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Abstract

In this paperwe prove decidability of two kinds of branchingtime temporallogics. First
we shawv thatthe non-localversionof propositionalPCTL*, in which truth valuesof atomsmay
depencdbnthebranchof evaluation,is decidable Thenwe usethis resultto establishdecidability
of variousfragmentsof quantifiedPCTL*, wherethe next-time operatorcanbe appliedonly to
formulaswith at mostone free variable,all othertemporaloperatorsand path quantifiersare
applicableonly to sentencesand the first-orderconstructsfollow the patternof any of several
decidabldragmentof first-orderlogic.

Key words: Branchingtime temporallogic, CTL*, predicatetemporallogic, decidability non-
local semantics.

1 Intr oduction

This papercontinuesthe investigationof the computationabehaiour of first-orderbranchingtime
temporallogics startedin [13]. A ‘negative’ resultobtainedin [13] is the undecidabilityof the one-
variablefragmentof quantifiedcomputationatreelogic CTL* (bothbundled[3, 18] and‘unbundled’
versionsandevenwith soletemporaloperatornow or sometime in the future’). Onthe otherhand,
it wasshavn thatby restrictingapplicationsof first-orderquantifiersto state(i.e., path-independent)
formulas,and applicationsof temporaloperatorsand path quantifiersto formulaswith at mostone
freevariable(similarly to thelineartime monodidogic of [11]), decidableragmentsanbeobtained.
Thisis soevenwhenwe includethe ‘past’ operatorSince'.

Herewe prove decidability of variousexpressie fragmentsof anotherkind of fragmentof first-
orderCTL* with Since.This fragmentis calledthe weakmonodicfragmentandconsistf formulas
in which

¢ thenext-time operatoiis monodic,i.e., it only maybeappliedto formulaswith at mostonefree
variable,

¢ all othertemporaloperatorsand path quantifiersare ‘nullodic:’ they are applicableonly to
sentencesand



e thereareno restrictionson first-orderquantification.

The weak monodicfragmentitself is clearly undecidablebecausét containsfull first-orderlogic.
We obtaindecidablefragmentsof it by restrictingits first-orderpartto somedecidablefragmentof
first-orderlogic — for example the two-variableor the guardedragment.

To prove decidability we first shav decidabilityof the ‘non-local’ versionof propositionalCTL*,
wheretruth valuesof atomsmay dependon the branchof evaluation! We thenreducethe weak
monodicfragmentto this logic. The maintechnicalinstrumentin both proofsis the methodof quasi-
models[11, 13].

For possibleapplicationsof decidablefragmentsof first-ordertemporallogics, the readermay
consult,e.g.,[6].

2 Decidability of non-local PCT L*

ThepropositionalanguagePCT L* [5, 14] extendspropositionalogic with temporalconnectiesU,

S (‘until,” ‘since’) anda pathquantifierE (‘thereexistsabranch(or history)’). Thedualpathquantifier
A (‘for all branchegor histories)’)is definedasanabbreiation: A¢p = -E—¢. Otherstandardbbrei-

ationswe needare: O = T U (‘sometimein thefuture’), O = -Op—¢ (‘alwaysin thefuture’),
Opd = TS¢ (‘sometimein thepast’), O¢ = LU (‘at thenext moment’),andOpd = L S¢ (‘at
the previousmoment’).

Trees. Thislanguagés interpretedn (bundledanduntundled)modelsbasedon w-trees. A treeis
astrict partialorder¥ = (T, <) suchthatfor all't € T, theset{u e T : u < t} is linearly orderedby
<. Whenwe write ¥ for atree,it will beimplicit that¥ = (T, <). We saythat% is countabldf T is
countable A full brandch of ¥ isamaximallinearly-orderegubsedf T. An w-treeis arootedtree(i.e.,
it hasa uniqueminimumelement) geachof whosefull branchesprderedby <, is orderisomorphicto
thenaturalnumbergN, <). Foranw-tree¥, andt € T, weletht(t) = [{ue T :u<t}|.

We shall needto usethe following importantkind of w-tree. For a non-emptysetA, we write
<@A for the setof all finite sequencesf elementsof A. For &,n € <“A, define& <« n if n is the
concatenatiorg "¢ for somenon-emptyl € <“A — thatis, & is a properinitial segmentof n. Then
(<®A, <) is anw-treeof cardinality|A| + Oo.

We will alsoneedto form ‘products’of w-trees.If T = (T, <7) andi = (U, <y) arew-treeswe
write € ® 4 for

({(t,u):teT,ueU, ht(t) =ht(u)}, <),

where(t,u) < (t',u) iff t <7 t’ andu <y U'. Notethat¥ ® il is anw-tree,andif ¥ andil arecountable
thensois T ® 41.
A bundleonanw-tree¥ is aset# of full brancheof ¥ suchthaty # =T.

Models. In thispaperwedealwith the‘non-local’ variantof ?CT L* in whichtruthvaluesof atoms
candependon the branchof evaluation. Thus,a bundledmodelhasthe form 9t = (‘Z, H, h), where
T isanw-tree,# isabundleon¥, andh: ? — O ({(B,t) : t € B € #}) isavaluationin ¥; here,P is

theambientsetof propositionalatomsandd denotespower set’. 9t is saidto beafull treemodelif

4 is the setof all full branche®f ¥; in this casewe write simply 9t = (%, h). Thetruth-relationj=

in M is now definedasfollows, wheret € B € A

1This contrastswith the behaiour of procesdogic, the local versionof which is decidablewhile the non-localoneis
undecidabld4].



e for anatomp, (90,3,t) = piff (B,t) € h(p);
e thebooleansredefinedasusual;

o (9M,B,1) = UYiff thereisu >t with u e 3, (901, B,u) =, and(9, B,v) = ¢ forall v e (t,u),
where(t,u) ={veT:t<v<u};

o (9M,B,1) =Sy iff thereis u < t with (91, B,u) = Y and (M, B,v) = ¢ for all v e (u,t);
o (9M,B,1) =E¢ iff (M,y,t) = ¢ forsomeye H witht €.

As usual,we saythata PCT L*-formulas¢ is satisfiablein a bundledor full model9t = <’£, H, h}
if (9,B,t) = ¢ for somet € B € 4.

LEMMA 1. If aPCT L*-formula¢ is satisfiablein a full (bundled)treemodel,theng is satisfiablen
afull (respectivelybundled)treemodelbasedon a countablew-tree

Proof Let9 = (%, #,h) beatreemodelin which ¢ is satisfiable We mayview 90t asatwo-sorted
first-orderstructure asfollows. Thetwo sortsare T and#. We include(i) thetreeorder<, with sort
(T,T), (ii) abinaryrelatione of sort(T,#) representingt € 3’ fort € T, B € A, and(iii) abinary
relationP of sort (T, #) for eachatomp € P: ‘P(t,)’ represents$p,t) € h(p). Takinga countable
elementarysubstructurg9, §2.5] of this yieldsa bundledtreemodelt = <‘Io,%, ho> whosew-tree
%o andbundle #Hy arecountable Here,ho(p) = h(p) N {(B,t) :t € B € Hp} for ary atomp. It is easy
to translate? CT L*-formulasto two-sortedfirst-orderformulaswith the samemeaning. It follows
thatfor ary B € Hp, t € B, andary PC7 L*-formulay, we have

OBt Fw iff  (9L,B,1) = . 1)

It follows that¢ is satisfiabldn 91. This completeghe prooffor thebundledcase.
Supposenow that # containsall full branchesof ¥ andlet 0t = <Zo,?[o,ﬁo> be the full tree

modelbasedon N, where# D # is the setof all full branchesf T, andho(p) = h(p) N {(t,B) :
tepBe Wo}, for anatomp. We claim thatfor all ?CT L*-formulasy, all full branchesy of €y and
allt € y, wehave
@OLy,t) Ew it Ly, = .

The proofis by inductionon . The atomic,boolean,andtemporalcasesaretrivial. Considerthe
caseEy andinductiely assumeheresultfor . If (9,y,t) = EW, pick B € Hp containingt. Clearly,
(9, B,t) = Ey, soby (1), (M,B,t) E EY. It follows thatthereis B’ € Hy with (91,5,t) = w. By
(1) again,(901,B,t) = W. Inductively, (91,B,t) = w. So (N,y,t) = EY, asrequired. The corverse
implicationis easy As before,it follows easilythat¢ is satisfiablein 91. O

Fixa?CT L*-formulad.

DEFINITION 2. Letsul(¢) denotethe setof subformulasof ¢ andtheir negations.A typefor ¢ is a
subset of sub(¢) suchthatW A x € tiff Y € t and) € t, for every WA X € sul($), and -y € t iff
Y ¢ t, for every - € sul(¢). A setX of typesis saidto be coheentif it is non-emptyandfor all
Ey € sul(¢), thethreeconditionsEy € NZ, EY € UZ, andy € |JZ areequivalent.

Fix anw-tree¥ = (T, <).
DErFINITION 3. Supposehat we are given a non-emptyset; of typesfor eacht € T, anda full

branchp of ¥. In this context, arunin Bisamapr :  — Uiep Zt suchthat
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o r(t) € Z; for eacht € B3,

o forall YUy € sul(d) andallt € B, we have YU € r(t) iff thereisu >t withu e B, x € r(u),
andy € r(v) for all v e (t,u),

e for all YSx € su(¢p) andall t € B, we have YSx € r(t) iff thereis u < t with x € r(u) and
g er(v) forallve (ut).

DEFINITION 4. A family (Z; :t € T) of coherentsetsof typesis saidto be an full quasimodelor
simply aquasimodél for ¢ over< if

1. ¢ etforsomet € T andt € %4,

2. forallt € T andt € Zi, thereis a full branchf of ¥ containingt andarunr in B suchthat
rit) =t,

3. for eachfull branchp of ¥, thereexistsarunin 3.
(% :t € T) is abundledquasimodefor ¢ over ¥ if it satisfiesconditionsl and2.

LEMMA 5. APCT L*-formula¢ is satisfiablen a (bundled)modeliff thereis a (bundled)quasimodel
for ¢ overa countablew-tree

Proof. Let M = (T, #,h) besuchthat (90, Bo,to) = ¢ for somepy € # andty € Bo. By Lemmal,
we canassumehat?¥ is countableFor 3 € A andt € 3, let

tp(t, B) = {W € sul(¢) : (M, B,t) = W}
Clearly tp(t,B) isatypefor ¢. Fort € T, let
Z={tp(t,B) :t e e H}.

Clearly % is coherent.For ary B € #{, themaprg : t — tp(t,) is thenarunin . We claim that
(% :t € T) isaquasimodefor ¢ over ¥ (abundledoneif 9t is bundled,anda full oneotherwise).
As (9, Bo,t0) = ¢, we have ¢ € tp(to,Bo) € 24, For eacht € T andt € %, we have t = tp(t,3) for
somef € A containingt, sorp(t) =t andcondition2 of Definition 4 holds.Finally, for all B € #, rg
isarunin [, soif M is afull treemodel,it is clearthatcondition3 holds.

Corverselylet Q = (% : t € T) beaquasimodefor ¢ overacountablaw-treeX. By replacing®
by ¥ ® (<¥2,«) (seeTrees’abore), we canassumavithoutlossof generalitythat () for eacht € T
andt € %;, thereareinfinitely mary full branche{ of ¥ containingt suchthatthereisarunr in 3
with r(t) =t.

EachZ; is finite, sotherearecountablymary pairs(t,t) witht € T, t € Z;. Enumeratéhemas
(tn,tn) (N < w). Inductiely, using(x), chooseafull branchB, > t, for eachn < w, suchthat(i) there
isarunrg in B, with rg (tn) = ty, and(ii) Bn # Bm for all m < n. If Q is abundledquasimodellet
H = {Bn:n< w}. Thisis clearlyabundleon . If Q isafull quasimodellet H bethesetof all full
brancheof %, andfurther choosefor eachp € # \ {Bn : n < w} arunrg in B; this canbe doneby
condition3 of Definition 4. Sowe have definedarunrg in 3, for eachB € #.

Now defineamodeldt = (T, #, h) whereh(p) = {(B,t) :t € B € #, p € rg(t)} for eachatomp.
M is bundledif Q is abundledquasimodelptherwisejt is full.

CLAIM. Forall B € #, allt € B, andall Y € sul(d), we have (M, B,t) |= Y iff P € rp(t).



PROOF OF CLAIM. The proofis by inductionon . For atomicy = p, we have (91,,t) = p iff
(B,t) € h(p), iff p € rg(t) asrequired. The booleancasesaretrivial. For yUx € sul{¢), we have
(9m,B,t) E wUx iff thereis u € B with u > t, (9,B,u) = X, and (M, B,v) = W for all v € (t,u).
Inductively, this holdsiff thereis u € B with u>t, x € rg(u), andy € rg(v) for all v € (t,u). Sincerg
isarunin B, thisis iff pUX € rg(t), asrequired.Thecaseof S is similar.

Finally, for Ey € sul(¢), we have (901, 3,t) = EY iff (90,y,t) = for somey € H witht €y.
Inductiely, thisis iff Y € ry(t) for somey € H witht € y. Butevidently, Z; = {ry(t) :ye H, t €y},
sothisisiff § € JZ;. SinceX; is coherentthisis iff EY € rg(t), asrequired.Theclaimis proved.

By condition1 of Definition 4, thereist € T suchthat$ €t for somet € Z;. We may choose
n < wwith (t,t) = (tn,tn). Thent € B, € H andrp (t) =t, soby theclaim, (91,Bn,t) = ¢. Thus,d
is satisfiablan 90t, whichis bundledor full accordingasq is. O

LEMMA 6. Givena PCT L*-formulad, it is decidablewhetherd hasan untundledquasimodebver
a countablew-tree Thesameholdsfor full quasimodels.

Proof. Given ¢, we caneffectively constructthe set C of all coherentsetsof types. A quasimodel
over an w-tree ¥ hastheform (Z; : t € T) whereZ; € C for eacht; we will expressthis by unary
relationvariablesPs for eachZ € ¢, the aim beingthat Ps is true att iff Z; = Z. We thenexpress
the stipulationsof Definition 4 in termsof the Ps, asfollows. Let Ry, (¥ € sul(¢)) beunaryrelation
variables For atypet for ¢, let

x() = AR A A Ry(.

et pesub(9)\t

Theformulay;(x) saysthatthe Ry(x) definethetypet atx. For aunaryrelationvariableB, let p(B)
bethe conjunctionof:

o Asec VX(BX) APs(X) = Vies Xt (X))
o VX(Ry, Uy, (¥) © 3Y(B(Y) AX<YARy, (Y) AVZ(x <2<y = Ry,(2)))), for all Y U, € suk(9);
o VX(RLIJ Sy, (¥) € VY <XARy,(Y) AVZy <Z<x— Ry:(2)))), for all Y, Sy, € sub(d).

SoassuminghatB definesafull branch p(B) saysthattheRy, definearunin B. (NotethattheRy also
occurfreein p(B).) Let B(B) be a monadicsecond-ordeformulaexpressingthatB is a full branch
(amaximallinearly-orderedset). Thus,the following monadicsecond-ordesentenceu is effectively
constructiblerom ¢:

- PZ(VX\/ [PZ(X)/\ /\ﬂPzr(X)] A\ Pe(¥) A VB[B(B)—> - pr(B)]
2eC

secC YeC seC Pesul()
SA3! deUs
A Yx N [Pz( —>HB< A Ry(P(B) A Xt )))]).
TeC wesub(tb)

tez

(If we aredealingwith bundledquasimodelsye omit the conjunctVB[B(B) — Jycsuti¢) Rw P(B)].)
It shouldbeclearthatfor ary w-tree¥, we have ¥ = piff thereis aquasimodefor ¢ over ¥ (bundled
or full, asappropriate).lt follows from decidabilityof S2S[17] thatit is decidablewvhethera given
monadicsecond-ordesentencds truein somecountablex-tree. Thelemmanow follows. O



As aconsequencef Lemmasb and6 we finally obtain

THEOREM 7. It is decidablewhethera PC7T L*-formulahasa full tree modelin the non-local se-
mantics.Thesameholdsfor bundledmodels.

3 Decidablefragments of quantified PCT L*

QPCT L*, thequantifiedCTL* with pastopeators, is obtainedn thestandardvay by extendingthe
languageQ £ of classicalfirst-orderlogic (without equality constantsand function symbols)with
thetemporaloperatorss, U, (), andthe pathexistentialquantifierE. Notethatnow we regard() as
aprimitive operator

QPCT L" is interpretedn structureof the form 90t = (%, #,D, 1), where¥ = (T,<) isanw-
tree, A is a set(bundlg of full branchesf ¥ suchthatJ# = T, D is a non-emptysetcalledthe
domainof 931, and| is a function associatingvith every momentof timet € T a first-orderQ £-

structure Tt it
1(t) = <D,P0(),P1(),...>,

the stateof 9t at momentt. (Here,the PiI © are predicateon D interpretingthe predicatesymbols
P of QL. We allow for 0-ary predicatesymbols— thatis, propositionalvariables.)As before,if #
containsall full branche®f T, we saythat9t is afull treemodel,or simply atreemodel

An assignmentin D is a function a from the setof individual variablesof Q £ to D. Thetruth
relation(91,3,t) =* ¢, fort € B € #, (orsimply (B,t) =2 ¢ if I is understood)s definednductively
asfollows:

o (B,t) E* P(xq,...,X) iff Pi'(t)(a(xl),...,a(xg)) holdsin I(t) (herethe x; areindividual vari-
ables),

o (B,t) = Wxyiff (B,t) =° W for every assignmenbt in D thatmaydiffer from a only onx,

(B.t)

(B,t) = xS wiff thereexistsv < t suchthat(B,v) =* Y and(B,u) =° X for everyu € (vt),
o (B,t) E*x U iff thereis v € B suchthatv > t, (B,v) =* W and(B,u) =* x for everyu € (t,v),
o (B,t) = EWiff (B',t) E* Y for somep’ € # suchthatt € ',

plusthe standarcclausedor the booleans.Note thatin this definition we usethe traditional‘local

semanticof CTL* in which the truth valuesof atomsdo not dependon the branchf of evaluation.
For aformula ¢(x) andatuple a of elementf D suchthata(x) = a, we write (91,3,t) = ¢(a) if

(O, B,t) E* 0. WesetOfd = d AOrd andOid = o vV Opd.

DEFINITION 8. Let QPCT L} bethesetof all Q2T L*-formulas¢ satisfyingthefollowing con-
ditions:

e every subformulaof ¢ of theform (O containsat mostonefreevariable,

o every subformulaof ¢ of theform Ey, Y1 U, or P1 S, containsno freevariables(i.e., is a
sentence).



We call theformulasin Q27 L weakmonodicandQP(CT LY itself theweakmonodidragment
of QPCTL".

It shouldbe clearfrom the definitionthat Q?CT L containsfull propositionalPCTL* aswell
asthefull first-order(non-temporaljanguage Thelattermeansijn particular thatthe weakmonodic
fragmentof QPCT L is undecidableThemainaim of this sectionis to prove asatisfiabilitycriterion
for weak monodicformulas (Corollary 17) and then apply it in orderto obtain variousdecidable
fragmentsof QPCT L.

Bundled and full satisfiability. We begin by observingthat satisfiability in bundledtree models
canbereducedo satisfiabilityin full treemodels.Indeed,givena Q PCT L -formula¢, we take a
propositionalvariableq not occurringin ¢ anddenoteby ¢ the resultof replacingeachsubformula
of ¢ of theform Ey by E(OrOrqA g). Notethatif ¢ isa QPCT L% -formula,thensois ¢.

LEMMA 9. ¢ is satisfiablein a bundledtreemodeliff (Ed)T is satisfiablein a full treemodel.

Proof. Theimplication (<) is easy We prove (=). Usinga Ldwenheim—S&lemargument(cf. [3],
and Lemmal above), we may assumeb to be satisfiablein a model 9t with a countablebundle
H. We assumehat # is infinite, leaving the (easy)othercaseto the reader Let Bo,B1,... bean
enumeratiorof #. We corvert Mt into a full treemodelM’ with the sameunderlyingw-tree, and
definea truth-relationfor q in it inductively asfollows. Put (9", Bo,t) = qfor all t € Bo. Suppose
thatwe have alreadydefinedtruth of q at (B;,t), for all i < nandt € 3;. Consider3,;1. Theremust
beat € Bn+1 suchthatthe distancefrom t to eachf;, i < n+1, is > 2 (thedistances the lengthof
theshortespathfromt to apointin B;). Thenwe put (', By 1,t') = qif t' >t andt’ € Bpys.
Saythatafull branch@ is markedif thereist € B suchthat(9",B3,t') = gforallt’ >t,t’ € B. One
caneasilyseethatp is marlediff B € A. In particular if B ¢ A andfor eachn, t, is theleastelement
of B\ UmenBm, then(B,tn) = g and{to,t1,...} is infinite, so B is not marked. Now onecanprove
by inductionthatfor every subformulay of ¢ andevery (B,t), (90, B,t) | W iff (MT,B,t) = W', It
follows that(E$)T is satisfiablen :tT. O

All thefragmentof QP CT L5 we considerin this paperareclosedunderthemap

¢ — (E9)".

Soit will besufiicientto considersatisfiabilityin full treemodelswhichfrom now onwill bedenoted
byt = (%,D,1).

Quasimodels. Asin [11, 13], andLemmab above, the ideaof the decidability proof is to encode
modelsin structuresalledquasimodels.

Fix a QPCT L -sentence). Denoteby sul(¢) the closureundernegationof the setof subfor
mulasof ¢. Withoutlossof generality we mayidentify ¢ and——, sosul(¢) is finite. Forn < w,
denoteby suly(¢) the setof formulasin sul(¢) with at mostn free variables. Fix a variablex not
occurringin ¢, andlet

subx(¢) = {W{x/y} 1 W(y) € sub(9)}.

2The ‘monodic’ fragmentof QT L* consistsof all formulaswhosesubformulasof the form Qu, Ey, Wy Uy,
or 1 S, have at mostone free variable. However, [13] shaved that even the one-\ariable fragmentof Q PCT L* is
undecidableSincethis is certainlymonodic,we needfurtherrestrictionsto obtaindecidablefragments.For analternatve
approacthto that of Definition 8, see[13], wheredecidablefragmentswvere obtainedby restrictingquantificationto ‘state
formulas’.




Note that sub(¢) andsulx(¢) containthe samesentences Definea typefor ¢ to be a subsett of
sulx(¢) suchthaty A x € tiff € t andy € t, for every YA x € sulx(¢), and— e tiff Y ¢ t, for
every Y € subx(9).

For simplicity, we may assumehat ary subsentencé)y of ¢ is replacedby L UY. Thus,(O
is only appliedto formulaswith exactly onefree variable. Now, for every formula®(y) of the form
Ouw(y) € suhd) we resere fresh unarypredicatesPé, andfor every 0 of theform Ey, Y1 Uy, or
W1 SYs in suk{¢) weresere freshpropositionak/ariablespg, wherei =0,1,.... TheformulasPé(y)
and py arecalledthei-surrogatesof 6(y) and®, respeciiely. For y € sul(¢), denoteby ' theresult
of replacingin y all its subformulasf theform O, U X, WSX, or EY thatarenotwithin thescope
of anothemccurrencef anon-classicabperatorby theiri-surrogatesThus, ' is a purelyfirst-order
(non-temporalformula. Let ' = {x' : x € '} for ary setl" C sul(¢). Similarly definey' andr"' for
Y e suby(d), I Csulx(d). _

Theideabehindthesedefinitionsis asfollows. Theformulasy' abstracfrom thetemporalcom-
ponentof x andcanbeevaluatedn afirst-orderstructurewithouttakinginto accounits temporalkevo-
lution. Of courseaterwe have to beableto reconstructhetruth valueof x in temporalmodelsfrom
thetruth valuesof the'. In contrastto the lineartime casewe needa list of abstractiong?, x%,...,
sincethe temporalevolution dependon branches.So, intuitively, eachi < w represents branch.
(Actually, we will seethatfinitely mary i < w areenoughsincewe have to represenbranchesonly
up to acertainequivalencerelation. Somoreaccuratelyi represents ‘kind’ or ‘species’of branch.)

Letn(¢) = 44",

DEFINITION 10. A statecandidatefor ¢ is apair® = (S5,7) in which:

(i) S ={S,.-., &}, whereeach§ is asetof typesfor ¢ suchthat,for every sentencep, we have
wetiffyet, foranyt,t’ € S, andfor every EY € sul(¢),

Eve(S iff EwelNSs iff velJNS-
i<k i<k i<k

(i) Tisasetof mapst: {1,...,ne} — U<« S calledtraces whereng < n(¢) is anaturainumber
dependingn © andsuchthat{{t(i):T€ T}:i<ng} =5.

Thesetof sentences N{t(i) : T € 7} will bedenoteddy O(i). For atracet, we set

= @), T={t:teT}.
i<ng

Statecandidatesepresenstatesw of temporalmodels. The intuition behindthis definition will
be clearfrom the proof of the theorembelon. Herewe only saythat, roughly the componentss
of a statecandidate® = ($,7) representhe statesof a momentw in differentbranchesandeach
tracet € 7 shawvsthetypesof oneelemeniof thedomainD in thesestateq(i.e., its possiblestatesat
momentw but in differenthistories).In short,thei correspondo kinds of brancheghistories),and
thet to domainelementsng correspondso the numberof differentkindsof branchthroughw.

DEFINITION 11. Let® = (§,7) beastatecandidatdor ¢, and
D= <DP§’P§’>

afirst-orderstructurein the signatureof QPCT L. For everya € D we definethetraceof a (with
respecto Q) as

tr(@) ={we |J (sut(¢)) : D = wlal}.

i<ng

We saythat® realises® if 7 = {tr(a) : a€ D}. We saythat® is realisableif some® realisest.
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It follows immediatelyfrom the definitionthatwe have:

LEMMA 12. A statecandidate® = ($,T) for ¢ is realisableiff thefirst-oder sentence

do= A\ IXT AW\ T
€T €T

is satisfiable

DEFINITION 13. A connectionis a quadruple(A, ©,R,N) consistingof realisablestatecandidates
A= (5,7) and® = (U, V), arelationR C 7 x ¥ with domain‘Z andrange?’/, and a relation
N C{1,...,m} x{1,...,ne} with range{1,...,ne}, suchthatfor all (i, j) € N, all (1,7') € R, and
all Oy € sub¢), wehave QW € 1(i) iff Y € T'(j).

A connectiordescribesow (the abstractrepresentatio® of) a statew is relatedto (the abstract
representation of) its immediatepredecessor. To thisend,therelationR betweerthetracesn both
representationis fixed. Intuitively, R(t,T’) indicatesthatt (atraceatv) andt’ (atraceatw) represent
the samedomainpoint. The fact thatthe domainD is constantgivesrise to the restrictionon the
domainandrangeof R. N(i, j) indicatesthatthereis a branchthroughw (andhencev) ‘of kind i’ at
v and‘of kind j’ atw. Thefactthatall brancheghroughw go throughv, but not perhapsorversely
suggestsherestrictionon therangeof N.

Foranw-tree¥ = (T, <) andw € T, denoteby B(w) thesetof full branche®f € comingthrough
W.

DEFINITION 14. A quasimodefor ¢ over¥ = (T, <) isamap f associatingvith therootwg of ¥ a
pair f(Wo) = (Ow,, Ow,), Where®y, is arealisablestatecandidateandwith every non-rootw € T a
pair f (w) = (Cw, gw), WwhereC,, = (Aw, Ow, Ry, Nw) isaconnectionandall gy, for we T, arefunctions
from B(w) onto{1,...,ng, } suchthatthefollowing hold:

1. if ve T istheimmediatepredecessaf w, then®, = A, andNy, = {(gv(B),gw(B)) : B € B(w)};

2. for all B € B(w), xUW € Oy (gw(B)) iff thereexists u > w with u e B, Y € Oy(gu(B)) and
X € ©y(gv(B)) forallve (w,u) (O(i) wasdefinedafter Definition 10);

3. forall B € B(w), xSW € Oy (gw(B)) iff thereexistsu < wwith g € ©y(gu(B)) andx € Oy(av(B))
forallve (u,w).

We saythat f satisfiegp if thereisw € T suchthat®,, = (5w, Zw) and¢ € |JSfor someS € S,.

While theconnectiongake careof thetruth valuesof ‘local’ formulasof theform Ox, quasimod-
elstake careof theremaining‘'global’ temporaloperators.

THEOREM 15. ¢ is satisfiablein a full modeliff ther existsa quasimodesatisfyingd.

Proof (=) Supposehat ¢ is satisfiablein somemodel. We may replaceits tree¥ by T+ =3 ®
(<®w, <), asin the proof of Lemmabs; every branchof ¥ is ‘duplicated’ w timesin £ ateachnode,
and¢ is still satisfiablein the resultingmodel9t = (2*,D,1). So(9M,o,v) =* ¢ for someve T,
o € B(v) (definedwith respecto 1) andsomeassignment. Givenw € T* andf € B(w), let

S(B,w) = {tp(B,w,a) : a € D},

where

tp(B,W, a) = {lIJ € sub((d)) : (ma BaW) ‘: l.lJ[a]}

9



Let Sw = {S(B,w) : B € B(w)}. We extractfrom £+ asubtree¥’ = (T’,<’) in which every nodehas
atmostm(¢) = 22** ¥ immediatesuccessorsTo this end,we inductively defineT) C T+ with this
property SetT) = {wo}, wherewy is theroot of €*. GivenT;, for eachw € T, with ht(w) = n,
andeachS € S, we pick Bs € B(w) suchthat S(Bs,w) = S and (we usethe form of £t here)
BsNTi=BsNPBg ={t e Tt :t <w} for distinctS S € Sy. Let By, = {Bs: S€ Sw}, andTy = UBw.
We canassumehato € By,. Notethat|By| < m(¢). Now setT, ; = TyUU{Tw:we Ty, ht(w) =n}.
Finally defineT’ = Up<, T- Notethato C T" andve T'.

LetdM' = (%',D,1’) and%’ betherestrictionsof M andX* to T'. Onecaneasilyshav by induction
on the constructiorof Y € sul(¢) that (90, B,w) =2 W iff (9, B,w) E* W, for all full brancheg in
%' andall w € B. (For example,supposg, 3, w) =* EY. Thenthereis B’ € B(w) in £ suchthat
(9, B, w) = . Pickafull branchyin €' for whichS(B',w) = S(y,w). Sincey is asentencewe have
(90, y, w) =* . It follows by theinductionhypothesighat (9%, y,w) =% Y andso (9, B,w) =* Ey.)

Thus M’ satisfiesp and we can work with this model insteadof 9t. Define an equialence
relation ~, on B(w) (definedin €' now), for w € T', by taking B ~w B’ when (9, B,w) ¢ @ iff
(', B',w) =2 W, for every Y € sul(dp) andevery assignment. The ~-equialenceclassgenerated
by B will bedenotedy [B]w.

Sinceonly O is appliedto openformulas we canshav thatthenumberof ~,,-equivalenceclasses
is boundedby n(¢). To prove this, for w € T’, full branche{3 andp’ in B(w), andd < w, we put
B~4 p'if forallt € T' with t > wandht(t) < ht(w) +d, we have

1. teBifftep,

2. if t € B, thenfor all assignments andall Y € sul(¢) with atmostht(w) +d — ht(t) occurrences
of O, we have (B,) |=° W iff (B',1) =° .

An inductionond shaws thatthenumberf(d) of ~d-classess atmostm(¢)d - 2(0+1)/sub(®)] (for ary
w). For d = 0, onemay checkthatif (B,w) = W iff (B',w) = @ for eachsentencep € suk{¢), then
B ~Q B. So#(0) < 2isub(®) Assumethe resultfor d. Onemay checkthatif B, € B(w) contain
a commonimmediatesuccessov of w, (B,w) = W iff (B',w) = W for eachsentencap € sul{¢),
andf ~3 B/, thenp ~&+1 p'. Both checksinvolve aninductionon ( in (2) above. It follows that
f(d+1) < m(¢) - 25U@)l. 4(d), andhencethat f(d) < m(¢)9 . 2(d+DIsub®)! for all d, asrequired.

Finally obsere thatif 3 ~\|,3”b‘(¢)‘ B’ thenp ~y B', sothat~,, hasatmostf(|sulx(¢)|) < n(¢) classes.

Let BY,... By, besomeminimal list of full branchesuchthat{[B}]w,...,[Bn,]w} is thesetof all
~w-equialenceclassesWith eacha € D we associatatrace

W1 = S

by taking 1% (i) = tp(B",w,a). Denotethe resultingsetof tracesby 7. Let Oy = (Sw,Zw) for all

|
w e T'. We arenow in a positionto definea quasimodelf over ¥’ satisfying¢. If wis nottheroot,

thensetf(w) = ((©y, Ow, Rw, Nw),9w), Wherev is theimmediatepredecessarf w, andfor rootwy let
f(Wo) = (Owys Owy)» Where

e gw(B) =1iff B € [B]w,
o Ry={(1}, %) :a€ D},
e Ny = {(9v(B),gw(B)) : B€ B(W)}.

10



Let usshaw that f is a quasimodel.lt shouldbe clearthatthe first componenbf eachf(w) (wp #
w) is a connectionandthat of f(wp) is a realisablestatecandidate.We will checkonly item 2 of
Definition 14. Supposegw(B) =i andxUW € B©y(i). SincexUy is a sentenceywe have xUW €
T3 (i) =tp(B",w, a) = tp(B,w,a) for everya € D. Sothereis u > wwith u € f andy € tp(B,u,a) (from
whichy € ©,(gy(B)) follows) andfor all v € (w,u) wehave x € tp(B,v,a) (fromwhichy € ©,(gv(B))
follows). The corverseimplicationis provedsimilarly.

(<) Now supposethat f is a quasimodeffor ¢ over ¥ = (T, <) with root wp. Let f(wp) =
(Owgy,> Ow) and f(w) = (Cw, gw) = ((Aw, Ow, Rw, Nw), 0w) for non-rootw € T. Let ©y, = (Sw, Zw) and
Ny = Ng,,-

Arunrin f isafunctionassociatingvith ary w € T atracer(w) € ‘7, suchthat(r(v),r(w)) € Ry
for ary non-rootw with immediatepredecessor. Usingthe conditionthatthe rangeanddomainof
Rw coincidewith {1,...,n,} and{1,...,n,}, respectrely, it is notdifficult to seethat,for ary w and
ary 1 € 14y, thereexistsarunr with r(w) = 1. Let X bethesetof all runs.

Take a cardinalk > ¢ exceedingthe cardinalityof ®. Then,by classicalmodeltheory (since
the languageds countableand without equality; cf. [11, Lemma9]), for everyw € T we canfind a
first-orderstructurel (w) with domain

D={(rg) |re R, <k}

realising®y = (Sw, Zw) andsuchthatfor all i € {1,...,ny}, r € R, & < k, andy € suly(¢),

e (rw) () it 1(w) = w(rg). )

Letot = (%,D,l) andlet a beary assignmenin D. We shav by inductionthatfor all ¢ € sul(¢), all
w e T, andall B € B(w) with gw(B) =i, say we have

I(w) =gt iff (900, B,w) = .

The caseof atomic Y is easy sincey' =  and by definition of 9t. The booleansare also easy
Supposeéhat = x1 UX2. Theny is asentenceandfor allr € § we have

l(w) =2 ply < XaUxz €r(w)(gw(B)) (by(2))
& Ju>w(ueBAxzer(u)(guB) A
Vv € (w,u) (X1 € rv(gv(B)))) (sincer is arunandy is asentence)
& 3uswuepal ExdP avwe wui ) = x$P) by ()
< Ju>wueBAN,B,u) = X2 AVVE (W u)(90,B,v) E*x1) (by IH)
< (M,B,w) = .

Thecaseof P = X1 S X2 is amirrorimage.Now supposep = Ox. Thenforaryr € R, & < K:

(W) EPY(LE)] & OXerw)(gw(P) (by(2)
< xer(v)(ov(B)), for theimmediatesuccessoy of win f3,
sinceC, is aconnectiorandr arun
1(v) ExP[(r8)] (by (2))
(9, B,v) = X[(r,&)] (byIH)
(9, B,w) = OX[(r, &)]-

i3

T o
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Fory =EX:

(W) =°py & Exer(w)(gw(B) (by(2)
< xer(w)(gw(B')), for somep’ € B(w), since®,, is
astatecandidateg,, is surjectve andy is asentence
& 3B (B € BW) Al(w) = xP) (by (2))
& BB € B(w) A (M,B,w) = x) (by IH)
& (9,B,w) = EX.

Sinced € r(w)(gw(0)) for somew € T, o € B(w) andr € &, wefinally obtain(9t,0,w) =¢. O

Now we constructa reductionof Q?CT LY to non-local?CT L*, by encodingquasimodelsn
non-localpropositionatreemodels.Supposeagainthata QP CT L -sentence is fixed.

With every realisablestatecandidate® = (5, T) for ¢, every connectiorC, andeveryi < n(¢),
we associatgropositionalvariablespe, pc, and p;, respectiely. Let R (¢p) and C(¢) be the setsof
realisablestatecandidatesindconnectiondor ¢, respectrely. For asentencep € sul(¢), define

qﬂ:( V (pi/\pe/\_'oPT))V( V (pi/\pc/\<>pT)>-
OcR(9), C=(8,0RN)EC(9),
i<ne, YeoO(i) i<ne, YeoO(i)
Let
0* = A (VA—=OpT) VOR(VA—=ORT)),

wherev is the conjunctionof theformulas(3)-(9) definedbelow.

\V Aper A A(pe — —pe), ADF( \V ApcA A A(pc%ﬂpcf))- 3)
OcR(9) 010 CceC(9) c£C

Theformulasin (3) saythatthe pg and pc are‘local’ (sowe canwrite w = pe andw = pc) andthat
preciselyone pe holdsattherootandpreciselyone pc holdsat eachnon-rootpoint.

Intuitively, w = pc meanghat f (w) = (C, g), for someg. Saythatapairof connection§C;,C,) is
suitableif the secondstatecandidateof C; coincideswith thefirst statecandidateof C,. Thesetof all
suitablepairsof connectionss denoteddy Cs(¢). A pair (©,C) is suitableif thefirst statecandidate
of C coincideswith ©. The setof all suitablepairsof this form is denotedby X s(¢). Thefollowing
formulassaythatthe pairinducedby a pointandits immediatepredecessds suitable:

A \/ (p@/\OpC)’ ADOg V (pclf\OpCz)- (4)
(©.C)eRs(9) (C1.C2)eCs(9)

Intuitively, the p; codegy,: for i suchthatl <i < n(¢), (B,w) = pi is intendedto meangy(f3) =
(Herewe needthe non-localsemantics.his is ensuredy theformulas

A AN (r—=-p), ACE A (B—p), (5)
1<i<j<n(9) I<i<j<n(¢)
A (re> A EprA \/ p). 2\ (pc% A EpAA V p). ()
OcR () 1<i<ng 1<i<ng CEC 1<i<ng 1<i<ng
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Hereandbelonv we assuméhatC = (A, ©,R, N). It remaingo capturetheconditionsof Definition 14.
First, we write down aformulawhich saysthatN in C is determinedy thefunctionsgy:

ADE N\ (pc—>( A E(piAOepp)AA \/ (pj/\OPpi)))' )

CeC(9) (i,j)eN (i,j)eN

Finally, to captureconditions2 and3 of Definition 14, weinclude,for every sentenca&) U € sul(¢),

AT (WUX)F < (WU XH), (8)
andfor every sentence)Sx € sul(¢),
ADE (WSX)* & (WFSX)). ©)

THEOREM 16. A QPCT Lj-sentence is satisfiablein a full modeliff the 2T L*-formula ¢* is
satisfiablein a full non-localmodel.

Proof. (=) If ¢ is satisfiablethenby Theoreml5 thereis a quasimodelf for ¢ basedon anw-tree

L= <Ta <>- Let f(W) = (CW7 gw) = ((AW7 Ow, Nw, RW)agW) if wis nOttherOOtandf(WO) = (@WoagWo)
for therootwg of . Definea (propositionalvaluationh in ¥ by taking,for allw € T andp € B(w):

e (B,w) € h(pe) iff © = By, for every realisablestatecandidated;
e (B,w) € h(pc) iff C = Cy, for every connectiorC (wherew # wo);

e (B,w) € h(p) iff gw(B) =1, foralli < n(¢).

Let usprove that¢* is satisfiablen thefull model?t = (%, h).
It shouldbeclearfrom the definitionsthatfor ary sentencep € sul{¢),

(B.wW) E W <= Y€ Ou(guw(Pp))- (10)

Sinced € Oy,(gw(B)), for somew € T and € B(w), we have that (9, B, w) = ¢F.

Now we shaw that(B,w) = (VA=OpT) VOp(VA=ORT), ie., (B,Wo) =V, wherewy is theroot
of €. We only checkformulas(7), (8) and(9).

(7) Supposéy, V) = pc, for afull branchy of € andsomev € y suchthatv # wp. Thenby definition
of h(pc), wehaveC =C,. Accordingto Definition 14, for eachpair (i, j) € Ny thereisabranchin B(v),
sayy, suchthatg,(y) = j andg,(y) =, for theimmediatepredecessar of v. Hence (Y, V) = p; and
(Y,u) = pi, fromwhich (y,v) = E(pj AOppi) for all (i, j) € Ny. Definition 14 alsosaysthatfor each
branchy € B(v), thereisapair (i, j) € Ny suchthatg,(y) = j andgy(Y) =i, whereu is theimmediate
predecessaof v. Thismeanghat(y,v) = pj and(Y,u) = pi- So(Y,V) E AV jen, (Pj A OprPi).

(8) and(9) follow immediatelyfrom (10) andconditions2 and3 of Definition 14.

(«=) Corversely supposet = (%, h) satisfiesp*. Thenv is true at theroot wp of €. Definea

quasimodelf by taking f (W) = (Cus Gw) = (B O, Nws Ru), Gw) if W Wo, and f (Wo) = (Qugs ),
where

e Oy, istheunique® for whichw |= pe (thisis independenof the branchof evaluation);
o for w# wp, Cy is theuniqueC suchthatw = pc;
e gw(B) =i for theuniquei for which (B,w) = pi.

13



We shaw that f is a quasimodeby checkingthe conditionsof Definition 14. The first part of con-
dition 1 follows from the definition of suitablepair and formulas(3) and (4). Supposenow that
(i,j) € Nw. We have w = pc,. Hence,by (7), w = E(p; AOppi). Sothereis o € B(w) with
(o,w) = pj AQOppi. This implies gy(o) = j andgy(0) = i, for the immediatepredecessov of
w. Corversely supposey, (o) = j andgy(o) =i, wherev is theimmediatepredecessoof w. Then
(o,v) = pi and(o,w) = pj. Hencew = E(pj A Oppi) andso, by (7) and(5), (i, j) € Nw. Thus,the
secondpartof condition1 of Definition 14 holds. To prove conditions2 and3, we just obsenre that
(10) holdsagain;the conditionsthenfollow from (8) and(9).

Finally, we checkthat f satisfiesp. By assumptionthereis w € T and 3 € B(w) suchthat
(B,w) |= ¢*. Hence,(B,w) = ¢*. By (10), ¢ € Oy (gw(B)). It followsthat f satisfiesp. O

If £LC QPCTLY is afragmentsuchthatit is decidablewhethera given statecandidatefor a
givensentence € L is realisablethenit is clearthatthemap

XL PCTLF
is effective. Hence we obtain:

COROLLARY 17. Let £ C QP(CT Ly andsupposehatfor anysentence € L it is decidablevhether
agivenstatecandidateor ¢ is realisable Thenthesatisfiabilityproblemfor £-formulasin full models
is decidable

If, moreover, L is closedunderthemapd — (Ed)" (with freshpropositionalvariable g), thenthe
satisfiabilityproblemfor £-sentences bundledmodelsis decidableaswell.

Proof. Thefirst partfollows from Theorem7 andTheoreml6. The secondoartfollows from thefirst
partandLemma. O

4 Applications

Denoteby £, the two-variablefragmentof Q PC7 Ly which consistsof all QP T Lg-formulas
containingonly two variables,say x andy. Obviously, for ary statecandidate® for a sentence
¢ € Lp, thesentenceaig belongsto the two-variablefragmentof Q £. Thetwo-variablefragmentof
QL is known to be decidable[16]. Soit is decidablewhethera statecandidatefor a £,-sentence
is realisable.Moreover, £, is closedunderthe map¢ — (E$)’. As a consequenceye obtainfrom
Corollary17:

THEOREM 18. Thesatisfiability problemfor the two-variablefragmentof QPC7T L5 is decidable
bothin bundledandin full models.

Themonadicfragmentof QPCT Ly consistsof all QP CT LY -formulascontainingonly O-ary
and unary predicatesymbols. In the samemanneras abore, we obtainfrom Corollary 17 andthe
decidabilityof the monadicfragmentof first-orderlogic:

THEOREM 19. Thesatisfiability problemfor the monadicfragmentof Q PC7T L is decidableboth
in bundledandin full models.

The guarded fragmentof QPC7 LY consistsof all Q PCT L -formulasin which all usesof
V follow the ‘guarded’ patternvy(a(x,y) — ¢(X,y)), wherea is atomicandinvolves all variables
occurringfreein ¢. It is definedasin thelineartime caseg[11, Definition 72]. We now obtainfrom
Corollary 17 andthe decidabilityof the guardedragmentof first-orderlogic [1, 8]:
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THEOREM 20. Thesatisfiability problemfor the guadedfragmentof Q27 L is decidableboth
in bundledandin full models.

Similar resultscanbe proven for the looselyguardedandpacled (or clique-guardedjragments
of QPCT Ly (see[2, 15, 7]). Moreover, equalitycanbe addedn thesecasesct. [10].

A simpleextensionof the above proof coversthe casewhenthe underlyingfirst-ordersignature
containsconstantsinterpretedigidly in temporalmodels:cf. [11, 10].

5 Conclusion

The decidabilityresultfor the weak one-\ariablefragmentof first-orderPCTL* canbe usedto ob-
tain decidabilityresultsfor certainspatio-temporalogics connecting®?CTL* with region connection
calculusRCC-8 (seethe suney paper[12] or the monograpH6]). Fromthis viewpoint it hassuffi-
cientexpressie power to be useful. However, thereis still a gap betweenthe undecidabilityof the
one-\ariablefragmentof first-orderCTL* andthe decidabilityof its weakone-ariablefragment.In
particular thefollowing problemsarestill open. Whathappensf the path-quantifielE is appliedto
openformulasaswell? Or, whathappensf all temporaloperatorsareappliedto openformulas(but
E only to sentences)?

Anotheropenproblemis the computationatompleity of the logics consideredhere. Fromthe
reductionproofs provided in the presentpaperwe obtainonly non-elementarylecisionprocedures.
We do not believe thatthisis optimal.
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