

Then, every ,, and 1), are equivalent (see [68, Proposition 5]). For the sets of models
E, and IF,,, we refer to [68, Definition 20, Fig. 7 and 8]. Note that here, in the starting

node of the game, the designated points in the models are x,, and Z,,.

Now take, for example, the models (E,qq, Z1), which will be on the left of the FSG for
n =1, while (E,qq,%1) appears on the right. The only difference between the two models
is the designated point. But note that in the first model, there is a path c—=d-a to a
world labeled with the atom a, while in the second model, there is no such path (starting
in #1). So, the pairs ((Eeda, 1), (Feda, ©1)) and ((Eegp, 1), (Fedp, £1)) is a diverging pair
of models, which Spoiler has to split before winning the game. Can Spoiler get rid of
a diverging pair by playing a quantifier move? She can’t, as we now argue, the reason
being that the models on the left and the right of each node are based on the same
frame. Suppose that Spoiler plays a Ja-move, changing the model (E.q4,,21) to some
model with an assignment V' that possibly changes the interpretation of a. This will
have the effect that on the right of the node, we will have an assignment V' for (E.4,, £1)
which is exactly the same. It can be seen that the two new pointed models (E!, 1)
and (E!,,,&1), which will appear each on a side of the next node in the game tree, mean
that this is a losing position for Spoiler: they both verify the same formulas, and every

quantifier move in one of them can be mimicked in the other.

As a result of the discussion above, we conclude that SOPAL is exponentially more
succinct than SOPEL.
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5.5 Discussion and Related Literature

In this chapter we introduced second-order propositional announcement logic: a logic
to reason about arbitrary announcements in multi-agent contexts. We presented the
language of SOPAL, which extends public announcement logic by means of proposi-
tional quantification, or equivalently, enriches SOPEL with public announcement op-
erators. We endowed SOPAL with a semantics in terms of multi-agent Kripke frames
and models. We illustrated the expressivity of SOPAL by analysing relevant notions
in knowledge reasoning and representation, such as preservation under arbitrary (epis-
temic) announcements, knowability, and successfulness. Further, we compared SOPAL
to arbitrary public announcement logic, a language whose motivation and aim is similar
to SOPAL’s, but which follows a completely different philosophy. To compare SOPAL
and APAL we provided two notions of order between logics. Then, we proved that,
while SOPAL and APAL are uncomparable at the model level, the former is strictly
more expressive than the latter at the frame level. Furthermore, we analysed the set of
validities in SOPAL and provided reduction equivalences for quantified formulas, thus
showing that SOPAL is exactly as expressive as SOPEL. As a consequence of the results
in Chapter 3, SOPAL has a decidable model checking problem as well as sound and
complete axiomatisations. Moreover, SOPAL is preserved by the (bi)simulation rela-
tions introduced in Chapter 4. Announcements make a difference nonetheless. Indeed,
SOPAL is exponentially more succinct than SOPEL. We conclude that SOPAL is a suc-
cinct, rich logic, strictly more expressive than previous proposals in the area, but still

with nice computational properties.

This chapter draws inspiration from a well-established tradition in knowledge reason-
ing and representation: dynamic epistemic logic [122], including public announcement
logic [71, 100]. This line of research is well-studied, with a rich literature. Hence, we
only discuss the contributions most closely related to the present work. Arbitrary public
announcement logic has been introduced in [9, 10], with the aim of capturing arbitrary
announcements. We share the same motivation, but the formal analysis through propo-
sitional quantification is novel. In particular, differently from APAL, SOPAL is not
preserved by standard propositional (bi)simulations. To deal with this issue, in Chap-
ter 4 we introduced novel notions of (bi)simulation that indeed preserve SOPEL, and
therefore SOPAL by reduction. On the other hand, differently from APAL, SOPAL is
analytic in the sense of Lemma 5.8(3): the truth value of a formula depends only on
the value of atoms appearing therein. Further, quantification (on bisimilar models) has
been analysed in [67]. However, the resulting logic is as expressive as epistemic logic,

and therefore strictly weaker than SOPAL.
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Along this line of research it is of great interest to analyse further SOPAL in multi-
agent contexts, for instance, agents performing announcements: which announcements
can an agent perform based on her knowledge? How do such announcements modify
the epistemic state of other agents (including knowability and preservation)? How is the
proposed framework to be modified to accommodate private communication? In this
direction contributions such as group announcement logic [3] are certainly relevant. We

partially address some of these questions in the following chapter.
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Chapter 6

Global and Local Announcements

In this chapter we take a break from propositional quantification and return to a purely
propositional setting. Specifically, we take inspiration from the state-of-the-art in public
announcement logic (PAL) and introduce a logic for global as well as local announce-
ments. Public announcement logic has two key features. First, announcements are
public, in the sense that all agents equally observe the new information, and are (com-
monly) aware of all agents equally observing the information. Second, announcements
are global, that is, although for truthful public announcements the truth of the announced
formula in the actual state is a precondition, how the new information is processed does
not depend on the actual state but rather on the model (i.e., public announcements are

model transformers).

In the proposed language and framework we carefully distinguish the two, indepen-
dent features of publicity and globality, which are packed together in the announcement
operator [¢], and relax them both. Hence, by weakening publicity, we allow formulas to
be announced to a proper subset A of the set I of all agents. Then, only the agents in A
partake of the new information contained in the announcement. Further, by weakening
globality, we distinguish between local announcements, whose meaning depend on the

actual state, and global announcements that depend on general features of the model.

Thus, the language of global and local announcement logic (GLAL) contains two
modalities [¢]% and [¢]}, for the global and local announcement of formula ¢ respec-
tively, each of them indexed to a coalition A of agents. Further, we provide a semantics
in terms of model updates that reflects the intuitions illustrated above. Most inter-
estingly, we are able to provide a unified account of global and local announcements,
in which the difference between the two depends on a subtle distinction in the model

update.

91
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The rest of the chapter is structured as follows. In Section 6.1 we introduce the
syntax and semantics of GLAL and provide two examples to illustrate the formalism. In
Section 6.2 we analyse the expressivity of GLAL and state the main result of the paper:
differently from PAL, GLAL cannot be reduced to epistemic logic as it is strictly more
expressive. We discuss the meaning and relevance of these results in Section 6.3, where

we also point to directions for future research.

6.1 The Logic of Global and Local Announcements

In this section we introduce the syntax and semantics of GLAL. We warn that the term
‘announcement’ is used here with a different meaning with respect to public announce-
ment logic. As discussed in the introduction, the announcements of PAL appear here as
global announcements to all agents. Hence, our notion of announcement is more general
as it also covers local announcements and announcement to only a selected subset of all

agents. These distinctions will be clear once the appropriate semantics is introduced.

Given sets AP of atomic propositions and I of indexes for agents in Chapter 3, we

introduce the syntax of GLAL as follows.

Definition 6.1 (GLAL). The formulas in GLAL are defined in BNF as

¥ ou= plYp YAy | Kol Cayp | [100 [ [$]a0

where pe AP and Ac .

The language L4, of GLAL extends the language L, of epistemic logic with global
announcement formulas [¢]% ¢, whose reading is that “after globally announcing 1 to the
agents in A, ¢ is true”, as well as local announcements [¢]; ¢, whose intuitive meaning
is that “after locally announcing ¢ to the agents in A, ¢ is true”. We will illustrate and
discuss, using our semantics, the different interpretations of operators [¢]% and [¢]7,
particularly with respect to the logic of semi-private announcements [13, 71, 112, 114].
The dual operators (¢), and (¢)% can be defined as =[¢];— and -[¢ ]’ - respectively.
As usual, the “everybody knows” formula E4¢ is a shorthand for Ages Kqo¢, and we
omit subscript A from E4¢ and C4¢ whenever A is the grand coalition I, then simply

write E¢ and C¢.

Global and local announcement logic extends a number of well-known formalisms.
We mentioned that the language L., without clauses [¢]3% and [¢]}% is epistemic

logic (with common knowledge), and language £, without clauses K,¢ and Ca¢ as
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210 well is propositional logic. These (syntactic) language inclusions, also with respect to

the languages introduced in Chapter 3-5, can be summarised as follows:

*Cglal
c
Lo S Lpar < Lapal
c < <
Eap c £pl B B
g ﬁqbf c ﬁsopel c £sopal

We interpret formulas in GLAL on propositional Kripke frames and models, ob-
tained by removing the interpretation domain D from Definition 3.5. Then, we define

245 appropriate update mechanisms for global and local announcements.

Definition 6.2 (Frame). A Kripke frame is a tuple F = (W, {Rg }4er) where

e W is a set of possible worlds;

e for every agent index a € I, Ry € 2">W is an equivalence relation on W.

As customary in epistemic logic [47, 95], for every agent a € I, R, is the corresponding

aso indistinguishability relation between worlds in W. We recall that, whenever A is a
singleton {a}, we have that R} (w) = {w' | R(q) (w,w")} = Ry(w) is the equivalence class

of we W, and R’ can be represented as the set £4 = { R’ (w) | w € W} of its equivalence

classes.

To assign a meaning to formulas in GLAL we introduce assignments as functions
uss Vi AP —» 2W. A (Kripke) model is then defined as a pair M = (F,V). Finally, we

introduce the notion of satisfaction in a model.

Definition 6.3 (Satisfaction). We define the satisfaction set [[¢]jpm € W of formula ¢
in model M = (F,V) as follows:

(F2IRY = V(p)

[~ Tm - W [[¥]am

[ A9 TIm = [N 0 (9 Tt

[Callm = {weW [for all w' e R}y (w),w’ € [¢]ar}
(v Im = {weW [if we [¢]lm then we [ Ty -}
(v Im = {weW [if we[[¥]]m then we [T}

(w,3,A4)

where refinements M, 1y = (W7, {R;}aer, V™) and M{, ) = (W' {R; }baer, V) of

260 model M with respect to world w, formula v, and coalition A, are defined so that
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e W =W*=Wand V- =V*=V;

e for every agent b ¢ A, R, = R} = Ry; while for a € A,

Ro(v) n[[¥]m i v e Ro(w) n[[¥]m
R, (v) ={ Ra(v) n[[-¢]lm  if v € Ro(w) n[~4]nm

R,(v) otherwise

Ro(v) n[[¥llm - ifve Ry(w) n[[¢]lm
Rq(v) =y Ra(v) n[[=¢Jm if v € Ry (w) n [~ ]I

Ry(v) otherwise

By Definition 6.3 the refinement ./\/l(’w’ 0,A) only affects worlds that are accessible by
each agent in A separately, while ME’M 0.A) involves all worlds reachable through relation
R’. In all these worlds the accessibility relation is updated according to whether the
world in question satisfies the announcement, that is, the announcement refines the
equivalence class of each such world. In Example 6.1 we illustrate the differences between
the two types of refinement. Notice that in the case of single agents, the refinements
/\/l(_w7 0.a) and ME’M 0.a) coincide, hence we omit superscripts — and + from single-agent
refinements and modalities. Indeed, globally or locally announcing a fact to a single
agent is tantamount, as she is the only one to witness the announcement. For instance,
an announcement to a single agent by telephone or in a face-to-face meeting have the
same outcome (as long as we are not concerned with issues pertaining to other agents
being aware of the communication act.) In such a case, model refinement M, 4 o) can
be interpreted as “in R,(w), agent a learns whether 1”. As a consequence, formula
[¥]q¢ then becomes: if ) holds and a learns whether 1, then ¢ holds as well. Also,

the updated set &, of equivalence classes in M w,p,q) can be shown to be equal to

(€a~ {Ra(w)}) U{Ra(w) N [[¢]]; Ra(w) n[[=¢11}-

We introduce standard notions of truth and validity. A formula ¢ is satisfied at w,
or (M,w) E ¢, iff we[[¢p]lm; ¢ is true at w, or (F,w) E ¢, iff ((F,V),w) E ¢ for every
assignment V; ¢ is valid in a frame F, or F & ¢, iff (F,w) E ¢ for every world w in F;
¢ is walid in a class KC of frames, or K & ¢, iff F = ¢ for every F € K. We often omit the
subscript M from the satisfaction set [t ][] whenever clear by the context.

We now prove that our model refinements in Definition 6.3 are well-defined as both

R, and R} are actually equivalence relations.

Lemma 6.4. Let M be a model with refinements /\/l(_w%A) and MZw,w,A)' For every

agent a € I, if R, is an equivalence relation, then also R, and R are such.
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We observe that the semantics of global and local announcements given in Defini-
tion 6.3 differs from semi-private announcements in [13, 71, 112, 114]. Specifically, after
announcing semi-privately ¢ to coalition A, all agents in A know ¢, and the agents in
I~ A know that all agents in A know whether ¢. None of the above is the case here in

general. Nonetheless, the framework provided above is flexible enough to accommodate
sp

(w7¢7a
to which W =W, V? =V, and for a € A,!

a further model refinement M ) suitable for semi-private announcement, according

Ro(v) n[[]lm i ve Rp(w) n[[9]lm
R"(v) =4 Ra(u) n[-¢]lm if v e Rp(w) n [-¢ ]

Ry (v) otherwise

We do not provide a detailed discussion of semi-private announcements here, as it is

beyond the scope of this work. We only remark the adaptability of the present account.

We now illustrate the difference between global and local announcements by means
of two examples drawn from the literature on multi-agent systems and dynamic logic

[64, 122]. Hereafter we often represent a set as some sequence of its elements.

Example 6.1. We first consider the well-known puzzle of muddy children. We assume
familiarity with this scenario and refer to [64, 117] for a detailed presentation. The
initial model M for 3 children (red, blue, and green), where no child knows whether she

1s muddy, can be represented as follows:

(1,1,1)

(07 ) 0)

(0, 0, 0)

!The standard way to define this semantics is as R? = R, for a ¢ A, whereas RSP = R, n ([[¢]]34 U

[-¥]31)) for a € A. In the submodel generated by the actual state the result is identical to the semantics
here defined.
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Now suppose that only red is muddy, i.e., the actual world is (1,0,0), and the father
locally announces to red and blue that at least one child is muddy, that is, formula

ai=m, Vimy, vV mg is true. The refined model MZIOO orb) is then given as follows:

(1,1,1)

(0,1,0)

(0, 0, 0)

Notice that only the indistinguishability relation for red is updated, as in all worlds
that blue considers possible from (1,0,0), formula « is indeed true. Hence, after the
father’s local announcement, in (1,0,0) all children know that at least one child is
muddy, i.e., (1,0,0) k [a]Ea. Moreover, red learns that she is muddy, i.e., (1,0,0) £

[a] , Kmy. This is in line with the classic version of the muddy children puzzle.

On the other hand, the father’s local announcement is not enough to make o com-
mon knowledge for red and blue, that is, (1,0,0) ¥ [a] ,Crper, as blue considers possible
that red considers possible that blue considers possible that no child is muddy, that is,
(1,0,0) & [a], MyM, My~ via epistemic path (1,0,0) ~ (1,0,1) ~, (0,0,1) ~ (0,0,0).
This is in contrast with the classic version of the muddy children puzzle with public an-
nouncements, where the father global and public announcement entail common knowledge

of a.

Now suppose that at the beginning, again in world (1,0,0), the father globally an-
nounces to red and blue that at least one child is muddy. The refined model MZ—IOOarb)

is indeed different from ./\/l(_100 arbys 05 shown below.
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(1,1,1)

(1,0,1)

(0,1,0)

(0, 0, 0)

Specifically, in Mzrloo,a,rb) the indistinguishability relations are refined for both red
and blue, and as a result, after the father’s global announcement, in (1,0,0) red and
blue have common knowledge that at least one child is muddy: (1,0,0) & [a]),Cra.
However, also in this case the father’s global announcement is not enough to make
a common knowledge amongst all children, that is, (1,0,0) # [a]f,Cca, as (1,0,0) &
[a]f, MyM, My-a via epistemic path (1,0,0) ~¢ (1,1,0) ~, (0,1,0) ~4 (0,0,0).

Example 6.2. We now consider a scenario of coordinated attack. General a and b are
planning to jointly attack the enemy, but each of them will attack only if the other is
also attacking, also none of them is sure about whether the other will actually attack. As
customary in such scenarios [64], we suppose that they attack simultaneously or not at
all, and they actually attack simultaneously iff they reach common knowledge of the fact
that they are both attacking, that is, C(att, A atty). This scenario can be represented
intuitively as model N in Fig. 6.1.

Further, we model communication between the two generals as an exchange of mes-
sages att, — atty from a to b, and atty, — att, from b to a, that is, each general commu-
nicates that he is attacking only if the other is also attacking. Since communication is
between individuals, here we can omit the distinction between global and local announce-

ments.

Then we can check that, even though both generals intend to attack in world (att,, atty),

they will never attain common knowledge of this fact, independently from the number of
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atty, atty

FIGURE 6.1: The model A for the coordinated attack scenario (reflexive edges are
omitted for clarity).

messages they exchange. Specifically, in N we have

(attq,atty) ¥ [atte — atty]pC(atte A atty)

(attq,atty) ¥ [atty - atty].C(atty A atty)

Indeed, we can verify that N((atta,attb),attaeattb,b) = /\/((atta,attb),attb»atta,a) =N. Asa
result, no matter how many messages general a and b exchange, common knowledge that

they are both attacking will never be attained. Hence, as a particular instance we have

(attq,atty) ¥ [atty — atty]platty — atty]q[atty — atty],C(att, A atty)

2550 Then, we might think of stronger messages to be exchanged by the generals, for
instance, each general might communicate that the other general attacking is a sufficient,
rather than necessary, condition for his own attack, that is, general a sends message
atty, — att, to b, and b sends message att, — att, to a. Now, we can see that the

following exchange is sufficient to achieve common knowledge:

(attq,atty) & [atty —> atty]p[atty, — atty],C(atty A atty)

2555 On the other hand, this protocol is not robust against deviant behaviours. Indeed, each
general is uncertain as to whether the other general is attacking. Hence, for instance,

general a considers world (att,,atty), where we have the following:

(attq,atty) ¥ [atty — atty]p(atty A atty)
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and as a consequence,
(attq,atty) ¥ Kglatty — atty|p[att, — atty]aC(atty A atty)

and similarly for general b.

Thus, even though the protocol is correct, no general knows this fact, and if we con-

sider knowledge as a prerequisite for action, no general will actually follow the protocol.

Hence, we investigate a protocol that is robust against deviant behaviours and con-
sider messages Kyatty, — att, from a to b, and Kyatt, — atty, from b to a, which weaken
the second pair of messages by requiring knowledge of the fact that the other agent is

attacking as sufficient condition for attacking. Then, we can check that

(attq,atty) E Ky [Kaatty - att,]pKp(att, A atty)
(attq,atty) E Ky Kpatt, — atty].Ka(att, A atty)

In particular, we have the following
(attq,atty) E C[Kjatty — atty]p[ Kpatt, — atty],C(atty A atty)

that is, both generals have common knowledge that if they tell each other that they are
attacking if they know that the other general is attacking as well, then they will be able

to coordinate for an attack.

These examples are intended to illustrate the formal features of GLAL to represent
global and local communication, as well as message exchanges in coordination problems.
In particular, GLAL allows to express local communication that cannot be captured in
PAL. In the following section we analyse the expressivity of GLAL and provide a formal
proof of the fact that it is strictly more powerful than PAL.

6.2 Expressivity and Validities

This section is devoted to explore the expressive power of GLAL through its validities.
The main result is that GLAL, differently from PAL, is not reducible to epistemic logic,

and therefore strictly more expressive than both.

As a preliminary result, we show that after announcing (truthfully) a propositional

formula ¢ to the agents in A, they know ¢.
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Lemma 6.5. For every propositional formula ¢ € L,

= [¢]aEad (6.1)
F [¢]4Cad (6.2)

According to Lemma 6.5, if a propositional formula ¢ is announced locally, then all
agents involved in the announcement know ¢; while if ¢ is announced globally, then it
also becomes common knowledge amongst those agents. Note that global announcements
imply group knowledge in particular: £ [¢]} Ea¢, but local announcements normally
do not entail common knowledge. For instance, in the muddy children puzzle above,
we had that (1,0,0) # [a],Crpe. As a consequence, the notions of global and local

announcement as described by operators [¢], and [¢]} are indeed different.

Lemma 6.5 does not hold for general formulas ¢ € Lg,. As a counterexample,
take a model M with W = {w,v}, R, = W2, and p only true in w. Then we have
(M,w) E (pA-Kgyp), but a (either global or local) truthful announcement of p A =Kyp
to agent a does entail that a knows p: in the refined model My pr-K,pa) We have
R, = R = {(w,w), (v,v)}, and therefore (M, w) ¥ [p A =Kypla(p A =Kap).

Further, GLAL is provably at least as expressive as public announcement logic.
Indeed, we show that the global announcement modality [¢]; for the grand coalition
mimicks operator [¢] from PAL. We refer to [100] for a formal presentation of PAL.

Here we only recall the satisfaction clause for [¢]-formulas.

[l Tm = {weW/if we[¢]lam then we [¢Twm,}

where the refinement My, = (Wy, { Ry q }ae, Vi) of model M with respect to formula 1 is

defined as (i) Wy = Wn[[4]|am; (4) for every agent a € I, Ry q = Ro 0 ([¥]]m x [[¥]]m);
and (ii1) for every p € AP, Vi (p) = V(p) n [[¥]]m. Intuitively, My, is the restriction of
M to the worlds satisfying 1).

Now consider the mapping tr: Lyq — Ly recursively defined as follows:

tr(p) = p

tr(-¢) = -tr(9)
tr(pn¢’) = tr(g)atr(¢)
tr(Kao) = Kutr(e)
tr(Ca¢) = Catr(e)
tr([#]e") = [tr(¢)]jtr(¢")

Then, we are able to prove the following equivalence result.
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Proposition 6.6. For all formulas v in PAL,

(M,w)ey  iff (M,w)Etr(y)

An immediate corollary of Proposition 6.6 is that public announcements in PAL

really correspond in GLAL to global announcements to all agents.

Corollary 6.7. For all formulas ¢, in PAL,

M,w)=[o]iy iff (M w)E[o]y

In agreement with intuition, by Definition 6.7 public announcements in PAL are
really global announcements to all agents in GLAL. As a consequence, GLAL is at least

as expressive as PAL.

Next we prove that GLAL is strictly more expressive than epistemic logic. Since
epistemic logic and PAL are equally expressive [100], it immediately follows that GLAL is
strictly more expressive than PAL as well. The result is shown by providing two bisimilar
models, that therefore satisfy the same epistemic formulas, but satisfy different formulas
in GLAL. To this end, consider models M = (W, R,, Ry, V') and M' = (W', R, R}, V'),
depicted in Fig. 6.2, such that

o W ={ve,v,};

Ro =Ry =W2

V(p) = {Ue};

e W' is the set Z of the integers;

for all n € Z, R, (n,n), R;(n,n), R,(2n,2n+1), and R;(2n +1,2n);

V'(p)={neZ|n is even}.

Define a relation B such that B(ve,n) iff n is even, and B(v,,n) iff n is odd. It
is easy to check that the B is a bisimulation between pointed models (M, v.) and
(M',0). In particular, the same epistemic formulas are satisfied at states v, and 0.
However, for Kwg¢ = K,¢ v K,-¢, we can check that (M,v.) & [plo KpKwep; while
(M',0) # [pla KpKwgp. Hence, GLAL is capable of distinguishing between models that

satisfy the same epistemic formulas, and we obtain the following result.

Theorem 6.8. GLAL is strictly more expressive than epistemic logic.
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p
,b

p D p
b 5y e b oy e b oy a
N Y Y R Y

FIGURE 6.2: Models M and M’ for the proof of Theorem 6.8 (reflexive edges are
omitted for clarity).

2630 By Theorem 6.8 and the equi-expressivity of epistemic logic and PAL [100], we

immediately obtain the following result.

Corollary 6.9. GLAL is strictly more expressive than PAL.

By the proof of Theorem 6.8 we can see that not even announcements to single
agents are reducible to epistemic formulas. Hence, it looks as if the reducibility of PAL
2635 to epistemic logic is a fortuitous accident. Also, the same proof points out that a more

robust notion of bisimulation is needed to preserve formulas in GLAL.

A further consequence of Theorem 6.8 is that, differently from PAL, there is no
set of validities in GLAL to rewrite any announcement in terms of simpler formulas.

Nonetheless we state without proof the validity of the following equivalences.
640 Lemma 6.10. The following formulas are validities in GLAL:
[6)ap < &~ p [6]4p < &~

(014t < & > -[o]av (014~ < ¢ > =[o]4v
(014 (¥ A 0") < [d]at) A [S]40) IR R LIV N GV

Thus, both announcement operators commute with propositional connectives.

Moreover, the announcement and common knowledge operators commute if they

both refer to the same agent or the same coalition.

Lemma 6.11. The following are GLAL wvalidities:

[#]4Cat < &= Caloliv (6.3)
[<Z5]aKa¢ > ¢_>Ka[¢]aw (6'4)

2645 On the other hand, (6.3) and (6.4) do not hold for arbitrary agents and coalitions.
As an example of this, consider model M’ in Fig. 6.2: we remarked that (M’ 0) #
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[p]aKwaapa but we have (M,7O) E Kb[p]aKwap~ Hence, (¢ - Kb[¢]a¢) - [d)]aKlﬂ/]
do not hold in general, and we can find counterexamples for the opposite direction as

well.

As regards nested announcements, again we have that operators commute iff they

are indexed by the same coalitions

Lemma 6.12. The following formulas are validities in GLAL:

Dla[o v < [onlslad], v (6.5)
Dla[¢] ¢ < [onlslhd], v (6.6)

Also for formulas (6.5) and (6.6) we can check that they do not hold for arbitrary
coalitions and agents. As an example, consider model M in Fig. 6.2: we have that
(M, ve) E [pla Kp Kwg s Ky Kwg, but (M, ve) # [pA[Pla Ky Kw, | Ky Kw,. In particular,
(6], [0 ], < [0 A 6], @], ¢ fails for agents a # b.

Given that operators [¢], and [¢]7 are not reducible, it is of interest to investigate
what kind of modalities they are, specifically what modal principles their semantics
validates. First, it is easy to see that both axiom K and rule Nec of necessitation are

valid:

(614 > ¢") > ([¢]a > [¢]a¢) (014 (¥ = ¢") = ([0)av) > [¢]4)")
¥ =[¢la v = [o]ht

On the other hand, all axioms T, 4 and B fail. As regards T, if ¢ is false, then
[¢]at holds for any formula ¢, but it does not follow that v holds whenever it is
false itself. As to axiom 4, notice that in the muddy children puzzle a child not step-
ping forward is tantamount to globally stating that she does not know whether she
is muddy, or [no_step] := [Ager ~Kwamq]]. Hence, after the father’s announcement, in
state (1, 1,0) we have that no child knows whether she is muddy after the first round, that
is, (1,1,0) & [no-step] Ager ~Kwgam,. However, at the second round all muddy children
know that they are muddy: (1,1,0) & [no_step][no-step] Aaer(ma = Kwgmy). In par-
ticular, (1,1,0) # [no_step]|[no_step] Ager ~EKwomyg, thus invalidating 4. As regards B,
consider again model M appearing after Lemma 6.5. We have that (M, w) E pA-Kgp,
and if p is announced to a, then p still holds but is no longer the case that a does not

know p, that is, (M, w) Ep A =K,p but (M, w) # [pla(p)a(p A =Kup).
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6.3 Discussion and Related Literature

In this chapter we introduced a unified account to formalise both global and local an-
nouncements in GLAL, an extension of public announcement logic that is strictly more
expressive. The key feature of the semantics of GLAL is that the refinement of the indis-
tinguishability relations is defined in the same way for public and private announcements,
i.e., as the refinement of the equivalence classes to the worlds satisfying or not the given
announcement. Then, the crucial difference between global and local announcements
is the domain of application of such updates: for local announcements the updates are
refined to worlds accessible in one step through the indistinguishability relation of each
given agent; while in global announcements we consider all worlds epistemically reach-
able. In Example 6.1 and 6.2 we showed how these formal notions capture our intuitions

about global and local announcements.

The present framework can be extended in several directions Firstly, since differently
from PAL announcements are not necessarily broadcast to all agents (so that only one
such announcement can be broadcast at any given time), we can think about global
and local announcements communicated simultaneously and introduce formulas ([¢] 4 o
[¢']B)Y with the intended meaning that if ¢ is (truthfully) announced to coalition A
and simultaneously ¢’ is announced to coalition B, then 1 holds. This is of interest
to model synchronous communication. Particular care has to be taken in defining the
semantics of operator [¢]4 o [¢']p whenever the intersection of coalitions A and B is
non-empty. Secondly, as the receiver of the announcement can be a subset A € I of
the set of all agents, we can think that the announcement originates from some other
coalition B and introduce GLAL operators [¢]p 4 indexed to both A and B. Such
an extension would provide a finer-grained analysis of scenario such as the coordinated
attack in Example 6.2. Indeed, if we assume reliable communication channels, the truth
of [¢]B,a1 does imply that A knows ¢, but also that B knows that A knows ¢, and so
on. On the other hand, if communication is not reliable, a different, weaker semantics

has to be taken into account.

Related to GLAL, public announcement logics have witnessed a steady growth and
a wealth of contributions in recent years [11, 100, 111, 115, 118], thus making virtually
impossible to give an exhaustive account of this research area. Here we mention the
references most closely related to the present work, as well as some surveys on PAL.
In [71] a logic of fully private announcements was proposed, while [13, 71, 112, 114]
put forward logics of semi-private announcements, which relax the publicity assumption
of PAL in various directions. Such private or semi-private announcements have also
been modelled as action models [11]. Differently from our proposal, in semi-private

announcements the agents that do not observe the announcement of ¢ learn at least
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that the other agents have learnt whether ¢. No such assumption holds in the present
context. On the othe hand, in fully private announcements the other agents learn nothing
at all about the agents learning ¢ (which is typically interpreted as the other agents not
even being aware of the announcement having taken place). This is also different from
our setting, wherein these other agents learn something about ¢ with respect to the

actual state.

Modal logics based on model transformation have also been proposed in [5, 6, 65,
110]. These accounts share the aspect of locality (dependence of the model transforming
operation on the actual state) that also characterizes our approach. However, differently
from our proposal, these are very expressive formalisms (typically undecidable, or non-
axiomatizable) that allow to add or remove individual pairs of states from an agent’s
accessibility relation; thus operating on a purely semantic level. On the contrary, in
GLAL the model transformation is determined by the announced formula, so that only
pairs satisfying a condition relative to this formula can be removed. This gives less
opportunity to separate non-bisimilar states. Although we did not prove such theoretical
results here, our operators may therefore be more promising to obtain decidability and

axiomatizability.
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Chapter 7

Conclusions

In this work we aimed at developing formal methods to represent and reason about in-
dividual and group knowledge in multi-agent contexts, particularly by means of propo-
sitional quantification. In Chapter 3 we introduced second-order propositional modal
logic and analysed its features to express local properties in Kripke frames. Specifically,
we compared SOPML to the language of local properties in modal logic [119-121], and
showed that the former is as expressive as the latter. Furthermore, we considered second-
order propositional epistemic logic, an epistemic version of SOPML, and observed that
this language is suitable to represent higher-order knowledge of agents and coalitions,
namely the knowledge agents have of other agents’ and coalitions’ knowledge, including
truthfulness of knowledge, inclusion of one agent’s knowledge in another’s, etc. As an
example, we showed that SOPEL is capable of capturing comparative epistemic logic
[121]. In the same chapter we presented theoretical results that are crucial to assess the
computational properties of the formal framework. Specifically, we proved that for the
classes of all frames and propositional frames, we are able to provide sound and com-
plete axiomatisations with respect to all normal modalities. As regards the class of full
frames, we gave an axiomatisation only for the normal modality S5, the standard logic
for knowledge. We highlighted the essential use of the common knowledge operator in
obtaining such a result. Moreover, we remarked that no complete axiomatisation exists
for weaker modalities, while we left the same question for modal frames as an open

problem.

To assess the expressive power of SOPML, in Chapter 4 we introduced (bi)simulation
relations, which are well-known to be a useful tool in modal logic [47]. Then, we proved
that (bi)simulations preserve the interpretation of formulas in (the universal fragment
of) SOPML. We also defined (bi)simulation games played by Spoiler and Duplicator,

and proved that the existence of a winning strategy for Duplicator is tantamount to
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the existence of a (bi)simulation. These results have then been applied to analyse the
expressivity of SOPML in reasoning about spatial and temporal properties. In partic-
ular, we showed that while 3-colorability and Dedekind-completeness are expressible in
SOPML, having a Hamiltonian path or being (in)finite are not. Results along this line

are key to assess the expressive power of SOPML.

In Part IT we moved to analyse the dynamics of knowledge, by extending the frame-
work of SOPEL with announcement operators, in the spirit of public announcement logic
[100]. The motivation for doing so comes from arbitrary public announcement logic, in
which implicit quantification is used to express epistemic properties such as knowabil-
ity, preservation, and successfulness of announcements. In Chapter 5 we introduced the
syntax and semantics of SOPAL, compared it thoroughly with APAL, and showed that
the former is more expressive than the latter at the frame level. Moreover, we proved

that SOPAL is as expressive as SOPEL, but exponentially more succint.

Finally, in Chapter 6 we relaxed the assumptions of globality and publicity of public
announcement logic and introduced the logic of global and local announcements. Techni-
cally, GLAL includes announcement operators for both global and local announcements,
indexed to coalitions of agents. This language is shown to be suitable to describe multi-
agent scenarios such as variants of the muddy children puzzle, as well as coordinated
attacks. Differently from PAL, we proved that GLAL is strictly more expressive than

epistemic logic.

To conclude, in this work we introduced a wealth of expressive epistemic langugages
enjoying different features: quantified v. purely propositional, static v. dynamic. We
applied them to represent a number of multi-agents scenarios, and analysed their the-
oretical properties. We reckon that a lot is left to be done in the area of knowledge
representation, particularly with respect to agent communication. We leave these topics

for future developments.
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Chapter 8

Perspectives

We conclude this work by discussing some perspectives for future developments in the ar-
eas of knowledge representation and reasoning, as well as logics for multi-agent systems.
In particular, our research efforts in the coming years will be directed to the realisation
of the SVeDaS project, funded by the Jeunes Chercheuses/Jeunes Chercheurs scheme of
the ANR. The SVeDaS project is intended to leverage on the techniques and results ob-
tained thus far in the specification and verification of multi-agent systems, and to extend
and to apply these to the novel class of data-aware systems. In Chapter 1 we saw that
data-aware systems have emerged in the last decade as the leading paradigm to analyse
use cases in which data play an essential role in the system’s execution [46, 60, 86].
Data-aware systems are focused on the combined perspective of data models and system
processes. Data are visible and accessible to agents, possibly in a controlled way through
some permission restrictions; they directly account for the system’s evolution and can
be exhibited explicitly in the system’s specification. These considerations apply to auc-
tioning processes as well: one original tenet of the SVeDaS is to model auction-based
mechanisms as data-aware systems. For the effective deployment of DaS, including auc-
tion in e-markets, verification and validation methodologies are essential. The SVeDaS
project takes inspiration from the state-of-the-art in the application of formal meth-
ods to data-aware systems, and aims at developing a tailored methodology for their
modelling, analysis and verification, then to apply these techniques to the formal cer-
tification of auctions. However, the enhanced expressivity provided by DaS comes at a
computational price. In particular, we identify two main shortcomings in the present

state-of-the-art.

1. Most of the literature on DaS [60, 61, 86, 97] focuses almost exclusively on the data
model of business processes, while neglecting the software agents implementing the

service infrastructure. These software agents might have only a partial view of the
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relevant data, or, in the terminology of multi-agent systems, they have imperfect
information of the global state of the system [127]. This (lack of) information
shapes the capabilities of the software agents to interact and bring about change,
which in turn has an impact on the overall behaviour and performance of the
data-aware system. Thus, modelling both the information state and the strategic
abilities of agents operating on DaS are key to describe and predict the evolution

of the system.

2. The actual deployment of DaS in concrete, safety- and security-critical scenar-
ios demands for the development of automated verification techniques, including
by model checking [8, 55]. However, while formal methods are relatively well-
understood in plain process-based modelling, the presence of data makes the typi-
cal verification questions much harder to answer and only partially explored. No-
tably, the common assumption of a possibly infinite data domain in the underly-
ing system leads to an infinite state-space and undecidability of the corresponding
model checking problem in the general case. Hence, the verification of DaS is
highly non-trivial and it cannot be immediately handled by standard techniques
for finite-state systems. Data-driven, tailored solutions need to be developed and

deployed in an up-to-date model checking tool.

These are among the main challenges faced by the application of the data-centric
paradigm in modelling concrete multi-agent systems. In the SVeDaS project we envisage

to tackle these issues by

(i) developing an agent-oriented approach to DaS modelling, in order to account also

for the imperfect information in the system:;

(i7) investigating verification techniques based on (bi)simulations and abstraction for

contexts of imperfect information;

(i71) implementing the relevant techniques in a model checking tool to certify auctioning

mechanisms represented as data-aware systems.

The overall proposed solution is enbodied in a series of (partial) objectives that can

be summarized as follows:

1. To introduce agent-based, computationally-grounded models for data-aware sys-
tems, that are capable of expressing rich business workflows, including auction-
based mechanisms in e-markets (e.g., English, Dutch, and Vickrey auctions, real-
time bidding). On this point we published preliminaries results for specific types
of auctions [14, 35, 42].
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2. To explore logic-based formal languages for the specification of strategic behaviours
of autonomous agents (including robustness against malicious behaviours, as well
as manipulability and collusion in auctions) pertaining to business processes and
agents operating on them. Rich specification languages for knowledge representa-
tion and reasoning, such as those considered in this work, are of utmost importance
with respect to this task. We envisage to make use of our results in [43-45] to ex-

press strategic reasoning of agents in auction-based mechanisms.

3. To analyse the formal properties of these data-aware models, particularly the is-
sues concerning formal verification by model checking in a setting with imperfect
information. This task will benefit from results on MAS verification in contexts of

imperfect information we obtained in [15, 18, 37].

4. To find classes of data-aware systems and expressive language fragments relevant
for auction-driven applications, which have a decidable model checking problem
and possibly are also amenable to practical verification. Of particular interest for
this objective are the notions of uniformity and boundedness developed within the
ACSI project. However, the restrictions imposed by these conditions needs to be

overcome, as we attempted to do in [17, 19].

5. To develop the SVeDaS model checker for the verification and validation of data-
aware systems in multi-agent scenarios. This tool will leverage on model checking

methodologies and techniques we explored in [20, 25, 41].

6. To evaluate the performance of the SVeDaS tool in the influential auctioning mech-

anisms mentioned above, and to release it as open-source software.

We anticipate that the research envisaged in the SVeDaS project will impact on
the application of formal methods to data-aware systems in general, and auction-based
mechanisms in particular. The certification against deviant behaviours guaranteed by
formal verification will contribute to design more robust and reliable auctions in e-
commerce. Society as a whole will benefit from the findings and results of the SVeDaS

project.
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Appendix A

Proofs

Al

Chapter 3

Lemma 3.8. All proofs are by induction on the structure of ¢.

1.

2a

2b

It 6 = p, then fr(6) = {p} and (M, w) & ¢ iff w e V(p) = V/(p), iff (M, w) = 6.
The inductive cases for the propositional connectives are immediate.

If ¢ = 049, then (M, w) E ¢ iff for all w' € Ry(w), (M,w") = ¢. Since fr(¢) =
fr(v), V and V' coincide on fr(v)) as well, and by induction hypothesis for all
w' € Ry(w), (M, w") e, ie., (M',w) E ¢. The case for ¢ = 0% is similar.

If ¢ = Vpi, then (M, w) & ¢ iff for any U € D, (M?,,w) . Since fr(¢) = fr(y)
{p}, V} and V[}p coincide on fr(1), and by induction hypothesis (M2, w) £ . By
the arbitrariness of U, this is the case iff (M’ w) E ¢.

The case for x = ap is immediate, as assignments are functions in D. Hence,

V(p) € D for every pe AP.

The case for = = pl, follows from identities [-¢] = W N [¢], [¢ A¥'] = [¥] n[¥'],
[vvy'] =[v]u[v'] and the fact that D is a boolean algebra.

As for x = ml, notice that [O.,¢] = [a]([¢]), [O4%] = [A]"([¢]), and D is a

*

boolean algebra closed under operators [a] and [A]*.

The case for « = sopml, is immediate, as [¢)] € W for every 1 € Lyopmi-

Let us first consider x = ap. If ¢ is an atom r, (Mf/(q),w) Eoiffwe V";(q)(r), iff

w € V(r) whenever r # p or w € V(q) for r = p. In both cases (M,w) = ¢[p/q].
The inductive cases for propositional connectives and modal operators are imme-

diate, as these simply commute with substitution.
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If ¢ = Vro for r # p, then (Mz"/(q),w) E ¢ iff for every U € D, ((Mf/(q))}},w) E .

Since r # p and q is free for p in ¢, ¢ # r and assignment (V"/’(q))’{] is equal to

vy I\J/&(q)' As a consequence, we obtain ((My; "’/l;(q),w) E @, Le, (Mj,w) E
¢[p/q] by induction hypothesis. But this means that (M,w) = Vr(p[p/q]) =
(Vre)lp/al.

As regards cases x = pl, ml, sopml, we make use of (1). We only prove the inductive
step for ¢ = Yryp, with r £ p, the other cases being similar to the case for x = ap
above. Observe that (Mﬁ¢ﬂ’w) E ¢ iff for every U € D, ((Mﬁw])g,w) E ¢. Since
r# pand ¢ is free for p in ¢, r ¢ fr(v)), and by (1) above, [¢)[am = [¢] a4y, Therefore
assignment (V[@])@ is equal to (Vﬁ);ﬁiﬁﬂfwg' Hence, we obtain ((M’[})IEMMB
@, i.e., (M[;,w) £ ¢[p/t] by induction hypothesis. But this means that (M, w)

Vr(plp/v]) = (Vro)[p/d].

W) E

Proposition 3.10. The proof for full frames is immediate, as for every U ¢ W,,, U ¢ W
and then U € D. Hence, Uy, =U € D,,.

The proof for boolean frames follows from the following identities:

l]%u N l};; = ( l]’rj l;rl)qu
UyuU, = (UuU"),
N(Uw) = (NU)w

As for modal frames, we remark that

[a](Uw) = ([a]U)w

(observe that here [a] denotes two different operations, the former on M,, and the latter
on M.) Indeed, v € [a](Uy) iff Ryq(v) € Uy. Since, Ry q(v) = Ro(v) n W2, this is the
case iff v is reachable from w and for every v’ € R,(v), if v’ is reachable from w then
v" e U, iff v is reachable from w and for every v’ € R,(v), v' € U, iff v € ([a]U),. The

proof for operator [A]* is similar.

Finally, since reflexivity, symmetry, and transitivity are all universal properties, they
are preserved under taking subsets, and therefore, if R, satisfies any of them, then for
any Wy, € W, the relation R, 4 = R,nW?2 also satisfies the same property. In particular,
the generated submodel of an epistemic model with equivalence relations is still a model

with equivalence relations. O
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Lemma 3.11. The proof is by induction on the structure of ¢. For ¢ = p, (M,v) & ¢
iff veV(p), iff veVy(p) =V(p)n Wy, iff (My,v) E ¢. The cases for propositional
connectives are immediate. As to ¢ = 0,9, if (M,v) # ¢ then for some v' € R,(v),
(M,v") # 9. In particular, v is reachable from v and therefore from w, thus v’ €
W,. Hence, the induction hypothesis holds for v’ € R, (v) and (M, v") # 1, that
is, (My,v) # ¢. The case for ¢ = 0% is similar. Finally, for ¢ = Vpi), if (M,v) # ¢
then for some U € D, (M¥,,v) # . Consider U, = U nW,,. We have that for every
g€ AP, (V))w(q) = Vi (9)n Wy = Vi (@)nW,, = (Vi) (), and by induction hypothesis
((Mw)p,,,v) # 9. That is, (M, v) i ¢. O

Corollary 5.12. Obviously, Th(K}) € Th(K} n Kyniv). As to the converse, suppose that
(F,V,w) # ¢ for some F € K7, and consider the generated submodel M., = (Fu, Vi)
Clearly, F,, € Kynip is universal. Moreover, by Proposition 3.10 F,, belongs to the
relevant class Ky of frames, and by Lemma 3.11 we have that (M, w) ¥ ¢ for F, €
Kouniv 0 K. O

Theorem 3.16. We prove the theorem in general, but first we show what it means for
the following specific case: 6(a,b,p) = Oup — Opp, B(a,b) = Sup(a,b), and O(a,b,x) =
VYy(Ry(z,y) > Ra(z,y)), also written as Ry(z) € Rq(x).

< Since (M, w) & Sup(a,b), we have that Ry(x) € R,(z) holds in (M, w), and hence
in (F,w). Since Ogp — Opp locally defines Ry(x) € R, (x), we have (F,w) & (Qup — Opp),
and in particular (F,w) & VYp(Q,p — Opp). Since Vp(O,p — Opp) is a sentence, we
obtain (M,w) £ Vp(Q,p — Opp). = Now suppose that (M,w) # Sup(a,b). Then
(F,w) # Sup(a,b). Since O,p — Opp locally defines Ry(z) ¢ R,(z), we know that
(F,w) ¥ 0up — Opp, and since F is full, for some assignment V', we have (F,V' w) #

Oap — Opp, that iS, (M7w) '74 VP(DaP - Dbp)'

As for the general case: < Since (M,w) = B(d), we have that ©(d,z) holds in
(M, w), and hence in (F,w) (note that © € E}O only talks about what is accessible from
what). Since 0(a,p) locally defines ©(a,x), we have (F,w) = 0(a,p), and in particular
(F,w) = Vpb(a,p). Since Vph(a,p) is a sentence, (M, w) = Vpé(d,p). = Suppose that
(M,w) # 3(a). Then, (F,w) # @(a), and therefore (F,w) # ©(d,x). Since 0(a,p)
locally defines ©(d,x), we know that (F,w) # 6(a,p), and since F is full, for some
assignment V', we have (F,V' w) # 6(a,p), that is, (M,w) ¥ Vpé(a,p). O

Lemma 3.17. 1. If F is full and irreflexive, that is, for all w e W, =R, (w,w), then
clearly (F,w) & Ip(Qup A —p) for all w € W, by considering assignment V(p) =
Ry (w) for which w ¢ V(p). As to the converse, suppose that F = Ip(0gp A —p).
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Hence, for every model M based on F and w € W, (M,w) = Ip(Qup A -p),
ie., (M,w) # Vp(Qu.p = p). However, by Lemma 3.19 below, this is the case iff

Ry(w,w) does not hold. As a result, F is irreflexive.

2960 2. Define ; as (p;j AN jen,j+i ~P;)): i says that of all atoms py, ..., py, only p; is true.
If w has at least n R,-successors, it is easy to find a valuation such that each one
of the 1;’s becomes true in one of those successors. Conversely, if w has less than
n Rg-successors, it is easy to see that we cannot make all the 1;’s true at the same

time for all of w’s successors.

2065 3. Suppose that F is full and anti-symmetric. Further, for any world w, consider V,,
such that Vi, (p) = {w}. We then have (F,V,,w) E (pAVq(Ca(gASap) = q)). To
see this, take any subset U ¢ W and suppose (F, (Vi) w) E Ga(q A Oap). This
means that for some v € Ry(w), (F, (Vi) v) E g A Ogp holds. Since Ogp is true
in v and w is the only p-world, we have R,(v,w). Further, R, is anti-symmetric,

2070 and therefore w = v. Hence, (F,(Vy)%,w) & q. Conversely, suppose that F is
full but not anti-symmetric. That is, for some w,v € W, we have R,(w,v) and
R(v,w), but w # v. We show that ¢3 is false in (F,w), i.e., (F,w) = Vp(p —
3¢(Ca(g A <Cap) A—q)). To prove this, let V' be such that (F,V,w) & p. Then, for

V{Z}} we have (F, V{qv},w) E Calg A Oap) A —g.

2975 4. Suppose that F is full and that R, and R, have an empty intersection. Then,
(F, Vga(w),w) E OapAOp—p, which shows that (F,w) & Ip(0,pATd,—p). Conversely,
suppose that ©4 does not hold for w, that is, for some v € W, we have both R, (w,v)
and Ry(w,v). It follows immediately that 3p(0,p A Op—p) is then false in w.

5. Suppose that O35 holds in F, and let V' and w be such that (F,V,w) E O.p. It

2080 is easy to check that (F, V}%E(w),w) E Ou,q¢ A Op(q — p). In words, if we modify
V in such a way that ¢ becomes true in exactly w’s a-successors, then for every
b-successor of w that satisfies ¢ (note that this successor must then also be an
a-successor), p must be true. Conversely, suppose that ©5 does not hold, i.e., for

some w,v € W, we have R,(w,v) and Ry(w,v), but not R.(w,v). We now show

2085 that (F,w) & -5 = Ip(QcpAVq(Oqq > Op(gAa-p))). The assignment V such that
V(p) = R.(w) is a witness for this: if p is exactly true in the c-successors of w,

then it is false in v, so whenever O,q is true in w, we have that ¢ A —=p holds in v,

and hence &p(g A —p) holds in w.

2000 Lemma 3.19. The proof is by induction on the structure of . As regards the base
of induction for i = p, (F,p) & STx(¢) iff p(x) € p(P), iff w € V(p), iff (M,w) =
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p. The inductive steps for propositional connectives are immediate. For ¢ = 0,0,
(M, w) ¢ iff for all w’ € Ry(w), (M, w") E ¢, that is, (F,p") & STy(¢) for p'(y) = v’
by induction hypothesis. In particular, for all w’ € Rq(w), (F,pl,) & ST,(¢), ie.,
(F,p) £ Vy(Ro(x,y) - STy(¢)) = ST,(¢). The case for ¢ = 0% ¢ is similar. Finally,
for o = Vpg, (M,w) & ¢ iff for all U € D, (M7, w) £ ¢, that is, (F,p") & ST,(¢) by
induction hypothesis, for p’ that coincides with p but p’(P) = U. However, this means
that (F,pl)) £ ST.(), i.e., (F,p) & YP(STy(4)) = ST, (). O

Theorem 3.22. As customary, the axioms of each logic L, are shown to be validities in
7(Laz)

the corresponding class K~ of frames, and that inference rules preserve validity in
IC;(L”“‘). Specifically, axioms Prop, K, C1, C2, MP, and Nec are valid in any frame,
in which operators 0% are interpreted on the reflexive and transitive closure of Uges Ra.
The validity of axioms T, 4, and B in specific classes of frames follows as in standard
propositional modal logics [47]. The validity of axioms Ex, in each corresponding class
of frames follows by Lemma 3.8(2); while the validity of Gen follows by Lemma 3.8(1).
We provide a proof for Exopm: suppose that (M, w) & Vpe, that is, for every U € D,
(M7, w) £ ¢. By Lemma 3.8(2a), [¢] € D, hence in particular (Mz[’wﬂ,w) E ¢. Then,
by Lemma 3.8(2b), (M, w) & ¢[p/t]. As regards Gen, suppose that (M,w) E ¢ and
p ¢ fr(¢). In particular, for every U € D, V(fr(¢)) = V{;(fr(¢)), and by Lemma 3.8(1),
we have (MF,,w) & ¢ as well. By MP we obtain that (M5, w) & ¢, and since U is

arbitrary, (M, w) & Vpi).

Moreover, the Barcan formula BF is valid as in any frame all worlds have the same
domain of quantification, namely D ¢ 2. Indeed, (M,w) & ¥p O, ¢ iff for all U € D,
(M7, w) E 09, iff for every w’ € Ry(w), (M5, w') £ ¢. But this means that for every
w' € Ro(w), (M,w") £ Vpg, that is, (M, w) = O,Ype. The case for 0% is similar.

As for axiom At, note this only appears in Ko, so we can assume that F € Kpyy.
For every w € W, {w} is an atom in D = 2", That is, (i) (./\/l?w},w) E p; (i) for all
UeD, ((M?w})q ,w) E qg—O0(p > q), since w € U implies {w} € U; and (iii) for all
UeD,acel,if ((M]{Dw})’[},w) = Ogr then it is indeed the case that for every w’ e W, if
w’ =w then ((./\/lz{”w})"U, w’) E Oqr. Hence, (M, w) E At whenever M is based on a full

frame. OJ
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Lemma 3.26. Let 6y,01,... be an enumeration of the formulas in . We define by
induction a sequence ®g, ®1,... of subsets of 2 as follows.
Py = A

®,u{b,} if &, u{b,} is consistent;
D4y =
¢, u{~0,} otherwise.

Note that ~ 6, € ¥, since X is closed under single negation. Also note that g,

3025 —f, < ~ 0,. Now we prove by induction on n that every ®,, is consistent. First of
all, &y = A is consistent by hypothesis. As to the inductive step, suppose that ®,, is
consistent, we consider the various cases. If ®,,,1 = ®, U {6,}, then ®, U {6,} = Pp41

has to be consistent by construction. Further, ®,,,; = ®, U {~ 6,} only if &, u{6,} is

not consistent. Indeed, if ®,, is consistent, ®,, U {6,,} and ®, U {~ 6,} cannot be both

303 inconsistent, since otherwise for some o, ..., Pm, @0, -, @ € Pn,
= /\ Pi —> -0y,
i<m
!
i<m/

and by propositional reasoning,

= /\ wi A /\ (P;_’(_‘Qn/\—'—'en)

i<m i<m/
that is, ®@,, itself is inconsistent. Hence, ®, u {~ 0,,} = ®,,,1 is indeed consistent.

Finally, let ® = U,y Pr: D is a consistent subset of 3 as each ®,, is so, and it extends

A. Moreover, ® is Y-maximal by construction. O

035 Lemma 3.27. Let Y be an infinite denumerable set of new atoms. We define an infinite

sequence of tuples
T’L' = (F?rea ere’ Fi7 Qia Q’ia K)

in such a way that each Y; has the following properties:

1. T and T; are consistent;
2. Q¢ and Q; are closed under negation;
3040 3. T'; is well-defined and €2;-maximal.

For the base case, define T = Q0 =2, T, =®, Q =%, Qo =9, and Yy =Y. It is

then easy to see that claims 1-3 above all hold for ¢ = 0.
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Now suppose T; = (I, QP T';, ;, Q;, Y;) has been defined. Let Ipofo, Ip161, ... be
an enumeration of the existential formulas in I';. Since Y; is denumerable, we can write

sas it as Yy ={qn | Ipnbn €5} u{ro,r1,...}. Then, define T;,; as follows:

P T3 UUnen{On[pn/an]}

QP Qi UlUnen Sub™ (0n[pn/qn])

Qivi: QP UU{Sub™(0'[p/q]) | VP'0" e TP and g € Qivs}
T a Q;41-maximal extension of Fpre

3050 Qit1: QiU{qulw”}

Yii: {ro,r1,...}

We verify that items 1-3 do apply to Y;,1, given that they hold for Y;.

1. For ' =T UUpnen{0n[pn/an]}, suppose for reduction that I'"[ is not consistent,
this means that for some ¢q, ..., g, Ipobo, - - -, IPMOm € Ty,

= A\ win A it =\ =b:lpifa;]

i<k i<m i<m

Since no ¢; appears in any ; nor in any Ip;¢;, by repeated applications of Gen
we obtain that

FAein N\ il > Va0 qm(\ —0i[pifai])

i<k <m i<m

Further, each ¢; appears in 6;[p;/q;] only, hence we can distribute universal quan-

tification on disjunction:

A\ ein N Iibi >\ Vai-0ipi/qi]

i<k i<m i<m

Finally, by renaming bound variables and propositional reasoning we obtain,

i<k i<m <m i<m

= A win N\ Ipibs ~ (/\ g0i[pila] A V _‘EIQiai[pi/Qi])

and this contradicts the consistency of T;.

As regards I';,1, it is consistent by Lemma 3.26.
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2. It is clear that if a set X is closed under single negation, then X uSub™(«) is also

closed under single negation, for any formula «.

3. Since ;.1 is closed under single negation and T'™ c Q,.1 is consistent, we can
i+1 i+l i+1 ’

apply Lemma 3.26 to conclude that I';;1 is well-defined.

Finally, define I' = Upen T'ny @ = Uneny @n and 2 = Upen 2,. Then T is a consistent
set of formulas over APU@, and I' 2 ®. I is also Q2-complete: if w € 2, then this formula
was introduced at some (;, and since I'; is {);-maximal, we have that exactly one of w
and ~w is in ['; € I'. We finally claim that I" is Q-rich and @Q-universal. As to richness,
observe that every existential formula 3pf introduced at level ¢ in I'; is taken care of at
level i + 1 through formula 6[p/q] for some witness ¢ € Q). As to universality, suppose
that ¢ € Q and Vp'0’ € T'. In particular, assume that Vp’0’ was introduced at some T,
while ¢ was added at step k’. Let i = maxz{k,k’}, then at step i + 1 we can verify that
9'[p'/q] is added to €;.1. Moreover, by axiom Exg, and the maximality of I';41, we see

that 6'[p’/q] belongs to I';11, and therefore to I'. Thus, T" is Q-saturated. O

Lemma 3.30. The proof is by induction on the length of ¥. As to the base case for
¥ = p, by definition of satisfaction, (Mxy,,,w) Ep iff w e V(p), iff p e w.

For ¢ = -x, (My,,,w) £ ¢ iff (My,,,w) # x, iff by induction hypothesis x ¢ w.

Since w is maximal in §2, this is the case iff 1 € w.

For ¢ = x = x/, (My,,,w) & ¢ iff (My,,,w) # x or (My,,,w) £ x’. By induction
hypothesis this is the case iff x ¢ w or X’ € w; in both cases we have that 1) € w, as w is

maximal in €.

Suppose that 1) = Vpy. < Let ¢ € w. Since w is Q-universal, we have that x[p/q] € w
for every ¢ € Q. By induction hypothesis (Mr,,,w) = x[p/q]. Now consider the set
V(g) ={weW |qew}=U; € D. By Lemma 3.8(2b), ((Mg,, %q,w) E X, and by
the arbitrariness of variant ng we obtain that (My,,,w) = ¢. = Assume that ¢ ¢ w.
Since w is maximal in Q, Ip-x € w, and w is Q-rich, so -x[p/q] € w for some atom
q € Q. Then, by induction hypothesis, (Mr,,,w) # x[p/q], and by Lemma 3.8(2b),
(M, )f/(q),w) # x. In particular, for U, = V(q) = {v e W |qgev} e D, (Mg, pUq,w) ¥
X Le., (M, w) # 9.

Suppose that ¥ = Oyx. < Assume that ¢ € w and v € R,(w). By definition of
Rq, x € v; therefore by induction hypothesis (My,,,v) £ x. Thus, (My,,,w) & .
= Assume that 1 ¢ w and consider set {¢ | O,¢ € w} U {=x}. This set is consistent,
for if not, then for some ¢1,...,¢, € {¢ | Oupp € w}, - A¢p - x. Then, by axiom K,
F AOq¢ — Ogx and since A Oq¢ € w, also Oy € w against hypothesis. Apply Lemma 3.27
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for A ={¢|04¢ € w}u{-x} and obtain a saturated set v € W. In particular, v € R,(w)
by construction. By induction hypothesis (Mxy,,,v) # x. Since v € Rq(w), we have that

(My,,, w) ¥ 1.

Suppose that ¢ = 0% x. < if ¥ € w then we show by induction on k that if v is
reachable from w in k steps, then both x and v belong to v. For k =1, observe that by
axiom C1, 1 € w implies O,(x AO%x) € w for every a € A, as w is maximal in Sub™(¢).
So, if v is reachable in one step (i.e., Rq(w,v) for some a € A), then x AO%x € v, that
is, both x and % belong to v. As for the inductive step, suppose that v is reachable
from w in k steps and v’ is reachable from v in one step. By the induction hypothesis,
both x and O%x belong to v. Similarly to the base case, we can show that x,0%x € v'.
As a result, y belongs to v for all states v that are reachable from w and by induction

hypothesis, (My,,,v) £ x. Thus, we obtain that (Mg,,,w) & 1.

ap?

= Assume that (Mr,,, w) & 1 and consider the finite set Sub”(¢)) nw, which can be
described by the conjunction 1, of all its formulas. Also, consider the set U = {v e W |
(My,,,v) E 9} of worlds satisfying ¢: in general U is infinite; however, since Sub™(¢))
is finite, there are only finitely many different 1,,. Hence, the disjunction vy of all such
1, is well-defined.

Next we prove that for every v € U and a € A, ¢, - O,X. Indeed, (My,,,v) E O} x

implies (My,, ,v) E Oy in particular. Then, we use an argument similar to the case for

ap?
Y = 0gx. Indeed, if (My,,,v) F Oy then the set {¢ | Oa¢ € v}u{~X} is not consistent, for
otherwise, by Lemma 3.27 we would have a saturated extension v’ such that R,(v,v") by
construction and (My,,,v") £ =x by induction hypothesis. But then (My,,,v) # OaX,

against hypothesis. As a consequence, for some finite set {¢1,...,¢r} € {¢|Oad € v},

FAdi—>x

i<k
and by axioms K and Nec,

F /\ Oai > OaX

i<k

However, not all O,¢; necessarily belong to Sub™ (1)) nv. However, all O,¢; have been
introduced either to witness an existential formula or to exemplify a universal one. In

the former case, by axiom Ex,, we obtain

F /\ 3pi Oq ¢ > OaX

i<k
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In the latter, by rule Gen we have

- V(j(/\ Ipi Oq ¢i — DaX)
i<k
where ¢ are all the free atoms appearing in 3p1¢1, ..., Ippdr, but not in y.

Finally, for an appropriate substitution [¢/p] of atoms ¢ with atoms p appearing in
X, we can rename the bounded atoms V¢ with atoms belonging to Sub™ (1) nv, so that

all 3p; O, ¢;[G/D] belong to Sub™(¢) and appear in v. Then, again by axiom Exgy,
F /\ Ipi Oa d’z[(j/ﬁ] — OaX (Al)
i<k

and therefore,
by = OgX (AZ)

Furthermore, we show that for v € U and v’ € U, + 1), - Og—tb for every a € A.
Indeed, by definition of U we have that (Mg, ,v) E O X, while (My,,,v") # O} x. Asa
consequence, v’ is not reachable from v and in particular it is not the case that R, (v,v").
By definition of R,, we have that {¢ | 0,0 € v} ¢ v'. So, for some formula 6, 0,0 € v but
0 ¢v'. Since 0 ¢ v', we have that

6 - _‘wv’

Again it is not necessarily the case that 6 € Sub™ (1)) nv. Nonetheless, by reasoning

as above, by axioms Gen, K, and Nec we can derive
F 3r Oq 0[G/P] = Oa—yr

for an appropriate substitution [¢/p] such that 3r O, 0[G/p] appears in Sub” (1)) N v.
Hence, we obtain
1y = O~y (A.3)

Now, from formulas (A.2) and (A.3) we derive that

'_¢v_>Da(X/\ /\ _‘wv’)

v'eU
Since + Yy < A, ~Yu, We obtain

l_wv_’Da(X/\_‘q’/)U)
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and by definition of ¢y we conclude that

=Yu > A\ Da(x Adu)

acA
Then, by applying axiom C2 we have

F )y — 04X

In particular, since + 1, - ¥y we obtain

F by =

Finally, since w is maximal, we derive that ¥ € w. O

Lemma 3.31. Also in the present case we let Y be an infinite denumerable set of new

atoms, and define an infinite sequence of tuples
Ti = (Pi‘)rev Qi‘)re7 Fi? Qi7 Q’ia }/:L>

such that each Y; satisfies conditions 1-3 in Lemma 3.27.

The base case for ¢ = 0 is given as in Lemma 3.27, and again properties 1-3 hold. As
to the inductive step, let dpgfy, Ip161, ... be an enumeration of the existential formulas

in I';, and define Y;;; as in Lemma 3.27, but for 2;,1, which goes as follows:

Qiv1: QN 0U{Sub™(0'[p'[v]) | Vp'0" € TP, and ¢ € L, is a propositional formula over Q;.1}

We can verify that 1-3 hold for Y;.1, provided that they hold for Y;. In particular,

), is closed under negation; and I'; is well-defined and §2;-maximal by Lemma 3.26.

Finally, define I' = Upen iy @ = Upeny @n and 2 = Upen 2, Then T is a consistent
set of formulas over AP U@, and I' 2 ® is also Q2-complete and Q-rich by construction.
As to Q-universality, suppose that ¢ € £, is propositional formula over @ and Vp'¢’ e T'.
In particular, assume that Vp'6’ was introduced at some I'j, while ) was added at step
k'. Let i = maxz{k,k'}, then at step i + 1, we can verify that 6'[p’/1] is added to Q1.
Moreover, by axiom Ex,; and the maximality of I';;1, we see that §'[p’/1] belongs to

I';11, and therefore to I'. Thus, I' is 2-saturated. O
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Lemma 3.33. We have to prove that domain D is closed under boolean operations. Let
Ug and Uy be sets in D, we show that Uy n Uy = Ugrg € D. Clearly, w € Uy n Uy iff
¢ € w and ¢’ € w, and by maximality, this is the case iff $ A ¢’ € w as well. Closure under
disjunction is proved similarly. As to taking complement, we show that WU, = U_4 € D.
Again, w ¢ Uy iff ¢ ¢ w, and by maximality, this is the case iff ¢ € w. O

Lemma 3.34. To prove the truth lemma for L,; we have to modify the induction hypoth-
esis, so that the proof is also on the modal depth of formulas. Then, for every boolean
formula ¢ of modal depth 0, the proof goes as in Lemma 3.30. Hence, we have that
Up=[elm={weW | (My,,,w) & ¢} € D. Then, for ¢ = Vpy, if ¢ € w then by axiom
Ex,; we have that x[p/¢] € w. By induction hypothesis, (M,w) & x[p/¢]. Now con-
sider the set U, = [¢]m € D. By Lemma 3.8(2b), it is the case that (./\/l?]q;,w) E X, and
by the arbitrariness of variant V[Z we obtain that (M, w) = Vpy. As to the implication
from left to right, the proof is the same as in Lemma 3.30, as each w is maximal and
rich. Finally, the case for modal operators also goes as in Lemma 3.30. Here the crucial
remark is that, since we assume a canonical representation for propositional formulas
(e.g., conjunctive normal form), the restriction of any world w in the canonical model

to formulas in Sub~ (%)) is indeed finite and can be described by the conjunction v,,. O

Lemma 5.57. Since Th(K§,, 4t com) € Th(KF,;), We prove the converse inclusion. To
do so, suppose that (M,w) # ¢ for some models M = (F,V), based on frame F €
Kt ot com
the power set 24 of the set A ¢ D of atoms such that for U € D, f(U) ={U" e A|U' c U}.
Now, define M’ = (A,24, R, V') where (i) R.(U,U") iff R,(u,u’) for some u € U and
u e U’ and (i) V'(p) = f(V(p)). Notice that R/, is well-defined by the definition of
atomicity. Indeed, if R, (U,U") then R,(u,u’) for some u € U and u' € U’'. Then, by

atomicity, if v € U then R,(v,v") for some v' € U" as well. Hence, the definition of R/,

and w € W. The proof of Theorem 3.36 makes use of a function f from D to

is independent from the particular witnesses u,u’. Also, R) is an equivalence relation,

whenever R, is.

By induction on the structure of 1 we prove that for every formula v € Lyopmi,
(M,w) e iff (M',U) E ¢, where U is any atom containing w. The base case for ¢ € AP
is immediate as (M, w) E 1, iff w e V(p), it U € f(V(p)), iff (M',U) E ¢. The inductive
cases for propositional connectives are immediate. For ¢ = 0,0, (M, w) # v iff for some
w' € Rg(w), (M,w") # 0. By induction hypothesis we have (M’ ,U") # 6 for atom U’ € A
such that w’ € U'. Also, R (U,U’) by definition, and therefore (M',U) # 1. As to the
other direction, if (M’ ,U) # 1 then for some U’ € A, R/ (U,U") and (M',U") # 0, and
therefore (M,w’) # 6 for w’ € U’ by induction hypothesis. Finally, by definition of
atomicity R,(w,w’), i.e., (M,w) # 1. The case for ¢ = 0%0 is dealt with similarly.
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Specifically, (M,w) & 9 iff for all w-reachable states w’, (M,w") &= 6, iff for all U-
reachable states U', (M',U") e 0, iff (M,U) E . We can prove that for every w-
reachable states w’ and atom U’ containing w’, (M, w") £ 6 iff (M',U") E 0, by induction
on the length of the path from w to w’, by using the case for O,-formulas in the inductive
step. Finally, for ¢ = Vpf, (M, w) # 9 iff for some T' € D, (M%.,,w) # 6. By induction
hypothesis we have (M, U) # 0 for f(T) € 2, and therefore (M’ ,U) # 1. On the

f(y
other hand, if (M',U) # ¢ then for some 7" € 24, (M, U) # 0. Clearly, there exists
some set T € D that contains all world corresponding to atoms in 7" and f(T') = T".
Hence, by induction hypothesis (MY, w) # 0, i.e., (M,w) # 1. As a result, we have

that (M, U) # 6, that is, Th(KS,,) € Th(K; ) O

bool,at,com

Lemma 5.58. Clearly, Th(Kj,,; ,,) € Th(Kj ). So, suppose that (M,w) # ¢ for

bool,at,com

some atomic boolean frame F. Then, consider its completion F* and model M™* such
that V*(p) ={U € D | U ¢ V(p) is an atom}. The submodels M, and M;; generated
respectively by u and corresponding atom U are isomorphic by the isomorphism that
maps each world to its atom. Hence, by applying Lemma 3.11 we obtain that (M, u) # ¢
iff (Mo, u) # ¢, iff (M, U)# o, iff (M*,U)# ¢. Thus, Th(K )< Th(lC}ioomt).

bool,at,com
|

Lemma 5.40. The proof that Msgs,, ., is boolean goes as in Lemma 3.33. As regards
atomicity, if At € w, then (p, AVq(q = C(pn = @) AAaer Vr(Myr — C(pn = M,1))) € w,
for some witness p, € APUY . Hence, for U, = {v e W | p, € v}, we have that w € U,, and
for all Uy, € D containing w, U, € Uy,. That is, U, is minimal according to set inclusion.
Further, suppose that R,(w,v) for some v € W and let Uy € D be the atom containing
v. Then, M, € w by maximality and consistency, and for every w’ € U,,, M,y € w' as

well. Therefore, v € R,(w") for some v’ € Uy. O

Theorem 3.43. Soundness follows immediately by Lemma 3.19, as every frame that sat-
isfies condition YaVPST, () = YaST,(Viih), also validates V. As to completeness,
if Ypy is an axiom, then it appears in every state of the canonical model M, and by
the truth lemma, M validates Vpy. Finally, by another application of Lemma 3.19, F
validates YoV PST,(v). O

Theorem 3.45. As regards hardness, we reduce satisfiability of quantified boolean for-
mulas to SOPML model checking. Given a formula ¢ € Ly, consider frame F =
({w}, (w,w),{{w},a}) and an arbitrary assignment V', and define M = (F, V). Then,
we have that ¢ is satisfiable iff (M, w) & 3p¢, iff M & Ip¢, where p are all the atoms in
¢. Hence, model checking SOPML is PSPACE-hard.
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As regards completeness, by combining the algorithms for modal logic and quantified
boolean formulas we check that model checking formulas in SOPML takes polynomial
space in the size of the formula and exponential time in the size of the model. Specifically,
Algorithm 1 takes as input a formula ¢ € L,y and a finite model M, and returns the set
[6]am € W of worlds satisfying ¢ in M in exponential time. Then, the model checking
algorithm returns a positive answer iff [¢]p = W. In particular, the case of modal
operators is dealt with by computing pre-images of sets according to the accessibility
relation, which can be done in polynomial time, while for propositional quantification we
have to consider all reinterpretations M%. This is where the exponential blow-up comes
from. In order to obtain a (deterministic) algorithm in PSPACE, we describe a non-
deterministic algorithm in PSPACE. The result follows from NPSPACE = PSPACE.
Specifically, we suppose w.l.o.g. that ¢ contains only existential quantifiers and we deal
with them by guessing an assignment satisfying the immediate subformula. Since the
other cases can be treated in polynomial time as in Algorithm 1, the overall complexity
of the procedure is in NPSPACE. O

A.2 Chapter 4

Theorem 4.3. Since w < w', there is a simulation pair (o,X) such that o(w,w"). Fix
this 0. We prove by induction on ¢ that if (F,V,w) # ¢ for some assignment V,
then (F',2(V),w") # ¢, where X(V) is any assignment such that for every p € AP,
(Z(V)(p) =U" with 2(V(p),U"). We write X(V')(p) for (X(V))(p). By clause (i) of
Definition 4.1, X(V')(p) € D".

For ¢ = p, (F,V,w) # ¢ iff w ¢ V(p) € D. By clause (ii).2 in Definition 4.1,
w¢V(p)eDiff w ¢ X(V)(p) e D', that is, (F,S(V),w') # .

For ¢ = =p, (F,V,w) # ¢ iff we V(p) e D. Again by clause (ii).2 in Definition 4.1,
weV(p)eDiff w eX(V)eD', that is, (F',X(V),w") # ¢.

The inductive cases for propositional connectives are immediate.

For ¢ = 04, (F,V,w) # ¢ iff for some v € R,(w), (F,V,v) # 1. By clause (ii).1, for
some v’ € R, (w"), o(v,v"). In particular, (F',2(V),v") # ¢ by induction hypothesis.
That is, (F',X(V),w") # ¢. The case for ¢ = 0% is similar.

For ¢ = Vpip, (F,V,w) ¥ ¢ iff for some U € D, (F,V{},w) # ¢. By induction hypothe-
sis, (F', (V) w") # 1. By condition (i) in Definition 4.1, for U € D, X(U,U") for some
U’ e D'. In particular, we have that 3(V}) = X(V)?, and therefore (F', S(V)7,,, w') #
for U' e D', that is, (F',2(V),w") # ¢. O
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Corollary 4.4. Suppose that F # o, that is, (F,w) # ¢ for some w € W. Since F < F',
for some w' € W', w < w'. Therefore, by Lemma 4.3 we obtain that (F',w’) # ¢, that
is, F' # . O

Theorem 4.7. We prove the implication from right to left, the opposite direction be-
ing symmetric. If w » w’ then w(w,w’) holds for some bisimulation pair (w, ().
As above, we show by induction on ¢ that if (F,V,w) # ¢ for some assignment V,
then (F',Q(V),w") # ¢, where Q(V) is any assignment such that for every p € AP,
(V) (p) = U" with Q(V(p),U’). Since w is a simulation relation in particular, the
base cases for ¢ = p and ¢ = —p are as in Theorem 4.3, as well as the inductive cases for

propositional connectives and ¢ = 0,7, ¢ = 0%, and ¢ = V).

For ¢ = Ou0, (F',Q(V),w") & ¢ iff for some v' € R, (w"), (F',Q(V),v") E 1. By
bisimulation, for some v € R,(w), w(v,v"). In particular, (F,V,v) = ¢ by induction

hypothesis. That is, (F,V,w) E ¢. The case for ¢ = &%) is similar.

For ¢ = 3py, (F',Q(V),w'") £ ¢ iff for some U € D', (F',(Q(V)),,w") = ¢. Now
consider U € D such that Q(U,U’) € D. In particular, assignments (Q(V'))7,, and Q(V}})
coincides. Hence, (F',Q(V{}),w") £ ¢, and by induction hypothesis, (F,V{},w) = ¢ for
U e D, that is, (F,V,w) E ¢. O

Lemma 4.12. We show that the pair (~,~) of mappings satisfies Definition 4.1. As
to condition (i), if U € D then U w [U] for [U] e DA. Next, for (i).1 suppose that
R,(w,v). Then, for [v] € W4 we have that R4([w],[v]) and v + [v]. Finally, as to
(7).2, if w ~ [w] and w € U, then clearly [w] € [U]. On the other hand, if [w] € [U]
then for some v € [w], v € U. However, v € [w] implies that v ~ w. In particular, w € U

by the constraint on ~. O

Theorem 4.15. As to the <-direction, we show that if (o,X) is a simulation pair such
that o(v,v"), then Duplicator can always reply to any Spoiler’s move in state (F,v,U),
(F',v',U") with (U;,U!). Moreover, the new state (F,u,T), (F',u',T") is such that
o(u,u") and X(T;,T]). As a consequence, Duplicator has a winning strategy and the
result follows. As regards move (1) in Definition 4.14, suppose that Spoiler picks a
set U € D. Then Duplicator can reply with U’ € D’ such that 3(U,U’): by (i) in
Definition 4.1 such U’ always exists. Moreover, by (i1).2, v € U iff v' € U’. On the
other hand, if Spoiler chooses u € R,(v), then by (ii).1 Duplicator can reply with some
u’ € R} (v") such that o(u,u’). In particular, for every i, u e U; iff v’ € U}, as ¥(U;,U))
holds. In both cases the new state (F,u,T), (F',u',T") is such that o(u,u’) and
¥(T;,T)) as required.
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As to the =-direction, we show that relations 0 € W x W’ and ¥ ¢ D x D" defined
as: o(v,v") and X(U;,U]) hold iff Duplicator has a winning strategy at state (F,v, U),
(F' v, U ") form a simulation pair. As regards condition (i) in Definition 4.1, consider
any winning state (F,v,U), (F',v’,U’) in the game starting in (F,w), (F',w’). Spoiler
can play any U € D, but then Duplicator has to reply with some U’ € D’ so that he
has a winning strategy in the resulting state (F,v,T), (F',v’,T"). In particular, by the
definition of ¥, we have X(U,U’). Further, for condition (7i).1, if o(v,v") then (F,v,U),
(F',v',U") is a winning state for some U, U’ with $(U;, U/). Then, for every u € Ry(v),
Duplicator can reply with v’ € R, (v") (otherwise, Duplicator has no winning strategy.)
Moreover, Duplicator has a winning strategy in the resulting state (F,u, U), (F',u',U").
Hence, we have o(u,u") by definition of o. Finally, for condition (7i).2, if o(v,v") then
again (F,v,U), (F',v',U") is a winning state for some U and U’. Further, if X(T,T")
then (F,u,T), (F',u/,T") is a winning state for some v € W and u’' € W' such that
o(u,u"). Now we analyse the following two cases: if couple (v,v") has appeared before
(u,u’) in the game then, when introducing sets U and U’, condition v € U iff v’ € U’
has to be satisfied by (1) in Definition 4.14. On the other hand, if couple (u,u’) has
appeared first, when introducing (v,v") condition v € U iff v" € U’ has to be satisfied by
(2). Finally, since Duplicator has a winning strategy for game (F,w), (F',w'), it is the

case that w' simulates w. O

Theorem 4.18. The proof follows the one for Theorem 4.15, once we notice that the
behaviour of Spoiler and Duplicator on frames F and F' is completely symmetric. As
regards the <-direction, if (w, ) is a bisimulation pair such that w(v,v"), then Duplica-
tor can always reply to any Spoiler’s move in state (F,v,U), (F',v',U") with Q(U;, U)).
As to the =-direction, the relations w € W x W' and Q € D x D' defined as: w(v,v") and
Q(U;, U!) hold iff Duplicator has a winning strategy at state (F,v,U), (F',v',U") form

a bisimulation pair. O

Lemma 6.5. Consider ¢ ¢ Th(Gy) with finite modal depth k € N, where the modal depth
is defined as in the propositional case, as the maximum embedding of modal operators
[47]. We can assume without loss of generality that (Gy, V,0) # ¢ for some assignment V',
then we prove that (Gg, V', 0) # ¢, where assignment V' is such that V'(p) = V(p)n[k] €
D’ for every p € AP. Now we prove that if v is subformula of ¢ of modal depth n < k,
then (Gn, V k—-n) = iff (G, V' k—n) E .

We start with the case for n = 0. If ¢ is an atom p, then (Gn, V, k) E ¢ iff k € V(p),
iff ke V'(p), iff (Gx, V', k) E 1. The inductive cases for propositional connectives are
immediate. Finally, if ¢» = Ipx, then (Gy,V,k) E ¢ implies that for some U € D,
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(Gn, VD, k) = 4. Consider U' = U n[k] € D'. In particular, (V)" = V. By induction
hypothesis (G, V[}}f, k) & x, that is, (Gg, V', k) E 1.

As for the inductive step, we again consider the subformulas v of ¢. If i is an
atom p, then (Gn,V,k—-(n+1)) v if k—=(n+1) e V(p), iff k—(n+1) e V'(p), iff
(G, V', k=(n+1)) = 9. The inductive cases for propositional connectives are immediate.
If o = Ipyx, then (Gy, V,k—(n+1)) & ¢ implies that for some U € D, (Gn, V[, k—(n+1)) £
X- Again consider, U’ = U n[k] € D’. By induction hypothesis (Gy, VU'I,’, E-(n+1))Ex,
that is, (G, V',k—(n+ 1)) = 4. Finally, if ¢ = Oy, then (Gn,Vik-(n+1)) E ¢
implies that (Gn,V,k - n)) E x. By induction hypothesis (Gx, V', k —n)) E x, that is,
(Gr, V' k=(n+1))E.

As a consequence, (Gy,V,0) # ¢ implies (Gg, V',0) # ¢, i.e., ¢ ¢ Th(G). O

A.3 Chapter 5

Lemma 5.6. The case for z = pl and y = bool follows from equalities [-¢] = \[¢],
[ Ay ] =[] n[¥'], [¥ve'] =[] uld'] and the fact that D is a boolean algebra.

For z = el and y = el, notice that [ K v ] = [a]([¥]), [Cav] = [A]([¢]), and D is a
boolean algebra with operators [a] and [A].

The case of x = pal and y = el follows since PAL is as expressive as epistemic logic

[100]; while the case for x = sopal and y = full is trivial. O

Lemma 5.7. The proof for full frames is immediate, as for all U € W}y, U € W and then
UeD. Hence, Uy =U € Dy.

The proof for boolean frames follows from the identities below, for » € {n, u}:
Up*Up = (UxUy

NUg) = (U

As for epistemic frames, we remark that

[a](Ujg)
[A](Ujg)

([a](Nolu 1)
(ANl uU))g

Observe that here [a] and [A] denotes two different operations, the former on M4 and

the latter on M. Then, w € [a](Ujy) iff Rjyo(w) € Uy Since, Ry o(w) = Ra(w) N VV@,
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this is the case iff w € [¢] and for every w’ € R,(w), w' € [¢] implies w’ € U, iff w € [¢]
and R,(w) ¢ (\N[¢]uU), iff w e ([a](N[¢]uU))e. Finally, notice that [a](\[¢]uU) € D,
as [¢] € D for every ¢ € L, by Lemma 5.6 and D is a boolean algebra with operators.
Hence, [a](Ujy) = ([a](N[¢] uU))g € Djy. The proof for operator [A] is similar. O

Lemma 5.8. All proofs are by induction on the structure of ¢. Notice that the proofs
of Lemmas 5.8(1) and 5.8(2) (resp. Lemmas 5.8(3) and 5.8(4)) make use of each other.
This circularity is safe nonetheless, as in each step formulas of strictly smaller length

are considered.

We first prove (1) for x = el. The other cases follow similarly by Lemma 5.6. For
p=r, (Mz[fwﬂ,w) E¢iff we V@](r), iff w e V(r) whenever r #p or w € [¢] for r =p. In
both cases (M, w) = ¢[p/].

The inductive cases for the propositional connectives and epistemic operators are

straightforward, as these simply commute with substitution.

If ¢ = [¢]¢" then (Mﬁw,w) E ¢ iff (M]Ew]],w) E ¢ implies ((M}[E?/J]])W’w) E¢'. By
induction hypothesis, this is the case iff (M, w) & ¢[p/] implies ((Mﬁ’w}])w,w) E o
By (2) we have that ((Mﬁwﬂ)w,w) E o iff ((MI@[P/w])ﬁw]pw) E ¢, as 1 is free for
p in ¢. And again by induction hypothesis we have that (M,w) & ¢[p/1] implies

(Mgpp1sw) = @' [p/]; that is, (M, w) = [e[p/¢]1('[p/¢]) = (lele)p/¥]-

If ¢ = Vry for r # p, then (Mﬁ¢ﬂ’w) E ¢ iff for any U € D, ((Mﬁwﬂ)}},w) E p.

Since r # p and ¢ is free for p in ¢, the assignment (V[@}])’{] coincides with (V&)EM.
As a consequence, we obtain ((M7; Ewﬂ,w) E @, Le., (Mp,w) & ¢[p/] by induction

hypothesis. But this means that (M,w) & Vr(¢[p/¢]) = (Vre)[p/v]. This completes
the proof for (1).

As for (2), by (1) (Mfwﬂ,w) F ¢ iff (M,w) F ¢[p/]. Hence, W), in (Mﬁw])w is
equal to Wigrpp1 in (Migrp/u )}[[71&]]' Similarly for components R, and D4 in (M][?zb}])W
Finally, we have to prove that (V[[’;M])W(r) = (Vg[p/e] )wa](r), for every r € AP, under
the restriction that p € fr(¢) implies ¢ € Lyy. If p € fr(¢) then from (Mﬁw}],w) E ¢
iff (M,w) & ¢[p/v] follows that (V[[I;M])|¢(r) = Vippyw1 (1) = (VI¢[p/¢])f[)¢}](r) for r # p.
For r = p, notice that for every ¥ € Ly, ((Mﬁw])w,w) E "t (Migppe,w) £ 9
In particular, (Vﬁ}}])w(p) = [¥]is = [¥]ie[pe] = (VI¢[p/¢])][[[J¢1] (p). On the other hand,

if p ¢ fr(¢) then we have to prove that (VH%])W(T) = (V|¢)][€M(r), for every r € AP.

For r # p, we have that (V[[I:M])W(r) = Vig(r) = (V|¢)ZE¢H(T). For r = p, (Vﬂ%)w(p) =

([¥Im)e = (V|¢)E’M (p). This completes the proof for (2).

As regards (3), if ¢ = p, then fr(¢) = {p} and (M, w) E ¢ iff w e V(p) = V'(p), iff
(M’ w) E ¢.
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The inductive cases for the propositional connectives and epistemic operators are

straightforward.

For ¢ = [¢]Y, (M,w) E ¢ iff (M,w) & 1 implies (M, w) & ¢', iff (M',w) =9
implies (M|’¢, w) E 1" by induction hypothesis and (4). That is, (M’ w) & ¢.

If ¢ = Vpy, then (M,w) E ¢ iff for every U € D, (MP w) & 4. Since fr(¢) =

fr() ~{p}, VE(fr(v)) = V/F(fr(+)) and by induction hypothesis (M, w) & 1, that is,
(M’ w) E ¢. This completes the proof for (3).

As for (4), by (3zx) (M,w) & ¢ iff (M',w) & ¢. Hence W}, = VV‘ip, Ry = R(w,
l)hp = l)&ﬂ’ and ‘ﬂw = ‘1&” |

Lemma 5.10. Indeed, if (M, w) # [¢]¢ for some 1) € L, then in particular, [¢)] € D by
Lemma 5.6 and for U = [¢], (ME,,w) # [p]¢. That is, (M, w) ¥ Vp[p]o. O

Lemma 5.12. The <« direction follows from (5.6) above. As for the = direction, suppose
that for some model M and state w, (M, w) # 7(¢). Consider now a model M’ such
that 7' = F and V' coincides with V on all atoms appearing in ¢. Further, for every
U € D take qu € AP not appearing in ¢ and let V'(qy) = U. By Lemma 5.8(3),
(M, w) # 7(¢) implies (M’ w) # 7($) (the assignment V'(q) for all atoms not appearing

in ¢ and not assigned to a set U is uninfluential, let it be W.)

Hereafter we write N' ¢ M to express that N is a submodel of M, i.e., Wy € W;
Dy ={UnWx | U e€D}; Ry, =Ron W3 and Viy(p) = V(p) n Wy for every p e AP.
We can now prove the following auxiliary result: for every submodel N/ of M’ and
subformula v of ¢,

N w)ey if (N, w)ET()) (A4)

For v being an atom, a boolean combination of formulas, an epistemic formula or a

PAL formula, this is indeed clear. So consider ¢ of the form 01, with the claim proven
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for 1. For the implication from left to right,

(N w) i 7(O9) (N, w) # Vplp]r ()

for some U € D, (N, w) i [p]7(¥)

for some U € D, (NP, w) £ p and (N{F)p,w) ¥ 7(¢)

for some gy € Lo, (N[ngﬂ,w) = p and ((N[[ISU}])@’W) ¥ 7(Y)

for some qu € L1, (N'sw) F plpfau] and (N, ), .w) # 7(5)
for some qir € Loy, (N, w) E qu and (N, w) ¥ (7(¥))[p/qv]
for some qp € Leg, (N, w) E qu and (M;va) #7(1)

for some qir € Loy, (N, w) F qu and (N, w) i

for some qu € Loy, (N, w) # [qu]¥

(V' w) # o

L e O

As to the implication from right to left,

W' w) 0% = for some € Lo, (N, w) # []0
= for [p] € D,(N,w) F  and (], w) f ¥
= for [p] e D, (N, w) £ plpfe] and (A, w) # (1)
= for [p] e DL (NP, w) i p and (M2),w) # 7()
= for [p] € D, (M2, w) # [p]r(¥)
= (.w) # Vp[p]r(v)

Notice that the deductions above make essential use of Lemmas 5.8(1-2).

Finally, by (A.4) (M’ w) # 7(¢) implies (M',w) # ¢ as required. O

Lemma 5.16. 1f APAL <,,, SOPAL, then for ¢ = 0(K,q - KpK,q) in APAL there exists
a corresponding ¢’ in SOPAL. However, (M,wqo) E ¢ implies (M, wqo) E ¢, which
implies (M" wgp) E ¢’ by Lemma 5.8.4, which implies (M",wqo) £ ¢. A contradiction.
O

Lemma 5.17. We prove statement (5.7). For x € {ap, pl, el, pal, sopal}, if (M,w) = Ypeo

then for every U € D, (M? w) E ¢. In particular, (Mﬁw],w) E ¢ as by Lemma 5.6,

[¥] € D whenever v € £,. By Lemma 5.8(1), (Mz[[’wﬂ,w) E ¢ implies (M, w) & ¢[p/].

As to (5.8), suppose that (M, w) £ 1. Since p does not appear free in v, for every
U € D, assignment V7 coincides with V' on fr(x)). By Lemma 5.8(3) we have that
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(M w) & 1) and by hypothesis, (M?,,w) E ¢. Hence, for every U € D, (M?, w) E ¢,
that is, (M, w) E Vpao. O

Lemma 5.18. As regards (5.9) observe that,

(M,w) e [¢]Vpp iff (M, w) E 1 implies (M, w) £ Vpe
iff (M, w) ke implies for all U’ € Dy, (M), w) E ¢

Now, if U € D then U’ = UnW, € Dy, On the other hand, if U'e Dy, then for some
UeD, U =UnWy. In particular (Viy)7, = (V{})jy, as p does not appear free in 1.

Hence,

(M,w) & [¢]Vpp  iff (M, w) k¢ implies for all U € D, (M), w) E ¢
iff  (M,w) E ¢ implies (M, w) & Vp[¢]¢
iff  (M,w) =~ Vp[Y]e

The other equivalences are proved similarly. In particular, formulas (5.10) and (5.12)

are dual of (5.9) and (5.11) respectively. O

Lemma 5.21. We show that for every model M, M', M" with M" ¢ M' ¢ M, s ¢
W", and positive formula ¢ € L opals (M')s) E ¢ implies (M",s) £ ¢. The inductive
cases for ¢ # Vpi) follow seamlessly as in [116]. As for ¢ = Vpip, Consider U” € W
s.t. (/\/l;?,’,, s) E 1. Clearly, MZZ,), c Mg’, for U’ € D' such that U"” = U' nW". Moreover,
hypothesis (M’ s) E Vpyp implies (./\/lg?,, s) E 1, and by induction hypothesis it follows

that (M}, s) = 1. Since U” is arbitrary, (M”",s) & Vpip.

As a result, positive formulas are preserved under taking submodels. In particular,

they are preserved by the model refinement of public announcement operators. O

Theorem 5.28. We briefly sketch the case for quantifiers, for the other cases we refer to
[68, Theorem 1]. The ‘if” direction is by induction on the formula, so assume ¢ = Ipy),
with the claim proven for ¢ with [¢)| = n — 1. That is, suppose that ¢ has size n < k and
that M &= Ipy while N = -3p1p. Spoiler plays the Ip-move: since M  Ipy, for every
model (M, w) € M, Spoiler can choose some U € D such that (MY, w) 1. Collecting
all pointed models thus obtained in My, we have M £ v. Since N £ =3py, if we put
all models (NV,v) in a set N, we have Ny £ —1). We know that Spoiler can win the
sub-game starting in (IM; o N7) in n — 1 moves, which in turn ensures he wins the game

starting in (M o N) in n moves.
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For the ‘only-if’ direction, if Spoiler has won the FSG starting at (M oN) in n < k
moves, then the resulting closed game tree is a parse tree of a formula ¢ of length n
such that M = ¢ and N £ —p. To see this, we label the nodes of the tree with formulas,
starting with the leaves. In particular, if a node has a label Ip and its successor is
labeled with 1, then the current node is labeled with Ipi. One can verify that for each
node (A o B), the formula labelling the node is true in A, and false in B. Hence, the

game tree is a parse tree for the formula labelling the root. O

A.4 Chapter 6

Lemma 6.4. We consider the properties of reflexivity, symmetry, and transitivity of

equivalence relations. The case for a ¢ A is immediate, as R, = R} = R,.

Reflexivity of R,: suppose that v € W' = W. Clearly, R,(v,v) holds, and in the
definition of R, if v € Ry(w) n[[¢]] then v € R,(v) n[[¢]]. Hence, R, (v,v) holds. The

case for v € Rq(w) n[[-¢]] is symmetric. The case for R, is similar.

Symmetry of R;: suppose that R, (v1,v2) holds. Clearly, R,(v1,v2) as R, € R,, and
Ry(v2,v1) as R, is symmetric. Now notice that R, (v1,v2) implies that both v; and v
satisfy v, or they both satisfy —t. In both cases R, (v2,v1) holds as well. Also in this

case, the proof for R is similar.

Transitivity of R,: suppose that R, (vi,v2) and R, (v2,v3). Clearly, R, (v1,v2) and
Ry(ve,v3) as R, € R,, and therefore R,(v1,v3) by transitivity. Moreover, if R (v1,v2)
and R, (v2,v3), then all vy, vy and vz satisfy 1, or they all satisfy —¢). In both cases

R, (v1,v3) holds. The case for R, is similar. O

Lemma 6.5. We prove (6.1) for a propositional formula ¢. Suppose that (M, w) E ¢ but
(M(_w,qb,A)’ w) # E4¢ to obtain a contradiction, that is, (M(_w,¢7A), w') # ¢ for some a € A
and w’ € R (w). In particular, this means that (M, w") ¥ ¢, as ¢ is propositional. Hence,
w' #w (as ¢ is true in w) and w’ € R,(w) 2 R, (w). But then w’ ¢ R,(w) n[[¢]], against
the hypothesis that R, (w,w"). Therefore, it is the case that (M, ¢A),w) E Eq¢. The

proof for (6.2) follows a similar line. O

Proposition 6.6. The only non-trivial case is for 1) = [¢]¢. In particular, we show that
for every w € W, refinement ./\/lzrw o1) satisfies the same formulas in PAL as refinement
M. The key remark here is that worlds that are not reachable from w via relation R}

do not account for the truth value of formulas at w. Specifically, in refinement /\/lzrw 6.1
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any state w’ is reachable from w via (R*)7 iff w’ is reachable from w in My. Also,
in both refinements the indistinguishability relations and assignments are restricted to

uss  [[¢]]m. As a result, the two models satisfy the same announcement formulas at w. O

Lemma 6.11. We prove (6.3) as (6.4) is the special case for A = {a}. By Definition 6.3,
(M, w) & [¢]4 Cat) iff (M, w) & ¢ implies that for every w’ € R} (w), (M payw) E
1. Now notice that for every w’ € R{ (w) = R’ (w) n [[¢]]m, the refinements Mzrw’¢7A)
and Mzw',@A) are equal. Hence, (M, w) & [¢]}y Catp iff (M,w) E ¢ implies that for
s every w' € Ry (w) n [¢]lm, (Mzw’,¢,A)7w,) E 1, that is, (M,w) & ¢ implies that for
every w' € R} (w), (M,w") E [¢]4, i.e., (M,w) & ¢ > Ca[o]}0. O

Lemma 6.12. We prove (6.5). Suppose that (M, w) & [¢], [¢']4 ¥, that is, if (M, w) E
¢ and (MEw¢A),w) E ¢', then ((MzwqﬁA))zw & A),w) E 1. We have to show that this
is equivalent to (M,w) & [¢ A [¢]4 ¢'] | ¥, that is, if (M, w) E ¢ and (M, 4 4),w) F ¢,
s6s  then (Mzw7¢/\[¢];,w’,A)’w) E 1. Hence, it is enough to prove that ((Mzw,@A))Ew,(b’,A)’w) =

o iff (M(_w,@\[cb];w’,A)’w) £ 1. In particular, refinements (Mzw,qb,A))Zw,qb’,A) and M(_w,¢A[¢]Z,w’,A)

are identical. To see this we remark that in refinement (Mfw 5,4 )Ew .A) for every a € A,

Ro(0) n (@m0 (9" My gay v € Ra(w) 0 [[@1la 0 [0 Ty )
Ro() n[@llm 0 [=0'Tmey ) i v € Ra(w) 0 [[@]aa 0 [0 My 44,

Ry (v) = Ra(v) n [=0Dm 0 [0 Dm0y i © € Ra(w) 0 (=0T 0 [0 T 0y
Ro(v) n[=0lm 0 [=¢" MMy 4y i 0 € Ra(w) 0 [=0Tm 0 [=6" TM( 0,
R, (v) otherwise

which is tantamount to the following in model M (w,dnl8]50,A)"

Ro(v) n[[¢ A [0]ad'Tam if v e Ra(w) N[ A [¢]ad TIm
Ro(v) =1 Ra(v) n[[~(¢ A [¢]a¢")m  if v € Ra(w) n[[-(¢ A [¢]a¢")

R,(v) otherwise

Hence, the two models are identical and (6.5) holds. O
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