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Abstract

Abstract models, used for specification, analysis and verification, usually describe
sets of implementations by means of a refinement relation. In the branching time set-
ting, implementations are commonly modeled as labeled transition systems (LTS).
An expressive class of abstractions for LTSs is that of disjunctive modal transition
systems (DMTS), featuring may- and must transitions as well as disjunctive hy-
pertransitions (OR). In order to describe exclusive choice adequately, we develop a
variant of DMTSs called 1-selecting modal transition systems (1MTS) that, roughly
speaking, interprets hypertransitions exclusively (XOR). These abstract models,
DMTSs and 1MTSs, are compared with respect to their expressive power. By giving
transformations or showing their non-existence, we show that the two setting can
express the same sets of implementations, but 1-selecting modal transition systems
have a richer refinement preorder.
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1 Introduction

Refinement and abstraction are common concepts for the specification, ver-
ification and analysis of programs. The two notions are dual to each other:
Whenever a system U refines another system Û , we call Û an abstraction of U .
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Abstraction is a common technique, e.g., in model checking to fight the state
explosion problem [1]. Refinement, e.g., is frequently used in model-driven soft-
ware development, where the process of development starts with an abstract
model, which is then refined in later design phases [2].

Abstractions basically stand for sets of implementations. An implementation
setting consists of a class of models and an equivalence relation that defines
which implementations should be identified. An abstraction setting is based
on an implementation setting and consists of a class of models, a subclass of
relevant models (e.g., the finte ones), a refinement preorder and an embedding
of implementations in to the abstract models. The models corresponding to
implementations via this embedding are called concrete. The expressive power
of abstraction settings can be characterized by the set of implementations they
can describe or by taking the whole refinement preorder into account.

1.1 Abstraction settings

In this paper, we concentrate on branching time, which is relevant whenever
nondeterminism occurs from external sources (e.g., user input) or random
behavior. Therefore, labeled transition systems, together with bisimulation
equivalence [3], are considered.

In order to model check liveness (resp. safety) properties, labeled transition
systems, with forward (resp. backward) simulation [4,5], are used as abstrac-
tions. Since forward (resp. backward) simulation only allows to add (resp.
remove) transitions, both simulation notions are not in general sound for com-
binations of liveness and safety properties, i.e., when such a property holds
for an abstraction, it is not guaranteed that it also holds for the abstracted
system. In order to obtain sound abstraction also for arbitrary branching time
formulae, different abstraction settings have been introduced:

A modification of transition systems features two kinds of transitions, one
transition relation to denote the steps that are mandatory for the implemen-
tation, called must transitions, and the other to indicate those steps which
may occur, but are not necessary for the implementation, called may transi-
tions. This approach was followed by Larsen and Thomsen, who introduced
modal transition systems [6], and Dams, who called his model mixed transi-
tion systems [7,8]. For example, in Figure 1, the labeled transition system (a)
is abstracted by combining its two states on the left, leading to the modal
transition system (b): From the combined state, actions b and c are possible,
but not required.

In the previous abstraction example, the transition system having only an
a-loop is also a concrete refinement of the abstraction, although every orig-
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Fig. 1. A labeled transition system (a), a modal transition system (b) and a dis-
junctive modal transition system (c). Illustration (c) can also be interpreted as an
1-selecting modal transition system. In illustrations (b) and (c), must transitions are
drawn as solid arrows, whereas may transitions are dashed. Every must transition
implies a corresponding may transition, which is not drawn. Hypertransitions are
graphically represented by dividing the head of an arrow such that it points to all
target states.

inal state had further outgoing transitions besides a. If this refinement is
unwanted, it can be excluded in the setting of disjunctive modal transition
systems (DMTS), which allows hypertransitions. A hypertransition is a special
transition starting in a single state, but ending in a set of states. For different
targets of a single hypertransition different labels are allowed. Hypertransi-
tions are interpreted disjunctively (OR interpretation), i.e., at least one of
the targets must appear in an implementation. Combining the two states on
the left of Figure 1(a) using DMTS as abstraction setting leads to the DMTS

shown in Figure 1(c). Any refinement must have the b transition or the c
transition and consequently, the system allowing neither b nor c is no refine-
ment any more. However, the disjunctive interpretation still allows that both
b and c are possible in a concrete refinement. There is no way to exclude this
possibility in DMTSs without changing the state space. However, for modeling
purposes it is often desireable to be able to model an exclusive choice (XOR

interpretation), as illustrated by the following example: Consider a model for
a soda machine, in which it is not yet specified whether it dispenses 0.4 liters
or 0.5 liters of soda. A concrete machine however should always give 0.4 liters
or always give 0.5 liters and not allow randomly both possibilities, which could
lead to overflowing or not completely filled glasses.

1.2 Contribution

We develop a variant of DMTSs called 1-selecting modal transition systems
(1MTS) that interprets hypertransitions exclusively (XOR), i.e., exactly one of
the targets must appear in an implementation.
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With the aim of comparing the expressive power of 1MTSs and DMTSs, we
formalize two different types of transformations between abstraction settings.
One preserves the sets of implementations, whereas the other also takes the
refinement preorders into account.

We give such transformations between the two considered abstraction settings,
or show their non-existence, establishing transformations and expressiveness
results. In particular, we present two transformations preserving the sets of im-
plementations, from DMTSs to 1MTSs and vice versa. This yields that DMTSs
and 1MTSs are equally expressive with respect to the describable sets of im-
plementations.

Taking the refinement preorder into account, we show, by presenting a trans-
formation, that DMTSs can be embedded into 1MTS. Furthermore, we prove
that such a transformation from 1MTS to DMTS does not exist. Thus, with
respect to the refinement preorder, 1MTSs are strictly more expressive. This
indicates a richer refinement structure, which can be useful for defining sound
and less approximative compositional satisfaction relations, which is however
out of the scope of this paper.

1.3 Outline

A short presentation of required preliminaries is given in Section 2. In Sec-
tion 3 a general introduction to implementation and abstraction settings is
given and two types of transformations between abstraction settings are de-
veloped. Section 4 introduces the abstraction setting of DMTSs and presents
a complete characterization of all refinements of a simple DMTSs. Follow-
ing the same structure, Section 5 introduces the new abstraction setting of
1MTSs and presents a complete characterization of all refinements of a simple
1MTSs. In section 6, DMTSs and 1MTSs are compared by giving transforma-
tions between the settings or showing their non-existence. Section 7 addresses
related work. Section 8 concludes and discusses future work. Proofs that are
not straightforward are given in the Appendix.

2 Preliminaries

For a set S, let |S| denote the cardinality of S and let P(S) denote its power
set. Let ◦ denote relational composition. For a binary relation R ⊆ S1×S2, we
usually make use of infix notation, i.e., we write s1Rs2 instead of (s1, s2) ∈ R.
For a trinary relation −→⊆ S1 ×L×S2, we usually write s1

a
−→ s2 instead of

(s1, a, s2) ∈−→. For s1 ∈ S1, we define (s1
a

−→)
def

= {s2 ∈ S2 | s1
a

−→ s2} and
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(s1 −→)
def

= {(a, s2) ∈ L×S2 | s1
a

−→ s2}. Given a relation R ⊆ S×S and a set
L, R is extended to (L×S)× (L×S) as follows: For ϑ1 = (a1, s

′
1) ∈ L×S and

ϑ2 = (a2, s
′
2) ∈ L × S, define ϑ1Rϑ2

def

⇔ a1 = a2 ∧ s′1Rs′2. For an equivalence
relation ∼⊆ S ×S and s ∈ S, let [s]∼ denote the equivalence class for which s
is a representative, i.e., [s]∼

def

= {s̃ ∈ S | s̃ ∼ s}. For the definition of refinement
on 1MTSs, we need the concept of choice functions:

Definition 1 (Choice function) Let A be a set, B ⊆ P(A) and γ : B → A.
Then γ is a choice function if ∀B ∈ B : γ(B) ∈ B. We denote the set of all
choice functions on B by choice(B).

3 Implementation and abstraction settings

This section gives a formal introduction to implementation and abstraction
settings. Examples of abstraction settings will follow in Sections 4 and 5,
namely disjunctive and 1-selecting modal transition systems.

3.1 Implementation settings

Before we start reasoning about abstractions, a precise definition of imple-
mentations is given. Implementations are described as equivalence classes on
a set of models:

Definition 2 An implementation setting is a tuple (I,≡) consisting of a set
of possible implementations I together with an equivalence relation ≡ on I.

As already mentioned in the introduction, we consider the branching time
setting of labeled transition systems, which will shortly be called transition
systems in this paper, and bisimulation equivalence. The implementation set-
ting considered is consequently (TS,∼), with TS and ∼ defined as follows:

Definition 3 (TS) A transition system (TS) is a tuple (S, L,−→, s0), where
S is a set of states, L is a set of labels, −→⊆ S × L × S is the transition
relation and s0 ∈ S is the root state. We denote the set 1 of all TSs by TS.

Definition 4 (Bisimulation) Let T1 = (S1, L,−→1, s
0
1), T2 = (S2, L,−→2,

s0
2) ∈ TS. A bisimulation between T1 and T2 is a relation R ⊆ S1 × S2 such

that s0
1Rs0

2 and for all (s1, s2) ∈ R we have the following: 2

1 Strictly speaking, this is a class, but a skeletal set may be chosen. This remark
also applies to DMTSs and 1MTSs, which are defined later.
2 Note that in the definition of bisimulation ϑ1 and ϑ2 are pairs of label and suc-
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(1) ∀ϑ1 ∈ (s1 −→1) : ∃ϑ2 ∈ (s2 −→2) : ϑ1Rϑ2, and
(2) ∀ϑ2 ∈ (s2 −→2) : ∃ϑ1 ∈ (s1 −→1) : ϑ1Rϑ2.

T1 and T2 are called bisimilar if there exists a bisimulation between them. In
that case, we write T1 ∼ T2.

3.2 Abstraction settings

Abstractions basically stand for sets of implementations. Consequently, we
need an embedding of the implementations into the abstraction formalism
together with a refinement notion relating different levels of abstraction. Fur-
thermore, we distinguish a subset of abstractions that are of increased practical
relevance, e.g., those for which verification tools can be applied. This subset
will often be the set of finite abstractions. Formally:

Definition 5 An abstraction setting A for the implementation setting (I,≡)
is a tuple (A, A′,�, h), where

• A is a set of possible abstractions,
• A′ ⊆ A is a set of relevant abstractions (e.g., the finite ones),
• � is a preorder, which we call refinement, on A, and
• h : I → A is a function which embeds (I,≡) in (A,�), i.e., ∀i1, i2 ∈ I :

i1 ≡ i2 ⇔ h(i1) � h(i2)
3 . We call h(I) = {h(i) | i ∈ I} the set of concrete

elements of A.

For the definition of the refinement preorder, two general approaches can be
distinguished. The first approach uses a refinement notion based on imple-
mentations: As abstractions generally stand for sets of implementations, it is
straightforward to define that one abstraction α1 refines another abstraction
α2, if and only if the set of implementations of α1 is a subset of the set of imple-
mentations of α2. This is called thorough refinement [9]. Thorough refinement
has the drawback of expensive refinement and satisfaction checks (the sets
of implementations are usually infinite). For this reason, another approach
is usually taken, defining a refinement preorder coninductively that approxi-
mates the thorough refinement. Then the refinement relation has less pairs,
but due to its coinductive definition, efficient refinement checks are possible.

cessor state, say ϑ1 = (a1, s
′
1) and ϑ2 = (a2, s

′
2). Thus ϑ1Rϑ2 is an abbreviation for

a1 = a2 ∧ s′1Rs′2. This notation is used due to technical reasons, it will be useful in
following definitions.
3 Note that, if the condition is satisfied, we also have h(i2) � h(i1) due to symmetry
of ≡.
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3.3 Comparison of abstraction settings

For this subsection, let A = (A, A′,�, h) and Ã = (Ã, Ã′, �̃, h̃) be two ab-
straction settings for the same implementation setting (I,≡). We consider two
approaches to compare abstraction settings. The first just compares the sets
of concrete refinements (which directly correspond to the implementations) by
giving transformations of the following kind:

Definition 6 (Implementation-based embedding) A function f : A →
Ã is an implementation-based embedding from A to Ã, if

(1) f preserves the sets of concrete refinements, i.e., ∀α ∈ A, i ∈ I : h(i) �
α ⇔ h̃(i)�̃f(α), and

(2) f maps relevant abstractions to relevant abstractions, i.e., f(A′) ⊆ Ã′.

An implementation-based embedding enables the reuse of tools and algorithms
as described in the following: Suppose we have an implementation-based em-
bedding f from A1 to A2 and we have, e.g., a sound model checking algorithm
check2 for A2, where soundness means that if the property holds for an ab-
straction from A2 then it holds for all its concrete refinements (if equivalence
holds then the algorithm is additionally called precise). Now, suppose we can-
not verify the validity of a property φ for an element α1 in A1 although φ
holds for all its concrete refinements. This can occur when (i) a sound model
checking algorithm is applied that is not precise or (ii) there are only too
expensive model checking algorithms available. Then it is possible that the
validity of φ can be soundly model checked for α1 by checking f(α1) using
algorithm check2. The same technique can be applied for checking thorough
refinement, as introduced after Definition 5. Consequently, there is a special
interest in finding implementation-based embeddings that do not introduce
too much complexity.

The above approach is especially promising if a result has already been es-
tablished that the abstraction setting we map to has a “richer” refinement
preorder, because this increases the probability to determine further thorough
refinement pairs. How can such expressiveness results be accomplished? Check-
ing existence of implementation-based embeddings is not suitable, since they
only need to preserve the sets of implementations. Additionally, we have to
take the refinement preorders into account, which is accomplished by finding
or proving non-existence of so-called preorder-based embeddings that preserve
implementations and furthermore imply an order embedding on the equiva-
lence classes of abstractions.

Definition 7 (Preorder-based homomorphism/embedding) A function
f : A → Ã is a preorder-based homomorphism from A to Ã, if
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(1) f is monotonic, i.e., ∀α1, α2 ∈ A : α1 � α2 ⇒ f(α1)�̃f(α2),
(2) f keeps implementations fixed, i.e., ∀i ∈ I : f(h(i))�̃h̃(i)∧ h̃(i)�̃f(h(i)),

and
(3) f maps relevant abstractions to relevant abstractions, i.e., f(A′) ⊆ Ã′.

A preorder-based homomorphism f from A to Ã is a preorder-based em-
bedding from A to Ã, if in condition (1) even equivalence is satisfied, i.e.,
∀α1, α2 ∈ A : α1 � α2 ⇔ f(α1)�̃f(α2).

Note that a preorder-based homomorphism (resp. embedding) induces an or-
der homomorphism (resp. order embedding) on the refinement equivalence
classes, where we call two abstractions refinement equivalent if they refine
each other in both directions.

Proposition 8 (1) Every preorder-based embedding is an implementation-
based embedding.

(2) Not every preorder-based homomorphism is an implementation-based em-
bedding.

PROOF. Each statement is proven seperately: (1) Let α ∈ A, i ∈ I. Then
h(i) � α ⇔ f(h(i))�̃f(α) ⇔ h̃(i)�̃f(α). (2) A counter-example is as fol-
lows: I = ({i}, =), A = ({1, 2}, {1, 2}, ∅, {(i, 1)}), Ã = ({1̃, 2̃}, {1̃, 2̃}, {(1̃, 2̃)},
{(i, 1̃)}). Then f = {(1, 1̃), (2, 2̃)} is a preorder-based homomorphism, but no
implementation-based embedding. 2

4 Disjunctive modal transition systems

4.1 Syntax

We re-introduce disjunctive modal transition systems (DMTSs) [10], an ab-
straction setting for (TS,∼). We first describe the model: Instead of a single
root state, as for TSs, DMTSs allow a set of root states. They feature two
types of transitions: must and may transitions. In contrast to the transitions
in TSs, a transition in a DMTS has a set of targets instead of a single target.
We require this set to be non-empty, and, in the case of may transitions, the
set has to have exactly one element. Every target in the target set of a must
transition is required to appear also as the target of a may transition. This
requirement seems reasonable, since transitions required (“must”) need to be
allowed (“may”). The formal definition is as follows:

Definition 9 (DMTS) A disjunctive modal transition system (DMTS) is a
tuple (UD, L, 7−→D, 799KD, U0

D), where UD is a set of states, L is a set of labels,
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7−→D⊆ UD × (P(L × UD) \ ∅) is the must transition relation, 799KD⊆ UD ×
(P(L×UD) \ ∅) is the may transition relation, and ∅ 6= U0

D ⊆ UD is the set of
root states, such that for all u ∈ UD we have ∀ΘD ∈ (u 799KD) : |ΘD| = 1 and
the so-called implicit-may condition

∀ΘD ∈ (u 7−→D), ϑ ∈ ΘD : {ϑ} ∈ (u 799KD) (1)

holds. We denote the set of all DMTSs by DMTS.

A transition, i.e., an element of the must or may transition relation, is called
hypertransition, if its target set contains more than one element. In graphical
representations, hypertransitions are drawn as arrows having several heads,
with every head having its own label. Must transitions are represented by
solid arrows, whereas may transitions are drawn as dashed arrows. We do not
draw a may transition from a state u, if there is a must (hyper-)transition
starting in u that has a target set including the target of the may transition.
Due to the implicit-may condition (1) of DMTSs, such a may transition always
exists implicitly.

Note that DMTSs may have must hypertransitions, but are not allowed to
have may hypertransitions because of the requirement ∀ΘD ∈ (u 799KD) :
|ΘD| = 1. The original definition of DMTS as, e.g., defined in [10], uses a
common TS-style transition relation for the may transitions (without target
sets). We allow target sets in the may transition relation, and require them to
be singleton sets, in order to enable easier comparison to 1MTSs which allow
multiple targets in the may transition relation. There, may hypertransitions
imply a straightforward increase of expressibility, whereas for DMTSs the set
of expressible sets of concrete refinements would remain unchanged, if may
hypertransitions were allowed.

The embedding of the implementations (TSs) into the abstractions (DMTSs)
is defined as follows:

Definition 10 Define πTS,DMTS : TS → DMTS; (S, L,−→, s0) 7→ (S, L, 7−→,

7−→, {s0}), where 7−→
def

= {(s, {(a, s′)}) | s
a

−→ s′}.

This is in fact an embedding, which will be shown in Proposition 14 after
we have defined the refinement notion on DMTSs. As usual, the images of
the embedding are called concrete, i.e., the concrete DMTSs are exactly those
having one root state, no hypertransitions and only such may transitions that
also appear as must transitions. The function πTS,DMTS is obviously injective.
We define πDMTS,TS : πTS,DMTS(TS) → TS;UD 7→ T , with T being the unique
TS with πTS,DMTS(T ) = UD.
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4.2 Disjunctive refinement

Now we define the refinement notion for DMTSs. A disjunctive refinement is a
relation relating states of one DMTS with states of another DMTS such that
the root states are related and for every concrete may transition a correspond-
ing abstract may transition can be found, as well as for every abstract must
transition a corresponding concrete must transition can be found, such that
the targets of the transitions match in a certain sense, requiring that succes-
sor states are again in the refinement relation. Then one DMTS disjunctively
refines another DMTS, if there is a disjunctive refinement between the two.
The exact definition follows:

Definition 11 (Disjunctive refinement) Let UD = (UD, L, 7−→D, 799KD,
U0

D), ÛD = (ÛD, L, ˆ7−→D, ˆ799KD, Û0
D) ∈ DMTS. A disjunctive refinement be-

tween UD and ÛD is a relation Q ⊆ UD×ÛD such that ∀u ∈ U0
D : ∃û ∈ Û0

D : uQû
and for all (u, û) ∈ Q we have the following: 4

(1) ∀{ϑ} ∈ (u 799KD) : ∃{ϑ̂} ∈ (û ˆ799KD) : ϑQϑ̂, and
(2) ∀Θ̂ ∈ (û ˆ7−→D) : ∃Θ ∈ (u 7−→D) : ∀ϑ ∈ Θ : ∃ϑ̂ ∈ Θ̂ : ϑQϑ̂.

UD (disjunctively) refines ÛD, written UD ⊳D ÛD, if there exists a disjunctive
refinement between UD and ÛD.

The formal introduction of disjunctive refinement motivates, why we allow root
state sets in DMTSs instead of single root states. Having more than one root
state is similar to having more than one target in a hypertransition. In both
cases, for each concrete root state/target an abstract root state/target needs
to be found in order to have a refinement relation. Thus in some sense, a root
state set corresponds to an imaginary (unlabeled) hypertransition preceding
the root states, i.e., corresponds to an OR-decision.

Proposition 12 ⊳D is a preorder, i.e., the relation is reflexive and transitive.

PROOF. Reflexivity: Any DMTS disjunctively refines itself via equality as
disjunctive refinement relation. Transitivity: Given a disjunctive refinement
Q12 between U1

D and U2
D and a disjunctive refinement Q23 between U2

D and
U3

D, it is straightforwardly checked that Q12 ◦ Q23 is a disjunctive refinement
between U1

D and U3
D. 2

4 Note that in the definition of disjunctive refinement ϑ and ϑ̂ are pairs of label
and successor state, say ϑ = (a, u′) and ϑ̂ = (â, û′). Thus ϑRϑ̂ is an abbreviation
for a = â ∧ u′Rû′.
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The preorder induces an equivalence relation on DMTS as follows:

Definition 13 (DR-equivalence) Let U1
D,U2

D ∈ DMTS. We call U1
D and

U2
D disjunctive refinement equivalent (or shortly DR-equivalent), if U1

D ⊳D U2
D

and U2
D ⊳D U1

D. In that case, we write U1
D ≈D U2

D.

In order to get a proper abstraction setting, we need to make sure that πTS,DMTS

is an embedding, i.e., in the case of two concrete DMTSs, disjunctive refine-
ment should coincide with bisimulation:

Proposition 14 For all T1, T2 ∈ TS, we have T1 ∼ T2 ⇔ πTS,DMTS(T1) ⊳D

πTS,DMTS(T2).

PROOF. Consider the definition of disjunctive refinement in the special case
that both DMTSs are concrete. Then the proposition is obvious. 2

We now have established everything needed to fix the abstraction setting of
DMTS:

Definition 15 The abstraction setting DMTS is defined to be (DMTS,DMTSfin, ⊳D, πTS,DMTS), where DMTSfin = {(UD, L, 7−→D, 799KD, U0
D) | |UD| +

| 799KD | < ∞}.

Note that due to the implicit-may condition of DMTSs, finiteness of 799KD

implies finiteness of 7−→D as well as a finite branching property of hypertran-
sitions, i.e., every hypertransition has only finitely many targets.

The following proposition states that refinement does not coincide with in-
clusion of sets of concrete refinements. As a consequence, the two comparison
approaches presented in Section 3.3 do not coincide for DMTSs.

Proposition 16 (1) Refinement implies inclusion of the sets of concrete re-
finements, i.e., for all UD, ÛD ∈ DMTS we have UD ⊳D ÛD ⇒ {ŨD ∈
πTS,DMTS(TS) | ŨD ⊳D UD} ⊆ {ŨD ∈ πTS,DMTS(TS) | ŨD ⊳D ÛD}.

(2) The other implication (“⇐”) does not hold.

PROOF. (1) follows directly from the transitivity of UD. (2) is proven by the
counter-example shown in Figure 2. 2
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Fig. 2. U does not refine Û , although both have the same concrete refinements.

4.3 All refinements of a simple DMTS

We consider the simple DMTS ÛD
def

= ({0, 1}, {a, b}, {(0, {(a, 1), (b, 1)}},
{(0, {(a, 1)}), (0, {(b, 1)})}, {0}), which is illustrated at the top of Figure 3.
It consists of a single (must) hypertransition. By the implicit-may condition
of DMTSs, it has two “implicit” may transitions, which we do not draw in illus-
trations. We want to give a complete overview over all refinements of ÛD, up to
refinement equivalence. We show that Figure 3 gives such a complete overview.
Here, DMTSs below disjunctively refine DMTSs above. Consequently, Figure
3 forms a Hasse diagram of all equivalence classes of disjunctive refinements
of ÛD, ordered by ⊳D.

Theorem 17 (1) In Figure 3, every line represents disjunctive refinement,
i.e., if there is a line from UD (below) to ŨD (above), then UD ⊳D ŨD.
Furthermore, if there is no ascending path of lines from UD (below) to ŨD

(above), then UD 6⊳D ŨD.
(2) Each refinement of ÛD, shown at the top of Figure 3, is DR-equivalent to

one of the DMTSs shown in Figure 3.

PROOF. (1) is straightforwardly checked. The proof of (2) is given in Ap-
pendix A.1. 2

5 1-selecting modal transition systems

5.1 Syntax

Having defined DMTSs together with their refinement notion, we now continue
with the definition of the newly introduced 1MTSs. The approach is similar,
since the two notions essentially only differ in the interpretation of hyper-
transitions. As a result of this difference, may hypertransitions, that were not
featured in DMTSs, make sense here and for this reason are allowed. As a
consequence, the requirement that must transitions have to appear as may
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Fig. 3. [ÛD]≈D
and all its disjunctive refinements in a Hasse diagram.
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transitions (implicit-may condition in the case of DMTSs) then simplifies to
7−→1⊆799K1 for 1MTSs. The formal definition follows:

Definition 18 (1MTS) A 1-selecting modal transition system (1MTS) is a
tuple (U1, L, 7−→1, 799K1, U

0
1 ), where U1 is a set of states, L is a set of labels,

7−→1⊆ U1×(P(L×U1)\∅) is the must transition relation, 799K1⊆ U1×(P(L×
U1) \ ∅) is the may transition relation, and ∅ 6= U0

1 ⊆ U1 is the set of root
states, such that 7−→1⊆799K1 holds. We denote the set of all 1MTSs by 1MTS.

The embedding of the implementations (TSs) into the abstractions (1MTSs)
is defined as follows:

Definition 19 Define πTS,1MTS : TS → 1MTS; (S, L,−→, s0) 7→ (S, L, 7−→,

7−→, {s0}), where 7−→
def

= {(s, {(a, s′)}) | s
a

−→ s′}.

This is in fact an embedding, which will be shown in Proposition 23 after
we have defined the refinement notion on 1MTSs. As usual, the images of
the embedding are called concrete, i.e., the concrete 1MTSs are exactly those
having one root state, no hypertransitions and only such may transitions that
also appear as must transitions. The function πTS,1MTS is obviously injective.
We define π1MTS,TS : πTS,1MTS(TS) → TS;U1 7→ T , with T being the unique
TS with πTS,1MTS(T ) = U1.

5.2 1-selecting refinement

Now we define the refinement notion for the newly introduced 1MTSs. An
1-selecting refinement is a relation relating states of one 1MTS with states
of another 1MTS in a way similar to DMTSs. However, here we require for
every choice function that chooses targets in the concrete system a choice
function that chooses targets in the abstract system, such that the chosen
targets match. One 1MTS 1-selecting refines another 1MTS, if there is an
1-selecting refinement between them. The exact definition follows:

Definition 20 (1-selecting refinement) Let U1 = (U1, L, 7−→1, 799K1, U
0
1 ),

Û1 = (Û1, L, ˆ7−→1, ˆ799K1, Û
0
1 ) ∈ 1MTS. An 1-selecting refinement between U1

and Û1 is a relation Q ⊆ U1 × Û1 such that ∀u ∈ U0
1 : ∃û ∈ Û0

1 : uQû and for
all (u, û) ∈ Q and all γ ∈ choice(u 799K1) there exists γ̂ ∈ choice(û ˆ799K1) such
that the following holds: 5

(1) ∀Θ ∈ (u 799K1) : ∃Θ̂ ∈ (û ˆ799K1) : γ(Θ) Q γ̂(Θ̂), and

5 Note that in the definition of 1-selecting refinement γ(Θ) and γ̂(Θ̂) are pairs of
label and successor state, say γ(Θ) = (a, u′) and γ̂(Θ̂) = (â, û′). Thus γ(Θ)Rγ̂(Θ̂)
is an abbreviation for a = â ∧ u′Rû′.
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(2) ∀Θ̂ ∈ (û ˆ7−→1) : ∃Θ ∈ (u 7−→1) : γ(Θ) Q γ̂(Θ̂).

U1 (1-selecting) refines Û1, written U1 ⊳1 Û1, if there exists a 1-selecting re-
finement between U1 and Û1.

Proposition 21 ⊳1 is a preorder, i.e., the relation is reflexive and transitive.

PROOF. By the same arguments as for disjunctive refinement (Proposition
12). 2

1-selecting refinement induces an equivalence notion on 1MTS as follows:

Definition 22 (1R-equivalence) Let U1
1 ,U2

1 ∈ 1MTS. We call U1
1 and U2

1

1-selecting refinement equivalent (or shortly 1R-equivalent), if U1
1 ⊳1 U

2
1 and

U2
1 ⊳1 U

1
1 . In that case, we write U1

1 ≈1 U
2
1 .

In order to get a proper abstraction setting, we need to make sure that πTS,1MTS

is an embedding, i.e., in the case of two concrete 1MTSs, 1-selecting refinement
should coincide with bisimulation:

Proposition 23 For all T1, T2 ∈ TS, we have T1 ∼ T2 ⇔ πTS,1MTS(T1) ⊳1

πTS,1MTS(T2).

PROOF. By the same arguments as for disjunctive refinement (Proposition
14). 2

We now have established everything needed to fix the abstraction setting of
1MTS:

Definition 24 The abstraction setting 1MTS is defined to be (1MTS,1MTSfin, ⊳1, πTS,1MTS), where 1MTSfin = {(U1, L, 7−→1, 799K1, U
0
1 ) | |U1| +

| 799K1 | < ∞∧ ∀u ∈ U1, Θ1 ∈ (u 799K1) : |Θ1| < ∞}.

Note that due to the required condition 7−→1⊆799K1 of any 1MTS, finiteness
of 799KD implies finiteness of 7−→D.

The following proposition states that refinement does not coincide with in-
clusion of sets of concrete refinements. As a consequence, the two comparison
approaches presented in Section 3.3 do not coincide for 1MTSs.

Proposition 25 (1) Refinement implies inclusion of the sets of concrete re-
finements, i.e., for all U1, Û1 ∈ 1MTS we have U1 ⊳1 Û1 ⇒ {Ũ1 ∈
πTS,1MTS(TS) | Ũ1 ⊳1 U1} ⊆ {Ũ1 ∈ πTS,1MTS(TS) | Ũ1 ⊳1 Û1}.
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Fig. 4. [Û1]≈1
and all its 1-selecting refinements in a Hasse diagram.

(2) The other implication (“⇐”) does not hold.

PROOF. By the same arguments as for disjunctive refinement (Proposition
16). Even for (2) the same counter-example (Figure 2), interpreted here as
1MTS, works. 2

5.3 All refinements of a simple 1MTS

In this subsection, we give a complete overview over all 1-selecting refinements
of a simple 1MTS. The 1MTS of interest is Û1

def

= ({0, 1}, {a, b}, {(0, {(a, 1),
(b, 1)}}, {(0, {(a, 1), (b, 1)}}, {0}). This 1MTS is illustrated at the top of Figure
4. As usual, we do not draw may (hyper-)transitions, if they also exist as must
(hyper-)transitions. For this reason, the may hypertransition of Û1 does not
appear in the drawing. We show that Figure 4 gives a complete overview over
all refinements of [Û1]≈1

, up to refinement equivalence. Here, 1MTSs below 1-
selecting refine 1MTSs above. Consequently, Figure 4 forms a Hasse diagram
of all equivalence classes of 1-selecting refinements of Û1, ordered by ⊳1.

Theorem 26 (1) In Figure 4, every line represents 1-selecting refinement,
i.e., if there is a line from U1 (below) to Ũ1 (above), then U1 ⊳1 Ũ1.
Furthermore, if there is no ascending path of lines from U1 (below) to Ũ1

(above), then U1 6⊳1 Ũ1.
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(2) Each refinement of Û1, shown at the top of Figure 4, is DR-equivalent to
one of the 1MTSs shown in Figure 4.

PROOF. (1) is straightforwardly checked. The proof of (2) is given in Ap-
pendix A.2. 2

6 Comparison

6.1 A preorder-based embedding from DMTS to 1MTS

We define a function f from DMTS to 1MTS and show that it is a preorder-
based embedding. Before giving the formal definition of function f , we de-
scribe informally the idea behind it: In a DMTS, arbitrarily many targets of
a hypertransition can be “taken”, whereas in 1MTSs, only one target per hy-
pertransition can be “taken”. The idea is to turn every DMTS-hypertransition
with n targets into n 1MTS-hypertransitions. To achieve this, we need to in-
troduce “state copies” (every DMTS-state becomes two 1MTS-states), because
no multisets are used 6 . Using these copies, we can have transitions, that are
“behaviourally” the same, but in fact lead to different states (different copies
of the same DMTS-state). The formal definition of f is as follows:

Definition 27 Define f : DMTS → 1MTS; (UD, L, 7−→D, 799KD, U0
D) 7→

(U1, L, 7−→1, 799K1, U
0
1 ), with

U1
def

= UD × {0, 1}, where we usually write ui instead of (u, i),

ui 7−→1 Θ1
def

⇔ ∃ΘD ∈ (u 7−→D) : ∃(ã, ũ′) ∈ ΘD :

Θ1 = {(a, u′
0) | (a, u′) ∈ ΘD} ∪ {(ã, ũ′

1)},

ui 799K1 Θ1
def

⇔ (∃a ∈ L, u′ ∈ UD : {(a, u′)} ∈ (u 799KD) ∧

Θ1 = {(a, u′
0), (a, u′

1)}) ∨ (ui 7−→1 Θ1),

U0
1

def

= U0
D × {0, 1}.

The result of transformation f applied to the DMTS shown in Figure 1(c) is
illustrated in Figure 5(a).

Theorem 28 Let f be the function defined in Definition 27.

6 It is possible to use multisets, in which case “state copies” are easier to handle.
However, DMTSs have no multisets and we decide not to change the syntax too
much.
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Fig. 5. Left: The result of transformation f applied to the DMTS shown in Figure
1(c). For better readability, hypertransitions with the same target sets are grouped
using a solid circle. Strictly speaking, there are some more may transitions than the
ones implied by corresponding must transitions (which are never drawn). However,
the 1MTS shown here is 1R-equivalent to the result of f . Right: The result of
transformation g applied to the 1MTS shown in Figure 1(c).

(1) f is a preorder-based embedding.
(2) f is an implementation-based embedding.

PROOF. The proof of statement (1) is given in Appendix A.3. Statement
(2) then follows immediately by Proposition 8(1). 2

6.2 A preorder-based homomorphism from 1MTS to DMTS

We define a function g from 1MTS to DMTS and show that it is a preorder-
based homomorphism. Thereafter we prove that g is not a preorder-based
embedding. Nevertheless, g is an implementation-based embedding, as will be
shown at the end of this subsection.

The idea behind function g is straightforward: Every state of the 1MTS, say u,
is turned into several states in the DMTS, one for each possible choice function
γ ∈ choice(u 799K1). Thus the states of the DMTS are pairs of a 1MTS-state
and a choice function. Then (u, γ) plays the part of u in the case that choice
function γ would be considered in the 1MTS. Formally:

Definition 29 Define g : 1MTS → DMTS; (U1, L, 7−→1, 799K1, U
0
1 ) 7→

(UD, L, 7−→D, 799KD, U0
D), with
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Fig. 6. A counter-example to show that g is not a preorder-based embedding.

UD
def

= {(u, γ) | u ∈ U1 ∧ γ ∈ choice(u 799K1)},

(u, γ) 7−→D Θ
def

⇔ ∃(a, u′) ∈ γ(u 7−→1) :

Θ = {(a, (u′, γ′)) | γ′ ∈ choice(u′ 799K1)},

(u, γ) 799KD {ϑ}
def

⇔ ∃(a, u′) ∈ γ(u 799K1) :

ϑ ∈ {(a, (u′, γ′)) | γ′ ∈ choice(u′ 799K1)},

U0
D

def

= {(u, γ) | u ∈ U0
1 ∧ γ ∈ choice(u 799K1)}.

The result of transformation g applied to the 1MTS shown in Figure 1(c) is
illustrated in Figure 5(b).

Theorem 30 Let g be the function defined in Definition 29.

(1) g is a preorder-based homomorphism.
(2) g is not a preorder-based embedding.
(3) g is an implementation-based embedding.

PROOF. Statements (1) and (3) are proven in Appendices A.4 and A.5. For
the proof of statement (2), it is enough to find U1, Û1 ∈ 1MTS such that
g(U1) ⊳D g(Û1), but U1 6⊳1 Û1. Such a counter-example is illustrated in Figure
6. 2

6.3 Non-existence of a preorder-based embedding from 1MTS to DMTS

In the previous subsection, a straightforward preorder-based homomorphism
from 1MTS to DMTS was presented, which is not a preorder-based embed-
ding. Now, we will see that there exists no preorder-based embedding at all.
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Thus, with respect to the preorder-based approach, the two formalisms are not
equally expressive; 1MTSs have strictly more expressive power than DMTSs.

We consider the 1MTS Û1 that was examined in Section 5.3, and prove that its
Hasse structure (Figure 4) cannot be embedded in the DMTS-formalism such
that concrete systems are preserved. As a consequence there is no preorder-
based embedding from 1MTS to DMTS.

Theorem 31 There is no preorder-based embedding from 1MTS to DMTS.

PROOF. The proof is given in Appendix A.6. 2

7 Related work

The approach of extending common transition systems by a second transition
relation expressing which steps may appear in an implementation was followed
by Larsen and Thomsen, who introduced modal transition systems [6], and by
Dams, who called his extension mixed transition systems [7,8]. Modal tran-
sition systems require that every must transition has to be contained in the
may transition relation, whereas mixed transition systems do not have this
restriction and therefore have non-implementable abstractions.

Larsen and Xinxin were the first to extend the must and may transition ap-
proach by hypertransitions, which resulted in their definition of disjunctive
modal transition systems [10]. Larsen and Xinxin also showed how a DMTS

can be used to express the solution set of an equation system formulated in
process algebra.

Generalized Kripke modal transition systems, which are DMTSs having pred-
icates on states, but no transition labels are considered in [11] in the context
of abstraction. In [12] it is shown that transition labels of modal transition
systems can be encoded via predicates on states and vice versa.

Alfaro et al. used in [13] a DMTS-like approach for the underspecification of
turn-based games, extending these structures by must and may transitions and
hypertransitions. This resulted in their definition of abstract game structures.

In [14], Dams and Namjoshi have presented yet another transition system
variant called focused transition systems (FTS). The corresponding abstrac-
tion framework is complete in the sense that for every system one can find a
finite abstraction such that a given correctness property can be shown. The
authors extend mixed transition systems by fairness constraints and two types
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of hypertransitions, so called focus and de-focus steps that model disjunction,
respectively conjunction in some sense.

µ-automata [15], which can be considered to have OR-states introducing dis-
junction similar to hypertransitions, are shown to yield complete models for
abstraction with respect to the modal µ-calculus in [16]. There, the authors
also define modal automata, extending µ-automata by may transitions. Thus
modal automata have implicit may hypertransitions interpreted as OR. Other
abstraction settings that have may hypertransitions are hyper Kripke modal
transition systems [17] and hypermixed Kripke structures [18]. In [18], the may
hypertransitions, together with fairness constraints, are used to yield a suitable
abstract model for predicate abstraction [20] extended with ranking functions
such that completeness of these predicate abstraction is obtained. There, may
hypertransitions correspond to a conjunctive interpretation (AND). In [17], the
may hypertransition targets are interpreted as OR, but contrary to the other
approaches, different may transitions with the same source state are inter-
preted conjunctively (AND). These may hypertransitions are used to increase
the precision of abstraction for non-functional abstraction, i.e., such abstrac-
tion that a concrete state can be abstracted to different elements. If functional
abstractions are considered, i.e., those yielding a state space partition, gen-
eralized Kripke modal transition systems and µ-automata turn out to yield
suitable abstract models for precise abstractions with respect to two abstract-
model-independent characterizations of precision [19]. To sum up, there are
four different interpretations of may hypertransitions in the four models: Our
1MTSs, Kripke modal transition systems [17], hypermixed Kripke structures
[18], and modal automata [16].

The expressiveness of abstraction settings has mainly been examined by com-
paring refinement preorders with respect to inclusion (possibly after ‘canoni-
cal’ transformations of the underlying models), i.e., a refinement relation ≤1 is
less expressive than ≤2 if every two related elements via ≤1 are also related via
≤2. This is, e.g., done in [21] for some simulation- and trace inclusion-based re-
finement notions. In [22] testing preorder and in [23] ready simulation (named
2
3
-bisimulation) is transformed to prebisimulation. In [24] forward/backward

simulation as well as trace inclusion are transformed to disjunctive modal
transition systems (named underspecified transition systems). These trans-
formations implicitly show that the transformed settings are less or equally
expressive with respect to the describable sets of transition systems.

8 Conclusion

We compared the abstraction setting of disjunctive modal transition sys-
tems (DMTS) with the newly developed 1-selection modal transition systems
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(1MTS). The key difference between the two lies in the interpretation of hyper-
transitions: DMTSs require at least one alternative to be taken in a concrete
refinement, whereas 1MTSs require exactly one alternative to be taken. This
way, the new approach followed by 1MTS gives a modeler the possibility to
express an exclusive choice in a direct way (an implementation is supposed to
have exactly one of several alternatives). The refinement notions of the two
abstraction settings were illustrated by two diagrams showing all refinements
of a simple DMTS example and a simple 1MTS example (up to refinement
equivalence).

With the aim of comparing 1MTSs with DMTSs, general abstraction settings
and certain types of transformations between them were introduced. The first
type of transformation, implementation-based embedding, preserves the sets
of concrete refinements and does not take the full refinement preorder into ac-
count. The second type of transformation, preorder-based embedding, implies
an order embedding on the equivalence classes of abstractions, ordered by the
refinement relation. The two approaches differ, if the refinement preorder is
approximative, which is usually the case. Approximative refinements are used,
because they are defined coinductively and thus refinement can be checked ef-
ficiently without considering each implementation. Implementation-based em-
beddings do not care about the approximative refinement preorder and to this
respect have maximum precision. Tools and algorithms for one abstraction set-
ting can be reused in another setting by first applying the transformation. If
there are implementation-based embeddings in both directions, like for the
settings of DMTSs and 1MTSs, as has been shown in this paper, this implies
equal expressive power with respect to the describable sets of implementa-
tions. If two abstraction settings shall be compared also with respect to their
degree of approximativity, preorder-based embeddings have to be found. Re-
garding the two considered abstraction settings, we found a preorder-based
embedding from DMTS to 1MTS and proved that there is none from 1MTS

to DMTS, which indicates that 1MTS have more expressive power (i.e., less
approximative refinement). Consequently, it can be promising to use a prefer-
ably low-complexity implementation-based embedding to the more expressive
abstraction setting and take advantage of the less approximative refinement
there, e.g., check there for refinement.

Future work

It is future work to define a three-valued satisfaction notion on 1MTSs. Gen-
erally, the question, whether a formula is satisfied by an abstraction, can have
three answers: yes, no, or undefined. In thorough semantics, the value undefined
is only obtained if there exists both a refinement that satisfies the property
and one that falsifies the property. Since for thorough semantics there are only
expensive model chacking algorithms, we are looking for an approximative sat-
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isfaction definition for 1MTSs, especially a compositional one.

Abstraction settings should be sound, i.e., if a property is satisfied (falsified) in
an abstraction, every refinement should also satisfy (resp. falsify) the property.
In complete abstraction settings, it is also possible to find a finite (introduced
here as “relevant”) abstraction that satisfies a formula for each possibly infinite
implementation and given formula satisfied be the implementation. It is future
work to extend 1MTSs by fairness constraints similar as in [14] and try to
establish a complete abstraction setting.

A further possible modification of 1MTSs is to combine DMTS- and 1MTS-
hypertransitions in one setting. Moreover, a topic of future work is to develop
and examine an abstraction setting, where hypertransitions can be decorated
with a number defining exactly how many of the targets should appear in an
implementation. The various modifications can be compared with respect to
expressiveness (i.e., put into a hierarchy) using the approaches introduced in
this paper.

It is not yet clear whether 1MTS really allow more compact/less approximative
representations of sets of implementations compared to DMTS. The higher
expressive power of 1MTS suggests that, but further examinations are still to
be done. Furthermore, for reuse of tools and algorithms, there is an interest
to find implementation-based embeddings with minimum complexity. Maybe
cheaper transformations can be found than the ones presented here.

A Proofs

A.1 Proof of Theorem 17(2)

We start with a couple of definitions and lemmas. Given a DMTS UD, we say
that a state u is UD-reachable from ũ, if there is a chain of may transitions
from ũ to u. Then every state reachable via a chain of must transitions is
also reachable in the above sense (via may transitions) due to the implicit-
may condition of DMTSs. A state u is UD-reachable, if it is reachable from a
root state of UD. A DMTS C is a component, if it has exactly one root state
and all its states are C-reachable. A DMTS C = (UC, L, 7−→C, 799KC, U0

C) is a
component of another DMTS UD = (UD, L, 7−→D, 799KD, U0

D), if there is u0 ∈ U0
D

such that U0
C = {u0}, UC = {u ∈ UD | u is UD-reachable from u0}, and 7−→C

( 799KC) is the projection of 7−→D (resp. 799KD) to C, i.e., u 7−→C Θ if and only if
u ∈ UC∧u 7−→D Θ, and u 799KC {(a, u′)} if and only if u ∈ UC∧u 799KD {(a, u′)}.
We denote the set of all components of UD by Comp(UD). For any DMTS

UD, each component of UD is obviously a component. The following lemmata
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describe some properties of components and their connection to disjunctive
refinement:

Lemma 32 Let UD, ÛD ∈ DMTS. Then UD ⊳D ÛD if and only if ∀C ∈Comp(UD) : C ⊳D ÛD.

PROOF. Obvious by definition of disjunctive refinement. 2

Lemma 33 Let UD ∈ DMTS. Then ∀C ∈ Comp(UD) : C ⊳D UD.

PROOF. Apply Lemma 32 to UD and UD. 2

Lemma 34 Let UD, ÛD ∈ DMTS such that ∃C ∈ Comp(ÛD) : UD ⊳D C. Then
UD ⊳D ÛD.

PROOF. Obvious by definition of disjunctive refinement. 2

A merge operator ⊗ for components is defined as follows:

Definition 35 Let I be an index set and U i
D = (U i

D, Li, 7−→i
D, 799K

i
D, U0

D
i
) ∈DMTS for all i ∈ I. Then

⊗

i∈I U
i
D is defined to be the DMTS (U⊗, L, 7−→⊗,

799K⊗, U0
⊗), where

U⊗
def

=
⋃

i∈I

(

U i
D × {i}

)

,

L
def

=
⋃

i∈I

Li,

(u, i) 7−→⊗ Θ
def

⇔ (∀(a, (u′, i′)) ∈ Θ : i = i′) ∧

u 7−→i
D {(a, u′) | (a, (u′, i)) ∈ Θ},

(u, i) 799K⊗ {(a, (u′, i′))}
def

⇔ i = i′ ∧ u 799K
i
D {(a, u′)},

U0
⊗

def

=
⋃

i∈I

(

U0
D

i
× {i}

)

.

For any set of DMTSs UD, we shortly write
⊗UD, which is defined to be

⊗

UD∈UD
UD. If UD has exactly two elements, say U1

D and U2
D, we usually write

U1
D ⊗ U2

D.

Lemma 36 Let UD ∈ DMTS. Then UD ≈D
⊗Comp(UD).
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PROOF. Let UD = (UD, L, 7−→D, 799KD, U0
D) ∈ DMTS and

⊗Comp(UD) =
⊗

C∈Comp(UD) C = (U⊗, L, 7−→⊗, 799K⊗, U0
⊗). For any component C ∈ Comp(UD),

set C = (UC
C, L, 7−→C

C, 799K
C
C, U0

C
C
).

We start with the proof of UD ⊳D
⊗Comp(UD). It is straightforwardly shown

that Q ⊆ UD ×U⊗, defined by uQ(û, C)
def

⇔ u = û, is a disjunctive refinement
between UD and

⊗Comp(UD).

It remains to prove
⊗Comp(UD) ⊳D UD. It is straightforwardly shown that

Q ⊆ UD × U⊗, defined by (u, C)Qû
def

⇔ u = û, is a disjunctive refinement
between

⊗Comp(UD) and UD. 2

Lemma 37 Let UD ∈ DMTS, C1 ∈ Comp(UD) and C2 be a component such
that C1 ≈D C2. Then UD ≈D

⊗

(Comp(UD) \ C1) ∪ C2.

PROOF. We start with the proof of
⊗

(Comp(UD)\C1)∪C2
⊳D UD. We have

C2
⊳D C1 and by Lemma 33 C1

⊳D UD. Transitivity of ⊳D implies C2
⊳D UD.

Since all components of UD disjunctively refine UD (Lemma 33) and C2 does
as well, we have ∀C ∈ (Comp(UD) \ C1)∪ C2 : C ⊳D UD and Lemma 32 implies
⊗

(Comp(UD) \ C1) ∪ C2
⊳D UD.

Now it remains to prove UD ⊳D
⊗

(Comp(UD) \ C1) ∪ C2. For each C ∈
⊗Comp(UD)\C1, there obviously exists C′ ∈

⊗

(Comp(UD)\C1)∪C2 such that
C ≈D C′ (simply choose C′ = C). Then Lemma 34 implies ∀C ∈ Comp(UD)\C1 :
C ⊳D

⊗

(Comp(UD) \C1)∪C2. Again with Lemma 34, C1
⊳D C2 implies C1

⊳D
⊗

(Comp(UD) \C1)∪C2. Consequently ∀C ∈ Comp(UD) : C ⊳D
⊗

(Comp(UD) \
C1) ∪ C2 and Lemma 32 implies UD ⊳D

⊗

(Comp(UD) \ C1) ∪ C2. 2

Now we are ready to prove Theorem 17(2):

Theorem 17 (2) Each refinement of ÛD, shown at the top of Figure 3, is
DR-equivalent to one of the DMTSs shown in Figure 3.

PROOF. Let UD = (UD, L, 7−→D, 799KD, U0
D) ∈ DMTS such that UD ⊳D

ÛD, where ÛD = ({0, 1}, {a, b}, {(0, {(a, 1), (b, 1)}}, {(0, {(a, 1)}), (0, {(b, 1)})},
{0}). Choose a disjunctive refinement Q ⊆ UD × {0, 1} between UD and ÛD.
We examine an arbitrary component of UD. Thus let C ∈ Comp(UD) and let u
be the root state of C. Then we have uQ0. C satisfies the following properties:

(1) There are no may transitions (and consequently no must transitions)
starting in u with a label different from a and b, because otherwise, Q
would not be a refinement between UD and ÛD.
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bc bc
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b b

Fig. A.1. Components C1, C2 and C3.

(2) There are no may transitions (and consequently no must transitions)
starting in a state that is a target of a transition starting in u, because
this would again contradict the fact that Q is a disjunctive refinement
between UD and ÛD.

(3) There is a must transition starting in u, because otherwise, Q would not
be a disjunctive refinement between U1 and Û1.

(4) Properties (2) and (3) imply that C is DR-equivalent to a component
that has exactly two states, where one of them is the root state, having
an outgoing must transition, and the other does not have any outgoing
transitions. Due to Lemma 37, it is enough to consider components with
exactly two states.

Due to these properties, the only possible components of UD are U1
D, U2

D,
U3

D, U7
D, U9

D, ÛD (those are marked in Figure 3 by double-lined frames) and
the three components C1, C2, C3 shown in Figure A.1. However, C1 is DR-
equivalent to U7

D, C2 is DR-equivalent to U2
D and C3 is DR-equivalent to U9

D.
Consequently we need not consider the components from Figure A.1, because
due to Lemma 37, refinements including those components are DR-equivalent
to other refinements considered.

Thus all refinements of ÛD are DR-equivalent to a DMTS built up from the
components U1

D,U2
D,U3

D,U7
D,U9

D, ÛD. Now we already have that all refinements
with a single component are DR-equivalent to a DMTS shown in Figure 3.
DMTSs with more than one component that have ÛD as one of their com-
ponents need not be considered, because they either do not refine ÛD or are
DR-equivalent to ÛD. We consider the remaining DMTSs built up out of two
components:

Û1
D ⊗ Û2

D ≈D Û4
D Û1

D ⊗ Û3
D ≈D Û5

D Û1
D ⊗ Û7

D ≈D Û7
D

Û1
D ⊗ Û9

D ≈D Û11
D Û2

D ⊗ Û3
D ≈D Û6

D Û2
D ⊗ Û7

D ≈D Û11
D

Û2
D ⊗ Û9

D ≈D Û10
D Û3

D ⊗ Û7
D ≈D Û10

D Û3
D ⊗ Û9

D ≈D Û9
D

Û7
D ⊗ Û9

D ≈D Û12
D

Thus, all refinements built up out of two components are DR-equivalent to a
DMTS shown in Figure 3.
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We continue with remaining DMTSs built up out of three components. We
need not consider combinations including both Û1

D and Û7
D, and both Û3

D and
Û9

D, because both of these pairs is DR-equivalent to a single component from
our remaining set and consequently all such combinations have already been
considered above.

Û1
D ⊗ Û2

D ⊗ Û3
D ≈D Û8

D Û1
D ⊗ Û2

D ⊗ Û9
D ≈D Û11

D

Û2
D ⊗ Û3

D ⊗ Û7
D ≈D Û10

D Û2
D ⊗ Û7

D ⊗ Û9
D ≈D Û12

D

Thus, all refinements built up out of three components are DR-equivalent to
a DMTS shown in Figure 3.

Next, we would have to consider DMTSs build up out of four, respectively five
components, where combinations including both Û1

D and Û7
D, and both Û3

D and
Û9

D need not be considered, because they are DR-equivalent to a DMTS built
up out of three, respectively four components. However, each such combination
includes Û1

D and Û7
D, or Û3

D and Û9
D, thus there are no further refinements of

ÛD. 2

A.2 Proof of Theorem 26(2)

Definitions and lemmas that are analogous to the ones mentioned in the
proof of Theorem 17(2) can be established in a completely analogous fash-
ion for 1MTSs. This includes the definitions of reachability, components and
the merge-operator. Lemmas analogous to Lemmas 32, 33, 34, 36 and 37 can
be shown as presented in the proof of Theorem 17(2).

Theorem 26 (2) Each refinement of Û1, shown at the top of Figure 4, is
DR-equivalent to one of the 1MTSs shown in Figure 4.

PROOF. Let U1 = (U1, L, 7−→1, 799K1, U
0
1 ) ∈ 1MTS such that U1 ⊳1 Û1,

where Û1
def

= ({0, 1}, {a, b}, {(0, {(a, 1), (b, 1)}}, {(0, {(a, 1), (b, 1)}}, {0}).
Choose an 1-selecting refinement Q ⊆ U1 × {0, 1} between U1 and Û1. We
examine an arbitrary component of U1. Thus let C ∈ Comp(U1) and let u be
the root state of C. Then we have uQ0. C satisfies the following properties:

(1) There are no may (hyper-)transitions starting in u with a label different
from a and b, because otherwise, Q would not be an 1-selecting refinement
between U1 and Û1.

(2) There are no may (hyper-)transitions starting in a state targeted by a
transition starting in u, because this would again contradict the fact that
Q is an 1-selecting refinement between U1 and Û1.
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(3) There is a must transition starting in u, because otherwise, Q would not
be an 1-selecting refinement between U1 and Û1.

(4) There are no two may (hyper-)transitions starting in u, where one of them
includes a label a and the other includes a label b. If two such transitions
existed, then one could not find an appropriate choice function in Û1 for
the choice function that selects a in one of the transitions in C and b in
the other.

Property (3) states that there is a must (hyper-)transition starting in u. By
property (1), it has labels a, b or both. Property (4) implies that further
transitions can only exist, if all labels of the component are the same. Then
the only possible components are the following:

• Û1.
• Components, that have arbitrarily many (hyper-)transitions starting in the

root state, where each transition has only labels a. Due to property (2), all
these are 1R-equivalent to U1

1 .
• Components, that have arbitrarily many (hyper-)transitions starting in the

root state, where each transition has only labels b. Due to property (2), all
these are 1R-equivalent to U2

1 .

We now have that for all refinements with only one component there is an
1MTS in Figure 4 that is 1R-equivalent to it. 1MTSs with more than one
component that have Û1 as one of their components need not be consid-
ered, because they either do not refine Û1 or are 1R-equivalent to Û1. The
only remaining 1MTSs built up out of two components is U1

1 ⊗ U2
1 , which is

1R-equivalent to U3
1 . Refinements built up out of more components are 1R-

equivalent to refinements already considered. 2

A.3 Proof of Theorem 28(1)

Theorem 28 (1) f is a preorder-based embedding.

PROOF. First, we show that for all UD, ÛD ∈ DMTS we have UD ⊳D ÛD ⇔
f(UD) ⊳1 f(ÛD). Before proving the two implications of this statement, we
introduce some useful notation. Remember that states with indices 0 or 1 refer
to the two copies created by the transformation f (see Definition 27).

• For a target ϑD = (a, u′) in the DMTS and k ∈ {0, 1}, define ϑD ↑k
def

= (a, u′
k).

• For a target ϑ1 = (a, u′
k) in the 1MTS, define ϑ1 ↓

def

= (a, u′).
• For a target set Θ1 in the 1MTS, define Θ1 ↓

def

= {ϑ↓| ϑ ∈ Θ1}.
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• For a target set ΘD in the DMTS, define [ΘD]1
def

= {{ϑ↑0| ϑ ∈ ΘD}∪ {ϑ̃↑1} |
ϑ̃ ∈ ΘD}.

Let UD = (UD, L, 7−→D, 799KD, U0
D), ÛD = (ÛD, L, ˆ7−→D, ˆ799KD, Û0

D) ∈ DMTS
and U1 = (U1, L, 7−→1, 799K1, U

0
1 )

def

= f(UD), Û1 = (Û1, L, ˆ7−→1, ˆ799K1, Û
0
1 )

def

=
f(ÛD).

We now prove the implication “⇒”: Suppose UD ⊳D ÛD. Then choose a dis-
junctive refinement QD between UD and ÛD and define Q1 ⊆ U1 × Û1 by
uiQ1ûj

def

⇔ uQDû. Then Q1 is an 1-selecting refinement between U1 and Û1:

The root state condition is shown as follows: Let ui ∈ U0
1 . Then u ∈ U0

D and
due to the root state condition of the disjunctive refinement QD, we can choose
û ∈ Û0

D such that uQDû. Then û0 ∈ Û0
1 and uiQ1û0.

Now let (ui, ûj) ∈ Q1. Then uQDû and due to property (1) of the disjunctive
refinement QD, we can choose a function ι : (u 799KD) → (û ˆ799KD) such that
for each {ϑ} ∈ (u 799KD) we have ϑQDϑ̂, where {ϑ̂}

def

= ι({ϑ}). Furthermore,
due to property (2) of the disjunctive refinement QD, we can choose a function
ι̃ : (û ˆ7−→D) → (u 7−→D) such that for each Θ̂D ∈ (û ˆ7−→D) we have ∀ϑ ∈
ι̃(Θ̂D) : ∃ϑ̂ ∈ Θ̂D : ϑQDϑ̂, and for each Θ̂D ∈ (û ˆ7−→D), we can choose another
function κ̃ι̃ : ι̃(Θ̂D) → Θ̂D such that for all ϑ ∈ ι̃(Θ̂D) we have ϑQDκ̃ι̃(ϑ).

Let γ ∈ choice(ui 799K1). We need to find an appropriate γ̂ ∈ choice(ûj ˆ799K1).

Thus let Θ̂1 ∈ (ûj ˆ799K1). In order to define γ̂(Θ̂1), we distinguish the following
cases:

Case 1. Θ̂1 ∈ (ûj ˆ799K1) \ (ûj ˆ7−→1). In this case, choose an arbitrary ϑ̂ ∈ Θ̂1

and define γ̂(Θ̂1)
def

= ϑ̂.
Case 2. Θ̂1 ∈ (ûj ˆ7−→1). In this case, choose some ϑ ∈ γ([ι̃(Θ̂1 ↓)]1) and

define γ̂(Θ̂1)
def

= κ̃ι̃(ϑ↓)↑0.

We have defined γ̂ and proceed with checking the properties (1) and (2) of an
1-selecting refinement.

(1) Let Θ1 ∈ (ui 799K1).
Case 1. Θ1 /∈ (ui 7−→1). Then there exists ϑ such that {ϑ} = Θ1 ↓∈

(u 799KD), and there exists ϑ̂ such that {ϑ̂} = ι({ϑ}) ∈ (û ˆ799KD). Define
Θ̂1

def

= {ϑ̂ ↑0, ϑ̂ ↑1}. By definition of ι, we have ϑQDϑ̂. By definition of
Q1, this implies γ(Θ1) Q1 γ̂(Θ̂1), as required.

Case 2. Θ1 ∈ (ui 7−→1). Define ϑ
def

= γ(Θ1)↓. Then ϑ ∈ Θ1 ↓∈ (u 7−→D).
The implicit-may condition of DMTSs implies {ϑ} ∈ (u 799KD). There
exists ϑ̂ such that {ϑ̂} = ι({ϑ}) ∈ (û ˆ799KD). Define Θ̂1

def

= {ϑ̂↑0, ϑ̂ ↑1}.
By definition of ι, we have ϑQDϑ̂. By definition of Q1, this implies
γ(Θ1) Q1 γ̂(Θ̂1), as required.

(2) Let Θ̂1 ∈ (ûj ˆ7−→1). By definition of γ̂, we have ϑ ∈ γ([ι̃(Θ̂1 ↓)]1) such
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that γ̂(Θ̂1) = κ̃ι̃(ϑ ↓) ↑0. Choose Θ1 ∈ [ι̃(Θ̂1 ↓)]1 such that ϑ = γ(Θ1).
By definition of κ̃ι̃, we have ϑ ↓ QD κ̃ι̃(ϑ ↓). Since ϑ ↓= γ(Θ1) ↓ and
κ̃ι̃(ϑ ↓) = γ̂(Θ̂1) ↓, we get γ(Θ1) ↓ QD γ̂(Θ̂1) ↓ and by definition of Q1,
this implies γ(Θ1) Q1 γ̂(Θ̂1), as required.

It remains to show the implication “⇐”. Suppose U1 ⊳1 Û1. Choose an 1-
selecting refinement Q1 between U1 and Û1. Define QD ⊆ UD×ÛD by uQDû

def

⇔
∃i, j ∈ {0, 1} : uiQ1ûj. We prove that QD is a disjunctive refinement between

UD and ÛD.

The root state condition is shown as follows: Let u ∈ U0
D. Then u0 ∈ U0

1 and
due to the root state condition of the 1-selecting refinement Q1, we can choose
ûi ∈ Û0

1 such that u0Q1ûi. Then û ∈ Û0
D and uQDû.

Now let (u, û) ∈ QD. Then we can choose i, j ∈ {0, 1} such that uiQ1ûj. Since
Q1 is a 1-selecting refinement, we can choose a function σ : choice(ui 799K1)
→ choice(ûj ˆ799K1) such that for all γ ∈ choice(ui 799K1) two functions ι :
(ui 799K1) → (ûj ˆ799K1) and ι̃ : (ûj ˆ7−→1) → (ui 7−→1) can be chosen such that

∀Θ1 ∈ (ui 799K1) : γ(Θ1) Q1 σ(γ)(ι(Θ1)) (A.1)

and

∀Θ̂1 ∈ (û ˆ7−→1) : γ(ι̃(Θ̂1)) Q1 σ(γ)(Θ̂1). (A.2)

(1) Let {ϑ} ∈ (u 799KD) and γ ∈ choice(ui 799K1). Define Θ1
def

= {ϑ↑0, ϑ↑1} and
Θ̂1

def

= ι(Θ1). Then Θ1 ∈ (ui 799K1) and Θ̂1 ∈ (ûj ˆ799K1). Due to (A.1), we
have

γ(Θ1) Q1 σ(γ)(Θ̂1). (A.3)

Define ϑ̂
def

= σ(γ)(Θ̂1)↓. We have {ϑ̂} ∈ (û ˆ799KD):
Case 1. If Θ̂1 ∈ (ûj ˆ799K1) \ (ûj ˆ7−→1), we know {ϑ̂} ∈ (û ˆ799KD) (and

Θ̂1 = {ϑ̂↑0, ϑ̂↑1}).
Case 2. If Θ̂1 ∈ (ûj ˆ7−→1), then Θ̂1 ↓∈ (û ˆ7−→D) and the implicit-may

condition of DMTSs implies {ϑ̂} ∈ (û ˆ799KD).
By definition of QD, (A.3) implies γ(Θ1) ↓ QD σ(γ)(Θ̂1) ↓, thus ϑQDϑ̂,
as required.

(2) Let Θ̂D ∈ (û ˆ7−→D). Choose arbitrary Θ̂1 ∈ [Θ̂D]1. Then Θ̂1 ∈ (ûj ˆ7−→1).

Let ΘD
def

= ι̃(Θ̂1) ↓. Then ΘD ∈ (u 7−→D). Let ϑ ∈ ΘD and consider
γ ∈ choice(ui 799K1) that satisfies γ(ι̃(Θ̂1)) ↓= ϑ. Define ϑ̂

def

= σ(γ)(Θ̂1) ↓.
Then ϑ̂ ∈ Θ̂D. By definition of QD, (A.2) implies ϑQDϑ̂, as required.

This completes the proof of ∀UD, ÛD ∈ DMTS : UD ⊳D ÛD ⇔ f(UD)�̃f(ÛD).
We continue with showing that f keeps implementations fixed, i.e., ∀T ∈TS : f(πTS,DMTS(T )) ≈1 πTS,1MTS(T ). Let T ∈ TS, U1

1 = (U1
1 , L, 7−→1

1, 799K
1
1,

U0
1

1
)

def

= πTS,1MTS(T ) and U2
1 = (U2

1 , L, 7−→2
1, 799K

2
1, U

0
1

2
)

def

= f(πTS,DMTS(T )). We
have to prove U1

1 ⊳1 U2
1 and U2

1 ⊳1 U1
1 . For the first, it is easily checked that
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Q ⊆ U1
1 ×U2

1 , defined by uQûi
def

⇔ u = û, is an 1-selecting refinement between
U1

1 and U2
1 . For the second, it is easily checked that Q ⊆ U2

1 × U1
1 , defined by

uiQû
def

⇔ u = û, is an 1-selecting refinement between U2
1 and U1

1 . Both proofs
are simple, because only concrete systems are considered and consequently
choice functions can only be chosen in a unique way.

Now it remains to check that f maps relevant abstractions to relevant abstrac-
tions, but this is straightforward. 2

A.4 Proof of Theorem 30(1)

Theorem 30 (1) g is a preorder-based homomorphism.

PROOF. Three statements have to be proven: (1) ∀U1, Û1 : U1 ⊳1 Û1 ⇒
g(U1) ⊳D g(Û1), (2) that g keeps implementations fixed, i.e., ∀T ∈ TS :
g(πTS,1MTS(T )) ≈D πTS,DMTS(T ), and (3) that g maps relevant abstractions
to relevant abstractions. (2) is obvious, because for concrete systems, g only
renames the states. (3) is also straightforwardly checked. For (1), let U1 =
(U1, L, 7−→1, 799K1, U

0
1 ), Û1 = (Û1, L, ˆ7−→1, ˆ799K1, Û

0
1 ) ∈ 1MTS and define UD =

(UD, L, 7−→D, 799KD, U0
D)

def

= g(U1), ÛD = (ÛD, L, ˆ7−→D, ˆ799KD, Û0
D)

def

= g(Û1). Sup-
pose U1 ⊳1 Û1. Choose an 1-selecting refinement Q1 between U1 and Û1. For all
(u, û) ∈ Q1, we can choose a function σ(u,û) : choice(u 799K1) → choice(û ˆ799K1)
such that for all γ ∈ choice(u 799K1) two functions ι : (u 799K1) → (û ˆ799K1)
and ι̃ : (û ˆ7−→1) → (u 7−→1) can be chosen such that ∀Θ1 ∈ (u 799K1) :
γ(Θ1) Q1 σ(u,û)(γ)(ι(Θ1)) and ∀Θ̂1 ∈ (û ˆ7−→1) : γ(ι̃(Θ̂1)) Q1 σ(u,û)(γ)(Θ̂1).

Now it is straightforwardly checked that QD ⊆ UD × ÛD, defined by (u, γ) QD

(û, γ̂)
def

⇔ (uQ1û ∧ γ̂ = σ(u,û)(γ)), is a disjunctive refinement between UD and

ÛD. 2

A.5 Proof of Theorem 30(3)

Theorem 30 (3) g is an implementation-based embedding.

PROOF. Let T ∈ TS, Û1 = (Û1, L, ˆ7−→1, ˆ799K1, Û
0
1 ) ∈ 1MTS and define

ÛD = (ÛD, L, ˆ7−→D, ˆ799KD, Û0
D)

def

= g(Û1), U1 = (U1, L, 7−→1, 799K1, U
0
1 )

def

=
πTS,1MTS(T ), UD = (UD, L, 7−→D, 799KD, U0

D)
def

= πTS,DMTS(T ). It is obvious that
g maps relevant abstractions to relevant abstractions. Thus it remains to prove
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that U1 ⊳1 Û1 if and only if UD ⊳D ÛD. The implication “⇒” follows from
the fact that g is a preorder-based homomorphism. The other implication
(“⇐”) is shown directly: Suppose UD ⊳D ÛD. Choose a disjunctive refinement
QD ⊆ UD × ÛD between UD and ÛD. Then it is straightforwardly checked that
Q1 ⊆ U1 × Û1, defined by uQ1û

def

⇔ ∃γ ∈ choice(Û1 ˆ799K1) : uQD(û, γ) is an
1-selecting refinement between UD and ÛD. 2

A.6 Proof of Theorem 31

Theorem 31 There is no preorder-based embedding from 1MTS to DMTS.

PROOF. Assume there is a preorder-based embedding h from 1MTS to
DMTS. We consider Û1 defined at the beginning of Section 5.3. We will show
that Û1 and its refinements (which are fully characterized up to refinement
equivalence in Theorem 26) cannot be mapped to DMTSs such that h is a
preorder-based embedding, which is a contradiction.

Let U1
1 , U2

1 , U3
1 , Û1 be as illustrated in Figure 4. Since h is a preorder-based

embedding, the following statements hold: h(U1
1 ) ≈D πTS,DMTS(π1MTS,TS(U

1
1 )),

h(U2
1 ) ≈D πTS,DMTS(π1MTS,TS(U

2
1 )), h(U3

1 ) ⊳D h(Û1), h(Û1) 6⊳D h(U3
1 ), h(U3

1 )
6⊳D h(U1

1 ), h(U3
1 ) 6⊳D h(U2

1 ). Furthermore, we have for all T ∈ TS:

πTS,DMTS(T ) ⊳D h(Û1) ⇔ (πTS,DMTS(T ) ≈D h(U1
1 ) ∨ πTS,DMTS(T ) ≈D h(U2

1 ))
(A.4)

by completeness of the characterization of all refinements of Û1 (Theorem
26(2)). ÛD satisfies the following properties:

(1) h(Û1) has no components where labels different from a and b occur. Oth-
erwise, there were concrete refinements not DR-equivalent to h(U1

1 ) and
not DR-equivalent to h(U2

1 ), which would be a contradiction to (A.4).
(2) h(Û1) has no components with an outgoing transition from a state that

is the target of an outgoing transition from the root state. Otherwise,
there were concrete refinements not DR-equivalent to h(U1

1 ) and not DR-
equivalent to h(U2

1 ), which would be a contradiction to (A.4). This implies
that there are no components with loops and each component of h(Û1)
is DR-equivalent to a component that has at most two states, where one
of them is the root state of the component and a possible other one has
no outgoing transitions.

(3) h(Û1) has no components that have two outgoing may transitions starting
in their root state, where one of them is labeled with a and the other is
labeled with b. Otherwise, it would have a concrete refinement with one
transition labeled with a and another transition labeled with b, which
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is not DR-equivalent to h(U1
1 ) and not DR-equivalent to h(U2

1 ), contra-
dicting (A.4). This implies that h(Û1) has no components that have two
outgoing must transitions starting in their root state, where one of them
is labeled with a and the other is labeled with b. Furthermore, this implies
that h(Û1) has no components that have a must hypertransition with la-
bel a and b starting in their root state (if there was such a component
with such a hypertransition, the implicit-may condition of DMTSs would
imply may transitions with labels a and b). As other labels than a and b
are not possible (property (1) in this list), we cannot have hypertransi-
tions with different labels. However, if all labels in a hypertransition are
equal, then the second property in this list implies that each component
is DR-equivalent to a component with no hypertransitions at all.

(4) h(Û1) has a component with a root state that has an outgoing may tran-
sition with label a. Otherwise, h(U1

1 ) would not be a concrete refinement
of h(Û1), which would be a contradiction to (A.4). Furthermore, h(Û1)
has a component with a root state with outgoing may transition with
label b. Otherwise, h(U2

1 ) would not be a concrete refinement of h(Û1),
which would be a contradiction to (A.4).

(5) The root state of each component must have an outgoing must transition.
Otherwise, the DMTS with no transitions would be a concrete refinement
that is DR-equivalent to h(U1

1 ) and not DR-equivalent to h(U1
1 ), which

would be a contradiction to (A.4).

By property (5), each component has a must transition. By property (3), it
is not a hypertransition and there are no further may or must transitions in
the component. By property (1), the must transition is labeled with either a
or b. Then, together with (4), we have one component with a must transition
labeled with a and one component with a must transition labeled with b. Pos-
sibly existing further components must be DR-equivalent to one of these two
components. Thus h(Û1) is DR-equivalent to U5

D from Figure 3. Then Theo-
rem 17 implies that there is no refinement of h(Û1) that is not DR-equivalent
to h(Û1), not DR-equivalent to h(U1

1 ) and not DR-equivalent to h(U2
1 ). This,

however, is a contradiction, because h(U3
1 ) satisfies these properties. 2
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