introduction

In this talk, elementary modal logic means the modal logic of an
elementary class of Kripke frames (defined by a first-order theory).

Axiomatising modal logics of elementary classes of Question: how to axiomatise?

Kripke frames _
e partial results

lan Hodkinson e general method
Thanks to Hilary for inviting me 1. convert first-order axioms to positive bounded form
2. convert positive bounded sentences to hybrid logic

3. compute modal approximants of hybrid formulas

e remarks

the world of modal logics

Fine, Thomason, Blok (1970s
elementary modal logics

: : They are numerous. Most everyday modal logics are elementary.
/ Kripke-complete modal logics \

Two live problems:
. McKinsey OOp — <Op

1. When does a given set of modal axioms axiomatise an

canonical elementary modal logic?
elementary

. most everyday modal logics 2. Given (the defining theory of) an elementary class of frames,
GHV how can we find axioms for its modal logic?

- .

elementary = canonical (Fine, 1970s)

We will start by looking at four attacks on problem 1.



elementary modal logics 1: Sahlqgvist-axiomatisable logics

Definition 1 (Sahlqvist formula)

e any positive modal formula (built from atoms, T, L using
A, Vv, 0O, <O) is a Sahlgvist formula

¢ Any negated boxed atom —O"p is a Sahlgvist formula

e If p, 1 are Sahlqgvist formulas then so are ¢ A ¥, ¢ V 9, Op.

Examples
Many common logics are Sahlqgvist-axiomatisable.
Op — p — equivalentto [-Op] V [p]

OOp — OCp  — equivalent to O[-0Op| Vv [OOp)]

McKinsey—Lemmon logic

This is an interesting logic from the Lemmon notes (1966):

KM : O((Opy VO=p1) A... A (Opy VO-pg))  (all k> 1).

The axiom for k = 1 is the McKinsey formula.
Facts (Goldblatt—IH 2006):

e class of all frames for K M *° is non-elementary (shown
independently by Balbiani—-Shapirovsky—Shehtman 2006)

e any axiomatisation has infinitely many non-canonical formulas

So KM is not Sahlgvist-axiomatisable.

Still, KM= is elementary: Lemmon showed it is the logic of the
class of frames satisfying

VazIy(R(z,y) AVzt(R(y, 2) A R(y,t) — z =1t))

facts

e Every Sahlqvist formula ¢ has a local first-order correspondent
x(z) (say), in the frame language. x can be computed from o.

For any Kripke frame 7 = (W, R) and w € W
oisvalid in F at w iff F = x(w).

E.g., local correspondent of Op — pis R(z, x).
So o is valid in F iff F |= Vax(z) — global correspondent of o.

e Any Sahlqvist formula axiomatises the modal logic of the class of
frames satisfying its global correspondent.
So all Sahlqvist-axiomatisable modal logics are elementary.

e Generalised by (e.g.,) Goranko, Vakarelov, Kikot.

elementary modal logics 2: Balbiani—Shapirovsky—Shehtman

BSS showed how to generalise Sahlqvist's approach to cover K M.

Theorem 2 (BSS, AIML-06) Leto(py,...,pr) be a Sahlgvist formula
with local correspondent x(x). Then the logic axiomatised by

{O(U(p%,...,p,lc)/\.../\cr(p?,...,p",;)) :on> 1}

where the p{ are distinct atoms, axiomatises the logic of the class of
frames satisfying  Va3y(R(z,y) A x(v)).

So all such logics are elementary.



BSS and KM

The Balbiani—Shapirovsky—Shehtman theorem covers K M nicely:

e by definition, K M is axiomatised by
{O((Cp1 — Op1) A ... A (Opy, — Opyp)) :n > 1}

e Op — Opis Sahlqvist with local correspondent
x(y) = Vavi(R(y,z) A R(y,t) — z =t)

e s0 by BSS, KM is the logic of the class of frames satisfying

VaIy(R(z,y) A x(y)) — as was already known (Lemmon 1966).

Similar logics (e.g., one of Hughes 1990) are also covered.

The full scope of this approach is not clear.

taking stock

problem 1 When does a given set of modal axioms axiomatise an
elementary modal logic?

problem 2 Given (the defining theory of) an elementary class of
frames, how can we find axioms for its modal logic?

All four approaches aim to solve problem 1. But Venema said his

original motivation for the additivity approach was to ‘axiomatise [the

modal logic of] an elementary frame class’. This is problem 2!
To attack problem 2, we might try to:

1. Take a potshot at a nice general form of modal axiom. Show
these axioms axiomatise all and only the elementary modal
logics. (This is problem 1 taken to the extreme!)

2. Start with the defining theory of an elementary class of frames.
Try to obtain modal axioms from it.
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elementary modal logics 3 and 4: Venema

3: Sahlqvist by expansions:
KM is finitely axiomatisable in an expanded modal signature, by:

6 — (Op—0p), <0

¢ is a new 0-ary modality.

The full scope of this approach is not clear.

4: Additivity axioms:
w(pVq) — w(p) Vr(q) forany positive modal formula 7(x).

This always axiomatises an elementary modal logic. (Venema
showed how to obtain the first-order definition.)

Sometimes it is Sahlgvist-axiomatisable (eg =(xz) = O<Cx), and
sometimes not (eg 7(z) = ¢Ox — follows from [Fine 1975]).
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general method of axiomatising any elementary logic

We follow the second route. Price: the axioms are not always nice.

Start with a class C of Kripke frames defined by a first-order theory T'.
Step 1: replace T by U = {e : ¢ a pseudo-equation, T' ¢}.

Step 2: convert sentences in U to a set ¢ of equivalent
quasipositive hybrid sentences.

Step 3: from each ¢ € &, synthesise an infinite set ¢* of modal
axioms by approximating the nominals in ¢ by modal formulas.

Then | J{¢* : ¢ € &} axiomatises the modal logic of C.

11



step 1: replace T by pseudo-equations

Positive bounded formulas:
I:= R(z,y)|z=y|T|L|IIAII|IIVII|

Vy(R(z,y) — 1) | Fy(R(z,y) A1) where z # y.
Pseudo-equations: Vx 7(z) where 7(x) is positive bounded.

Recall C defined by T'. Put U = {¢ : ¢ a pseudo-equation, 7' I- ¢}.

Theorem 3 (Goldblatt 1995) Mod(U) is the closure C of C under
disjoint unions, bounded morphic images, generated subframes, and
ultraroots.

C has the same modal logic as C.

So we can and do replace C,T by C, U.

Step 1 is not needed if T is already pseudo-equational.
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validity

A hybrid sentence ¢ is valid in a frame F = (W, R) (written F = o) if
F,h,w = ¢ for every w € W and every hybrid assignment 4.

Example
Recall O((Opy VO-p1) Ao A (Opp VO-pg))  (k>1)
axiomatises the logic K M of the class of frames satisfying
VaIy(R(z,y) AVzt(R(y, z) A R(y,t) — z =1))
These frames are the ones validating the hybrid sentence

O3l
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step 2: hybrid logic

Hybrid logic = modal logic + nominals (like first-order variables)
H:=4|T|L|-H|HANH|HVH|CH|OH |ViH | 3iH

i,7,...are the nominals. Sentence — no free nominals.

semantics

Fix a Kripke frame F = (W, R).
An assignment/valuation into F is a map h : {nominals} — W.

F,h,w = iiff w= h(i)
Boolean and modal operators as usual
F,h,w EVip iff F,g,w | ¢ for all assignments g with
g(j) = h(j) for all nominals j # i.

3 similar
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guasipositive hybrid formulas and pseudo-equations

Actually we only need the quasipositive fragment of hybrid logic.
= | T|L|PA®P|PVD|OP|OD | Fid |
Yi(Oi — ®) | O AVI(D(] — i) — @) |
O ACH) AVI(O( — O — Oi)) — @) | ---

Proposition 4  Any pseudo-equation e can be easily translated into
a quasipositive hybrid sentence ¢ that is valid in precisely the frames
satisfying ¢.

Example:
e = Va3y(R(x,y) AV2(R(y,2) — R(z,2) V R(z,2) V& = 2))
translates to
¢ =3x[z AJy(Oy AVz([O(y — 02)] = 02V [00(z A Ox)] V 2))].
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step 2 conclusion

Using proposition 4, we replace the pseudo-equational theory U
defining C by a set ® of quasipositive hybrid sentences valid in
precisely the frames in C.

Steps 1 and 2 are not needed if we can define our elementary frame
class by quasipositive hybrid sentences in the first place.

E.g., the frames for K M are defined by <¢3i0s.
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example: approximants of <©3i0i axiomatise KM

Recall O((Opy VO=p1) A...A(Opp VO-pg)) (k>1)

axiomatises logic K M of class of frames validating

p = Okbs.
Approximate ¢ w.r.t. finite set S = {p1, ..., pi} of atoms:
<& 34 ] A
AN~
ps = <>\/D(/\p/\ /\ﬂp)~
XCsS peX peS\X

s is equivalent to the kth axiom of K M.
Conclude {¢g : S finite} axiomatises K M !

In general, if we define ‘approximant’ properly, then:
For any quasipositive hybrid sentence ¢, the set of its approximants
axiomatises the modal logic of {F : F |= ¢}.
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step 3: modal approximants of quasipositive hybrid formulas

Idea: approximate nominals by modally-definable (clopen) sets in
Kripke model.

Let S be a finite set of modal formulas. For any X C S, we can
approximate the nominal ¢ by

isx = NaraeX}a\{-B8:8e5\X}.

Simulate Vi by conjunction over all X C S.

Simulate Jip by disjunction over all X C S.
We get a modal ‘approximant’ of a hybrid formula ¢ with respectto S.
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soundness. ..

Lemma 5 If a quasipositive sentence ¢ is valid in a frame F, then alll
approximants of ¢ are valid in F.

This is essentially a monotonicity principle. Clopens are coarser than
nominals, so should be OK for positive hybrid ¢ (monotonic).

Problem: V. For some models M on F, A\ x4 may include X
such that the approximant ig x is true at no world of M.

Solution: relativise V to exclude such ‘inconsistent’ X.

Vi i — bad. Vi(Oi — i) — OK.
General (quasipositive) form:
O(IACF)AVI(O(F — O — 1)) — )
N———
any length

But quasipositive is not positive! This causes technical problems.
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...and completeness

Definition 6 Kripke model M = (W, R, m) is said to be descriptive if:

1. Whenever t # u in W, there is a modal formula « such that
Mt = aand M, u | —a.

2. Ifw,v € W, then R(w,v) iff (M, w = Oa whenever M, v | «).

3. Any set of modal formulas is satisfied in M if all finite subsets of
it are.

Example: the canonical model of any modal logic.

Lemma 7 If all approximants of a quasipositive sentence ¢ are valid
in a descriptive model M, then ¢ is valid in M’s Kripke frame.

Can prove by extending Sahlqgvist's completeness theorem.

20

example ctd

3) Suppose M, w = (¢3i0i)g (all S) —i.e., M,w = \g <(Fi09)s.
Esakia’s lemma converts A ¢ to O A:

there is v € W with R(w,v) and M, v = (Ji0i)g (all S).
By (2), F,v = 3i0i. So F,w = ©3i0i.

So if all approximants (<¢3i0:) ¢ are valid in M, then <3i0q is valid in
its frame F.

tech points

Cases A, V are ‘similar’. V needs care: quasipositive #- positive.
We require throughout a monotonicity lemma.

It seems necessary to allow different nominals ¢, j, k, . . . to be

approximated with different sets S.
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example: <3i0;

Fix descriptive model M = (W, R,m). Recall is x = /\ an [\ 5.
v )
F acX peS\X

We show M, w = (¢3i0i)g (all §) = F,w = &30,

1) Let X be a set of modal formulas. For each finite set S of modal
formulas, put Xg := SN X. Let h be a hybrid assignment.

Assume ‘X IF R'tie., (Vw € W)(M,w [ igx, @l S) = F, hwl=i).
Then (easy) (Vw € W)(M,w = (Di)s,x, (@ll S) = F, h,w = 0i).

2) Fix w. Suppose that M, w = (Fi0i)g (all S).

Then M, w ': VXQS(DZ.)&X (all s). Ssovsdx C S(./\/l,w ‘: (Di)s7x).
By Konig’s tree lemma and descriptiveness, can find X', k

such that X I+ h and M, w = (Oi) g, x4 (all S).

X I+ h,so by (1), F, h,w = Oi.

So clearly, F,w = 3i0.
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step 3 conclusion

Corollary 8 The approximants of a set ® of quasipositive sentences
axiomatise the logic of the class of frames validating all ¢ € ®.

Proof. Let K be the class of frames validating every ¢ € ®.
Let Ag be the logic axiomatised by approximants of sentences in .

1. By soundness (lemma 5), Ag is valid over K.

2. Suppose a ¢ Ag. We show « is not valid over K.
Let M be the canonical model of Ag. Let F be its Kripke frame.
Let ¢ € ®. Each approximant of ¢ is an axiom, so is valid in M.
M is descriptive. By completeness (lemma 7), ¢ is valid in F.
This holds for all p € ®. So F € K.

By general theory, M satisfies —a. So « is not valid in F.

23



conclusion

Corollary 9 The elementary modal logics are precisely those
axiomatised by the approximants of sets ® of quasipositive
sentences.

Proof. «<: Any such ® defines an elementary class of frames.
By corollary 8, the logic Ag is elementary too.

= Given first-order theory T defining an elementary frame class C,

step 1 turns T into a pseudo-equational theory U defining C. The
modal logics of C,C are the same.

step 2 turns U into a set ¢ of quasipositive hybrid sentences valid in

precisely the frames in C

step 3 turns ® into approximants. By corollary 8, they axiomatise
the logic of C.
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Syntactic characterisation of elementary modal logics, by
approximants. New way to study them.

1.
2.

proof works for multiple polyadic modalities

‘explains’ elementarity of K M and other non-Sahlqgvist logics
by Sahlgvist-like means. But BSS do it better?

axioms can be ‘natural’ — eg K M
some logics need infinitely many quasipositive sentences

open problem to find finite axiomatisation where one exists
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