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Abstract

In this paperwe prove decidability of two kinds of branchingtime temporallogics. First
we show that thenon-localversionof propositional
������� , in which truth valuesof atomsmay
dependon thebranchof evaluation,is decidable.Thenweusethis resultto establishdecidability
of variousfragmentsof quantified 
������� , wherethe next-time operatorcanbe appliedonly to
formulaswith at most one free variable,all other temporaloperatorsand path quantifiersare
applicableonly to sentences,and the first-orderconstructsfollow the patternof any of several
decidablefragmentsof first-orderlogic.����������� �"!�#

Branchingtime temporallogic, $&%('*) , predicatetemporallogic, decidability, non-
local semantics.

1 Intr oduction

This papercontinuesthe investigationof the computationalbehaviour of first-orderbranchingtime
temporallogicsstartedin [13]. A ‘negative’ resultobtainedin [13] is theundecidabilityof theone-
variablefragmentof quantifiedcomputationaltreelogic $+%�' ) (bothbundled[3, 18] and‘unbundled’
versions,andevenwith soletemporaloperator‘now or sometime in thefuture’). On theotherhand,
it wasshown thatby restrictingapplicationsof first-orderquantifiersto state(i.e., path-independent)
formulas,andapplicationsof temporaloperatorsandpathquantifiersto formulaswith at mostone
freevariable(similarly to thelineartimemonodiclogic of [11]), decidablefragmentscanbeobtained.
This is soevenwhenwe includethe‘past’ operator‘Since’.

Herewe prove decidabilityof variousexpressive fragmentsof anotherkind of fragmentof first-
order $+%�'*) with Since.This fragmentis calledtheweakmonodicfragmentandconsistsof formulas
in which, thenext-timeoperatoris monodic,i.e., it only maybeappliedto formulaswith atmostonefree

variable,, all other temporaloperatorsand path quantifiersare ‘nullodic:’ they are applicableonly to
sentences,and

1



, thereareno restrictionsonfirst-orderquantification.

The weak monodicfragmentitself is clearly undecidablebecauseit containsfull first-orderlogic.
We obtaindecidablefragmentsof it by restrictingits first-orderpart to somedecidablefragmentof
first-orderlogic — for example,thetwo-variableor theguardedfragment.

To provedecidability, wefirst show decidabilityof the‘non-local’ versionof propositional$+%�' ) ,
wheretruth valuesof atomsmay dependon the branchof evaluation.1 We then reducethe weak
monodicfragmentto this logic. Themaintechnicalinstrumentin bothproofsis themethodof quasi-
models[11, 13].

For possibleapplicationsof decidablefragmentsof first-ordertemporallogics, the readermay
consult,e.g.,[6].

2 Decidability of non-local -
Thepropositionallanguage.0/2143 ) [5, 14] extendspropositionallogic with temporalconnectives 5 ,6

(‘until,’ ‘since’) andapathquantifier 7 (‘thereexistsabranch(or history)’). Thedualpathquantifier8
(‘for all branches(or histories)’)is definedasanabbreviation:

8
ϕ 9;:27�: ϕ. Otherstandardabbrevi-

ationsweneedare: < Fϕ 9>=?5 ϕ (‘sometimein thefuture’), @ Fϕ 9A:�< F : ϕ (‘alwaysin thefuture’),< Pϕ 9B= 6
ϕ (‘sometime in thepast’), C ϕ 9ED?5 ϕ (‘at thenext moment’),and C Pϕ 9ED 6

ϕ (‘at
thepreviousmoment’).

Trees. This languageis interpretedin (bundledandunbundled)modelsbasedon ω-trees.A treeis
a strict partialorder FG9IH T JLK(M suchthat for all t N T, theset O u N T : u K t P is linearly orderedbyK . Whenwe write F for a tree,it will beimplicit that FQ9IH T JLK(M . We saythat F is countableif T is
countable.A full branch of F isamaximallinearly-orderedsubsetof T. An ω-treeisarootedtree(i.e.,
it hasauniqueminimumelement),eachof whosefull branches,orderedby K , is order-isomorphicto
thenaturalnumbersHSRTJLK(M . For anω-tree F , andt N T, we let ht U t VW9YXZO u N T : u K t P[X .

We shall needto usethe following importantkind of ω-tree. For a non-emptysetΛ, we write\ ωΛ for the setof all finite sequencesof elementsof Λ. For ξ J η N \ ωΛ, defineξ ] η if η is the
concatenationξˆζ for somenon-emptyζ N \ ωΛ — that is, ξ is a properinitial segmentof η. ThenH \ ωΛ J^]_M is anω-treeof cardinality X Λ X^` ℵ0.

Wewill alsoneedto form ‘products’of ω-trees.If Fa9YH T JLK T M and bG9cH U JLK U M areω-trees,we
write Fedeb for H"OfU t J uV : t N T J u N U J ht U t Vg9 ht U uVhP"JiKjMfJ
where U t J uVkKlU t mnJ umoV if f t K T t m andu K U um . Notethat F0d0b is anω-tree,andif F andb arecountable
thensois Fedeb .

A bundleonanω-tree F is aset p of full branchesof F suchthat qrps9 T.

Models. In thispaper, wedealwith the‘non-local’ variantof .t/2143 ) in whichtruthvaluesof atoms
candependon thebranchof evaluation.Thus,a bundledmodelhastheform uv9cwhF_JnpxJ h y , whereF is anω-tree,p is abundleon F , andh : .{z ℘U^OfU β J t V : t N β N|pcP}V is avaluationin F ; here,. is
theambientsetof propositionalatomsand℘denotes‘power set’. u is saidto bea full treemodelifp is thesetof all full branchesof F ; in this casewe write simply uv9cH~F_J hM . Thetruth-relation X 9
in u is now definedasfollows,wheret N β N|p :

1This contrastswith thebehaviour of processlogic, the local versionof which is decidable,while thenon-localoneis
undecidable[4].
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, for anatomp, USu�J β J t V�X 9 p if f U β J t ViN h U pV ;, thebooleansaredefinedasusual;, USu�J β J t ViX 9 ϕ 5 ψ if f thereis u � t with u N β, USu�J β J uViX 9 ψ, and USu�J β J vV�X 9 ϕ for all v N�U t J uV ,
where U t J uVk9�O v N T : t K v K u P ;, USu�J β J t V�X 9 ϕ

6
ψ if f thereis u K t with USu�J β J uV�X 9 ψ and USu�J β J vV�X 9 ϕ for all v N�U u J t V ;, USu�J β J t V�X 9B7 ϕ if f USu�J γ J t V�X 9 ϕ for someγ N|p with t N γ.

As usual,we saythata .0/2143 ) -formulasϕ is satisfiablein a bundledor full model uv9 w F_JnpIJ h y
if USu�J β J t V�X 9 ϕ for somet N β N�p .

LEMMA 1. If a .t/�1�3 ) -formulaϕ is satisfiablein a full (bundled)treemodel,thenϕ is satisfiablein
a full (respectively, bundled)treemodelbasedon a countableω-tree.

Proof. Let u�9 w F_JnpxJ h y bea treemodelin which ϕ is satisfiable.Wemayview u asa two-sorted
first-orderstructure,asfollows. Thetwo sortsareT and p . We include(i) thetreeorder K , with sortU T J T V , (ii) a binaryrelation N of sort U T JnpBV representing‘ t N β’ for t N T, β Ntp , and(iii) a binary
relationP of sort U T JnpBV for eachatom p N�. : ‘P U t J β V ’ representsU β J t V�N h U pV . Takinga countable
elementarysubstructure[9, � 2.5] of this yieldsa bundledtreemodel ��9 w F 0 Jnp 0 J h0 y whoseω-treeF 0 andbundle p 0 arecountable.Here,h0 U pVg9 h U pV[��OfU β J t V : t N β N�p 0 P for any atomp. It is easy
to translate.t/�1�3 ) -formulasto two-sortedfirst-orderformulaswith the samemeaning.It follows
thatfor any β N|p 0, t N β, andany .t/�1�3 ) -formulaψ, we haveUSu�J β J t V�X 9 ψ if f US��J β J t V�X 9 ψ � (1)

It follows thatϕ is satisfiablein � . Thiscompletestheproof for thebundledcase.

Supposenow that p containsall full branchesof F andlet ��9��[F 0 J p 0 J h0 � be the full tree

modelbasedon � , wherep 0 � p 0 is thesetof all full branchesof F 0, andh0 U pV�9 h U pV[�eOfU t J β V :
t N β N p 0 P , for anatomp. We claim that for all .t/21�3 ) -formulasψ, all full branchesγ of F 0 and
all t N γ, wehave USu�J γ J t V�X 9 ψ if f U ��J γ J t V�X 9 ψ �
The proof is by inductionon ψ. The atomic,boolean,andtemporalcasesaretrivial. Considerthe
case7 ψ andinductively assumetheresultfor ψ. If USu�J γ J t V�X 9E7 ψ, pick β N|p 0 containingt. Clearly,USu�J β J t V_X 9�7 ψ, so by (1), US�jJ β J t VTX 9�7 ψ. It follows that thereis β m Nep 0 with US��J β m J t VTX 9 ψ. By
(1) again, USu�J β mnJ t V2X 9 ψ. Inductively, U �jJ β mnJ t V2X 9 ψ. So U �jJ γ J t V2X 9x7 ψ, asrequired.The converse
implicationis easy. As before,it follows easilythatϕ is satisfiablein � .

Fix a .0/21�3 ) -formulaϕ.

DEFINITION 2. Let subU ϕ V denotethesetof subformulasof ϕ andtheir negations.A typefor ϕ is a
subsett of subU ϕ V suchthat ψ � χ N t if f ψ N t andχ N t, for every ψ � χ N subU ϕ V , and : ψ N t if f
ψ �N t, for every : ψ N subU ϕ V . A setΣ of typesis saidto be coherent if it is non-emptyandfor all7 ψ N subU ϕ V , thethreeconditions7 ψ N�� Σ, 7 ψ N q Σ, andψ N q Σ areequivalent.

Fix anω-tree FQ9YH T JLK(M .
DEFINITION 3. Supposethat we aregiven a non-emptysetΣt of typesfor eacht N T, anda full
branchβ of F . In this context, a run in β is amapr : β z�q t � β Σt suchthat
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, r U t V�N Σt for eacht N β,, for all ψ 5 χ N subU ϕ V andall t N β, we have ψ 5 χ N r U t V if f thereis u � t with u N β, χ N r U uV ,
andψ N r U vV for all v NjU t J uV ,, for all ψ

6
χ N subU ϕ V andall t N β, we have ψ

6
χ N r U t V if f thereis u K t with χ N r U uV and

ψ N r U vV for all v NjU u J t V .
DEFINITION 4. A family U Σt : t N T V of coherentsetsof typesis saidto be an full quasimodel(or
simplyaquasimodel) for ϕ over F if

1. ϕ N t for somet N T andt N Σt ,

2. for all t N T and t N Σt , thereis a full branchβ of F containingt anda run r in β suchthat
r U t VW9 t,

3. for eachfull branchβ of F , thereexistsa run in β.U Σt : t N T V is abundledquasimodelfor ϕ over F if it satisfiesconditions1 and2.

LEMMA 5. A .0/2143 ) -formulaϕ is satisfiablein a (bundled)modeliff thereis a (bundled)quasimodel
for ϕ over a countableω-tree.

Proof. Let u�9 w F_JnpxJ h y besuchthat USu�J β0 J t0 V�X 9 ϕ for someβ0 Ntp andt0 N β0. By Lemma1,
we canassumethat F is countable.For β N�p andt N β, let

tp U t J β Vg9EO ψ N subU ϕ V : USu�J β J t V�X 9 ψ P"�
Clearly, tp U t J β V is a typefor ϕ. For t N T, let

Σt 9{O tp U t J β V : t N β N|pIP"�
Clearly, Σt is coherent.For any β N�p , the map rβ : t �z tp U t J β V is thena run in β. We claim thatU Σt : t N T V is a quasimodelfor ϕ over F (a bundledoneif u is bundled,anda full oneotherwise).
As USu�J β0 J t0 V�X 9 ϕ, we have ϕ N tp U t0 J β0 V�N Σt0. For eacht N T andt N Σt , we have t 9 tp U t J β V for
someβ N�p containingt, sorβ U t V+9 t andcondition2 of Definition4 holds.Finally, for all β N|p , rβ
is a run in β, soif u is a full treemodel,it is clearthatcondition3 holds.

Conversely, let �I9BU Σt : t N T V beaquasimodelfor ϕ overacountableω-tree F . By replacingF
by F�d;H \ ω2 J^]_M (see‘Trees’above),we canassumewithout lossof generalitythat U - V for eacht N T
andt N Σt , thereareinfinitely many full branchesβ of F containingt suchthat thereis a run r in β
with r U t VW9 t.

EachΣt is finite, so therearecountablymany pairs U t J t V with t N T, t N Σt . EnumeratethemasU tn J tn V�U n K ω V . Inductively, using U - V , choosea full branchβn � tn for eachn K ω, suchthat(i) there
is a run rβn in βn with rβn U tn VW9 tn, and(ii) βn �9 βm for all m K n. If � is a bundledquasimodel,letps9�O βn : n K ω P . This is clearlyabundleon F . If � is a full quasimodel,let p bethesetof all full
branchesof F , andfurtherchoosefor eachβ N�p ��O βn : n K ω P a run rβ in β; this canbe doneby
condition3 of Definition4. Sowe have defineda run rβ in β, for eachβ N0p .

Now defineamodel u¡9 w F_JnpxJ h y whereh U pV+9¢OfU β J t V : t N β N|pIJ p N rβ U t VhP for eachatomp.u is bundledif � is abundledquasimodel;otherwise,it is full.

CLAIM . For all β N�p , all t N β, andall ψ N subU ϕ V , we have USu�J β J t V�X 9 ψ if f ψ N rβ U t V .
4



PROOF OF CLAIM . The proof is by inductionon ψ. For atomicψ 9 p, we have USu�J β J t V(X 9 p if fU β J t V�N h U pV , if f p N rβ U t V asrequired. The booleancasesaretrivial. For ψ 5 χ N subU ϕ V , we haveUSu�J β J t V�X 9 ψ 5 χ if f thereis u N β with u � t, USu�J β J uV(X 9 χ, and USu�J β J vV�X 9 ψ for all v N£U t J uV .
Inductively, thisholdsiff thereis u N β with u � t, χ N rβ U uV , andψ N rβ U vV for all v NjU t J uV . Sincerβ
is a run in β, this is iff ψ 5 χ N rβ U t V , asrequired.Thecaseof

6
is similar.

Finally, for 7 ψ N subU ϕ V , we have USu�J β J t VTX 9�7 ψ if f USu�J γ J t V_X 9 ψ for someγ Nep with t N γ.
Inductively, this is iff ψ N rγ U t V for someγ N0p with t N γ. But evidently, Σt 9�O rγ U t V : γ N0pxJ t N γ P ,
sothis is iff ψ N q Σt . SinceΣt is coherent,this is iff 7 ψ N rβ U t V , asrequired.Theclaim is proved.

By condition1 of Definition 4, thereis t N T suchthat ϕ N t for somet N Σt . We may choose
n K ω with U t J t V�9cU tn J tn V . Thent N βn Ntp andrβn U t Vk9 t, soby theclaim, USu�J βn J t V�X 9 ϕ. Thus,ϕ
is satisfiablein u , which is bundledor full accordingas � is.

LEMMA 6. Givena .t/21�3 ) -formulaϕ, it is decidablewhetherϕ hasanunbundledquasimodelover
a countableω-tree. Thesameholdsfor full quasimodels.

Proof. Given ϕ, we caneffectively constructthe set / of all coherentsetsof types. A quasimodel
over an ω-tree F hasthe form U Σt : t N T V whereΣt NQ/ for eacht; we will expressthis by unary
relationvariablesPΣ for eachΣ N�/ , the aim beingthat PΣ is true at t if f Σt 9 Σ. We thenexpress
thestipulationsof Definition 4 in termsof thePΣ, asfollows. Let Rψ (ψ N subU ϕ V ) beunaryrelation
variables.For a typet for ϕ, let

χt U xVx9 ¤
ψ � t

Rψ U xV>� ¤
ψ � sub¥ ϕ ¦o§ t: Rψ U xV¨�

Theformulaχt U xV saysthat theRψ U xV definethetype t at x. For a unaryrelationvariableB, let ρ U BV
betheconjunctionof:,¢©

Σ �}ª�« x ¬ B U xV[� PΣ U xVkz� t � Σ χt U xV¯®, « x ¬ Rψ1 5 ψ2
U xV±°³² y U B U yV}� x K y � Rψ2 U yV´� « zU x K z K y z Rψ1 U zVµVµV ® , for all ψ1 5 ψ2 N subU ϕ V ;, « x ¬ Rψ1

6
ψ2

U xVW°�² y U y K x � Rψ2 U yV[� « zU y K z K x z Rψ1 U zVµVµV¯® , for all ψ1
6

ψ2 N subU ϕ V .
SoassumingthatB definesafull branch,ρ U BV saysthattheRψ definearunin B. (NotethattheRψ also
occurfree in ρ U BV .) Let β U BV bea monadicsecond-orderformulaexpressingthatB is a full branch
(a maximallinearly-orderedset).Thus,thefollowing monadicsecond-ordersentenceµ is effectively
constructiblefrom ϕ:¶

Σ �}ª PΣ · « x
Σ̧ �}ª�¹ PΣ U xV[�{¤

Σ º»�}ª
Σ ¼½ Σ º : PΣ º U xV¿¾��À² x

Σ̧ �}ª
ϕ �´Á Σ

PΣ U xV � « B ¹ β U BV+z ¶
ψ � sub¥ ϕ ¦Rψ ρ U BV¿¾

� « x ¤
Σ �}ª
t � Σ

¹ PΣ U xVgzÂ² B Ã β U BV[� B U xVf� ¶
ψ � sub¥ ϕ ¦Rψ U ρ U BVf� χt U xVµVÅÄ&¾*Ær�

(If we aredealingwith bundledquasimodels,we omit theconjunct « B Ç β U BVWzÉÈ ψ � sub¥ ϕ ¦ Rψ ρ U BV¿Ê .)
It shouldbeclearthatfor any ω-tree F , wehave F;X 9 µ if f thereis aquasimodelfor ϕ over F (bundled
or full, asappropriate).It follows from decidabilityof S2S[17] that it is decidablewhethera given
monadicsecond-ordersentenceis truein somecountableω-tree.Thelemmanow follows.
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As aconsequenceof Lemmas5 and6 wefinally obtain

THEOREM 7. It is decidablewhethera .0/21�3 ) -formula hasa full treemodelin the non-localse-
mantics.Thesameholdsfor bundledmodels.

3 Decidablefragmentsof quantified -��.0/21�3 ) , thequantified$+%�' ) with pastoperators, is obtainedin thestandardwayby extendingthe
language�|3 of classicalfirst-orderlogic (without equality, constants,andfunction symbols)with
thetemporaloperatorsË , Ì , C , andthepathexistentialquantifier 7 . Notethatnow we regard C as
aprimitive operator.��.0/21�3 ) is interpretedin structuresof the form uÍ9 w F_JnpxJ D J I y , where FG9�H T JLK(M is anω-
tree, p is a set(bundle) of full branchesof F suchthat q pv9 T, D is a non-emptysetcalledthe
domainof u , and I is a function associatingwith every momentof time t N T a first-order ��3 -
structure

I U t Vg9 � D J PI ¥ t ¦
0 J PI ¥ t ¦

1 Jµ�µ�µ� � J
thestateof u at momentt. (Here,thePI ¥ t ¦

i arepredicateson D interpretingthepredicatesymbols
Pi of ��3 . We allow for 0-arypredicatesymbols— that is, propositionalvariables.)As before,if p
containsall full branchesof F , we saythat u is a full treemodel,or simplya treemodel.

An assignmentin D is a function Î from the setof individual variablesof ��3 to D. The truth
relation USu�J β J t VkX 9�Ï ϕ, for t N β NÐp , (or simply U β J t VkX 9�Ï ϕ if u is understood)is definedinductively
asfollows:, U β J t V_X 9|Ï Pi U x1 Jµ�µ�µ�LJ xÑµV if f PI ¥ t ¦

i U^ÎfU x1 V¨Jµ�µ�µ�LJ¯ÎfU xÑ¨VµV holds in I U t V (herethe xi are individual vari-
ables),, U β J t V�X 9|Ï « xψ if f U β J t V�X 9�Ò ψ for every assignmentÓ in D thatmaydiffer from Î only on x,, U β J t V�X 9 Ï χ

6
ψ if f thereexistsv K t suchthat U β J vV�X 9 Ï ψ and U β J uV�X 9 Ï χ for every u N�U vJ t V ,, U β J t V�X 9|Ï χ 5 ψ if f thereis v N β suchthatv � t, U β J vV�X 9|Ï ψ and U β J uV�X 9�Ï χ for everyu NjU t J vV ,, U β J t V�X 9 Ï 7 ψ if f U β m J t V�X 9 Ï ψ for someβ m[N|p suchthatt N β m ,

plus thestandardclausesfor thebooleans.Note that in this definitionwe usethe traditional‘ local’
semanticsof $&%(' ) in which the truth valuesof atomsdo not dependon thebranchβ of evaluation.
For a formula ϕ U x̄V anda tuple ā of elementsof D suchthat ÎfU x̄ V�9 ā, we write USu�J β J t V2X 9 ϕ U āV ifUSu�J β J t V�X 9�Ï ϕ. Weset @2ÔF ϕ 9 ϕ ��@ Fϕ and <�ÔF ϕ 9 ϕ Õ0< Fϕ.

DEFINITION 8. Let �|.t/21�3 1
w bethesetof all ��.0/21�3 ) -formulasϕ satisfyingthefollowing con-

ditions:, every subformulaof ϕ of theform C ψ containsatmostonefreevariable,, every subformulaof ϕ of theform 7 ψ, ψ1 5 ψ2, or ψ1
6

ψ2 containsno freevariables(i.e., is a
sentence).
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Wecall theformulasin �|.t/21�3 1
w weakmonodicand ��.0/21�3 1

w itself theweakmonodicfragment2

of �0.0/2143 ) .
It shouldbeclearfrom thedefinition that ��.0/2143 1

w containsfull propositionalÖW$&%('*) aswell
asthefull first-order(non-temporal)language.Thelattermeans,in particular, thattheweakmonodic
fragmentof ��.0/21�3 ) is undecidable.Themainaimof thissectionis to proveasatisfiabilitycriterion
for weak monodicformulas(Corollary 17) and then apply it in order to obtain variousdecidable
fragmentsof ��.0/2143 1

w .

Bundled and full satisfiability. We begin by observingthat satisfiability in bundledtreemodels
canbereducedto satisfiabilityin full treemodels.Indeed,givena �0.0/2143 1

w -formulaϕ, we take a
propositionalvariableq not occurringin ϕ anddenoteby ϕ × theresultof replacingeachsubformula
of ϕ of theform 7 ψ by 7+UØ< F @ Fq � ψ V . Notethatif ϕ is a �0.t/�1�3 1

w -formula,thensois ϕ × .
LEMMA 9. ϕ is satisfiablein a bundledtreemodeliff U¯7 ϕ V × is satisfiablein a full treemodel.

Proof. Theimplication UØÙ¢V is easy. We prove UØÚ¢V . Usinga Löwenheim–Skolemargument(cf. [3],
and Lemma1 above), we may assumeϕ to be satisfiablein a model u with a countablebundlep . We assumethat p is infinite, leaving the (easy)othercaseto the reader. Let β0 J β1 Jµ�µ�µ� be an
enumerationof p . We convert u into a full treemodel u † with the sameunderlyingω-tree,and
definea truth-relationfor q in it inductively asfollows. Put USu † J β0 J t V�X 9 q for all t N β0. Suppose
thatwe have alreadydefinedtruth of q at U βi J t V , for all i Û n andt N βi . ConsiderβnÔ 1. Theremust
bea t N βnÔ 1 suchthat thedistancefrom t to eachβi , i K n ` 1, is Ü 2 (thedistanceis the lengthof
theshortestpathfrom t to a point in βi). Thenwe put USu † J βnÔ 1 J t moV�X 9 q if t mfÜ t andt m[N βnÔ 1.

Saythatafull branchβ is markedif thereis t N β suchthat USu † J β J t m VWX 9 q for all t m Ü t, t m N β. One
caneasilyseethatβ is markediff β N|p . In particular, if β �N|p andfor eachn, tn is theleastelement
of β � q m\ nβm, then U β J tn V �X 9 q and O t0 J t1 Jµ�µ�µ�ÝP is infinite, so β is not marked. Now onecanprove
by inductionthat for every subformulaψ of ϕ andevery U β J t V , USu�J β J t V�X 9 ψ if f USu † J β J t V�X 9 ψ × . It
follows that U¯7 ϕ V^× is satisfiablein u †.

All thefragmentsof ��.0/2143 1
w weconsiderin this paperareclosedunderthemap

ϕ �zÞU¯7 ϕ V × �
Soit will besufficient to considersatisfiabilityin full treemodels,whichfrom now onwill bedenoted
by u�9YHSF_J D J I M .
Quasimodels. As in [11, 13], andLemma5 above, the ideaof thedecidabilityproof is to encode
modelsin structurescalledquasimodels.

Fix a ��.0/2143 1
w -sentenceϕ. Denoteby subU ϕ V theclosureundernegationof thesetof subfor-

mulasof ϕ. Without lossof generality, we mayidentify ψ and :�: ψ, sosubU ϕ V is finite. For n K ω,
denoteby subn U ϕ V the setof formulasin subU ϕ V with at mostn free variables.Fix a variablex not
occurringin ϕ, andlet

subx U ϕ VW9{O ψ O x� y P : ψ U yV�N sub1 U ϕ VhP"�
2The ‘monodic’ fragmentof ß�à+á±â�ãWä consistsof all formulaswhosesubformulasof the form å ψ, æ ψ, ψ1 ç ψ2,

or ψ1 è ψ2 have at most one free variable. However, [13] showed that even the one-variablefragmentof ß�à+á±â�ã ä is
undecidable.Sincethis is certainlymonodic,we needfurtherrestrictionsto obtaindecidablefragments.For analternative
approachto thatof Definition 8, see[13], wheredecidablefragmentswereobtainedby restrictingquantificationto ‘state
formulas’.
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Note that subU ϕ V andsubx U ϕ V containthe samesentences.Definea type for ϕ to be a subsett of
subx U ϕ) suchthat ψ � χ N t if f ψ N t andχ N t, for every ψ � χ N subx U ϕ V , and : ψ N t if f ψ �N t, for
every ψ N subx U ϕ V .

For simplicity, we may assumethat any subsentenceC ψ of ϕ is replacedby Da5 ψ. Thus, C
is only appliedto formulaswith exactly onefreevariable. Now, for every formulaθ U yV of the formC ψ U yV�N subU ϕ V we reserve freshunarypredicatesPi

θ, andfor every θ of the form 7 ψ, ψ1 5 ψ2, or
ψ1

6
ψ2 in subU ϕ V we reserve freshpropositionalvariablespi

θ, wherei 9 0 J 1 Jµ�µ�µ� . TheformulasPi
θ U yV

andpi
θ arecalledthe i-surrogatesof θ U yV andθ, respectively. For ψ N subU ϕ V , denoteby ψi theresult

of replacingin ψ all its subformulasof theform C ψ, ψ 5 χ, ψ
6

χ, or 7 ψ thatarenotwithin thescope
of anotheroccurrenceof anon-classicaloperatorby their i-surrogates.Thus,ψi is apurelyfirst-order
(non-temporal)formula. Let Γi 9EO χi : χ N Γ P for any setΓ é subU ϕ V . Similarly defineψi andΓi for
ψ N subx U ϕ V , Γ é subx U ϕ V .

Theideabehindthesedefinitionsis asfollows. Theformulasχi abstractfrom thetemporalcom-
ponentof χ andcanbeevaluatedin afirst-orderstructurewithouttakinginto accountits temporalevo-
lution. Of course,laterwe have to beableto reconstructthetruthvalueof χ in temporalmodelsfrom
thetruth valuesof theχi. In contrastto thelineartime case,we needa list of abstractionsχ0 J χ1 Jµ�µ�µ� ,
sincethe temporalevolution dependson branches.So, intuitively, eachi K ω representsa branch.
(Actually, we will seethatfinitely many i K ω areenough,sincewe have to representbranchesonly
up to acertainequivalencerelation.Somoreaccurately, i representsa ‘kind’ or ‘species’of branch.)

Let n U ϕ V+9 44 ê subx ë ϕ ì ê .
DEFINITION 10. A statecandidatefor ϕ is apair Θ 9YUoËTJ¯1�V in which:

(i) Ë�9EO S1 Jµ�µ�µ�hJ Sk P , whereeachSi is asetof typesfor ϕ suchthat,for every sentenceψ, we have
ψ N t if f ψ N t m , for any t J t m N Si , andfor every 7 ψ N subU ϕ V ,7 ψ Njí

i î k

í Si if f 7 ψ Njï
i î k

í Si if f ψ Njï
i î k

í Si �
(ii) 1 is asetof mapsτ : O 1 Jµ�µ�µ�hJ nΘ P�zðq i î k Si , calledtraces, wherenΘ Û n U ϕ V is anaturalnumber

dependingon Θ andsuchthat ñòO τ U i V : τ N�1rP : i Û nΘ ó 9GË .
Thesetof sentencesin � O τ U i V : τ Nô1rP will bedenotedby Θ U i V . For a traceτ, we set

τ 9¡ï
i î nΘ

U τ U i VµV i J 1Y9{O τ : τ N�1rP"�
Statecandidatesrepresentstatesw of temporalmodels.The intuition behindthis definitionwill

be clear from the proof of the theorembelow. Herewe only say that, roughly, the componentsSi

of a statecandidateΘ 9�HoË2J¯1�M representthe statesof a momentw in differentbranches,andeach
traceτ Nj1 shows thetypesof oneelementof thedomainD in thesestates(i.e., its possiblestatesat
momentw but in differenthistories).In short,the i correspondto kindsof branches(histories),and
theτ to domainelements.nΘ correspondsto thenumberof differentkindsof branchthroughw.

DEFINITION 11. Let Θ 9YH ËTJ¯1tM beastatecandidatefor ϕ, andõ 9 � D J Pö0 J Pö1 Jµ�µ�µ� �
a first-orderstructurein thesignatureof �|.t/21�3 1

w . For every a N D we definethe traceof a (with
respectto Θ) as

tr U aVW9EO ψ N÷ï
i î nΘ

U subx U ϕ VµV i :
õ X 9 ψ Ç aÊ~P"�

Wesaythat
õ

realisesΘ if 1Y9�O tr U aV : a N D P . WesaythatΘ is realisableif some
õ

realisesit.
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It follows immediatelyfrom thedefinitionthatwe have:

LEMMA 12. A statecandidateΘ 9YHoË2J¯1rM for ϕ is realisableiff thefirst-order sentence

αΘ 9ø¤
τ �}ù ² xτ � « x

τ̧ �}ù τ

is satisfiable.

DEFINITION 13. A connectionis a quadrupleU ∆ J Θ J RJ N V consistingof realisablestatecandidates
∆ 9úUoË2J¯1rV and Θ 9úU^Ì�J¯û�V , a relation R éI1�ü�û with domain 1 and range û , and a relation
N é¢O 1 Jµ�µ�µ�¨J n∆ P_ü�O 1 Jµ�µ�µ�¨J nΘ P with range O 1 Jµ�µ�µ�hJ nΘ P , suchthat for all U i J j V�N N, all U τ J τ m V�N R, and
all C ψ N subU ϕ V , we have C ψ N τ U i V if f ψ N τ mýU j V .

A connectiondescribeshow (theabstractrepresentationΘ of) a statew is relatedto (theabstract
representation∆ of) its immediatepredecessorv. To thisend,therelationRbetweenthetracesin both
representationsis fixed. Intuitively, RU τ J τ mÝV indicatesthatτ (a traceatv) andτ m (a traceatw) represent
the samedomainpoint. The fact that the domainD is constantgives rise to the restrictionon the
domainandrangeof R. N U i J j V indicatesthat thereis a branchthroughw (andhencev) ‘of kind i’ at
v and‘of kind j ’ at w. Thefact thatall branchesthroughw go throughv, but not perhapsconversely,
suggeststherestrictionon therangeof N.

For anω-tree F�9EH T JLKÐM andw N T, denoteby B U wV thesetof full branchesof F comingthrough
w.

DEFINITION 14. A quasimodelfor ϕ over F?9IH T JLK(M is a map f associatingwith theroot w0 of F a
pair f U w0 Vk9xU Θw0 J gw0 V , whereΘw0 is a realisablestatecandidate,andwith every non-rootw N T a
pair f U wV�9¢U Cw J gw V , whereCw 9lU ∆w J Θw J Rw J Nw V is aconnection,andall gw, for w N T, arefunctions
from B U wV onto O 1 Jµ�µ�µ�hJ nΘw P suchthatthefollowing hold:

1. if v N T is theimmediatepredecessorof w, thenΘv 9 ∆w andNw 9lOfU gv U β V¨J gw U β VµV : β N B U wVhP ;

2. for all β N B U wV , χ 5 ψ N Θw U gw U β VµV if f thereexists u � w with u N β, ψ N Θu U gu U β VµV and
χ N Θv U gv U β VµV for all v N�U wJ uV (Θ U i V wasdefinedafterDefinition10);

3. for all β N B U wV , χ
6

ψ N Θw U gw U β VµV if f thereexistsu K w with ψ N Θu U gu U β VµV andχ N Θv U gv U β VµV
for all v N�U u J wV .

Wesaythat f satisfiesϕ if thereis w N T suchthatΘw 9YUoË w J¯1 w V andϕ N�q S for someS N|Ë w.

While theconnectionstakecareof thetruthvaluesof ‘local’ formulasof theform C χ, quasimod-
elstake careof theremaining‘global’ temporaloperators.

THEOREM 15. ϕ is satisfiablein a full modeliff there existsa quasimodelsatisfyingϕ.

Proof. UØÚ¢V Supposethat ϕ is satisfiablein somemodel. We may replaceits tree F by F Ô 9�F�dH \ ωω J^]_M , asin theproof of Lemma5; every branchof F is ‘duplicated’ω timesin F Ô at eachnode,
andϕ is still satisfiablein theresultingmodel uÍ9IHSF Ô J D J I M . So USu�J σ J vV2X 9�Ï ϕ for somev N T Ô ,
σ N B U vV (definedwith respectto F Ô ) andsomeassignmentÎ . Givenw N T Ô andβ N B U wV , let

SU β J wVg9�O tp U β J wJ aV : a N D P"J
where

tp U β J wJ aVg9�O ψ N subx U ϕ V : USu�J β J wV�X 9 ψ Ç aÊ~P"�
9



Let Ë w 9EO SU β J wV : β N B U wVhP . We extract from F Ô a subtreeF m 9IH T m JLK m M in which every nodehas
at mostm U ϕ Vk9 22 ê subx ë ϕ ì ê immediatesuccessors.To this end,we inductively defineT mn é T Ô with this
property. SetT m0 9xO w0 P , wherew0 is the root of F Ô . Given T mn, for eachw N T mn with ht U wV�9 n,
and eachS NþË w, we pick βS N B U wV suchthat SU βS J wV�9 S, and (we use the form of F Ô here)
βS � T mn 9 βS � βSº 9�O t N T Ô : t Û w P for distinctSJ Sm N�Ë w. Let Bw 9EO βS : S N�Ë w P , andTw 9 q Bw.
Wecanassumethatσ N Bw0. Notethat X Bw X�Û m U ϕ V . Now setT mnÔ 1 9 T mn ÿ q O Tw : w N T mn J ht U wV&9 n P .
Finally defineT m 9 q n \ ω T mn. Notethatσ é T m andv N T m .

Let uYm�9>HýF�m J D J I m M andF�m betherestrictionsof u andF Ô toT m . Onecaneasilyshow by induction
on theconstructionof ψ N subU ϕ V that USu�J β J wV�X 9�Ï ψ if f USu m J β J wV�X 9�Ï ψ, for all full branchesβ inF�m andall w N β. (For example,supposeUSu�J β J wV�X 9 Ï 7 ψ. Thenthereis β m N B U wV in F Ô suchthatUSu�J β m J wVWX 9�Ï ψ. Pickafull branchγ in F m for whichSU β m J wV�9 SU γ J wV . Sinceψ is asentence,wehaveUSu�J γ J wV�X 9|Ï ψ. It followsby theinductionhypothesisthat USu m J γ J wViX 9�Ï ψ andso USu m J β J wV�X 9�Ï�7 ψ.)

Thus uYm satisfiesϕ and we can work with this model insteadof u . Define an equivalence
relation �

w on B U wV (definedin F m now), for w N T m , by taking β �
w β m when USu m J β J wVTX 9�Ï ψ if fUSuYmSJ β mnJ wV�X 9 Ï ψ, for every ψ N subU ϕ V andevery assignmentÎ . The �
w-equivalenceclassgenerated

by β will bedenotedby Ç β Ê w.
Sinceonly C is appliedto openformulas,wecanshow thatthenumberof � w-equivalenceclasses

is boundedby n U ϕ V . To prove this, for w N T m , full branchesβ andβ m in B U wV , andd K ω, we put
β � d

w β m if for all t N T m with t Ü w andht U t V�Û ht U wV[` d, we have

1. t N β if f t N β m ,
2. if t N β, thenfor all assignmentsÎ andall ψ N subU ϕ V with atmostht U wV*` d � ht U t V occurrences

of C , we have U β J t V�X 9 Ï ψ if f U β mnJ t V�X 9 Ï ψ.

An inductionond shows thatthenumber
� U d V of � d

w-classesis at mostm U ϕ V d � 2¥ d Ô 1¦�� sub0 ¥ ϕ ¦�� (for any
w). For d 9 0, onemaycheckthat if U β J wV�X 9 ψ if f U β mSJ wV�X 9 ψ for eachsentenceψ N subU ϕ V , then
β � 0

w β m . So
� U 0V�Û 2 � sub0 ¥ ϕ ¦�� . Assumethe result for d. Onemay checkthat if β J β m N B U wV contain

a commonimmediatesuccessorv of w, U β J wV_X 9 ψ if f U β m J wV�X 9 ψ for eachsentenceψ N subU ϕ V ,
andβ � d

v β m , thenβ � d Ô 1
w β m . Both checksinvolve an inductionon ψ in (2) above. It follows that� U d ` 1V�Û m U ϕ V � 2 � sub0 ¥ ϕ ¦���� � U d V , andhencethat

� U d V�Û m U ϕ V d � 2¥ d Ô 1¦�� sub0 ¥ ϕ ¦�� for all d, asrequired.

Finally observe thatif β � � subx ¥ ϕ ¦��
w β m thenβ �

w β m , sothat � w hasatmost
� ULX subx U ϕ V�X V�Û n U ϕ V classes.

Let βw
1 Jµ�µ�µ� βw

nw
besomeminimal list of full branchessuchthat OfÇ βw

1 Ê w Jµ�µ�µ�LJhÇ βw
nw

Ê w P is thesetof all�
w-equivalenceclasses.With eacha N D we associatea trace

τw
a : O 1 Jµ�µ�µ�¨J nw PTz�ïxË w

by taking τw
a U i V�9 tp U βw

i J wJ aV . Denotethe resultingsetof tracesby 1 w. Let Θw 9�UoË w J¯1 w V for all
w N T m . We arenow in a positionto definea quasimodelf over F m satisfyingϕ. If w is not theroot,
thenset f U wV 9BUµU Θv J Θw J Rw J Nw V¨J gw V , wherev is theimmediatepredecessorof w, andfor rootw0 let
f U w0 Vg9YU Θw0 J gw0 V , where, gw U β Vg9 i if f β N�Ç βw

i Ê w,, Rw 9�OfU τv
a J τw

a V : a N D P ,, Nw 9�OfU gv U β V¨J gw U β VµV : β N B U wVhP .
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Let us show that f is a quasimodel.It shouldbe clearthat thefirst componentof each f U wV (w0 �9
w) is a connectionandthat of f U w0 V is a realisablestatecandidate.We will checkonly item 2 of
Definition 14. Supposegw U β V�9 i andχ 5 ψ N Θw U i V . Sinceχ 5 ψ is a sentence,we have χ 5 ψ N
τw

a U i V±9 tp U βw
i J wJ aV 9 tp U β J wJ aV for everya N D. Sothereis u � w with u N β andψ N tp U β J u J aV (from

whichψ N Θu U gu U β VµV follows)andfor all v NôU wJ uV wehaveχ N tp U β J vJ aV (from whichχ N Θv U gv U β VµV
follows). Theconverseimplicationis provedsimilarly.UØÙ¢V Now supposethat f is a quasimodelfor ϕ over Fl9úH T JLK(M with root w0. Let f U w0 V�9U Θw0 J gw0 V and f U wVW9cU Cw J gw Vk9cUµU ∆w J Θw J Rw J Nw V¨J gw V for non-rootw N T. Let Θw 9IUoË w J¯1 w V and
nw 9 nΘw.

A run r in f is a functionassociatingwith any w N T atracer U wVWN�1 w suchthat U r U vV¨J r U wVµViN Rw

for any non-rootw with immediatepredecessorv. Usingtheconditionthat therangeanddomainof
Rw coincidewith O 1 Jµ�µ�µ�¨J nw P and O 1 Jµ�µ�µ�¨J nv P , respectively, it is not difficult to seethat,for any w and
any τ N�1 w, thereexistsa run r with r U wVg9 τ. Let � bethesetof all runs.

Take a cardinalκ Ü ℵ0 exceedingthe cardinalityof � . Then,by classicalmodeltheory(since
the languageis countableandwithout equality; cf. [11, Lemma9]), for every w N T we canfind a
first-orderstructureI U wV with domain

D 9EOfH r J ξ M�X r N	�>J ξ K κ P
realisingΘw 9cUoË w J¯1 w V andsuchthatfor all i NôO 1 Jµ�µ�µ�¨J nw P , r N
� , ξ K κ, andψ N subx U ϕ V ,

ψ N£¬ r U wV¯®fU i V if f I U wV�X 9 ψi ÇÝH r J ξ MÅÊØ� (2)

Let uÉ9BHSF�J D J I M andlet Î beany assignmentin D. Weshow by inductionthatfor all ψ N subU ϕ V , all
w N T, andall β N B U wV with gw U β Vg9 i, say, we have

I U wV�X 9 Ï ψi if f USu�J β J wV�X 9 Ï ψ �
The caseof atomic ψ is easy, sinceψi 9 ψ andby definition of u . The booleansare also easy.
Supposethatψ 9 χ1 5 χ2. Thenψ is a sentence,andfor all r N	� wehave

I U wV�X 9�Ï pi
ψ � χ1 5 χ2 N r U wV U gw U β VµV (by (2))� ² u � w ¬ u N β � χ2 N r U uV U gu U β VµVi�« v N�U wJ uVòU χ1 N rv U gv U β VµVµV¯® (sincer is a runandψ is asentence)

� ² u � w U u N β � I U uViX 9 Ï χgu ¥ β ¦
2 � « v N�U wJ uV I U vV�X 9 Ï χgv ¥ β ¦

1 V (by (2))� ² u � w U u N β ��USu�J β J uV�X 9�Ï χ2 � « v N�U wJ uV USu�J β J vV�X 9�Ï χ1 V (by IH)� USu�J β J wV�X 9 Ï ψ �
Thecaseof ψ 9 χ1

6
χ2 is a mirror image.Now supposeψ 9¢C χ. Thenfor any r N	� , ξ K κ:

I U wV�X 9 Pi
ψ ÇÝH r J ξ M¿Ê � C χ N r U wV U gw U β VµV (by (2))� χ N r U vV U gv U β VµV¨J for theimmediatesuccessorv of w in β,

sinceCv is aconnectionandr a run� I U vV�X 9 χgv ¥ β ¦ ÇÝH r J ξ M^Ê (by (2))� USu�J β J vV�X 9 χ ÇÝH r J ξ M^Ê (by IH)� USu�J β J wV�X 9¢C χ ÇÝH r J ξ M^ÊØ�
11



For ψ 9B7 χ:

I U wV�X 9�Ï pi
ψ � 7 χ N r U wV U gw U β VµV (by (2))� χ N r U wV U gw U β mÝVµV¨J for someβ mfN B U wV , sinceΘw is

astatecandidate,gw is surjective andψ is asentence� ² β m�U β mòN B U wVf� I U wViX 9 Ï χgw ¥ β º ¦ V (by (2))� ² β m U β m N B U wVf��USu�J β m J wV�X 9�Ï χ V (by IH)� USu�J β J wV�X 9Y7 χ �
Sinceϕ N r U wV U gw U σ VµV for somew N T, σ N B U wV andr N	� , we finally obtain USu�J σ J wV�X 9 ϕ.

Now we constructa reductionof �|.t/21�3 1
w to non-local.0/2143 ) , by encodingquasimodelsin

non-localpropositionaltreemodels.Supposeagainthata �|.t/21�3 1
w -sentenceϕ is fixed.

With every realisablestatecandidateΘ 9IUoË2J¯1rV for ϕ, every connectionC, andevery i Û n U ϕ V ,
we associatepropositionalvariablespΘ, pC, and pi , respectively. Let �{U ϕ V and /�U ϕ V bethesetsof
realisablestatecandidatesandconnectionsfor ϕ, respectively. For asentenceψ N subU ϕ V , define

ψ ��9  ¸
Θ ����¥ ϕ ¦��

i î nΘ � ψ � Θ ¥ i ¦ U pi � pΘ �t:�< P =�V���Õ  ¸
C ½ ¥ ∆ �Θ �R�N ¦ �}ªò¥ ϕ ¦��

i î nΘ � ψ � Θ ¥ i ¦ U pi � pª �t< P =|V����
Let

ϕ��9 ϕ �}�Q¬LU ν �t:�< P =�V[Õt< P U ν �0:�< P =�V¯® J
whereν is theconjunctionof theformulas(3)–(9)definedbelow.¸

Θ ����¥ ϕ ¦ 8 pΘ ��¤
Θ ¼½ Θ º 8 U pΘ z�: pΘ º V¨J 8 @ F Ã ¸

C �}ª ¥ ϕ ¦ 8 pC � ¤
C ¼½ Cº 8 U pC z�: pCº VÅÄi� (3)

Theformulasin (3) saythatthe pΘ andpC are‘local’ (sowe canwrite w X 9 pΘ andw X 9 pC) andthat
preciselyonepΘ holdsat therootandpreciselyonepC holdsateachnon-rootpoint.

Intuitively, w X 9 pC meansthat f U wV 9¢U C J gV , for someg. Saythatapairof connectionsU C1 J C2 V is
suitableif thesecondstatecandidateof C1 coincideswith thefirst statecandidateof C2. Thesetof all
suitablepairsof connectionsis denotedby / s U ϕ V . A pair U Θ J C V is suitableif thefirst statecandidate
of C coincideswith Θ. Thesetof all suitablepairsof this form is denotedby � s U ϕ V . Thefollowing
formulassaythatthepair inducedby apoint andits immediatepredecessoris suitable:8 ¸¥ Θ �C ¦ ��� s ¥ ϕ ¦ U pΘ �tC pC V¨J 8 @ F ¸¥ C1 �C2 ¦n�´ª s ¥ ϕ ¦ U pC1 �0C pC2 V¨� (4)

Intuitively, the pi codegw: for i suchthat1 Û i Û n U ϕ V , U β J wV�X 9 pi is intendedto meangw U β V�9 i.
(Hereweneedthenon-localsemantics.)This is ensuredby theformulas8 ¤

1î i \ j î n ¥ ϕ ¦ U pi z�: p j V¨J 8 @ F ¤
1 î i \ j î n ¥ ϕ ¦ U pi z�: p j V¨J (5)

¤
Θ ����¥ ϕ ¦ Ã pΘ z ¤

1î i î nΘ

7 pi � 8 ¸
1 î i î nΘ

pi ÄkJ 8 @ F ¤
C �}ªò¥ ϕ ¦ Ã pC z ¤

1 î i î nΘ

7 pi � 8 ¸
1î i î nΘ

pi Ä�� (6)
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Hereandbelow weassumethatC 9�U ∆ J Θ J RJ N V . It remainsto capturetheconditionsof Definition14.
First,we write down a formulawhichsaysthatN in C is determinedby thefunctionsgw:8 @ F ¤

C �´ª ¥ ϕ ¦ Ã pC z ¬ ¤¥ i � j ¦ � N

7&U p j �tC Ppi V[� 8 ¸¥ i � j ¦ � N

U p j �0C Ppi V ® Ä � (7)

Finally, to captureconditions2 and3 of Definition14,we include,for everysentenceψ 5 χ N subU ϕ V ,8 @ ÔF ¬hU ψ 5 χ V���°ÉU ψ � 5 χ �ØV¯®*J (8)

andfor every sentenceψ
6

χ N subU ϕ V ,8 @ ÔF ¬¨U ψ 6
χ V���°ÉU ψ � 6 χ �ØV¯®"� (9)

THEOREM 16. A ��.0/21�3 1
w -sentenceϕ is satisfiablein a full modeliff the .0/2143 ) -formulaϕ� is

satisfiablein a full non-localmodel.

Proof. UØÚ¢V If ϕ is satisfiable,thenby Theorem15 thereis a quasimodelf for ϕ basedon anω-treeFQ9BH T JLKÐM . Let f U wV+9YU Cw J gw V+9BUµU ∆w J Θw J Nw J Rw V¨J gw V if w is not therootand f U w0 V+9BU Θw0 J gw0 V
for therootw0 of F . Definea (propositional)valuationh in F by taking,for all w N T andβ N B U wV :, U β J wViN h U pΘ V if f Θ 9 Θw, for every realisablestatecandidateΘ;, U β J wViN h U pC V if f C 9 Cw, for every connectionC (wherew �9 w0);, U β J wViN h U pi V if f gw U β Vg9 i, for all i K n U ϕ V .
Let usprove thatϕ� is satisfiablein thefull model u 9YHSF_J hM .

It shouldbeclearfrom thedefinitionsthatfor any sentenceψ N subU ϕ V ,U β J wV�X 9 ψ � ÙrÚ ψ N Θw U gw U β VµV¨� (10)

Sinceϕ N Θw U gw U β VµV , for somew N T andβ N B U wV , wehave that USu�J β J wV�X 9 ϕ � .
Now weshow that U β J wV�X 9BU ν ��:�< P =�VfÕ�< P U ν �0:�< P =�V , i.e., U β J w0 V�X 9 ν, wherew0 is theroot

of F . Weonly checkformulas(7), (8) and(9).
(7) SupposeU γ J vVkX 9 pC, for afull branchγ of F andsomev N γ suchthatv �9 w0. Thenbydefinition

of h U pC V , wehaveC 9 Cv. AccordingtoDefinition14,for eachpair U i J j VgN Nv thereisabranchin B U vV ,
sayγ m , suchthatgv U γ m V±9 j andgu U γ m V�9 i, for theimmediatepredecessoru of v. Hence,U γ m J vVWX 9 p j andU γ mSJ uV�X 9 pi , from which U γ J vV�X 9E7+U p j �0C Ppi V for all U i J j V�N Nv. Definition14alsosaysthatfor each
branchγ m N B U vV , thereis apair U i J j VWN Nv suchthatgv U γ m V 9 j andgu U γ m V±9 i, whereu is theimmediate
predecessorof v. Thismeansthat U γ mSJ vV�X 9 p j and U γ mSJ uV�X 9 pi . So U γ J vV�X 9 8  ¥ i � j ¦ � Nv

U p j �tC Ppi V .
(8) and(9) follow immediatelyfrom (10)andconditions2 and3 of Definition14.UØÙ¢V Conversely, supposeu 9xH~F_J hM satisfiesϕ� . Thenν is true at the root w0 of F . Definea

quasimodelf by taking f U wV&9BU Cw J gw V&9BUµU ∆w J Θw J Nw J Rw V¨J gw V if w �9 w0, and f U w0 V+9BU Θw0 J gw0 V ,
where, Θw0 is theuniqueΘ for whichw0 X 9 pΘ (this is independentof thebranchof evaluation);, for w �9 w0, Cw is theuniqueC suchthatw X 9 pC;, gw U β Vg9 i for theuniquei for which U β J wV�X 9 pi .
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We show that f is a quasimodelby checkingthe conditionsof Definition 14. The first part of con-
dition 1 follows from the definition of suitablepair and formulas(3) and (4). Supposenow thatU i J j V(N Nw. We have w X 9 pCw. Hence,by (7), w X 9÷7+U p j ��C Ppi V . So there is σ N B U wV withU σ J wVÐX 9 p j ��C Ppi . This implies gw U σ V�9 j and gv U σ V�9 i, for the immediatepredecessorv of
w. Conversely, supposegw U σ V�9 j andgv U σ V�9 i, wherev is the immediatepredecessorof w. ThenU σ J vV�X 9 pi and U σ J wV�X 9 p j . Hencew X 9c7&U p j ��C Ppi V andso,by (7) and(5), U i J j V�N Nw. Thus,the
secondpartof condition1 of Definition 14 holds. To prove conditions2 and3, we just observe that
(10)holdsagain;theconditionsthenfollow from (8) and(9).

Finally, we checkthat f satisfiesϕ. By assumption,there is w N T and β N B U wV suchthatU β J wV�X 9 ϕ� . Hence,U β J wV�X 9 ϕ � . By (10), ϕ N Θw U gw U β VµV . It follows that f satisfiesϕ.

If 3�éE��.t/�1�3 1
w is a fragmentsuchthat it is decidablewhethera given statecandidatefor a

givensentenceϕ N03 is realisable,thenit is clearthatthemap� � : 3�z .0/2143 )
is effective. Hence,we obtain:

COROLLARY 17. Let 3lé?��.0/21�3 1
w andsupposethatfor anysentenceϕ N(3 it isdecidablewhether

agivenstatecandidatefor ϕ is realisable. Thenthesatisfiabilityproblemfor 3 -formulasin full models
is decidable.

If, moreover, 3 is closedunderthemapϕ �zÞU¯7 ϕ V^× (with freshpropositionalvariableq), thenthe
satisfiabilityproblemfor 3 -sentencesin bundledmodelsis decidableaswell.

Proof. Thefirst partfollows from Theorem7 andTheorem16. Thesecondpartfollows from thefirst
partandLemma9.

4 Applications

Denoteby 3 2 the two-variablefragmentof ��.0/2143 1
w which consistsof all �|.t/21�3 1

w -formulas
containingonly two variables,say x and y. Obviously, for any statecandidateΘ for a sentence
ϕ Nt3 2, thesentenceαΘ belongsto thetwo-variablefragmentof ��3 . Thetwo-variablefragmentof��3 is known to be decidable[16]. So it is decidablewhethera statecandidatefor a 3 2-sentence
is realisable.Moreover, 3 2 is closedunderthemapϕ �z U¯7 ϕ V^× . As a consequence,we obtainfrom
Corollary17:

THEOREM 18. Thesatisfiabilityproblemfor the two-variablefragmentof ��.0/21�3 1
w is decidable

bothin bundledandin full models.

Themonadicfragmentof ��.0/2143 1
w consistsof all ��.0/21�3 1

w -formulascontainingonly 0-ary
andunarypredicatesymbols. In the samemannerasabove, we obtain from Corollary 17 andthe
decidabilityof themonadicfragmentof first-orderlogic:

THEOREM 19. Thesatisfiabilityproblemfor themonadicfragmentof ��.0/2143 1
w is decidableboth

in bundledandin full models.

The guarded fragmentof ��.0/21�3 1
w consistsof all ��.0/2143 1

w -formulasin which all usesof« follow the ‘guarded’pattern « ȳ U α U x̄ J ȳV�z ϕ U x̄ J ȳVµV , whereα is atomicand involves all variables
occurringfree in ϕ. It is definedasin the linear time case[11, Definition 72]. We now obtainfrom
Corollary17 andthedecidabilityof theguardedfragmentof first-orderlogic [1, 8]:
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THEOREM 20. Thesatisfiabilityproblemfor theguardedfragmentof ��.0/2143 1
w is decidableboth

in bundledandin full models.

Similar resultscanbeproven for the looselyguardedandpacked (or clique-guarded)fragments
of �0.0/2143 1

w (see[2, 15, 7]). Moreover, equalitycanbeaddedin thesecases:cf. [10].
A simpleextensionof theabove proof coversthecasewhentheunderlyingfirst-ordersignature

containsconstants,interpretedrigidly in temporalmodels:cf. [11, 10].

5 Conclusion

The decidabilityresult for the weakone-variablefragmentof first-order Ög$+%�' ) canbe usedto ob-
tain decidabilityresultsfor certainspatio-temporallogicsconnectingÖg$+%�' ) with region connection
calculus �k$�$ -8 (seethesurvey paper[12] or themonograph[6]). From this viewpoint it hassuffi-
cient expressive power to be useful. However, thereis still a gapbetweenthe undecidabilityof the
one-variablefragmentof first-order $+%�'*) andthedecidabilityof its weakone-variablefragment.In
particular, the following problemsarestill open.Whathappensif thepath-quantifier7 is appliedto
openformulasaswell? Or, whathappensif all temporaloperatorsareappliedto openformulas(but7 only to sentences)?

Anotheropenproblemis thecomputationalcomplexity of the logicsconsideredhere. From the
reductionproofsprovided in thepresentpaperwe obtainonly non-elementarydecisionprocedures.
Wedonotbelieve thatthis is optimal.
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