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Abstract

This note is to thank Dov Gabbay on his 80th birthday for some help he
gave me, over 35 years ago. It contributed to a solution of a prominent problem
in model theory and permutation groups, on whether the random graph has the
small index property. Surprisingly, this work helped to prove that some modal
fragments of first-order logic have the finite model property, topics that were of
interest to Dov at the time.

1 Introduction
When I was small, I had to write ‘thank-you letters’ to people who had kindly given
me birthday presents. Sad to say, it was not something I enjoyed. But on this
occasion, I am writing a thank-you note going in the other direction, as it were, and
it is a happier task for me.

I joined Dov Gabbay’s research group in the Department of Computing at Im-
perial College London in November 1988, and stayed for several years. Much of our
work was in temporal logic, a prominent part of logic in computer science, and one
that Dov was already well known for: e.g., [7, 8, 9, 10, 11, 12, 13, 14]. The work
led to a number of publications and took up most of my time, but I am not going
to reminisce about it here. It would be of gravely limited interest, risk falling into
sentimentality, and my memories after over 35 years are partial and unreliable and
I would probably fail to give credit to many who deserve it.

Although all the same risks apply, I am going to reminisce instead about one
curious outlying piece of work that I became involved with at that time. It seemed
to have no relation to temporal logic or computing at all, though that impression
was wrong. I, and as we will see, others too, owe considerable thanks to Dov in
regard to it.
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I arrived in Dov’s group having recently done a PhD and postdoc with Wilfrid
Hodges in mathematical logic (more precisely, model theory), and one particular
open problem from that field came with me and lay on my desk. It asked whether
the random graph has the small index property.

This question concerns the topological structure of the automorphism group of
a certain infinite graph. It seemed about as far from any possible application as
one could easily get. Nonetheless, I was preoccupied by it. I do not quite remem-
ber why, but it may have been because at least two of the very few papers that
I had already written or co-written involved the small index property, and I was
still attending some model theory seminars in Wilfrid’s group at Queen Mary and
Westfield College (now ‘Queen Mary University of London’). The small index prop-
erty and the random-graph instance of it were of wide interest in these circles and
had attracted people who I had actually met, such as Peter Cameron, David Evans,
Dugald Macpherson, Πeter Neumann, Simon Thomas, and John Truss, as well as
Wilfrid and his associates at QMW and visitors including Ehud Hrushovski.

So I said to Dov that I would like to spend some ‘work time’ looking at this
problem — not to the exclusion of my day job, but still seriously. (I might have
been rather forceful in my request: I was a difficult person to work with.)

Not only did Dov permit this, when he absolutely didn’t have to, but he actively
encouraged me and indeed got involved in the technicalities of the work itself.

As a result of this generosity and enthusiasm, I had a small role in a collaboration
of people working on this problem that started when Saharon Shelah visited Wilfrid
in London in summer 1989. Daniel Lascar also became involved, in early 1991.
Eventually we showed that the random graph does in fact have the small index
property [21].1

This paper laid out a new method of proving the small index property, and also
stimulated interest in another area that was involved in the proof: ‘EPPA’, the
‘extension property for partial automorphisms’.

In 1991, EPPA was a nascent field, with (as I recall) only one result to its name
— by Truss [30] — if indeed it had a name at all. A strengthening of Truss’s result,
wanted for [21], was proved by Hrushovski at a conference in Banff, Alberta, in
spring 1991 [23]. This really got the EPPA ball rolling, and the field advanced quite
rapidly, initially through work of Bernhard Herwig [16, 17] and Herwig–Lascar [18],
with contributions by many others later. The study of EPPA is now very extensive,
perhaps more so than the study of the small index property itself. See, e.g., [24] for
recent references.

Within ten years, EPPA became the crucial ingredient in proving the ‘finite

1We also showed the same for totally categorical structures — not discussed here.
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algebra on finite base property’ in algebraic logic [19, 2], and in Grädel’s proof [15]
of the finite model property for the guarded fragment. This is a ‘modal fragment’
of first-order logic. Such fragments were of interest to modal logicians at the time,
including Dov himself; and the finite model property was also an interest of Dov’s
[7, 8]. EPPA was used later to prove the finite model property for other algebras
and modal fragments, and these attempts in turn probably stimulated more work
in EPPA.

So the story came full circle. A seemingly utterly abstract theoretical problem
led unpredictably but rather directly and within a decade to contributions to modal
logic, which is one of Dov’s core interests and is used in computer science, philos-
ophy, economics, and even mathematical logic. People who use the phrase ‘blue
sky research’ often claim as a justification for it that this kind of thing can happen,
though they are probably hoping for lucrative applications. The finite model prop-
erty of modal fragments is not yet among these, but I still find this example rather
striking — even salutory.

Of course the random graph would have been shown in time to have the small
index property without my involvement, and perhaps better and more quickly. But
the fact is that I was involved, and I will always be grateful to Dov for allowing me
time to work on this beautiful problem. I, and I believe other workers in the affected
areas too, owe him great gratitude for this.

So: thank you Dov, and I wish you a very happy birthday!

In the rest of this note, I will flesh out the picture with a little more technical
detail for those interested. Any experts who have read this far need not read further.
Mostly I will not give full proofs, as they were published over 30 years ago and would
take too much space, but I will at least try to indicate how each topic involves the
next. Sections 2 and 3 discuss the the random graph and the small index property.
Section 4 concerns EPPA, and section 5 its applications to the finite model property.

2 The random graph
By a graph, we will mean an undirected loopfree graph, which is to say a set of
‘nodes’ endowed with an irreflexive symmetric binary ‘edge’ relation.

The so-called random graph, also known as the Rado graph, the Erdős–Renyi
graph, and the countable universal homogeneous graph, is a particular countably
infinite graph. It is generally defined only up to isomorphism. There are several
equivalent characterisations of it:

1. It is the unique (up to isomorphism) graph on a countably infinite set N such
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that for each pair X,Y of disjoint finite subsets of N , there is a node in N
that is connected by an edge to every node in X but to no node in Y .

2. (Erdős–Renyi) It is (up to isomorphism) the graph with the same set of
nodes N that is obtained with probability 1 when a coin is tossed for each
unordered pair of distinct nodes, and an edge placed between them just when
the coin comes up ‘heads’. Probably the name ‘random graph’ comes from
this.

3. It is the unique (up to isomorphism) countable graph that is:

• universal: it embeds all finite graphs as induced subgraphs,

• homogeneous: every finite partial isomorphism (isomorphism between fi-
nite induced subgraphs) of it extends to an automorphism (an isomor-
phism from the whole graph onto itself).

It plays the role for graphs that the rational order (Q, <) plays for linear orders:
they are both in a certain sense the ‘limit’ of a class of finite structures (the
class of all finite graphs and the class of all finite linear orders, respectively).

This notion of limit can be made precise using a general theorem of Fraïssé
[20, theorem 7.1.2]. The Fraïssé limits so obtained are countable universal
homogeneous structures, unique up to isomorphism, and include the random
graph, (Q, <), partial orders, tournaments, boolean algebras, and so on.

4. There are weird characterisations by binary expansions and quadratic residues
[4, exercise 2.10(1)]. As Cameron once said, since the random graph has
probability 1, any construction is likely to give it!

5. There is a connection to 0–1 laws in finite model theory, of relevance to comput-
ing. A graph can be seen as a structure for a relational signature L comprising
a single binary relation symbol, interpreted as the edge relation. A first-order
L-sentence is true in the random graph just when it holds in almost all finite
graphs, which means that the proportion of graphs with nodes {0, 1, . . . , n}
in which the sentence is true tends to 1 as n → ∞. Up to isomorphism, the
random graph is the only countable graph for which this holds.

The random graph is an attractive structure of great interest in several areas.
But does it have the small index property?
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3 The small index property
Let M be a (model-theoretic) structure. As we said, an automorphism of M is an
isomorphism from M onto itself. For example, the automorphisms of a graph are the
permutations of its set of nodes that take edges to edges and non-edges to non-edges.

The identity map on the domain of M is certainly an automorphism, and the
inverse of an automorphism is an automorphism. Also, the composition f ◦ g of
automorphisms f, g is an automorphism too. So the set of automorphisms of M
forms a group, written AutM . Fixing M , I will write it as just G.

The group G carries a topology called the topology of pointwise convergence. For
a finite sequence or ‘tuple’ ā of elements of M , write Gā for the set of automorphisms
of M that fix each element of ā. This is a subgroup of G. The basic open subsets
of G are now defined to be the left cosets of the subgroups Gā, taken over all tuples
ā of elements of M . Arbitrary open sets are the unions of such cosets — these are
closed under finite intersections. Group inverse and composition are continuous with
respect to this topology, so G becomes a topological group. Its open subgroups are
precisely those that contain some Gā.

The basic open subsets of G, together perhaps with ∅, are precisely the sets
{g ∈ G : g ⊇ p}, taken over all finite partial isomorphisms p of M , and so these p
determine the topology. The left cosets of any Gā are in one-one correspondence
with the images g(ā) of ā under automorphisms g ∈ G. For, if g, h ∈ G, then
gGā = hGā iff h−1g ∈ Gā, iff h−1g(ā) = ā, iff g(ā) = h(ā).

Now if M is countable, there are only countably many such images g(ā), and it
follows that the index |G : Gā| of any Gā in G — the number of cosets it has — is
countable. Every open subgroup of G contains some Gā, so its index is no bigger.
Hence, when M is countable, every open subgroup has countable index in G. (Hence
also, G has at most 2ω open subgroups.2)

DEFINITION 3.1. We say that (countable) M has the small index property if
a strong converse holds: every subgroup of AutM of index < 2ω (we say ‘of small
index’) is open in AutM .

This ‘small index property’ is good to have because if M has it, then the abstract
group AutM determines its topology: the open subsets are the unions of cosets of
subgroups of countable index. That is useful because in many cases, we can recover
M up to bi-interpretability from AutM as a topological group [1].

When I was working on this topic, I was mainly interested in whether (certain)
Fraïssé limits have the small index property. A few of them were known to have

2This can often be improved to ‘countably many’ by a result of Evans [20, exercise 7.3.15].
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it, including the infinite set without structure — unsurprisingly the first case to be
established, by Semmes and Dixon–Neumann–Thomas [28, 5] — and the rational
order (Q, <), by Truss [29]. (For a longer list of examples known at the time, see
[21, example 1.1].) But for the random graph, in spite of some effort, it was open,
and no general method of establishing the small index property was known.

It should be noted that not every Fraïssé limit has the small index property.
A counterexample was given by Hrushovski.3 Its automorphism group has 22ω sub-
groups of index 2, which is too many for them all to be open.

However, a weaker small index property does hold generally: for every countable
structure M , every closed subgroup of AutM of small index is open. This was
proved by Evans [6], extending a result of Kueker [25].

And Dov proved it too, from scratch, in discussions with me on the problem.
A generalisation of this was involved in the proof in [21] that the random graph

has the small index property. I will write Γ for the random graph, and G for
Aut Γ. The useful topological notions of meagre and comeagre sets are applicable
in this context. A subset of G is comeagre (think ‘large’) if it contains a countable
intersection of dense open sets, and meagre (or of first category) if its complement
is comeagre. It turns out that:

• every subgroup of G whose intersection with some Gā is meagre in Gā (in the
subspace topology) has large index (2ω) in G,

• every subgroup of G whose intersection with some Gā is comeagre in Gā must
contain that Gā, and is therefore open.

So we can restrict attention to subgroups H of G that are neither meagre nor
comeagre within every subgroup Gā. Every comeagre subset of every Gā overlaps
both H and its complement. We complete the proof by showing that H has large
index in G.

To indicate why this is, I will take a shortcut suggested by Hrushovski [23, p.412].
Even so, I can give only a scandalously bare outline of the argument. Given EPPA
for graphs, defined in definition 4.1 below and established in [23], we can choose a
sequence f0, f1, . . . ∈ G of ‘mutually generic automorphisms’4 of Γ such that:
G1. Each permutation of the fn is induced by conjugation by some element of G.

Formally, for each permutation σ of {0, 1, . . .} we have (Γ, fσ(0), fσ(1), . . .) ∼=
(Γ, f0, f1, . . .), so there is g ∈ G with g−1fng = fσ(n) for each n = 0, 1, . . . .

3See [26, §2.1], [4, p.108], and [20, exercise 7.4.15]. According to [26], the example was found
by Cherlin, to refute a different but related conjecture; Hrushovski rediscovered it independently.

4Individual ‘generic’ automorphisms are typically those whose conjugacy class is comeagre.
They were considered earlier by (e.g.) Lascar, Rubin, and Truss.
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G2. fn ∈ H iff n is even, for each n = 0, 1, . . . .

Since the set of even numbers has 2ω images under permutations of {0, 1, . . .}, it
follows that H has 2ω conjugates, so must have large index in G, as claimed.

The fn are chosen by induction. Given f0, . . . , fn−1, we use EPPA and another
Fraïssé limit to find (within some Gā) a comeagre set of suitable fn. Comeagre sets
arise from the topology on G, which in turn, as we saw, arises from finite partial
isomorphisms of Γ. Fraïssé’s machine ingests a special case of this: automorphisms
of finite substructures of Γ. The role of EPPA is to pass between these two.

Having found a comeagre set of candidates, overlapping both H and its comple-
ment, we can then choose fn in H or not, according to G2. By increasing ā at each
step, we can ensure that the resulting infinite sequence f0, f1, . . . satisfies G1. □

This idea works for the random graph and other Fraïssé limits where EPPA
applies, but apparently not (Q, <) — Truss’s method in [29] is still needed there.

4 EPPA
To construct the mutually generic automorphisms just mentioned, we used EPPA:
the extension property for partial automorphisms, also called the Hrushovski prop-
erty. As the term ‘partial automorphism’ can seem circular in this context, I will
say ‘partial isomorphism’ instead. Recall that a partial isomorphism of a structure
is an isomorphism between substructures of it.

DEFINITION 4.1. A class C of finite structures is said to have EPPA if each
A ∈ C has an extension B ∈ C such that every partial isomorphism of A extends to
an automorphism of B.

‘Extension’ just means that A is a substructure of B. For graphs, A would be
an induced subgraph of B.

I believe the first EPPA-style result was due to Truss [30], who showed that any
(single) partial isomorphism of a given finite graph extends to an automorphism
of some larger finite graph. Hrushovski [23] then showed in a different way that
the class of finite graphs has EPPA. This allowed our construction above of the
mutually generic automorphisms f0, f1, . . . of the random graph, and it followed
that the random graph has the small index property.

Since then, a number of other proofs of Hrushovski’s theorem have appeared,
both algebraic and combinatorial. A very short one can be found in [18, §4.1].
EPPA has been established for more classes of finite structures, and sometimes
with extra benefits (as did [23] implicitly). For example, an early result of Herwig
extended it beyond graphs, and gave more information:
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THEOREM 4.2 (Herwig, [17]). Let A be a finite structure in a finite relational
signature L. Then there is a finite L-structure B ⊇ A, which we will call a Herwig
extension, such that

1. every partial isomorphism of A extends to an automorphism of B,

2. every ‘live’ tuple of elements of B (that is, a single element or a tuple b̄ such
that B |= R(b̄) for some relation symbol R ∈ L) is mapped into A by some
automorphism of B.

In addition, [16, 17] proved EPPA for the class of finite triangle-free and Km-
free graphs (and more), and it follows that the corresponding Fraïssé limits have the
small index property. Herwig and Lascar [18] linked the subject with free groups.
The study of EPPA is now extensive, but as far as I know, it remains open whether
the classes of finite partial orders and finite tournaments have EPPA, and whether
the corresponding Fraïssé limits have the small index property.

5 Finite model property
Some modal logicians in the 1990s were interested in finding modal fragments of
first-order logic with the ‘nice’ properties of modal logic — decidability with good
complexity, Craig interpolation, Beth property, finite model property, and so on.

Dov proposed the finite-variable fragments of first-order logic, perhaps because
modal formulas can be translated to first-order formulas with only two variables —
for example, 2(p → 3q) translates to

∀y(R(x, y) → (P (y) → ∃x(R(y, x) ∧Q(x)))). (1)

For temporal formulas written with Until and Since, some of Dov’s favourite con-
nectives, three variables suffice.

For many-dimensional modal logics, Dov’s proposal is correct, and the one- and
two-variable fragments are quite well behaved, though unfortunately the rest are
undecidable.

There were other ideas around. In [3], Andréka, van Benthem and Németi pro-
posed the bounded or guarded fragment, in which all quantification is relativised to
atomic formulas. More formally, assuming a finite relational signature, any atomic
formula is guarded; boolean combinations of guarded formulas are guarded; and if
ψ(x̄, ȳ) is guarded, and α is an atomic formula — the guard — in which all of x̄, ȳ
occur, then ∃ȳ(α ∧ ψ) is guarded. Hence, ∀ȳ(α → ψ) is guarded. Evidently, (1) is
guarded.

8



Small index property — thanks to Dov Gabbay

The guarded fragment and some of its extensions do have good properties, in-
cluding the finite model property: every satisfiable guarded sentence is true in some
finite model [15].

Very strikingly, EPPA was used to prove this. To indicate how on earth it could
be involved, here is a sketch of the idea, based on [2, 15]. Similar arguments work
in algebraic logic [19, 2]. Let σ be a guarded sentence written with n variables, say,
and true in some structure M . We find a finite model of σ.

By expanding M by a new relation symbol Pφ(x̄) for each subformula φ(x̄) of σ,
with M |= ∀x̄(Pφ(x̄) ↔ φ(x̄)), we can suppose that (†) the quantifier-free type of
any tuple ā in M determines whether or not M |= φ(ā), for each subformula φ of σ.

Choose a finite substructure A ⊆ M containing representatives of all quantifier-
free types of n-tuples occurring in M . Using theorem 4.2, choose a finite Herwig
extension B ⊇ A. We show that for each subformula φ(x̄) of σ,

(∗) M |= φ(ā) iff B |= φ(ā), for every tuple ā of elements of A.

Applying this to σ will then show that B is our desired model of σ.
We prove (∗) by induction on φ. It is clear for atomic formulas, and the boolean

cases are easy. So consider the case φ(x̄) = ∃ȳ(α(x̄, ȳ) ∧ ψ(x̄, ȳ)), assume (∗) for ψ
inductively (it also holds trivially for α, which is atomic), and let ā be a tuple in A.

Suppose that M |= φ(ā). Then there is b̄ in M with M |= α(ā, b̄) ∧ ψ(ā, b̄).
Choose a representative ā′b̄′ in A of the quantifier-free type in M of āb̄. By (†),
M |= α(ā′, b̄′) ∧ ψ(ā′, b̄′) as well. Inductively, B |= α(ā′, b̄′) ∧ ψ(ā′, b̄′). Now the
map (ā′ 7→ ā) is a partial isomorphism of M , hence also a partial isomorphism
of its substructure A. As B is a Herwig extension of A, there is g ∈ AutB with
g(ā′) = ā. Let c̄ = g(b̄′), a tuple in B. As automorphisms preserve all formulas,
B |= α(ā, c̄) ∧ ψ(ā, c̄). Hence, B |= φ(ā) by definition of φ.

Conversely suppose that B |= φ(ā). Then there is b̄ in B with B |= α(ā, b̄) ∧
ψ(ā, b̄). The guard α is an atomic formula in which all of x̄, ȳ occur. So āb̄ is a live
tuple in B. As B is a Herwig extension of A, there is g ∈ AutB with g(āb̄) = ā′b̄′, a
tuple in A. Then B |= α(ā′, b̄′)∧ψ(ā′, b̄′) since automorphisms preserve all formulas.
Inductively, M |= α(ā′, b̄′) ∧ψ(ā′, b̄′), so M |= φ(ā′). But the quantifier-free types of
ā, ā′ are the same in B (since g(ā) = ā′) and hence in M since A is a substructure
of both. So by (†), M |= φ(ā) as required. □

This result extends to stronger guarded fragments such as the loosely guarded,
packed, and clique-guarded fragments, into which temporal formulas involving Until
and Since can be translated. The proofs needed stronger Herwig-style theorems,
such as [22]. So perhaps the finite model property for modal fragments of first-order
logic stimulated development of EPPA.
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6 Conclusion

Once again, I thank Dov for allowing me to work on the small index property ‘in
work time’ all those years ago. Probably neither of us expected that it would be
relevant to Dov’s own core interests, but I have tried to show that it was, and in no
small way, so his generosity (and forbearance) paid off. Happy 80th birthday, Dov!
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