Introduction to Graphics

Lecture 4:

More Transforms and Homogeneous Coordinates
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Lecture Overview

= Affine Transformations

= Reflections

= Mirrors

= Shear

= Homogeneous Coordinates (as vectors)
= Transformation Matrices

= Change of Axes
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Affine Transformations

« Affine transformations preserve parallel lines

* Most of the transformations we require are affine:
Scaling (enlarge/shrink)
Translating (moving)
Rotating (turning)

* More complex transformations can be built from these

* Non-affine transformations:
perspective projection
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Reflections

 Reflections are a very useful special effect that can be
easily programmed

 The reflection transformation is affine, and requires
the definition of a reflection plane:

np=k
where n is the normal vector

urgical
obotics & Imperial College
maging 1G°06 Lecture 4 Page 4/36 London




Reflection
If the reflection plane lines up with the cartesian axes
x=0 or y=0 or z=0

Then the transformation is trivial:

-1 0 0 O 1 0 0 O 1 0 0 O
0 1 0 O 0 1 0 O 0 1 0 O
0 0 1 0O 0o 0 1 0 0 0 1 0
0 0 0 1 0o 0 0 1 0 0 o0 1
YZ Reflection Plane XZ Reflection Plane XY Reflection Plane
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Mirrors

* For reflection in an infinite plane, a whole object can
be transformed and then added to the data base.

» Reflections in a finite mirror is similar to a window
onto a 3D graphics scene.
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Shear Transformation

» Shear transformations are of use in object deformation
and possibly morphing.

» Shears are introduced to an object or a scene by using
an asymmetric transformation matrix

1 0 0 O
a 1 0 0
b 0 1 0
0 0 0 1
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Simple shears are affine
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Shearing in the z direction

A similar affine shear is produced when a=0 and b is
non zero

1 0 0 O

0 1 0 O

b 0 1 0

0 0 0 1
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Non-affine shears

= In general if both a and b are non-zero:

OoOPr OO

0
0
0
1

OoOT o -
(eNoel )

the result is a more complex distortion in which the
parallel lines are destroyed.
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Some Examples

Nonuniform Scale
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Images from Conan The Destroyer, 1984
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Linear vs Nonlinear
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Standard Transformation Composition
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Homogenous coordinates as vectors

= Look again at homogeneous coordinates, and their
relation to vectors.

= In the previous lecture we described the fourth
ordinate as a scale factor.

[X,Y,Z, h] isequivalentto [X/h, Y/h, Z/h]

Homogeneous Cartesian
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Homogenous coordinates and positions

= Consider a normalised homogenous coordinate:
[X.)Y,z,1]

to be equivalent to a position vector P.
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Homogenous coordinates and directions

« If the last ordinate is zero:
[x,y,z,0]

the coordinate cannot be normalised.

» A homogenous coordinate of this form cannot be
associated with a point in Cartesian space.

» However, it still contains information about the relative
sizes of x, y and z. Hence we can consider it to be a
direction vector d.

r 1
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Homogenous coordinates and vectors

In summary, there are two types of homogenous
coordinates:

1. Those with the final ordinate non-zero, which can be

normalised into position vectors.

2. Those with zero in the final ordinate which are

direction vectors and have direction magnitude.
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Vector Addition

If we add two direction vectors, the result is also a
direction vector:

[xi,yi,zi,0] + [X},V],z},0] = [xi+X], Yi+Yyj, zi+2],0]

This is the normal vector addition rule.
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Adding position and direction vectors

If we add a direction vector to a position vector we
obtain a position vector:

[Xi,Y1,Zi, 1]+ [X1.Yi,Zi,0] = [Xi+X], Yi+yj,Zi+zj, 1]

This result, ties in with our definition of a straight line in
cartesian space being defined by a point and a direction:
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Addling two position vectors

If we add two position vectors we obtain their mid-point:

[Xi,Yi,Zi,1] + [Xi,Yi,Zi,1] = [Xi+Xj, Yi+Yj,Zi+Z},2]
= [OXi+X))/2,(Yi+Y])/2,(Zi+Z))/2,1]

This is a reasonable result since adding two position
vectors has no meaning in vector algebra!

Diagram 4.2 Adding a direction
vector to a position vector
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/Direction Vector Characteristics of Transformation matrices
gx_aqy 9z O o Direction Vector = In a direction vector the zero in the last ordinate
rx ry rz O ensures vectors will not be affected by the translation.
Z I

?F( §I'y §I' 2 ¥ ~——Direction Vector

x ly 1z v\ * In a position vector the 1 in the last ordinate means all

Position Vector

vectors will be moved by the same factor.

= If we do not shear the object the three vectors g, r and

Diagram 4.3 The composition of an s will remain orthogonal, i.e:
affine transformation matrix

qer=res=qes=0.
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What do the individual rows mean?

Consider the effect of the transformation in simple cases.

Take the unit vectors along the Cartesian axes, e.g. along
the x axis, i =[1,0,0,0]

[10,00] (fax ay az 01 = [ax ay, qz 0]

rx ry rz O

sx sy sz O
1

Ix Ty Tz
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Axis Transformation

Similarly, direction
j=10,1,0,0]
will be transformed to direction

[rx,ry,rz,0]

and k =[0,0,1,0]
will be transformed to [sx,sy,sz,0].
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Transtorming the Origin

[0,0,01] (gx qy 0z = [Tx, Ty, Tz, 1]
X ry rz
SX sy sz

Ix Ty Tz

= O OO
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Meaning of a transformation matrix

The old X axis after
transformation

gx _qy gz O The old Y axis after

tx fy rz O ||4 transformation

sx Sy sz O

Tx Ty Tz 1 v\The old Z axis after
transformation
The old origin after
transformation
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Change of Axes using the Dot Product

v

Viewpoint u
d
Y
c

// >

X

Coordinate System for definition Coordinate System for viewing

Given [u,v,w] and C, find the transformation matrix that moves the
scene to that coordinate system.
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Diagram 4.4
The dot product as a projection
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Diagram 4.5
Change of axes using the dot product
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Transforming point P

Given point P in the [x,y,z] axis system, we can calculate
the corresponding point in the [u,v,w] space as:

P'x=(P-C).u=P.u-C.u
Py=(P-C)wv=P.v-C.v
Pz=(P-C)w=Pw-Cw
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Or in Matrix form:

[P'XPYy,Pz1] = [Px/Py,Pz1] ux VX WX
uy vy wy
uz vz wz

-Cou -Cov  -Cew

= O OO
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An Example

The required viewing coordinate system for a graphics scene
is defined by:

u=[0,0,-1 v=[0,1,00 w=[-1,0,0]
With the viewpoint at:
C =120, 10, -5]

1.What is the coordinate of the point P = [10,15,5] in the
viewing coordinate system?

2.What is the transformation matrix?
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Solution

X

P =[10,15,5] C =[20,10,-5] so P-C=[-10,5,10]
(P-C).u = (P-C).[0,0,-1] =-10
(P-C).v = (P-C).[0,1,0] =5
(P-C).w = (P-C).[-1,0,0] =10
Hence the coordinate is [10,5,-10]
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Solution 2

C.u =[20,10,-5] . [0,0,-1] = 5
C.v =[20,10,-5] . [0,1,0] = 10
C.w =[20,10,-5] . [-1,0,0] = -20

So the transformation matrix is:

0 0o -1 0
0 1 0 O
-1 0 0 0O
5 -10 20 1
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