What a re w e going to do?

W e have 4 tuto rials. The plan is:

1. Intro duction to relation algeb ra s.

Rep resentations.

A tom structures.

Examples.

2. Using games to build rep resentation s.

Axiomatising the fl nite rep resentable relation algeb ra s.

3. ‘Rainb o w’ construction (Hirsch).

Monk’s theo rem that the rep resentable relation algeb ra s a re not flnitely axiomatisable.

4. W eakly asso ciative algeb ras ( W A, Maddux). Relativised rep resentation s.

Finite base p rop ert y fo r W A b y Herwig’s theo rem.

There a re exercises fo r y ou to try .

Why relation algeb ras?

† They have a long histo ry |De Mo rgan,

P eirce, Schr õder, T a rski, Lyndon, Monk,

Andr ¶ek a, N ¶emeti, Maddux, . . .

† They p rovide a simple intro duction to algeb raic logic.

† Algeb raic logic has strong connections to mo dal and dynamic logics. Recent Dutch {

Hunga rian w o rk. T echniques cross over, b oth sides gain. Arro w logic is the mo dal analogue of relation algeb ra s.

† Relation algeb ras have p ractical applications in computing: eg. databases, a rtifl cial planning, sp eci fl cation theo ry (eg.

fo rk algeb ras). RelMiCS group.

† Can develop all of mathematics b y relation algeb ra s. See b o ok of T a rski {Givant,

1987.

General references

Go o d intro ductions to relation algeb ra s and mo re can b e found in:

1. R Maddux. Intro ducto ry course on relation algeb ras, flnite-dimensional cylindric algeb ras, and their interconnections.

In H Andr ¶ek a, J D Monk, and I N ¶emeti, edito rs, Algeb raic Logic , numb er 54 in Collo q.

Math. So c. J. Boly ai, pages 361 {392, Amsterdam, 1991. No rth-Holland.

2. I N ¶emeti. Algeb raisations of quanti fler logics, an intro ducto ry overview.

Studia Logica , 50(3/4):485 { 570, 1991.

The standa rd reference on algeb raic logic is

3. L Henkin, J D Monk, and A T a rski.

Cylindric Algeb ras .

P a rt I, 1971. P a rt I I, 1985. No rth-Holland.

Some pap ers relevant to the tuto rials:

4. H Andr ¶e k a, I Ho dkinson, and I N ¶e meti.

Finite algeb ras of relations a re rep resentable on flnite sets.

J. Symb olic Logic , 64:243 {267, 1999.

5. R Hirsch and I Ho dkinson. Axiomatising va rious classes of relation and cylindric algeb ras. Logic J. IGPL, 5:209 {229, 1997.

6. R Hirsch and I Ho dkinson. Step b y step | building rep resentations in algeb raic logic.

J. Symb olic Logic , 62:225 {279, 1997.

7. R Hirsch and I Ho dkinson. Complete representations in algeb raic logic.

J. Symb olic Logic , 62:816 {847, 1997.

8. R Lyndon. The rep resentation of relational algeb ras. Ann. Math, 51:707 {729,

1950.

9. J D Monk. On rep resentable relation algeb ras. Michigan Math. J. , 11:207 {210, 1964.

Revision: b o olean algeb ras

Deflnition 1 A b o olean algeb ra is an algeb ra

B = hB ; + ; ¢ ; ¡ ; 0 ; 1 i satisfying, fo r all x; y 2 B :

† + is asso ciative and commutative:

( x + y ) + z = x + ( y + z ) and x + y = y + x

† complement: ¡ ( ¡ x ) = x

† fo rm of distributivit y: x = x ¢ y + x ¢ ¡ y

† connections:

x ¢ y = ¡ ( ¡ x + ¡ y ) x + ( ¡ x ) = 1

¡ 1 = 0 .

Abb reviation:

x • y means x ¢y = x o r equivalently x + y = y .

Rep resentations of b o olean algeb ras

The motivation fo r this de fl nition comes from flelds of sets.

If U is a set, } U denotes the p o w er set (set of all subsets) of U .

Supp ose that B � } U contains ; ; U and is closed under union, intersection, complement.

F o r example, B = } U itself.

Then hB ; [ ; \ ; U n ¡ ; ; ; U i is a b o olean algeb ra , called a fleld of sets.

In fact, every b o olean algeb ra is isomo rphic to a fleld of sets (Stone’s theo rem, 1936).

Una ry and bina ry relations

A una ry relation on a set U is just a subset of U .

So b o olean algeb ra s a re to do with una ry relations. In fact, they emb o dy all truths ab out una ry relations (b y Stone’s theo rem).

Can w e do the same fo r bina ry relations

(subsets of U £ U )?

W e can consider flelds of bina ry relations on

U . These a re subsets A of } ( U £ U ) .

W e w ant A to b e closed under the b o olean op erations, as b efo re.

But there a re natural op erations on bina ry relations that w e w ant to consider to o.

Op erations on bina ry relations

Which op erations w ould w e lik e?

Consider the bina ry relations son, daughter.

son(x,y) = y is a son of x, etc.

x - y son

F rom these, w e kno w w e can derive many other relations, such as:

† child

† pa rent

† father, mother, b rother, sister

† grandchild, grandson

† grandfather, grandmother, grandpa rent

† aunt, uncle, niece, nephew.

Can w e think of basic op erations that will let us fo rm these complex relations from son and daughter ?

The relation algeb ra op erations

Clea rly , child = son + daughter.

This is still b o olean; w e use + rather than [ .

If w e can fo rm the converse of a bina ry relation: R ^ ( x; y ) ( ) R ( y ; x ) then w e can do pa rent:

† pa rent = child ^ , o r

† pa rent = (son + daughter) ^ , o r

† pa rent = son ^ + daughter ^ .

If w e can fo rm the comp osition of t w o relations:

R ; S ( x; y ) ( ) 9 z ( R ( x; z ) ^ S ( z ; y )) then w e can do mo re:

† grandchild = child ; child

† grandpa rent = pa rent ; pa rent

Need fo r equalit y

Can w e sa y ‘b rother’ ?

Ho w ab out pa rent ; son ?

T rouble is, pa rent(me,mum) ^ son(mum,me).

So 9 z (pa rent(me,z) ^ son(z,me)).

So b y de flnition, [pa rent ; son](me,me).

But I am not a b rother of me.

Supp ose w e can exp ress equalit y , b y adding a constant 1’ fo r it. Then

† b rother = (pa rent ; son) ¢ ¡ 1’

With 1’ w e can exp ress ‘mother’ to o:

† mother = ((pa rent ; daughter) ¢1 0) ; pa rent

† father = pa rent ¢ {mother

The non-b o olean op erations w e usually tak e a re indeed ; ; ^ , and 1’ .

Exercise 1 Can y ou exp ress sister with these op erations? Ho w ab out nephew ? And aunt ?

Prop er relation algeb ras

If w e use these op erations on bina ry relations, w e get a new kind of algeb ra.

Deflnition 2 A p rop er relation algeb ra is an algeb ra

A = hA; [ ; \ ; E n ¡ ; ; ; E ; = ; ^ ; ; i where A � } ( U £ U ) fo r some non-empt y set

U , E is an equivalence relation on U , and the op erations a re as explained already . ( A must b e closed under them |so, e.g., ; ; E ; = 2 A ).

Eg: A = h} ( U £ U ) ; [ ; \ ; n ; ; ; U £ U ; = ; ^ ; ; i :

called the full p o w er set algeb ra on U .

Usually E will b e U £ U itself. But fo r technical reasons w e don’t insist on this.

Q: Can w e axiomatise these algeb ras, lik e w e did fo r b o olean algeb ra s?

Relation algeb ras

Deflnition 3 (T a rski, 1940s)

A relation algeb ra is an algeb ra

A = hA; + ; ¢ ; ¡ ; 0 ; 1 ; 1’ ; ^ ; ; i where hA; + ; ¢ ; ¡ ; 0 ; 1 i is a b o olean algeb ra , and the follo wing hold fo r all x; y ; z 2 A :

(R1) ( x ; y ) ; z = x ; ( y ; z ) (asso ciativit y)

(R2) ( x + y ) ; z = x ; z + y ; z

(R3) x ; 1’ = x

(R4) x ^ ^ = x

(R5) ( x + y ) ^ = x ^ + y ^

(R6) ( x ; y ) ^ = y ^ ; x ^

(R7) x ^ ; ¡ ( x ; y ) • ¡ y .

Rep resentations

These axioms a re an attempted analogue, fo r bina ry relations, of the BA axioms. Do they w o rk?

Deflnition 4 A rep resentation of a relationt yp e algeb ra A is an isomo rphism from A to a p rop er relation algeb ra . A is rep resentable if it has a rep resentation .

Deflnition 5 RA is the class of all relation algeb ra s. RRA is the class of rep resentable relation-t yp e algeb ras.

It’s easily seen that the RA axioms a re sound:

Exercise 2 RRA � RA .

Equivalently , a p rop er relation algeb ra is a relation algeb ra .

Can w e p rove an analogue of Stone’s theorem, sho wing completeness?

That is, is any relation algeb ra rep resentable ?

The answ er

A: Sadly , no [Lyndon, 1950].

RRA ‰ RA :

W e (y ou) p rove this on T ues.

Mo reover, RRA is not flnitely axiomatisable in flrst-o rder logic [Monk, 1964].

W e p rove this on W ed.

In fact, RRA is not flnitely axiomatisable in

2nd-o rder logic, 3rd-o rder logic, . . . It can’t b e axiomatised b y equations using a flnite set of va riables, no r b y Sahlqvist equations. It’s really nast y .

A t least it is recursively axiomatisable. See

T ues.

A toms

W e will mostly consider flnite algeb ras. F o r these, it’s easier to w o rk with their atoms.

Deflnition 6 An atom of a ( b o olean algeb ra o r) relation algeb ra is a • -minimal non-zero element. A relation algeb ra is atomic if every non-zero element is ‚ an atom.

Exercise 3 Any fl nite relation algeb ra is atomic.

It can b e sho wn that in an atomic relation algeb ra A :

† 1’ is determined b y f atoms a : a • 1’ g .

† if a is an atom then so is a ^ . And ^ is determined b y its values on atoms.

† ; in A is determined b y the set of triples of atoms (x,y ,z) such that x ; y ‚ z ^ . W e call these consistent triangles.

A tom structures

So if w e sp ecify

† a flnite set X of atoms,

† the set I d of atoms under 1’ ,

† ho w the function ^ b ehaves on the atoms,

† the set C of consistent triangles, is there a relation algeb ra with these atoms?

Not quite:

Deflnition 7 A ‘relation algeb ra atom structure’ is a structure ( X ; I d; ^ ; C ) satisfying:

† x ^ ^ = x (fo r all x 2 X )

† x = y ^ ifi 9 z 2 I d (( x; y ; z ) consistent)

† if ( x; y ; z ) is consistent then so a re ( y ; z ; x ) and ( z ^ ; y ^ ; x ^ ) (‘P eircean transfo rms’)

† diamond completion (fo r asso ciativit y):

x e

d c

b a QQ QQ QQ QQ

� � � � HHH HH HH HH

� � � � � � � � �

If ( a; b; c ) ; ( a; d; e ) consistent then there is x with ( b; x; d ^ ) ; ( c ^ ; x; e ) consistent.

Exercise 4 Sho w that if a 2 I d then a ^ = a .

A tom structures and relation algeb ras

Deflnition 8 F o r an atomic relation algeb ra

A , write At A fo r its atom structure :

At A = ( f atoms of Ag ; I d; ^ ; C ), where I d = f a : a • 1’ g , ^ is as in A (restricted to atoms), C = f ( a; b; c ) : c ^ • a ; b g .

Theo rem 9 (Lyndon, 1950)

1. If A is an atomic relation algeb ra then At A is a r.a. atom structure as in de flnition 7.

2. F o r any relation algeb ra atom structure

S = ( X ; I d; ^ ; C ) , there is an atomic relation algeb ra A with atom structure S .

If X is flnite, A is unique.

Pro of. 1. Exercise!

2. A = h}X ; [ ; \ ; n ; ; ; }X ; I d; ^ ; ; i is a relation algeb ra with atom structure S , where fo r a; b � X :

† a ^ = f x ^ : x 2 a g ,

† a ; b = f z : 9 x 2 a 9 y 2 b ( x; y ; z ^ ) 2 C g .

If S is flnite and At B = S , then b 7! f x 2 X :

x • b g is an isomo rphism : B ! A .

So w e can sp ecify a flnite relation algeb ra b y sp ecifying its atom structure .

Examples of relation algeb ras

Example 10 The smallest non-trivial relation algeb ra , I , has atoms 1 0; ] , b oth self-converse.

The consistent triangles a re the P eircean transfo rms of ( 1’ ; 1’ ; 1’ ) and ( ]; ]; 1’ ) .

It is rep resentable : tak e U = f 0 ; 1 g and interp ret 1’ as = and ] as 6= .

Example 11 The p oint algeb ra P has 3 atoms,

1’ ; a; a ^ .

The consistent triangles a re all P eircean transfo rms of:

† ( x; x ^ ; 1’ ) fo r all atoms x (of course)

† ( a; a; a ^ ) .

The p oint algeb ra is rep resentable : tak e U to b e the rational numb ers, and interp ret 1’ as

= and a as < .

McKenzie’s algeb ra (1970)

Example 12 This is the smallest non-rep resent - able relation algeb ra . W e call it K . It has 4 atoms:

1’ ; a; a ^ ; ] = ] ^ :

The consistent triangles a re all P eircean transfo rms of:

† ( x; x ^ ; 1’ ) fo r all x

† ( a; a; a ^ ) (lik e p oint algeb ra so fa r)

† ( a; a ^ ; ] ) ; ( a ^ ; a; ] ) ; and ( a; ]; ] ) .

This de flnes a relation algeb ra (exercise).

W e’ll see on T ues (exercise 12 ) that it’s not rep resentable .

Another example (from Jipsen)

Example 13 This algeb ra (sa y J ) has 4 atoms:

1’ , r, b, g. They a re all self-converse.

The inconsistent triangles a re the P eircean transfo rms of

† identit y ones (x,y , 1’ ) if x 6= y , as usual

† (b,b,b)

† (b,b,g)

† (b,g,g)

This is rep resentable (see exercise 11 , T ues).

As of 1996, it’s not kno wn whether it has a flnite rep resentation .

Exercises

Exercise 5 If in I w e sa y that ( ]; ]; ] ) is consistent to o, do w e get a ( rep resentable ) relation algeb ra ?

Exercise 6 In the p entagon,

QQ QQ QQ

� � � � � � L L L L LL

"" "" ""

{ {

{ { { let e ( x; y ) hold ifi ( x; y ) is an edge, and n ( x; y ) ifi ( x; y ) is a non-edge (and x 6= y ). Sho w that f 1’ ; e; n g fo rm the atoms of a p rop er relation algeb ra . What a re the consistent triangles?

Exercise 7 Do es P have a fl nite rep resentation ?

Exercise 8 Sho w that the atom structure fo r

K in example 12 is a relation algeb ra atom structure .

T uto rial 2: Games

T o da y’s topic: Ho w can w e tell whether a

( flnite) relation algeb ra is rep resentable ?

W e use net w o rk s and games. This view develop ed b y Hirsch-IH based on Lyndon [8].

W e mak e some assumptions, fo r simplicit y:

† Most relation algeb ra s here will b e flnite.

So w e can w o rk with ( relation algeb ra ) atom structure s instead of algeb ras.

† W e will alw a ys assume 1’ is an atom of relation algeb ra s here. So I d = f 1’ g in atom structure s.

It follo ws that in a rep resentation of a relation algeb ra , w e can alw a ys assume that 1 is rep resented as U £ U (not just an equivalence relation on U :

Exercise 9 Let A b e a rep resentable relation algeb ra and supp ose that 1’ is an atom of A .

Sho w that A has a rep resentation h such that h (1) is of the fo rm U £ U .

Net w o rks

A net w o rk app ro ximates a rep resentation .

Deflnition 14 (net w o rk) Let S = ( A; I d; ^ ; C ) b e an atom structure . An (atomic) p re-net w o rk over S is a pair N = ( N 1 ; N 2 ) where N 1 is a non-empt y set and N 2 : N 1 £ N 1 ! A is a lab elling function.

N is a net w o rk if:

† N 2 ( x; x ) = 1’ fo r all x 2 N 1

† ( N 2 ( x; y ) ; N 2 ( y ; z ) ; N 2 ( z ; x )) is consistent fo r all x; y ; z 2 N 1 .

Some net w o rks satisfy N ( x; y ) = 1’ ) x = y .

W e call these strict net w o rks.

Some basic things ab out p re-net w o rks

Let N = ( N 1 ; N 2 ) and N 0 = ( N 01 ; N 02 ) b e p renet w o rk s (over some atom structure ).

Deflnition 15 N ; N 0 a re isomo rphic , written N » = N 0, if there is a bijection � : N

1 ! N 0 1 with N 2 ( x; y ) = N 02 ( � ( x ) ; � ( y )) fo r x; y 2 N 1 .

Deflnition 16 W e write N � N 0 if N 1 � N 01 and N 02 d ( N 1 £ N 1 ) = N 2 (that is, N 2 � N 02 ).

Deflnition 17 If N 0 � N 1 � ¢ ¢ ¢ a re p re- net w o rk s, de fl ne S t< ! N t to b e the p re- net w o rk ( [ t< !

( N t ) 1 ; [ t< !

( N t ) 2 ) :

Clea rly , if the N t a re all net w o rk s then so is S N t .

Notation 18 W e generally write N fo r any of N ; N 1 ; N 2 (sometimes write N 1 as dom ( N ) , but usually distinguish b y context). W e let j N j denote j N 1 j and sa y N is flnite if N 1 is.

Examples of net w o rks

Lemma 19 In a net w o rk N w e have N ( x; y ) =

N ( y ; x ) ^ fo r all x; y 2 N .

Pro of. ( N ( x; y ) ; N ( y ; x ) ; N ( x; x )) is consistent. But N ( x; x ) = 1’ . So N ( x; y ) = N ( y ; x ) ^ .

So in diagrams, w e only need lab el a rcs one w a y . And if atoms a re self-converse, w e don’t need a rro ws.

Lab els on re � exive a rcs ( N ( x; x )) a re 1’ , so w e don’t need to write this.

Here a re 2 net w o rk s over (the atom structure of ) the small algeb ra I (example 10 ):

1’ 1’ 1’ x

x

, , , , ,, l l l l ll

x ] ] 1’

1’

] ] � � � � � � � x

@ @ @ @ @ @ @ @x

x x

And a net w o rk over the p oint algeb ra P :

a a a QQ QQ Qs XXX XXX XXX XXX XXz x - x x

Game on atomic net w o rks

Deflnition 20 (game) Fix n • ! , an atom structure S , and a p re- net w o rk N (over S ).

Pla y ers 8 and 9 pla y a game G n ( N ; S ) with n rounds: 0 ; 1 ; : : : ; t; : : : ; fo r t < n , in which p re- net w o rk s N 0 ; N 1 ; : : : over S a re built.

† In round 0, 9 places a cop y of N on the b oa rd (so N 0 » = N ).

† In round t > 0 , if N t ¡ 1 has b een built so fa r, 8 cho oses x; y 2 N t ¡ 1 and atoms a; b of

S such that ( a; b; N t ¡ 1 ( y ; x )) is consistent.

9 must resp ond with a p re- net w o rk N t ¶ N t ¡ 1 with a no de z 2 N t such that N t ( x; z ) = a and

N t ( z ; y ) = b .

W e can assume z =2 N t ¡ 1 if w e w ant.

b

a z y

x

N t

’

&

$

%

N t ¡ 1 x � � �)

P P P

P P P

P Pq x

x ’

&

$

%

Winning: After n rounds, if all N t ( t < n ) a re net w o rks then 9 wins. Otherwise, 8 wins.

Games and rep resentations

Deflnition 21 A winning strategy fo r a pla y er in G n ( N ; S ) is a set of rules that, if follo w ed, alw a ys lead to a win fo r that pla y er.

Theo rem 22 Let A b e a countable relation algeb ra .

Let I denote the unique (up to isomo rphism)

1-no de net w o rk over At A .

1. If 9 has a winning strategy in G ! ( I ; At A ) , then A is rep resentable .

2. The converse holds if A is flnite.

Pro of of 1.

Let the game commence.

Let 9 use her winning strategy , and let 8 mak e every p ossible move at some stage of pla y (he can do so b ecause At A is countable).

Pla y builds a chain of net w o rk s

I = N 0 � N 1 � ¢ ¢ ¢

Let N = S t< ! N t .

De flne equivalence relation » on dom ( N ) b y x » y ( ) N ( x; y ) = 1’ :

F o r r 2 A , let br = f ( x = » ; y = » ) : x; y 2 N ; N ( x; y ) • r g :

Then bA = hf br : r 2 Ag ; [ ; \ ; n ; ; ; N = » £ N = » ; = ; ^ ; ; i is a p rop er relation algeb ra , and r 7! br is an isomo rphism from A to bA .

So A is rep resentable .

Pro of of 2: p relimina ries

Assume A is fl nite, and (without loss of generalit y) a p rop er relation algeb ra of the fo rm

A = hA; [ ; \ ; n ; ; ; U £ U ; = ; ^ ; ; i on a set U (so A � } ( U £ U ) ).

Lemma 23

1. If x; y 2 U then there is a unique atom fi ( x; y ) of A with ( x; y ) 2 fi ( x; y ) .

2. Let X � U . Then N w k ( X ) def = ( X ; fi ) is a net w o rk over At A .

Pro of.

1. Let a 2 A b e • -minimal with ( x; y ) 2 a .

a exists as A is flnite and ( x; y ) 2 U £ U = 1 A .

Check that a is an atom of A .

If a; b a re distinct atoms containing ( x; y ) , then ( x; y ) 2 a ¢ b = ; , contradiction.

2. Easy .

Pro of of 2 ( 9 ’s winning strategy)

9 ’s strategy in G ! ( I ; At A ) is to ensure that each N t pla y ed satis fles:

† dom ( N t ) � U

† ( x; y ) 2 N t ( x; y ) fo r all x; y 2 U .

That is, N t = N w k ( dom ( N t )) .

This is a net w o rk , b y lemma 23 .

So if she can do it, it’s a winning strategy .

It’s easy to do in round 0:

9 can tak e N 0 = N w k ( x ) » = I fo r any x 2 U .

If she has done it as fa r as N t ¡ 1 , let 8 pick x; y 2 N t ¡ 1 and atoms a; b with ( a; b; N t ¡ 1 ( y ; x )) consistent.

So in A w e have N t ¡ 1 ( x; y ) • a ; b .

By assumption, ( x; y ) 2 a ; b .

So there is z 2 U with ( x; z ) 2 a and ( z ; y ) 2 b .

9 de flnes N t def = N w k ( dom ( N t ¡ 1 ) [ f z g ) .

Finite vs. inflnite games

Theo rem 24 Let S b e a fl nite atom structure and N a fl nite p re- net w o rk over S . The follo wing a re equivalent:

1. 9 has a winning strategy in G ! ( N ; S ) .

2. 9 has a winning strategy in G n ( N ; S ) fo r all fl nite n .

Pro of. 1 ) 2 : trivial.

2 ) 1 : 9 ’s strategy in G ! ( N ; S ) is:

( ⁄ ) ‘in each round, t , ensure I have a winning strategy in G n ( N t ; S ) fo r in flnitely many n ’.

( ⁄ ) is true in round 0 b y assumption.

If ( ⁄ ) holds fo r N t ¡ 1 , let 8 mak e his move.

F o r in fl nitely many n , 9 has a winning strategy in G n +1 ( N t ¡ 1 ; S ) .

Let its resp onse to 8 ’s move b e N nt , sa y .

Note: 9 has a winning strategy in G n ( N nt ; S ) .

As S is fl nite, there is an in fl nite set X � !

such that the N nt ( n 2 X ) a re all isomo rphic.

9 lets N t = N nt (any n 2 X ). This k eeps ( ⁄ ) .

( ⁄ ) implies each N t is a net w o rk . So this strategy is winning fo r 9 .

Exp ressing winning strategy in logic

Theo rem 25 Let n < ! . There is a flrsto rder sentence � n such that fo r any atom structure S , 9 has a winning strategy in G n ( I ; S ) ifi S j= � n . And f � n : n < ! g is recursive.

Pro of. F o r each flnite set X , w e write a fo rmula ’ Xn with free va riables v xy ( x; y 2 X ) , such that fo r any p re- net w o rk N with domain

X , 9 has a winning strategy in G n ( N ; S ) ifi

S j= ’ Xn ( N ( x; y ) =v xy ) x;y 2 X .

W e de flne ’ Xn b y induction on n . W e let

’ X 0 def = ^ x 2 X ( v xx = 1’ ) ^ ^ x;y ;z 2 X C ( v xy ; v y z ; v z x ))

Given ’ Xn , w e pick z =2 X , let Z = X [ f z g , and let ’ X n +1 b e

^ x;y 2 X 8 ab ‡ C ( a; b; v y x ) ! 9 w 2 X v w z ; v z z ; v z w

( v xz = a ^ v z y = b ^ ’ Zn ) ·

W e then let � n = ’ f x g n ( 1’ =v xx ) (any x ).

Axioms fo r rep resentabilit y

W e can no w axiomatise the fl nite rep resentable relation algeb ra s.

Deflnition 26 F o r n < ! , ‚ n is the sentence obtained b y translating � n into the language of relation algeb ra s, b y:

† relativising quanti flers to atoms (‘ x is an atom’ is de flnable b y 8 y ( y < x $ y = 0) ).

† replacing C ( x; y ; z ) b y z ^ • x ; y .

The follo wing is immediate:

Lemma 27 F o r any atomic relation algeb ra

A , A j= ‚ n ifi At A j= � n .

Theo rem 28 (ess. Lyndon, [8] ) Let A b e a fl nite relation algeb ra (with 1 ’ 2 At A ). Then

A is rep resentable ifi A j= ‚ n fo r all fl nite n .

Pro of. By theo rem 22 , A is rep resentable ifi

9 has a winning strategy in G ! ( I ; At A ) .

By theo rem 24 , this is ifi 9 has a winning strategy in G n ( I ; At A ) fo r all flnite n .

By theo rem 25 , this is ifi At A j= � n fo r all n .

By lemma 27 , this is ifi A j= ‚ n fo r all n .

What ab out inflnite relation algeb ras?

Theo rem 29 If A is any atomic relation algeb ra , and A j= ‚ n fo r all fl nite n , then A is rep resentable .

Pro of. By lemma 27 , At A j= � n fo r all n .

By theo rem 25 , 9 has a winning strategy in

G n ( I ; At A ) fo r all n < ! .

By (eg) saturation, there is countable B · A such that 9 has a winning strategy in G ! ( I ; B ) .

By theo rem 22 , B 2 RRA .

F act 30 RRA is elementa ry ( flrst-o rder axiomatisable). In fact, it is a va r iet y |equation - ally axiomatised.

So A 2 RRA , to o.

The converse fails, even fo r atomic relation algeb ra s (have a lo ok at Lemma 23 ).

But a rbitra ry rep resentable relation algeb ra s

( RRA ) can b e axiomatised b y games in a simila r w a y . See [5,6].

Exercises

Exercise 10 Sho w that 9 has a winning strategy in G ! ( I ; At P ) where P is the p oint algeb ra of example 11 .

[ Hint: if stuck, use the kno wn rep resentation of P and the p ro of of theo rem 22 (2).]

Exercise 11 Sho w that 9 has a winning strategy in G ! ( I ; At J ) where J is the 4-atom algeb ra of example 13 .

[ Hint: use atom r to flll in the edges.]

Exercise 12 Sho w that 8 has a winning strategy in G ! ( I ; At K ) where K is McKenzie’s 4- atom algeb ra (example 12 ).

T uto rial 3: Rainb o w, Monk’s theo rem

T o da y w e a re going to p rove the most imp o rtant negative result in algeb raic logic:

Theo rem 31 (Monk, [9] ) RRA is not flnitely axiomatisable in flrst-o rder logic.

The idea is to construct fl nite relation algeb ra s A n ( 2 • n < ! ) such that fo r all n :

† 8 has a winning strategy in G ! ( I ; At A n )

† 9 has a winning strategy in G n ( I ; At A n ) .

Lemma 32 Monk’s theo rem follo ws.

Pro of. Assume RRA is flnitely axiomatised, b y � , sa y . Let

T = f RA axioms g [ f ‚ n : n < ! g [ f fi; : � g ;

where fi exp resses atomicit y . Then fo r any fl nite § � T there is A n j= § . By flrst-o rder compactness, T has a mo del, sa y B . By theo rem 29 , B 2 RRA , contradicting B j= : � .

Rainb o w algeb ras

W e build the A n using a simpli fl cation of a recent idea due to R. Hirsch, called the rainb o w construction.

The simpli fl ed version is go o d enough fo r

Monk’s theo rem.

The atom structure At A n ( n ‚ 2) is given b y:

A TOMS:

† 1’

† g i fo r i • n (greens)

† w (white)

† y , b (y ello w, black)

† r ij fo r distinct i; j < n .

All self-converse except r ^ij = r j i .

Inconsistent triangles: P eircean transfs of:

† ( x; y ; 1’ ) if x 6= y ^ .

† green ones: ( g i ; g j ; g k ) fo r any i; j ; k • n

† (g,g,w), (y ,y ,y), (y ,y ,b)

† any red triangle except ( r ij ; r j k ; r k i ) .

This deflnes a flnite relation algeb ra

There a re flnitely many atoms, so any relation algeb ra with this atom structure is fl nite.

W e check that it’s a relation algeb ra atom structure (de flnition 7):

† x ^ ^ = x fo r all atoms x : clea r.

† x = y ^ ifi ( x; y ; 1’ ) consistent: clea r.

† if ( x; y ; z ) is consistent then so a re ( y ; z ; x ) and ( z ^ ; y ^ ; x ^ ) (‘P eircean transfo rms’): b y de flnition.

† diamond completion (fo r asso ciativit y):

x e

d c

b a QQ QQ QQ QQ

� � � � HHH HH HH HH

� � � � � � � � �

This will follo w if w e sho w 9 has a winning strategy in G 4 ( I ; A n ) .

W e do this in theo rem 34 .

Theo rem 33 8 can win G ! ( I ; At A n ) ( 8 n ) .

Pro of. His flrst 4 moves a re:

round 3 round 2 round 1

g 1 y

{ w { {A A A A A AA b b b b b b b b b b b g 0 y { { y g 0 b b b b b b b b b b b A A A A A AA

{ { w w { { x y round 0

x { � � � � � � � � � � � � � � � � �

No w 9 has to flll in the missing edge. Which atom can she cho ose?

Only a red |sa y , r 0 01 0 (b elo w left).

8 continues (b elo w middle), and 9 has to flll in 2 edges with reds (b elo w right):

round 4

y y g 2 C C C C C C C C C C C � � � � � � � � � �

� � � � � � � � � � � � � � � y y g 0 b b b b b b b b b A A A A AA y y w

y y g 1 r 0 01 0

r 0 01 0 round 3

g 1 y y w y yA A A A AA b b b b b b b b b g 0 y y

� � � � � � � � � � � � � � �

r 2 01 0 r 0 02 0 @ @ @ @ @ @

, , , , , , ,, round 4 ctd

{ g 2

� � � � � � � � � � � �

� � � � � � � � � { g 0 A A A A A AA

{ { w

{ g 1

r 0 01 0

And so on: 8 pla ys x; y ; g i ¡ 2 ; y in round i .

9 will run out of reds in round n + 2 .

Theo rem 34 9 can win G n +2 ( I ; At A n ) fo r each n ‚ 2 .

Pro of. A t the sta rt of some round t , 0 < t < n + 2 , supp ose the current net w o rk is

N = N t ¡ 1 . Note that j N j • t • n + 1 .

Let 8 move in round t b y picking no des x; y and atoms a; b with ( a; b; N ( y ; x )) consistent.

W e can assume 8 never pla ys so that 9 do esn’t need to add a no de. So (i) if N ( v ; w ) = 1’ then v = w , and (ii) there is no z 2 N with

N ( x; z ) = a and N ( z ; y ) = b .

9 mak es N t b y adding a new no de z , de flning

N t ( x; z ) = a , N t ( z ; y ) = b , N t ( z ; z ) = 1’ , and then cho osing N t ( w ; z ) fo r all w 2 N n f x; y g .

Of course, she de flnes N t ( z ; w ) = N t ( w ; z ) ^ .

What do es 9 cho ose fo r the N t ( w ; z )

† Use white if p ossible.

† If not, use black if p ossible.

† If not, use a suitable red.

Here, ‘if p ossible’ means ‘if triangles w ; x; z and w ; y ; z a re rendered consistent’.

d

c

HH HH HH HH HH HH H

� � � � �

’

&

$

%

~

~

P P P

P P P

P P P

P P P

P PP � � � � � � � �

~

x y

z

a b

N ~ w ??

d

c

HH HH HH H � � �

’

&

$

%

y y

P P P

P P P PP� � � � y x y

z a b N y w ?? Let N ( w ; x ) = c and N ( w ; y ) = d .

† If a; c not b oth green, and b; d not b oth green, she can pick ?? = w (white).

† Otherwise, if a; c not b oth y ello w, and b; d not b oth y ello w, she lets ?? = b (black).

† Otherwise, w e can assume a is green, b y ello w. 9 must cho ose a red fo r N t ( w ; z ) fo r each w in the set

R = f w 2 N : N ( w ; x ) green, N ( w ; y ) = y g :

If v ; w 2 R , v 6= w , then N ( v ; w ) is red (why?).

Indeed, 9 ‰ : R ! n with

N ( v ; w ) = r ‰ ( v ) ;‰ ( w ) (all distinct v ; w 2 R ).

If R = f w g , w e let ‰ ( w ) = 0 .

Note: j r ng ( ‰ ) j • j N j ¡ 2 • n ¡ 1 .

So there is i 2 n n r ng ( ‰ ) .

9 lets ?? = N t ( w ; z ) = r ‰ ( w ) ;i fo r all w 2 R .

This completes the lab elling and she de flnes

N t to b e the result.

Is N t a net w o rk?

It’s enough to check that all triangles ( v ; w ; z ) with v ; w 2 N , v 6= w , a re consistently lab elled.

T riangles of the fo rm ( x; y ; z ) , ( v ; x; z ) , ( v ; y ; z ) a re clea rly consistent.

Consider a triangle ( v ; w ; z ) where v ; w =2 f x; y g .

9 lab elled ( v ; z ) and ( w ; z ) with w, b, o r a red. All triangles with 2 edges lik e this a re consistent, except p erhaps all-red triangles.

But 9 only uses reds fo r ( v ; z ) and ( w ; z ) when v ; w 2 R . In this case, w e have r ‰ ( w ) ;i

r i;‰ ( v ) r ‰ ( v ) ;‰ ( w ) w

v z}P PPP PPP PPPi

� � � � � �

� � � �1 ? }

} and this is consistent.

Other results

The full rainb o w construction and va riations can b e used to p rove many mo re negative results, such as:

† The class of relation algeb ra s with rep resentation s satisfying the condition of lemma 23 (1) is not elementa ry [Hirsch; see [7]].

† RRA is not closed under ‘completions’ [IH]

† (Hence) RRA is not Sahlqvist-axiomatisable

[V enema]

† * It is undecidable whether a fl nite relation algeb ra is rep resentable [Hirsch {IH]

† Simila r results fo r ‘ cylindric algeb ra s’ (highera rit y relations) can b e p roved to o

(* : p robably).

† F o r all n ‚ 5 there is a flrst-o rder sentence that can b e p roved with n va riables but not with < n [Hirsch {IH {Maddux].

† F o r n ‚ 5 , the classes RA n , S Ra CA n , and (fo r m ‚ 3 ; m + 2 • n ) S Nr m CA n a re not flnitely axiomatisable [Hirsch {IH].

T uto rial 4: Finite base p rop ert y

Relation algeb ras, even non- rep resentable ones, a re surp risingly complicated.

W e mentioned that it is undecidable whether a flnite relation algeb ra is rep resentable .

T a rski p roved that the equational theo ry of

RA is undecidable.

One of the chief ‘causes’ is asso ciativit y .

So resea rchers lik e Maddux p rop osed w eakening the asso ciative la w.

The semi-asso ciative la w is ( x ; 1) ; 1 = x ; (1 ; 1) .

Even assuming only this, the equational theo ry of the resulting class, SA , is undecidable.

W eak asso ciativit y

Maddux (1982) p rop osed an even w eak er la w,

([ x ¢ 1’ ] ; 1) ; 1 = [ x ¢ 1’ ] ; (1 ; 1)

The class of all algeb ras satisfying (R2 {R6) and this la w is called W A.

The equational theo ry of W A is decidable.

Every W A is rep resentable if w e allo w sp ecial

‘ relativised rep resentation s’.

And fl nite W A s have fl nite relativised rep resentation s [Andr ¶ek a {IH {N ¶emti].

This last is our topic to da y .

Relativised rep resentations

W eak version of ‘p rop er relation algeb ra ’: all op erations a re relativised to (intersected with) the unit.

Deflnition 35 A relativised p rop er relation algeb ra is an algeb ra

A = hA; [ ; \ ; ¡ ; ; ; 1 ; 1’ ; ^ ; ; i where A � } ( U £ U ) fo r some non-empt y set

U , and fo r r ; s 2 A ,

† ¡ r = 1 n r (as b efo re!)

† 1’ = f ( x; y ) 2 1 : x = y g

† r ^ = f ( x; y ) 2 1 : ( y ; x ) 2 r g

† r ; s = f ( x; y ) 2 1 : 9 z (( x; z ) 2 r ^ ( z ; y ) 2 s )) g .

1 (the ‘unit’) need not b e an equivalence relation on U .

Deflnition 36 A relativised rep resentation of a relation-t yp e algeb ra A is an isomo rphism from A onto a relativised p rop er relation algeb ra .

W A and relativised rep resentations

W A s a re asso ciated with relativised rep resentation s with re � exive symmetric unit.

Theo rem 37 (Maddux, 1982) Let A b e a relation-t yp e algeb ra. A 2 W A ifi A has a relativised rep resentation in which the unit is re � exive and symmetric.

W e will p rove a related result:

Theo rem 38 ([4] , 1999) Let A b e a flnite relation-t yp e algeb ra. A 2 W A ifi A has a relativised rep resentation with flnite base in which the unit is re � exive and symmetric.

This is kno wn as the flnite base p rop ert y fo r

W A.

Exercise 13 Prove ( .

Prelimina ries: pack ed and live

Deflnition 39 Let M ; N b e structure s fo r a flnite relational language L .

1. A subset X � M is live if j X j = 1 o r there a re a 1 ; : : : ; a n 2 M and n -a ry R 2 L such that M j= R ( a 1 ; : : : ; a n ) and X � f a 1 ; : : : ; a n g .

2. M is pack ed if any t w o elements of M fo rm a live set.

3. A pa rtial isomo rphism of M is a 1-1 pa rtial map f : M ! M such that fo r any a 1 ; : : : ; a n 2 M and n -a ry R 2 L ,

M j= R ( a 1 ; : : : ; a n ) $ R ( f ( a 1 ) ; : : : ; f ( a n )) .

f is an automo rphism if it’s bijective.

4. A homomo rphism from M to N is a map f : M ! N such that fo r any a 1 ; : : : ; a n 2

M and n -a ry R 2 L , if M j= R ( a 1 ; : : : ; a n ) then N j= R ( f ( a 1 ) ; : : : ; f ( a n )) .

�æ¶`�ˇ�˝˙�

Finite base p rop ert y fo r W A

Pro of of theo rem 38 ) . Let A b e a flnite W A. W e assume fo r simplicit y that 1’ is an atom of A .

Let M consist of a (disjoint) cop y of each net w o rk over At A with at most 3 no des. Net w o rks de flned as fo r relation algeb ra s, but require N ( x; y ) = 1’ ) x = y ( net w o rk s a re strict). Rega rd At A as a relational language. Let M j= a ( x; y ) ifi 9 N 2 M ( x; y 2 N ^ N ( x; y ) = a ) .

Let M + b e as in Herwig’s theo rem.

Let h : A ! } ( M + £ M + ) b e given b y

h ( r ) = f ( x; y ) : x; y 2 M + ; M + j= a ( x; y ) fo r some atom a • r g :

W e sho w h is a relativised rep resentation of A (with range a relativised p rop er relation algeb ra with base M + ). 51

Checking h

Let r ; s 2 A .

† h is 1 {1: if r 6= s , tak e an atom a • r ' s (symmetric di fierence). There a re x; y 2 M with M j= a ( x; y ) . Then ( x; y ) 2 h ( r ) ' h ( s ) .

† h ( r + s ) = h ( r ) [ h ( s ) , h ( r ¢ s ) = h ( r ) \ h ( s ) : clea r.

† h ( ¡ r ) = h (1) n h ( r ) , h ( 1’ ) = f ( x; x ) : ( x; x ) 2 h (1) g , h ( r ^ ) = f ( x; y ) 2 1 : ( y ; x ) 2 h ( r ) g , h (1) is re � exive and symmetric: use liveness.

Exercise 14 Check the ab ove.

† Finally w e check h ( r ; s ) = f ( x; y ) 2 h (1) : 9 z (( x; z ) 2 h ( r ) ^ ( z ; y ) 2 h ( s )) g .

h ( r ; s ) � f ( x; y ) 2 h (1) : 9 z ( x; z ) 2 h ( r ) ; ( z ; y ) 2 h ( s ) g

If ( x; y ) 2 h ( r ; s ) , there’s an atom a • r ; s with M + j= a ( x; y ) . So certainly ( x; y ) 2 h (1) . Also, f x; y g is live. Let g b e an automo rphism of M + with g ( x ) ; g ( y ) 2 M . Then M j= a ( g ( x ) ; g ( y )) . No w w e ma y tak e atoms b • r , c • s with a • b ; c . So there’s a net w o rk N in M with no des t; u; v , sa y:

N v

u t c b

a

{

� � � � � �7 SS S S S Sw- { {

Clea rly , t 7! g ( x ) ; u 7! g ( y ) is a pa rtial isomo rphism of M . So it extends to an automo rphism f of M + . Let z = g ¡ 1 f ( v ) . Then M + j= b ( x; z ) ^ c ( z ; y ) . So ( x; z ) 2 h ( r ) and ( z ; y ) 2 h ( s ) , as required.

h ( r ; s ) ¶ f ( x; y ) 2 h (1) : 9 z ( x; z ) 2 h ( r ) ; ( z ; y ) 2 h ( s ) g

Let x; y ; z 2 M + with

( x; y ) 2 h (1) , ( x; z ) 2 h ( r ) , ( z ; y ) 2 h ( s ) .

W e require ( x; y ) 2 h ( r ; s ) .

Let b • r ; c • s; and a b e atoms with

M + j= a ( x; y ) ^ b ( x; z ) ^ c ( z ; y ) . Then the

sub structure

N z

y x c b

a

{

� � � � � �7 SS S S S Sw- { {

is pack ed, and the inclusion map is a

homomo rphism : N ! M + .

By Herwig’s theo rem there’s a homomo rphism

x 7! x 0; y 7! y 0; z 7! z 0 from N into M . So

M j= a ( x 0 ; y 0 ) ^ b ( x 0 ; z 0 ) ^ c ( z 0 ; y 0 ) : So b y de flnition of M , ( b; c; a ^ ) is consistent.

So a • b ; c • r ; s . By de flnition of h ,

( x; y ) 2 h ( r ; s ) , as required.

Rema rks

The size of the flnite rep resentation of A can b e b ounded recursively in j Aj .

The same idea p roves that any universal sentence valid in fl nite W A s is valid in all W A s.

This gives the ‘ fl nite mo del p rop ert y’ fo r a rro w logic in its relativised interp retation.

The metho d applies in several other situations. Eg: can flnd a fl nite relativised rep resentation fo r any fl nite relation algeb ra , and asso ciativit y gives it mo re p rop erties.

Exercise 15 Let h b e a relativised rep resentation of A 2 W A . Sho w that the unit, h (1) , is a re � exive and symmetric bina ry relation on the base of h .

Answ ers to selected exercises

Exercise 1

1. sister = (pa rent ; daughter) ¢ ¡ 1’

¡ 1’ daughter pa rent

-

A A A A A A AAU

�

sister of x pa rent of x

x

2. nephew = sibling ; son

x sibling of x

nephew of x

= son of sibling

- sibling

? son

3. aunt = pa rent ; sister

If S = ( X ; I d; ^ ; C ) is a relation algeb ra atom structure and a 2 I d , sho w a ^ = a .

W e kno w ( a; a ^ ; b ) 2 C fo r some b 2 I d .

As C is closed under P eircean transfo rms, ( a ^ ; b; a ) 2 C .

But a 2 I d , so a ^ = b ^ .

So a = a ^ ^ = b ^ ^ = b .

Thus, ( a; a ^ ; a ) 2 C .

As C is closed under P eircean transfo rms, ( a ^ ; a ^ ; a ) 2 C .

But a 2 I d , so a ^ = a ^ ^ = a .

The algeb ra with consistent triangles ( x; x ^ ; 1’ ) and ( ]; ]; ] ) is a rep resentable relation algeb ra | one rep resentation is on a set with three elements, interp reting 1’ as = and ] as 6= .

Exercise 6

The consistent triangles a re † ( x; x; 1’ ) fo r x 2 f 1’ ; e; n g , † ( e; e; n ) , ( n; n; e ) .

The algeb ra with atoms 1’ ; e; n is closed under the op erations and the p entagon is a representation of it.

Exercise 7

In any rep resentation of the p oint algeb ra, a is interp reted as an (irre � exive) dense pa rtial o rder. ( a ; a = a gives transitivit y and densit y , and a 6= a ^ gives antisymmetry .) The pa rtial o rder has at least 2 elements, b ecause a is interp reted as a non-empt y relation. But there is no such flnite o rder.

Exercise 12

8 can win G 5 ( I ; K ) as follo ws:

round 4: 9 stuck round 3:

9 must use a round 2 round 1 round 0

]

] {� � � � � � �

XXX XXX XXX XXXX { A A A A A AU

� � � � �/ ] { { a a

J J J J J^ � � � � �/{ a a ? a a ? a a {

� � � � �/

J J J J J^ a a { { ]

� � � � �/

A A A A A AU

{

{ A A A A A AU

� � � � �/ ] ] { { a a { { {