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Abstract. We aim to learn across several subjects a mapping from
brain anatomical connectivity to functional connectivity. Following [1],
we formulate this problem as estimating a multivariate autoregressive
(MAR) model with sparse linear regression. We introduce a model se-
lection framework based on cross-validation. We select the appropriate
sparsity of the connectivity matrices and demonstrate that choosing an
ordering for the MAR that lends to sparser models is more appropri-
ate than a random. Finally, we suggest randomized LASSO in order to
identify relevant anatomo-functional links with better recovery of ground
truth.

1 Introduction

Disruption of brain connectivity have been implicated in a number of diseases
[2] including schizophrenia, ADHD, autism and brain trauma. This has spurred
interest in network organization and dynamics, studied with diffusion weighted
MRI (DWI) or resting-state functional MRI (rs-fMRI) [3]. Multi-modal imaging,
integrating both functional and anatomical descriptions can yield a more detailed
picture of brain architecture. Model-based studies have shown links between
anatomical and functional whole-brain connectivity [4]. Here we investigate data-
driven predictive modeling from anatomical to functional networks to uncover
mechanisms ignored in studies with a-priori defined interactions.

We set the problem as the prediction of whole-brain resting-state functional
connectivity from anatomical brain connectivity. In a population of .S subjects,
we consider the connectivity between a set of N regions of interest (ROIs). Our
supervised learning task is to link across subjects the anatomical connections
between these brain regions, as estimated by tractography, to functional con-
nections, i.e. the observed synchronization in the brain activity observed via
rs-fMRI. We represent the set of anatomical connections for a subject s as a
symmetric connectivity matrix A® € Symy. The corresponding brain activity
in the ROIs is summarized by N time series of length ¢, X* € RV**, We want to



explain the correlation structure of the observed fMRI time-series X* from the
subject’s anatomical connectivity matrix A®.

In [1] we introduced a learning framework using multiple penalized regres-
sion to link A® and the covariance matrix of the fMRI data X° € RVXN, The
generative model of the functional signal relies on autoregressive Gaussian pro-
cesses spanning a graphical model, the Markov structure of which is restricted
by the anatomical connectivity. Estimating the fMRI model is then a covariance
selection problem, computing the maximum likelihood estimate of the precision
—inverse covariance— matrix, K parameterize a multivariate Gaussian model,
subject to the conditional independence constraints. The output space of the re-
gression from anatomical to functional connectivity, is then the set of symmetric
positive definite (SPD) matrices. We take an unconstrained parametrization of
SPD matrices using a matrix square-root of the precision matrix K to be pre-
dicted. To do that we use a Cholesky decomposition of K, which is not invariant
by a permutation of the rows and columns of K.

Here, we address the selection of the optimal ordering in this framework.
Using cross-validation we show that a permutation of K that favors a sparser
Cholesky decomposition results in higher prediction performance than a random
ordering. Subsequently, we select the optimal sparsity of the joint anatomical
and functional graphs. Finally, we introduce the randomized Lasso for model
identification: recovery of the underlying anatomo-functional links.

2 Generative model and learning strategy

Generative model. We use multivariate autoregressive models (MAR) as a gener-
ative model for fIMRI time series [1]. They imply a Markov structure between the
different time series: conditional independences forming an undirected graphical
model. Each ROI is represented as a node. Nodes that are not connected have
mutually independent time-series, conditionally on their neighbors. MAR mod-
els of stationary process are parametrized by a transition matrix, T, the square
of which is directly related to the precision matrix of the signal: K = B”B,
where B =1 — T. Note that B is a matrix square root of the precision matrix.

Markov structure. Conditional independence between variables is given by
the zeros in the precision matrix. Estimating from the fMRI data a sparse pre-
cision matrix reduces the small-sample estimation error present in the empirical
covariance matrix [5]. We use anatomical connections that fail to be significantly
positive across subjects to impose the Markov structure of the fMRI model [1].
The maximal likelihood estimate of K is then computed using the iterative pro-
portional scaling algorithm [6].

Imposing definite positive predictions. To parameterize a valid Gaussian model,
the predicted precision matrix must be positive definite. This condition on the
output space corresponds to constraints on the coefficients of K: we cannot pre-
dict independently these coefficients and ensure that the resulting matrix will be
in Sym}. Thus, rather than predicting K, we predict a square root, B, that is not
constrained. Here, we use the Cholesky decomposition of the precision matrix K



to estimate B. The Cholesky decomposition is not invariant to a permutation of
the rows and columns of the input matrix K. We use the approximate minimum
degree (AMD) ordering [7]: a permutation of K favoring a sparser Cholesky de-
composition. As it only depends on the support of the matrix K, it is identical
across subjects. Note that we are interested in predicting correlation and not
covariance, thus, we rescale the diagonal of B to ones: B = B diag(B)~!. This
amounts to setting the innovation terms of the MAR to one.
Statistical learning. We use a multivariate linear model between all the anatom-

ical connectivity values a = {A; ;} and the coefficients of the matrix B, b =
{Bi;}. The learning problem takes the form of multiple regressions:

s
b = Bro+ Y Bjay, (1)
s=1

where 3y is the intercept and i are the coefficients relating the functional con-
nection by to the whole-brain anatomical connectivity, a. There are many more
candidate anatomical connections than subjects: we are in high-dimensional set-
tings. Therefore we resort to the Lasso: sparse penalized regression. We use the
LARS algorithm, implemented in the scikit-learn toolbox [8].

3 Model selection and identification

Model selection metric. We work on the space of sparse Gaussian models, parametrized
by correlation or precision matrices, symmetric definite positive matrices. This
space, Sym} is not a vector space. The standard Euclidean distance on matri-

ces, the Frobenius norm, does not account for the geometry of this space. Thus,

it is ill suited to quantify prediction errors. However, Sym}; can be parametrized

as a Riemannian manifold using an intrinsic metric [1, 9]:

dar(C,D)? = tr(logC *D C2)° (2)

This metric is invariant under affine scaling and inversion of the matrices, and
is thus independent of the parametrization of the Gaussian models.

Choice of Markov structure. We set the same Markov structure across indi-
viduals, testing with a T-statistic for each anatomical connection whether it is
non zero in the group. The threshold controls the sparsity of the MAR model
for fMRI. We set it using random hold-out cross validation with 10% held out.

Randomized Lasso. We use the randomized Lasso [10] to identify non-zero
coefficients f. It is a generalization of Lasso with better recovery properties.
The randomized Lasso estimate is computed by solving the Lasso problem with
weights W, random within specified bounds:

) s N 2 - 1Bl
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Markov model sparsity 80%|70%(60%|50%|40%|30%|20%|10%
Random order |dar 25.0(26.0(27.8(29.5|34.1{39.2|50.6|67.2
std 32.4/8.0(82[84|82(81|8.1]8.0
AMD order dar 31.3|24.5(24.0(25.3|26.1|27.3|42.5|63.2
std 49.318.284(84[9.0[9.5]/9.6]9.8

Table 1: Prediction performance, measured with the d4; metric, for different
sparsity of the Markov structure and under different ordering of K.

This randomized penalization regression is solved many times. The probability
that a functional connection is related to a anatomical connection is then given
by the fraction of times the coefficient is selected during the repetitions.

4 Experimental results

Brain connectivity analysis was performed in 26 normal adults, with the imag-
ing parameters, pre-processing, definition of ROIs and extraction of structural
networks described previously [1]. To set the level of support that gives the op-
timum prediction performance, we vary the threshold on the t-test so that the
percentage of connections selected ranges from 10% to 80%. We also compare
two choices of ordering for the Cholesky decomposition of the precision matrix
K: random ordering and model averaging, or AMD ordering for sparser Cholesky
factors. Cross-validation results (Table 1) show that the optimum sparsity for
the Markov structure corresponds to selecting 60% of the connections, and that
AMD ordering is to be preferred to averaging on random orderings. Fig. 1 shows
structural connections associated with the default mode network. The diameter
of the tubes is associated with the probability of the connection to be selected.

5 Conclusions

We use the probabilistic framework introduced in [1] to learn a predictive model
from anatomical to functional brain connectivity. Here, we use cross-validation
to set the properties of the Markov model of fMRI: filling factor, and ordering of
the nodes in the MAR. As we are interested in recovering the relevant anatomo-
functional links, we also introduce randomized Lasso that can identify better

non-zero coefficients in linear models with correlated designs.
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Fig.1: Structural con-
nections associated with
the default mode net-
work: left random or-
der; right AMD.
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