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A construction of cylindric and polyadic algebras from
atomic relation algebras

IAN HODKINSON

ABSTRACT. Given a simple atomic relation algebra A and a finite n > 3, we construct
effectively an atomic n-dimensional polyadic equality-type algebra P such that for
any subsignature L of the signature of P that contains the boolean operations and
cylindrifications, the L-reduct of P is completely representable if and only if A is
completely representable. If A is finite then so is P.

It follows that there is no algorithm to determine whether a finite n-dimensional
cylindric algebra, diagonal-free cylindric algebra, polyadic algebra, or polyadic equal-
ity algebra is representable (for diagonal-free algebras this was known). We also ob-
tain a new proof that the classes of completely representable n-dimensional algebras
of these types are non-elementary, a result that remains true for infinite dimensions
if the diagonals are present, and also for infinite-dimensional diagonal-free cylindric
algebras.

1. Introduction

Algebraic logic has traditionally studied representations of various kinds of
abstract algebra as genuine algebras of relations on a set. A representation is
an embedding from the abstract algebra into a concrete algebra of relations,
respecting the operations on the algebra. One example is relation algebras.
These are axiomatically-defined abstract algebras whose corresponding con-
crete algebras are algebras of binary relations on some base set, the concrete
algebra operations being the boolean operations, identity (or equality), rela-
tional converse, and the relational composition of two binary relations. An-
other example is n-dimensional cylindric algebras, for some fixed ordinal n.
Again, these are abstract algebras, defined by axioms; the corresponding con-
crete algebras are algebras of n-ary relations on some base set, endowed with
the boolean operations together with diagonals and cylindrifications, which
are algebraic versions of first-order equality and existential quantification, re-
spectively. In these algebras, in finite dimensions, all non-permutational sub-
stitution operations are definable — these operations are algebraic analogues
of changing the free variables in a first-order formula. Polyadic equality alge-
bras are similar to cylindric algebras, but include all substitutions as primitive
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diagonals cylindrifications substitutions
algebras all  non-1-1

substitution algebras v

diagonal-free cylindric
algebras

cylindric algebras v
polyadic algebras
polyadic equality algebras v

definable
v
v

NN NN

TABLE 1. Some algebras of finite-dimensional relations.

operations. If we drop the diagonals, we obtain polyadic algebras, and if we
drop the substitutions as well, we obtain diagonal-free cylindric algebras. Sub-
stitution algebras (Pinter, [24, Definition 2.1]) incorporate only the boolean
operations and non-permutational substitutions. See Table 1 for a summary.

An abstract algebra is said to be representable if it has a representation.
Often, the class of abstract representable algebras is difficult to characterise.
For example, it is frequently not finitely axiomatisable in first-order logic (e.g.,
[21, 22]). Rather less studied than questions of axiomatisation is the question
of whether an algorithm exists to ascertain representability of finite abstract
algebras. There is a connection between the two kinds of question. If the
class of representable algebras is finitely axiomatisable (in almost any finitary
logic one can think of), then such an algorithm exists: we simply evaluate the
finite set of axioms in the given algebra. (Thus, for example, by [5, 3.2.54,
3.2.55, 3.2.65], for n < 2 it is decidable whether a finite n-dimensional cylin-
dric algebra is representable.) But the converse is false in general, and the
class Crs,, (for finite n > 3) of n-dimensional cylindric relativised set algebras
provides a counter-example: see [23] and [5, 5.5.12]. So showing that there is
no algorithm to decide representability gives a stronger result than non-finite
axiomatisability of the class of representable algebras in a particular logic.

In [7, 8], it was shown that the problem of whether a finite relation algebra
is representable is indeed undecidable. The proof involved a rather intricate
reduction of an undecidable tiling problem. Some applications appear in [10,
11].  The result was extended in [10] to finite n-dimensional diagonal-free
cylindric algebras, for all finite n > 3, using work of Johnson [12].

A little can be deduced from this about the cylindric algebra case. In
[20], Monk gave an effective representability-preserving construction of a 3-
dimensional cylindric algebra from an arbitrary relation algebra. [20, p. 63]
states that the idea is due to Lyndon. [20, p. 81] adds that ‘This description
occurs in a letter from Lyndon to Thompson dated May, 1949 . .. in this letter
he restricts himself to the case of proper relation algebras.” It also states that
reference to the embedding has occurred in several places. The earliest of them
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is [15]. Now if the relation algebra is finite, then the constructed cylindric
algebra will also be finite. It follows by Turing reduction from the relation
algebra case that it is undecidable whether a finite 3-dimensional cylindric
algebra is representable.

It has remained an open question whether there is an algorithm to de-
cide representability of finite cylindric algebras of higher finite dimensions
(4,5,...). That there is no such algorithm can be proved by a complicated
adaptation of the already rather complicated proof for relation algebras, and
this has been done in outline by Robin Hirsch and independently by the au-
thor. However, it would be simpler, perhaps more interesting, and potentially
more useful, to generalise Monk’s construction, at least for finite or atomic
relation algebras, to higher dimensions.

In some way, this has already been done. In [16], Maddux put forward a new
construction of cylindric algebras from relation algebras, using what we will
call ‘networks’. Here is a rough summary adequate for now (we will say more
in Section 3). In dimension 3, given a relation algebra, Maddux’s construction
produces a 3-dimensional cylindric algebra isomorphic to Monk’s. The con-
struction can also work in higher dimensions. In dimension 4, given a relation
algebra, it produces a 4-dimensional cylindric algebra, but representability
may not be preserved. In higher dimensions, it works only for certain relation
algebras and again representability may not be preserved.

In this paper, we present a construction that (roughly) does preserve and
reflect representability in higher dimensions than 3. Our construction is similar
to Maddux’s in the case of finite algebras and dimension 3.

In a little more detail, let A be any simple atomic relation algebra. (We
assume simplicity solely to allow a shorter presentation, and simple algebras
are all we need for our undecidability result — by [8, Theorem 18.13], it is
undecidable whether a finite simple relation algebra is representable.) Let
n > 3 be finite. We will construct from A an atomic n-dimensional polyadic
equality-type algebra P, (A) with the following property. Let L be any sub-
signature of the signature of polyadic equality algebras containing the boolean
operators and cylindrifications — that is, L lies between diagonal-free cylin-
dric algebras and polyadic equality algebras in expressivity. Let Q be the
L-reduct of P,(A). Then A has a complete representation if and only if Q
has a complete representation. See Theorem 4.13 below; a rough explanation
of the construction will be given in Section 3. (A complete representation is
one that respects all existing meets and joins in the algebra.) If A is finite,
the construction is effective and Q is finite, and in this case there is of course
no difference between complete representations and ordinary representations.
It follows by Turing reduction from the relation algebra case [7, 8] that for
any finite n > 3, there is no algorithm to decide whether a finite L-algebra is
representable as an algebra of relations. See Corollary 5.1 below.

This theorem covers cylindric algebras, diagonal-free cylindric algebras,
polyadic algebras, and polyadic equality algebras (Theorem 5.2), and the proof
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handles all of them together. It does not cover, e.g., Pinter’s substitution al-
gebras, whose signature is just the booleans and the non-permutational sub-
stitution operators — and indeed their representability is decidable since the
class of representable algebras is finitely axiomatisable [25, Theorem 17].

Our construction has further applications. In [6], it was shown that the
classes of completely representable relation algebras, and completely repre-
sentable a-dimensional cylindric algebras, for any a > 3, are non-elementary.
Here we prove that for any finite n > 3 and any signature L as above, the class
of completely representable L-algebras is non-elementary, again by ‘reduction’
from the relation algebra case. See Corollary 6.3. Essentially the same result
can be found in [13], which adapts the known proof for cylindric algebras. Re-
mark 6.4 discusses the infinite-dimensional case: when diagonals are present,
the direct argument used for cylindric algebras in [6] can be applied, and we
can also handle infinite-dimensional diagonal-free cylindric algebras as a spe-
cial case. As far as we know, the case of infinite-dimensional polyadic algebras
remains open.

Layout of paper. After revision of some background information in Section 2,
the construction is presented in Section 3, the proof of preservation of repre-
sentability in Section 4, the undecidability result in Section 5, and the non-
elementary result in Section 6. We hope that the construction will find further
uses and be generalised to other kinds of algebra, and Section 7 lists some
possibilities.

Notation. We will generally identify (notationally) an algebra or structure with
its domain. For sets X, Y, p(X) denotes the power set of X, and XY denotes
the set of maps f: X — Y. Maps are regarded formally as sets of ordered
pairs, so above, f = {(z, f(z)) : « € X}. For a partial map f: X — Y, we
write dom f for the domain {z : Jy((z,y) € f)} of f. For possibly partial
maps f: X — Y and g: Y — Z, we let g o f denote the composition map
: X — Z given by go f(z) = g(f(x)) (for € dom f with f(z) € domg). For
f: X =Y and X' C X, we write f[X'] for {f(x) : x € X'}, and rng f for
fIX]. For f,g: X =Y and z € X, we write f =, g if f(z') = g(2) for each
' € X \ {z}. An ordinal is the set of all smaller ordinals. For an ordinal n,
we generally write elements of "X as @, b (to suggest n-tuples or sequences),
and write a(i) simply as a; for i < n.

2. Background

We assume familiarity with the fundamentals of boolean algebras, some
experience with basic aspects of relation algebras ([5, 5.3.1-5.3.5] and [18] have
more than what we need), and a little acquaintance with cylindric algebras
and polyadic algebras. In this section, we briefly recall some relevant notions
and fix some notation. Fix, throughout, a finite dimension n > 3 (so n =
{0,1,...,n—1}).
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2.1. Boolean algebras. Let A, B be similar algebras of a signature contain-
ing the boolean operators, and suppose that the boolean reducts of A, B are
boolean algebras. As usual, by an atom of A we will mean an atom of its
boolean reduct. We write At A for the set of atoms of A. A homomorphism
f:+ A — Bis said to be complete if f(ZA 5)=YF fS] whenever S C A and
ZAS exists (equivalently, f(HA S) = [1° f1S] whenever S C A and HAS
exists). The composition of two complete homomorphisms is complete. We
will need the following lemma, which is essentially [8, 2.16-2.17].

Lemma 2.1. Let A, B be as above and assume that B is atomic. Let f: A — B
be a homomorphism. Then f is complete iff for each atom b € At B, there is
an atom a € At A with f(a) > b. If f is complete and injective, then A is
atomic.

Proof. Tf f is complete, take b € At B. The set S = {a € A: f(a) > b} is an
ultrafilter of A, so a = HA S exists (it is an atom of A in S if S is principal,
and 0 otherwise). If a = 0, then as f is complete, 0 = f(a) = HB f[S]>b>0,
a contradiction. So a € S is an atom of A with f(a) > b.

Conversely, assume the condition and take any x € A and S C A such
that x = ZA S. Then f(z) is an upper bound in B for f[S]. Assume for
contradiction that f(z) # ZB fIS]. As B is atomic, there is b € At B with
b < f(x) and b- f(s) = 0 for all s € S. Using the condition, take a € At A
with f(a) > b. Then f(a-x) = f(a) - f(z) >b>0,s0a-2>0and a < x.
Hence, a < s for some s € S (else z — a is a smaller upper bound for S). So
b < f(a) < f(s), contradiction.

For the last part, if x € A is non-zero, then f(x) > 0, so as B is atomic,
there is b € AtB with b < f(x). Take a € At A with f(a) > b. As above,
a < x, proving that A is atomic. |

2.2. Representations and complete representations. A relation algebra
is an algebra A = (4,4, —,0,1,1",7, ;) satisfying certain equations laid down
in [26] (see also [5, 5.3.1], [19, 6.0.1]). The equations comprise the axioms for
boolean algebras (so (A, 4+, —,0,1) will be a boolean algebra) plus others that
will not be explicitly needed here. See, e.g., [19, 8] for more information about
relation algebras.

Definition 2.2. A full relation set algebra is an algebra of the form
Re(U) = (p(U x U),U, \,0,U x U, Idy, -1, |),

where U is a set, Idy = {(z,z) : x € U}, and for R,S C U x U, we have
R '={(z,y): (y,z) € R} and R| S = {(z,y) : I2((x,2) € RA(2,y) € S)}.
Let A be a relation algebra. A representation of A is an embedding (i.e.,
an injective homomorphism) h: A — R = [];cx Re(Uy), for some index set
K and sets U, (k € K). We say that h is an atomic representation if for
every k € K and z,y € Uy, there is an atom a of A with (z,y) € h(a), and
is a complete representation if h: A — R is a complete homomorphism in the
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sense of Subsection 2.1. We say that A is (completely) representable if it has
at least one (complete) representation.

This does indeed ‘represent’ the elements of A as relations because, assum-
ing that the Uy, are pairwise disjoint, h(a) (for a € A) can be identified with
the binary relation |J,cx h(a)r on J,cx Ur. There are similar definitions
for polyadic equality algebras and their reducts. An (n-dimensional) polyadic
equality-type algebra is an algebra with the signature

{+7_,071»dijvci750 : 27,7 <n, o: n—>’l7,},

where the boolean operations +, —, 0, 1 are as for relation algebras, the d;; are
constants, and the ¢; and s, are unary function symbols. In this paper, we do
not need to restrict ourselves to polyadic equality algebras (algebras satisfying
the axioms of polyadic equality algebra), so we do not introduce the polyadic
axioms. (See, e.g., [5, §5.4] for more information.)

Definition 2.3. An (n-dimensional) full polyadic equality set algebra is an
n-dimensional polyadic equality-type algebra of the form

Pe,(U) = (p("U),U,\,0,"U, D}, CF, S i, j <n, o:n—n),

R
where U is a set, and for each X C"U, i,j <n, and 0: n — n,
o DY ={ae"U:a; = a;},
e CYX ={ae™U:3be X(a=;b)}, where @ =; b means that a; = b; for
each j € n\ {i} (as in the Notation in Section 1),
e SUX={ae"U: :a00€ X}.

Definition 2.4. Let B be an L-algebra, where
{+7_70a 1} CLC {+7_70a 17dijacia50' : Z7.7 <n, o:n— n}

(1) Suppose that L N {di;,ss : 4,j < n, o: n — n} # 0. A representation of
B is an L-embedding h: B — Q = erK Qp, where K is some set and
each Qy is the L-reduct of a full polyadic equality set algebra PBe,, (Us),
for some set Uy. For use below, we write P, = "U}, for each k € K.

(2) Suppose instead that L C {+,—,0,1,¢c; : ¢ < n}. In this case, a repre-
sentation of B is an L-embedding h : B — Q = erK Qp, where K is
some set, Uy ; is a set (for each k € K, i <n), P, =[[,., Uk, (for each
k€ K), and

Qk:(@(Pk)vuv\,@vpk’CiPk :’i<'fL, CiGL)’
where C/*X = {a € P, : 3b € X(a=; b)} for each X C P, and i < n.

In either case, if such an h exists, the boolean reduct of B is a boolean algebra.

i<n

We say that h is an atomic representation if for every k € K and a € Py, there
is an atom b of B with @ € h(b), and is a complete representation if h is complete
in the sense of Subsection 2.1. It can be checked that h is complete iff the
projection 7w o h: B — QO is a complete homomorphism for each k € K. B is
said to be (completely) representable if it has some (complete) representation.
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Remark 2.5. The following applies to all kinds of representation defined so
far. Any representation of a finite algebra is complete — all existing meets and
joins are finite and so are respected by any representation, since it preserves the
boolean operations. The algebras R, Q in Definitions 2.2 and 2.4 are atomic,
so by Lemma 2.1, a representation of an arbitrary algebra is complete iff it is
atomic, and any completely representable algebra is atomic.

If Ais a dense subalgebra of B — that is, for each b € B\ {0} there is
a € A\ {0} with a < b— then for each S C A such that ZA S exists, we have
ZA S = ZB S. Hence, if B is completely representable, then so is any dense
subalgebra of 5.

An algebra is simple if it has no proper nontrivial homomorphic images.
(Some authors also require that the algebra is itself nontrivial.) If A is a
simple relation algebra and h: A — R = [],.cx Re(Uyk) is a representation,
let 7 : R — PRe(Uk) be the natural projection for each k. It is easily verified
that 7 is a complete homomorphism. As h is one-one, there is k € K such
that 7, o h(0) # m, o h(1). By simplicity, mx o h: A — Re(Uy) is one-one
and so a representation of A, and if h is a complete representation, then so is
7 o h. Similar considerations apply to the representations of Definition 2.4.
We conclude that any simple (completely) representable algebra of the above
kinds has a (complete) representation of the above form with |K| = 1. Such a
representation is sometimes said to be square.

2.3. Polyadic equality atom structures. Our algebra P, (A) will be the
complex algebra over an atom structure.

Definition 2.6. An (n-dimensional) polyadic equality atom structure is a
structure of the form

S=(5dij, =i, :i,j <n, o:n—n),

where S is a non-empty set, d;; € S, =; is an equivalence relation on S,
—7: S5 — S is a map taking s € S to an element s” € S, and (s7)” = s7°7 for
allo,7: n — n and s € S. We will often refer to elements of an atom structure
as ‘atoms’.

The complez algebra of S is the n-dimensional polyadic equality-type alge-
bra

$+ = (p(s)aua\awasadijaci)sa . Za] <n,o:n-— n)a
where for each X C S, we have ¢, X = {s € § : Jz € X(z =; s)} and

seX ={s €5 :5% € X}. As is usual, we identify an element s € S with the
atom {s} € ST.

2.4. Relation algebra networks. The atoms of the atom structure will be
made from atomic A-networks.
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Definition 2.7. Let A be an atomic relation algebra. An atomic A-network
is a structure N = (N, N2), where Nj is a (possibly empty) set of ‘nodes’,
and No: N7 X N1 — At A is a map satisfying, for all z,y,z € Ny,

(1) N2(1'7$) < 177

(2) NQ(mvy) = Ng(y,:ﬂ)u,

(3) Na(x,y) < Na(z,z); Na(z,y).

N is said to be strict if No(z,y) < 1 = 2 = y. For networks N = (Ny, Na)
and N’ = (N, N)), and an object i, we write N =; N if Ny \ {i} = Ny \ {i}
and No(j, k) = N4(4,k) for all 4,k € Ny \ {i}. Note that we require neither
Ny = N{ nor i € N7 U N{ here. We sometimes drop indices and just write N
for any of NV, N1, No. We may refer to Ni as the domain of N, or its set of
nodes.

2.5. Equivalence relations on n. Each atom will also incorporate an equiv-
alence relation on n that will determine which diagonals the atom lies in. Here,
we lay down some useful facts and notation about such equivalence relations.
The number n — 3 figures prominently and its role will become clear in Sec-
tion 3.

Definition 2.8. We write Eq(n) for the set of equivalence relations on n. Let

~,~ € Eq(n).

(1) For i < mn, we write ~ =; ~ iff j ~ k <= j~'kforall j,ken)\{i}.

(2) For X C n, we write X/~ ={{j <n:j~i}:i€ X} (this is slightly
non-standard, since we may have |J(X/~) # X).

(3) We let

H(~)={X Cn:n\ X is a union of exactly n — 3 ~-classes}
={XCn:|(n\X)/~=n-3and J(X/~) =X}

Of course, H(~) may be empty. Obviously, | X| < 3 for each X € H(~).
(4) For X,Y C n and i < n, we say that X and Y match for ~ off i if

XU{i}=YU{i} =1,say,and |[(n\I)/~|=n—3.
(5) For o: n — n, we write ~, € Eq(n) for the equivalence relation given by

i ~g jiff o(i) ~o(j) (for each ¢,5 < n).
(6) For X C n and a map o: n — n, we let

o (X)={i<n:Vj<n(i~o(j) —jeX)}
A more explicit but less handy equivalent definition is

o~ (X) =n\U((e[n\ X])/~).

We will need the following elementary lemma. We let Id denote the identity
map on n.

Lemma 2.9. Leti < n, let ~,~' € Eq(n) satisfy ~ =; ~', and let X, X' C n.
(1) If X and X' match for ~ off i, then X \ {i} = X'\ {i}.
(2) X and X' match for ~ off i iff they match for ~" off i.
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(3) If X € H(~), then X and X' match for ~ off i iff X U{i} = X'U{i} =1,
say, and Id~(I) = X.
(4) If o,7:n—n and o(j) ~ 7(j) for each j € n\ X, then o (X) = 7.(X).
(5) Ifo:n—n and X € H(~,), then
(a) ofX] C on(X),
(b) ofn\ X] C n\ 0 (X) and (ofn\ X])/~ = (n\ 0(X))/~,
(¢) o (X) € H(~).
(6) If o,7:n —mn, then (0 o) (X) = o (7o, (X)).

Proof. In the proof, we use j, k, t, u, and (after part (3)) i as variables ranging
over n.

(1) and (2): These are easy.

(3): Assume that X U {i} = X’ U{i} = I, say. By definition,

Ido(I) ={t:Yu(t ~u—uel)} (2.1)

Claim. |[(n\I)/~|=n—-3iff Id.(I) C X.

Proof of claim. Plainly, (n\I)/~ C (n\X)/~, and the latter has size n—3 since
X € H(~). So [(n\I)/~| = n—3 iff they are equal, iff (n\I)/~ D (n\X)/~,
iffVi(t ¢ X — Ju(t ~uAu ), ff Vi(Vu(t ~u — u € I) — ¢t € X), which
by (2.1), is iff Id.(I) € X. This proves the claim.

Since X is a union of ~-classes and X C I, it is immediate from (2.1) that
X CId.(I). By the claim, X and X’ match for ~ off ¢ iff [(n\ I)/~| =n—3,
iff Id~(I) = X. What we have proved is equivalent to what is required.

(4): Given the assumption, observe simply that o (X) = {i: Vj(j ¢ X —
i ()} =i V(G & X — i 7(j)} = 7 (X).

(5): Let 4 be arbitrary. If i € X, then for any j, if o(i) ~ o(j), then
1 ~y j; as X is a union of ~,-classes, this implies j € X. So by definition,
o(i) € o~(X), and we conclude that o[X] C o (X). If on the other hand
i ¢ X, then j = i satisfies o(i) ~ o(j) and j ¢ X, so o(i) ¢ o~(X). Hence,
oln\ X] C n\ o.(X), so also, (o[n\ X])/~ C (n\ 0~(X))/~. Further,
if k& ¢ o.(X), then by definition there is j ¢ X with k& ~ o(j). Hence,
(cn\ X))/~ 2 (n\ 0~(X))/~ as well. It now follows that o (X) € H(~),
because it is immediate from the definition that o (X) is a union of ~-classes,
and |(n\o~ (X)) /~| = [(o[n\X])/~] = [(n\X)/~o| = n=3, since X € H(~g).

(6): We note that for each 1,

i € 0n(7o, (X)) = Vij(i ~0(j) = j €7, (X))
— Vj(i ~o(j) = Vk(j ~o T(k) — k € X))
= Vj(i~o(j) = Vk(o(j) ~ o(r(k)) — k € X))
= VYjk(i~o(j)ANo(j) ~o(r(k)) = ke X)
— Vk(Jjli ~o(j) No(j) ~o(r(k))] — k € X)
= Vk(i~o(1(k) 2 k€ X) < i€ (coT)(X).
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(Near the end, it is clear that Jj[i ~ o(j) A o(j) ~ o(7(k))] implies that
i ~ o(7(k)) as ~ is an equivalence relation, and the converse follows by taking
j=7(k).) O

3. The construction

We begin this section by attempting to outline our construction informally.
The reader may wish to skip this description.

In [20], Monk constructed from an arbitrary relation algebra A a certain
3-dimensional cylindric algebra, which we will denote here by C(A). The con-
nection between relation algebras and 3-dimensional cylindric algebras has
been explored much further by Maddux — see, e.g., [16, 18] — and in the
former, Maddux gave a new construction of cylindric algebras from relation
algebras that gives a result isomorphic to Monk’s C(.A) in dimension 3. Accord-
ing to this construction, in the case when A is finite, C(A) is isomorphic to the
complex algebra over the following atom structure S(A). The elements of S(A)
are all ‘3-dimensional’ atomic A-networks of the form N = (3, N3) — that is,
with set of nodes {0, 1,2}. The diagonal d;; is {N € S(A) : N(¢,j) <1}, and
N =; N'iff N(j,k) = N'(j,k) for all j,k € 3\ {i}. For cylindric algebras, we
do not need to introduce the substitutions —7 for ¢: 3 — 3, though it would
be easy to do so by defining N by N?(i,5) = N(o(i),0(j)). Representability
of (finite) A is preserved and reflected by C(.A), very roughly because

(i) a representation of A can be ‘read off’” from a representation of C(A) in
a straightforward way using the so-called relation algebra reduct of C(.A),
which is isomorphic to A (see, e.g., [5, 5.3.7] for information on relation
algebra reducts), and

(ii) all 3-dimensional atomic A-networks ‘embed into’ any representation of
A in a way respecting the operations of C(A), and thus a representation
of C(A) can be interpreted in one of A.

Maddux’s construction extends in some way to higher dimensions. For
n > 4, Maddux ([17, Theorem 10]; see also [18] and [5, 5.3.17]) constructed
an n-dimensional cylindric algebra from any atomic relation algebra A that
has an n-dimensional cylindric basis (which is a set of n-dimensional atomic
A-networks with certain substitution and amalgamation properties). But even
for n = 4, the cylindric algebra may not inherit the representability of A (see
[17, pp. 960-961] and [18, p. 389] for an example), and for n > 5, not all atomic
relation algebras (even representable ones) have an n-dimensional cylindric
basis. So although this is an important construction, used by a number of
authors, it is not what we need here.

Here, we will construct an atomic n-dimensional polyadic equality-type al-
gebra P, (A) from an arbitrary (simple) atomic relation algebra A. To help
explain our approach, let us say that a loose representation of A is a complete
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representation of A with the proviso that 1’ may not be respected. (Repre-
sentations not respecting 1’ have been considered earlier by (e.g.) Jénsson,
Tarski, and Comer.) The rough idea is now that any complete representation
of P, (A) over a base set U is a free amalgam of loose representations of A.

In a little more detail, for each subset Z C U of cardinality n — 3, there
is a loose representation of A4 on the base U \ Z, which we will call the
Z-representation, regarded in 3-dimensional cylindric (and in fact polyadic)
fashion in the same way as in (ii) above. There is no connection between the
loose Z-representations for different Z.

Pn(A) is an n-dimensional algebra and each element of it is interpreted
as an n-ary relation on U — a set of n-tuples. The relations in P,(A) that
‘hold’ on a given tuple a € "U embody what a can ‘see’ in the representation.
Plainly, a is ‘aware’ of the Z-representation for each (n—3)-sized set Z C rnga,
if any: it can directly inspect the (at most three) elements of (rnga) \ Z,
and using cylindrifications it can ‘see’ other elements of U \ Z in this same
Z-representation. Now a loose representation of A respects only the relation
algebra operations and may not survive inspection at dimensions higher than
three — see the example in [17, 18]. But a can never ‘see’ more than three
elements of the Z-representation at once, because this would entail ‘moving’
some element of rnga N Z, at which point Z is no longer a subset of the tuple
and all information about the Z-representation is lost.

A tuple @ may also ‘see’ elements of other Z-representations, for other
(n — 3)-sized sets Z C rnga. But these representations are independent of one
another, because the representation of P, (.A) is a free amalgam of loose rep-
resentations of 4. (This amalgamation is done with a game, and is why loose
representations of A are needed: e.g., we could not amalgamate a finite repre-
sentation with an infinite one.) Any interaction between the Z-representations
for different Z is coincidental and not dangerous.

That is the rough idea: now we have to build P, (.A) to make it work. Each
atom of P, (A) will be a whole cluster of atomic A-networks of dimension at
most three, each with domain a subset of n whose complement corresponds to
an (n— 3)-sized subset of the range of any tuple satisfying the atom. Complete
representability of A will be preserved and reflected by P,(A) because (i)
much as in the 3-dimensional case, a complete representation of A can be
‘read off” from any of the loose representations in a complete representation
of P, (A) (see Proposition 4.12), and (ii) a complete representation of P, (A)
can be constructed over an infinite base set U by freely amalgamating loose
representations of A, indexed by sets Z of n — 3 distinct points of U (see
Proposition 4.7).

We remark that contrary to possible expectations, and differently from both
Monk’s and Maddux’s constructions [20, 16], A is not in general isomorphic
to the relation algebra reduct of P,(A). (For example, if n > 6 and A is
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representable then {ca---c,_1v : v € S,(A)} C {do1,—do1}. So the rela-
tion algebra reduct of P, (A) is just {0,1,do1, —do1}.) This is unsurprising,
considering the form of representations of P, (A).

In Subsections 3.1-3.2, we formally present our construction. In Section 4,
we will show that the construction preserves and reflects complete repre-
sentability. Fix a simple atomic relation algebra A.

3.1. The atom structure S, (A).

Definition 3.1. We will let S = S,,(A) denote the following n-dimensional
polyadic equality atom structure. Its elements (atoms) are the families of the
form

v=(~" Ng:XeH)),
where ~” € Eq(n) and for each X € H(~"), N% is an atomic A-network with
domain X and such that for each i,5 € X, if i ~” j, then N%(7,7) <1’ (note

that the converse implication need not hold). For i,j < n and 0: n — n, we

define

(1)dij:{V€SZiNVj}, / /

(2) forv, v/ € S, v =,V iff ~¥ =; ~¥ and N =; N%, whenever X € H(~")
and X’ € H(~"") match for ~* off i,

(3) for v € S, 17 = ((~")y, N¥ = X € H((~"),)), where N¥ is defined
informally by ‘N (xy° o’ and formally by

N¥ (i, §) = N, (x)(0(i),0(j)) for i,j € X, where (3.1)
ou(X) =0 (X) (see Definition 2.8). (3.2)

As rough intuition, suppose that the complex algebra over S, (A) has a
complete (hence atomic) square representation over the base set U. For each
7Z C U of size n — 3, there should be a loose representation of A on U\ Z. For
an n-tuple @ € "U to stand in the relation v, we intend firstly that a; = a; iff
i ~" j for each i,j < n. In consequence, H(~") is the set of all X C n such
that the set Z = {a; : i € n\ X} has exactly n— 3 elements, and a; € U\ Z for
each i € X. For each i,j € X € H(~"), the atom N¥% (i, ) of A is interpreted
as a binary relation in the loose representation of A on U \ Z. We intend
secondly that (a;, a;) lies in this relation. On this view, it is not so hard to see
that if a,a’ € "U are in the relations v, v/, respectively, i,j < n, and o: n — n,
then a; = q; iff v € djj, a =@ = v =, V/, and if @ = aoo, then v/ = 7.
The details are in Lemma 4.3.

We now check that S,,(A) is a well-defined polyadic equality atom structure.
We will write ~ for ~ if the context makes the meaning clear. Recall that Id
denotes the identity map on n.

Lemma 3.2. For each i < n, =; in Definition 3.1 is an equivalence relation.

Proof. We check that =; is reflexive. Suppose v = 1/ in the definition. Then

v v

~ =~V =~ say, so A = AV I XX € H(~) match for ~ off i,
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then X =Id(X U {i}) = Id (X' U{i}) = X’ by Lemma 2.9(3), so certainly
N¥% =; N}’(/,. That =; is symmetric follows from Lemma 2.9(2).

We check transitivity. Suppose v =; /' =; /. Write ~* = ~, ~* =~/ etc.
Then ~ =; ~' =; ~" so certainly ~ =; ~". Let X € H(~) and X" € H(~")
match for ~ off i, so XU{i} = X"U{i} = I, say, and |(n\I)/~| = n—3. Since
~ =; ~"andi € I, we have |(n\I)/~'| =n—3,and so X' = n\UJ((n\I)/~) €
H(~"). Clearly, I = X' U {i} as well, so X, X’ match for ~ off i and X', X"
match for ~ off 7. By hypothesis, N¥ =; Nj’(l/ = N}’(’,’,, yielding N¥ =; N}’(/I/,
as required. O

Lemma 3.3. For each 0: n — n and v € S,(A), the atom v° is well defined

and in S, (A).

Proof. Write ~ for ~¥. Then ~*" = ~, € Eq(n). Let X € H(~,). By
Lemma 2.9(5¢), 0,,(X) € H(~), and so N is defined. By Lemma 2.9(5a),
o[X] C 0,(X), so for any i,j € X, N V(X)( ( ),a(j)) is well defined. So N¥
is well defined, and clearly it is an atomic A-network. Finally, if i ~*” j, then
by definition, i ~, j, so (i) ~ o(j), and N¥ (i,j) = Ny x)(o(i),o(j) <1,
as required. O

Lemma 3.4. S,(A) is a polyadic equality atom structure.

Proof. By Lemma 3.2, each =; is an equivalence relation. Writing o7 for o7,
we check that v77 = (v7)7 for each v,o0,7. Again, write ~ for ~”. First
observe that i ~g, j iff o(7(2)) ~ o(7(j)), Uf 7(4) ~» 7(J ), iff i (~5)r 4. So
(~o)r = ~gr — the equivalence relations in (¢?)” and v“7 are the same. It
follows that H((~y)s) = H(~4), so the sets of indices of networks in (v7)"

and v?7 are the same as well. Now we take arbitrary X in this set and show
that N )(é/ 7= N}’;T. Informally, it follows from the definitions that

N(V) = TG(X)OT—(NgV(TVG(X))OO')OT:N(VUOT)V(X)O(O'T):N;( ,

as required (that o, (7,- (X)) = (07),(X) follows from Lemma 2.9(6)). The
networks here are well defined by Lemma 3.3. O

3.2. The algebra P,(A).
Definition 3.5. We write P,,(A) for the complex algebra S, (A)*.

Pn(A) is an atomic n-dimensional polyadic equality-type algebra. It is finite
iff A is finite, and in that case, it is effectively constructible from A.

We briefly examine substitutions in P, (A). For 4, j < n, write [i/j]: n = n
for the map given by [i/j](i) = j and [i/j](k) = k for k € n\ {i}.

Lemma 3.6. Let i,j < n be distinct and let v,v' € S,,(A). Then ' = vli/J]
iffv=;v" and V' € di;. Hence, Py(A) = Vao(sy/v = ci(dij - x)).
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Proof. Write o = [i/j] and ~ = ~”. Recall ~*" = ~,. Plainly, o(i) =
o(j) = j, so i ~, j, and hence 17 € d;;. We check that v =; v?. Certainly,
~y =i ~. Let X € H(~),Y € H(~,), and suppose X and Y match for ~
off i, so X U{i} = Y U{i} =1, say, and |(n\ I)/~] = n — 3. We require
NY% =; N¥°. Certainly, X \ {i} = Y\ {i}. Let k,I lie in this set; we check that
N (k1) = Ny (k,1). Now Ny (k,1) = NZ i (0(k),0(l)) = NZ_y(k,1).
But by Lemma 2.9(3,6,4), 0. (Y) = o(Id_(I)) = (c o Id)(I) = o) =
Id () = X.

For the converse, assume that v =; v/ € d;;. We require v/ = v?. As usual,

. ’ . . .
we write ~ for ~” . First, from the assumptions we obtain ~' =; ~ and

i ~' j. It follows that ~' = ~,. Now let X € H(~') = H(~,). We require
NY = N¥ .
Claim 1. For all m < n we have m € X iff o(m) € X, and in that case,
N¥ (o(m),m) <1 and N¥ (m,o(m)) < 1.
Proof of claim. As 0 = o0 oo, we have m ~, o(m). The first part follows
since X is a union of ~,-classes, and the second by definition of S, (.A) since
m ~" a(m).

To prove that N j’(/ = N 5’;, we take arbitrary k,I € X and prove that
N¥ (k,1) = N¥ (k,1). By definition,

NY (k1) = Ny, x) (o (k) o(1). (3.3)

Claim 2. 0,(X) and X match for ~ off 1.
Proof of claim. By Lemma 2.9(5),
X\{i} Co[X]Co(X)and n\ (X U{i}) Con\X]Cn\o(X).

It follows that X \ {i} = 0, (X)\ {i}, and so X U {i} = 0, (X)U{i} =1, say.
By Claim 1,7 € X iff j = o(i) € X. As j # ¢, this is iff j € I, and it follows
that o[n \ X] = n\ I. So by Lemma 2.9(5b), (n\ I)/~ = (o[n\ X])/~ =
(n\o~(X))/~, and the latter set has size n—3 by Lemma 2.9(5c). This proves
the claim.

Since v =; v/, Claim 2 yields N(’;V(X) =3 N)”(/. As i ¢ rngo, we get
NZ ) (o(k),0(1) = N (0(k), o (D). (3.4)
By networkhood of N 3’(/ and Claim 1,
N (o(k),o(1)) < NX (o(k), k) s NX (k. 1) NX (Lo (1))
SV NY (k1) 110 = NX (K, 1),
and since both are atoms of A,
N (o (k). 0 (1)) = NX (k. 1). (3.5)

From (3.3), (3.4), and (3.5), we obtain N¥ (k,1) = N¥ (k,1) as required.
For the second part of the lemma, for any r € P,,(A) we have
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sii/g)r = {v € Sp(A) : vl e r}
={veS,(A): W= vVAVed,;nNr)}=ci(dy-r),

as required. 0

4. Representations

In this section, we prove that for any subsignature L of the signature of
Pn(A) containing the booleans and cylindrifications, A is completely repre-
sentable iff the L-reduct of P, (A) is completely representable. The proof
proceeds in a circle. Assuming that A is completely representable, we show
that P, (A) has a complete representation by constructing one using a game.
It is trivial that if P, (.A) is completely representable, then so is its L-reduct,
and if its L-reduct is completely representable, then so is the reduct of P, (.A)
to the smallest signature: that of diagonal-free cylindric algebras. Extending
a result of Johnson, we show that if this reduct of P, (A) is completely repre-
sentable, then so is its cylindric reduct, and if this is completely representable,
then we can read off a complete representation of A. This will all be done in
Subsection 4.2. The next subsection contains some preliminary work needed
for the game argument.

4.1. Networks from representations. Our games will be played on S,,(A)-
networks.

Definition 4.1. Let S be any n-dimensional polyadic equality atom structure.
An S-network is a structure M = (M7, Ms), where M; is a (possibly empty)
set and My: "M, — S satisfies that for all a,b € "M;,4,j <n,and 0: n — n,

(1) Mg(c_l) S dij <~ a; = aj,

(2) a =; h — Mg(c_l) =, MQ(Z_)),

(3) My(@aoo)= My(a)°.

For S-networks M = (M, Ms) and M’ = (Mj, M), we write M C M’ if
M; C M/ for each i = 1,2. As with relation algebra networks, we may write
M for any of M, My, Ms, and we will call My the domain of M, or its set of

nodes.

We now show how to build S, (A)-networks from a complete representa-
tion of A. Until the end of Subsection 4.1, suppose that A is completely
representable. Then, being simple, it has a ‘square’ complete representation
h: A — PRe(R;) for some set Ry, where (recall from Definition 2.2) Re(R;)
denotes the algebra of all binary relations on R;. We can view h as a strict
atomic A-network R = (R, Rz2), where

Ro(z,y) =][{a € A: (v,y) € h(a)} € At A, foreach z,y € R;.  (4.1)

(By Remark 2.5, this is indeed an atom of A, and one can check that R is a
strict atomic A-network.)
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For a set X, and m < w, we let [X]™ ={Y C X : |Y| = m} as usual.

Definition 4.2. Let M; be a non-empty set and F = {fz : Z € [M1]" 3} a
set of maps, where fz : My \ Z — R for each Z. The maps have no special
properties and there need be no connection between them. For each a € " M,
we define an atom Msy(a) =v = (~,N¥% : X € H(~)) € S,(A) as follows.

e i~j &< a;=a;fori,j<n,

o for X € H(~), we observe that Z = {a; : i € n\ X} € [M;]""3, and

define N% (¢,7) = R(fz(a;), fz(a;)) for i,j € X.

We define Net(My, F) = (M, My).

In the second bullet point above, a;,a; € M; \ Z by definition of ~ and
H(~), and so fz(a;), fz(a;) are defined. Clearly, N% is an atomic A-network
with domain X. Moreover, if ¢,j € X, then i ~ j = a; = a; = N%(¢,j) < 1,
as required. So indeed v € S,,(A).

Lemma 4.3. Net(M;, F) is an Sp(A)-network.

Proof. Write M for Net(My,F). Leta € "M and M (a) = v. Thenfori, j <n,
we have v € d;; iff ¢ ~* j iff a; = a;, as required.

Next let i < n and @,b € "M with @ =; b. Suppose M(a) = v and
M(b) = v'. We require v =; /. As usual, we write ~ for ~ and ~' for
~¥". Certainly, ~ =; ~'. Take X € H(~) and X’ € H(~') that match for
~offi. So XU {i} = X' U{i} =1, say, and |(n\ I)/~| =n — 3. We desire
N% =; N¥,. Clearly, X \ {i} = X"\ {i}. Moreover, (n\ X)/~ = (n\ I)/~
and (n\I)/~" = (n\ X’)/~" since X, X’ C I > i and these sets of equivalence
classes all have size n—3. Let Z = {aj: jen\X}and Z' = {b; : j e n\ X'}.
These sets have size n — 3. Moreover,

Z=A{a;:jen\I} because (n\ X)/~=(n\1I)/~,
={bj:jen\I} because @ =; b and i € I,
=7 because (n\ I)/~ = (n\ X)/~'.
Now take any j,k € X \ {i}. By definition of Net(M;, F), we have
N (3, k) = R(fz(a;), fz(ax)) = R(Fz/(b;), fz:(br)) = NX. (3. k),

as required to prove v =; v/'.

Finally, take @ € "M and o: n — n. Let M(a) =v and M(aoo) =1/, say.
We require v/ = v?. We adopt the usual abbreviations. Obviously, i ~' j iff
(@oo)i = (ao0);iff ayuy = agy iff o(i) ~ o(j) iff i ~, j for i,5 < n; so
~' = ~,. Hence, H(~') = H(~,). Take X in this set. We require N% = N¥ .
Let Z={a;:i€n\o,(X)} and Z' = {(aoo); :i en\ X} € [M"3 It
can be seen by Lemma 2.9(5b) and the definition of ~ that Z = Z’. Let
i,7 € X. By Lemma 2.9(5a), o(i),0(j) € 0,(X). By definition of Net(My, F),
we have N¥ (i, /) = R(fz((ac0)i), fz((a00);)) = R(fz(a50:)), f2(a0())) =
Ny (x)(o(i),0(j)) = NX (i, ]), as required. O
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So we can make an S, (A)-network from a set of maps. There is a kind of
converse to this for very small S, (A)-networks: see Lemma 4.6.

Definition 4.4. Let N, N’ be atomic A-networks. A partial map f: N — N’
is said to be a weak embedding if N(i,7) = N'(f(i), f(j)) for all 4,5 € dom f.
(We do not require that f is 1-1.)

The following is easily proved using basic properties of relation algebras:

Lemma 4.5. Let N be any atomic A-network with at most three nodes. Then
any partial weak embedding ho: N — R extends to a total weak embedding
h: N — R.

Lemma 4.6. Let v = (~,N% : X € H(~)) € S,(A) be given, and let a =
(ag,...,an—1) be a tuple such that a; = a; iff i ~ j for i,5 < n. Write
M, = rnga. For each Z € [Mq]"73, let h%: My \ Z — R be a partial map,
and suppose that for each X € H(~), if Z = {a; :i € n\ X}, then the map

¢y =h%oal X: NY - R (4.2)
is a partial weak embedding. Then there is a set H = {hy : Z € [M;]" 3},

where hy : My \ Z — R is a total map extending h% (for each Z), such that,
writing M = Net(M,,H), we have M(a) = v.

Proof. For each Z € [M;]"~3, select the unique X € H(~) such that Z =
{a; - i € n\ X}. Using Lemma 4.5, extend ¢% to a total weak embedding
gz: N% — R. Now define hz: M1\ Z — R by hz(a;) = gz(i) for i € X. This
is well defined. For if ¢,j € X and a; = a;j, then i ~ j, so as v € S,(A), we
have N% (i,j) < 1’. Hence, R(g9z(i),9z(j)) <1, and so gz (i) = gz(j) as R is
strict. Plainly, hyz is total and extends h%.

We now define H = {hz : Z € [M;]" 73}, M = Net(M;,H), and v/ = M (a).
We check that v/ = v. Certainly, ~' = ~. Let X € H(~) and i,j € X. Put
Z={ar:ken\X}e€[M]" 3. Then

N¥ (i,5) = R(hz(ai),hz(a;)) by definition of Net(M,H),

= R(92(i),92(j)) by definition of hz,
= Nk (i, 5) as gz: Ny — R is a weak embedding.
Hence, N}’(/ = N¥ for each X € H(~), showing that v/ = v. 0

4.2. Building representations. This subsection contains the main techni-
cal results of the paper. We will prove ‘equi-complete representability’ of A
and all ‘pseudo-diagonal-free reducts’ of Py, (A).

Proposition 4.7. Suppose that A has a complete representation. Then P, (.A)
has a complete representation as well.

Proof. Let R be a complete representation of A4, viewed as in (4.1) above as
an atomic A-network. We write S = S, (A). Let k = [S| +w = |At A| + w.
Players V and 3 will play a x-round game to build a complete representation
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of P,,(A) = ST in the form of an S-network. There will be an initial round,
followed by rounds numbered 0,1,...,t,... (¢t < k). At the start of each
numbered round ¢ < &, there will be given a pair (Dy, F;), where D; is a non-
empty set and F; is a set of maps f5: D; \ Z — R (for each Z € [D;]"~3),
satisfying

D, C D; and f% C fL for each u < t and Z € [D,]" 3. (4.3)

Consequently, we will have Net(D,,, F,) C Net(D;, F;). Play in round ¢ will
create a new set D;y1 and a new set of maps Fi11 = {f;r1 : Z € [Dyyq]" 73,
satisfying (4.3) for ¢ + 1, and the pair (D41, Fi4+1) will be passed to the start
of the next round.

In the initial, un-numbered round, V chooses an atom v € S. The game rules
require that 3 respond with a pair (Dg, Fo) such that if M = Net(Dy, Fp), then
M (a) = v for some a € "Dy. To do this, she letsa = ({0}/~",...,{n—1}/~")
(so a; = a; iff i ~¥ j), and defines Dy = n/~" and Fy = H as in Lemma 4.6
(with h% = 0 for all Z). By the lemma, Net(Dy, Fo)(a) = v, as required.
The pair at the start of round 0 of the main game is defined to be (Dg, Fp).
Condition (4.3) holds vacuously.

Let (D¢, Ft) be the pair existing at the start of some numbered round ¢ of
the main game (¢ < k), where 7y = {fL, : Z € [D;]" 73}, and (4.3) holds. Write
M = Net(Dy, F). Player ¥ moves in this round by choosing three items. First,
he picks a tuple @ € "D;. Let M(a) =v = (~,N% : X € H(~)) € S. Then
he chooses an index ¢ < n, and an element v/ = (~/,N¥% : X € H(~')) € S
satisfying v =; /. He is always able to do this. The rules demand that
3 respond with a pair (Dyy1, Fiq1) satisfying (4.3) for ¢t + 1 and such that
Net(D;sy1, Fii1)(b) = v/ for some b € "Dy, 1 with b =; a.

She proceeds as follows. Suppose first that there is j € n\ {i} with v/ € d;;.
In that case, by Lemma 3.6, we have v/ = vl//3l = M(a o [i/j]). Then 3 may
let (Diy1,Fiy1) = (D¢, Fi) because she can take b = ao [i/j] =; a.

So suppose not. Now 3 introduces a new node p ¢ D;, and defines Dy =
D; U {p}. She lets b € "Dy, be given by

bj_{p, if j =i,

aj, otherwise,
for j < n. Then @ =; b. Also, b; = by, iff j ~' k, for each j,k < n. For if
g,k # i, we have b; = by, iff a; = ay, iff j ~ k iff j ~' k (because @ =; b and
v =; V'), while b; = b; and i ~' j are both false (because p ¢ D; and v’ ¢ d;;).
Write B = rngb. For each Z € [B]" 3, define a partial map h%: B\ Z — R
by

B fL1(D,NB\ Z), if ZC Dy,
0, otherwise (i.e., if p € Z).

Claim. Let Z € [B]" ™2 and X' = {j <n:b; ¢ Z} € H(~'). Then the map
hY o bl X" N}’(// — R is a partial weak embedding.
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Proof of claim. The claim holds vacuously if h% = (), so assume that Z C D;.
Then Z C rnga, and as |[Z| =n—3, wehave X = {j <n:a; ¢ Z} € H(~).
Since @ =; b, we have X \ {i} = X'\ {i}, so X U {i} = X' U {i} = I, say. As
bi=p¢ Z,wehavei€ X', so X' =T and |(n\I)/~|=|n\X")/~| =1|Z| =
n — 3. Thus, X, X’ match for ~ off i. Now v =; 1/ yields N% =; N¥,.

Let j, k € X' with b;,b € domh® = D, N B\ Z. We know b; ¢ Dy, so

j, k # i. Consequently,

N}’(/, (4, k) = N%(4,k) since Ny =; N}’(/, and j, k # 1,
= R(f4(a;), f5(ax)) since M = Net(Dy, F;) and M(a) = v,
= R(f5 (b)), f5(br)) as @ =; b and j, k # 1,
= R(h%(b;),h%(br)) by definition of h%,

proving the claim.

By the claim and Lemma 4.6, there is a set H = {hz : Z € [B]"~3} of total
maps hz: B\ Z — R with hy 2 hY% and Net(B,H)(b) = v/. Now, for each
Z € [Dy11]" 3, 3 defines a map f5': Diyy \ Z — R as follows.

(1) Suppose Z C BN D;. 3 sets f?l = fLUhz: Diy1 \ Z — R. This is
well defined since for x € dom f4, Ndomhz = (D, \ Z)N(B\ Z), we have
hr(x) = () = f4(x), and dom f5 = (Dy\ Z) U (B\ Z) = Dyss \ Z,
as required.

We remark here that we cannot guarantee that f?l is 1-1. While p
is a ‘new’ node, f?l(p) may be a ‘new’ element of R for some Z and
an ‘old’ one in rng(f4) for other Z. This is why we do not use strict
networks N% in the definition of S,,(A) and why we do not require that
N%(i,7) <1 =i ~" j. See our discussion of loose representations earlier.

(2) Suppose Z C D, and Z € B. Jlets f5: Dyy1 \ Z — R be an arbitrary
extension of f4: D;\ Z — R to the new node p.

(3) Suppose Z C Band Z € Dy (sop € Z). I lets fL1': D1\ Z — R be
an arbitrary extension of hz: B\ Z — R (hz € H).

(4) Finally, if both Z € D, and Z ¢ B, then 3 chooses an arbitrary map

D\ Z — R.

Let Fiy1 = {ftZ'|r1 : Z € [Dyy1]" 2}, The pair (Dyy1, Fy11) is 3’s response to
V’s move in round t. We check that it is satisfactory. Clearly, D;11 2 D; and
fErt O fL for each Z € [Dy]" 3, so condition (4.3) for ¢ + 1 follows. Since
fErt D hy for Z € [B]"~3, we have Net(Dy11, Fi11)(b) = Net(B, H)(b) = v/,
as required.

Finally, let 6 < k be a limit ordinal, let (D;, ;) be the pair that was in play
at the start of round ¢, for each ¢ < §, and assume that (4.3) holds for these ¢.
Define D5 = {J,_5 Di. By (4.3), & = U{fy :t < 6,Z C D,} is a well-defined
map from Ds\ Z to R for each Z € [Ds]" 3. Define F5 = {f% : Z € [Ds]"3}.
If 0 < &, the pair at the start of round ¢ is now defined to be (Ds, Fs). (Clearly,
(4.3) then holds for ¢t =4.) For § = &, (Ds, Fs) is the outcome of the game.
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Now consider a play of the game in which V chooses v € S (say) in the
initial round and then plays, at some (possibly later) stage of the game, every
move that ever becomes possible, and in which 3 responds to V’s moves as
just described. Let (D,,F,) be the outcome of the game and put M, =
Net(D,;, F,.). We assume without loss of generality that the M, (v € S)
have pairwise disjoint domains. We now define h: Pp(A) — o(U,cs"M,) by
h(r) = Uyesia € "M, : M,(a) € r} for each r € P, (A). It can be checked
that h is a complete representation of P, (.A). O

Definition 4.8.

(1) A signature L is said to be (n-dimensional) pseudo-diagonal-free if
{+7_70alac’i ni < n} CLC {+)_7Oalac’i7d’ijastf : Z7.7 <n,o:n— n}

(2) A pseudo-diagonal-free reduct of P,(A) is a reduct of P, (A) to an n-
dimensional pseudo-diagonal-free signature.

(3) The cylindric reduct of P,(A) is the reduct of P,(A) to the signature
{+,—-,0,1,¢;,d;; : 4, j < n} of n-dimensional cylindric algebras.

(4) Let L be a pseudo-diagonal-free signature and C an L-algebra. The
diagonal-free reduct of C is the reduct of C to {+,—,0,1,¢; : i < n},
the signature of n-dimensional diagonal-free cylindric algebras.

Proposition 4.9.

(1) Suppose that the algebra P, (A) is completely representable. Then every
pseudo-diagonal-free reduct of Pp(A) is completely representable.

(2) Suppose that some pseudo-diagonal-free reduct of P, (A) is completely rep-
resentable. Then the diagonal-free reduct of Pp(A) is completely repre-
sentable.

Proof. This is trivial. O

The following proposition is a simple adaptation of Lemmas 1.4-1.7 and
Theorem 1.8 of Johnson [12] to complete representations. Recall that an alge-
bra C with signature {+, —,0,1,¢;,d;; : 4, < n} is an n-dimensional cylindric
algebra if it satisfies the following axioms (from [4]), where 4, j,k < n and z,y
are arbitrary elements of C:

CO0. the boolean reduct of C is a boolean algebra,

Cl. ¢;0 =0,

C2. z <z,

C3. ¢i(z - qy) = cix - ¢y,

C4. cicjo = cje,

Ch5. dy; =1,

C6. if k 7§ i,j, then dij = Ck(dik . dkj),

C7. if i # j, then ¢;(d;; - x) - ¢;(dsj - —z) = 0.

Let C,C’ be n-dimensional cylindric algebras. We say that C’ is a complete

subalgebra of C, and write C' C¢ C, if C' is a subalgebra of C and ZC Xel
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for each X C C’ such that ZC X exists. We say that C is completely generated
by a subset X C C if whenever X C C' C°C, we have C' = C.

Proposition 4.10 (essentially Johnson). Let C be an n-dimensional cylindric
algebra completely generated by {c¢ € C : Ac # n}, where (recall) we define
Ac = {i <n:cic#c}. Suppose that the diagonal-free reduct D (say) of C is
completely representable. Then C is also completely representable.

Proof. First suppose that D is simple. Let h: D — Q be a complete represen-
tation, where U; (i < n) are sets, P =[], U;, and

Q= (p(P),U,\,0,P,CF :i<n),

where CFX = {a € P:3b € X(a =; b)} for X C Pandi < n, as in
Definition 2.4.

Claim 1. We can assume that U; = U; for each i,j < n,andifa € P, 4,5 <n,
and a; = aj, then a € h(d;;).
Proof of claim. Let 6 = Hm.<n di; € D. As C is a cylindric algebra, for
each ¢ < n we have ¢y ¢;—1¢i41---¢cp—16 = 1. So for each u € Uj;, there is
a € h(d) with a; = u. Hence we may choose a function s;: U; — h(d) such
that (s;(u)); = u for each u € U.

Now let U be the disjoint union of the U; (i < n). Let t;: U — U; be the
surjection given by ¢;(u) = (s;(u));, where u € U;. Define

g: D — (p("U),u,\,0,"U,CY :i <n) by
g:d —{ae™U: (to(ag),...,tn—1(an-1)) € h(d)}.

Then (see [12, Lemma 1.4]) ¢ is a representation of D. Moreover, since h is
complete, it is atomic (see Remark 2.5), and hence plainly, so is g. So ¢ is
also a complete representation of D. Finally, suppose that a € "U satisfies
a; = a; with a; € Uy, say, where k < n. Let b = sg(a;) = si(a;) € h(J).
Then t;(a;) = b; and t;(a;) = b;. So (to(aog), ... tn—1(an—1)) agrees with b
on coordinates i,j. Since b € h(§) C h(d;;) and Ad;; = {i,j}, we see that
(to(ao), ... th—1(an—1)) € h(dsj), and so a € g(d;;), as required. This proves
the claim.

From now on, we assume that the complete representation h satisfies the
properties of Claim 1. For distinct 4, j < n define ~;; = {(a;,a;) : a € h(d;;)},
a binary relation on U.

Claim 2. ~y; = ~o1, and ~g1 is an equivalence relation on U.
Proof of claim. This is [12, Lemma 1.6].

For a,b € "U, define a ~ b iff a; ~o b; for each i < n. Plainly, ~ is an
equivalence relation on "U. We let

E ={d e D: h(d) is a union of ~-classes}.

Claim 3. {deD:Ad#n} CE.
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Proof of claim. This is [12, Lemma 1.7].

Claim 4. FE is the domain of a complete subalgebra £ C¢ C.
Proof of claim. We have {0,1,d;; : 4,j < n} C E by Claim 3 since A0 = Al =
0 and Ad;; = {i,j} # n (as n > 3). If h(d) is a union of ~-classes, then so
is "U \ h(d) = h(—d). If § C E and S.7 § exists, then as h is a complete
representation, h(3.7 S) = (JA[S], a union of ~-classes — so S.° S € E as
well. Finally, if e € E, then ce € E by Claim 3 (as i ¢ A(c;e)). This proves
the claim.

By the assumption in the proposition, £ = C. Now define V' = U/~p1, and

g:C— (p("V),u,\,0,"V,DY,,CY :i,j <n) by

759
g: ¢ — {(ao/~01,-..,an-1/~01) : @ € h(c)}, for c € C.
It can be checked that ¢ is an atomic, and hence complete, representation of
C. In particular, a;/~o1 = a;/~o1 iff a; ~;; a; (by Claim 2) iff @ € h(d;;)
(since Ad; = {i,7}).

Now we drop the assumption that D is simple. Suppose that h: D — Q =
[I1cx @k is a complete representation, as in Definition 2.4(2). Fix k € K,
let m,: @ — Qj be the canonical projection, and let Dy = rng(m; o h). We
may define diagonal elements in Dy, by d;; = ’/Tk,(h(dicj)): this expands Dy, to
a cylindric-type algebra Cj that is a homomorphic image of C, and hence is a
cylindric algebra with diagonal-free reduct Dy. The inclusion map t: Dy —
Q. is a complete representation of Dy. Also, since plainly

mr[h[{c € C: Ac # n}]] C {c € Ck : Ac# n},

and 7, h preserve arbitrary sums, we see that Cy is completely generated by
{c € Cr : Ac # n}. Now ¢ cyp—1z is a discriminator term in Qg, and it
follows that Dy, is simple. So by the above, Cj has a complete representation
gr: Cp — Q}, say. Choose such a g, and Q) for each k. Then it is not hard
to see that g: C — [[,cx Q5 given by g(c)r = gr(mx(h(c))) is a complete
representation of C. O

Corollary 4.11. Suppose that the diagonal-free reduct D (say) of Pn(A) is
completely representable. Then the cylindric reduct C of P,(A) is also com-
pletely representable.

Proof. First we check that C is a cylindric algebra. C satisfies C0—C4 since
D is representable. Any v € S,,(A) satisfies ¢ ~¥ i, so v € d;;. Hence, C5
holds. For C6, by Lemma 3.6, ci(dix - dij) = spk/qde; = {v ¢ vk e digj} =
vk (~) s it ={v:i~" j} =d. For C7, again by Lemma 3.6,

ci(dij - x) - ci(dyj - —x) = S[i/4]7T - s[i/j}(—x)
={v: il ey i e —zy =9,
We now show that each atom v of C is in the subalgebra generated by

{c € C: Ac # n}. In fact, we have v = [],_, c;v. To prove this, we take

i<n
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an arbitrary atom v/ < []._, c;v, so that v =; v/ for every i < n, and prove

i<n
that v/ = v. Certainly, ~¥ = ~"" because n > 3 and ~¥ =; ~" for every
i < n. Write ~ for ~ and let X € H(~); we check that N% = N¥. Take
any i, € X and representatives ki,...,kn—3 of the ~-classes in n \ X. Let
len\{ij,ki,...,kn—3}. Then (n\ (X U{l}))/~= (n\ X)/~, which yields
[(n\ (X U{i}))/~=n—3. So X and X match for ~ off [, and since v =; 1/,
we have N = N}’(I. Hence, N%(i,j) = N}’(l (i,7). Asi,j € X were arbitrary,
this shows that N¥ = N¥%. So v = 1/, as desired.

Since every element of C is a sum of atoms, C is completely generated by
{c € C: Ac # n}. The corollary now follows from Proposition 4.10. O

Proposition 4.12. Suppose that the cylindric reduct C (say) of Pn(A) is
completely representable. Then A is completely representable as well.

Proof. We can find § = (~°, N§ : X € H(~)) € S = S, (A) with i £ j for all
i < j <mn:ie., ~%is equality on n. Since C is completely representable, there
is a complete homomorphism h: C — (p("M),U,\,0, M, C’Z-M,Df‘f D4, < n)
for some set M, such that h(d) # 0. Define M(a) = [[{c € C : a € h(c)}
for a € "M; by Remark 2.5, this is an atom of C and we identify it with the
corresponding element of S as usual. By Lemma 3.6, the substitutions sj;/;
(1,7 < n) are term-definable, so are respected by h. So for each i,j7 < n and
a € "M, we have
MI1. a; = a; iff M(a) € d;j, iff i ~M(@ 5,
M2. M(ao[i/f]) = M(a)i/],
Take d € "M satisfying M(d) = 6. For each i < j < n, we have i %% j, so
by M1, d; # d;. Consequently, |[M| > |[rngd| = n and Z = {d3,...,d,—1} €
[M]"=3. Put
zZ= (dg, c. ,dn—l);
R=M\Z#0.
Plainly, if p,q,r € R and M(p,q,r,2) = v, say, then 3 € H(~"), so N¥ is
defined. We now define an atomic A-network over R as follows. For p,q € R,
we define

(4.4)

R(p,q) = N5(0,1) € At A, where v = M(p,q,q,z).

Claim. If ap,a1,a2 € R, 1,j < 3, a; = p, aj = ¢, and v = M(ao, a1, a2, 2),

then R(p,q) = N¥(i,7).

Proof of claim. Choose k € 3\{0, ¢} and let 0 = [k/j]0[0/i]o[1/k]o[2/1]. Then

(ag,a1,a2,2) o0 = (a;,a4,a;,2) = (p,q,q,Z), so by M2, M(p,q,q,Z) =v°. By

definition, R(p,q) = N§"(0,1) = N¥ (3)(9(0),0(1)) = N¥ (i, j), as claimed.
We will establish in a standard way the following properties. They will

show that R is a network and yields a complete representation of A.

(1) R(p,p) <1 for each p € R. Let M(p,p,p,z) = v, say. By M1, 0 ~¥ 1.

So R(p,p) = N§(0,1) < 1"
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(2) R(q,p) = R(p,q)" for each p,q € R. Let M(p,q,q,Z) = v. By the claim,
R(q,p) = N3(1,0) = N5(0,1)" = R(p, q)".
(3) R(p,q) < R(p,r); R(r,q) for each p,q,r € R. Let v = M(p,q,r,z) and

N = NY. By the claim and because N is a network, R(p,q) = N(0,1) <
N(0,2);N(2,1) = R(p,r) ; R(r,q).

(4) If p,qg € R, a,b € At A, and R(p,q) < a;b, then there is r € R with
R(p,r) = a and R(r,q) = b. To see this, using that |R| > 3, choose
v € R\ {p,q} and let v = M(p,q,r’,z), so by the claim, R(p,q) =
N¥(0,1) < a;b. By properties of relation algebras, there is an atomic
A-network N with domain 3 and such that N =5 N¥, N(0,2) = a, and
N(2,1) = b. Let v/ be identical to v except that N¥" = N. It can be
verified that v/ € S and v/ =5 v. Hence, v < cov/. As h preserves co,
there is r € M with M(p,q,m,2) = v/. As 2 Y j for each j € n\ 3,
we have r € R. By the claim, R(p,r) = N:‘{/(O,Q) = N(0,2) = a and
R(r,q) = N¥'(2,1) = N(2,1) = b.

Now define a congruence ~ on R by p ~ ¢ iff R(p,q) < 1’. Let [p] denote the

congruence class of p € R. Since A is simple, it is standard to check that the

map h: A — Re(R/~) given by h(z) = {([p],[d]) : p,q € R, R(p,q) < x} (for

x € A) is a complete representation of A. |

Theorem 4.13. Let A be a simple atomic relation algebra and let L be an
n-dimensional pseudo-diagonal-free signature. Then A is completely repre-
sentable iff the L-reduct of Py (A) is completely representable.

Proof. This follows from Propositions 4.7, 4.9, 4.12, and Corollary 4.11.  [J

5. Undecidability of representability

We can now obtain our first main results.
Corollary 5.1. For each finite n > 3 and each signature L satisfying
{+7_70alac’i 1< n} CLC {+)_7Oalac’i7d’ijastf : Z7.7 <n,o:n— n})

it is undecidable whether a finite L-algebra is representable as an algebra of
n-ary relations.

Proof. Suppose for contradiction that there is an algorithm A to determine
whether a finite L-algebra is representable. We can now decide effectively
whether a finite simple relation algebra A is representable by constructing the
(finite) L-reduct C of P,,(A) and returning the answer A(C). By Theorem 4.13,
this is the correct answer since for finite algebras, every representation is com-
plete.

However, by [8, Theorem 18.13(1)], it is undecidable whether a finite sim-
ple relation algebra is representable. This is a contradiction, and so no such
algorithm A can exist. O
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Theorem 5.2. For finite n > 3, it is undecidable whether a finite algebra of
the following kinds is representable:

(1) n-dimensional cylindric algebra,

(2) n-dimensional polyadic algebra,

(3) n-dimensional polyadic equality algebra,

(4) n-dimensional diagonal-free cylindric algebra (a known result [10]).

Proof. Take the case of cylindric algebras. Let C be the class of all n-dimen-
sional cylindric-type algebras; (RCA,, and) CA,, denote the classes of (rep-
resentable) n-dimensional cylindric algebras. By Corollary 5.1, there is no
algorithm to decide whether a finite member of C is in RCA,,. Since RCA,, C
CA,, C C and it is decidable whether a finite member of C is in CA,,, it follows
by elementary recursion theory that there is no algorithm to decide whether a
finite n-dimensional cylindric algebra is in RCA,,. The other cases are proved
similarly. O

Remark 5.3. Examination of the proof shows that Theorem 5.2 also holds
for simple algebras, since if A is simple, then so is every pseudo-diagonal-free
reduct of P,,(A). (This can be proved by showing that ¢y« - cp—1¢p—1 -+ Cox I8
a discriminator term.) It also holds for algebras generated by < n-dimensional
elements (see Corollary 4.11).

It trivially follows that the classes RCA,,, RPA,,, RPEA,,, RDf,, of represent-
able algebras of the kinds in Theorem 5.2 are not finitely axiomatisable in
first-order, second-order, or kth-order logic (any finite k), in first-order logic
extended by fixed point operators, etc., since a finite axiomatisation in a logic
where evaluation in finite structures is effective would immediately yield an
algorithm to decide representability.

6. Complete representations

It was shown in [6] that for any ordinal o > 3, the classes of completely
representable relation algebras and completely representable a-dimensional
cylindric algebras are non-elementary. Here, we extend this result to more
classes of algebra. Essentially the same result can be found in [13], although
an analogue of Proposition 4.10 appears to be missing.

To begin, let X be an infinite set and write g, (X) for the set of countable
subsets of X. A club in p,(X) is a subset C C p,(X) with the following
properties:

closed: if Co € Cy C--- and C; € C for each i < w, then J,_,,
unbounded: for each Y € p,,(X), there is C' € C containing Y.

C; eC,

Now fix a non-principal ultrafilter D on w. For a structure M, we write M*
for the ultrapower M*“/D. By [6, §3.4, §3.6], there is an (integral and hence)
simple atomic relation algebra A such that:

(1) A is not completely representable,
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(2) the set C of countable elementary subalgebras of A* that are completely
representable forms a club in g, (A*).

It follows easily that the class of completely representable relation algebras is
not elementary. But with our earlier results, these properties also imply the
same for pseudo-diagonal-free algebras, as we now show. The relation algebra
A remains as above. Note that by Lo§’s theorem [1, Theorem 4.1.9], A* and
P, (A)* are atomic algebras.

Lemma 6.1. P,(A)* is isomorphic to a dense subalgebra of Py (A*).

Proof. By a theorem of Goldblatt [2, Lemma 3.6.5], there is an algebra em-
bedding 6: (S, (A)")* — (S,(A)*)* given by

O((ri :i<w)/D)={z/D:z€“S,(A), {i<w:z; €r;} €D} (CSp(A)*)

for r; € Sp(A) (i < w). It can be verified that S, (—) commutes with ultra-
products (e.g., because Sy, (A) is first-order interpretable in A). So S, (A)* =
S, (A*). Together this yields an embedding ¢: (S, (A)T)* — S,(A*)T, that
is, 0": Pp(A)* — Pn(A*). It can be checked that 8" maps At P, (A)* surjec-
tively onto At P, (A*). Since P,(A*) is atomic, the ¢'-image of P, (A)* is a
dense subalgebra of P, (A*). O

From now on, we shall identify P, (A)* with this dense subalgebra, and
thereby assume that P, (A)* C P, (A*), the two having the same set of atoms
(i.e., Sp(A*), up to isomorphism). We can now obtain the main result of
this section. In the proof, we assume familiarity with basic model theory of
elementary substructures and chains: see, e.g., [1].

Theorem 6.2. Let n > 3 be finite, and let L be an n-dimensional pseudo-
diagonal-free signature. The class of completely representable L-algebras is not
elementary.

Proof. As above, let C be the club of completely representable countable el-
ementary subalgebras of A*. They are all atomic. We will define countable
elementary chains of algebras:
in C
~ -~ ~
ByCBiC--r XA,
DO j Dl j e j Pn(A)* gdense Pn(A*)

We let By € C be arbitrary and Dy < P,(A)* any countable elementary
subalgebra. Given | < w such that B, D; are defined, we define Bj4+1, D41 as
follows:

(1) Clearly, S,(B;) is a countable subset of S,(A*) C P,(A)*. Using the
downward Lowenheim—Skolem—Tarski theorem, let D; 1 be any countable
elementary subalgebra of P, (A)* containing S, (B;) and D;.
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(2) Because D41 = Pn(A)*, we see that Djy; is atomic. Choose Bjy; € C
containing B; and such that At D41 C S, (Bi41). This is possible because
C is a club and only countably many atoms of A* are involved in atomic
A*-networks occurring in atoms of Dj41.

This completes the definition of the B; and D;. Let B, = |, B € A* and
D, = Ui D1 2 Pu(A)*. As Cis a club, B, € C, so B, is a completely
representable relation algebra. By Theorem 4.13, P, (B,,) is a completely rep-
resentable polyadic equality algebra. For each | < w, we arranged that D; is

atomic and
Sn(Bl) C At Dl+1 c STL(BZ+1)~

From this and properties of elementary chains, we see that D,, is atomic and

AtD, = U AtD, = U Sn(Bl) = Sn(Bw),

I<w I<w

and it follows that D, is a dense subalgebra of P, (B,). By Remark 2.5, D,
is completely representable. Clearly its L-reduct is a completely representable
L-algebra.

But D, is elementarily equivalent to P,(.A)*, and hence also to P, (A),
and this obviously remains true for the L-reducts of these algebras. As A
is not completely representable, by Theorem 4.13, neither is the L-reduct of
Pn(A). So the class of completely representable L-algebras is not closed under
elementary equivalence and cannot be elementary. O

Corollary 6.3. For each finite n > 3, the completely representable n-dimen-
sional polyadic algebras, polyadic equality algebras, cylindric algebras, and
diagonal-free cylindric algebras do not form elementary classes.

Remark 6.4. For infinite dimensions, the corollary is true for all pseudo-
diagonal-free signatures containing the diagonal elements. This can be shown
directly by a simple cardinality argument [6, Corollary 26]. It also holds for
infinite-dimensional diagonal-free cylindric algebras. To see this, using the
proof of Theorem 6.2, take two elementarily equivalent 3-dimensional diagonal-
free-type algebras B,C, where B is completely representable and C is not.
Let a > 3 be any ordinal. Expand B,C to a-dimensional diagonal-free-type
algebras B,,Cq by defining ¢,z = x for all z and all 3 < ¢ < a. Plainly, B,
is elementarily equivalent to C,, and it can be checked that B, is completely
representable and C, is not.

The case of infinite-dimensional polyadic algebras (without diagonals) is
not covered by this argument. We do not know whether the corollary holds
for them, or (even in finite dimensions) for numerous other kinds of algebras,
including Pinter’s substitution algebras [24] and various relativised set alge-
bras.
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7. Conclusion

Here we very briefly list some possible further work. We already suggested
some in Remark 6.4. We could also ask for necessary and sufficient conditions
on a simple atomic relation algebra A for the cylindric reduct of P, (A) to be
in classes such as CA,,, S9tt,,CA, 1, etc. On the other side, what properties
of P,(A) (if any) flow from A € RA;, A € SRaCAy, etc, for k > 57

It could be interesting to use the construction of Section 3, or a stronger one,
to lift other relation algebra results to cylindric algebras and polyadic algebras.
An example is the problem of whether, for finite n > 3, the class of polyadic
(equality) atom structures whose complex algebras are representable is elemen-
tary. In the notation of [3, p. 556], this is asking whether the classes StrRPA,,
and StrRPEA,, are elementary. [9, 14] prove that StrRCA,, and StrRDf,,, respec-
tively, are non-elementary for every finite n > 3. This problem may perhaps
be solved by adapting the known proofs for relation algebras or cylindric al-
gebras, but a direct reduction from the relation algebra case [8, Chapter 14]
may be an alternative.

It may also be interesting (and necessary for the above) to extend the con-
struction of Section 3 to arbitrary relation algebras that are not necessarily
atomic. It seems that this can be done, but it is complicated.

It may also be worth giving a representability-preserving reduction from
CA,, to CA, 11, and similarly for polyadic (equality) algebras.

Acknowledgements. Thanks to Robin Hirsch and Agi Kurucz for several
very helpful suggestions, and to the referee for a magnificent detailed report
with more than eight pages of discussion and several very helpful suggestions.

REFERENCES

[1] Chang, C.C., Keisler, H.J.: Model Theory, 3rd edn. North-Holland, Amsterdam (1990)

[2] Goldblatt, R.: Varieties of complex algebras. Ann. Pure Appl. Logic 44, 173-242
(1989)

[3] Goldblatt, R.: Elementary generation and canonicity for varieties of boolean algebras
with operators. Algebra Universalis 34, 551-607 (1995)

[4] Henkin, L., Monk, J.D., Tarski, A.: Cylindric Algebras Part I. North-Holland (1971)

[5] Henkin, L., Monk, J.D., Tarski, A.: Cylindric Algebras Part II. North-Holland (1985)

[6] Hirsch, R., Hodkinson, I.: Complete representations in algebraic logic. J. Symbolic
Logic 62, 816847 (1997)

[7] Hirsch, R., Hodkinson, I.: Representability is not decidable for finite relation algebras.
Trans. Amer. Math. Soc. 353, 1403—-1425 (2001)

[8] Hirsch, R., Hodkinson, I.: Relation Algebras by Games. Studies in Logic and the
Foundations of Mathematics, vol. 147. North-Holland, Amsterdam (2002)

[9] Hirsch, R., Hodkinson, I.: Strongly representable atom structures of cylindric
algebras. J. Symbolic Logic 74, 811-828 (2009)

[10] Hirsch, R., Hodkinson, I., Kurucz, A.: On modal logics between K x K x K and
S5 x 55 x §5. J. Symbolic Logic 67, 221-234 (2002)
[11] Hodkinson, I., Wolter, F., Zakharyaschev, M.: Decidable and undecidable fragments

of first-order branching temporal logics. In: Proc. 17th IEEE Symposium on Logic in
Computer Science (LICS), pp. 393-402. IEEE Inc. (2002)



[12]
[13]

[14]

Cylindric and polyadic algebras from relation algebras 285

Johnson, J.S.: Nonfinitizability of classes of representable polyadic algebras. J.
Symbolic Logic 34, 344-352 (1969)

Khaled, M., Sayed Ahmed, T.: On complete representations of algebras of logic. Logic
J. IGPL 17, 267-272 (2009)

Kurucz, A.: On the complexity of modal axiomatisations over many-dimensional
structures. In: Beklemishev, L., Goranko, V., Shehtman, V. (eds.) Advances in Modal
Logic, vol. 8, pp. 256-270. College Publications (2010)

Lyndon, R.: The representation of relational algebras. Ann. Math. 51, 707-729 (1950)
Maddux, R.D.: Topics in Relation Algebra. PhD thesis, University of California,
Berkeley (1978)

Maddux, R.D.: Non-finite axiomatizability results for cylindric and relation algebras.
J. Symbolic Logic 54, 951-974 (1989)

Maddux, R.D.: Introductory course on relation algebras, finite-dimensional cylindric
algebras, and their interconnections. In: Andréka, H., Monk, J.D., Németi, I. (eds.)
Algebraic Logic. Colloq. Math. Soc. J. Bolyai, vol. 54, pp. 361-392. North-Holland,
Amsterdam (1991)

Maddux, R.D.: Relation Algebras. Studies in Logic and the Foundations of
Mathematics, vol. 150. Elsevier, Amsterdam (2006)

Monk, J.D.: Studies in Cylindric Algebra. PhD thesis, University of California,
Berkeley (1961)

Monk, J.D.: On representable relation algebras. Michigan Math. J. 11, 207-210 (1964)
Monk, J.D.: Nonfinitizability of classes of representable cylindric algebras. J.
Symbolic Logic 34, 331-343 (1969)

Németi, I.: Free Algebras and Decidability in Algebraic Logic. Doctoral Dissertation
with the Academy, Budapest (1986)

Pinter, C.: Cylindric algebras and algebras of substitutions. Trans. Amer. Math. Soc.
175, 167-179 (1973)

Sagi, G.: A note on algebras of substitutions. Studia Logica 72, 265-284 (2002)
Tarski, A.: On the calculus of relations. J. Symbolic Logic 6, 73-89 (1941)

IAN HODKINSON

Department of Computing, Imperial College London, SW7 2AZ, UK
e-mail: i.hodkinson@imperial.ac.uk
URL: wuw.doc.ic.ac.uk/~imh/

Open Access This article is distributed under the terms of the Creative Commons Attribution License

whi
the

ch permits any use, distribution, and reproduction in any medium, provided the original author(s) and
source are credited.



	A construction of cylindric and polyadic algebras from
atomic relation algebras
	Abstract
	1. Introduction
	2. Background
	2.1. Boolean algebras
	2.2. Representations and complete representations
	2.3. Polyadic equality atom structures
	2.4. Relation algebra networks
	2.5. Equivalence relations on n

	3. The construction
	3.1. The atom structure Sn(A)
	3.2. The algebra Pn(A).

	4. Representations
	4.1. Networks from representations
	4.2. Building representations

	5. Undecidability of representability
	6. Complete representations
	7. Conclusion
	Acknowledgements
	References


