ON MODAL LOGICS BETWEEN K x K x K AND S5 x S5 x S5

R. HIRSCH, I. HODKINSON AND A. KURUCZ

ABSTRACT. We prove that every n-modal logic between K" and S5™ is unde-
cidable, whenever n > 3. We also show that each of these logics is non-finitely
axiomatizable, lacks the product finite model property, and there is no algo-
rithm deciding whether a finite frame validates the logic. These results answer
several questions of Gabbay and Shehtman. The proofs combine the modal
logic technique of Yankov—Fine frame formulas with algebraic logic results of
Halmos, Johnson and Monk, and give a reduction of the (undecidable) repre-
sentation problem of finite relation algebras.

1. INTODUCTION AND RESULTS

Here we deal with axiomatization and decision problems of n-modal logics: propo-
sitional multi-modal logics having finitely many unary modal operators <g, ..., <,
(and their duals Oy, ...,0,_1), where n is a non-zero natural number. Formulas
of this language, using propositional variables from some fixed countably infinite
set, are called n-modal formulas. Frames for n-modal logics — n-frames — are
structures of the form F = (F, Ry, ..., R,—1) where R; is a binary relation on F,
for each ¢ < n. A model on an n-frame F = (F, Ry, ..., R,_1) is a pair M = (F,v)
where v is a function mapping the propositional variables into subsets of F. The
inductive definition of “formula ¢ is true at point x in model M’ is the standard
one, e.g., the clause for <; (i < n) is as follows:

M,z = Cpp it Jy (eRiy and M,y = 1)),

Given an n-frame F and an n-modal formula ¢, we say that ¢ is satisfiable in F if
M,z = ¢ for some model M on F and point x in F. Similarly, ¢ is valid in F if
M, x = o for all such M and z. F is a frame for a set L of n-modal formulas if all
formulas of L are valid in F.

Special n-frames are the following (n-ary) product frames. Given 1-frames (i.e.,
usual Kripke frames for unimodal logic) Fo = (Wo, Ro), ..., Fn—1 = Wph—_1,Rn-1),
their product Fy X - -+ X F,_1 is defined to be the relational structure

(W() X X Wn—hRO,---aRn—l)

where, for each i < n, R; is the following binary relation on Wy x --- x W, _;:
(ugy - -y Uun—1)Ri(vo, ..., vp1) iff w;Rjv; and wuy, = vy, for k # 1.
For each i < n, let L; be a set of unimodal formulas (of the language having modal
operators <, and ;). Define the (n-dimensional) product logic Ly X -+ X L,_1 as
the set of all n-modal formulas which are valid in those product frames (Wy, Ry) x
- X (Wp—1, Rn—1) where, for each i < n, (W;, R;) is a frame for L;. For example,
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K™ is the set of n-modal formulas which are valid in every n-ary product frame.
It is not hard to see that S5™ is the set of n-modal formulas which are valid in
n-ary products of universal 1-frames, that is, 1-frames (W;, R;) with R, = W; x W
(i < n). Throughout, product frames of this kind are called universal product
S5"-frames. We write (W, ..., W, _1) for such a frame, and sometimes call it the
universal product frame on Wy X -+« X W, _1.

Products of modal logics have been studied in both pure modal logic (see Seger-
berg [15], Shehtman [16], Gabbay—Shehtman [4]) and in applications (see Wolter—
Zakharyaschev [18], [19]). Product logics are also relevant to finite variable frag-
ments of modal and intermediate predicate logics, see Gabbay—Shehtman [3]. Ax-
iomatization, decision and complexity problems of two-dimensional products were
thoroughly investigated in [4], Marx [13], Spaan [17]. In higher dimensions — n > 3
from now on — the first results related to product logics were obtained in algebraic
logic. This is due to the fact that the modal algebras corresponding to S5™ are well-
known in this area: the representable diagonal-free cylindric algebras of dimension
n. Thus the respective algebraic logic results of Johnson [8] and Maddux [11] imply
that S5™ is non-finitely axiomatizable and undecidable. Since S5™ is recursively
enumerable (cf. e.g. Henkin-Monk-Tarski [6]) and finite product frames for S5"
are clearly recursively enumerable, the above results imply that S5™ does not have
the product finite model property: there is some formula ¢ which does not belong
to S5™ but ¢ is valid in all finite product frames for S5". Undecidability and the
lack of product finite model property for all product logics between K4™ and S5™
was first proved by Zakharyaschev. Non-finite axiomatizability of K™ was shown
in Kurucz [10]. However, the fact that K™ has the finite model property, for every
n, (Gabbay—Shehtman [4]) while S5™ does not, for n > 3, (Kurucz [9]) gave some
hope about the decidability of K™. As our results below show, this is not the case:
in higher dimensions all logics between K™ and S5" are quite complicated.

Let n > 3 and let L be any set of n-modal formulas with K® C L C S5". Then
the following hold.

Theorem 1. L is undecidable.
Theorem 2. [t is undecidable whether a finite frame is a frame for L.
Theorem 3. L is not finitely aziomatizable.

Theorem 4. L does not have the product finite model property in the following
strong sense: there is some (3-modal) formula ¢ which does not belong to L but ¢
is valid in all finite k-ary product frames, for all k > 3.

Theorems 4, 1 and 3 answer questions 20, 22 and 24 of Gabbay—Shehtman [4]
(cf. also Q16.163 of Gabbay [2]): K™ lacks the product finite model property for
n > 3, K2 is undecidable, and all the logics of the form L x S52 are undecidable
and non-finitely axiomatizable, if K C L C S5. Thus K2 is a natural example of an
undecidable but recursively enumerable logic which has the finite model property.

In the proofs we will use the following result of Hirsch-Hodkinson [7]:
(¥) It is undecidable whether a finite simple relation algebra is representable.!

n [7] this statement is not claimed for finite simple relation algebras, but for finite relation
algebras in general only. However, this implies the result also for finite simple relation algebras,
by taking subdirect decompositions. Or, in another way: the relation algebras constructed in the
proof of [7] are clearly simple, thus the proof therein works for simple relation algebras as well.
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For any natural number n > 3 and any finite simple relation algebra 2 (see Section 3
for definitions), we define (in a recursive way) a finite n-frame Fy ,, and a 3-modal
formula g, and prove the following lemmas.

Lemma 5. Let L be any set of n-modal formulas with K™ C L C S5™, for some
n > 3. Then the following are equivalent:
(i) Fan is a frame for L.
(ii) The formula —pg does not belong to L.
(iii) Fa 3 is a p-morphic image of some universal product S53-frame.

Lemma 6. 2 is representable iff Fo 3 is a p-morphic image of some universal
product S5%-frame. Further, 2 is representable with a finite base iff Fas s a p-
morphic image of some finite universal product S5°-frame.

Now Theorems 1 and 2 follow straightforwardly from (x) and Lemmas 5, 6.
Theorem 3 follows from Theorem 2, since if L were finitely axiomatizable then
there would be a recursive test for finite frames being frames for L. We prove
Lemmas 5, 6 and Theorem 4 in Section 3. Note that if L is recursively enumerable
and finite product frames for L are also recursively enumerable (such as, e.g., for
K™ K4", S5™) then the lack of product finite model property for L already follows
from Theorem 1.

2. FRAME FORMULAS IN PRODUCT FRAMES

In this section we establish a connection between arbitrary product frames and
product frames for $5°. This connection (Claim 7 below) is the heart of the proof
of Lemma 5.

Let F = (F, Ry, Ry, R2) be a finite 3-frame with the following property:

(1) (Vp,p’ € F)(3s0,s1 € F) pRoso, soR1s1 and s1Rap'.

(For example, universal product S5°-frames have this property.) For each point
p € F, introduce a propositional variable, denoted also by p. Define @z as the
Yankov-Fine frame formula of F:

(2) o\ er- \/ ¥)
pEF p'eF—{p}
(3) Aot N oo
i<3,p,p'€F
pRip’
(4) AOF /\ p— O
i<3,p,p'€F
~(pRip’)
Here, O; 1) abbreviates 1) A0;%, and O abbreviates O 07 0F ¢). Then clearly
is satisfiable in F: Take the model M = (F, v) with v(p) = {p}. Then M, ¢ = ¢,
for any ¢ € F. Moreover, it is straightforward to see the following (cf. [1] for the
unimodal case):
For any 3-frame H with property (1), H satisfies px iff there is a
generated subframe H™ of H which maps p-morphically onto F.
The following claim is a modification of this statement which applies to arbitrary
product frames satisfying @ .
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CramM 7. Let F = (F, Ry, R1, R2) be a finite 3-frame such that the R; are equiva-
lence relations and (1) holds in F. If px is satisfiable in an n-ary product frame
H, for some n > 3, then there is a universal product S5°-frame H~ which maps
p-morphically onto F. Further, if H is finite then H™ can be chosen finite as well.

Proof. Assume @r is satisfiable in an n-ary product frame
H = (Up, So) x (U1,S51) x (U, S2) X -+ X (Up—-1,Sn-1)-

Let the model 9t on H and u; € U; (i < n) be such that

M, (ug, Ut, U, U, - - -, Up—1) = QF.
We fix us, ..., u,—1 and write vovivat for points (vg, v1, ve, us, . .., un—1) of H. For
1 < 3, take

U~ ={vel; : v=u;oru;Sv}.
Define a function h: Uy x U; x Uy — F as follows:

h(vo,v1,v2) =p iff M vgv1v2T = p.

Then h is well-defined by (2). We claim that h is a p-morphism from the universal
product S5°-frame H~ = (U, ,U; , Uy ) onto F.

First, h is onto by (2), (3) and (1). Next we show that if ¢ < 3, (po,p1,D2),
(90,q1,92) € Uy x Uy x Uy, pj = q; for j # 4, j < 3, M, pop1p2t = p and
M, goq192@ = p’ then pR;p’. We may assume without loss of generality that ¢ = 0.
By definition of Uj, either py = ug or ugSopo, and similarly, either gy = ug or
uoSogo. By (2), there is a unique p”’ € F with 9, upp1p2u | p”. We claim
that p” Rop and p” Rop’. Indeed, if pg = ug then p = p”, thus p”’ Rgp holds by
reflexivity of Rg. If ugSope then I, uop1p2t = p” A Oop which, by (4), implies that
p" Rop. Similarly, one can show that p”’ Rop’. Now pRyp’ follows, by symmetry and
transitivity of Ry.

Finally, we show that if (po, p1,p2) € Uy x Uy x Uy , M, pop1p2t |= p and pRop’
then there is some v € U, such that 9, vp1pat = p’. Similar statements hold for 1
and U, , and 2 and U , respectively. Indeed, as we saw in the previous paragraph,
p" Rop for the unique p” € F with 9, ugpip2t = p”. Then p” Rop’ follows by
transitivity of Ry. By (3), 9, uop1p2t = Cop’ holds, thus there is some v € Uy
with 9, vp1pat = /.

Note that in general, even if H is a ternary product frame, H™ is far from being a
subframe of H. However, the set of points of H™ is in a one-to-one correspondence
with a subset of the set of points of H. So if H is finite then H™ is finite as well. [

3. RELATION ALGEBRAS AND PRODUCT FRAMES

A relation algebra is a structure of form 2 = (A, +,-,—,1,0,;,%, 1) satisfying the
following properties, for all z,y, z € A:
(A,+,-,—,1,0) is a Boolean algebra
zi(y;2) = (z5y);2
7 =zandz;1'=1;0=2x
; and ~ distribute over + (thus they are monotone with respect to Boolean
<)
o cycle law: z- (y;2) =0 <<= y-(x;27)=0 <<= =z-(y;2)=0.
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Note that this list of properties is not the “official” (equational) axiomatization
for relation algebras: though it is equivalent, see Maddux [12] for a discussion.
A relation algebra is atomic if its Boolean reduct is an atomic Boolean algebra.
Thus, finite relation algebras are atomic. A relation algebra is simple if it has no
non-trivial homomorphic images. It is well-known (cf. e.g., [12, Thm.17]) that a
relation algebra 2 is simple iff 1;a;1 = 1 holds, for all a # 0 in 2.

A natural example is the (simple) relation algebra of all subsets of U x U, for some
non-empty set U. Here ; is the composition (relative product) of binary relations, ~
is converse (inverse), and 1’ is the identity relation on U. A simple relation algebra
is called representable with base U if it is embeddable into the relation algebra of
all subsets of U x U. As we already mentioned, it follows from the main result of
[7] that there is no algorithm deciding whether a finite simple relation algebra is
representable.

Now take some finite simple relation algebra 2(. Call a triple (o, t1,t2) of atoms

of A consistent if t5” < tg ;¢ holds.
ty( \\il
to

Note that, by the cycle law, if a triple (to,1,t2) is consistent then (¢1,t2,t0),
(ta,t0,t1), (to,t3,t1), (t3,t1,t0) and (¢1,tp,t3) are also consistent.

Definition of the n-frame Fj5 , and the 3-modal formula y: Introduce a
point ¢ = tgtity for each consistent triple (¢g,t1,t2) of atoms of A. Write 7y for
the set of all such points. For ¢, € Ty and i < 3 define tR;¢' iff t; = ¢}. For
3 <i < m,let R; be the identity on 7y, and let Fy,, = (Ta, Ro, R1, Ra, ..., Rn_1).
Then clearly Fy , is finite and the R; are equivalence relations.

CLAIM 8. Fy 3 has property (1) above.

Proof. Take some t,t € Ty. Since ; and ~ are monotone and 2l is simple, there are
atoms z,y of 2 with tg < 27;t,”;y. Thus there is an atom z such that tg < z;y
and z < z”;¢,”. Now we have the following chain of consistent triples:

ty(\t‘l ty(\f V\f tf/\i’l
-— RO -— R]_ -— R2 -—
to Yy t

th

Now define @y as the Yankov—Fine frame formula of Fy 3 (cf. Section 2).

Proof of Lemma 5. For (i) implies (ii): Assume Fy ,, is a frame for L. Since ¢y is
3-modal and satisfiable in Fy 3, it is satisfiable in Fy y, for any n > 3. Therefore,
—pg is not valid in Fy ,, thus it does not belong to L.

For (iii) implies (i): Suppose Fy 3 is a p-morphic image of some universal product
S53-frame Gy X G X Go. Then clearly Fyp is a p-morphic image of the universal
product S5"-frame Gy x G X Go X --- X G,,_1, where G, is the one-point reflexive
frame, for each 3 < ¢ < n. Thus, by L C S5", Fy, is a frame for L.

Finally, if (ii) holds, that is, if =g does not belong to L then, by K™ C L, pg
is satisfiable in an n-ary product frame. Thus (iii) follows, by Claim 7. O
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Proof of Lemma 6. This follows from a chain of known results in algebraic logic
and duality between Kripke frames and Boolean algebras with operators. Here we
only list these results, but in Appendix B below we give the proofs in a modal logic
setting. For notions not defined here as well as a detailed summary of properties
of relation algebras and connections with cylindric algebras, consult Maddux [12].

As it was introduced in Monk [14], given a finite simple relation algebra A as
above, one may construct a 3-dimensional cylindric algebra

Caz2 = (B, +,-,—,1,0,¢;,dij)i j<s3

as follows: (B,+,-, —,1,0) is the Boolean set algebra of all subsets of 7y; for each
i < 3, the unary operation ¢; — the i*® cylindrification — is defined by

X = {t €Ty : It € X with t; = t;}, for all X C Ty;
and the diagonal elements, for i,j < 3, are
d,;j = {t € Tg[ Dt < 1/},

where k < 3, k #,7 and 1’ is the identity element of the relation algebra .
Then the frame Fy 3 above is the atom structure of the diagonal-free reduct
Df3 of CazA. Further, Df32l is clearly finite and cocice X = 1 hold in Dfg®l, for
all X # 0, by property (1) of Fg 3. Thus Dfs2 is simple.
It was shown in Monk [14] that

2 is representable (as a relation algebra) iff Caz2l is representable
(as a cylindric algebra). Further, 2 is representable with a finite
base iff Cag®l is representable with a finite base.

Since Df3% is a reduct of a 3-dimensional cylindric algebra and generated by binary
elements, the following statement holds (see Johnson [8], Halmos [5], cf. also [6,
Thm.5.1.51]):

Cas®l is representable (as a cylindric algebra) iff Dfs2l is repre-
sentable (as a diagonal-free cylindric algebra). Further, Cas2l is
representable with a finite base iff Df3?l is representable with a
finite base.

Finally, since Df3%2l is finite and simple, from basic duality theory we have:

Df32 is representable with base (U,V,W) (i.e., embeddable into
the diagonal-free cylindric set algebra of all subsets of U x V' x W)
iff its atom structure Fy 3 is a p-morphic image of the universal
product S53-frame on U x V x W.

Now the lemma clearly follows. O

Proof of Theorem 4. Take some finite, simple, representable relation algebra 2A
which is representable only with an infinite base (e.g., the linear or point relation
algebra, cf. Maddux [12, §2]), and consider the 3-frame Fy 3 and the 3-modal for-
mula ¢g. Then, by Lemmas 5 and 6, —g is not in L. We show that —yg is valid in
all finite k-ary product frames, for any k > 3. Suppose there is some finite product
frame satisfying @g. Then, by Claim 7, Fg 3 is a p-morphic image of some finite
universal product S5°-frame. This contradicts Lemma 6, since 2 is representable
only with an infinite base. Note that in Appendix A we demonstrate how such a
formula forces an infinite product frame. O
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APPENDIX A

Here we give a 6-element 3-frame F and demonstrate how the Yankov-Fine
frame formula of F can be satisfied in an infinite product frame only. This F is a
simplification of the 3-frame Fy 3 obtained from the linear (point) relation algebra
which is used in the proof of Theorem 4.

Let F' consist of all permutations of the set {0,1,2}. For i < 3, define R; as
“forgetting about ¢ in the triples”, that is, for p,q € F, let pR;q iff

(p(7) <p(k) iff q(j) <q(k)), whenever {i,j,k} ={0,1,2},

and let F = (F, Ry, Ry, R2). Throughout, given some p € F, we write p; for p~1(i)
and identify p with the triple pop1p2, cf. Figure 1. Also, we use notation p = i *jx,
whenever p(i) < p(j) holds.

RO Rl R2
201 210 201 210 201 210

120 Y . 021 120 é ;’ 021 120 021
012 102 012 102 012 102

FIGURE 1. The 6-element 3-frame F.

Then the R; are clearly equivalence relations and it is not hard to see that F
has property (1). Let ® be the Yankov—Fine frame formula of F:

ot \ A=\ p)Aaot A o) A0t N\ (0 0.
peEF p'#p i<3,p,p'€F i<3,p,p'€F
pRip’ —(pRip’)

CLAIM 9. There is a product frame satisfying P.

Proof. Let Qo, Q1 and Q2 be three pairwise disjoint, dense subsets of the rationals.
Take the universal product S5%-frame (Qo,Q1,Q2) and define a valuation v of the
variables as follows:

v(p) = {(zo,z1,22) € Qo X Q1 X Q2 1 Tp, < Tp, < Tp, }-
Now let M = (Qo, Q1, @2, v). It is not hard to check that M, (xg, z1,z2) E P, for
any (o, 1, 2). O
CrAM 10. Any product frame satisfying ® is infinite.

Proof. Let 9 be a model on the product frame (U, Sy) x (V,Sy) x (W, Sy). We
write xyz rather than (x,y,z) for points of 9. Suppose that xg € U, yo € V,
zop € W are such that

(5) ma ToYozo ’: P a’nda say, SUI, ToYozo ): 201.
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e = 201
o = 210
?
A .
v Un—1 @ [ ] [ ] ° [ ] O
y [ ] [ [ (] O
. ° ° o o ?
Yy @ [ ] (@) @) O
Yo @ O O @) O
T z1 Tn—1
| —

FiGUrE 2. The points z,, and y,.

We will show that both U and V' must be infinite sets. Let 0 < n < w and assume
inductively that we have defined points x; € U and y; € V for each i < n satisfying:
roSyx; and yoSyy;, for 0<i<mn,

x; #x; and y; #y;, for 4,5 <mn, i #j,
(6) M, z;y20 =201, for ¢ <j<n,
(7) M, z,y,20 = 210, for j<i<n.

We will now define z,, and y,. First consider x,,. We have 201R(210 and, by (6),
M, oyn—120 = 201. By (5), there is some x,, € U such that

(8) xoSvx, and M, x,y,—120 E 210.
By (5) and (6), z,, # x;, for i <n. We show that
(9) M, xny:20 E 210, forall 4 <n—1,

must hold (cf. Figure 2). We need the following claim:

Claim 10.1. There are no points ug,u; € U and vg,v; € V such that

o M, ugupzo | 210 and M, uyv129 = 210,
o M, ugvizo = 201 and M, uyvpze = 201,

and, for each i < 2,

e cither u; = xg or xoSyu;, and
e either v; = yo or yoSyv;.
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*2*1*& 021 \
| |

102

al
1
|
i
|
| Yo 2%
|
/

8 T
o
. \-MNMT-“ _

* 0% 2% * 2% 0%

FiGure 3. The proof of Claim 10.1.

Proof of Claim 10.1. Assume ug, u1,vg,v1 are as above. We will use (5) all the time
(cf. Figure 3). Since M, ugv129 = 201 and 201R5021, thus there is some z € W

such that zpSw z and

(10) M, ugvy 2z = 021.

Then M, uoyoz = a, for some a € F with a = *0%2%, which implies

(11) M, ugvoz = b, for some b € F with b = %0%2 * .

On the other hand, MM, ugvozo = 210 by assumption. Thus b = *1x0%, which implies
(12) b =102,

by (11). Further, by (10), 9, zgv1z = ¢, for some ¢ € F with ¢ = *2x1x. Thus
M, ujv1z | d, for some d € F with d = #2x1%. On the other hand, since by
assumption M, ujv129 | 210, d = *1%0x must hold, thus d = 210. Therefore,
M, u1y0z = e, for some e € F with e = #2x0+. Thus M, u1v9z = f, for some
f € F with f = %2x0x. By (12), we have M, xovgz = g, for some g € F with
g = *1%2x. Therefore f = %1%2%, and thus f = 120 must hold. Finally, this
implies that 9, uyvpzo = h, for some h € F with h = *1x0x, which contradicts the
assumption 9, ujvpzo | 201. O

Now one can prove (9) as follows. Take some ¢ < n — 1. Then we have
M, xn_1yiz0 E 210, by (7). Therefore M, zoy;20 = k, for some k € F with
k = x2x1x. Thus M, z,y;20 E ¢, for some £ € F with £ = x2x1x. On the other
hand, by (8), M, z,y020 | m, for some m € F with m = *2x0x%, thus £ = *2x0x
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must hold. Therefore, either / = 201 or £ = 210. Now apply Claim 10.1 with
Uy = Tp_1, U] = Tpn, Vg = ¥y; and v; = y,_1 to obtain £ = 210.

Next we define y,,. We have 210R;201 and we have just shown 9, x,,y020 = 210.
By (5), there is some y,, € V such that

(13) YyoSvyn and M, z,ynz0 E 201.

By (5), (8) and (9), yn # vi, for ¢ < m. It remains to show that, for all i < n,
M, x;ynz0 = 201 hold as well. To this end, take some i < n. By (13), we have
M, xoynzo = p, for some p € F with p = *2x1x. Thus M, x;y,20 E ¢, for some
q € F with ¢ = *2x1%. On the other hand, ¢ = *2x0% by (6) and (7), thus either
q = 201 or ¢ = 210. Now apply Claim 10.1 with ug = x;, u; = =, vo = y, and
v1 = Yn—1 to obtain ¢ = 201. This way we showed that both U and V must be
infinite sets, which completes the proof of Claim 10. O

APPENDIX B

In order to make the paper self-contained, here we prove Lemma 6 (via Claims 11—
14), using notions of modal logic only. However, we would like to emphasize that
these proofs are just ‘modal mirror images’ of the algebraic proofs of Halmos [5],
Johnson [8] and Monk [14].

CLAM 11. If the (finite, simple) relation algebra A is representable with base U
then the 3-frame Fg 3 is a p-morphic image of the universal product S53-frame on
UxUxU.

Proof. Assume there is some function rep embedding 2( into the relation algebra of
all subsets of U x U. Define the following function A from U x U x U to the set Ty
of consistent triples of atoms of A:

h(uguiug) = tot1te iff (ug,u1) € rep(ta), (ug,up) € rep(ty), (ui,usz) € rep(top).
It is easy to check that h is well-defined, and a p-morphism onto Fy 3. (]

Take a finite simple relation algebra 2 and define, for each i < j < 3, a subset
E;; of the set Ty as follows. Let k£ < 3 be different from both ¢ and j. Then take

Eij = {t €Ty @t < 1/}.

(Recall that 1’ denotes the identity element of 2(.) It is not hard to see that the
following properties hold, for all 1 < j < 3:

(14) (Vt € Ty) (3, t" € Eyj) tR;t" and tR;t”

(15) (Vt,t' € Ty) t € E;; and tRyt' implies t' € E;; (k< 3,k #1,7)
(16) Eo1 N Eo2 € E12, Eo1 N E12 C Ega, Eoga N E12 C Epy

(17) (Vt,t' € E;;) tR;t’ or tR;t' implies t = ¢'.

CLAIM 12. Assume that there is a p-morphism h from a universal product S5°-
frame (U, Uy, Us) onto Fo 3. Let U be the disjoint union of the sets U;, i < 3.
Then there is a p-morphism f from the universal product S5°-frame (U,U,U) onto
Fa,3 such that

(18)  (Mupurue € U x U x U)(Vi < j < 3) u; =u; implies f(upuiug) € E;j.
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Proof. Note first that for any triple of surjections f; : U — U; (i < 3), the map f
defined by

fuguiug) = h(fo(uo) fi(ur)fo(uz))
is a p-morphism from (U,U,U) onto Fy 3. We will define surjections f; : U — U;
(i < 3) such a way that (18) holds.

We claim that for every ug € Uy there is a point g“° = ugujus in Uy x Uy X U3 such
that h(g“) € Eo1NEpaNE1s. Indeed, take any ugzy € Uy x Uy X Us. By (14), there
is a uy € Uy with h(ugu1y) € Eo1, and there is a ug € Us with h(upuius) € E1a.
By (15), h(uguiuz) € FEo1 also holds, and so, by (16), h(uguiuz) € Epz. In the
same way we can show that for every u; € Uy (ug € Us) there is g"' = ugujus
(respectively, g2 = ugujug) in Uy x Uy x Us such that h(g“t) € Eo1 N Ega N E19
(and h(g“) € E01 n E02 n Elg).

Define maps f; from U onto U; (i < 3) by taking f;(u) to be the i-th coordinate
of g*, for every u € U. (Since f; is the identity on U;, f; is surjective.) Define
f:U xU xU — Ty as above. We show that f satisfies (18). For any u € U,

fuuw) = h(fo(u) fi(u) fa(u)) = h(g") € Eor N Eo2 N Era.
For any v € U, f(uuv) € Ep1, f(uvu) € Ego and f(vuu) € Eqo follow, by (15). O

CLAIM 13. Assume there is a p-morphism f from some universal product S5°-frame
(U,U,U) onto Fy 3 such that (18) holds. Then there is some set V with |V| < |U|
and a p-morphism g from (V,V,V) onto Fg 3 such that

(19) (Moguive € VX V X V)(Vi < j<3) v; =v; iff glvovive) € Ejj.
Proof. For every ¢ < j < 3, we define a relation D;; C U x U by taking
D;; = {(z,y) € UxU : Jug,u1,uz € U with u; =z, u; =y and f(uouiuz) € Eyj}.

In fact, these three relations coincide. Let us check, for instance, that we have
Do1 € Do2. Suppose f(zyz) € Eo1. By (15), f(zyy) € Eo1 and by (18), f(zyy) €
Ey5. Tt follows then from (16) that f(xyy) € Eoe.

Let D denote the relation Dg; = Dga = D12. We show that D is an equivalence
relation on U. By (18) it is reflexive. To show symmetry, let f(zyz) € Fo1. By
(15), f(xyx) € Ep1 as well. On the other hand, f(zyz) € Eoa, by (18). Thus, by
(16), f(zyx) € E12 which implies (y,x) € D. To prove transitivity, suppose xDg1y
and yDi2z. Thus f(zys) € Ep1 and f(ryz) € Eq9, for some s and r. Therefore, by
(15), f(zyz) € Eo1 N E12 and, by (16), f(zyz) € Eoe, that is, Dpaz.

Denote by [u] the D-equivalence class containing u. Let V = {[u] : v € U}.
Define the function g : V. x V x V — Ty by taking

g([uo][u1][uz]) = f(uourus).

We show that this g is well-defined: If u;Dv;, for each ¢ < 3, then f(ugujus) =
f(wov1v2) holds. We prove first that f(uouiuz) = f(ugviusg), if uyDv;. We do this
by showing that, for each ¢ < 3, f(upuiuz); = f(ugviusz);, i-e., they are the same
atom of . For ¢ = 1 it is obvious by the definition of Fy 3. Next, let ¢ = 2. By
(14), there is some z € U with f(upuiz) € Eq2, thus u; Dz follows, which implies
v1Dz. Thus there is some y € U with f(yvix) € E1a. By (15), f(uoviz) € E12 also
holds, thus, by (17), f(upuix) = f(upviz). Therefore,

f(U0u1U2)2 = f(uoulf)Q = f(uovlw)z = f(U001U2)2~
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The case of i = 0 is analogous. Further, it can be shown similarly that f(ugvius) =
fwovrug) and f(vouiug) = f(vgviva) also hold, which proves that g is well-defined.
It is obvious by its definition that ¢ is a p-morphism onto Fy 3 satisfying (19). O

CLAIM 14. Assume there is a p-morphism g from some universal product S5°-
frame (V,V,V) onto Fo3 such that (19) holds. Then the relation algebra U is
representable with base V', that is, A is embeddable into the set relation algebra of
all subsets of V- x V.

Proof. Recall that the points of Fy( 3 are the consistent triples of atoms of 2. Define
the representation rep of 2 with base V' as follows: For each atom c of %A, take

rep(c) = {(u,v) €V xV : Jw € V with g(uvw)s = c}.

Then, by the definition of Fy 3, rep(c1) and rep(cz) are disjoint, whenever ¢; # ca.
Extend rep to any element x of 2 by taking

rep(z) = U{Tep(c) : cis an atom of A and ¢ < z}.

It is straightforward to check that rep is a Boolean embedding. We show that it is
a relation algebra homomorphism. First, rep(1’) = {(u,u) : w € V'} holds because
of (19). Since ; and ~ distribute over Boolean join, it is enough to show that rep
preserves ; and ~ for atoms. To this end, we need the following claim:

Claim 14.1. For all u,v,w € V and atoms a,b,c of X,

gluvw) = abe  iff (u,v) € rep(c), (v,w) € rep(a) and (w,u) € rep(b).
Proof of Claim 14.1. We use the following property of Fy 3 all the time. For all
teTy,i<j<3and k <3 with k # 1, j,
(20) teb; = <1 = t=tj.

Suppose that g(uvw) = abe. Then (u,v) € rep(c) by definition. In order to prove
(v,w) € rep(a), we show — with the help of (19) and (20) — that g(vwu) = bea:

g(uvw) = abe g(uvw) = abe g(uvw) = abe
Ry Ry Ry

g(uww) = «bb” g(uvu) = c’xc g(vvw) = aa™*
Ry Ry Ry

g(uwu) = bxb” g(vou) = cex g(vww) = *a’a
Ry Ry Ry

g(vwu) = bxx g(vwu) = *xcx g(vwu) = *xa.

Similarly, one can show g(wuv) = cab, thus (w, u) € rep(b). For the other direction,
by (20) we know that g(wuw) = b"xb and g(vww) = *a”a, thus again an argument

similar to the above proves g(uvw) = abe. O

Using (20) and Claim 14.1, it is not hard to check that rep(c)” = rep(c”) and

rep(cy ;ca) = rep(cr) ;rep(cz) hold, for any atoms ¢, ¢1, . ]
REFERENCES

[1] A. Chagrov and M. Zakharyaschev. Modal logic. Number 35 in Oxford Logic Guides. Oxford
University Press, 1997.

[2] D.M. Gabbay. Fibring logics. Clarendon Press, Oxford, 1999.

[3] D.M. Gabbay and V.B. Shehtman. Undecidability of modal and intermediate first-order logics
with two individual variables. Journal of Symbolic Logic, 58:800-823, 1993.



ON MODAL LOGICS BETWEEN K x K x K AND S5 x S5 x S5 13

[4] D.M. Gabbay and V.B. Shehtman. Products of modal logics, part 1. Logic Journal of the
IGPL, 6:73-146, 1998.

[5] P. Halmos. Algebraic logic, IV. Transactions of the AMS, 86:1-27, 1957.

[6] L. Henkin, J.D. Monk, and A. Tarski. Cylindric algebras, part II. North Holland, 1985.

[7] R. Hirsch and I. Hodkinson. Representability is not decidable for finite relation algebras.
Trans. Amer. Math. Soc., To appear. Available at http://www.cs.ucl.ac.uk/staff/R.Hirsch/
papers/dec.ps.

[8] J.S. Johnson. Nonfinitizability of classes of representable polyadic algebras. Journal of Sym-
bolic Logic, 34:344-352, 1969.

[9] A. Kurucz. S5xS5xS5 lacks the finite model property. Accepted at AiML-ICTL’2000. Avail-
able at http://www.doc.ic.ac.uk/kuag/fmp.ps.

[10] A. Kurucz. On axiomatising products of Kripke frames. Journal of Symbolic Logic, 65:923—
945, 2000.

[11] R. Maddux. The equational theory of C' A3 is undecidable. Journal of Symbolic Logic, 45:311—
316, 1980.

[12] R. Maddux. Introductory course on relation algebras, finite-dimensional cylindric algebras,
and their interconnections. In H. Andréka, J.D. Monk, and I. Németi, editors, Algebraic logic,
volume 54 of Collog. Math. Soc. J. Bolyai, pages 361-392. North-Holland, 1991.

[13] M. Marx. Complexity of products of modal logics. Journal of Logic and Computation, 9:197—
214, 1999.

[14] J.D. Monk. Studies in cylindric algebra. Doctoral Dissertation, University of California,
Berkeley, 1961.

[15] K. Segerberg. Two-dimensional modal logic. Journal of Philosophical Logic, 2:77-96, 1973.

[16] V. Shehtman. Two-dimensional modal logics. Math. Zametki, 5:759-772, 1978.

[17] E. Spaan. Complezity of modal logics. PhD thesis, University of Amsterdam, 1993.

[18] F. Wolter and M. Zakharyaschev. Modal description logics: modalizing roles. Fundamenta
Informaticae, 39:411-438, 1999.

[19] F. Wolter and M. Zakharyaschev. Spatio-temporal representation and reasoning based on
RCC-8. In Proceedings of the Tth Conference on Principles of Knowledge Representation
and Reasoning (KR-2000), pages 3-14, Montreal, Canada, 2000. Morgan Kaufman.

DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY COLLEGE, GOWER STREET, LONDON WCI1E
6BT, UK
E-mail address: r.hirsch@cs.ucl.ac.uk

DEPARTMENT OF COMPUTING, IMPERIAL COLLEGE, 180 QUEEN’S GATE, LONDON SW7 2BZ,
UK
E-mail address: {imh,kuag}@doc.ic.ac.uk



