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Abstract

This paper compares the expressiveness of different fragments of ambient calculi via
leader election problems. We consider Mobile Ambients (MA), Safe Ambients (SA)
and the Push and Pull Ambient Calculus (PAC). Cardelli and Gordon encoded
the asynchronous pi-calculus into MA. Zimmer has shown that the synchronous
pi-calculus without choice can be encoded in pure (no communication) SA. We
show that pure MA without restriction has symmetric electoral systems, that is,
it is possible to solve the problem of electing a leader in a symmetric network. By
the work of Palamidessi, this implies that this fragment of MA is not encodable
(under certain conditions) in the pi-calculus with separate choice. Moreover, we
use the same technique to show that fragments of SA and PAC are not encodable
(under certain conditions) in the pi-calculus with separate choice. We also show that
particular fragments of ambient calculi do not admit a solution to leader election
problems, in the same way as the pi-calculus with separate choice. This yields a
fine-grained hierarchy within ambient calculi.

Key words: Ambient calculi, w-calculus, leader election, electoral system,
expressiveness

* Corresponding author. Tel: 444 (0)20 7594 8265 Fax:+44 (0)20 7581 8024
Email addresses: iccp@doc.ic.ac.uk (lain Phillips), mgv98@doc.ic.ac.uk

(Maria Grazia Vigliotti).

LA version of this article appeared in FoSSaCS 2004 [27]. That version contains

results about matching for Mobile Ambients and the non-encodability of Mobile

Ambients in the 7-calculus with mixed choice; those results do not relate to electoral

systems, and are not reported here.

Preprint submitted to Information and Computation 10 April 2007



1 Introduction

The 7m-calculus [22,21] plays a fundamental role in modelling concurrent sys-
tems. In particular, the name passing paradigm, on which the 7-calculus is
based, has proved to be a powerful and simple framework for describing dif-
ferent scenarios appearing in concurrency.

In recent years many approaches [9,10,13] have been proposed in order to rep-
resent locations, code mobility, abstract domains and security, which seem to
be the main features of computation over the World Wide Web. Mobile Ambi-
ents (MA) [8] has been advocated [7] as a foundational calculus for representing
distributed computation, mobility in terms of software and hardware moving
around, authorisation control etc., i.e. phenomena present over the Internet.
The main advantage of MA is the simple underpinning unifying concept of am-
bient. Ambients are meant to represent bounded places for computation such
as: concrete locations, concrete domains, abstract domains and laptop com-
puters. Ambients move into and out of other ambients, bringing along moving
code, static processes and possibly other ambients. Due to its simplicity and
power, MA (together with its variants) has been widely studied.

When it comes to the comparison between these two fundamental process
calculi, a basic issue is the extent to which the m-calculus (or any of its di-
alects) can be encoded into MA (or any of its dialects). The asynchronous
m-calculus [16,3] (a fragment without the choice operator and with no con-
tinuation for the output), has been encoded into MA with the use of the
communication primitives. There has been an encoding of the asynchronous
m-calculus in the Push and Pull Ambient Calculus (PAC) [26], which preserves
the contextual barbed congruence equivalence relation [31]. The synchronous
m-calculus without choice has been encoded by Zimmer [32] into Safe Ambi-
ents (SA) [17] without communication; the encoding satisfies an operational
correspondence. These encodings show that the behaviour of the asynchronous
m-calculus can be simulated in the ambient world. This seems to imply that
MA and some of its dialects are at least as expressive as the m-calculus (with-
out choice).

This poses the question whether the ambient calculus (or any of its dialects)
is more (or equally) expressive with respect to any of the dialects of the -
calculus. This paper directly addresses this open question. We approach the
problem via the leader election problem in symmetric networks. This requires
that the processes in a network, all programmed in the same way (i.e. symmet-
ric), elect one of their member as their leader. The difficulty consists in break-
ing the initial symmetry to achieve a situation which is inherently asymmetric
(one is the leader and the others are not) without the help of a centralised
server.



A seminal result on expressiveness for the m-calculus is due to Palamidessi [24],
who established that the m-calculus with mixed choice (i.e. where the sum-
mands in a choice can be a mixture of inputs and outputs) is strictly more
expressive than the m-calculus with separate choice (i.e. where the summands
must be all inputs or all outputs). This is proved by showing that the -
calculus with mixed choice can solve the symmetric leader election problem,
while the m-calculus with separate choice cannot. This implies that there does
not exist an encoding from the m-calculus with mixed choice to the m-calculus
with separate choice that respects certain conditions.

These conditions are chosen in order to preserve important features of leader
election. Typically leader election algorithms are run after a reconfiguration
or crash of a distributed system (such as a sensor network, LAN etc.), to
establish which process can start the initialisation, and at a later stage will
act as server. It is crucial that the leader is elected without any help from
processes not present in the initial network. Roughly speaking, Palamidessi’s
results establish that no encoding that does not introduce a centralised server
exists from the m-calculus with mixed choice to the m-calculus with separate
choice.

In this paper, we use the power to solve (or not solve) the leader election prob-
lem in symmetric networks as a measure for distinguishing different calculi.
Taking inspiration from Palamidessi’s work, we separate the m-calculus with
separate choice from MA, and separate different fragments of ambient calculi.
Our main contributions are as follows:

e We show that the fragment of MA without restriction, communication prim-
itives and the open capability can solve the leader election problem for net-
works of any finite size (Theorem 4.6). This fragment (and so MA as a
whole) is therefore not encodable in the m-calculus with separate choice
(Corollary 6.4). In similar fashion we show that fragments of SA and PAC
without restriction, communication primitives and the open capability can
perform leader election (Theorems 4.8 and 4.7), and are therefore not encod-
able in the m-calculus with separate choice (Corollary 6.6). We can deduce
that the converse to Zimmer’s encoding result mentioned above does not
hold.

o We show that a fragment of SA without restriction, communication primi-
tives and the out capability can perform leader election (Theorem 4.10), and
is therefore not encodable in the m-calculus with separate choice (Corol-
lary 6.6 again).

e We show that if the in capability is removed from MA or SA, or if the pull
capability is removed from PAC, then the leader election problem cannot
be solved (Theorems 5.8 and 5.9).

o We show that (a dialect of) MA with objective moves, which contains a
special form of the in capability, does not admit a solution to the leader



election problem (Theorem 7.1).

e We show that SA without grave interferences [17]—which does not allow
certain forms of interference among redexes—does not admit a solution to
the leader election problem (Theorem 7.5).

One important point here is that, by Palamidessi’s work, in the m-calculus
mixed choice seems crucial for writing a program that solves the problem
of electing a leader in a symmetric network. Choice however is not present
as a primitive construct in the ambient world. Our results shed light on the
preemptive power of the in capability used in different ways in the ambient
calculus. All our results give a fine-grained hierarchy in ambient calculi graph-
ically shown in Figure 2 in the Concluding Remarks.

Our results are expressed in a reduction semantics framework instead of via
labelled transition systems as in Palamidessi’s work. There are a number of
reasons for this choice:

(1) In MA, reduction semantics is simpler and more perspicuous than any
labelled transition system.

(2) The original and intended semantics for MA was reduction semantics.
Since then, a few different labelled transition systems have been devised;
however they are all faithful, as far as silent actions are concerned, to
reduction semantics.

(3) By globally restricting all names which are not used to report the winner,
one can easily convert an electoral system in reduction semantics to one
in the labelled semantics, and vice-versa.

(4) By working in reduction semantics we are able to give solutions to the
leader election problem which do not use restriction. We therefore do not
need to assume that encodings preserve restriction, when asserting that
there is no encoding from a language which has electoral systems to one
which does not.

As explained also earlier, our results crucially depend on the definition of en-
coding. In this paper we employ encodings which are “distribution preserving”,
“permutation preserving” and “observation respecting”, very much following
the same criteria as in [24]. These criteria are not proposed as a universal
measure to evaluate the robustness or faithfulness of encodings in general.
They are chosen to preserve solutions to the leader election problem, with-
out introducing a central server. “Distribution preserving” means preserving
parallel composition in the encoding, to avoid the translation making use of
third parties—i.e. introducing the equivalent of a centralised server. “Permu-
tation preserving” means that the encodings are well-behaved with respect to
bijective renaming. “Observation respecting” means that processes are distin-
guished if they differ on the observable properties of their maximal compu-
tations. This last condition reflects the fact that failure or success of election



of a leader is tested for maximal computations only. These criteria will be
formalised in our semantics in Section 6.

This paper is a substantial extension of our previous paper [27]. In this new
version we have extended our results on MA to PAC and SA, and have in-
troduced a new solution for the leader election problems in MA for a network
of size k and extended the solution to PAC and SA. The material on grave
interference in SA is new. We also consider a side issue of failure to elect a
leader in the case in which the winner cannot be reported, due to some de-
ficiency in the language (we might compare this situation to a machine that
cannot output anything). This is of lesser importance than the breaking of
the initial symmetry, which is at the core of leader election. We show that the
symmetric leader election problem cannot be solved in MA without the out
capability (Proposition 8.1). We also give corresponding results for SA and
PAC (Propositions 8.2 and 8.3).

The rest of the paper is organised as follows: in Section 2 we present the
preliminaries for the m-calculus, MA, SA and PAC; in Section 3 we define a
general framework for electoral systems in reduction semantics; in Section 4
we present calculi that admit a symmetric electoral system and in Section 5 we
present calculi that fail to elect a leader in symmetric networks. In Section 6 we
use the results of Sections 4 and 5 to obtain separation theorems. In Section 7.1
we consider MA with objective moves and SA without grave interferences. In
Section 8 we show that the out capability of MA is necessary in order to
declare the result of a leader election. Concluding remarks follow.

2 Calculi

In this section we review the m-calculus and the ambient calculi considered in
this paper.

2.1 The m-calculus

The 7m-calculus was originally introduced [22] with the aim of representing
systems whose topology changes during computation. Communication involves
two processes, and a common link of communication: a channel on which
messages can be passed. The novelty of the m-calculus is that channel names
can be transferred from process to process as messages, and then used as
channels in later computation. In this setting, both channels and messages
are drawn from a set of atomic entities, called names.



The m-calculus marked an advance on previous process calculi, such as CSP [15],
CCS [20] and ACP [2], in pioneering the notions of both mobility and scope
extrusion. Mobility is represented by the changing pattern of links between
processes. Scope extrusion means that the scope of private names can be ex-
tended by communication.

We consider two forms of the m-calculus, namely with mixed choice and sep-
arate choice. For further details we refer to [29].

2.1.1 The mw-calculus with mized choice

We let 7, denote the m-calculus with mixed choice. We shall assume the
existence of a set of names N. The metavariables m,n,z,y, z, ... range over
this set.

Definition 2.1 The set of process terms of m, is given by the following syn-
taz:

PQ:=0| Yc.P, | P|Q | (vm)P | IP

where I 1s a finite set. The prefixes of processes, ranged over by «, are defined
by the following syntax:

Here m(n) represents input on channel m, with n bound, and m(n) is output
of n on channel m. Summation Y ,c;c;.P; represents a finite choice among
the different processes «;.P;. This operator is also called mized choice, since
both input and output prefixes can be present at the same time. The symbol
0, called nil, is the inactive process. Commonly in the m-calculus, 0 is an
abbreviation for the empty choice. Although redundant, we introduce it here
as a primitive for uniformity with the syntax of other calculi. Replication |P
can spin off an unbounded number of copies of P. The parallel composition
of two processes P | @ represents P and () computing in parallel with each
other. Restriction (vn)P creates a new name n in P, which is bound.

In the rest of this paper, we shall feel free to omit trailing 0s. Thus we write
« instead of a.0. We shall write (vn; ...n;)P instead of (vny)...(vng)P, and
sometimes we write n for ny...n;, when k is irrelevant or clear from the
context.

The notion of free names, fn(P), of a term P is standard, taking into account
that the only binding operators are input prefix and restriction. We write
P{n/m} to mean the process where each free occurrence of m is substituted
by n in P.



The notion of a-convertibility, which aims to capture the equivalence between
terms that differ in their bound names only, will be used throughout this work.
In contrast to other treatments of the m-calculus such as [21,25], a-conversion
will be performed silently. In general, we conventionally assume that free and
bound names are different.

Reduction semantics is usually defined in two steps: firstly structural congru-
ence, and secondly the reduction relation that captures computation on terms.
Structural congruence, written as = , identifies processes that we do not want
to differentiate for any semantic reason; it allows syntactical rearrangement of
contiguous terms not in the syntactical form for being reduced.

Definition 2.2 Structural congruence = s the smallest congruence on mp,
processes that satisfies the following equations:

P|0O =P
PlQ = Q|P

(PIQ) IR = P[(Q|R)
(vm)0 = 0

(vm)(vn)P = (vn)(vm)P

(vm)(P|Q) = P|(vm)Q if m¢ fn(P)

P = P|IP
Sieri Py = Yierouniiy-Pyi)

where n 1s a bijection on I.

The computational step is captured by a rewriting rule from terms to terms,
as defined below. We let S, T range over summations.

Definition 2.3 The reduction relation — on m,, is the smallest relation



satisfying the following rules:

(m(x).P + S) | (M{y).Q +T) — P{y/a} | Q RED coMm

P— P
RED PAR
PlQ— P|Q
P— P
RED RESTR

(vm)P — (vm)P’
P=Q Q-—Q Q=r
pP— P

RED CONG

We shall write P 4 to mean that for no P’ does P — P’.

The following barbs represent the most basic observations we can make of
processes.

Definition 2.4 A process P exhibits an output barb @, written P | 7, if and
only if, for some P',P" S, P = (vmy...mg)((n{q).P'+S) | P") with n ¢
{ml, c. ,mk}.

2.1.2 The m-calculus with separate choice

The choice operator as described in Section 2.1 is called mized choice because
both input and output are allowed within the same ‘choice’.

The m-calculus with separate choice 7 is the sub-calculus of m,, where sum-
mations cannot mix input and output guards. The set of processes is given by
the following grammar:

PQu=0 | Siea]. Py | Sieaf P [P | P1Q | (vn)P

al ::=m(n) a® = m(n)

The semantics of this calculus is the same as that of 7, taking into account
the syntactic restrictions. One could regard s as having the same expres-
sive strength as the asynchronous m-calculus [16,3], in view of the results on
encoding of separate choice [23].



2.2  Ambient calculi

Cardelli and Gordon introduced Mobile Ambients (MA) [8] in order to model
new computational phenomena over wide-area networks or the Internet. Am-
bients represent bounded places for computation, such as concrete locations,
concrete domains, abstract domains, or laptop computers. Ambients move into
and out of other ambients bringing along moving code, static processes and
possibly other ambients.

In this section we describe MA together with two variant calculi, Safe Ambi-
ents and the Push and Pull Ambient Calculus.

2.2.1 Mobile Ambients

The language of MA inherits a number of operators from the w-calculus. The
new primitives are the ambient and a special form of guard that goes under
the name of capability. We use the same set of names N as for 7, and 7.

Definition 2.5 The set of process terms of MA is given by the following syn-
taz:

PQ:=0| P|Q | )P | n[P] | MP | P | ().P | (n)
where M stands for the capabilities defined by the following grammar:

M :=inn |outn | openn

An ambient n[ P] is composed of two parts: n is the name of the ambient
and P is the active process inside. The square brackets around P indicate the
perimeter of the ambient. If the ambient moves, everything inside moves with
it. Parallel composition, restriction, nil and replication have the same meaning
as in the m-calculus.

Unlike the 7-calculus, communication happens without channels (anonymously).
Anonymous input, written (n).P, represents a process waiting for a name to
be sent. This operator binds n in P. Anonymous output, written (n), repre-
sents an asynchronous sending primitive. The output is not a prefix, unlike
the input. We have chosen that only names can be sent. This formulation is
simpler than in [8], where also capabilities can be communicated, and it is
adequate for the purpose of this work.

In the process M.P, P is enabled only if the capability M has been consumed.
Capabilities can be thought of as terms that enable the ambients to perform



some actions. An ambient gains the ability to go inside another ambient whose
name is n with the inn capability. An ambient gains the ability to leave a
parent ambient whose name is n with the outn capability. An ambient named
n can be dissolved by the means of the openn capability.

There is a notion of free names (fn(P)), taking into account that the only
binding operators are restriction and anonymous input. We write P{n/m}
to mean that each free occurrence of m is substituted by n in P. Where no
confusion is possible, we will use the shorthand M instead of M.0, and n[ ]
instead of n[0].

Computation in MA consists of entering an ambient, exiting an ambient, dis-
solving an ambient, and communication. Formally, steps of computation are
represented by a reduction relation which is defined below.

Definition 2.6 The structural congruence relation = 1is the smallest con-
gruence over MA processes that satisfies the following equations:

Plo =P

PlQ = QP
(PIQ) IR = PI(Q[R)

(vm)0 = 0
(vm)(vn)P = (vn)(vm)P
(m)(P [ Q) = P[(m)Q if m¢ fn(P)
(vm)n|P] = n[(vm)P] ifn#m

P = P|IP

Definition 2.7 The reduction relation — on MA processes is the smallest
relation satisfying the following set of rules:

ml[inn.P|Q]|n[R] — n[m[P|Q]|R] RED IN
n[m[outn.P | Q]| R] — m[P|Q]|n[R] RED OUT

openn.QQ | n[R] — Q| R RED OPEN
(m) | (n).P — P{m/n} RED A-COMM
P— P pP— P
RED PAR RED RESTR
PlQ— P|Q (vn)P — (vn)P’

10



P— P P=P P —Q Q=qQ
RED AMB RED CONG
n[P] — n[F'] P—Q

Note that MA inherits the rules RED PAR, RED RESTR and RED CONG from
the m-calculus. We use the same notation for structural congruence and reduc-
tion in all calculi we shall consider; even though they are different relations,
no confusion will arise.

For MA the canonical observable is the name of an ambient at the top level.
Thus, the predicate P | n intuitively says that in P there is a top level process
which is an ambient, whose unrestricted name is n.

Definition 2.8 A process P exhibits a barb n, written as P | n, if and only
if P= (vmq...mg)(n[P']| P"), for some P',P" and n ¢ {my...my}.

We shall be interested in various fragments of MA. We refer to MA without
communication as pure MA, and MA without the restriction operator as public
MA. This applies also to the other ambient calculi we shall consider.

2.2.2  Safe Ambients

Levi and Sangiorgi proposed Safe Ambients (SA) [17] as a substantial modi-
fication of MA, which retains the same computational model while improving
the underpinning algebraic theory. They argued that the basic operational
semantics for MA led to the phenomenon of grave interference, where two or
more redexes of different kinds destroy each other. In order to overcome this
problem, Levi and Sangiorgi added co-capabilities to the ambient primitives
and a sophisticated type system. The type system is outside the scope of the
current topic, and therefore it will not be discussed in the rest of the paper.
Co-capabilities are capabilities inside an ambient, that control the influence
that other ambients have upon it. Since an ambient can be entered, exited
or opened, there are three co-capabilities that determine if an ambient can
be entered, exited or opened. This change induces a synchronisation as well,
namely in order for a reduction (other than communication) to occur, there
needs to be a match between a capability and the corresponding co-capability.

Definition 2.9 The set of process terms of SA is given by the following syn-
tax:

PQ:=0|P|Q | (wn)P | n[P] | M.P | IP | (n).P | (n)

11



M ranges over the capabilities defined by the following grammar:

M ::=inn|outn |openn |inn|outn | openn

All the processes have the same informal meaning as described in the previous
section. There are only three new co-capabilities: out n expresses that an am-
bient n is willing to release an internal ambient; in n expresses that an ambient
n is willing to accept another entering ambient and openn expresses that an
ambient n can be opened. The set of free names of P is written fn(P) and is
defined as for MA, taking into account the syntactic differences.

Structural congruence = for SA is defined exactly as for MA (Definition 2.6).

Definition 2.10 The reduction relation —— on SA processes is defined as
for MA (Definition 2.7), except that rules RED IN, RED OUT and RED OPEN
are replaced by:

mlinn.Py | P] | n[inn.Qy | Q] — n[m[P | P]|Q:| Q2] RED s-IN

nfoutn.Py | Py [mloutn.Qy | Q2]] — n[P1 | P]|[m[Q: ]| Q2] RED s-OUT

openn.P | n[openn.QQ | Q2] — P | Q1] Q2 RED S-OPEN

Definition 2.11 A process P exhibits a barb n, written as P | n, if and
only if P = (vmy...my)(n[capn.P" | P"| | P") for some P',P" P" and
n & {my...my}, where cap = in or cap = open.

SA can be viewed at least as expressive as MA since there exists an obvious
encoding of MA into SA. We report below the clause for the ambient. The
definition for the other operators is homomorphic.

[n[P)] % n[ linn | toutn | openn | [P]]

2.2.83 The Push and Pull Ambient Calculus

The third ambient calculus we shall discuss is the Push and Pull Ambient
Calculus (PAC) [26]. In comparison with MA, two new capabilities are in-
troduced: pushn and pulln instead of inn and outn; the rest of the syntax
remains unchanged. We believe that this calculus can be useful for modelling
client-server architecture as argued in [26].

Definition 2.12 The set of process terms of PAC is given by the following
syntax:

PQ:=0]| P|Q | (vn)P | n[P] | M.P | 'P | (n).P | (n)

12



M ranges over the capabilities defined by the following grammar:

M ::= pulln | pushn | openn

We omit the explanation for the operators that are common to MA. The
meaning of the capabilities is intuitively the following: pull n causes an ambient
with name n to be pulled inside the current one, pushn pushes an ambient
with name n out of the current ambient, and openn behaves as in MA. The
capability open is necessary for PAC, just as in MA, to allow the exchange of
messages between different ambients.

Similarly to MA, PAC is also equipped with an operational semantics defined
in terms of reduction semantics. We present below only the reduction rules,
since structural congruence is identical to the definition for MA.

Definition 2.13 The reduction relation — on PAC processes is defined as
for MA (Definition 2.7), except that rules RED IN and RED OUT are replaced
by:

mlpulln.P| Q]| n[R] — m[P|Q|n[R]] RED PULL

n[pushm.P |m[Q]| R] — n[P| R]|m[Q] RED PUSH

For PAC the canonical observable is the name of an ambient at top level,
exactly as for MA (Definition 2.8).

3 Leader election problems

In this section we discuss how to formalise leader election in process calculi,
and in particular how to do it using reduction semantics.

In the field of distributed algorithms [18,30], the leader election problem con-
sists of finding an algorithm such that, starting from a configuration of pro-
cesses in the same state, any possible computation reaches a configuration
where exactly one process is in a leader state and all the other processes are in
non-leader states (i.e. they have lost the election). We may write of problems
in the plural, since as we shall see there are parameters that can be varied.

The crucial criteria for leader election problems are the following:

Symmetry Fach process in the configuration has to have the same duties.
Leader election problems are run in order to configure a distributed system.
Processes in the network are programmed identically. In symmetric config-
urations if one process can declare itself the winner, every other process in

13



the configuration can do the same. Thus, in symmetric networks, for the
winner to be elected, the initial symmetry has to somehow be broken.

Distribution The computation has to be decentralised, in the sense that the
computation has to start from any subset of processes in the network or
configuration. In general, leader election algorithms are run after a recon-
figuration or crash of a system, in order to select a process to start the
initialisation. In this context, the configuration of processes has to be able
to elect a leader without any help from outside.

Uniqueness of the leader The processes in a network reach a terminal con-
figuration from any computation. In the terminal configuration there is one
process only that is elected the winner and the other processes in the con-
figuration have lost.

Leader election problems vary according to the following parameters:

TOPOLOGY OF THE NETWORK The network could be a fully connected graph
or a ring or tree or any other graph or hyper-graph [1,30,18].

SIZE OF THE NETWORK The number of processes can be known or unknown
before starting the election [30].

DECLARATION OF THE LEADER The leader could be announced by one pro-
cess only, either the leader itself or any other process. Alternatively every
process in the configuration has to be aware of the winner. The latter re-
quirement is considered standard, although the weaker one (the former one)
is also acceptable, since the winner could inform the other processes of the
outcome of the election.

We do not take complexity issues into account here. As Bougé [4] points out,
lower bound results can depend on whether the identifiers of the processes are
integers and so on. These kinds of issues are not relevant in our setting.

3.1 Leader election problems and process calculi

The first person to exploit leader election within a process calculus with a
formal semantics was Bougé [4], working in CSP [14,15]. He defined the notion
of a symmetric electoral system, which is a symmetric network where a unique
winner is elected by every computation. The most remarkable achievements
are the separation results between CSP with input and output guards and
CSP with input guards only, and between the latter and CSP without guards,
based on the notion of symmetric reasonable implementation.

A further formalisation of the notion of leader election problem was made
by Palamidessi [24] for the m-calculus. This work has been the major source
of inspiration for the present work. While Bougé defined an encoding to be
“reasonable” if it maps electoral systems to electoral systems, Palamidessi

14



gives specific conditions which an encoding should satisfy in order to preserve
electoral systems. She proves that any symmetric network in 7-calculus with
separate choice admits a computation that never breaks the initial symmetry.
This result is used to show that there is no encoding of the w-calculus with
mixed choice into the m-calculus with separate choice. In her paper Palamidessi
uses a graph framework, in the tradition of distributed algorithms [18,30,1,4],
and she proves that CCS [20] does not admit a symmetric electoral system in
a ring, as opposed to the m-calculus with mixed choice.

Using an approach similar to Palamidessi’s, Ene and Muntean [11] show that
the m-calculus with broadcasting primitives cannot be encoded in the standard
m-calculus.

3.2 A reduction semantics framework for leader election problems

Our predecessors [24,11] used labelled transition systems when defining the
computations performed by electoral systems. We prefer to use reduction se-
mantics, for the reasons stated in the Introduction. In this section we shall
define networks and electoral systems for calculi equipped with reduction se-
mantics. The definitions below apply equally well to ambient calculi and to
the m-calculus, and to any other calculus that uses the reduction semantics
framework. We shall compare MA, SA, and PAC against the m-calculus, but
also our framework could be used for comparing other calculi, such as the Seal
calculus [9] and D [13].

We assume that the set of names A includes a set of observables:
Obs = {w; : 7 € IN}

such that for all 7, j, w; # w; if i # j. The observables will be used by networks
to communicate with the outside world, and can never be restricted (i.e. they
never occur under the scope of restriction).

It is convenient to let Obs, = {wo, w1, ..., wk—1}. This will be the set of names
indicating possible winners in a network of size k.

We shall use natural numbers as indices of processes in a network, for instance
P, where P is a process and ¢ is a natural number.

Networks are just collections of processes running in parallel, possibly equipped
with some globally restricted names.

Definition 3.1 (Network) A network N of size k is a process in the form

(Umo,...,ml_l)(Po|P1|P2|"'|Pk_1)
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We will use the notation [Py | Py | --- | Pe_1] for representing the network
above when the globally bound names my, ..., m;_1 are not relevant.

When dealing with indices for a network of size k we shall always use arithmetic
modulo £ when writing expressions such as P .

Notice that the size of a network is really a matter of how it is presented
(i.e. divided up) rather than the process itself.? For instance the process n| |
is clearly a network of size one. But it is structurally congruent to n[] | 0,
which can be seen as a network of size two. We are interested in symmetric
networks, however, and size cannot then be varied arbitrarily as in the example
just given.

Definition 3.2 (Permutation on names) (1) A permutation on names is
a bijection o : N’ — N which respects observables, i.e. m € Obs if and
only if o(m) € Obs.

(2) A permutation o induces a bijection on the natural numbers & : IN — IN
as follows: if o(w;) = w; then 6(i) = j.

Note that for all i € IN, o(w;) = ws()-

Any permutation o gives rise in a standard way to a mapping on processes,
where o(P) is the same as P, except that any free name n of P is changed to
o(n) in o(P), with bound names being adjusted as necessary to avoid clashes.
In other words, the definition of o(P), where o is a permutation, is by recursion
on the syntax of the language, avoiding that names are captured by binding
operators.

Definition 3.3 (Automorphism in a network) Let N be a network of size
k:
de
N (vmo,...,mu-1)(Py | Py |-+ | Pac)-

A network automorphism o is a permutation such that: 6 restricted to the
finite subset of natural numbers {0,1,... k—1} is a bijection and o preserves
the distinction between free and bound names, i.e. m € {mg,...,my_1} iff
o(m) € {mo,...,my_1}.

Definition 3.4 (Orbit) Let N be a network of size k and o an automorphism
on it. For any i € {0,...,k — 1} the orbit Oz(i) generated by o is defined as
follows:

05(8) & {i,6(1),620),...,6" (i)}
where 67 represents the composition of 6 with itself j times. and h is least
number such that o”(i) = i.

2 We make the distinction between network presentations and their interpretation
as processes more formal in [28, Section 3.1].
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Intuitively a network N is symmetric with respect to an automorphism o if
and only if, for each 7, the renaming of the process associated to ¢ is the same
up to alpha-conversion as the process associated to the permuted index & (7).
This is a way of specifying in this setting that each process has the same
duties.

In the first part of the following definition we closely follow Palamidessi. In the
second part however, we restrict the notion of symmetry to networks where
the automorphism has one orbit only.

Definition 3.5 (Symmetric Network)

(1) Let N =[Py | - -+ | Pe_1] be a network and o an automorphism on it. We
say that N is symmetric with respect to o iff for each i € {0,... k — 1},
P&(i) = U(PZ) holds.

(2) A network N = [Py | --- | Py_1] is called symmetric if it is symmetric
with respect to some automorphism with a single orbit.

Our definitions of network automorphism and symmetric network differ from
those of Palamidessi, since she takes the network topology into account, and
associates a hypergraph with a network. Automorphisms are defined with
respect to this hypergraph, and a network is symmetric if it is symmetric with
respect to every automorphism.

Definition 3.6 Consider a network N = [Py | Py | -+ Py_1]. A computation
C is a (finite or infinite) sequence:

N=N"— N — N®> — ... — N — ...

e A computation C is maximal if it is infinite, or else it is of the form
N — N' — N?... — N" where N" 4 .

e The composition C - C’' of computations C and C' is defined in an obvious
manner if C is finite and the last state of the computation C coincides with
the initial state of C'.

e We say that C' extends C, written C < C', if there exists a computation C”
such that C' =C-C".

Our notion of computation is defined using the reduction relation only. This
is a substantial difference from previous authors [24,11], where computation
is defined as a sequence of transitions derived from the labelled transition
system.

In our definition of network computation, we assume that a network reduces
to a network. This might be seen as restrictive; however since any process
can be seen as a network, the above definition is general enough. We do not
require that a network preserves its own size. In fact in general this might not
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even be true, as will become clear when presenting electoral systems in the
ambient calculus.

Definition 3.7 Let C be a computation N — --- — N* — ... We de-
fine the observables of C as

Obs(C) = {w € Obs : Ih N" | w}.

Computations have some rather nice properties on the observables: observation
on computation is compositional and monotonic.

Lemma 3.8 (1) LetC “er e bea computation. Then Obs(C) = Obs(C’) U
Obs(C").

(2) Let C and C' be two computations such that C < C'. Then Obs(C) C
Obs(C).

PROOF. Trivial. O

Intuitively an electoral system is a network which reports a unique winner, no
matter how the computation proceeds.

Definition 3.9 (Electoral system) A network N = [Py | -+ | Py_1] is an
electoral system if for every maximal computation C of N there exists an i < k
such that Obs(C) = {w;}. An electoral system is said to be symmetric if the
network is symmetric.

Thus each maximal computation gives exactly one winner. It does not matter
which process in the original network displays the observable barb; indeed,
in ambient calculi this is not even necessarily meaningful, as processes can
intermingle using movement capabilities.

For Palamidessi the requirement for an electoral system is that every process
in the electoral system can execute a special action out(i). In other words
everyone is aware of the leader. As she states, her results would hold under the
alternative requirement that ezactly one process announces the winner. Our
notion is weaker, in that we merely require that at least one process announces
the winner, and it is left open how many processes make the announcement.
It has been proved in [31] that this notion of electoral system gives the same
separation results for the m-calculus as those obtained by Palamidessi.
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4 Calculi with symmetric electoral systems

In this section we present solutions to the leader election problem in symmetric
networks of any finite size in fragments of the w-calculus, MA, PAC and SA
defined as follows.

Definition 4.1 (1) Let w,)” be mm but without restriction.

(2) Let MA® be pure public MA without the open capability.
(3) Let PACPP be pure public PAC without the open capability.
(4) Let SA® be pure public SA without the open capability.

(5) Let SA® be pure public SA without the out capability.

4.1  The m-calculus with mized choice

The m-calculus with mixed choice can elect a leader in a symmetric network
according to Palamidessi’s criteria [24]. It is not difficult to see that m, ad-
mits a symmetric electoral system also according to our new and weaker cri-
teria. In the reduction semantics frameworks, we are able to improve slightly
Palamidessi’s result; in fact we can show that there exists an electoral system
in 7, but without restriction. In the following proposition we show that there
exists a symmetric electoral system of size 2 in 7", which is sufficient for

m ?

restating Palamidessi’s separation result between 7, and ;.

Proposition 4.2 In 7" there exists a symmetric electoral system of size 2.

PROOF. We define a network N as follows:

Po D ag(y) +7i()@olz) P ai(y) +molz)wnle)

N%p | P

The network is symmetric with respect to a single-orbit automorphism o de-
fined as follows:

o(xg) =21 o(r1) =29 o(wo) =w1 o(w1)=wp

with o the identity on all other names. There are only two possible computa-
tions. We present one in detail; the other one is identical up to the renaming
of o.

C:N— wi(z)
Clearly Obs(C) = {w;}. O
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In the previous proposition there are two important features to notice. The
first one is that the link-passing capability of the m-calculus plays no role; it
i