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Abstract

W e in tro duce an abstract in terpretation framew ork for Mobile Am bien ts, based

on a new seman tics called normal semantics . Then, w e deriv e within this setting

t w o analyses computing a safe appro ximation of the run-time top ological structure of

pro cesses. Suc h a static information can b e successfully used to establish in teresting

securit y prop erties.

1 In tro duction

Mobile Am bien ts (MA) [10 ] has recen tly emerged as a core programming language for the

W eb, and at the same time as a mo del for reasoning ab out prop erties of mobile pro cesses.

MA is based on the notion of ambient . An am bien t is a b ounded place, where m ulti-

threaded computation tak es place; roughly sp eaking, it generalises b oth the idea of agen t

and the idea of lo cation. Eac h am bien t has a name , a collection of lo c al pr o c esses and

a collection of sub ambients . Am bien ts are organised in a tree, whic h can b e dynamically

mo di�ed, according to three basic capabilities: in n allo ws an am bien t to en ter in to an

am bien t n ( m [ in n . P

1

j P

2

] j n [ Q ] ! n [ m [ P

1

j P

2

] j Q ]); out n allo ws an am bien t to exit

from an am bien t n ( n [ m [ out n . P

1

j P

2

] j Q ] ! m [ P

1

j P

2

] j n [ Q ]); open n allo ws to destro y

the b oundary of an am bien t n ( open n . P j n [ Q ] ! P j Q ).

Sev eral static tec hniques, formalised as T yp e Systems [20 , 8, 7, 9 , 17 , 6, 2, 3, 11 , 19 ]

or Con trol Flo w Analyses (CF A) in Flo w Logic st yle [24 , 25, 26 , 16 , 5 ], ha v e b een devised

�

The w ork has b een partially done when the authors w ere at the Dep artment of Computer Scienc e of

the Univ ersit y of Pisa. They ha v e b een partially supp orted b y the MURST pro ject A bstr act Interpr etation,

T yp e Systems and Contr ol Flow A nalysis.
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to study and establish v arious securit y prop erties of MA, suc h as secrecy and information


o w. These approac hes are strictly related and compute safe appro ximations of similar

information on the run-time top ological structure of pro cesses. Although these metho ds

are pro v ed sound with resp ect to a formal seman tics, they are t ypically form ulated in

di�eren t st yles. As a consequence, it is rather di�cult to formally compare them, and the

corresp onding algorithms for constructing the least analysis or for t yp e-inference.

In this pap er w e apply to MA the seman tic-based approac h to program analysis of ab-

str act interpr etation [14 , 13 ]. Abstract in terpretation pro vides a rigorous theory to deriv e

program analyses from the sp eci�cation of the seman tics. The t ypical abstract in terpreta-

tion approac h consists of: replacing the concrete domain of computation with an abstract

domain mo deling the prop ert y w e are in terested in; establishing a relation b et w een the

concrete and the abstract domain whic h formalises (through Galois connections) safeness

and precision of appro ximations; deriving an appro ximate seman tics o v er the abstract do-

main. The appro ximate seman tics can b e obtained in a systematic w a y whic h guaran tees

its safeness b y construction. W e refer the reader to Section 2 for more details on the basic

concepts of the abstract in terpretation theory .

One of the most imp ortan t and critical steps for applying abstract in terpretation con-

sists of the c hoice of the concrete seman tics one should start from. The standard reduction

seman tics of MA [10 ] is not adequate to abstraction, b ecause it hea vily relies on the syn tax

b y using structural rules and structural congruence to bring the participan ts of a p oten tial

reaction in to con tiguous p ositions. W e therefore in tro duce a new seman tics for MA, called

normal semantics , whic h is indeed equiv alen t to the standard reduction seman tics. The

normal seman tics is based on the simple observ ation that an MA pro cess is essen tially a

tree, where eac h no de is an am bien t con taining a set of lo cal pro cesses con trolling its mo v e-

men ts. Then w e deriv e, b y step-wise abstraction of the normal seman tics, t w o analyses

whic h are pro v ed to b e safe.

The �rst analysis is designed to compute an appro ximation of the follo wing prop ert y

of all the computations of a pro cess P : for an y am bien t n , whic h am bien ts and capabilities

ma y b e con tained (at top lev el) inside n , when n is within an am bien t h . This is obtained

b y an abstraction whic h com bines information ab out the n um b er of o ccurrences of ob jects

and ab out the con text. The in tegration of these t w o asp ects p ermits to ac hiev e v ery

accurate results. T o substan tiate this claim, w e consider a t ypical example: an am bien t n

whic h mo v es inside an immobile am bien t k , and then is op ened unleashing an immobile

pro cess inside k . This kind of situation is critical in MA, if w e w an t to pro v e statically

the immobilit y of k , as it is necessary to detect that an y capabilit y of mo v emen t inside

n has b een consumed b efor e op ening. Example 5.11 sho ws that our analysis ac hiev es this

result, in particular b ecause it is able to argue on the temp oral ordering of execution of

capabilities. W e are not a w are of similar results in the setting of MA without adopting

more complex tec hniques [26 , 1 ]. It is w ell-kno w instead that this problem can b e solv ed

with simpler tec hniques for v arian ts of MA, suc h as Safe Am bien ts (SA) [20 , 21 ]. The static

tec hniques for SA [21 , 20 , 16 , 2, 17 , 19 ] are t ypically more precise due to the presence of

coactions, whic h con trol when an in teraction ma y happ en. F or instance, the coaction open
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simpli�es the task of distinguishing what happ ens inside an am bien t b efor e and after it

is op ened. Similar results has b een obtained also for MA extended with primitiv es for

ob jectiv e mobilit y [7 ].

The second analysis is designed to compute an appro ximation of the follo wing w eak er

prop ert y of all the computations of a pro cess P : for an y am bien t n , whic h am bien ts and

capabilities ma y b e con tained (at top lev el) inside n . This is obtained from the �rst

analysis b y dropping o� b oth the con textual information and the information ab out the

n um b er of o ccurrences of ob jects. The analysis w e obtain is a re�ned v ersion of the CF A

of [24 ]. The main di�erence with resp ect to [24 ] is that our analysis considers the e�ect

of the con tin uation of a capabilit y only if the capabilit y ma y b e exercised. Example 6.11

sho ws in details the di�erence with the CF A of [24 ].

The prop erties computed b y b oth the analyses p ermit to con trol where an am bien t

ma y mo v e and also where it ma y b e op ened. This is the basic information whic h is needed

to statically establish most of the securit y prop erties studied in the literature for MA

[5 , 6, 9, 16 , 17 , 24 ]. T o illustrate the relev ance of the analysis for securit y w e sho w the

application to some w ell-kno wn examples tak en from [16 , 5]. W e fo cus on the �rst analysis

whic h is more precise and in teresting; the second analysis can b e used, as the CF A of [24 ],

to solv e simpler problems, suc h as the �rew all proto col of [10 ] and the T ro jan Horse of [6 ].

The normal seman tics is presen ted in Section 4, and the t w o deriv ed abstractions in

Sections 5 and 6, resp ectiv ely . Section 7 sho ws some examples of securit y prop erties. The

pro of of the main theorems are sho wn in the App endixes A and B.

R emark This pap er is an extended and revised v ersion of [22 ].

2 Some bac kground on abstract in terpretation

W e brie
y recall the basic concepts of the Galois connection based approac h of abstract

in terpretation [14 , 13 ]. Supp ose w e w an t to appro ximate a seman tics S , whic h is computed

as the least �xed-p oin t of a monotonic function F o v er some c oncr ete domain h C ; �i . The

k ey step consists of the c hoice of an abstr act domain h A; �

�

i mo deling the prop ert y w e

w an t to statically establish. The notion of Galois connection formalises the relation of

abstraction b et w een the concrete and the abstract domain whic h is the basis to de�ne

safeness and precision of appro ximations.

De�nition 2.1 (Galois connection) L et h C ; �i and h A; �

�

i b e c omplete lattic es. A

p air of monotonic functions ( �; 
 ) , such that � : C ! A is the abstraction function and


 : A ! C is the concretization function, is a Galois connection b etwe en h C ; �i and

h A; �

�

i i�, for e ach c 2 C and a 2 A

1. c � 
 ( � ( c )) ;

2. � ( 
 ( a )) �

�

a .

When � ( 
 ( a )) = a , then ( �; 
 ) is c al le d a Galois insertion.
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The ordering �

�

is in tended to mo del precision so that a �

�

a

0

means that a

0

is a

safe appro ximation of a . Therefore, the abstraction of the least �xed-p oin t � ( S ) giv es the

exact abstract prop ert y corresp onding to S , and an appro ximate seman tics S

�

o v er the

abstract domain is a safe appr oximation of S whenev er � ( S ) �

�

S

�

. One of the main

results of abstract in terpretation is that a safe appro ximate seman tics S

�

can b e computed

as the least �xed-p oin t of an abstract function F

�

satisfying a condition of lo cal safeness,

namely that � ( F ( c )) �

�

F

�

( � ( c )).

Theorem 2.2 (Safeness) L et ( �; 
 ) b e a Galois c onne ction b etwe en h C ; �i and h A; �

�

i .

Mor e over, let F : C ! C and F

�

: A ! A b e monotonic functions. If � ( F ( c )) �

�

F

�

( � ( c )) , for e ach c 2 C , then � ( lfp F ) �

�

lfp F

�

.

3 Mobile Am bien ts

W e in tro duce the pure Mobile A mbients calculus ([10 ]) without comm unication primitiv es.

Let N b e a set of names (ranged o v er b y n; m; h; k ; : : : ).

De�nition 3.1 (Pro cesses) The pro cesses ar e de�ne d over names N ac c or ding to the

fol lowing syntax:

M,N::= (c ap abilities) P,Q::= (pr o c esses)

in n enter n 0 inactivity

out n exit n ( � n ) P r estriction

open n op en n P j Q p ar al lel c omp osition

! P r eplic ation

n [ P ] ambient

M . P pr e�x

Standard syn tactical con v en tions are used: trailing zeros are omitted, and parallel com-

p osition has the least syn tactic precedence. W e refer to the usual notions of names, free

names, and b ound names of a pro cess P , denoted b y n ( P ), f n ( P ), bn ( P ), resp ectiv ely .

W e iden tify pro cesses whic h are � -con v ertible, that is, can b e made syn tactically equal b y

a c hange of b ound names. W e adopt also the standard notation for substitutions: P [ m=n ]

denotes the pro cess obtained b y replacing in P an y free o ccurrence of n with m (assum-

ing the b ound names of P are � -con v erted to a v oid the con
icts with m ). Similarly , P �

denotes the pro cess obtained b y applying the substitution � : N ! N .

The core of the seman tics of MA consists of the reductions in T able 1 corresp onding

to the execution of capabilities. The seman tics has also standard structural rules (T able

2) whic h use structural congruence to bring the participan ts of a p oten tial in teraction

in to con tiguous p ositions (T able 3). The de�nition of � includes the standard rules for

comm uting the p ositions of parallel comp onen ts, for stretc hing the scop e of a restriction

and for replication.
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In the follo wing w e use !

�

for the transitiv e and re
exiv e closure of ! . Moreo v er, w e

write P !

�

Q to sa y that either P ! Q or P � Q . Similarly for P !

�

�

Q .

n [ in m . P j Q ] j m [ R ] ! m [ n [ P j Q ] j R ] (In)

m [ n [ out m . P j Q ] j R ] ! n [ P j Q ] j m [ R ] (Out)

open n . P j n [ Q ] ! P j Q (Op en)

T able 1: Basic Reductions of Mobile Am bien ts

P ! Q ) ( � n ) P ! ( � n ) Q (Res)

P ! Q ) P j R ! Q j R (P ar)

P ! Q ) n [ P ] ! n [ Q ] (Am b)

( P

0

! Q

0

; P � P

0

; Q

0

� Q ) ) P ! Q (Cong)

T able 2: Structural rules for Mobile Am bien ts

4 The Normal Seman tics

The normal seman tics aims at making easier the application of abstract in terpretation,

whic h is complicated b y structural congruence (including � -con v ersion) and b y the struc-

tural rules of the reduction seman tics. The normal seman tics is based on the in tuitiv e

represen tation of a pro cess as a tree of am bien ts, eac h con taining a set of activ e pro cesses.

W e use a set, called a top olo gy , to represen t the tree of am bien ts, and a set, called a c on-

�gur ation , to represen t the activ e pro cesses con tained in eac h am bien t. F or instance, the

pro cess

( � n ) ( n [ in k . P j out k j m [ out n . Q ]]) j k [! open m ] (1)

is represen ted b y the follo wing top ology and con�guration (depicted also in Figure 1)

( f

n

@

;

k

@

;

m

n

g ; f

n

in k . P ;

n

out k ;

m

out n . Q;

k

! open m g ).
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P � P (Re
)

Q � P ) P � Q (Symm)

P � Q; Q � R ) P � R (T rans)

P j Q � Q j P (Comm)

( P j Q ) j R � P j ( Q j R ) (Ass)

P � Q ) ( � n ) P � ( � n ) Q (Res)

P � Q ) P j R � Q j R (P ar)

P � Q ) ! P � ! Q (Bang)

P � Q ) n [ P ] � n [ Q ] (Am b)

P � Q ) M . P � M . Q (Pref )

n 6= m ) ( � n ) ( � m ) P � ( � m ) ( � n ) P (Res-Com)

n =2 f n ( P ) ) ( � n ) ( P j Q ) � P j ( � n ) Q (Res-P ar)

n 6= m ) ( � n ) m [ P ] � m [( � n ) P ] (Res-Am b)

P j 0 � P (Nil-P ar)

( � n )0 � 0 (Nil-Res)

! P � P j ! P (Bang-Bang)

T able 3: Structural Congruence
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n

m

k

@

! open m

out n . Q

in k . P

out k

Figure 1: The represen tation of pro cess (1)

The top ology con tains the pairs son-father:

m

n

, b ecause m is con tained in n ,

n

@

and

k

@

, b ecause n and k are con tained in the outermost am bien t that w e call @. The

con�guration con tains the pro cesses executable inside an y am bien t: pro cesses in k . P and

out k inside n , pro cess out n . Q inside m , and pro cess ! open m inside k .

The translation of a pro cess in to an equiv alen t pair of top ology and con�guration, as

sho wn for pro cess (1) ab o v e, presen ts t w o subtle problems. W e need to: (i) distinguish

t w o di�eren t o ccurrences of the same ob ject in the pro cess ; (ii) c ho ose prop erly the names

used for the remo v al of restrictions. In (1), for instance, w e ha v e eliminated the restriction

op erator b y substituting n with a fresh name (in this case it su�ces to tak e n itself ).

T o deal with these problems in a simple w a y w e enhance the syn tax of pro cesses b y

prop erly attac hing lab els to capabilities, restrictions and am bien ts.

Pro vided that the lab els assigned to capabilities, restrictions and am bien ts are distinct,

w e directly obtain a represen tation, where t w o copies of the same pro cess or of an am bien t

with the same name are distinguished. F or instance, consider the follo wing lab eled v ersion

of pro cess n [ in m ] j n [ in k ], where lab els �; �; 
 ; � are distinct one from eac h other

n

�

[ in m




] j n

�

[ in k

�

]. (2)

W e obtain the follo wing represen tation

( f

n

�

@

;

n

�

@

g ; f

n

�

in m




;

n

�

in k

�

g )

where there are t w o copies of am bien t n : one con taining the capabilit y in m and the other

one con taining the capabilit y in k .

W e also use the lab els attac hed to restrictions to �nd out the name, whic h is used to

replace the b ound name. T o this aim, w e adopt a sp ecial substitution function, whic h

asso ciates in a one to one fashion names to lab els. Pro vided that all the lab els are distinct

and that the names asso ciated to the lab els of restrictions, do not app ear in the pro cess,

the names in tro duced b y the remo v al of restrictions are fresh. F or instance, consider the

follo wing lab eled pro cess

( � n

�

) ( n




[ in m

�

. P ]) j ( � m

�

) m

�

[0] (3)
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where the lab els �; � ; 
 ; �; � are distinct one from eac h other. Assume also that ^n and ^m

are the distinct names asso ciated to � and � and that they do not app ear in the pro cess.

W e obtain the follo wing represen tation

( f

^n




@

;

^m

�

@

g ; f

^n




in m

�

. P g ).

The remo v al of the restrictions o v er n and m do es not pro duce an y con
ict on names,

as ^m 6= ^n , ^m 6= m and ^n 6= m . The condition ^m 6= ^n is implied b y � 6= � ; the conditions

^m 6= m and ^n 6= m are ensured b y the additional requiremen t concerning the names and

the lab els app earing in the pro cess.

The requiremen ts on lab els and names explained ab o v e are formalised b y the notion

of w ell-lab eled pro cess (see De�nition 4.2).

Lab eled Pro cesses. Let L b e a set of lab els (ranged o v er b y ` , `

0

; : : : ), and let L

I

=

f `

i

j ` 2 L ; i 2 I g b e the corresp onding set of indexe d lab els (ranged o v er b y �; �; 
 ; : : : ).

Let

b

N (ranged o v er b y bn ; bm ;

b

h;

b

k ; : : : ) b e a set of names, suc h that N \

b

N = ; , and let

b

N

I

= f ^n

i

j ^n 2

b

N ; i 2 I g b e the corresp onding set of indexe d names .

W e use the names

b

N

I

for the elimination of restrictions according to a substitution

function H

L

I

whic h assigns indexed names

b

N

I

to indexed lab els L

I

. This is formalised

b y an injectiv e function H

L

: L !

b

N and b y the corresp onding injectiv e function H

L

I

:

L

I

!

b

N

I

, suc h that H

L

I

( `

i

) = ^n

i

if H

L

( ` ) = ^n .

T o ha v e a more compact notation w e ma y use when the distinction is not relev an t:

n; m; h; : : : to denote a generic elemen t of

b

N

I

[ N ; ^n ; ^m ;

^

h; : : : to denote a generic elemen t

of

b

N

I

.

De�nition 4.1 (Lab eled Pro cesses) The lab eled pro cesses ar e de�ne d over names N [

b

N

I

and indexe d lab els L

I

ac c or ding to the fol lowing syntax:

M,N::= (c ap abilities) P,Q::= (pr o c esses)

in n enter n 0 inactivity

out n exit n ( � n

�

) P r estriction

open n op en n P j Q p ar al lel c omp osition

! P r eplic ation

n

�

[ P ] ambient

M

�

. P pr e�x

W e assume that all the notions presen ted in Section 3 are adapted in the ob vious

w a y to lab eled pro cesses. The de�nition of � -con v ersion only presen ts a subtle p oin t:

w e require that the b ound names can b e c hanged but not their lab els. W e mean, for

instance, that ( � n

�

) P is � -con v ertible to ( � k

�

) P [ k =n ] , pro vided that k 62 f n ( P ), and not

to ( � k

�

) P [ k =n ] . In the follo wing, w e use �( P ) to denote the set of lab els o ccurring in a

lab eled pro cess P .

8



W e in tro duce no w the concept of w ell-lab eled pro cess, whic h formalises the require-

men ts discussed for the pro cesses (2) and (3) ab o v e. Conditions (i) and (ii) sa y that the

lab els are distinct and the names asso ciated to the lab els of restrictions are fresh names,

meaning that they do not o ccur in the pro cess. Example 4.10 sho ws, more in details, wh y

these requiremen ts are needed to translate a pro cess in to an equiv alen t represen tation.

De�nition 4.2 (W ell-lab eled Pro cesses) A pr o c ess P is w ell-lab eled if: (i) for any

� 2 �( P ) , H

L

I

( � ) 62 n ( P ) ; (ii) the (indexe d) lab els use d in c ap abilities, ambients and

r estrictions ar e distinct one fr om e ach other.

Ov er lab eled pro cesses w e de�ne a notion of equiv alence, whic h is used in the de�nition

of the collecting seman tics (see De�nition 4.8). A r enaming of indexed lab els is a function

� : L

I

! L

I

. The application of a renaming is denoted in the standard w a y b y P � and

P [ �=� ]. W e denote b y dom ( � ) and dom ( � ) the domains of a renaming � and a substitution

� resp ectiv ely . W e also in tro duce a sp ecial class of renamings and substitutions:

� w e sa y that �

I

: L

I

! L

I

is a r e-indexing of lab els if, �

I

is injectiv e, and for an y

`

i

2 dom ( �

I

), w e ha v e �

I

( `

i

) = `

j

;

� w e sa y that �

I

:

^

N

I

!

^

N

I

is a r e-indexing of names if, �

I

is injectiv e and, for an y

^n

i

2 dom ( �

I

), w e ha v e �

I

( ^ n

i

) = ^n

j

.

W e sa y that P and Q are e quivalent up to r e-indexing ( P � Q ) i� P �

I

�

I

= Q , for a

re-indexing of lab els �

I

and a re-indexing of names �

I

.

In the follo wing, w e use A (ranged o v er b y a , b , c; : : : ) for the set of lab eled names n

�

,

suc h that n 2 N [

b

N

I

and � 2 L

I

, augmen ted with the distinct sym b ol @ represen ting

the outermost am bien t. F urthermore, w e sa y that a pro cess P is active if P = M

�

. Q or

P = ! Q . W e use P and AP to denote the set of w ell-lab eled pro cesses (referred to as

pro cesses) and the subset of activ e w ell-lab eled pro cesses, resp ectiv ely .

Remark 4.3 It is worth mentioning that the lab eling of pr o c esses is also exploite d by

the analyses of Se ctions 5 and 6. This appr o ach is inde e d typic al of static te chniques, in

p articular of Flow L o gic [27]. The lab eling of pr o c esses is use d to gain pr e cision, and also

it al lows the pr o gr ammer to identify the exact pie c e of input syntax r esp onsible for some

dete cte d se curity violation. The main di�er enc e her e c onsists in the use of indexes b oth

in lab els L

I

and in names

^

N

I

. The normal semantics and the se c ond abstr action c ould

have b e en de�ne d also without intr o ducing the indexes. Inste ad, the indexes ar e ne e de d

and fruitful ly exploite d by the �rst abstr action (se e Example 5.10 and Example 5.12).

States and T ransitions. A state is a pair whic h consists of a top ology and a con�gura-

tion: the top ology is a set of pairs, son-father, whic h form a tree, and the con�guration is

a set of pairs asso ciating eac h activ e pro cess to its enclosing am bien t.
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De�nition 4.4 (States) A state S is a p air ( T ; C ) wher e

1. T 2 } (( A n f @ g ) � A ) is a tr e e over a set of no des N

S

� A

1

;

2. C 2 } ( A � AP ) such that, for e ach ( a; P ) 2 C , a 2 N

S

.

In a state ( T ; C ) w e call T a top olo gy and C a c on�gur ation . The meaning of ( a; b ) 2 T

(for short

a

b

) is that a is a son of b . The meaning of ( a; P ) 2 C (for short

a

P ) is that P

is an activ e pro cess of am bien t a .

W e extend to states in the ob vious w a y the notions of lab els, renaming, substitution

and equiv alence up to re-indexing � . Since w e are in terested in states represen ting w ell-

lab eled pro cesses w e consider only w ell-lab eled states. A state S 2 S is wel l-lab ele d if: (i)

for eac h � 2 �( S ), H

L

I

( � ) 62 n ( S ); (ii) for an y lab el � 2 �( S ) there is at most one ob ject

lab eled b y � . In the follo wing, w e use S to denote the set of w ell-lab eled states (referred

to as states). Also, w e assume � and [ o v er states are de�ned comp onen t-wise.

In T able 4 w e in tro duce the normalisation function � : ( A � P ) ! S whic h is used

to translate pro cesses in to states. In tuitiv ely , � ( a; P ) (for short �

a

P ) giv es the state

represen ting pro cess P , assuming that P is con tained in am bien t a . W e use � b oth to deriv e

the initial state from a pro cess, and to handle the pro cesses whic h b ecome executable after

a step. The initial state corresp onding to a pro cess P is therefore �

@

P .

Rule DRes eliminates the restriction b y replacing the b ound name n with the name

H

L

I

( � ) asso ciated to the indexed lab el � . The de�nition of w ell-lab eling ensures that

H

L

I

( � ) is a fresh name pro vided that P is a w ell-lab eled pro cess. Rule D Am b adds

am bien t b to the top ology as son of the enclosing am bien t a , and translates the pro cess

con tained in b . Rule DP ar gathers the pro cesses and the top ologies built in eac h of its t w o

branc hes. Rules DBang and DPref simply add the activ e pro cess to the con�guration.

DRes �

a

( � n

�

) P = �

a

( P [ H

L

I

( � ) =n ])

D Am b �

a

b [ P ] = �

b

P [ ( f

b

a

g ; ; )

DZero �

a

0 = ( ; ; ; )

DP ar �

a

P j Q = �

a

P [ �

a

Q

DBang �

a

! P = ( ; ; f

a

! P g )

DPref �

a

M

�

. P = ( ; ; f

a

M

�

. P g )

T able 4: The normalisation function �

The rules of T able 5 de�ne the tr ansitions b et w een states. They realise the unfolding

of replication, the mo v emen ts in and out of am bien ts, and the op ening of am bien ts. Due

to the implicit represen tation of parallel comp osition, restriction and am bien t in states,

1

W e refer to the standard de�nition of tree and ro ot of a tree.
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the standard structural rules and structural congruence of the reduction seman tics are not

needed. F or notational con v enience use the follo wing abbreviation. W e write ( T ; C ) f [ a=b ] g

to denote the state ( T [

c

a

=

c

b

] ; C [

a

Q=

b

Q ]) for an y am bien t c and pro cess Q .

W e commen t the rules b elo w. Rule Bang creates a fresh cop y (equiv alen t up to re-

indexing of lab els) of the pro cess under replication. T o this aim, w e use new

( T ;C )

( P ),

whic h is de�ned as follo ws. Let S 2 S b e a state, w e let new

S

( P ) = P �

I

where

� �

I

is a re-indexing of lab els suc h that dom ( �

I

) = �( P );

� P �

I

is w ell-lab eled;

� there is no � 2 �( P �

I

), suc h that either � 2 �( S ) or H

L

I

( � ) 2 n ( S ).

The de�nition of new

S

ensures that �

a

new

S

( P ) [ S is a w ell-lab eled state, pro vided that

S and P are w ell-lab eled.

The last three rules corresp ond to the usual reduction rules of mo v emen ts and op ening

(sho wn in T able 1). They use the normalisation function to handle the con tin uations. Rule

In is applicable whenev er there exists a parallel am bien t named m . The rule mo di�es b oth

the top ology and the con�guration according to the mo v emen t: (i) it up dates the father of

a , whic h is no w m , (ii) it remo v es the executed capabilit y , and it adds the con tin uation to

the set of pro cesses lo cal to a . Rule Out acts in an analogous w a y . Rule Op en mo di�es

b oth the top ology and the con�guration according to the op ening of am bien t m : (i) it

remo v es am bien t m ; (ii) it mo di�es the p oin ter to the father of an y am bien t and pro cess

whic h w as within m . These pro cesses and am bien ts are therefore acquired b y am bien t a

when op ening m .

Bang

a

! P 2 C

( T ; C ) 7! �

a

new

( T ;C )

( P ) [ ( T ; C )

In

t =

a

in m




. P 2 C

a

b

;

m

�

b

2 T a 6= m

�

( T ; C ) 7! �

a

P [ (( T n f

a

b

g ) [ f

a

m

�

g ; C n f t g )

Out

t =

a

out m




. P 2 C

a

m

�

;

m

�

b

2 T a 6= m

�

( T ; C ) 7! �

a

P [ (( T n f

a

m

�

g [ f

a

b

g ; C n f t g )

Op en

t =

a

open m




. P 2 C

m

�

a

2 T a 6= m

�

( T ; C ) 7! �

a

P [ (( T n f

m

�

a

g ) ; ( C n f t g )) f [ a=m

�

] g

T able 5: T ransitions 7!

The follo wing theorem states the agreemen t b et w een the transitions of T able 5 and the

standard reduction seman tics of Section 3. Let P b e a w ell-lab eled pro cess. W e denote
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b y E ( P ) the pro cess obtained b y stripping o� all the lab els. W e use 7!

�

for the transitiv e

and re
exiv e closure of 7! .

W e in tro duce also a condition on a 2 A whic h guaran tees that �

a

P is a w ell-lab eled

state, pro vided that P is w ell-lab eled (as formalised b y Prop osition A.13 of App endix A).

W e �rst extend the notions of names n ( a ) and lab els �( a ). Hence, w e let n ( a ) = n and

�( a ) = � , when a = n

�

, and w e let n ( a ) = �( a ) = ; , when a = @.

W e sa y that a is fr esh for a lab eled pro cess P i� �( a ) \ �( P ) = ; , there is no � 2 �( a )

suc h that H

L

I

( � ) 2 ( n ( P ) [ n ( a )), and there is no � 2 �( P ) suc h that H

L

I

( � ) 2 n ( a ).

Theorem 4.5 (Equiv alence) L et P b e a wel l-lab ele d pr o c ess and let a 2 A which is

fr esh for P .

1. If �

a

P 7! S , then ther e exist a wel l-lab ele d pr o c ess Q , such that E ( P ) !

�

E ( Q ) and

�

a

Q = S ;

2. If E ( P ) ! Q , then ther e exist a state S and a wel l-lab ele d pr o c ess Q

0

, such that

�

a

P 7!

�

S , �

a

Q

0

= S and Q � E ( Q

0

) .

The pro of of Theorem 4.5 is rather complex and is sho wn in the App endix A.

Corollary 4.6 L et P b e a wel l-lab ele d pr o c ess.

1. If �

@

P 7! S , then ther e exist a wel l-lab ele d pr o c ess Q , such that E ( P ) !

�

E ( Q ) and

�

@

Q = S ;

2. If E ( P ) ! Q , then ther e exist a state S and a wel l-lab ele d pr o c ess Q

0

, such that

�

@

P 7!

�

S , �

@

Q

0

= S and Q � E ( Q

0

) .

Pro of: F rom Theorem 4.5 using the fact that @ is fresh for an y w ell-lab eled pro cess P .

2

The result can b e extended straigh tforw ardly to w eak reductions.

Corollary 4.7 L et P b e a wel l-lab ele d pr o c ess.

1. If �

@

P 7!

�

S , then ther e exist a wel l-lab ele d pr o c ess Q , such that E ( P ) !

�

�

E ( Q )

and �

@

Q = S ;

2. If E ( P ) !

�

Q , then ther e exist a state S and a wel l-lab ele d pr o c ess Q

0

, such that

�

@

P 7!

�

S , �

@

Q

0

= S and Q � E ( Q

0

) .

The collecting seman tics. W e de�ne the core of the abstract in terpretation framew ork,

the c ol le cting semantics . The domain is the p o w er-set of (w ell-lab eled) states up to re-

indexing. W e use [ S ] to denote the equiv alence class of a state S with resp ect to � , and

w e use S

= �

to denote the corresp onding quotien t set. F or readabilit y , w e use � and [ for

�

= �

and [

= �

.

12



De�nition 4.8 L et S

\

= } ( S

= �

) . The concrete domain is hS

\

; �i .

The concrete seman tics is de�ned in a standard w a y as the least �xed-p oin t of a

function, whic h collects all the states reac hable from the initial state.

De�nition 4.9 (Collecting Seman tics) L et S

2

2 S ; S

\

2 S

\

and let P b e a wel l-lab ele d

pr o c ess. We de�ne S

C ol l

[ [ P ] ] = lfp F ( �

@

P ) for the function F : S ! ( S

\

! S

\

) such

that F ( S

2

) = 	

S

2

and

	

S

2

( S

\

) = f [ S

2

] g [

[

S 2f S

3

j S

1

7! S

3

; [ S

1

] 2 S

\

g

f [ S ] g .

Examples. W e start discussing the normalisation function � , and w e explain wh y this is

correct (in the sense of Theorem 4.5) only when applied to w ell-lab eled pro cesses.

Example 4.10 The c ondition (ii) of De�nition 4.2 ensur es that two o c curr enc es of the

same obje ct ar e distinguishe d. Consider the not wel l-lab ele d version of pr o c ess n [ in m ] j

n [ in k ] ,

P = n

�

[ in m




] j n

�

[ in k

�

].

We obtain the fol lowing r epr esentation

�

@

P = ( f

n

�

@

g ; f

n

�

in m




;

n

�

in k

�

g ).

This r epr esentation di�ers signi�c antly fr om that shown at the b e ginning of the se ction

for the wel l-lab ele d pr o c ess (2). In fact ther e is only one ambient n which c ontains b oth

in m and in k . This r epr esentation is obviously not c orr e ct as ambient n may inter act

b oth with m and with k .

The c ondition (i) of De�nition 4.2 c onc erns the r elation b etwe en the names in

b

N

I

and

the lab els L

I

, and ensur es pr e cisely that ther e is no clash of names when the r estrictions

ar e r emove d. Consider the fol lowing not wel l-lab ele d pr o c ess

Q = ( � n

�

) ( n




[ in ^m

�

. P ]) j ( � m

�

) m

�

[0]

wher e H

L

I

( � ) = ^n and H

L

I

( � ) = ^m . We obtain the fol lowing r epr esentation

�

@

Q = ( f

^n




@

;

^m

�

@

g ; f

^n




in ^m

�

. P g ).

This r epr esentation is not c orr e ct, di�er ently fr om the one obtaine d for the wel l-lab ele d

pr o c ess (3) shown at the b e ginning of the se ction. The b ound name ^m is known to the

pr o c ess c ontaine d inside ^n , and c onse quently ^n c an move inside ^m .

W e giv e some examples to illustrate the normal seman tics. T o simplify the presen tation

in the collecting seman tics states stand for their equiv alence classes up to re-indexing. The

follo wing example sho ws an am bien t n , whic h mo v es inside an am bien t k , and there is

op ened unleashing no capabilit y of mo v emen t inside k .
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k

n

@ @

k

@

k

open n . Q

1

in k . m [ Q

2

]

(a)

(b)

m

n

Q

2

open n . Q

1

m

Q

2

(c)

Q

1

Figure 2: Some transitions of pro cess P

Example 4.11 Consider the (wel l-lab ele d) pr o c ess

P = n

�

[ in k

�

. m

�

[ Q

2

]] j k

�

[ open n

�

. Q

1

]

Figur e 2 shows some states, which ar e r e achable fr om the initial state r epr esenting

pr o c ess P which is state (a)

2

. State (b) is obtaine d fr om state (a) by applying rule In .

This shows that ambient n moves inside k c arrying any c ap ability and ambient it c ontains.

State (c) is obtaine d fr om state (b) by applying rule Op en ; ambient n , when op ene d inside

k , unle ashes ambient m which has as a lo c al pr o c ess Q

2

.

By assuming that Q

1

= Q

2

= 0 , the c ol le cting semantics of P c ontains only states

(a),(b) and (c) of Figur e 2. We have S

C ol l

[ [ P ] ] = f S

0

; S

1

; S

2

g such that

S

0

= ( f

n

�

@

;

k

�

@

g ; f

n

�

in k

�

. m

�

[0] ;

k

�

open n

�

g )

S

1

= ( f

n

�

k

�

;

m

�

n

�

;

k

�

@

g ; f

k

�

open n

�

g )

S

2

= ( f

m

�

k

�

;

k

�

@

g ; ; ).

The follo wing example stresses an imp ortan t asp ect concerning indexes and replication:

the unfolding of replication pro duces (b y means of new ) pro cesses whic h are equiv alen t up

to re-indexing of lab els. The link b et w een the pro cesses pro duced b y replication expressed

b y the indexes is suitably exploited b y the �rst abstraction (see Examples 5.10 and 5.12).

Also, the example explains b etter the tec hnique used to remo v e the restriction op erator

and its in terpla y with replication.

2

W e ha v e omitted the lab els to simplify the picture.
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@

@

n

n

n

@

n

^n

1

^n

2

!( � n ) Q

(c)

(b)

! Q

in n

(a)

! Q

in n

in n

in ^n

1

in ^n

2

Figure 3: An example of replication

Example 4.12 Consider the wel l-lab ele d pr o c ess Q = n

�

[ in n




] , wher e � = `

1

and 
 = `

0

1

.

The initial state mo deling pr o c ess ! Q is ( ; ;

@

! Q ) . Every unfolding of r eplic ation is mo dele d

by the addition of �

@

( Q�

j

) (se e rule Bang ), wher e

Q�

j

= n

`

j

[ in n

`

0

j

]

for a new index j . Henc e, a new ambient n

`

j

is adde d r epr esenting a new c opy of ambient

n . F or instanc e, after two applic ations of rule Bang the state (a) depicte d in Figur e 3

is r e ache d

3

. A ny ambient n

`

j

may enter inside any other n

`

h

pr ovide d that h 6= j . F or

instanc e, by applying rule In state (b) of Figur e 3 is obtaine d.

Consider inste ad the wel l-lab ele d pr o c ess ( � n

�

) Q , wher e the name n is r estricte d

and � = `

00

1

such that H

L

( `

00

) = ^n . The initial state mo deling pr o c ess !( � n

�

) Q is

( ; ;

@

!( � n

�

) Q ) . Every unfolding of r eplic ation is mo dele d by the addition of �

@

(( � n

�

) Q ) �

j

,

wher e

(( � n

�

) Q ) �

j

= ( � n

`

00

j

) n

`

j

[ in n

`

0

j

]

for a new index j . F unction H

L

I

assigns to any lab el `

00

j

the new name ^n

j

which is use d

to substitute n . Henc e, a new ambient ( ^ n

j

)

`

j

is adde d with a new name ^n

j

. F or instanc e,

after two applic ations of rule Bang the state (c) depicte d in Figur e 3 is r e ache d fr om the

initial state. Sinc e the names ^n

1

; ^n

2

ar e distinct, then the ambients c annot in this c ase

inter act with e ach other.

The di�er enc e b etwe en ! Q and !( � n

�

) Q is r e
e cte d by their c ol le cting semantics shown

b elow. We have S

C ol l

[ [! Q ] ] =

S

j 2f 0 ;::: ; 1g

X

j

wher e

� X

0

= f ( ; ;

@

! Q ) g ;

� X

j

is the minimal set of states S = ( T ; C ) , such that f n ( S ) = f n g , and �( S ) =

S

i 2f 1 ;::: ;j g

f `

i

; `

0

i

g and

@

! Q 2 C . Mor e over, for e ach i 2 f 1 ; : : : ; j g either

n

`

i

@

2 T

and

n

`

i

in n

`

0

i

2 C , or

n

`

i

n

`

h

2 T , with h 6= i , and

n

`

i

in n

`

0

i

62 C .

3

As usual w e ha v e omitted lab els to simplify the picture.
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We have S

C ol l

[ [!( � n

�

) Q ] ] =

S

j 2f 0 ; 1g

S

j

wher e

S

0

= ( ; ;

@

!( � n

�

) Q )

S

j

= (

S

i 2f 1 ;::: ;j g

( ^ n

i

)

`

i

@

;

S

i 2f 1 ;::: ;j g

( ^ n

i

)

`

i

in ( ^ n

i

)

`

0

i

[ f

@

!( � n

�

) Q g ).

5 A First Abstraction

W e devise a �rst abstraction aimed at capturing the follo wing prop ert y ab out all the

states reac hable from the initial state represen ting a pro cess P : for eac h am bien t n , whic h

am bien ts and capabilities can b e con tained (at top lev el) inside n , when n is within an

am bien t h . This is formalised b y an abstraction, whic h merges a set of states in to a

unique abstract state, and mo di�es the top ologies and the con�gurations according to the

follo wing ideas.

� W e add to eac h pair of the top ology and of the con�guration an additional informa-

tion whic h refers to the father of the enclosing am bien t.

Consider for instance the states

S

1

= ( f

a

@

;

b

@

g ;

a

in k

�

. in m




) (4)

S

2

= ( f

a

b

;

b

@

g ;

a

in m




). (5)

They are represen ted b y the follo wing abstract states, resp ectiv ely

S

�

1

= ( f

b

@

>

;

a

@

>

g ; f

a

@

in k

�

. in m




g )

S

�

2

= ( f

a

b

@

;

b

@

>

g ; f

a

b

in m




g ).

In S

�

1

w e ha v e

a

@

in k

�

. in m




as in k

�

. in m




is an activ e pro cess inside am bien t a ,

when a is within @. The same happ ens in the top ology . F or instance

a

@

>

sa ys that

am bien t a is a son of the top lev el am bien t @, when @ is within >

4

. The abstract

state S

�

2

is obtained similarly .

T o understand the relev ance of the information w e ha v e in tro duced, it is necessary

to lo ok at the abstraction of the set of states f S

1

; S

2

g . This is giv en b y the union of

S

�

1

and S

�

2

(depicted also in Figure 4)

5

S

�

= ( f

a

b

@

;

b

@

>

;

a

@

>

g ; f

a

b

in m




;

a

@

in k

�

. in m




g ).

4

The extra sym b ol > is used to mo del the am bien t enclosing @ and is men tioned for uniformit y .

5

Rounded arro ws represen t the partial top ology , p oin ting from an ob ject to the link represen ting the

relev an t pair son/father. As usual w e ha v e omitted lab els.
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a

b

@

>

in k . in m

in m

Figure 4: The abstract state S

�

The abstract v ersion of f S

1

; S

2

g sho ws that the abstract top ologies, di�eren tly from

the concrete top ologies, ma y not form a tree. F or instance, in S

�

am bien t a has t w o

fathers, namely am bien ts b and @. The additional information p ermits to distinguish

b et w een the m ultiple fathers of am bien t a , and consequen tly to argue that the pro-

cesses and the am bien ts con tained inside a ma y dep end on where a is lo cated. F or

instance, in S

�

w e ha v e that: when a is within @ pro cess in k

�

. in m




is executable

inside a ; when a is within b instead pro cess in m




is executable inside a .

W e call this additional information, the p artial top olo gy , as it giv es us a partial view

of the shap e of the tree-lik e structure (the top ology) of the state, whic h con tains

the pair of am bien ts, son-father, or the pair asso ciating eac h activ e pro cess to its

enclosing am bien t.

� W e abstract indexes b y k eeping only the follo wing information: whether there is at

most one o ccurrence or many o ccurrences of an ob ject.

Consider for instance the follo wing states

S

1

= (

n

`

0

1

@

;

n

`

0

1

open m

`

1

) (6)

S

2

= (

n

`

0

2

@

; f

n

`

0

2

open m

`

1

;

n

`

0

2

open m

`

2

g ). (7)

They are represen ted b y the follo wing abstract states S

�

1

and S

�

2

, resp ectiv ely

S

�

1

= (

n

`

0

1

@

>

;

n

`

0

1

@

open m

`

1

)

S

�

2

= (

n

`

0

1

@

>

;

n

`

0

1

@

open m

`

!

).

The capabilit y open m in state S

1

is represen ted b y open m

`

1

, and the t w o copies

of open m in state S

2

are represen ted b y open m

`

!

. The lab el `

1

has m ultiplicit y
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one, and sho ws that there is one o ccurrence of the corresp onding ob ject; the lab el `

!

has m ultiplicit y ! , and sho ws that there are man y o ccurrences of the corresp onding

ob ject equiv alen t up to re-indexing.

By abstracting the set of states f S

1

; S

2

g w e obtain the follo wing abstract state

S

�

= (

n

`

0

!

@

>

;

n

`

0

!

@

open m

`

!

).

In the abstract state S

�

b oth lab els ha v e m ultiplicit y ! sho wing that there are man y

o ccurrences of am bien t n and of capabilit y open m . The abstract state S

�

is obtained

b y taking the least upp er b ound of S

�

1

and S

�

1

with resp ect to a particular ordering

o v er abstract states whic h realises the union and mo di�es the m ultiplicit y of ob jects

accordingly .

The abstraction of indexes explained ab o v e is needed to ac hiev e a computable analy-

sis, in that w e ma y ha v e in�nite pro cesses equiv alen t up to re-indexing (see Example

4.12).

Abstract domain. Let L

�

= f `

1

; `

!

j ` 2 Lg (ranged o v er b y �

�

; �

�

; 


�

; : : : ) b e the set

of abstr act lab els , and let N [

b

N (ranged o v er b y n

�

; m

�

; k

�

; h

�

; : : : ) b e the set of abstr act

names . Let A

�

(ranged o v er b y a

�

; b

�

; c

�

; : : : ) b e the set of abstr act lab ele d names n

�

�

�

,

augmen ted with the sym b ols @ and > . The relation b et w een names and lab els is mo di�ed

accordingly . W e de�ne H

L

�

: L

�

!

b

N suc h that H

L

�

( `

1

) = H

L

�

( `

!

) = H

L

( ` ).

The abstract lab eled pro cesses are built according to the syn tax of De�nition 4.1 o v er

names N [

b

N and lab els L

�

. W e assume that all the previously de�ned notions on pro cesses

are adapted to abstract pro cesses in the exp ected w a y . As in the concrete case w e consider

only w ell-lab eled pro cesses.

De�nition 5.1 (w ell-lab eled) A n abstr act pr o c ess P

�

is w ell-lab eled if : (i) `

1

2 �( P

�

)

implies `

!

62 �( P

�

) ; (ii) for any lab el � 2 L

�

, such that � = `

1

, ther e is at most one obje ct

lab ele d by � .

In the follo wing w e use P

�

and AP

�

to denote the set of w ell-lab eled abstract pro cesses

(referred to as abstract pro cesses) and activ e w ell-lab eled abstract pro cesses, resp ectiv ely .

De�nition 5.2 (Abstract States) A n abstract state S

�

is a p air ( T

�

; C

�

) wher e

1. T

�

2 } (( A

�

n f @ ; >g ) � ( A

�

n f>g ) � A

�

) ;

2. C

�

2 } ((( A

�

n f>g ) � A

�

) � AP

�

) .

In an abstract state S

�

= ( T

�

; C

�

) w e call T

�

the top ology and C

�

the con�guration.

The meaning of ( a

�

; b

�

; c

�

) 2 T

�

(for short

a

�

b

�

c

�

) is that am bien t a

�

is a son of am bien t

18



b

�

, when b

�

is within c

�

. The meaning of (( a

�

; b

�

) ; P

�

) 2 C

�

(for short

a

�

b

�

P

�

) is that P

�

is executable inside am bien t a

�

, when a

�

is within b

�

.

W e assume that all the previously de�ned notions on states are adapted to abstract

states in the exp ected w a y . As in the concrete case w e consider only w ell-lab eled states.

An abstract state S

�

= ( C

�

; T

�

) is wel l-lab ele d if conditions (i) and (ii) of De�nition 5.1

hold (with P

�

replaced b y S

�

). W e use S

�

to denote the set of w ell-lab eled abstract states

(referred to as abstract states).

W e no w in tro duce a prop er ordering o v er abstract states

6

.

De�nition 5.3 We de�ne �

�

as the minimal or dering over S

�

, such that S

�

� S

0

�

implies

S

�

�

�

S

0

�

, and such that S

�

�

�

S

�

[ `

!

=`

1

] . We use [

�

for the le ast upp er b ound with r esp e ct

to �

�

.

The ordering re
ects the in tuition that `

1

is more precise than `

!

. F or instance, assuming

that � = `

1

and 
 = `

!

, w e ha v e

(

n

�

b

�

;

n

�

b

�

P

�

) [

�

(

n




b

�

;

n




b

�

P

�

) = (

n




b

�

;

n




b

�

P

�

).

De�nition 5.4 The abstract domain is hS

�

; �

�

i .

T o simplify the presen tation in the follo wing w e ma y omit the o v er-script �

�

for an y

syn tactic category , when the meaning is clear from the con text.

The Galois connection. W e presen t no w the relation b et w een the concrete and the

abstract domain establishing a Galois connection (see De�nition 2.1). W e formalise the

ideas explained at the b eginning of the section. A single state is abstracted

1. b y in tro ducing the partial top ology b oth in the top ology and in the con�guration;

2. b y replacing the indexed lab els L

I

with the abstract lab els L

�

, and b y substituting

the names

b

N

I

with the abstract names

b

N .

T o remo v e the indexes according to 2., w e in tro duce a sp ecial renaming, that dep end on

the state whic h is abstracted, and a sp ecial substitution. Let S 2 S b e a state. W e de�ne

a renaming �

�

S

: L

I

! L

�

suc h that �

�

S

( `

i

) = `

!

, if there exist j with i 6= j suc h that

`

i

; `

j

2 �( S ), and �

�

S

( `

i

) = `

1

otherwise. Moreo v er, w e de�ne a substitution �

�

:

b

N

I

!

b

N

suc h that �

�

( ^ n

i

) = ^n .

A set of states is abstracted b y taking the least upp er b ound with resp ect to �

�

of the

abstraction of eac h elemen t.

De�nition 5.5 L et S

\

2 S

\

, ( T ; C ) 2 S and S

�

2 S

�

. We de�ne �

�

: S

\

! S

�

and




�

: S

�

! S

\

as fol lows

6

As usual w e assume that � and [ are de�ned comp onen t-wise.
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1. �

�

(( T ; C )) = ( T

�

; C

�

) �

�

( T ;C )

�

�

, wher e

7

T

�

= f

a

b

c

j

a

b

;

b

c

2 T g

C

�

= f

a

b

P j

a

b

2 T ;

a

P 2 C g ;

2. �

�

( S

\

) =

S

�

[ S ] 2 S

\

�

�

([ S ]) , wher e �

�

([ S ]) =

S

�

S

0

2 [ S ]

�

�

( S

0

) ;

3. 


�

( S

�

) =

S

[ S ] 2f [ S

0

] j �

�

( f [ S

0

] g ) �

�

S

�

g

f [ S ] g .

Note that in the de�nition ab o v e (case 1.) w e ha v e in tro duced an auxiliary abstraction

function �

�

: S ! S

�

whic h maps a state in to an abstract state. This is used to de�ne

the abstraction function �

�

: S

\

! S

�

whic h maps a set of states up to re-indexing in to

an abstract state (case 2.).

The pair of functions de�ned ab o v e is a Galois connection.

Theorem 5.6 The p air of functions ( �

�

; 


�

) is a Galois c onne ction b etwe en hS

\

; �i and

hS

�

; �

�

i .

The pro of of Theorem 5.6 is sho wn in the App endix B.1.

Abstract seman tics. The abstract seman tics is de�ned b y an abstract normalisation

function and b y abstract transitions, whic h adapt the normalisation function of T able 4

and the transitions of T able 5 to the abstract domain.

The abstract normalisation function �

�

: ( A

�

� A

�

) � P

�

! S

�

is de�ned in T able 6

(as usual �

�

a

b

P stands for �

�

(( a; b ) ; P )). The main di�erences with resp ect to � are that

�

�

deals with the partial top ology and with the m ultiplicit y . F or instance, rule D Am b

�

adds

c

a

b

to the top ology instead of

c

a

. Similarly , rule DPref

�

adds

a

b

M

�

. P instead of

a

M

�

. P . Also the rules use [

�

in place of [ to prop erly handle lab els with m ultiplicit y .

The transition rules are sho wn in T able 7. F or notational con v enience w e use the

follo wing abbreviations. W e write ( T ; C ) f [ a

d

=b

c

] g to denote the abstract state ( T [ e

a

d

=e

b

c

] ;

C [

a

d

Q=

b

c

Q ]) for an y am bien t e and pro cess Q . Also w e use

C n

�

f

a

b

M

�

�

. P g =

8

<

:

C if �

�

= `

!

( C n

a

b

M

�

�

. P ) if �

�

= `

1

The rules are rather complex, it is w orth explaining the most in teresting cases to

p oin t out esp ecially the role of the partial top ology and of the m ultiplicit y . Notice that,

in eac h rule, the abstract normalisation function �

�

is used in place of � to handle the

con tin uations.

7

W e are assuming that the sym b ols @ and > are in tro duced, when needed, to giv e a father and

grandfather to an y am bien t. In particular, using > for the father of @, and @ for the father of the ro ot,

when di�eren t from @.
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DRes

�

�

�

a

b

( � n

�

) P = �

�

a

b

( P [ H

L

�

( � ) =n ])

D Am b

�

�

�

a

b

c [ P ] = �

�

c

a

P [

�

( f

c

a

b

g ; ; )

DZero

�

�

�

a

b

0 = ( ; ; ; )

DP ar

�

�

�

a

b

P j Q = �

�

a

b

P [

�

�

�

a

b

Q

DBang

�

�

�

a

b

! P = ( ; ; f

a

b

! P g )

DPref

�

�

�

a

b

M

�

. P = ( ; ; f

a

b

M

�

. P g )

T able 6: The normalisation function �

�

Bang

�

The rule unfolds replication b y creating a cop y of the pro cess, where ev ery lab el

has m ultiplicit y ! , instead of creating a fresh cop y (equiv alen t up to re-indexing). W e

use new

!

, whic h is de�ned as new

!

( P ) = P � for the renaming � , where � ( `

1

) = `

!

for an y `

1

2 �( P ).

In

�

The rule is applicable whenev er there exists an am bien t named m , whic h is con tained

in the father b of a , when in b oth cases b is within c . The m ultiplicit y of am bi-

en t m in
uences the mo v emen t, meaning that m can mo v e inside itself only if its

m ultiplicit y is ! (see the side-condition of the ( a = m

`

0

1

) `

0

1

6= � )).

The mo v emen t is realised b y a mo di�cation b oth of the top ology and of the con�g-

uration: (i)

a

m

b

is added to the top ology; (ii) the con tin uation P and the pro cesses,

whic h are activ e inside a in parallel with in m . P , are added to the set of pro cesses

activ e, when a is within m (similarly for the am bien ts con tained inside a ); (iii) the

pro cess in m . P is added to the set of pro cesses executable, when a is within m ,

dep ending on the m ultiplicit y of the capabilit y in m . In particular, it is not added

when in m has m ultiplicit y one, as it has b een consumed, after a has mo v ed inside

m (this is wh y w e consider C n

�

f t g ).

Op en

�

The rule is applicable whenev er there exists an am bien t named m con tained in a ,

when a is inside b . The e�ect of the op ening of m inside a is that, all the pro cesses

and am bien ts, whic h are con tained in m , when m is inside a , are acquired b y a . The

partial top ology is used to determine precisely those pro cesses and am bien ts.

The abstract seman tics is de�ned as follo ws.

De�nition 5.7 (The abstract seman tics) L et S

�

1

; S

�

2

2 S

�

, and let P b e a wel l-lab ele d

pr o c ess. We de�ne S

C ol l

�

[ [ P ] ] = lfp F

�

( �

�

( �

@

P ) ) , for the function F

�

: S

�

! ( S

�

! S

�

)

such that F

�

( S

�

2

) = 	

�

S

�

2

and

	

�

S

�

2

( S

�

1

) = S

�

2

[

�

[

�

S

�

2f S

�

3

j S

�

1

7!

�

S

�

3

g

S

�

.
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Bang

�

a

b

! P 2 C

( T ; C ) 7!

�

�

�

a

b

new

!

( P ) [

�

( T ; C )

In

�

t =

a

b

in m

�

. P 2 C

a

b

c

;

m

�

b

c

2 T ( a = m

`

0

1

) `

0

1

6= � )

( T ; C ) 7!

�

�

�

a

m

�

P [

�

( T ; C ) [

�

( T [

�

f

a

m

b

�

g ; C n

�

f t g ) f [ a

m

�

=a

b

] g

Out

�

t =

a

m

�

out m

�

. P 2 C

a

m

c

�

;

m

�

c

b

2 T ( a = m

`

0

1

) `

0

1

6= � )

( T ; C ) 7!

�

�

�

a

c

P [

�

( T ; C ) [

�

( T [

�

f

a

c

b

g ; C n

�

f t g ) f [ a

c

=a

m

�

] g

Op en

�

a

b

open m

�

�

. P 2 C

m

�

a

b

2 T ( a = m

`

0

1

) `

0

1

6= � )

( T ; C ) 7!

�

�

�

a

b

P [

�

( T ; C ) [

�

( T ; C ) f [ a

b

=m

�

a

] gf [ c

a

=c

m

�

] g

T able 7: Abstract transitions 7!

�

The abstract seman tics is a safe appro ximation of the collecting seman tics. Safeness is

stated in classical abstract in terpretation st yle sho wing that the abstract seman tics is an

upp er appro ximation of the prop ert y w e are in terested in.

Lemma 5.8 L et S

2

2 S and S

\

2 S

\

. We have

�

�

(	

S

2

( S

\

)) �

�

	

�

�

�

( S

2

)

( �

�

( S

\

)).

The pro of of Lemma 5.8 is sho wn in the App endix B.1. The pro of exploits t w o main

prop erties whic h sho w the safeness of: the abstract normalisation function �

�

(Prop osition

B.7) with resp ect to � ; the abstract transitions 7!

�

with resp ect to the concrete transitions

7! (Lemma B.8).

Theorem 5.9 (Safeness) L et P b e a wel l-lab ele d pr o c ess. We have

�

�

( S

C ol l

[ [ P ] ]) �

�

S

C ol l

�

[ [ P ] ].

Pro of: By De�nitions 5.7 and 4.9 w e ha v e to sho w that

�

�

( l f p 	

�

@

P

) �

�

l f p 	

�

�

�

( �

@

P )

.

This follo ws from Lemma 5.8 using Theorem 2.2.

2

Examples. W e presen t some examples to summarize the most in teresting asp ects of the

abstraction. The follo wing example explains more in details the role of indexes in the
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abstraction. An y lab eling of a pro cess P resp ecting the requiremen ts of De�nition 4.2 is

enough to ha v e a correct normal seman tics of P . Ho w ev er, the c hoice of lab els has dramatic

consequences on the precision of the abstraction. Hence, a con v enien t annotation sc hema

consists of k eeping all lab els distinct also up to re-indexing.

Example 5.10 Consider the pr o c esses

P

1

= n

`

1

[ in k

�

] j n

`

2

[ in m




] j m

�

[0]

P

2

= n

�

[ in k

�

] j n

�

[ in m




] j m

�

[0]

wher e f �; 
 ; �; � ; � g ar e distinct also up to r e-indexing and ar e not of the form `

i

. We have

S

C ol l

[ [ P

1

] ] = ( f

n

`

1

@

;

n

`

2

@

;

m

�

@

;

n

`

2

m

�

g ; f

n

`

1

in k

�

;

n

`

2

in m




g )

S

C ol l

[ [ P

2

] ] = ( f

n

�

@

;

n

�

@

;

m

�

@

;

n

�

m

�

g ; f

n

�

in k

�

;

n

�

in m




g ).

Obviously the pr o c esses P

1

and P

2

ar e e quivalent up to r enaming of lab els. Notic e that

only ambients n

`

2

and n

�

may end up inside m

�

. In the abstr act semantics we have (for

r e adability we use f �; 
 ; �; � ; � g for the c orr esp onding lab els with multiplicity one)

S

C ol l

�

[ [ P

1

] ] = ( f

n

`

!

@

>

;

m

�

@

>

;

n

`

!

m

@

�

g ; f

n

`

!

@

in k

�

;

n

`

!

@

in m




g )

S

C ol l

�

[ [ P

2

] ] = ( f

n

�

@

>

;

n

�

@

>

;

m

�

@

>

;

n

�

m

@

�

g ; f

n

�

@

in k

�

;

n

�

@

in m




g ).

Due to a di�er ent choic e of lab els the r esults r ep orte d by the analysis ar e di�er ent: for

pr o c ess P

1

the two ambients with name n ar e b oth r epr esente d by n

`

!

; while for pr o c ess P

2

ambients n

�

and n

�

ar e ke ep distinct. Conse quently, the analysis of P

1

is less pr e cise; it

says that b oth n

`

1

and n

`

2

may end up inside m .

The follo wing example sho ws the analysis of the pro cess considered in Example 4.11,

where an am bien t n mo v es inside an am bien t k , and then is op ened unleashing no capabilit y

of mo v emen t inside k . Due to the com bination of the m ultiplicit y and of the partial

top ology , the analysis is su�cien tly precise to capture what is executed inside n b efor e

and after n is op ened. In particular, it argues that the capabilit y of mo v emen t in k has

b een consumed when n is op ened. Consequen tly , it sa ys that am bien t k acquires, when

op ens the mobile am bien t n , only an immobile pro cess.

Example 5.11 Consider the pr o c ess shown in Example 4.11 (se e the semantics in Figur e

2)

P = n

�

[ in k

�

. m

�

[ Q

2

]] j k

�

[ open n

�

. Q

1

].
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We discuss the abstr act semantics of the pr o c ess P assuming that Q

1

= Q

2

= 0 and

that the indexe d lab els f �; �; � ; �; � g ar e distinct also up to r e-indexing. The initial abstr act

state r epr esenting the pr o c ess P is S

�

0

= ( T

�

0

; C

�

0

) wher e

T

�

0

= f

n

�

@

>

;

k

�

@

>

g

C

�

0

= f

n

�

@

in k

�

. m

�

[0] ;

k

�

@

open n

�

g .

By applying rule In

�

we have a tr ansition S

�

0

7!

�

S

�

1

wher e S

�

1

= ( T

�

1

; C

�

0

) and

T

�

1

= T

�

0

[ f

m

�

n

�

k

�

;

n

�

k

@

�

g .

The c ap ability in k is exer cise d inside n , when n and k ar e within @ . Its exe cution

mo di�es the abstr act top olo gy: (i)

n

�

k

�

@

is adde d to mo del the movement of n inside

k ; (ii)

m

�

n

�

k

�

is adde d b e c ause the c ontinuation of in k ( m

�

[0] ) b e c omes exe cutable af-

ter n has move d inside k . Notic e that the c ap ability in k has multiplicity one, and thus

n

�

k

�

in k

�

. m

�

[0] do es not b elong to the abstr act c on�gur ation. This says that in k has b e en

c onsume d when n is within k .

We observe that only rule In

�

c an b e applie d in state S

�

0

; the c ap ability open n c annot

b e exer cise d sinc e n is not within k (

n

�

k

@

�

62 T

�

0

). R ule Op en

�

b e c omes inste ad exe cutable

in state S

�

1

wher e k is one of the fathers of n .

By applying rule Op en

�

we have a tr ansition S

�

1

7!

�

S

�

2

wher e S

�

2

= ( T

�

2

; C

�

0

) and

T

�

2

= T

�

1

[ f

m

�

k

@

�

g .

The exe cution of open n inside k pr o duc es the unle ashing inside k only of those pr o-

c esses and ambients which ar e c ontaine d inside n , when n is within k . Those pr o c esses

and ambients ar e determine d using the p artial top olo gy. Sinc e

m

�

n

�

k

�

2 T

�

1

, then ambient

m ends up inside k , that is

m

�

k

@

�

is adde d to the abstr act top olo gy. No other ambient or

pr o c ess is ac quir e d by k , in p articular the pr o c ess in k

�

. m

�

[0] , which c an b e exe cute d inside

n only when n is inside @ .

Ther efor e, the abstr act semantics is (depicte d also in Figur e 5)

8

S

C ol l

�

[ [ P ] ] = S

�

2

. The

analysis shows that: k is an immobile ambient (ther e ar e no c ap abilities of movement

inside k ); n is a mobile ambient (the c ap ability in k is exer cise d inside n ); ambient n

unle ashes, when op ene d, an immobile pr o c ess (that is m

�

[0] ). As we have explaine d ab ove

b oth the lab els with multiplicity and the p artial top olo gy ar e ne e de d to achieve this very

ac cur ate pr e diction.

The follo wing example sho ws the analysis of the pro cesses discussed in Example 4.12

and clari�es ho w the replicated pro cesses are iden ti�ed b y the abstraction.

8

As usual w e ha v e omitted lab els to simplify the picture.
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n

k

@

>

m

in k . m [0]

open n

Figure 5: The abstract seman tics of P

Example 5.12 Consider the pr o c ess Q = n

�

[ in n




] of Example 4.12, wher e � = `

1

and


 = `

0

1

. We have for �

�

= `

!

and 


�

= `

0

!

,

S

C ol l

�

[ [ Q ] ] = (

n

�

@

>

;

n

�

@

in n




)

S

C ol l

�

[ [! Q ] ] = ( f

n

�

�

n

�

�

n

�

�

;

n

�

�

@

>

;

n

�

�

n

�

�

@

g ; f

n

�

�

@

in n




�

;

n

�

�

n

�

�

in n




�

;

@

! Q g )

S

C ol l

�

[ [!( � n

�

) Q ] ] = ( f

n

�

�

n

�

�

n

�

�

;

^n

�

�

@

>

;

^n

�

�

^n

@

�

�

g ; f

^n

�

�

@

in ^n




�

;

^n

�

�

^n

�

�

in ^n




�

;

@

!( � n

�

) Q g )

The lab els with multiplicity p ermit to distinguish pr o c ess ! Q fr om pr o c ess Q . In the

abstr act semantics of Q the lab el of n is `

1

, which forbids the movement of n inside itself

(se e rule In

�

). Conversely, in the abstr act semantics of ! Q the unfolding of r e cursion

pr o duc es a lab el `

!

for n and a lab el `

0

!

for in n , which for c e this movement (se e rule In

�

.

Conse quently, we have b oth

n

�

�

n

�

�

@

and

n

�

�

n

�

�

n

�

�

in the abstr act top olo gy. R e c al l that

the unfolding of r eplic ation pr o duc es multiple c opies of n , which may inter act with e ach

other as we have shown in Figur e 3. In p articular, any c opy of n may enter within another

c opy of n which is top level (inside @ .) This shows a subtle di�er enc e b etwe en these two

statements:

n

�

�

n

�

�

@

is ne c essary to have a safe appr oximation of the c oncr ete semantics;

inste ad

n

�

�

n

�

�

n

�

�

is an appr oximation due to the multiplicity ! of c ap ability in n .

The analysis infers the same information for b oth pr o c esses ! Q and !( � n

�

) Q . In the

abstr act domain the distinct names ^n

1

; ^n

2

: : : , pr o duc e d by the unfolding of r eplic ation, ar e

r epr esente d by ^n . Thus, the ambients ^n inter act with e ach other (se e rule In

�

).

6 A Second Abstraction

On top of the previous abstraction, w e de�ne a new abstraction, aimed at computing

more e�cien tly an appro ximation of a w eak er prop ert y . W e w an t to kno w the follo wing

information ab out all the states reac hable from the initial state represen ting a pro cess
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a

b

@

in k . in m

in m

Figure 6: The state S

�

P : for eac h am bien t n , whic h am bien ts and capabilities ma y b e con tained (at top lev el).

inside n . The abstraction is simply obtained from the analysis of Section 5 b y dropping the

m ultiplicit y from lab els and the partial top ology from the top ology and the con�guration.

Consider for instance the states (4) and (5) sho wn at the b eginning of Section 5

S

1

= ( f

a

@

;

b

@

g ;

a

in k

�

. in m




)

S

2

= ( f

a

b

;

b

@

g ;

a

in m




).

The set of states f S

1

; S

2

g is represen ted b y the follo wing abstract state whic h is simply

their union (depicted also in Figure 6)

9

S

�

= ( f

a

b

;

b

@

;

a

@

g ; f

a

in m




;

a

in k

�

. in m




g ).

The abstract con�guration sa ys that b oth in m




and in k

�

. in m




are activ e pro cesses

inside a . With resp ect to the abstraction of Section 5, sho wn in Figure 4, w e lose the

information that the former is executable, when a is inside b ; while the latter is executable,

when a is inside @. Similarly for the top ology .

Moreo v er, consider the states (6) and (7) sho wn at the b eginning of Section 5

S

1

= (

n

`

0

1

@

;

n

`

0

1

open m

`

1

)

S

2

= (

n

`

0

2

@

; f

n

`

0

2

open m

`

1

;

n

`

0

2

open m

`

2

g ).

In the new abstraction S

1

and S

2

are represen ted b y the same abstract state

S

�

= (

n

`

0

@

;

n

`

0

open m

`

).

Therefore, w e lose the abilit y to distinguish one o ccurrence from m ultiple o ccurrences

of an ob ject.

9

As usual w e ha v e omitted lab els to simplify the picture.
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Abstract domain. The abstract lab els are L and the abstract names are N [

b

N . The

relation b et w een names and lab els is giv en precisely b y function H

L

: L !

b

N . W e use A

�

(ranged o v er b y a

�

; b

�

; c

�

: : : ) for the set of abstract lab eled names n

`

, suc h that n 2 N [

b

N

and ` 2 L , augmen ted with the sym b ol @. The abstract pro cesses are built according to

the syn tax of De�nition 4.1 o v er names N [

b

N and lab els L . As usual w e use P

�

and AP

�

to denote the set of abstract pro cesses and activ e abstract pro cesses.

De�nition 6.1 (Abstract States) A n abstract state S

�

is a p air ( T

�

; C

�

) wher e

1. T

�

2 } (( A

�

n f @ g ) � A

�

) ;

2. C

�

2 } ( A

�

� AP

�

) .

In an abstract state ( T

�

; C

�

) w e call T

�

the top ology and C

�

the con�guration. W e

assume that all the previously de�ned notions on states and pro cesses are adapted to

abstract states and pro cesses in the exp ected w a y . W e use S

�

to denote the set of abstract

states.

The abstract domain is giv en b y the abstract states ordered b y inclusion

10

.

De�nition 6.2 The abstract domain is hS

�

; �i .

In the follo wing w e ma y omit the o v er-script �

�

for an y syn tactic category , when the

meaning is clear from the con text.

The Galois connection. The relation b et w een the abstract domain of De�nition 5.4 and

the abstract domain of De�nition 6.2 is established b y a Galois connection (see De�nition

2.1). An abstract state is abstracted, as explained at the b eginning of the section, b y

dropping b oth the m ultiplicit y from lab els and the partial top ology . T o this purp ose, w e

use a renaming �

�

: L

�

! L , suc h that �

�

( `

1

) = �

�

( `

!

) = ` .

De�nition 6.3 L et ( T

�

; C

�

) 2 S

�

and S

�

2 S

�

. We de�ne �

�

: S

�

! S

�

and 


�

: S

�

!

S

�

as fol lows

1. �

�

(( T

�

; C

�

)) = ( f

a

b

j

a

b

c

2 T

�

g ; f

a

P j

a

b

P 2 C

�

g ) �

�

;

2. 


�

( S

�

) =

S

�

S

�

2f S

�

0

j �

�

( S

�

0

) � S

�

g

S

�

.

The pair of functions de�ned ab o v e is a Galois connection.

Theorem 6.4 The p air of functions ( �

�

; 


�

) is a Galois c onne ction b etwe en hS

�

; �

�

i and

hS

�

; �i .

10

As usual w e assume � and [ de�ned comp onen t-wise.
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The pro of of Theorem 6.4 is sho wn in the App endix B.2.

Abstract seman tics. The abstract normalisation function �

�

: A

�

� P

�

! S

�

is giv en

b y the rules of T able 4 with a minor mo di�cation. It is enough to replace the concrete

lab els L

I

with the abstract lab els L , that using the substitution the function H

L

in place

of H

L

I

.

The abstract transitions are de�ned b y the rules of T able 8. Rule Bang

�

is used to

unfold replication; it creates a cop y of the replicated pro cess without mo difying the lab els.

The rules In

�

, Out

�

, Op en

�

realise the mo v emen ts and the op ening. They are similar to

the corresp onding rules of the abstract seman tics in T able 7 in the case of m ultiplicit y ! .

The only relev an t di�erence is that, due to the remo v al the partial top ology , the conditions

to b e c hec k ed for the execution of capabilities are w eak er. F or instance, rule In

�

can b e

applied, whenev er am bien t a and an am bien t with name m ha v e a common father b in the

top ology . There is no c hec k on the father of b to guaran tee that am bien ts a and m are

con tained in b at the same time.

Bang

�

a

! P 2 C

( T ; C ) 7!

�

�

� a

P [ ( T ; C )

In

�

a

in m

`

. P 2 C

a

b

;

m

`

0

b

2 T

( T ; C ) 7!

�

�

� a

P [ ( T [ f

a

m

`

0

g ; C )

Out

�

a

out m

`

. P 2 C

a

m

`

0

;

m

`

0

b

2 T

( T ; C ) 7!

�

�

� a

P [ ( T [ f

a

b

g ; C )

Op en

�

a

open m

`

. P 2 C

m

`

0

a

2 T

( T ; C ) 7!

�

�

� a

P [ ( T ; C ) [ ( T ; C ) f [ a=m

`

0

] g

T able 8: Abstract transitions 7!

�

The abstract seman tics is de�ned as follo ws.

De�nition 6.5 (The abstract seman tics) L et S

�

1

; S

�

2

2 S

�

, and let P b e a wel l-lab ele d

pr o c ess. We de�ne S

C ol l

�

[ [ P ] ] = lfp F

�

( �

�

( �

�

( �

@

P ))) for the function F

�

: S

�

! ( S

�

!

S

�

) such that F

�

( S

�

2

) = 	

�

S

�

2

and

	

�

S

�

2

( S

�

1

) = S

�

2

[

[

S

�

2f S

�

3

j S

�

1

7!

�

S

�

3

g

S

�

.

The abstract seman tics de�ned ab o v e is a safe appro ximation of the abstract seman tics

of De�nition 5.7.
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Lemma 6.6 L et S

�

1

; S

�

2

2 S

�

. We have

�

�

(	

�

S

�

2

( S

�

1

)) � 	

�

�

�

( S

�

2

)

( �

�

( S

�

1

)).

The pro of of Lemma 6.6 is sho wn in the App endix B.2. As b efore, the pro of relies

on the safeness of the abstract normalisation function �

�

with resp ect to �

�

(Prop osition

B.13), and the abstract transitions 7!

�

with resp ect to the transitions 7!

�

(Lemma B.14).

Theorem 6.7 (Safeness) L et P b e a wel l-lab ele d pr o c ess. We have

�

�

( S

C ol l

�

[ [ P ] ]) � S

C ol l

�

[ [ P ] ].

Pro of: By Lemma 6.6 and Theorem 2.2 similarly as in Theorem 5.9.

2

It is a w ell-kno wn result of abstract in terpretation that Galois connections are closed

under comp osition. Therefore, an immediate consequence of Theorem 6.7 is that the new

abstract seman tics is a safe appro ximation of the collecting concrete seman tics.

Corollary 6.8 L et P b e a wel l-lab ele d pr o c ess. We have

�

�

( �

�

( S

C ol l

[ [ P ] ])) � S

C ol l

�

[ [ P ] ].

Examples. W e discuss the di�erences b et w een the abstraction presen ted in this section

and the abstraction of Section 5. One relev an t di�erence is that the second abstraction do es

not distinguish b et w een one or man y o ccurrences of an ob ject. Consequen tly , the second

abstraction infers the same information for the pro cesses Q , ! Q and !( � n

�

) Q discussed

in the Examples 5.12 and 4.12. Another loss of information is due to the remo v al of the

partial top ology . The follo wing examples explain that, consequen tly , the abilit y to argue

on the ordering of execution of capabilities is lost.

Example 6.9 Consider the pr o c ess of Example 4.11 (se e the semantics in Figur e 2)

P = n

�

[ in k

�

. m

�

[ Q

2

]] j k

�

[ open n

�

. Q

1

].

Assuming that Q

1

= Q

2

= 0 , we derive the abstr act semantics (depicte d also in Figur e

7)

11

S

C ol l

�

[ [ P ] ] = ( T

�

; S

�

) wher e (for r e adability we use f �; 
 ; �; �; � ; � g to denote the

c orr esp onding abstr act lab els without indexes)

T

�

= f

n

�

@

;

m

�

n

�

;

k

�

@

;

n

�

k

�

;

m

�

k

�

;

k

�

k

�

g

C

�

= f

n

�

in k

�

. m

�

[0] ;

k

�

open n

�

;

k

�

in k

�

. m

�

[0] g .

11

As usual w e ha v e omitted lab els to simplify the picture.
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n

k

@

m

open n

in k . m [0]

in k . m [0]

Figure 7: The abstract seman tics of pro cess P

The r esult of the �rst analysis has b e en discusse d in Example 5.11 (Figur e 5). The

se c ond analysis is substantial ly less pr e cise; it is not able to c aptur e that c ap ability in k

has b e en c onsume d b efor e op ening. Conse quently, it says that ambient k ac quir es also in k ,

when op ens n . A lso, sinc e the analysis c annot r e ason on how many o c curr enc es of ambient

k ar e pr esent, it says that ambient k , by exer cising in k , enters inside itself (se e rule In

�

).

Thus, k is r ep orte d as mobile ambient.

Example 6.10 Consider the pr o c ess P = P

1

j P

2

j P

3

, wher e P

1

= ! n

�

[ in m

�

. in k

�

] ,

P

2

= ! m

�

[0] and P

3

= ! k




[0] . Assume that lab els f �; �; � ; � ; 
 g ar e distinct also up to

r e-indexing. In the �rst abstr action we have S

C ol l

�

[ [ P ] ] = ( T

�

; C

�

) wher e (for r e adability

we use f �; �; � ; � ; 
 g to denote the c orr esp onding abstr act lab els annotate d with ! )

T

�

= f

n

�

@

>

;

k




@

>

;

m

�

@

>

;

n

�

m

@

�

g

C

�

= f

n

�

@

in m

�

. in k

�

;

n

�

m

�

in m

�

. in k

�

;

n

�

m

�

in k

�

;

@

P

1

;

@

P

2

;

@

P

3

g .

The analysis shows that c ap ability in k is not exer cise d inside n . In fact, the p artial

top olo gy says that, it is exe cutable only when n has move d inside m . A mbient k do es not

move and, c onse quently, c annot b e within m .

In the se c ond abstr action we have (for r e adability we use f �; �; � ; � ; 
 g for the c orr e-

sp onding abstr act lab els without indexes),

S

C ol l

�

[ [ P ] ] = ( f

n

�

@

;

k




@

;

m

�

@

;

n

�

m

�

;

n

�

k




g ; f

n

�

in m

�

. in k

�

;

n

�

in k

�

;

@

P

1

;

@

P

2

;

@

P

3

g ).

The analysis pr e dicts that in k c an b e exe cute d, b e c ause n and k have @ as a c ommon

father. Due to the r emoval of the p artial top olo gy, do es not dete ct that in k b e c omes

exe cutable inside n only after the movement inside m .

It is worth noticing that the r esult of the �rst analysis is not optimal, me aning that

�

�

( S

C ol l

[ [ P ] ]) �

�

S

C ol l

�

[ [ P ] ].
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F or instanc e, in the abstr act semantics we have

n

�

m

�

in m

�

. in k

�

which says that in m

is stil l exe cutable inside n , when n is within m . Inste ad, in any instanc e of ambient n

c ap ability in m has b e en obviously c onsume d at that time. This appr oximation is due to

the r emoval of the indexes, which in this c ase identi�es al l ambients n and al l c ap abilities

in m (se e rule Bang

�

).

The abstraction presen ted in this section uses an abstract domain analogous to that of

the CF A prop osed in [24 ]. Our analysis is ho w ev er more precise as the follo wing example

sho ws.

Example 6.11 Consider the pr o c ess P = n

�

[ in m

�

. in k

�

] j k




[ m

�

[0]]. We obtain (for

r e adability we use f �; �; � ; � ; 
 g to denote the c orr esp onding abstr act lab els without indexes)

S

C ol l

�

[ [ P ] ] = ( f

n

�

@

;

k




@

;

m

�

k




g ; f

n

�

in m

�

. in k

�

g ).

The analysis shows that the system is de ad lo cke d: neither c ap ability in m nor c ap ability

in k c an b e exe cute d. The former b e c ause ambient m is not a sibling of n , the latter b e c ause

it is guar de d by in m .

The analysis of [24] c onsiders the e�e ct of the c ontinuation of a c ap ability r e gar d less

of whether the c ap ability may b e exer cise d. Conse quently, for pr o c ess P it pr e dicts that n

moves inside k and, c onse quently, also inside m .

7 Applications to Securit y

W e sho w some examples to demonstrate that the analyses w e ha v e prop osed can b e used

to establish in teresting securit y prop erties. In particular, w e sho w the results obtained

using the abstraction of Section 5 for t w o simple examples found in the literature [16 , 5 ].

Another t ypical example is the �rew all proto col, whic h can b e pro v ed correct also b y

applying the w eak er analysis of Section 6. This example in fact can b e c hec k ed also b y

the CF A of [24 ].

Example 7.1 (Secrecy)

Degano et al. [16 ] consider a prop ert y of secrecy based on a standard classi�cation of

am bien ts in to untruste d and truste d . Secrecy of data is preserv ed if an un trusted am bien t

can nev er op en a trusted am bien t, since op ening an am bien t giv es indeed access to its

con ten t. They sho w that the prop ert y holds for the follo wing system (actually for its SA

v ersion)

SYS = ( � mail ) ( a [ mail [ out a . in b . msg [ out mail . D ]]]) j b [ open msg ] j C .

The pilot am bien t mail go es out of a , and then en ters b . Once there, msg go es out of

mail , and b acquires the data D b y op ening msg . When the data D is secret, it is essen tial
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to guaran tee that no am bien t can op en msg except for the designated receiv er b . Assume

that f b; msg g is the set of trusted am bien ts, and that all the others (including @) are

un trusted. W e wish to pro v e that no un trusted am bien t can op en msg .

Assume that the parallel pro cess C is open msg meaning that the un trusted am bien t

@ tries to read the data D . By applying the analysis of Section 5 w e deriv e S

C ol l

�

[ [ SYS ] ] =

( T

�

; S

�

) where

12

T

�

= f

a

@

>

;

mail

a

@

;

b

@

>

;

mail

@

>

;

mail

b

@

;

msg

mail

b

;

msg

b

@

g

C

�

=

f

@

>

open msg ;

b

@

open msg ;

mail

a

out a . in b . msg [ out mail . D ] ;

mail

@

in b . msg [ out mail . D ] ;

msg

mail

out mail . D ;

msg

b

D ;

b

@

D g

This result sho ws that only b can op en the messenger am bien t msg . Consequen tly the

secret data ma y end up in b only , as sho wn b y

msg

b

D and

b

@

D . Both the partial top ology

and the m ultiplicit y are needed to ac hiev e this result. The main observ ations concerning

the analysis are:

� the capabilit y open msg cannot b e exercised in @, b ecause msg cannot end up within

@. This is rep orted b y the abstract top ology , in particular b y

msg

mail

b

and

msg

b

@

;

� the execution of the capabilit y out mail inside msg , lets msg go only inside am bien t

b , as msg can b e con tained in mail , only when mail is within b (see rule Out

�

).

The latter condition is mo deled b y

msg

mail

b

;

� the m ultiplicit y of capabilities out a and in a is used to conclude that msg can b e

con tained in mail only when mail is within b (see rules Out

�

and In

�

).

The analyses of [24 ] and of Section 6 are to o w eak to pro v e the secrecy of this system.

They predict that msg , when go es out of mail , ma y end up in an y of the fathers of mail ,

namely a , b and @. This example sho ws that the analysis of Section 5 giv es results

comparable to those obtained for SA in [16 ]. In SA, ho w ev er, it is easier to get suc h an

accurate prediction, b ecause coactions con trol precisely when and where capabilities can

b e exercised.

Example 7.2 (Securit y Boundaries)

Braghin et al. [5 ] study m ultilev el securit y for Mobile Am bien ts. The original idea is that

of in tro ducing b oundary am bien ts to protect high level information; high level data can

b e con tained either in b oundary am bien ts or in low level am bien ts whic h do not escap e

b oundaries. They re�ne the analysis of [24 ] to establish more precisely the prop ert y ab o v e.

In particular, they sho w the follo wing motiv ating system

SYS = a [ send [ out a . in b j hdata [ in f il ter ]]] j b [ open send ] j f il ter [ in send ] j open f il ter .

12

W e ha v e omitted the abstract lab els for readabilit y , they ha v e all m ultiplicit y 1.
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The b oundary am bien t send carries the high lev el am bien t hdata out of a . Then, it

lets a p ossibly lo w lev el �lter am bien t en ter, and then it en ters the b oundary am bien t b .

Once there, it is dissolv ed. The system satis�es the securit y prop ert y stated ab o v e: hdata

is alw a ys within a b oundary am bien t (either send or b ) or within the lo w lev el am bien t

�lter . Notice that the am bien t �lter do es not carry the am bien t hdata out of the b oundary

b .

By applying the analysis of Section 5 w e obtain S

C ol l

�

[ [ S Y S ] ] = ( T

�

; S

�

) where

13

T

�

=

f

a

@

>

;

send

a

@

;

f il ter

@

>

;

hdata

send

a

;

b

@

>

;

send

@

>

;

hdata

send

@

;

f il ter

send

@

;

f il ter

send

b

;

send

b

@

;

hdata

send

b

;

hdata

f il ter

send

;

hdata

b

@

;

hdata

f il ter

b

;

f il ter

b

@

g

C

�

=

f

@

>

open f il ter ;

hdata

send

in f il ter ;

f ilter

@

in send;

send

a

out a . in b;

send

@

in b;

@

>

in send;

b

@

open send;

hdata

b

in f il ter g

The analysis sho ws that the securit y prop ert y holds, as the abstract top ology sho ws that

hdata can b e within �lter , only when �lter is con tained in a b oundary am bien t, either b or

send . This is mo deled b y

hdata

f il ter

send

and

hdata

f il ter

b

.

The analysis of [24 ] as w ell as the analysis of Section 6 iden tify , instead, a p oten tial

(but practically imp ossible) attac k. Since they do not use the partial top ology , they

cannot capture that hdata en ters inside �lter , only when �lter is within either send or b .

Consequen tly , they predict that hdata ma y end up inside the lo w lev el am bien t @ as a

consequence of the execution of open f il ter .

8 Conclusions and Related W orks

W e ha v e prop osed an abstract in terpretation framew ork for MA based on the normal

seman tics. The normal seman tics uses an explicit represen tation of the hierarc hical struc-

ture of pro cesses, in terms of top ology and con�guration. This represen tation is more

viable for abstraction than the standard reduction seman tics. The normal seman tics can

b e compared with the Gamma seman tic framew ork for concurrency of [4]: it shares its

view of symmetry and lo calit y of in teraction, and is based on an explicit represen tation of

m ultisets.

In the abstract in terpretation framew ork w e ha v e deriv ed t w o safe appro ximations of

the run-time top ological structure of pro cesses. T o sho w that these analyses are e�ectiv e

program analysers, it is w orth discussing their computational complexit y . By restricting

the atten tion to a pro cess P of size n , in the �rst case the top ology of the greatest

state con tains at most O ( n

3

) elemen ts and the con�guration at most O ( n

3

) elemen ts.

Hence, the iterations b efore reac hing the �xed-p oin t are at most O ( n

3

). An y iteration has

complexit y O ( n

5

), b ecause it requires to c hec k at most O ( n

2

) conditions for an y elemen t

of the con�guration. Similarly , in the second case w e ha v e at most O ( n

2

) iterations,

13

W e ha v e omitted the abstract lab els for readabilit y , they ha v e indeed all m ultiplicit y 1.
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where an y iteration has complexit y O ( n

3

). Therefore, it is not di�cult to devise a naiv e

implemen tation of the �rst analysis in O ( n

8

) and of the second one in O ( n

5

) b y using

standard algorithms.

In the last few y ears there has b een a gro wing in terest in the analysis of MA (and

its v arian ts) and sev eral CF A in Flo w Logic st yle [24 , 25 , 26 , 16 , 5] ha v e b een prop osed.

The analysis of Section 6 is a re�nemen t of the 0-CF A of [24 ]. The CF A of [24 ] is less

precise, as sho wn b y Example 6.11, and can b e obtained in our framew ork b y w eak ening

the conditions on the execution of the con tin uation of a capabilit y in the rules of T able 8.

W e refer the reader to [23 ] for the formal comparison of the t w o approac hes.

The analysis of Section 5 com bines together the information ab out the n um b er of

o ccurrences of ob jects and the con textual information (i.e. the partial top ology). The idea

of using the partial top ology has b een inspired b y the 1-CF A of [16 ] for Safe Am bien ts.

The in tegration of these t w o asp ects giv es accurate predictions as sho wn b y the Examples

5.11, 7.1 and 7.2. These systems are in teresting b ecause the considered prop erties require

to ha v e a detailed information ab out the lo cal pro cess of an am bien t, when this is ready to

engage in to an in teraction of op ening or mo v emen t. W e are not a w are of similar results in

setting of MA apart from those obtained b y more complex exp onen tial tec hnique, whic h

use sophisticated information ab out the con text or a sort of causalit y information [26 , 1 ].

F or SA instead the static tec hniques are more precise due to the presence of coactions.

The 1-CF A of [16 ] for SA, for instance, is simpler than our analysis and is su�cien tly

precise to pro v e the secrecy prop ert y for the SA pro cess corresp onding to that of Example

7.1.

It is w orth men tioning that w e ha v e in tro duced the o ccurrence coun ting information

in the analysis of Section 5 to fruitfully exploit the partial top ology . This information is

crucial to predict when capabilities ma y b e consumed. The use of the partial top ology

without that of m ultiplicit y w ould giv e limited b ene�ts (see for instance Example 6.10).

Other approac hes ha v e b een prop osed to more pro�tably exploit the information ab out

the n um b er of ob jects. F or instance, Hansen et al [25 ] sho w that the 0-CF A of [24 ] can

b e deriv ed, b y abstract in terpretation, from a new more precise and exp onen tial CF A.

The re�ned CF A uses sets of abstract states rather than abstract states and a relational

o ccurrence coun ting analysis, meaning that the n um b er of o ccurrences is not coun ted

globally (as in the abstraction of Section 5), but inside an y am bien t. The use of abstract

in terpretation in [25 ] sho ws sev eral adv an tages: the CF A's are compared in terms of

precision b y construction and the prop erties (in particular the safeness) of the former one

are directly deriv ed from those of the latter one. This is precisely what w e obtain with

the abstraction of Section 6.

Although the in terpla y b et w een abstract in terpretation and CF A in Flo w Logic st yle is

not fully understo o d, these tec hniques are undoubtedly v ery similar from an algorithmic

p oin t of view and also their sp eci�cations are strictly related. F or instance, the con-

strain ts, whic h sp ecify the CF A of [24 ], could b e deriv ed b y abstract in terpretation in

our framew ork; con v ersely it seems that constrain ts in Flo w Logic st yle could b e giv en

corresp onding to the analysis of Section 6. Ha ving said that, it is clear that the approac h
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of [25 ] is v ery close to ours. W e b eliev e, ho w ev er, that this pap er prop oses another orig-

inal and in teresting con tribution with resp ect to the prop osal of [25 ]: the de�nition of a

general abstract in terpretation framew ork, based on the normal seman tics. The normal

seman tics simpli�es the dev elopmen t of analyses b y means of abstract in terpretation; for

instance, the deriv ation of the analysis of Section 6 is rather straigh tforw ard once the

abstract domain, namely the prop ert y w e w an t to compute, has b een c hosen. Moreo v er,

the deriv ation of analyses from the normal seman tics can b e done using standard abstract

in terpretation tec hniques to re�ne and com bine domains.

By the time the full v ersion of this pap er has b een completed, another pap er [18 ] has

app eared, whic h prop oses an abstract in terpretation framew ork based on a non-standard

seman tics similar to the normal seman tics. The shap e of states and of lab els is ho w ev er

sligh tly di�eren t and p ermits to de�ne an in teresting non-uniform analysis where recursiv e

instances of agen ts are k ept distinct. Another CF A that re�nes the analysis of [24 ] has

b een recen tly prop osed in [5 ]. This w ork is motiv ated b y the system of Example 7.2 for

whic h the prop ert y of m ulti-lev el securit y cannot b e established using the approac h of

[24 ]. W e ha v e sho wn that this example can b e handled also b y our analysis. A formal

comparison is di�cult as the CF A of [5 ] is designed to establish sp eci�cally the prop ert y

of m ulti-lev el securit y .

This w ork is part of a pro ject aimed at studying the relationship among abstract in ter-

pretation, CF A and t yp es. W e b eliev e that the formalisation also of t yp es (for instance of

[8 , 7 ]) in an abstract in terpretation setting w ould b e v ery in teresting. First, this w a y w e

could formally compare the expressiv e p o w er of CF A's and t yp es, in tegrate them, under-

stand the pros and cons of eac h approac h, and p ossibly for whic h class of prop erties one

metho d is more adequate than another. Moreo v er, the dev elopmen t of t yp es as abstract

in terpretations of a denotational seman tics has giv en v ery promising results for functional

languages [15 ]. This approac h giv es in particular more accurate t yp e inference algorithms,

based on abstract �xed-p oin t computations and widening op erators, and more expressiv e

t yp e systems. It w ould b e in teresting to apply this approac h also to MA starting for

instance from the recen t \logical" denotational seman tics for higher-order MA of [12 ]. W e

lea v e this in v estigation to future w ork. Notice that the comparison with t yp es requires

to extend the analyses to the full language with comm unication. A �rst step to w ard this

extension has b een done b y F eret [18 ], whic h considers comm unication of names only . This

extension deserv es undoubtedly further in v estigations esp ecially for the analysis of Section

5.
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APPENDIX

A Pro ofs of Section 4

In this section w e sho w the pro of of Theorem 4.5, whic h formalises the relation b et w een the normal

seman tics of Section 4 and the standard reduction seman tics of Section 3. F or con v enience w e recall

its assertion:

L et P b e a wel l-lab ele d pr o c ess and a 2 A which is fr esh for P .

1. If �

a

P 7! S , then ther e exist a wel l-lab ele d pr o c ess Q , such that E ( P ) !

�

E ( Q ) and

�

a

Q = S ;

2. If E ( P ) ! Q , then ther e exist a state S and a wel l-lab ele d pr o c ess Q

0

, such that �

a

P 7!

�

S ,

�

a

Q

0

= S and Q � E ( Q

0

) .

P art 1. sho ws soundness and the con v erse part 2. sho ws c ompleteness . T o simplify the pro of,

whic h is rather complex, w e extend the reduction seman tics to w ell-lab eled pro cesses. The reduc-

tion seman tics for w ell-lab eled pro cesses is designed precisely to b e closer to the normal seman tics

than the standard reduction seman tics. Then, w e pro v e b oth soundness and completeness in t w o

steps: (i) w e sho w the relation b et w een the reductions of w ell-lab eled pro cesses and those of stan-

dard unlab eled pro cesses (Lemmas A.2 and A.9); (ii) w e sho w the relation b et w een the reductions

of w ell-lab eled pro cesses and the transitions b et w een the states represen ting them (Lemmas A.17

and A.20).

In the follo wing, to ease the use of induction in the pro ofs, w e assume that also standard

unlab eled pro cesses of De�nition 3.1 can b e de�ned o v er names N [

b

N

I

.

A.1 Reduction seman tics of w ell-lab eled pro cesses

The reduction seman tics for w ell-lab eled pro cesses is de�ned b y the rules of T able 9 and is the

ob vious adaptation of the standard reduction seman tics for the unlab eled pro cesses (T ables 1 and

2). The only di�erence is that in rule (Cong) w e adopt a relation � , whic h di�ers substan tially

from structural congruence � for unlab eled pro cesses (T able 3). In particular,
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1. w e rule out the analogues of rules (Pref ) and (Bang);

2. w e assume that rule (Bang-Bang), whic h realises the fold/unfold of replication, can b e applied

only in one w a y , that is to pro duce a cop y of the replicated pro cess and not to remo v e it.

These c hoices are motiv ated b y the aim of ha ving a relation � whic h b etter re
ects the

normal seman tics. More in details, w e w an t that t w o w ell-lab eled pro cesses, suc h that P � Q ,

are represen ted b y \equiv alen t" states when translated via � (see Lemma A.18). The rules (Pref )

and (Bang) giv e problems as, in the normal seman tics, some syn tactical di�erences are remo v ed

only at execution time. Consider, for instance, t w o pro cesses M . P and M . Q , where P � Q .

These pro cesses are represen ted b y t w o di�eren t states (assuming a prop er lab eling) �

@

M . P =

( ; ;

@

M . P ) and �

@

M . Q = ( ; ;

@

M . Q ). The con tin uations P and Q are translated via function

� only after the execution of capabilit y M .

Rule (Bang-Bang) giv es a similar problem, as the unfolding of replication is mo deled b y a

transition ( Bang ) in the normal seman tics. Consider for instance t w o pro cesses ! P and ! P j P .

These pro cesses are represen ted b y t w o di�eren t states (assuming a prop er lab eling) �

@

! P = S

1

=

( ; ;

@

! P ) and �

@

(! P j P ) = S

2

= ( ; ;

@

! P ) [ �

@

P . W e ha v e S

1

7! S

2

b y rule Bang , but ob viously

S

2

67! S

1

.

The relation � for w ell-lab eled pro cesses is de�ned in T able 10. As w e ha v e explained ab o v e

� is not symmetric, as there is only one w a y of (Bang-Bang)

14

. In rule (Bang-Bang) the lab els

of the replicated pro cess are re-indexed to guaran tee that new ( P ) j ! P is a w ell-lab eled pro cess

pro vided that P is w ell-lab eled. T o this aim, w e use new ( P ) whic h is adapted in the ob vious w a y

from the de�nition of new o v er states (see Section 4). Hence, w e let new ( P ) = P �

I

where: �

I

is a

re-indexing of lab els suc h that dom ( �

I

) = �( P ); P �

I

is w ell-lab eled; there is no � 2 �( P �

I

) suc h

that either � 2 �( P ) or H

L

I

( � ) 2 n ( P ).

It is w orth men tioning that � and ! are de�ned only o v er w ell-lab eled pro cesses. It means that

rules (Res), (P ar) and (Am b) of T able 10 and the corresp onding rules of T able 9, can b e applied only

when the resulting pro cesses are w ell-lab eled. This guaran tees that the w ell-lab eling of pro cesses

is preserv ed, that is the lab els of new ( P ) are fresh. F or instance, R j ! P � R j ( new ( P ) j ! P )

can b e deriv ed b y applying rule (P ar) to the premise ! P � new ( P ) j ! P pro vided that b oth

R j ( new ( P ) j ! P ) and R j ! P are w ell-lab eled.

W e no w sho w the relation b et w een the reductions of w ell-lab eled pro cesses and those of stan-

dard pro cesses. T o simplify the pro ofs w e assume that in the inference of a statemen t P � Q o v er

unlab eled pro cesses the symmetric rules are used directly in place of rule (Symm) (as in � ).

Soundness. W e sho w that an y reduction b et w een t w o w ell-lab eled pro cesses is sim ulated b y a

reduction b et w een the corresp onding unlab eled pro cesses.

Lemma A.1 L et P and Q b e wel l-lab ele d pr o c esses. If P � Q , then E ( P ) � E ( Q ) .

Pro of: It is enough to observ e that for an y case in T able 10 there exists a corresp onding case in

T able 3. In the case of (Bang-Bang) w e ha v e P = ! P and Q = ! P j new ( P ). As E ( new ( P )) = E ( P ),

b y de�nition of new , w e conclude ! E ( P ) � ! E ( P ) j E ( new ( P )).

2

14

W e ha v e therefore remo v ed rule (Symm) and in tro duced the other direction of the rules (Ass), (Res-

P ar), (Res-Am b), (Nil-P ar) and (Nil-Res).

.
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Lemma A.2 L et P b e a wel l-lab ele d pr o c ess. If P ! Q , then E ( P ) ! E ( Q ) .

Pro of: The pro of is straigh tforw ard using Lemma A.1 for the case (Cong). 2

Completeness. The pro of of completeness is more complex. Due to the di�erence b et w een �

and � , the con v erse of Lemmas A.1 and A.2 do not hold. Consider for instance the follo wing

unlab eled pro cesses

P = ! R j R j m [0] j n [ in m . S ] (8)

Q = ! R j n [ in m . S

0

] j m [0] (9)

W e ha v e a reduction Q ! Q

0

where Q

0

= ! R j m [ n [ S

0

] j 0]. Assuming that S � S

0

w e ha v e P � Q ,

and therefore b y rule (Cong) w e ha v e also P ! Q

0

. W e observ e that there are no w ell-lab eled

v ersions of P and Q suc h that P

L

� Q

L

(where E ( P

L

) = P and E ( Q

L

) = Q ). The problem is

that in P � Q w e use: rule (Pref ) to deriv e in m . S � in m . S

0

, and rule (Bang-Bang) to deriv e

! R j R � ! R . Both steps cannot b e sim ulated b y � o v er lab eled pro cesses (see T able 10).

W e therefore sho w a w eak er prop ert y (Lemma A.9): if P ! Q

0

then there exist w ell-lab eled

pro cesses P

L

and Q

0

L

, suc h that P

L

! Q

0

L

, E ( P

L

) = P and E ( Q

0

L

) � Q

0

.

The pro of of this prop ert y is based on the follo wing steps. W e sho w that, when P � Q and

Q ! Q

0

there exists a sp ecial pro cess Q

00

, suc h that:

1. P � Q

00

and Q

00

� Q , where � means that only the rules of T able 3 corresp onding to those

of T able 10 ha v e b een used;

2. the deriv ation P � Q

00

can b e sim ulated in the lab eled setting (meaning that there exist

w ell-lab eled pro cesses P

L

and Q

00

L

, suc h that P

L

� Q

00

L

, E ( P

L

) = P and E ( Q

00

L

) = Q

00

);

3. due to the sp ecial form of Q

00

, Q

00

L

can sim ulate the transition Q ! Q

0

(meaning that

Q

00

L

! Q

0

L

, where E ( Q

0

L

) � Q

0

).

F or instance for the pro cesses (8) and (9) illustrated ab o v e w e can tak e

Q

00

= ! R j R j n [ in m . S ] j m [0]. (10)

W e ha v e P � Q

00

b y rules (Comm) and (P ar) and w e ha v e a transition Q

00

! Q

000

, where Q

000

=

! R j R j m [ n [ S ] j 0]. Moreo v er, since Q

0

= ! R j m [ n [ S

0

] j 0] and S � S

0

w e ha v e Q

000

� Q

0

b y rules

(Bang-Bang), (Pref ) and (P ar). It is immediate to c hec k that b oth P � Q

00

and Q

00

! Q

000

can

b e sim ulated in the lab eled setting.

T o �nd out in a systematic w a y the pro cess whic h satis�es the prop erties describ ed ab o v e w e

in tro duce the follo wing de�nition.

Let P and Q b e pro cesses. W e sa y that a pro cess Q is a normal form of a pro cess P i�

� Q = P = 0;

� Q = M . Q

0

and P = M . P

0

where P

0

� Q

0

;

� Q = Q

1

j Q

2

and P = P

1

j P

2

where Q

i

is a normal form of P

i

, for an y i 2 f 1 ; 2 g ;

� Q = n [ Q

0

] and P = n [ P

0

] where Q

0

is a normal form of P

0

;

� Q = ( � n ) Q

0

and P = ( � n ) P

0

where Q

0

is a normal form of P

0

;
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� Q = ! Q

0

or Q = ! Q

0

j

i 2f 1 ;::: ;n g

Q

0

i

and P = ! P

0

, where Q

0

� P

0

and Q

0

� Q

0

i

� P

0

for an y

i 2 f 1 ; : : : ; n g .

F or instance the pro cess (10) is a normal form of the pro cess (9).

W e giv e b elo w some easy prop erties ab out the normal form.

Prop osition A.3 L et P ; Q b e pr o c esses such that Q is a normal form of P . We have P � Q .

Pro of: The pro of pro ceeds b y induction on the structure of P using the de�nition of normal

form and the rules of T able 3. The most in teresting case is when P = ! P

0

and either Q = ! Q

0

or

Q = ! Q

0

j

i 2f 1 ;:::;n g

Q

0

i

, where Q

0

� P

0

and Q

0

i

� P

0

for i 2 f 1 ; : : : ; n g . In the former case P � Q

follo ws immediately b y rule (Bang). In the latter case w e ha v e ! P

0

� ! Q

0

b y rule (Bang). Also,

b y rules (Bang-Bang), (P ar) and (T rans) ! Q

0

� ! Q

0

j

i 2f 1 ;::: ;n g

Q

0

i

. Th us, b y rule (T rans) w e ha v e

P � Q .

2

Prop osition A.4 L et P

1

, P

2

and P

3

b e pr o c esses. If P

1

is a normal form of P

2

and P

2

is a

normal form of P

3

, then P

1

is a normal form of P

3

.

Pro of: All the cases are easy using the de�nition of normal form except from the case when

P

3

= ! Q . By de�nition w e ha v e either P

2

= ! P or P

2

= ! P j

i 2f 1 ;::: ;n g

Q

i

, where Q � P � Q

i

,

for an y i 2 f 1 ; : : : ; n g . In the former case, w e ha v e P

1

= ! R or P

1

= ! R j

i 2f 1 ;:::;k g

R

i

, where

P � R � R

i

, for an y i 2 f 1 ; : : : ; k g . Since Q � P w e ha v e also Q � R � R

i

, for an y i 2 f 1 ; : : : ; k g .

Consequen tly , P

1

is a normal form of P

3

. In the latter case, w e ha v e P

1

= P

1 ; 1

j P

2 ; 1

where P

1 ; 1

is a normal form of ! P and P

2 ; 1

is a normal form of j

i 2f 1 ;:::;n g

Q

i

. It means that P

1 ; 1

= ! R or

P

1 ; 1

= ! R j

i 2f 1 ;::: ;k g

R

i

, where P � R � R

i

, for an y i 2 f 1 ; : : : ; k g . Moreo v er, P

2 ; 1

= j

i 2f 1 ;::: ;n g

S

i

,

where S

i

is a normal form of Q

i

. By Prop osition A.3 w e ha v e S

i

� Q

i

for an y i 2 f 1 ; : : : ; k g .

Assume that P

1

= ! R j

i 2f 1 ;::: ;n g

S

i

. Since Q � P � Q

i

, S

i

� Q

i

and P � R , P

1

is a normal form

of P

3

. Assume that P

1

= ! R j

i 2f 1 ;:::;k g

R

i

jj

i 2f 1 ;:::;n g

S

i

. Since Q � P � R � R

i

and S

i

� Q

i

� P ,

then P

1

is a normal form of P

3

.

2

W e sho w the main prop ert y of normal forms w e ha v e discussed ab o v e: if P � Q then there

exists a normal form Q

0

of Q suc h that P � Q

0

and Q

0

� Q .

Lemma A.5 L et P ; Q b e pr o c esses such that P � Q . Ther e exists a pr o c ess Q

0

, which is a normal

form of Q , such that P � Q

0

and Q

0

� Q .

Pro of: W e notice that, b y Prop osition A.3, when Q

0

is a normal form of Q , w e ha v e also Q

0

� Q .

Therefore, it is enough to �nd out a pro cess Q

0

, whic h is a normal form of Q . The pro of pro ceeds

b y induction on the depth of the inference of P � Q .

� The cases of (Re
), (Comm), (Ass), (Res-Com), (Res-P ar), (Res-Am b), (Nil-P ar) and (Nil-

Res) are easy . They can b e solv ed b y taking Q

0

= Q , as P � Q

0

follo ws from P � Q (b y

applying the same rule of T able 10).

� The cases of (Res), (P ar) and (Am b) are similar and follo w b y applying the induction

h yp othesis; as an example w e sho w (Am b). It means that P = n [ R

0

] and Q = n [ R ], where

R

0

� R . Since R

0

� R , b y induction h yp othesis there exists R

00

, suc h that R

00

is a normal

form of R and R

0

� R

00

. W e tak e Q

0

= n [ R

00

]. W e ha v e P � Q

0

b y applying rule (Am b) to

the premise R

0

� R

00

. Moreo v er, since R

00

is a normal form of R , then Q

0

is a normal form

of Q .
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� In case (Bang) w e ha v e P = ! R

0

and Q = ! R , where R

0

� R . T aking Q

0

= P w e immediately

ha v e P � Q

0

b y rule (Re
). Moreo v er, since R

0

� R (and con v ersely R � R

0

) then Q

0

is a

normal form of Q .

� In case (Pref ) w e ha v e P = M . R

0

and Q = M . R , where R

0

� R . T aking Q

0

= P w e ha v e

P � Q

0

b y rule (Re
). Since R

0

� R , then Q

0

is a normal form of Q .

� In case (Bang-Bang) there are t w o p ossibilities dep ending on the w a y the rule is applied.

Therefore, either P = ! R j R and Q = ! R or P = ! R and Q = ! R j R . In the latter case w e

tak e Q

0

= Q and w e ha v e P � Q

0

b y rule (Bang-Bang). In the former case w e tak e Q

0

= P

and w e ha v e P � Q

0

b y rule (Re
). Moreo v er, Q

0

is a normal form of Q using R � R .

� In case (T rans) w e ha v e P � Q

1

and Q

1

� Q . By induction h yp othesis there exist R

1

; R

2

suc h that: (i) P � R

1

and R

1

is a normal form of Q

1

; (ii) Q

1

� R

2

and R

2

is a normal

form of Q .

This case is rather complex. The crux of the pro of consists of sho wing that, since R

1

is a

normal form of Q

1

(and th us b y Prop osition A.3 R

1

� Q

1

) and Q

1

� R

2

, then there exists

a pro cess Q

0

, whic h is a normal form of R

2

, suc h that R

1

� Q

0

(and b y Prop osition A.3

Q

0

� R

2

). T o pro v e this prop ert y w e pro ceed b y induction on the depth of the inference of

Q

1

� R

2

. The case (Re
) is ob vious; w e sho w the other cases b elo w.

{ The cases of (Comm) and (Ass) are similar; as an example w e sho w (Comm). W e

ha v e Q

1

= S

1

j S

2

and R

2

= S

2

j S

1

. Since R

1

is a normal form of Q

1

it means that

R

1

= S

0

1

j S

0

2

, where S

0

i

is a normal form of S

i

for an y i 2 f 1 ; 2 g . W e tak e Q

0

= S

0

2

j S

0

1

and w e ha v e R

1

� Q

0

b y rule (Comm). Moreo v er, Q

0

is a normal form of R

2

, since S

0

i

is a normal form of S

i

for an y i 2 f 1 ; 2 g .

{ The cases of (Res), (P ar) and (Am b) are similar; as an example w e sho w (Am b). W e

ha v e Q

1

= n [ S ] and R

2

= n [ S

0

] where S � S

0

. Since R

1

is a normal form of Q

1

it

means that R

1

= n [ S

00

], where S

00

is a normal form of S . As S

00

is a normal form of

S and S � S

0

, b y induction h yp othesis there exists S

000

, whic h is a normal form of S

0

,

suc h that S

00

� S

000

. W e tak e Q

0

= n [ S

000

]. As S

000

is a normal form of S

0

, then Q

0

is a normal form of R

2

. Moreo v er, w e ha v e R

1

� Q

0

b y applying rule (Am b) to the

premise S

00

� S

000

.

{ The cases of (Res-Com), (Res-P ar), (Res-Am b), (Nil-P ar) and (Nil-Res) are similar;

as an example w e sho w (Res-P ar). There are t w o cases: either Q

1

= ( � n ) ( S

1

j S

2

)

and R

2

= S

1

j ( � n ) S

2

or the con v erse. W e sho w only the former case, the other is

analogous.

Since R

1

is a normal form of Q

1

it means that R

1

= ( � n ) S

0

1

j S

0

2

, where S

0

i

is a normal

form of S

i

for an y i 2 f 1 ; 2 g . T aking Q

0

= S

0

1

j ( � n ) S

0

2

w e ha v e that Q

0

is a normal

form of R

2

. Moreo v er, w e ha v e R

1

� Q

0

b y applying rule (Res-P ar).

{ In case (Bang-Bang) w e ha v e Q

1

= ! S and R

2

= ! S j S . Since R

1

is a normal form

of Q

1

it means that either R

1

= ! S

0

or R

1

= ! S

0

j

i 2f 1 ;:::;n g

S

0

i

where S � S

0

(and

con v ersely S

0

� S ) and S � S

0

i

(and con v ersely S

0

i

� S ), for an y i 2 f 1 ; : : : ; n g . W e

sho w only the former case; the other is analogous.

W e observ e that R

1

is a normal form of Q

1

, and P � Q

1

, and P � R

1

, where R

1

= ! S

0

and Q

1

= ! S . It means that rule (Bang) is applied in P � Q

1

to the premise S

0

� S (see

the case (Bang) ab o v e). Therefore, b y applying the induction h yp othesis to S

0

� S ,

there exists S

00

, whic h is a normal form of S , suc h that S

0

� S

00

.
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W e tak e Q

0

= ! S

0

j S

00

. By applying rule (Bang-Bang) w e ha v e R

1

� ! S

0

j S

0

.

Moreo v er, b y applying rule (P ar) to the premise S

0

� S

00

w e obtain ! S

0

j S

0

� ! S

0

j S

00

.

Hence, b y rule (T rans) w e ha v e R

1

� Q

0

. W e conclude b y observing that Q

0

is a

normal form of R

2

as S � S

0

and S

00

is a normal form of S .

{ In case (T rans) w e ha v e Q

1

� S

1

and S

1

� R

2

. As R

1

is a normal form of Q

1

, then

b y induction h yp othesis there exists a pro cess Q

00

, whic h is a normal form of S

1

, suc h

that R

1

� Q

00

. Since Q

00

is a normal form of S

1

and S

1

� R

2

, then b y induction

h yp othesis there exists a pro cess Q

0

, whic h is a normal form of R

2

, suc h that Q

00

� Q

0

.

W e conclude b y observing that b y applying rule (T rans) to the premises R

1

� Q

00

and

Q

00

� Q

0

, w e obtain R

1

� Q

0

.

Using the prop ert y ab o v e

15

w e no w conclude the case (T rans). Since Q

0

is a normal form of

R

2

and R

2

is a normal form of Q (condition (ii)), w e ha v e b y Prop osition A.4 that Q

0

is a

normal form of Q . Moreo v er, P � Q

0

follo ws from P � R

1

(condition (i)) and R

1

� Q

0

.

2

W e presen t no w t w o auxiliary prop erties of the relation � and of the reduction relation o v er

w ell-lab eled pro cesses. They sho w that the new lab els in tro duced in a pro cess b y � or b y a

reduction can b e prop erly re-indexed. This is p ossible b ecause new lab els can b e in tro duced only

b y rule (Bang-Bang) of T able 10 b y means of new .

Prop osition A.6 L et P and Q b e wel l-lab ele d pr o c esses such that P � Q . We have f n ( P ) =

f n ( Q ) , and for e ach r e-indexing of lab els �

I

, such that dom ( �

I

) = �( Q ) n �( P ) , and Q�

I

is

wel l-lab ele d, we have also P � Q�

I

.

Pro of: The pro of pro ceeds b y induction on the depth of the inference of P � Q . W e observ e

that in an y rule of T able 10, P � Q implies f n ( P ) = f n ( Q ). Moreo v er, in an y rule of T able 10,

P � Q implies �( P ) = �( Q ), except from rules (Bang-Bang), (Nil-Res) and rules (Res), (P ar),

(Am b), (T rans).

� Supp ose that rule (Nil-Res) has b een applied. W e ha v e P = 0 and Q = ( � n

�

) 0 or vice-v ersa.

The latter case is immediate, in the former case w e ha v e �( Q ) n �( P ) = f � g . Hence, for

an y re-indexing of lab els �

I

suc h that Q�

I

is w ell-lab eled, w e ha v e Q�

I

= ( � n

�

I

( � )

) 0. W e

conclude as follo ws b y P � Q�

I

b y rule (Nil-Res).

� Supp ose that rule (Bang-Bang) has b een applied. W e ha v e P = ! P

1

and Q = ! P

1

j new ( P

1

).

It means that new ( P

1

) = P

1

�

0

I

for a re-indexing of lab els suc h that: dom ( �

0

I

) = �( P

1

);

P

1

�

0

I

is w ell-lab eled; there is no � 2 �( P

1

�

0

I

) suc h that either � 2 �( P

1

) or H

L

I

( � ) 2 n ( P

1

).

These conditions ensure that new ( P

1

) j ! P

1

is w ell-lab eled, and therefore that �( new ( P

1

)) \

�(! P

1

) = ; . Let �

I

b e a re-indexing of lab els suc h that dom ( �

I

) = �( Q ) n �( P ) and

Q�

I

= ( new ( P

1

) j ! P

1

) �

I

is w ell-lab eled. Since �( new ( P

1

)) \ �(! P

1

) = ; , w e ha v e dom ( �

I

) =

�( new ( P

1

)) and ( new ( P

1

) j ! P

1

) �

I

= new ( P

1

) �

I

j ! P

1

. Since new ( P

1

) �

I

j ! P

1

is w ell-lab eled,

also P

1

�

0

I

�

I

. Th us, w e can apply rule (Bang-Bang) to conclude ! P

1

� P

1

�

0

I

�

I

j ! P

1

.

15

There exists a pro cess Q

0

, whic h is a normal form of R

2

, suc h that R

1

� Q

0

.
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� The cases of rules (Res), (P ar), (Am b) and (T rans) are similar and follo w b y induction

h yp othesis using the w ell-lab eling of P . W e giv e as an example (P ar) and (Res).

Assume that P = P

1

j P

2

and Q = Q

1

j P

2

, where P

1

� Q

1

. Let �

I

b e a re-indexing

of lab els, suc h that dom ( �

I

) = �( Q ) n �( P ), and Q�

I

is w ell-lab eled. Since P and Q

are w ell-lab eled, then �( P

1

) \ �( P

2

) = ; and �( Q

1

) \ �( P

2

) = ; . Therefore, w e ha v e

�( Q ) n �( P ) = �( Q

1

) n �( P

1

) and Q�

I

= Q

1

�

I

j P

2

. W e observ e that Q

1

�

I

is w ell-lab eled,

since Q�

I

is w ell-lab eled. Th us, b y induction h yp othesis P

1

� Q

1

�

I

. W e conclude b y

applying rule (P ar) to deriv e P

1

j P

2

� Q

1

�

I

j P

2

.

Assume that P = ( � n

�

) P

1

and Q = ( � n

�

) Q

1

, where P

1

� Q

1

. Let �

I

b e a re-indexing of

lab els, suc h that dom ( �

I

) = �( Q ) n �( P ), and Q�

I

is w ell-lab eled. Since Q is w ell-lab eled,

then � 62 �( Q

1

), H

L

I

( � ) 62 n ( Q

1

), and there is no � 2 �( Q

1

) suc h that H

L

I

( � ) = n .

Therefore, w e ha v e � 62 �( Q ) n �( P ), and consequen tly Q�

I

= ( � n

�

) ( Q

1

�

I

). W e observ e

that Q

1

�

I

is w ell-lab eled, as Q�

I

is w ell-lab eled. Hence, b y induction h yp othesis P

1

� Q

1

�

I

.

W e conclude b y applying rule (Res) to deriv e ( � n

�

) P

1

� ( � n

�

) ( Q

1

�

I

).

2

Prop osition A.7 L et P and Q b e wel l-lab ele d pr o c esses such that P ! Q . We have f n ( Q ) �

f n ( P ) , and for e ach r e-indexing of lab els �

I

, such that dom ( �

I

) = �( Q ) n �( P ) , and Q�

I

is

wel l-lab ele d, we have also P ! Q�

I

.

Pro of: The pro of pro ceeds b y induction on the depth of the inference of P ! Q . The cases of

(In), (Out), and (Op en) are immediate giv en that �( Q ) � �( P ). The case of rule (Cong) follo ws

b y Prop osition A.6. The cases of (P ar), (Am b) and (Res) can b e pro v ed b y induction follo wing a

reasoning similar to that used in the corresp onding cases of Prop osition A.6.

2

The follo wing lemma sho ws that the con v erse of Lemma A.1 holds for unlab eled pro cesses

related b y � .

Lemma A.8 L et P b e a wel l-lab ele d pr o c ess. If E ( P ) � Q , then ther e exists a wel l-lab ele d pr o c ess

Q

0

, such that P � Q

0

and E ( Q

0

) = Q .

Pro of: W e pro ceed b y induction on the deriv ation of E ( P ) � Q using the fact that for an y rule

of T able 3, whic h could ha v e b een applied to deriv e � , there exists a corresp onding case in T able

10. W e discuss the most in teresting cases, the others are trivial.

� In case (Bang-Bang) w e ha v e E ( P ) = ! E ( P

1

) and Q = ! E ( P

1

) j E ( P

1

). Let Q

0

= ! P

1

j

new ( P

1

), whic h is (b y de�nition of new ) w ell-lab eled. By rule (Bang-Bang) w e ha v e ! P

1

�

! P

1

j new ( P

1

) and E ( Q

0

) = ! E ( P

1

) j E ( new ( P

1

)) = ! E ( P

1

) j E ( P

1

) = Q .

� In cases (Res),(P ar), (Am b) w e apply the induction h yp othesis using Prop osition A.6 to �nd

out the w ell-lab eled pro cess Q

0

. W e sho w as an example the cases of (P ar) and (Res).

Assume that E ( P ) � Q has b een deriv ed b y rule (P ar). It means that P = P

1

j R and

Q = Q

1

j E ( R ), where E ( P

1

) � Q

1

. By induction h yp othesis, there exists a w ell-lab eled

pro cess Q

0

1

suc h that E ( Q

0

1

) = Q

1

and P

1

� Q

0

1

. Using Prop osition A.6 w e deriv e that

f n ( Q

0

1

) = f n ( P

1

). Moreo v er, since P

1

j R is w ell-lab eled w e ha v e: (i) �( P

1

) \ �( R ) = ; ; (ii)

for eac h � 2 �( P

1

), H

L� I

( � ) 62 n ( R ); con v ersely (iii) for eac h � 2 �( R ), H

L

I

( � ) 62 n ( P

1

).
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W e no w use the fact that the lab els �( Q

0

1

) n �( P

1

) can b e re-indexed. Therefore, let �

I

b e

a re-indexing of lab els, suc h that dom ( �

I

) = �( Q

0

1

) n �( P

1

), Q

0

1

�

I

is w ell-lab eled, �( Q

0

1

�

I

) \

�( R ) = ; and, for eac h � 2 �( Q

0

1

�

I

), H

L

I

( � ) 62 n ( R ). As Q

0

1

�

I

is w ell-lab eled, then b y

Prop osition A.6, w e obtain P

1

� Q

0

1

�

I

.

W e no w observ e that f n ( Q

0

1

) = f n ( P

1

) and f n ( Q

0

1

) = f n ( Q

0

1

�

I

) and that the b ound names

of Q

0

1

�

I

can b e prop erly � -con v erted. By condition (iii) ab o v e w e deriv e that H

L

I

( � ) 62

n ( Q

0

1

�

I

) for an y � 2 �( R ). Moreo v er, �

I

has b een c hosen to ha v e �( Q

0

1

�

I

) \ �( R ) = ; and,

for eac h � 2 �( Q

0

1

�

I

), H

L

I

( � ) 62 n ( R ). Therefore, Q

0

1

�

I

j R is a w ell-lab eled pro cess.

Let Q

0

= Q

0

1

�

I

j R . Since P

1

� Q

0

1

�

I

, then b y rule (P ar) of T able 10 w e ha v e P � Q

0

.

Moreo v er, since E ( Q

0

1

�

I

) = E ( Q

0

1

) = Q

1

w e conclude that E ( Q

0

1

�

I

j R ) = E ( Q

0

1

) j E ( R ) =

Q

1

j E ( R ) = Q .

Assume that E ( P ) � Q has b een deriv ed b y rule (Res). It means that P = ( � n

�

) P

1

and

Q = ( � n ) Q

1

, where E ( P

1

) � Q

1

. By induction h yp othesis, there exists a w ell-lab eled

pro cess Q

0

1

suc h that E ( Q

0

1

) = Q

1

and P

1

� Q

0

1

. Using Prop osition A.6 w e deriv e that

f n ( Q

0

1

) = f n ( P

1

). Moreo v er, since ( � n

�

) P

1

is w ell-lab eled w e ha v e: (i) � 62 �( P

1

); (ii) for

eac h � 2 �( P

1

), H

L

I

( � ) 6= n ; con v ersely (iii) H

L

I

( � ) 62 n ( P

1

).

W e no w use the fact that the lab els �( Q

0

1

) n �( P

1

) can b e re-indexed. Therefore, let �

I

b e a

re-indexing of lab els, suc h that dom ( �

I

) = �( Q

0

1

) n �( P

1

), Q

0

1

�

I

is w ell-lab eled, � 62 �( Q

0

1

�

I

)

and, for eac h � 2 �( Q

0

1

�

I

), H

L

I

( � ) 6= n . As Q

0

1

�

I

is w ell-lab eled, then b y Prop osition A.6,

w e obtain P

1

� Q

0

1

�

I

.

W e no w observ e that f n ( Q

0

1

) = f n ( P

1

) and f n ( Q

0

1

) = f n ( Q

0

1

�

I

) and that the b ound names

of Q

0

1

�

I

can b e prop erly � -con v erted. Since for eac h � 2 �( Q

0

1

�

I

), H

L

I

( � ) 6= n , and b y

conditions (i) and (iii) ab o v e, w e deriv e that ( � n

�

) Q

0

1

�

I

is w ell-lab eled.

Let Q

0

= ( � n

�

) Q

0

1

�

I

. Since P

1

� Q

0

1

�

I

, then b y rule (Res) of T able 10 w e ha v e P � Q

0

.

Moreo v er, since E ( Q

0

1

�

I

) = E ( Q

0

1

) = Q

1

w e conclude that E ( Q

0

) = ( � n ) Q

1

= Q .

2

Using Lemmas A.5 and A.8 and the shap e of normal forms w e can no w pro v e the main result

of completeness.

Lemma A.9 L et P b e a wel l-lab ele d pr o c ess. If E ( P ) ! Q , then ther e exists a wel l-lab ele d pr o c ess

Q

0

such that E ( Q

0

) � Q and P ! Q

0

.

Pro of: W e pro v e a more general result: if E ( P ) � P

1

and P

1

! Q , then there exists a w ell-

lab eled pro cess Q

0

suc h that E ( Q

0

) � Q and P ! Q

0

. F or this w e pro ceed b y induction on the

depth of the inference of P

1

! Q .

� The cases of (In), (Out), and (Op en) are similar; as an example w e sho w (In). If P

1

! Q has

b een obtained b y rule (In), it means that P

1

= n [ in m . R

1

j R

2

] j m [ S ] and Q = m [ n [ R

1

j

R

2

] j S ].

Since E ( P ) � P

1

, then b y Lemma A.5 there exists a pro cess P

0

1

, whic h is a normal form of

P

1

, suc h that E ( P ) � P

0

1

and P

0

1

� P

1

.

W e no w apply Lemma A.8. As E ( P ) � P

0

1

, then there exists a w ell-lab eled pro cess P

00

1

suc h

that P � P

00

1

and E ( P

00

1

) = P

0

1

. Since P

0

1

is a normal form of P

1

, then it m ust b e the case

that

P

00

1

= n

�

[ in m




. R

0

1

j R

0

2

] j m

�

[ S

0

]
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n

�

[ in m




. P j Q ] j m

�

[ R ] ! m

�

[ n

�

[ P j Q ] j R ] (In)

m

�

[ n

�

[ out m




. P j Q ] j R ] ! n

�

[ P j Q ] j m

�

[ R ] (Out)

open n

�

. P j n

�

[ Q ] ! P j Q (Op en)

P ! Q ) ( � n

�

) P ! ( � n

�

) Q (Res)

P ! Q ) P j R ! Q j R (P ar)

P ! Q ) n

�

[ P ] ! n

�

[ Q ] (Am b)

( P

0

! Q

0

; P � P

0

; Q

0

� Q ) ) P ! Q (Cong)

T able 9: Reductions for w ell-lab eled pro cesses

where E ( R

0

1

) � R

1

, E ( R

0

2

) is a normal form R

2

and E ( S

0

) is a normal form of S .

By applying rule (In) w e ha v e a reduction P

00

1

! Q

0

, where

Q

0

= m

�

[ n

�

[ R

0

1

j R

0

2

] j S

0

].

Moreo v er, since P � P

00

1

w e ha v e b y rule (Cong) P ! Q

0

.

W e conclude b y observing that E ( R

0

2

) � R

2

and E ( S

0

) � S (using Prop osition A.3). Giv en

that also E ( R

0

1

) � R

1

, E ( Q

0

) � Q follo ws b y applying rules (P ar), (Am b) and (T rans).

� The cases of (P ar), (Am b) and (Res) are similar; they follo w b y applying the induction

h yp othesis and b y using Prop osition A.7 to �nd out the w ell-lab eled pro cess Q

0

(similarly

as in the pro of of Lemma A.8). W e sho w as an example the case (P ar).

Assume that P

1

! Q has b een obtained b y rule (P ar). It means that P

1

= Q

1

j R and

Q = Q

2

j R , where Q

1

! Q

2

.

Since E ( P ) � P

1

, then b y Lemma A.5 there exists a pro cess P

0

1

, whic h is a normal form of

P

1

, suc h that E ( P ) � P

0

1

and P

0

1

� P

1

.

W e no w apply Lemma A.8. As E ( P ) � P

0

1

, then there exists a w ell-lab eled pro cess P

00

1

suc h

that P � P

00

1

and E ( P

00

1

) = P

0

1

. Since P

0

1

is a normal form of P

1

, then it m ust b e the case

that P

00

1

= Q

0

1

j R

0

, where E ( Q

0

1

) is a normal form of Q

1

and E ( R

0

) is a normal form of R . By

Prop osition A.3 w e ha v e that E ( Q

0

1

) � Q

1

and E ( R

0

) � R . Since E ( Q

0

1

) � Q

1

and Q

1

! Q

2

,

b y induction h yp othesis there exists a reduction Q

0

1

! Q

0

2

suc h that E ( Q

0

2

) � Q

2

.

W e no w use Prop osition A.7 to �nd out a re-indexing of lab els �

I

suc h that Q

0

1

! Q

0

2

�

I

and

Q

0

= Q

0

2

�

I

j R

0

is w ell-lab eled (the reasoning follo ws an argumen t similar to that applied in

the pro of of Lemma A.8).

As Q

0

is w ell-lab eled, then w e deriv e P

00

1

! Q

0

b y applying rule (P ar) to the premise Q

0

1

!

Q

0

2

�

I

. Since P � P

00

1

w e ha v e also P ! Q

0

b y rule (Cong).
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It remains to sho w that E ( Q

0

) � Q . W e recall that Q = Q

2

j R and Q

0

= Q

0

2

�

I

j R

0

, where

E ( Q

0

2

) � Q

2

and E ( R

0

) � R . Giv en that E ( Q

0

2

) = E ( Q

0

2

�

I

), E ( Q

0

) � Q follo ws therefore b y

rules (P ar) and (T rans).

� If P

1

! Q has b een obtained b y rule (Cong) it means that P

1

� P

2

, P

2

! P

3

and P

3

� Q .

As E ( P ) � P

1

and P

1

� P

2

w e ha v e b y rule (T rans) E ( P ) � P

2

. Since E ( P ) � P

2

and

P

2

! P

3

, then b y induction h yp othesis there exists P ! Q

0

suc h that E ( Q

0

) � P

3

. W e

conclude b y observing that E ( Q

0

) � Q follo ws b y applying rule (T rans) to the premises

E ( Q

0

) � P

3

and P

3

� Q .

2

A.2 Relation b et w een the normal seman tics and the reductions of la-

b eled pro cesses

W e start presen ting the basic prop erties of the normalisation function � (T able 4). The follo wing

prop osition sho ws that � -con v ertible pro cesses are represen ted b y the same state. W e recall that

� -con v ersion o v er lab eled pro cesses can c hange a b ound name but not its lab el.

Prop osition A.10 ( � -con v ersion) L et P and Q b e two wel l-lab ele d pr o c esses which ar e � -c onvertible.

F or any a 2 A , which is fr esh for P and Q , we have �

a

P = �

a

Q .

Pro of: The main observ ation is the follo wing: when P = ( � n

�

) P

1

and Q = ( � k

�

) P

1

[ k =n ] , suc h

that k 62 f n ( P

1

), w e ha v e b y rule DRes �

a

P = �

a

( P

1

[ H

L

I

( � ) =n ]) = �

a

Q = �

a

( P

1

[ k =n ][ H

L

I

( � ) =k ]).

2

W e no w discuss the relation b et w een the (free and b ound) names and the lab els of a pro cess

and those of the corresp onding state obtained via � . T o formalise this relation it is necessary to

kno w precisely whic h restrictions are remo v ed via � . W e therefore in tro duce the follo wing concepts

whic h use a sp ecial kind of con texts. A con text C is a pro cess expression with a single o ccurrence

of a hole [], suc h that the hole do es not app ear underneath the scop e of a pre�x or of a bang. As

usual w e denote b y C [ P ] the pro cess obtained b y �lling the hole of C with the pro cess P .

Let P b e a lab eled pro cess. If P = C [( � n

�

) Q ] for some con text C , then w e sa y that ( � n

�

) is an

unguar de d restriction of P ; if also n 62 f n ( Q ) w e sa y that ( � n

�

) is an unguar de d and unne c essary

restriction of P .

F or instance, the restriction ( � n

�

) is unguarded and the restriction ( � m




) is not unguarded

in the follo wing pro cess P = a [( � n

�

) !( � m




) Q ].

The unguarded restrictions of a pro cess are imp ortan t, as they are remo v ed b y the normalisation

function � . F or instance, w e ha v e for the pro cess P ab o v e

�

@

P = ( f

a

@

g ; f

a

!( � m




) Q [ H

L

I

( � ) =n ] g ).

The di�erence b et w een the unguarded and the unguarded and unnecessary restrictions of a

pro cess is the follo wing: if ( � n

�

) is an unguarded and unnecessary restriction of a pro cess P , then

H

L

I

( � ) do es not necessarily app ear in the state mo deling P . F or instance, assume that the pro cess

P ab o v e is w ell-lab eled, that is H

L

I

( � ) 62 n ( Q ) [ n ( a ). The name H

L

I

( � ) app ears in the state

�

@

P only when n 2 f n ( Q ).

These in tuitiv e ideas are stated b y the prop ositions b elo w. In the follo wing, w e use U ( P ) =

f n

�

j ( � n

�

) is an unguarded restriction of P g and U

u

( P ) = f n

�

j ( � n

�

) is an unguarded and

unnecessary restriction of P g .
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Prop osition A.11 L et P b e a wel l-lab ele d pr o c ess and let a 2 A which is fr esh for P . We have

1. if ( � n

�

) and ( � m

�

) ar e two distinct unguar de d r estrictions of P , then � 6= � ;

2. for any n

�

2 U ( P ) , H

L

I

( � ) 62 n ( P ) ;

3. H

L

I

( � ) 6= H

L

I

( � ) for any n

�

; m

�

2 U ( P ) .

Pro of: The conditions follo w straigh tforw ardly from the de�nition of w ell-lab eled pro cess (De�-

nition 4.2). 2

Prop osition A.12 L et P b e a wel l-lab ele d pr o c ess and a 2 A which is fr esh for P . We have

� �( �

a

P ) n �( a ) = �( P ) n f � j n

�

2 U ( P ) g ;

� n ( �

a

P ) n n ( a ) = f n ( P ) [ ( bn ( P ) n f n j n

�

2 U ( P ) g ) [ f H

L

I

( � ) j n

�

2 ( U ( P ) n U

u

( P )) g .

Pro of: The requiremen ts on �( �

a

P ) and n ( �

a

P ) can b e pro v ed b y induction on the structure

of P using using Prop osition A.11. The main observ ation is that, b y de�nition of � , only the

unguarded restrictions are remo v ed (see rules DBang and DPref ). In case DRes , w e ha v e for

P = ( � n

�

) Q

�

a

P = �

a

( Q [ H

L

I

( � ) =n ]).

This sho ws that the lab el � is remo v ed and the name n is replaced b y H

L

I

( � ). W e recall that, b y

Prop osition A.11: for an y n

�

2 U ( P ), H

L

I

( � ) 62 n ( P ) and, there is no other ob ject in P with lab el

� . Therefore, H

L

I

( � ) 2 n ( �

a

P ) only when n 2 f n ( Q ), that is ( � n

�

) 2 U ( P ) n U

u

( P ).

2

The follo wing prop osition is needed in the pro of of completeness (Lemma A.20); it sa ys that

the state represen ting a w ell-lab eled pro cess is w ell-lab eled pro vided that the ro ot a is fresh for P .

W e recall that a state S 2 S is wel l-lab ele d if: (i) for eac h � 2 �( S ), H

L

I

( � ) 62 n ( S ); (ii) for an y

lab el � 2 �( S ) there is at most one ob ject lab eled b y � .

Prop osition A.13 L et P b e a wel l-lab ele d pr o c ess and let a 2 A , such that a is fr esh for P . We

have that �

a

P is a wel l-lab ele d state with r o ot a .

Pro of: Straigh tforw ard b y induction on the structure of P using Prop ositions A.11 and A.12.

2

The con v erse of Prop osition A.13 do es not hold. Consider, for instance, the follo wing not

w ell-lab eled pro cess

P = ( � n

�

) m

�

[0] (11)

W e ha v e �

@

P = (

f m

�

@

g ; ; ) whic h is ob viously w ell-lab eled.

The anomaly in pro cess (11) is that ( � n

�

) is an unguarded and unnecessary restriction; there-

fore the name H

L

I

( � ), that is used to replace the b ound name n , do es not app ear in the state

represen ting P (see Prop osition A.12). By con trast, the clash b et w een the t w o o ccurrences of

lab el � is necessarily re
ected in to the corresp onding state, when the b ound name app ears in the

pro cess. Consider, for instance, the follo wing not w ell-lab eled pro cess

Q = ( � n

�

) m

�

[ out n ] (12)
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W e ha v e �

@

Q = (

f m

�

@

g ; f

m

�

out ^n g ) where H

L

I

( � ) = ^n . W e observ e that �

@

Q is not w ell-lab eled

since ^n 2 n ( �

@

Q ) and � 2 �( �

@

Q ).

There is a main di�erence b et w een the pro cesses (11) and (12) ab o v e. In case (11) the pro cess

can b e prop erly rearranged and a w ell-lab eled pro cess P

0

can b e obtained, suc h that �

@

P = �

@

P

0

and P � P

0

. F or instance, taking P

0

= m

�

[0] , it is immediate to c hec k that �

@

P = �

@

P

0

and

P � P

0

, since n 62 f n ( m

�

[0]) (re
ecting the idea that this restriction is unnecessary). F or the

pro cess (12) instead there is no w a y to mo dify the lab els using � .

The idea explained for the pro cesses P and P

0

ab o v e is useful in the pro of of soundness (Lemma

A.17). W e therefore formalise it b y in tro ducing a relation . and b y sho wing that: when P . P

0

, w e

ha v e �

a

P = �

a

P

0

and P � P

0

(and vice-v ersa P

0

� P ). The in tuitiv e idea b ehind . is that P

0

is obtained from P b y eliminating all the unguarded and unnecessary restrictions. W e de�ne the

relation . o v er lab elled pro cesses inductiv ely as follo ws:

1. 0 . 0, ! P . ! P , M

�

. P . M

�

. P ;

2. Q j P . Q

0

j P

0

pro vided that Q . Q

0

and P . P

0

;

3. a [ Q ] . a [ Q

0

] pro vided that Q . Q

0

;

4. ( � n

�

) Q . ( � n

�

) Q

0

pro vided that Q . Q

0

and n 2 f n ( Q );

5. ( � n

�

) Q . Q

0

pro vided that Q . Q

0

and n 62 f n ( Q ).

Notice that b y condition 5. w e ha v e U

u

( P

0

) = ; when P . P

0

. Moreo v er, w e ha v e immediately

f n ( P ) = f n ( P

0

) and �( P

0

) � �( P ).

Lemma A.14 L et P and P

0

b e lab ele d pr o c esses such that P . P

0

. We have �

a

P = �

a

P

0

and

E ( P ) � E ( P

0

) . Mor e over, if P and P

0

ar e wel l-lab ele d, then P � P

0

(and P

0

� P ).

Pro of: The pro of pro ceeds b y induction on the structure of P . W e observ e that the cases of

bang, pre�x and nil are ob vious since P . P

0

implies P = P

0

. W e sho w b elo w the other cases.

� Supp ose that P = b [ Q ]. By de�nition of . , w e ha v e P

0

= b [ Q

0

] where Q . Q

0

. Hence,

b y induction h yp othesis w e ha v e �

b

Q = �

b

Q

0

and E ( Q ) � E ( Q

0

). Also, if Q and Q

0

are

w ell-lab eled, then Q � Q

0

. Using �

b

Q = �

b

Q

0

w e therefore obtain

�

a

P = ( f

b

a

g ; ; ) [ �

b

Q = ( f

b

a

g ; ; ) [ �

b

Q

0

= �

a

P

0

.

Moreo v er, E ( Q ) � E ( Q

0

) implies, b y rule (Am b) of T able 3, n [ E ( Q )] � n [ E ( Q

0

)] assuming

b = n

�

. Supp ose that P and P

0

are w ell-lab eled. It means that Q and Q

0

also are w ell-

lab eled. Using Q � Q

0

w e deriv e b [ Q ] � b [ Q

0

] b y rule (Am b) of T able 10;

� Supp ose that P = Q

1

j Q

2

. The pro of pro ceeds b y induction similarly as in the preceding

case.

� Supp ose that P = ( � n

�

) Q . By de�nition of . there are t w o cases: either P

0

= ( � n

�

) Q

0

where Q . Q

0

and n 2 f n ( Q ), or n 62 f n ( Q ) and P

0

= Q

0

, where Q . Q

0

.

1. Supp ose that P

0

= ( � n

�

) Q

0

where Q . Q

0

. The pro of pro ceeds b y induction similarly

as in the preceding case.
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2. Supp ose that n 62 f n ( Q ) and P

0

= Q

0

, where Q . Q

0

. By induction h yp othesis w e ha v e

�

a

Q = �

a

Q

0

and E ( Q ) � E ( Q

0

). Also, if Q and Q

0

are w ell-lab eled w e ha v e Q � Q

0

.

Using n 62 f n ( Q ) w e ha v e immediately

�

a

P = �

a

( Q [ m=n ]) = �

a

Q = �

a

Q

0

= �

a

P

0

.

W e observ e also that ( � n ) E ( Q ) � E ( Q ) can b e deriv ed b y applying the rules (Nil-P ar),

(Nil-Res) and (Res-P ar) of T able 3 (using n 62 f n ( Q )). Since E ( Q ) � E ( Q

0

), then w e

ha v e also E ( P ) � E ( Q

0

). Similarly , for the case when when P and P

0

are w ell-lab eled.

W e conclude b y observing that, when P and P

0

are w ell-lab eled, P � P

0

implies P

0

� P .

In an y case sho wn ab o v e only the symmetric rules of � ha v e b een applied (see T able 10).

2

Soundness. The pro of is rather complex; it is di�cult in particular to reason ab out the w ell-

lab eling of the pro cesses obtained in the inductiv e cases. W e need some auxiliary prop erties. The

follo wing prop osition sho ws a useful prop ert y of the reductions of w ell-lab eled pro cesses.

Prop osition A.15 L et P and Q b e wel l-lab ele d pr o c esses such that P ! Q . If ther e exists � such

that � 2 �( Q ) and H

L

I

( � ) 2 f n ( P ) , then ther e exists a wel l-lab ele d pr o c ess Q

0

, such that P ! Q

0

,

� 62 �( Q

0

) and Q

0

� Q .

Pro of: W e �rst observ e that b y de�nition of w ell-lab eling: H

L

I

( � ) 2 f n ( P ) implies � 62 �( P );

analogously , � 2 �( Q ) implies H

L

I

( � ) 62 n ( Q ). The pro ofs pro ceeds b y induction on the depth

of the inference of P ! Q . The cases of (In), (Out), and (Op en) are immediate giv en that

�( Q ) � �( P ). In case (Cong) w e ha v e P � P

0

and P

0

! P

00

and P

00

� Q . If � 62 �( P

00

) w e ha v e

�nished. Otherwise, w e observ e that H

L

I

( � ) 2 f n ( P

0

), using H

L

I

( � ) 2 f n ( P ) and Prop osition

A.6. As P

0

is w ell-lab eled, b y induction h yp othesis there exists R

00

suc h that P

0

! R

00

, � 62 �( R

00

)

and R

00

� P

00

� Q . Hence, b y rule (Cong) w e deriv e P ! R

00

suc h that � 62 �( R

00

), R

00

� Q .

The other cases are similar and follo w b y induction h yp othesis; w e discuss as an example the case

(P ar). It means that P = P

1

j P

2

and Q = P

0

1

j P

2

, where P

1

! P

0

1

. W e ha v e � 2 �( Q ) and

� 62 �( P ), H

L

I

( � ) 2 f n ( P ) and H

L

I

( � ) 62 f n ( Q ). Since P and Q are w ell-lab eled, the only

p ossibilit y is therefore that � 2 �( P

0

1

) and H

L

I

( � ) 2 f n ( P

1

). Hence, b y induction h yp othesis

there exists P

00

1

suc h that P

1

! P

00

1

, � 62 �( P

00

1

) and P

00

1

� P

0

1

. W e observ e that, b y Prop osition

A.6, P

0

1

� P

00

1

implies f n ( P

00

1

) = f n ( P

0

1

). Giv en f n ( P

0

1

) = f n ( P

00

1

) and P

0

1

j P

2

is w ell-lab eled,

there exists a re-indexing of lab els �

I

, suc h that dom ( �

I

) = �( P

00

1

) n �( P

0

1

), � 62 �( P

00

1

�

I

) and

Q

0

= P

00

1

�

I

j P

2

is w ell-lab eled. By Prop ositions A.6 and A.7 w e obtain b oth P

00

1

�

I

� P

0

1

and

P

1

! P

00

1

�

I

. Since Q

0

is w ell-lab eled, w e deriv e P

1

j P

2

! Q

0

b y applying rule (P ar) to the premise

P

1

! P

00

1

�

I

. Moreo v er, w e ha v e P

00

1

�

I

j P

2

� P

0

1

j P

2

b y applying rule (P ar) to the premise

P

00

1

�

I

� P

0

1

.

2

T o reason ab out the w ell-lab eling of pro cesses it is con v enien t to kno w precisely whic h new

lab els are in tro duced b y a transition S

1

7! S

2

b et w een t w o states S

1

and S

2

. T o this aim w e use

new ( S

1

7! S

2

) to denote the set of lab els whic h could ha v e b een in tro duced b y an application of

new , that is b y the unfolding of replication. F ormally ,
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1. new ( S

1

7! S

2

) = ; when S

1

7! S

2

has b een obtained b y one of the rules In , Out or Op en ;

2. new ( S

1

7! S

2

) = �( new

S

1

( P )) when S

1

7! S

2

has b een obtained b y rule Bang and S

2

=

S

1

[ �

a

new

S

1

( P ).

The follo wing prop osition sho ws that the w ell-lab eling of states is preserv ed b y the transitions

of T able 5 and clari�es in whic h sense the lab els in tro duced b y means of new in rule Bang are

fresh.

Prop osition A.16 L et S

1

b e a wel l-lab ele d state. If S

1

7! S

0

1

, then S

0

1

is wel l-lab ele d. Mor e over,

assume that S

1

[ S

2

is a wel l-lab ele d state such that S

1

[ S

2

7! S

0

1

[ S

2

. F or any � 2 new ( S

1

7! S

0

1

)

we have � 62 �( S

2

) and H

L

I

( � ) 62 n ( S

2

) .

Pro of: The pro of is b y cases on the rule applied to obtain S

1

7! S

0

1

. Let S

i

= ( T

i

; C

i

), for an y

i 2 f 1 ; 2 g .

� As cases of Op en , In and Out are similar, w e discuss case In only . When S

1

7! S

0

1

has

b een obtained b y rule In , w e ha v e t =

a

in m




. P 2 C

1

,

a

b

;

m

�

b

2 T

1

suc h that a 6= m

�

.

Moreo v er, S

0

1

= S

00

1

[ �

a

P where

S

00

1

= (( T

1

n f

a

b

g ) [ f

a

m

�

g ; C

1

n f t g ).

Since S

1

is w ell-lab eled and t 2 C

1

, then P is w ell-lab eled and a is fresh for P . By Prop osition

A.13 w e ha v e that �

a

P is w ell-lab eled. W e also observ e that S

00

1

is w ell-lab eled, as S

1

is

w ell-lab eled. Hence, S

0

1

is not w ell-lab eled only when there exists a lab el � , suc h that one of

the follo wing cases holds: (a) � 2 �( �

a

P ) n �( a ) and either � 2 �( S

00

1

) or H

L

I

( � ) 2 n ( S

00

1

);

(b) � 2 �( S

00

1

) and H

L

I

( � ) 2 n ( �

a

P ) n n ( a ).

T o discuss (a) and (b) w e need to kno w the relation b et w een the names and the lab els of P

and those of �

a

P . By Prop osition A.12, w e ha v e

1. �( �

a

P ) n �( a ) = �( P ) n f � j n

�

2 U ( P ) g ;

2. n ( �

a

P ) n n ( a ) = f n ( P ) [ ( bn ( P ) n f n j n

�

2 U ( P ) g ) [ f H

L

I

( � ) j n

�

2 ( U ( P ) n U

u

( P )) g .

W e sho w case (b). Assume that � 2 �( S

00

1

) and H

L

I

( � ) 2 n ( �

a

P ) n n ( a ). Giv en 2. w e deriv e

that either H

L

I

( � ) 2 n ( P ) or H

L

I

( � ) 2 f H

L

I

( � ) j n

�

2 ( U ( P ) n U

u

( P )) g .

In the former case, since H

L

I

( � ) 2 n ( P ) and t 2 C

1

w e ha v e H

L

I

( � ) 2 n ( S

1

). Moreo v er,

w e ha v e �( S

00

1

) � �( S

1

). W e obtain � 2 �( S

1

) and H

L

I

( � ) 2 n ( S

1

), whic h con tradicts the

w ell-lab eling of S

1

.

In the latter case, w e ha v e � 2 �( P ) and � 2 �( S

00

1

). Hence, there is an ob ject with lab el �

in S

00

1

. Since t has b een remo v ed from the con�guration and t 2 C

1

, there are t w o ob jects

with lab el � in S

1

, whic h con tradicts again the w ell-lab eling of S

1

.

Case (a) follo ws b y applying a similar argumen t using condition 1., n ( S

00

1

) � n ( S

1

) and

�( S

00

1

) � �( S

1

).

Let S

1

[ S

2

b e a w ell-lab eled state suc h that S

1

[ S

2

7! S

0

1

[ S

2

. W e conclude b y observing

that new ( S

1

7! S

2

) = new ( S

1

[ S

2

7! S

0

1

[ S

2

) = ; .

� Supp ose that S

1

7! S

0

1

has b een obtained b y rule Bang . It means that S

0

1

= ( C

1

; T

1

) [

�

c

new

S

1

( Q ) for some

c

! Q 2 C

1

. By de�nition, w e ha v e new

S

1

( Q ) = Q�

I

for a re-indexing

of lab els �

I

suc h that dom ( �

I

) = �( Q ) and
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1. Q�

I

is w ell-lab eled;

2. there is no � 2 �( Q�

I

), suc h that either � 2 �( S

1

) or H

L

I

( � ) 2 n ( S

1

).

By conditions 1. and 2., Q�

I

is w ell-lab eled and c is fresh for Q�

I

. Consequen tly , b y

Prop osition A.13, �

c

new

S

1

( Q ) is w ell-lab eled. Since S

1

and �

c

new

S

1

( Q ) are w ell-lab eled,

S

0

1

is not w ell-lab eled only when there exists � suc h that one of the follo wing cases holds:

(a) � 2 �( �

c

new

S

1

( Q )) n �( c ) and either � 2 �( S

1

) or H

L

I

( � ) 2 n ( S

1

); (b) � 2 �( S

1

) and

H

L

I

( � ) 2 n ( �

c

new

S

1

( Q )) n n ( c ).

By Prop osition A.12, w e ha v e

(i) �( �

c

new

S

1

( Q )) n �( c ) = �( new

S

1

( Q )) n f � j n

�

2 U ( new

S

1

( Q )) g ;

(ii) n ( �

c

new

S

1

( Q ) ) n n ( c ) = f n ( new

S

1

( Q )) [ ( bn ( new

S

1

( Q )) n f n j n

�

2 U ( new

S

1

( Q )) g ) [

f H

L

I

( � ) j n

�

2 ( U ( new

S

1

( Q )) n U

u

( new

S

1

( Q ))) g .

In case (a) w e ha v e � 2 �( �

c

new

S

1

( Q )) n �( c ) , and consequen tly � 2 �( new

S

1

( Q )) using

(i). When either � 2 �( S

1

) or H

L

I

( � ) 2 n ( S

1

) w e ha v e a con tradiction with the requiremen t

2. ab o v e.

In case (b) w e ha v e H

L

I

( � ) 2 n ( �

c

new

S

1

( Q ) ) n n ( c ). Using (ii) w e obtain that either

H

L

I

( � ) 2 n ( new

S

1

( Q )) or � 2 �( new

S

1

( Q )). In the latter case, w e ha v e � 2 �( new

S

1

( Q ))

and � 2 �( S

1

), whic h con tradicts the requiremen t 2. ab o v e. In the former case w e ha v e

H

L

I

( � ) 2 n ( new

S

1

( Q )) and � 2 �( S

1

). W e observ e that n ( Q ) = n ( new

S

1

( Q )) and

c

! Q 2 C

1

.

Hence, w e ha v e H

L

I

( � ) 2 n ( S

1

) and � 2 �( S

1

), whic h con tradicts the w ell-lab eling of S

1

.

Let S

1

[ S

2

b e a w ell-lab eled state suc h that S

1

[ S

2

7! S

0

1

[ S

2

. W e observ e that it is necessary

to ha v e new

S

1

[ S

2

( Q ) = Q�

I

, that is (b esides condition 1. ab o v e): there is no � 2 �( Q�

I

),

suc h that either � 2 �( S

1

[ S

2

) or H

L

I

( � ) 2 n ( S

1

[ S

2

). Giv en new ( S

1

7! S

0

1

) = �( Q�

I

), w e

ha v e �nished.

2

No w w e sho w the main result of soundness.

Lemma A.17 L et P b e a wel l-lab ele d pr o c ess and let �

a

P = S

1

wher e a 2 A is fr esh for P . If

S

1

7! S

2

, then ther e exists a wel l-lab ele d pr o c ess Q , such that a is fr esh for Q , �

a

Q = S

2

, P !

�

Q

and �( Q ) n �( P ) � new ( S

1

7! S

2

) .

Pro of: The pro of is b y induction on the structure of P .

� Assume P = 0 or P = M

�

. P

1

. W e ha v e �

a

0 = ( ; ; ; ) = S

1

and �

a

M

�

. P

1

= ( ; ; f

a

M

�

. P

1

g ) =

S

1

, resp ectiv ely . In b oth cases the pro of is trivial b ecause there is no transition from S

1

.

� Assume P = ! P

1

. W e ha v e �

a

! P

1

= ( ; ; f

a

! P

1

g ) = ( T

1

; C

1

) = S

1

. T ransition S

1

7! S

2

could ha v e b een obtained only b y applying rule Bang . It means that S

2

= ( ; ; f

a

! P

1

g ) [

�

a

new

S

1

( P

1

). Let Q = ! P

1

j new

S

1

( P

1

). W e observ e that b y de�nition of new and since

! P

1

2 C

1

, then Q is a w ell-lab eled pro cess. Therefore, b y rule (Bang-Bang) of T able 10 w e

deriv e ! P

1

� ! P

1

j new

S

1

( P

1

). W e also ha v e �

a

Q = ( ; ; f

a

! P

1

g ) [ �

a

new

S

1

( P

1

). W e conclude

b y noticing that �( Q ) n �( P ) = �( new

S

1

( P

1

)) = new ( S

1

7! S

2

).
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� Assume P = ( � n

�

) P

1

. W e ha v e �

a

( � n

�

) P

1

= �

a

P

0

1

= S

1

, where m = H

L

I

( � ) and

P

0

1

= P

1

[ m=n ].

Since P is w ell-lab eled, � 62 �( P

0

1

), and consequen tly P

0

1

is w ell-lab eled. Hence, b y induction

h yp othesis there exists a w ell-lab eled pro cess Q

1

suc h that �

a

Q

1

= S

2

, P

0

1

!

�

Q

1

and

�( Q

1

) n �( P

0

1

) � new ( S

1

7! S

2

).

There are t w o cases: either P

0

1

� Q

1

or P

0

1

! Q

1

. W e sho w only the latter one, the other

b eing analogous. W e sho w the existence of a w ell-lab eled pro cess Q , suc h that P ! Q ,

�

a

Q = S

2

and �( Q ) n �( P ) = new ( S

1

7! S

2

).

The crucial observ ation to �nd out the righ t pro cess Q is that Q

1

is a w ell-lab eled pro cess:

it cannot b e the case that � 2 �( Q

1

) and m 2 n ( Q

1

), where m = H

L

I

( � ).

1. Assume that � 62 �( Q

1

). Let k b e a new name, suc h that k 6= m and k 62 n ( Q

1

) [ n ( P

1

)

and there is no � 2 (�( Q

1

) [ �( P

1

)) with H

L

I

( � ) = k . W e tak e Q = ( � k

�

) Q

1

[ k =m ].

Since � 62 �( Q

1

) w e ha v e also � 62 �( Q

1

[ k =m ]). Considering k has b een prop erly

c hosen, Q is w ell-lab eled. Moreo v er, w e ha v e

�

a

Q = �

a

( Q

1

[ k =m ][ m=k ]) = �

a

Q

1

= S

2

.

W e no w sho w that P ! Q . Since P

0

1

! Q

1

and k is a new name, w e ha v e also

P

0

1

[ k =m ] ! Q

1

[ k =m ]. Therefore, w e deriv e ( � k

�

) P

0

1

[ k =m ] ! ( � k

�

) Q

1

[ k =m ] b y applying

rule (Res) to the premise P

0

1

[ k =m ] ! Q

1

[ k =m ]. W e also observ e that ( � n

�

) P

1

is � -

con v ertible to ( � k

�

) P

1

[ m=n ][ k =m ].

It remains to sho w that �( Q ) n �( P ) � new ( S

1

7! S

2

). Since � 62 �( Q

1

) w e ha v e

�( Q ) n �( P ) = (�( Q

1

[ k =m ]) [ f � g ) n (�( P

1

) [ f � g ) = �( Q

1

) n �( P

0

1

) � new ( S

1

7! S

2

).

2. Assume that � 2 �( Q

1

) and m 62 n ( Q

1

). W e tak e Q = Q

1

. Since Q

1

is w ell-lab eled

and �

a

Q

1

= S

2

, it remains to sho w that P ! Q

1

. The pro of pro ceeds b y considering

the follo wing t w o cases: m 2 f n ( P

0

1

) or m 62 f n ( P

0

1

).

When m 62 f n ( P

0

1

) w e observ e that n 62 f n ( P

1

), that is P

0

1

= P

1

. Using n 62 f n ( P

1

) w e

deriv e, b y rules (Nil-P ar), (Nil-Res) and (Res-P ar), ( � n

�

) P

1

� P

1

. Since P

0

1

= P

1

and

P

0

1

! Q

1

w e obtain b y rule (Cong) P ! Q

1

.

If m 2 f n ( P

0

1

) the pro of is more complex. W e use the fact that P

0

1

is w ell-lab eled, that

is � 62 �( P

0

1

). Since P

0

1

! Q

1

and m 62 f n ( Q

1

) w e can apply Prop osition A.15. W e

deriv e that there exists Q

0

1

suc h that Q

0

1

� Q

1

, P

0

1

! Q

0

1

and � 62 �( Q

0

1

).

Since � 62 �( Q

0

1

), the pro cess ( � k

�

) Q

0

1

[ k =m ] is w ell-lab eled, where k is a new name

c hosen as in case 1. ab o v e. Moreo v er, b y applying rule (Res) to the premise P

0

1

! Q

0

1

w e obtain ( � k

�

) P

0

1

[ k =m ] ! ( � k

�

) Q

0

1

[ k =m ].

W e no w deduce ( � k

�

) P

0

1

[ k =m ] ! Q

1

from ( � k

�

) P

0

1

[ k =m ] ! ( � k

�

) Q

0

1

[ k =m ]. Since Q

0

1

�

Q

1

and m 62 n ( Q

1

), then b y Prop osition A.6, m 62 f n ( Q

0

1

), that is k 62 f n ( Q

0

1

[ k =m ]).

Hence, b y applying rules (Nil-P ar), (Nil-Res) and (Res-P ar) w e obtain ( � k

�

) Q

0

1

[ k =m ] �

Q

0

1

. Using Q

0

1

� Q

1

w e ha v e also ( � k

�

) Q

0

1

[ k =m ] � Q

1

. By rule (Cong) w e therefore

obtain ( � k

�

) P

0

1

[ k =m ] ! Q

1

. Moreo v er, w e ha v e that ( � n

�

) P

1

is � -con v ertible to

( � k

�

) P

1

[ m=n ][ k =m ].

W e conclude b y observing that �( Q ) n �( P ) == �( Q

1

) n �( P ) = �( Q

1

) n (�( P

1

) [ f � g ).

Since � 62 �( P

1

) and �( P

1

) = �( P

0

1

) w e ha v e therefore �( Q

1

) n �( P ) � �( Q

1

) n �( P

0

1

) �

new ( S

1

7! S

2

).
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� Assume P = b [ P

1

]. W e ha v e �

a

b [ P

1

] = ( f

b

a

g ; ; ) [ �

b

P

1

= S

1

. T ransition S

1

7! S

2

could

ha v e b een obtained in t w o w a ys: either only P

1

con tributes to the action or also am bien t

b participates. Notice that am bien t a cannot b e in v olv ed as a is fresh for P and P is w ell-

lab eled. This guaran tees that S

1

is a w ell-lab eled state with ro ot a (see Prop osition A.13).

Let S

0

1

= �

b

P

1

= ( T

0

1

; C

0

1

).

1. If only P

1

con tributes to the action it means that S

0

1

7! S

0

2

and S

2

= S

0

2

[ ( f

b

a

g ; ; ). As

P is w ell-lab eled, P

1

also is w ell-lab eled and b is fresh for P

1

. Therefore, b y induction

h yp othesis there exist a w ell-lab eled pro cess Q

1

, suc h that �

b

Q

1

= S

0

2

, P

1

!

�

Q

1

and

�( Q

1

) n �( P

1

) � new ( S

0

1

7! S

0

2

).

There are t w o cases: either P

1

� Q

1

or P

1

! Q

1

. W e sho w only the latter case,

the other b eing analogous. The pro of pro ceeds b y sho wing that b [ Q

1

] is w ell-lab eled

and that a is fresh for b [ Q

1

]. The w ell-lab eling of Q is a necessary condition to deriv e

a reduction b [ P

1

] ! b [ Q

1

] b y applying rule (Am b) to the premise P

1

! Q

1

. Let

Q = b [ Q

1

].

Assume that either Q is not w ell-lab eled or a is not fresh for Q . W e recall that Q

1

is

w ell-lab eled and that S

1

= S

0

1

[ ( f

b

a

g ; ; ) is a w ell-lab eled state. Therefore, the only

p ossibilit y is that there exists a lab el � , suc h that one of the follo wing cases holds: (i)

� 2 �( Q

1

) and either � 2 �( a ) [ �( b ) or H

L

I

( � ) 2 n ( a ) [ n ( b ); (ii) � 2 �( a ) [ �( b )

and H

L

I

( � ) 2 n ( Q

1

).

W e consider b efore case (ii). Since the b ound names of Q

1

can b e � -con v erted, when

needed, the in teresting case is when H

L

I

( � ) 2 f n ( Q

1

). In this case w e use P

1

! Q

1

and w e deriv e, b y Prop osition A.7, f n ( Q

1

) � f n ( P

1

). Since H

L

I

( � ) 2 f n ( Q

1

) w e ha v e

therefore H

L

I

( � ) 2 f n ( P

1

), and also H

L

I

( � ) 2 f n ( P ). Giv en that � 2 �( a ) [ �( b ) this

con tradicts either the w ell-lab eling of P or the freshness of a for P .

In case (i) w e ha v e � 2 �( Q

1

). W e observ e that it is not p ossible that � 2 �( P ).

This b ecause � 2 �( a ) [ �( b ) and � 2 �( P ) con tradict either the w ell-lab eling of

P or the freshness of a for P . Similarly for H

L

I

( � ) 2 n ( a ) [ n ( b ) and � 2 �( P ).

Therefore, w e ha v e � 62 �( P

1

) and � 2 �( Q

1

) n �( P

1

). W e no w use the fact that

�( Q

1

) n �( P

1

) � new ( S

0

1

7! S

0

2

) and w e deduce � 2 new ( S

0

1

7! S

0

2

).

W e observ e that S

1

7! S

2

, where S

1

= S

0

1

[ ( f

b

a

g ; ; ) ansd S

2

= S

0

2

[ ( f

b

a

g ; ; ). Therefore,

b y Prop osition A.16, there is no � 2 new ( S

0

1

7! S

0

2

) suc h that either � 2 �(( f

b

a

g ; ; )) or

H

L

I

( � ) 2 n (( f

b

a

g ; ; )). Since �(( f

b

a

g ; ; )) = �( a ) [ �( b ) and n (( f

b

a

g ; ; )) = n ( a ) [ n ( b )

w e ha v e: � 2 new ( S

0

1

7! S

0

2

) and either � 2 �( a ) [ �( b ) or H

L

I

( � ) 2 n ( a ) [ n ( b ). This

is a con tradiction.

Since Q is w ell-lab eled, then a reduction b [ P

1

] ! b [ Q

1

] can b e obtained b y applying

rule (Am b) to the premise P

1

! Q

1

. Moreo v er, w e ha v e that a is fresh for Q and

�

a

Q = (( f

b

a

g ; ; )) [ �

b

Q

1

= (( f

b

a

g ; ; )) [ S

0

2

= S

2

.

It remains to sho w that �( Q ) n �( P ) � new ( S

1

! S

2

). This follo ws immediately using

�( Q

1

) n �( P

1

) � new ( S

0

1

7! S

0

2

), new ( S

0

1

7! S

0

2

) = new ( S

1

7! S

2

) and �( Q

1

) n �( P

1

) =

�( Q ) n �( P ) (as �( b ) 62 �( Q

1

) [ �( P

1

)).

2. If b oth P

1

and b participate to the action, the only p ossibilit y is that some am bien t c ,

whic h is top lev el inside b , go es out of b . It means that transition S

1

7! S

2

has b een

obtained b y rule Out . Therefore, there exist

c

b

2 T

0

1

and

c

out n

�

. R 2 C

0

1

, suc h that
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b = n




, and

S

0

1

= �

b

T [ ( f

c

b

g ; ; ) [ ( ; ;

c

out n

�

. R ) [ �

c

U

for some pro cesses T and U . Moreo v er, the state S

2

reac hed from S

1

(b y rule Out ) is

S

2

= ( f

b

a

g ; ; ) [ ( f

c

a

g ; ; ) [ �

b

T [ �

c

U [ �

c

R .

W e no w use �

b

P

1

= S

0

1

and the shap e of S

0

1

to infer the structure of P

1

. Examin-

ing the cases in the de�nition of � , w e observ e that: the comp onen ts ( f

c

b

g ; ; ) and

( ; ;

c

out n

�

. R ) tell us that rules D Am b and DPref (p ossibly after rules DRes and

DP ar ) ha v e b een used. Therefore, w e ha v e

P

1

� ( � ~p

~�

) ( T

0

j c

0

[ out n

�

. R

0

j U

0

])

where c = c

0

� and T = T

0

� , U = U

0

� and R = R

0

� for the substitution � : N !

b

N

I

suc h that � ( p ) = H

L

I

( � ).

Notice that w e ha v e group ed together the (ev en tual) unguarded restrictions b y means of

� . This result is based on the underlying assumption that the b ound names ~p can b e � -

con v erted and on the follo wing prop erties due to the w ell-lab eling if P : (i) H

L

I

( � ) 6= n

for an y � 2 ~� ; (ii) n 62 ~p . Condition (i) follo ws from n 2 n ( P ) using Prop osition

A.11. Condition (ii) follo ws from the fact that the restrictions are unguarded, since b y

Prop osition A.12 an y unguarded restriction is remo v ed. Consequen tly , n 2 ~p implies

n 62 n ( �

b

P

1

), whic h con tradicts

c

out n

�

. R 2 C

0

1

.

W e no w exploit the condition n 62 ~p to deriv e, b y applying rules (Am b) and (Res-Am b),

that P � P

0

where

P

0

= ( � ~p

~�

) ( n




[ T

0

j c

0

[ out n

�

. R

0

j U

0

]]).

Let Q = ( � ~p

~�

) b [ T

0

] j c

0

[ R

0

j U

0

] whic h is ob viously w ell-lab eled. Moreo v er, w e ha v e

�

a

Q = S

2

and b y rules (Out) and (Res) P

0

! Q

0

. W e therefore deriv e P ! Q b y

applying rule (Cong).

W e conclude b y observing that �( Q ) � �( P ). Th us, w e ha v e �( Q ) n �( P ) = new ( S

1

7!

S

2

) = ; .

� Assume P = P

1

j P

2

. W e ha v e �

a

P

1

j P

2

= �

a

P

1

[ �

a

P

2

= S

1

. T ransition S

1

7! S

2

could ha v e b een obtained in t w o w a ys: either only one of P

1

and P

2

participates to the

action or the t w o pro cesses in teract with eac h other. In the latter case, w e observ e that

am bien t a cannot b e in v olv ed as a is fresh for P . This guaran tees that the top ology is a

tree with ro ot a (see Prop osition A.13). Therefore, S

1

7! S

2

could ha v e b een obtained b y

the application either of rule In or of rule Op en . In b oth cases the in teraction ma y in v olv e

only pro cesses and am bien ts whic h are top lev el inside a . Let �

a

P

1

= ( T

1

; C

1

) = S

0

1

and

�

a

P

2

= ( T

2

; C

2

) = S

0

2

.

1. Supp ose that only P

1

con tributes to the action. W e ha v e S

1

= S

0

1

[ S

0

2

and S

2

= S

00

1

[ S

0

2

,

where S

0

1

7! S

00

1

. Since P is w ell-lab eled and a is fresh for P , then also P

i

is w ell-lab eled

and a is fresh for P

i

, for an y i 2 f 1 ; 2 g . Hence, b y induction h yp othesis, w e ha v e

P

1

!

�

P

0

1

for a w ell-lab eled pro cess P

0

1

, suc h that a is fresh for P

0

1

, �

a

P

0

1

= S

00

1

and

�( P

0

1

) n �( P

1

) � new ( S

0

1

7! S

00

1

).
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There are t w o cases: either P

1

� P

0

1

or P

1

7! P

0

1

. W e sho w only the latter case, the

other b eing analogous.

Similarly to the case of am bien t w e can apply rule (P ar) to deriv e a transition P

1

j

P

2

7! P

0

1

j P

2

only when P

0

1

j P

2

is w ell-lab eled. This case is ho w ev er more complex

as it ma y b e the case that P

0

1

j P

2

is not w ell-lab eled. W e therefore consider a sligh tly

di�eren t pro cess Q = P

0

1

j P

0

2

, where P

2

. P

0

2

. W e observ e that, b y de�nition of . ,

f n ( P

2

) = f n ( P

0

2

) and �( P

0

2

) � �( P

2

). Therefore, P

0

2

is w ell-lab eled and a is fresh for

P

0

2

, as P

2

is w ell-lab eled and a is fresh for P

2

. Moreo v er, b y Lemma A.14, w e ha v e

P

2

� P

0

2

and �

a

P

0

2

= �

a

P

2

= S

0

2

.

W e no w sho w that Q = P

0

1

j P

0

2

is a w ell-lab eled pro cess. Assume that this is not the

case. Since P

0

1

and P

0

2

are w ell-lab eled the only p ossibilit y is that there exists a lab el

� suc h that one of the follo wing cases hold: (i) � 2 �( P

0

1

) and either � 2 �( P

0

2

) or

H

L

I

( � ) 2 n ( P

0

2

); (ii) � 2 �( P

0

2

) and H

L

I

( � ) 2 n ( P

0

1

).

W e discuss b efore case (ii). Since the b ound names of P

0

1

can b e � -con v erted, when

needed, the in teresting case is when H

L

I

( � ) 2 f n ( P

0

1

). W e use P

1

! P

0

1

and w e obtain,

b y Prop osition A.7, f n ( P

0

1

) � f n ( P

1

). Hence, w e ha v e H

L

I

( � ) 2 f n ( P

1

). Giv en that

�( P

00

2

) � �( P

2

) w e obtain � 2 �( P

2

) and H

L

I

( � ) 2 f n ( P

1

). This con tradicts the

w ell-lab eling of P

1

j P

2

.

In case (i) w e ha v e � 2 �( P

0

1

). W e observ e that it cannot b e the case that also

� 2 �( P

1

). This b ecause the w ell-lab eling of P

1

j P

2

con tradicts � 2 �( P

1

) and

� 2 �( P

2

) (whic h follo ws from � 2 �( P

0

2

)). Similarly for � 2 �( P

1

) and H

L

I

( � ) 2 n ( P

2

)

(whic h follo ws from H

L

I

( � ) 2 n ( P

0

2

)).

Therefore, w e ha v e � 62 �( P

1

) and � 2 �( P

0

1

), that is � 2 �( P

0

1

) n �( P

1

). W e no w use

the fact that �( P

0

1

) n �( P

1

) � new ( S

0

1

7! S

00

1

) and w e deriv e � 2 new ( S

0

1

7! S

00

1

).

W e recall that S

1

7! S

2

, where S

1

= S

0

1

[ S

0

2

and S

2

= S

00

1

[ S

0

2

. Therefore, b y Prop osition

A.16, there is no � 2 new ( S

0

1

7! S

00

1

) suc h that either � 2 �( S

0

2

) or H

L

I

( � ) 2 n ( S

0

2

).

Hence, it m ust b e the case that (a) � 62 �( S

0

2

) and (b) H

L

I

( � ) 62 n ( S

0

2

).

W e no w use the fact that �

a

P

0

2

= S

0

2

. By Prop osition A.12, w e ha v e

{ �( S

0

2

) n �( a ) = �( P

0

2

) n f � j n

�

2 U ( P

0

2

) g ;

{ n ( S

0

2

) n n ( a ) = f n ( P

0

2

) [ ( bn ( P

0

2

) n f n j n

�

2 U ( P

0

2

) g ) [ f H

L

I

( � ) j n

�

2 ( U ( P

0

2

) n

U

u

( P

0

2

)) g .

Using the results ab o v e, w e no w sho w that b oth p ossibilities � 2 �( P

0

2

) and H

L

I

( � ) 2

n ( P

0

2

) con tradicts either (a) or (b).

Assume that H

L

I

( � ) 2 n ( P

0

2

). As usual the in teresting case is when H

L

I

( � ) 2 f n ( P

0

2

).

Giv en the previous conditions w e ha v e f n ( P

0

2

) � n ( S

0

2

). Therefore, H

L

I

( � ) 2 f n ( P

0

2

)

implies H

L

I

( � ) 2 n ( S

0

2

) whic h con tradicts (b).

Assume that � 2 �( P

0

2

). Giv en the previous conditions w e ha v e t w o p ossibilities: either

� 2 �( S

0

2

) or n

�

2 U ( P ). The former case con tradicts immediately (a). In the latter

case, w e use P

2

. P

0

2

, whic h sa ys that P

0

2

has no unguarded and unnecessary restrictions

( U

u

( P

0

2

) = ; ). Consequen tly , when n

�

2 U ( P ), then H

L

I

( � ) 2 n ( S

0

2

). This con tradicts

condition (b).

W e no w sho w that there exists a reduction P

1

j P

2

! Q , where Q = P

0

1

j P

0

2

. W e observ e

that �( P

0

2

) � �( P

2

), and th us P

1

j P

0

2

is w ell-lab eled since P

1

j P

2

is w ell-lab eled. Since

also P

0

1

j P

0

2

is w ell-lab eled, b y applying rule (P ar) to the premise P

1

! P

0

1

, w e obtain

P

1

j P

0

2

! P

0

1

j P

0

2

. Since P

2

� P

0

2

w e ha v e also P

1

j P

2

� P

1

j P

0

2

. W e therefore deriv e

P

1

j P

2

! P

0

1

j P

0

2

b y applying rule (Cong).
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Moreo v er, it is immediate to c hec k that

�

a

P

0

1

j P

0

2

= S

00

1

[ S

0

2

= S

2

.

It remains to sho w that �( Q ) n �( P ) � new ( S

1

! S

2

). W e observ e that, since P

1

j P

2

and P

0

1

j P

0

2

are w ell-lab eled, �( P

1

) \ �( P

2

) = ; and �( P

0

1

) \ �( P

0

2

) = ; . Moreo v er,

�( P

0

2

) � �( P

2

). Therefore, �( Q ) n �( P ) = (�( P

0

1

) [ �( P

0

2

)) n (�( P

1

) [ �( P

2

)) = �( P

0

1

) n

(�( P

1

) [ �( P

2

)) � �( P

0

1

) n �( P

1

). W e conclude b ecause �( P

0

1

) n �( P

1

) � new ( S

0

1

7! S

00

1

)

and new ( S

0

1

7! S

00

1

) = new ( S

1

7! S

2

).

2. Supp ose that rule In has b een applied. W e ha v e either

b

a

2 T

1

,

b

in m

�

. R 2 C

1

and

m

�

a

2 T

2

or the con v erse. Supp ose the former case holds. It means that S

0

1

and S

0

2

ha v e the follo wing shap e, resp ectiv ely

S

0

2

= �

a

W [ (

m

�

a

; ; ) [ �

m

�

V

S

0

1

= �

a

U [ (

b

a

; ; ) [ ( ; ;

b

in m

�

. R ) [ �

b

T

for some pro cesses W , V , U , and T . Moreo v er, the state S

2

reac hed from S

1

(b y rule

In ) is

S

2

= (

b

m

�

; ; ) [ (

m

�

a

; ; ) [ �

a

U [ �

b

R [ �

b

T [ �

a

W [ �

m

�

V .

Since �

a

P

1

= S

0

1

and �

a

P

2

= S

0

2

, w e argue that (reasoning on the de�nition of � ,

similarly to case Out )

P

1

� ( � ~p

~�

) ( U

0

j b

0

[ in m

�

. R

0

j T

0

])

P

2

� ( � ~q

~�

) ( W

0

j m

�

[ V

0

])

where b = b

0

�

1

, T = T

0

�

1

, U = U

0

�

1

and R = R

0

�

1

and W = W

0

�

2

and V = V

0

�

2

for

the substitutions �

i

: N !

b

N

I

where �

1

( p ) = H

L

I

( � ) and �

2

( q ) = H

L

I

( � ).

W e no w notice that it cannot b e the case that m 2 ~p or m 2 ~q . Supp ose that m 2 ~p .

Since the restrictions ( � ~p

~�

) are unguarded and P

1

is w ell-lab eled, then b y Prop osition

A.12, w e obtain m 62 n ( �

a

P

1

), whic h con tradicts

b

in m

�

. R 2 C

1

. Similarly , using the

w ell-lab eling of P

2

, m 2 ~q con tradicts

m

�

a

2 T

2

.

Therefore, w e ma y assume without loss of generalit y that ~p \ ~q = ; , and w e ha v e

P

1

j P

2

� P

0

where

P

0

= ( � ~p

~�

; ~q

~�

) ( U

0

j b

0

[ in m

�

. R

0

j T

0

] j m




[ V

0

] j W

0

).

Let

Q = ( � ~p

~�

; ~q

~�

) ( U

0

j W

0

j m

�

[ V

0

j b [ R

0

j T

0

]).

It is ob vious that Q is a w ell-lab eled pro cess and �

a

Q = S

2

. Also, w e ha v e b y rules

(In), (P ar) and (Res) P

0

! Q . W e therefore deriv e P ! Q b y applying rule (Cong).

W e conclude b y observing that �( Q ) � �( P ). Th us, w e ha v e �( Q ) n �( P ) = new ( S

1

7!

S

2

) = ; .

3. The case when rule Op en has b een applied is similar to that of rule In ab o v e.
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2

Completeness. T o sho w completeness w e need some auxiliary prop erties. The follo wing lemma

sho ws the relation b et w een the states represen ting t w o w ell-lab eled pro cesses whic h are structural

congruen t.

Lemma A.18 L et P and Q b e wel l-lab ele d pr o c esses and let a 2 A , such that a is fr esh for P and

Q . If P � Q , then either �

a

P = �

a

Q or �

a

P 7! �

a

Q .

Pro of: By induction on the depth of P � Q . It is easy to c hec k that in an y case of T able 10

the states obtained via � are equal apart from the case (Bang-Bang). In case (Bang-Bang) w e

ha v e P = ! R and Q = ! R j new ( R ). Hence, w e ha v e �

a

P = S

1

= ( ; ;

a

! R ) and �

a

Q = S

2

=

( ; ;

a

! R ) [ �

a

new ( R ). W e observ e that �

a

P 7! S

2

b y rule Bang .

2

Prop osition A.19 L et S

1

b e a wel l-lab ele d state such that S

1

7! S

0

1

. If S

2

is a wel l-lab ele d state

such that S

1

[ S

2

and S

0

1

[ S

2

is wel l-lab ele d, then we have also S

1

[ S

2

7! S

0

1

[ S

2

.

Pro of: The pro of is b y cases on the rule applied to deriv e S

1

7! S

0

1

. The cases of In , Out and

Op en are trivial; the side conditions imp ose constrain ts whic h hold also for S

1

[ S

2

. In the case

Bang instead w e ha v e S

1

= ( T

1

; C

1

) and S

0

1

= ( T

1

; C

1

) [ �

c

new

S

1

( Q ) for some

c

Q 2 C

1

. W e

obtain S

1

[ S

2

7! S

0

1

[ S

2

, as new

S

1

( Q ) = new

S

1

[ S

2

( Q ) is ensured b y the w ell-lab eling of S

0

1

[ S

2

.

2

Lemma A.20 L et P b e a wel l-lab ele d pr o c ess such that P ! Q . F or any c 2 A which is fr esh for

P , we have �

c

P 7!

�

�

c

Q .

Pro of: The pro of is b y induction on the depth of the deriv ation of P ! Q . The last rule used

could ha v e b een (In), (Out), (Op en), one of the structural rules (Res),(P ar),(Am b) or rule (Cong).

� Assume that P ! Q has b een obtained b y applying rule (In). It means that P = a [ in m

�

. P

0

j

Q

0

] j b [ R

0

], where a = n

�

and b = m




, and Q = b [ a [ P

0

j Q

0

] j R

0

].

By de�nition of � w e ha v e

�

c

P = �

c

a [ in m

�

. P

0

j Q

0

] [ �

c

b [ R

0

] =

( f

a

c

;

b

c

g ; ; ) [ ( ; ;

a

in m

�

. P

0

) [ �

a

Q

0

[ �

b

R

0

.

Therefore, b y applying rule In w e obtain a transition �

c

P 7! S where

S = ( f

a

b

;

b

c

g ; ; ) [ �

a

Q

0

[ �

b

R

0

[ �

a

P

0

.

W e conclude b y observing that, b y de�nition of � ,

�

c

Q = ( f

b

c

g ; ; ) [ �

b

( a [ P

0

j Q

0

] j R

0

) = ( f

a

b

;

b

c

g ; ; ) [ �

a

P

0

[ �

a

Q

0

[ �

b

R

0

= S .
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� Assume that P ! Q has b een obtained b y applying rule (Out). It means that P =

b [ a [ out m

�

. P

0

j Q

0

] j R

0

], where a = n

�

and b = m




, and Q = b [ R

0

] j a [ P

0

j Q

0

].

By de�nition of � w e ha v e

�

c

P = ( f

b

c

g ; ; ) [ �

b

( a [ out m

�

. P

0

j Q

0

] j R

0

) =

( f

b

c

;

a

b

g ; ; ) [ ( ; ;

a

out m

�

. P

0

) [ �

a

Q

0

[ �

b

R

0

.

Moreo v er, b y applying rule Out w e obtain a transition �

c

P 7! S where

S = ( f

b

c

;

a

c

g ; ; ) [ �

a

P

0

[ �

a

Q

0

[ �

b

R

0

.

W e conclude b y observing that, b y de�nition of � ,

�

c

Q = �

c

b [ R

0

] [ �

c

a [ P

0

j Q

0

] = ( f

b

c

;

a

c

g ) [ �

b

R

0

[ �

a

P

0

j Q

0

= S .

� Assume P ! Q has b een obtained b y applying rule (Op en). It means that P = open n

�

. P

0

j

a [ R

0

], where a = n

�

, and Q = P

0

j R

0

.

By de�nition of � w e ha v e

�

c

P = �

c

open n

�

. P

0

[ �

c

a [ R

0

] = (

a

c

; ; ) [ ( ; ;

c

open n

�

. P

0

) [ �

a

R

0

.

Moreo v er, b y applying rule Op en w e obtain a transition �

c

P 7! S where

S = �

c

P

0

[ ( T [

d

c

=

d

a

] ; C [

c

R =

a

R ])

�

a

R

0

= ( T ; C )

W e conclude b y observing that, b y de�nition of �

�

c

Q = �

c

P

0

[ �

c

R

0

.

Since c is fresh, w e also ha v e ( T [

d

c

=

d

a

] ; C [

c

R =

a

R ]) = �

c

R

0

. W e therefore conclude

�

c

Q = S .

� Assume P ! Q has b een obtained b y applying rule (Am b). It means that P = a [ P

1

], where

a = n

�

, and Q = a [ P

2

], where P

1

! P

2

. By de�nition of � w e ha v e

�

c

P = �

c

a [ P

1

] = ( a

c

; ; ) [ �

a

P

1

.

Since P is w ell-lab eled, then P

1

is w ell-lab eled and a is fresh for P

1

. Hence, b y induction

h yp othesis w e ha v e �

a

P

1

7!

�

S

0

, where �

a

P

2

= S

0

. W e no w observ e that Q = a [ P

2

] is w ell-

lab eled. Hence, b y Prop osition A.13, w e ha v e that �

c

Q is w ell-lab eled. Also, b y de�nition

of � w e ha v e

�

c

Q = ( a

c

; ; ) [ �

a

P

2

= ( a

c

; ; ) [ S

0

.

W e conclude b y applying Prop osition A.19. Since ( a

c

; ; ) [ S

0

is w ell-lab eled and �

a

P

1

7!

�

S

0

,

then w e ha v e also

�

c

P 7!

�

( a

c

; ; ) [ S

0

.
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� Assume P ! Q has b een obtained b y applying rule (P ar). It means that P = P

1

j P

2

and

Q = P

0

1

j P

2

, where P

1

! P

0

1

. By de�nition of � w e ha v e

�

c

P = �

c

P

1

[ �

c

P

2

.

Since P is w ell-lab eled and c is fresh for P , then also P

1

is w ell-lab eled and c is fresh for P

1

.

Hence, b y induction h yp othesis w e ha v e �

c

P

1

7!

�

S

0

, where �

c

P

0

1

= S

0

.

W e no w observ e that Q = P

0

1

j P

2

is w ell-lab eled. Hence, b y Prop osition A.13, w e ha v e that

�

c

Q is w ell-lab eled. Also, b y de�nition of � w e ha v e

�

c

Q = �

c

P

0

1

[ �

c

P

2

= S

0

[ �

c

P

2

.

W e conclude b y applying Prop osition A.19. Since S

0

[ �

c

P

2

is w ell-lab eled and �

c

P

1

7!

�

S

0

,

then w e ha v e also

�

c

P 7!

�

S

0

[ �

c

P

2

.

� Assume P ! Q has b een obtained b y applying rule (Res). It means that P = ( � n

�

) P

1

and

Q = ( � n

�

) P

2

where P

1

! P

2

. By de�nition of � w e ha v e

�

c

P = �

c

( P

1

[ m=n ])

where m = H

L

I

( � ).

W e observ e that since P is w ell-lab eled, then m 62 n ( P

1

). Since P

1

! P

2

, then b y Prop osition

A.7, f n ( P

2

) � f n ( P

1

), and consequen tly also m 62 n ( P

2

). Considering the b ound names can

b e � -con v erted, if needed, w e deriv e P

1

[ m=n ] ! P

2

[ m=n ] from P

1

! P

2

.

Since P is w ell-lab eled, then � 62 �( P

1

[ m=n ]). Consequen tly , P

1

[ m=n ] is a w ell-lab eled pro-

cess. Therefore, b y induction h yp othesis w e ha v e �

c

( P

1

[ m=n ]) 7!

�

S

0

, where �

c

( P

2

[ m=n ]) =

S

0

. W e conclude b y observing that

�

c

Q = �

c

( P

2

[ m=n ]) = S

0

.

� Assume P ! Q has b een obtained b y applying rule (Cong). It means that P

1

! Q

1

for

some pro cesses P

1

; Q

1

, suc h that P � P

1

and Q

1

� Q By induction h yp othesis w e ha v e

�

c

P

1

7!

�

S where S = �

c

Q

1

. By Lemma A.18, w e ha v e �

c

P 7!

�

S . Again b y Lemma A.18,

w e ha v e either �

c

Q

1

= �

c

Q or �

c

Q

1

7! �

c

Q . In b oth cases �

c

P 7!

�

�

c

Q .

2

A.3 Equiv alence

W e sho w the pro of of Theorem 4.5.

Soundness: if �

a

P 7! S , then b y Lemma A.17 there exists a w ell-lab eled pro cess Q , suc h that

�

a

Q = S and P !

�

Q . By Lemmas A.1 and A.2 w e ha v e E ( P ) !

�

E ( Q ).

Completeness: if E ( P ) ! Q , then b y Lemma A.9 there exists a w ell-lab eled pro cess Q

0

, suc h

that E ( Q

0

) � Q and P ! Q

0

. By Lemma A.20 w e ha v e �

a

P 7!

�

�

a

Q

0

.
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B Safeness of the abstractions

The follo wing prop osition recalls some w ell-kno wn results of domain theory whic h are useful in the

pro ofs.

Prop osition B.1

1. Given any set S , h } ( S ) ; �i is a c omplete lattic e.

2. Given two c omplete lattic es hS

1

; �

1

i , hS

2

; �

2

i , the pr o duct h ( S

1

� S

2

) ; �

cw

i , wher e �

cw

is

the c omp onent-wise induc e d or dering, is a c omplete lattic e.

B.1 First Abstraction

W e �rst sho w that the pair of functions ( �

�

; 


�

) forms a Galois connection b et w een hS

\

; �i and

hS

�

; �

�

i (Theorem 5.6).

Prop osition B.2 The c oncr ete domain hS

\

; �i and the abstr act domain hS

�

; �

�

i ar e complete

lattices .

Pro of: The concrete domain S

\

= } ( S

= �

) is a complete lattice b y case 1. of Prop osition B.1.

The abstract domain hS

�

; �

�

i is a complete lattice b y case 2. of Prop osition B.1. Notice that, b y

de�nition of �

�

(De�nition 5.3), giv en t w o w ell-lab eled states S

�

1

and S

�

2

, S

�

1

[ S

�

2

is a w ell-lab eled

state as w ell.

2

The follo wing prop osition states the basic prop erties of the concretization and abstraction func-

tions.

Prop osition B.3 F unction �

�

: hS

\

; �i ! hS

�

; �

�

i is monotonic and con tin uous and function




�

: hS

�

; �

�

i ! hS

\

; �i is monotonic .

Pro of: Straigh tforw ard b y De�nition 5.5. 2

The prop erties stated ab o v e are enough to pro v e Theorem 5.6.

Pro of: [of Theorem 5.6] W e sho w that ( �

�

; 


�

) is a Galois connection (see De�nition 2.1). By

Prop osition B.2 the concrete and abstract domains are complete lattices. Also, b y Prop osition B.3

b oth �

�

and 


�

are monotonic. Hence, it remains t w o sho w that, for S

�

2 S

�

and S

\

2 S

\

, w e

ha v e

S

\

� 


�

( �

�

( S

\

))

�

�

( 


�

( S

�

)) �

�

S

�

Both assertions follo w rather ob viously from De�nition 5.5. W e ha v e S

\

� 


�

( �

�

( S

\

)) since b y

de�nition of 


�

and �

�

,




�

( �

�

( S

\

)) =

[

f [ S ] j �

�

( f [ S ] g ) �

�

[

�

[ S ] 2 S

\

�

�

([ S ]) g .
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Moreo v er, b y de�nition of �

�

and 


�

, and b y con tin uit y of �

�

(Prop osition B.3) w e ha v e

�

�

( 


�

( S

�

)) = �

�

(

[

f [ S ] j �

�

( f [ S ] g ) �

�

S

�

g ) =

[

�

�

�

( f [ S ] j �

�

( f [ S ] g ) �

�

S

�

g ).

By de�nition of least upp er b ound on a complete lattice w e conclude therefore

[

�

�

�

( f [ S ] j �

�

( f [ S ] g ) �

�

S

�

g ) �

�

S

�

.

2

W e no w sho w some basic prop erties of the concrete and abstract seman tic functions whic h are

needed to establish the safeness of the abstraction (Lemma 5.8).

Lemma B.4 L et S

�

1

; S

�

2

2 S

�

b e wel l-lab ele d abstr act states such that S

�

1

�

�

S

�

2

. if S

�

1

7!

�

S

0

�

1

, then

ther e exists a tr ansition S

�

2

7!

�

S

0

�

2

, such that S

0

�

1

�

�

S

0

�

2

.

Pro of: There are t w o cases dep ending on whether S

�

1

� S

�

2

or not. In the former case the pro of

is straigh tforw ard. In the latter case, it means that there exists an abstract state S

00

�

1

, suc h that

S

00

�

1

= S

�

1

� for a renaming � : L

I

! L

�

, where either � ( `

1

) = `

1

or � ( `

1

) = `

!

, and S

00

�

1

� S

�

2

. It

is easy to c hec k (b y cases on the rules of T able 7) that w e ha v e S

00

�

1

7!

�

S

000

�

1

suc h that S

0

�

1

�

�

S

000

�

1

.

Since S

00

�

1

� S

�

2

and S

00

�

1

7!

�

S

000

�

1

, then w e ha v e also S

�

2

7!

�

S

0

�

2

suc h that S

000

�

1

�

�

S

0

�

2

. W e conclude

b ecause S

0

�

1

�

�

S

000

�

1

�

�

S

0

�

2

.

2

Lemma B.5 L et S 2 S and S

�

2 S

�

. The functions 	

S

: hS

\

; �i ! hS

\

; �i and 	

�

S

�

: hS

�

; �

�

i !

hS

�

; �

�

i ar e monotonic.

Pro of: The pro of follo ws immediately b y Lemma B.4 using De�nitions 4.9 and 5.7.

2

W e state some relev an t prop erties of the auxiliary abstraction function �

�

: S ! S

�

whic h

maps a state in to an abstract state (see De�nition 5.5, case 1.). The follo wing lemma sa ys that

�

�

is con tin uous for union of states with a sp ecial shap e (Recall that the abstraction o v er sets of

states �

�

: S

\

! S

�

is con tin uous as sho wn b y Prop osition B.3). T o state formally this result w e

need to in tro duce an auxiliary concept. Let S

1

; S

2

b e t w o w ell-lab eled states. W e sa y that S

2

is a

sub-tr e e of S

1

with ro ot a 2 A i� a is the ro ot of S

2

, and only am bien t a o ccurs b oth in S

1

and S

2

.

W e in tro duce a con v en tion whic h is useful in the follo wing pro ofs. W e recall that an y ob ject

ma y ha v e sev eral abstractions dep ending on the global n um b er of o ccurrences of its lab els in the

state. In the abstraction �

�

(see De�nition 5.5) this is formalised b y: the renaming �

�

S

, whic h

dep end on the state S and in tro duce the m ultiplicit y coun ting the indexes; the substitution �

�

whic h simply remo v es indexes. When the renaming �

�

S

is clear from the con text w e ma y use: a

�

to denote the abstract v ersion of a ; P

�

to denote that abstract v ersion of P .

Lemma B.6 L et S

1

; S

2

b e two wel l-lab ele d states, such that S

1

[ S

2

also is wel l-lab ele d. If S

2

is

a sub-tr e e of S

1

with r o ot a , then we have

�

�

( S

1

[ S

2

) = �

�

( S

1

) [

�

�

�

( S

2

) f [ a

�

b

�

=a

�

@

] g

wher e b is the father of a in S

1

16

.

16

Meaning that a

b

2 T

1

for S

1

= ( T

1

; C

1

).
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Pro of: Let �

�

( S

1

[ S

2

) = ( T

�

; C

�

), S

i

= ( T

i

; C

i

) and �

�

( S

i

) = ( T

i

�

; C

i

�

) for i 2 f 1 ; 2 g . W e

recall that, b y de�nition of �

�

(De�nition 5.5), w e ha v e ( T

�

; C

�

) = ( T

0

�

; C

0

�

) �

�

S

1

[ S

2

�

�

where

T

0

�

= f

a

b

c

j

a

b

;

b

c

2 T

1

[ T

2

g

C

0

�

= f

a

b

P j

a

b

2 T

1

[ T

2

;

a

P 2 C

1

[ C

2

g .

Analogously , for i 2 f 1 ; 2 g , w e ha v e ( T

�

i

; C

�

i

) = ( T

0

i

�

; C

0

i

�

) �

�

S

i

�

�

where

T

0

i

�

= f

a

b

c

j

a

b

;

b

c

2 T

i

g

C

0

i

�

= f

a

b

P j

a

b

2 T

i

;

a

P 2 C

i

g .

W e �rst sho w that T

0

�

� T

0

1

�

[ T

0

2

�

f [ a

b

=a

@

] g . Let us consider a generic elemen t c

d

e

2 T

0

�

. It means

that

c

d

;

d

e

2 T

1

[ T

2

. There are sev eral p ossibilities:

1. Both

c

d

2 T

1

and

d

e

2 T

1

. It is immediate to c hec k that w e ha v e also c

d

e

2 T

0

1

�

.

2. Both

c

d

2 T

2

and

d

e

2 T

2

. Similarly as in the previous case w e ha v e c

d

e

2 T

0

2

�

. W e no w

observ e that c and d cannot b e a , b ecause a is the ro ot of S

2

. W e therefore conclude that

c

d

e

2 T

0

2

�

f [ a

b

=a

@

] g .

3. One elemen t b elongs to T

1

and the other one to T

2

. Since S

2

is a sub-tree of S

1

with ro ot a

the only p ossibilit y is that

c

d

2 T

2

,

d

e

2 T

1

and d = a . Moreo v er, since b is the father of a in

S

1

, it means that e = b . It is immediate to c hec k that c

a

@

2 T

0

2

�

, so that c

a

b

2 T

0

2

�

f [ a

b

=a

@

] g .

W e no w sho w the con v erse T

0

�

� T

0

1

�

[ T

0

2

�

f [ a

b

=a

@

] g . Let us consider a generic elemen t c

d

e

2

T

0

1

�

[ T

0

2

�

f [ a

b

=a

@

] g . There are t w o p ossibilities:

1. If c

d

e

2 T

0

1

�

, then b oth c

d

, d

e

2 T

1

. It follo ws that b oth c

d

, d

e

2 T

1

[ T

2

, and th us c

d

e

2 T

0

�

.

2. If c

d

e

2 T

0

2

�

f [ a

b

=a

@

] g , then either c

d

e

2 T

0

2

�

or d = a , e = b and c

a

@

2 T

0

2

�

. The former case

is analogous to 1. ab o v e. In the latter case w e observ e that c

a

2 T

2

. Since a

b

2 T

1

, w e ha v e

c

a

; a

b

2 T

1

[ T

2

, and th us c

a

b

2 T

0

�

.

A similar argumen t applies also to the con�guration. Hence, w e ha v e

( T

0

�

; C

0

�

) = ( T

0

1

�

; C

0

1

�

) [ ( T

0

2

�

; C

0

2

�

) f [ a

b

=a

@

] g .

Therefore, w e ha v e also

( T

0

�

; C

0

�

) �

�

S

1

[ S

2

�

�

= ( T

0

1

�

; C

0

1

�

) �

�

S

1

[ S

2

�

�

[ ( T

0

2

�

; C

0

2

�

) f [ a

b

=a

@

] g �

�

S

1

[ S

2

�

�

.

Using a

�

= a�

�

S

1

[ S

2

�

�

and b

�

= b�

�

S

1

[ S

2

�

�

, w e obtain

( T

0

�

; C

0

�

) �

�

S

1

[ S

2

�

�

= ( T

0

1

�

; C

0

1

�

) �

�

S

1

[ s

2

�

�

[ ( T

0

2

�

; C

0

2

�

) �

�

S

1

[ S

2

�

�

f [ a

�

b

�

=a

�

@

] g .

No w w e observ e that the equalit y is preserv ed, when the renamings �

�

S

i

are used for i 2 f 1 ; 2 g in

place of �

�

S

1

[ S

2

and [ is replaced b y [

�

. This b ecause [

�

mo di�es the m ultiplicit y coun ting the

n um b er of the o ccurrences of the union. Therefore, w e conclude

( T

0

�

; C

0

�

) �

�

S

1

[ S

2

�

�

= ( T

0

1

�

; C

0

1

�

) �

�

S

1

�

�

[

�

( T

0

2

�

; C

0

2

�

) �

�

S

2

�

�

f [ a

�

b

�

=a

�

@

] g .

2
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The follo wing prop osition sho ws the safeness of the abstract normalisation function �

�

. Notice

that a is the ro ot of �

a

P so that the abstraction �

�

assigns @ as father of a

�

. It is therefore

necessary to replace @ with b

�

.

Prop osition B.7 L et P b e a wel l-lab ele d pr o c ess and a 2 A such that a is fr esh for P . We have

�

�

( �

a

P ) f [ a

�

b

�

=a

�

@

] g�

�

�

�

a

�

b

�

P

�

.

Pro of: The pro of pro ceeds b y induction on the structure of P using the de�nition of �

�

(T able

6). W e sho w the most in teresting cases.

� Assume that P = c [ P

1

]. W e ha v e

�

a

P = ( f c

a

g ; ; ) [ �

c

P

1

.

By Prop osition A.13, �

a

P is w ell-lab eled state. Moreo v er, w e observ e that �

c

P

1

is a sub-tree

of ( f c

a

g ; ; ) with ro ot c . Th us, b y Lemma B.6 w e ha v e

�

�

( �

a

P ) = �

�

(( f c

a

g ; ; )) [

�

�

�

( �

c

P

1

) f [ c

�

a

�

=c

�

@

] g .

By induction h yp othesis w e ha v e

�

�

( �

c

P

1

) f [ c

�

a

�

=c

�

@

] g�

�

�

� c

� a

�

P

�

1

.

Moreo v er, b y de�nition of �

�

w e ha v e �

�

(( f c

a

g ; ; )) = ( f c

�

a

� @

g ; ; ).

Therefore, w e ha v e

�

�

( �

a

P ) �

�

( f c

�

a

� @

g ; ; ) [

�

�

� c

� a

�

P

�

1

.

W e no w observ e that the replacemen t f [ a

�

b

�

=a

�

@

] g cannot a�ect �

� c

� a

�

P

�

1

b ecause the

abstract top ology of a single state is a tree. Therefore, w e ha v e

�

�

( �

a

P ) f [ a

�

b

�

=a

�

@

] g�

�

( f c

�

a

� @

g ; ; ) f [ a

�

b

�

=a

�

@

] g[

�

�

� c

� a

�

P

�

1

.

W e conclude b ecause b y de�nition of �

�

w e ha v e

�

�

a

�

b

�

P

�

= ( f c

�

a

� b

�

g ; ; ) [

�

�

�

c

�

a

�

P

�

1

.

� Assume that P = ( � n

�

P

1

) . W e ha v e

�

a

P = �

a

( P

1

[ ^ n

i

=n ])

where ^n

i

= H

L

I

( � ) and � = `

i

.

Since P is w ell-lab eled, then � 62 �( P

1

). Therefore, P

1

[ ^ n

i

=n ] is w ell-lab eled, and b y induction

h yp othesis w e ha v e

�

�

( �

a

( P

1

[ ^ n

i

=n ])) f [ a

�

b

�

=a

�

@

] g�

�

�

�

a

�

b

�

�

�

( P

1

[ ^ n

i

=n ]) .

Let P

�

= �

�

( P ) = ( � n

�

�

) P

�

1

. By de�nition of �

�

w e ha v e �

�

( P

1

[ ^ n

i

=n ]) = P

�

1

[ ^ n=n ]. No w

w e use H

L

�

( �

�

) = ^n and w e obtain b y de�nition of �

�

�

�

a

�

b

�

P

�

= �

�

a

�

b

�

P

1

�

[ ^ n=n ] .
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2

The follo wing lemma is the core of the pro of of safeness; it states the agreemen t b et w een

concrete and abstract transitions.

Lemma B.8 L et S; S

0

2 S b e wel l-lab ele d states. F or any S 7! S

0

ther e exists an abstr act state

S

0

�

, such that �

�

( S ) 7!

�

S

0

�

and �

�

( S

0

) �

�

S

0

�

.

Pro of: The pro of is b y cases on the rule applied to obtain the transition S 7! S

0

. One of the

rules Bang , In , Out and Op en of T able 5 could ha v e b een applied. Assume that S = ( T ; C ), b y

de�nition of �

�

(De�nition 5.5), w e ha v e �

�

( S ) = ( T

�

; C

�

) = ( T

0

�

; C

0

�

) �

�

S

�

�

where

T

0

�

= f

a

b

c

j

a

b

;

b

c

2 T g

C

0

�

= f

a

b

P j

a

b

2 T ;

a

P 2 C g .

As usual w e use a

�

to denote the abstract v ersion of a , that is a�

�

S

�

�

. Similarly , for the other

am bien ts and pro cesses.

Bang It means that

a

! P 2 C and that

S

0

= S [ �

a

new

S

( P ).

By de�nition of �

�

w e ha v e

a

� b

�

! P

�

2 C

�

, where b is the father of a in S , i.e. either

a

b

2 T ,

or a is the ro ot of T and b = @. Hence, b y applying rule Bang

�

, w e obtain a transition

�

�

( S ) 7!

�

S

0

�

where

S

0

�

= �

�

( S ) [

�

�

� a

� b

�

new

!

( P

�

) .

It remains to sho w that �

�

( S

0

) �

�

S

0

�

, that is

�

�

( S [ �

a

new

S

( P ) ) �

�

�

�

( S ) [

�

�

� a

� b

�

new

!

( P

�

).

W e observ e that �

a

new

S

( P ) is a sub-tree of S with ro ot a . Hence, b y Lemma B.6, w e ha v e

�

�

( S [ �

a

new

S

( P )) = �

�

( S ) [

�

�

�

( �

a

new

S

( P ) ) f [ a

�

b

�

=a

�

@

] g .

By Prop osition B.7 w e ha v e also

�

�

( �

a

new

S

( P ) ) f [ a

�

b

�

=a

�

@

] g�

�

�

� a

� b

�

�

�

( new

S

( P )) .

W e no w observ e that the function new

!

giv es m ultiplicit y ! to an y lab el of P

�

. It means

that

�

� a

� b

�

�

�

( new

S

( P )) �

�

�

� a

� b

�

new

!

( P

�

).

W e therefore conclude

�

�

( �

a

new

S

( P ) ) f [ a

�

b

�

=a

�

@

] g�

�

�

� a

� b

�

new

!

( P

�

) .
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In It means that

a

b

;

m

�

b

2 T and t =

a

in m




. P 2 C , where a 6= m

�

and a 6= @. Moreo v er,

S

0

= �

a

P [ (( T n f

a

b

g ) [ f

a

m

�

g ; C n f t g ).

By de�nition of �

�

w e ha v e

a

� b

�

in m




�

. P

�

2 C

�

, since b is the father of a (

a

b

2 T ).

Moreo v er, it is immediate to c hec k that there exists c

�

suc h that

a

�

b

� c

�

;

m

�

�

b

� c

�

2 T

�

.

Notice that, since a 6= @, either c is the father of b in T , or b = @ and c

�

= > , or b is the

ro ot of T and c

�

= @.

W e no w observ e that the side condition of rule In

�

is satis�ed (if a

�

= m

`

1

then �

�

6= `

1

).

Since a 6= m

�

, there are t w o cases: either a = k

�

or a = m

�

with � 6= � . In the former case

the side condition is immediately satis�ed. In the latter case it dep ends on whether � and �

di�er in the indexes only . In particular, when � = `

j

and � = `

h

for indexes j; h , suc h that

j 6= h , the side condition is satis�ed, b ecause �

�

= �

�

= `

!

b y de�nition of the abstraction.

By applying rule In

�

, w e obtain a transition �

�

( S ) 7!

�

S

0

�

where

S

0

�

= �

�

a

�

m

�

�

P

�

[

�

S

�

2

S

�

2

= �

�

( S ) [

�

( T

�

[

�

f

a

�

m

�

�

b

�

g ; C

�

n

�

f t

�

g ) f [ a

�

m

�

�

=a

�

b

�

] g

.

It remains to sho w that �

�

( S

0

) �

�

S

0

�

, that is

�

�

( �

a

P [ (( T n f

a

b

g ) [ f

a

m

�

g ; C n f t g )) �

�

S

0

�

.

W e observ e that �

a

P is a sub-tree of S

0

with ro ot a and that the father of a in S

0

is m

�

.

Hence, b y Lemma B.6, w e ha v e

�

�

( S

0

) = �

�

( �

a

P ) f [ a

�

m

�

�

=a

�

@

] g [

�

S

�

1

S

�

1

= �

�

(( T n f

a

b

g ) [ f

a

m

�

g ; C n f t g ).

By Prop osition B.7 w e ha v e also

�

�

( �

a

P ) f [ a

�

m

�

�

=a

�

@

] g�

�

�

� a

� m

�

�

P

�

.

Hence, to conclude it is enough to sho w that S

1

�

�

�

S

2

�

, that is

�

�

(( T n f

a

b

g ) [ f

a

m

�

g ; C n f t g ) �

�

�

�

( S ) [

�

( T

�

[

�

f

a

�

m

�

�

b

�

g ; C

�

n

�

f t

�

g ) f [ a

�

m

�

�

=a

�

b

�

] g .

In the follo wing w e assume that S

i

�

= ( T

i

�

; C

i

�

) for i 2 f 1 ; 2 g (w e recall also that �

�

( S ) =

( T

�

; C

�

) = ( T

0

�

; C

0

�

) �

�

S

�

�

).

� W e sho w T

�

1

�

�

T

�

2

. Let

d

�

e

� f

�

2 T

1

�

, b y de�nition of �

�

w e ha v e

d

e

;

e

f

2 ( T n f

a

b

g ) [

f

a

m

�

g . There are sev eral cases to consider dep ending on ho w the am bien t a , whose

father has c hanged, is in v olv ed.

Assume that none of d

�

and e

�

is equal to a

�

. It is easy to c hec k that

d

e

;

e

f

2 T .

Hence, w e ha v e

d

�

e

� f

�

2 T

�

and, consequen tly , also

d

�

e

� f

�

2 T

2

�

.
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Assume that d

�

= a

�

. Since

m

�

b

;

a

m

�

2 ( T n f

a

b

g ) [ f

a

m

�

g then e

�

= m

�

�

and

f

�

= b

�

. W e conclude b ecause

a

�

m

�

�

b

�

2 T

2

�

.

Assume that e

�

= a

�

. It means that f

�

= m

�

�

as

a

m

�

2 ( T n f

a

b

g ) [ f

a

m

�

g . Therefore,

w e ha v e

d

a

;

a

b

2 T and

d

�

a

� b

�

2 T

�

. Moreo v er , w e ha v e

d

�

a

�

m

�

�

2 T

�

f [ a

�

m

�

�

=a

�

b

�

] g

and, consequen tly ,

d

�

a

�

m

�

�

2 T

2

�

.

� W e sho w C

�

1

�

�

C

2

�

b y considering a generic elemen t

d

�

e

�

Q 2 C

�

1

. The pro of is similar

to the one sho wn for the top ology; the only in teresting case is when the pro cess Q is

lo cal to a , that is d

�

= a

�

and e

�

= m

�

�

. By de�nition of �

�

it means that

a

Q 2 C n f t g

and a

m

�

2 ( T n f

a

b

g ) [ f

a

m

�

g , and consequen tly

a

Q 2 C and a

b

2 T . By de�nition

of �

�

w e obtain

a

� b

�

Q

�

2 C

�

. No w, w e use the de�nition of n

�

; there are t w o cases

dep ending on whether the lab el 
 is either `

0

1

or `

0

!

.

When 
 = `

0

!

w e ha v e C

�

n

�

f t

�

g = C

�

. Since

a

� b

�

Q

�

2 C

�

then w e conclude

a

� m

�

�

Q

�

2

C

�

n

�

f t

�

gf [ a

�

m

�

�

=a

�

b

�

] g .

When 
 = `

0

1

w e ha v e C

�

n

�

f t

�

g = C

�

n f t

�

g . W e observ e that it cannot b e the case

that Q

�

= t

�

, as 
 = `

1

sho ws that there is only ob ject with lab el 
 . Therefore, w e

ha v e

a

� b

�

Q

�

2 C

�

n

�

f t

�

g . W e then conclude as b efore.

Out Similar to the case of rule In

�

ab o v e.

Op en It means that

m

�

a

2 T and t =

a

open m




. P 2 C , where a 6= m

�

. Moreo v er,

S

0

= �

a

P [ (( T n f

m

�

a

g ) ; ( C n f t g )) f [ a=m

�

] g

By de�nition of �

�

w e ha v e

a

� b

�

open m

�

�

. P 2 C

�

, where b is the father of a in T , i.e. either

a

b

2 T or a is the ro ot of T and b = @. Moreo v er, since

m

�

a

2 T w e ha v e also

m

�

�

a

� b

�

2 T

�

.

W e observ e that the side condition of rule Op en

�

is satis�ed since a 6= m

�

(b y applying a

reasoning similar to that for In ). Hence, b y applying rule Op en

�

, w e obtain a transition

�

�

( S ) 7!

�

S

0

�

where

S

0

�

= �

�

a

�

b

�

P

�

[

�

�

�

( S ) [

�

�

�

( S ) f [ a

�

b

�

=m

�

�

a

�

] gf [ c

a

�

=c

m

�

�

] g

It remains to sho w that �

�

( S

0

) �

�

S

0

�

, that is

�

�

( �

a

P [ (( T n f

m

�

a

g ) ; ( C n f t g )) f [ a=m

�

] g ) �

�

S

0

�

.

W e observ e that �

a

P is a sub-tree of S with ro ot a . Hence, b y Lemma B.6, w e ha v e

�

�

( S

0

) = �

�

( �

a

P ) f [ a

�

b

�

=a

�

@

] g [

�

�

�

((( T n f

m

�

a

g ) ; ( C n f t g )) f [ a=m

�

] g ).

By Prop osition B.7 w e ha v e also

�

�

( �

a

P ) f [ a

�

b

=a

�

@

] g�

�

�

� a

� b

�

P

�

.

Therefore, to conclude it is enough to sho w that

�

�

((( T n f

m

�

a

g ) ; ( C n f t g )) f [ a=m

�

] g ) �

�

�

�

( S ) [

�

�

�

( S ) f [ a

�

b

�

=m

�

�

a

�

] gf [ c

a

�

=c

m

�

�

] g .
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This can b e sho wn follo wing the reasoning used for the similar inclusion in rule In ab o v e. It

is w orth giving some details only ab out the substitutions. The substitution f [ a

�

b

�

=m

�

�

a

�

] g

guaran tees that the op ening am bien t a acquires an y am bien t and pro cess lo cal to m

�

. Sim-

ilarly , the substitution f [ c

a

�

=c

m

�

�

] g guaran tees that the remo v al of m

�

is propagated also to

the pro cesses and am bien ts lo cal to an am bien t, whic h is a son of m

�

.

2

W e can no w pro v e the main result, that is Lemma 5.8. W e recall its assertion for clarit y:

L et S

2

2 S and S

\

2 S

\

. We have

�

�

(	

S

2

( S

\

)) �

�

	

�

�

�

( S

2

)

( �

�

( S

\

)).

Pro of: [of Lemma 5.8] W e �rst notice that, b y de�nition of � , when S

1

� S

2

w e ha v e �

�

( S

1

) =

�

�

( S

2

). Moreo v er, for an y S

1

7! S

0

1

w e ha v e S

2

7! S

0

2

suc h that S

0

1

� S

0

2

. This observ ation p ermits

us to simplify the pro of b y using, with an abuse of notation, S 2 S

\

in place of [ S ] 2 S

\

. By

de�nition of 	

S

2

(De�nition 4.9) w e therefore ha v e

	

S

2

( S

\

) = f [ S

2

] g [

[

S 2f S

3

j S

1

7! S

3

; S

1

2 S

\

g

f [ S ] g .

Th us, b y con tin uit y of �

�

(Prop osition B.3) and using �

�

( f [ S

2

] g ) = �

�

( S

2

) and �

�

( f [ S ] g ) = �

�

( S ),

w e obtain

�

�

(	

S

2

( S

\

)) = �

�

( S

2

) [

�

[

�

S 2f S

3

j S

1

7! S

3

; S

1

2 S

\

g

�

�

( S ).

By Lemma B.8 w e ha v e that, for eac h S

1

2 S

\

and for eac h S

1

7! S

3

, there exists �

�

( S

1

) 7!

�

S

�

3

suc h that �

�

( S

3

) �

�

S

�

3

. Since f S

1

g � S

\

, then b y monotonicit y of �

�

(Prop osition B.3) w e

ha v e �

�

( f S

1

g ) = �

�

( S

1

) �

�

�

�

( S

\

). Hence, b y Lemma B.4, w e ha v e also �

�

( S

\

) 7!

�

S

�

4

suc h that

�

�

( S

3

) �

�

S

�

3

�

�

S

�

4

.

W e conclude, b ecause b y De�nition of 	

�

�

�

( S

2

)

(De�nition 5.7), w e ha v e

	

�

�

�

( S

2

)

( �

�

( S

\

)) = �

�

( S

2

) [

�

[

�

S

�

2f S

�

3

j �

�

( S

\

) 7!

�

S

�

3

g

S

�

.

2

B.2 Second abstraction

W e �rst sho w that the pair of functions ( �

�

; 


�

) forms a Galois connection b et w een hS

�

; �

�

i and

hS

�

; �i (Theorem 6.4).

Prop osition B.9 The abstr act domain hS

�

; �i is a complete lattice .

Pro of: Straigh tforw ard b y Prop osition B.1. 2

The follo wing prop osition states the basic prop erties of the concretization and abstraction func-

tions.
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Prop osition B.10 F unction �

�

: hS

�

; �

�

i ! hS

�

; �i is monotonic and con tin uous and function




�

: hS

�

; �i ! hS

�

; �

�

i is monotonic .

Pro of: T rivial b y De�nition 6.3. 2

The prop erties stated ab o v e are enough to pro v e Theorem 6.4.

Pro of: [of Theorem 6.4] W e sho w that ( �

�

; 


�

) is a Galois connection (see De�nition 2.1). By

Prop ositions B.2 and B.9 b oth abstract domains are complete lattices. Also, b y Prop osition B.10

b oth �

�

and 


�

are monotonic. Hence, it remains t w o sho w that, for S

�

2 S

�

and S

�

2 S

�

, w e

ha v e

S

�

�

�




�

( �

�

( S

�

))

�

�

( 


�

( S

�

)) � S

�

Both assertions follo w straigh tforw ardly from De�nition 6.3. W e ha v e S

�

�

�




�

( �

�

( S

�

)) since, b y

de�nition of 


�

and �

�

,




�

( �

�

( S

�

)) =

[

�

f S

0

�

j �

�

( S

0

�

) � �

�

( S

�

) g .

Moreo v er, b y de�nition of 


�

and �

�

and b y con tin uit y of �

�

(Prop osition B.10) , w e ha v e

�

�

( 


�

( S

�

)) = �

�

(

[

�

f S

�

j �

�

( S

�

) � S

�

g ) =

[

�

�

( f S

�

j �

�

( S

�

) � S

�

g ).

By de�nition of least upp er b ound on a complete lattice w e conclude therefore

[

�

�

( f S

�

j �

�

( S

�

) � S

�

g ) � S

�

.

2

W e no w sho w the safeness of the second abstraction (Lemma 6.6). The pro of uses some

auxiliary lemmata similar to those sho wn for the �rst abstraction.

Lemma B.11 L et S

�

1

; S

�

2

2 S

�

b e wel l-lab ele d abstr act states such that S

�

1

� S

�

2

. if S

�

1

7!

�

S

0

�

1

, then

ther e exists a tr ansition S

�

2

7!

�

S

0

�

2

, such that S

0

�

1

�

�

S

0

�

2

.

Pro of: The pro of is straigh tforw ard b y cases on the rules of T able 8.

2

Lemma B.12 L et S

�

2 S

�

. The function 	

�

S

�

: hS

�

; �i ! hS

�

; �i is monotonic.

Pro of: This follo ws from Lemma B.11 using De�nition 6.5.

2

T o simplify the notation w e use the follo wing con v en tion: a

�

denotes the abstract v ersion of

a , that is a�

�

where �

�

is the renaming whic h forgets m ultiplicities (i.e. �

�

( `

1

) = �

�

( `

!

) = ` .)

Similarly for pro cesses P

�

is the abstract v ersion of P .
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Prop osition B.13 L et P b e a wel l-lab ele d abstr act pr o c ess. We have

�

�

( �

�

a

b

P ) = �

� a

�

P

�

.

Pro of: The pro of is easy pro ceeding b y induction on the structure of P and using the de�nition

of �

�

(De�nition 6.3). W e recall that

�

�

(( T

�

; C

�

)) = ( f

a

b

j

a

b

c

2 T

�

g ; f

a

P j

a

b

P 2 C

�

g ) �

�

.

Since function �

�

remo v es the partial top ology , the information that b is father of a is lost.

2

Lemma B.14 L et S

�

; S

0

�

2 S

�

b e wel l-lab ele d abstr act states. F or any S

�

7!

�

S

0

�

ther e exists an

abstr act state S

0

�

, such that �

�

( S

�

) 7!

�

S

0

�

and �

�

( S

0

�

) � S

0

�

.

Pro of: The pro of is b y cases on the rule applied to obtain the transition S

�

7!

�

S

0

�

. One of the

rules Bang

�

, In

�

, Out

�

and Op en

�

of T able 7 could ha v e b een applied. Let S

�

= ( T

�

; C

�

) and

�

�

( S

�

) = ( T

�

; C

�

). W e recall that, b y de�nition of �

�

(De�nition 6.3), w e ha v e

�

�

( S

�

) = ( f

a

b

j

a

b

c

2 T

�

g ; f

a

P j

a

b

P 2 C

�

g ) �

�

Bang

�

It means that

a

b

! P 2 C

�

and that

S

0

�

= S

�

[

�

�

�

a

b

new

!

( P ).

By de�nition of �

�

w e deriv e that

a

�

! P

�

2 C

�

. Hence, b y applying rule Bang

�

of T able 8,

w e obtain a transition �

�

( S

�

) 7!

�

S

0

�

where

S

0

�

= �

�

( S

�

) [ �

� a

�

P

�

.

It remains to sho w that �

�

( S

0

�

) � S

0

�

. By con tin uit y of �

�

(Prop osition B.10) w e ha v e

�

�

( S

0

�

) = �

�

( S

�

) [ �

�

( �

�

a

b

new

!

( P )).

W e notice that, since the abstraction �

�

forgets an y m ultiplicit y , w e ha v e

�

�

( �

�

a

b

new

!

( P )) = �

�

( �

�

a

b

P ).

W e conclude, b ecause b y Prop osition B.13 w e ha v e

�

�

( �

�

a

b

P ) = �

� a

�

P

�

.

In

�

It means that

a

b

c

;

m

�

b

c

2 T

�

and

a

b

in m

�

. P 2 C

�

, and that

S

0

�

= S

�

[

�

�

�

a

m

�

P [

�

( T

�

[ f

a

m

b

�

g ; C

�

n

�

f c g ) f [ a

m

�

=a

b

] g .

By de�nition of �

�

w e ha v e that

a

�

b

�

;

m

�

�

b

�

2 T

�

and

a

�

in m

�

�

. P

�

2 C

�

. Hence, b y

applying rule In

�

of T able 8, w e obtain a transition �

�

( S

�

) 7!

�

S

0

�

where

S

0

�

= �

�

( S

�

) [ �

� a

�

P

�

[ ( f

a

�

m

�

�

g ; ; ).
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It remains to sho w that �

�

( S

0

�

) � S

0

�

. By con tin uit y of �

�

(Prop osition B.10) w e ha v e

�

�

( S

0

�

) = �

�

( S

�

) [

�

�

�

( �

�

a

m

�

P ) [

�

�

�

(( T

�

[ f

a

m

b

�

g ; C

�

n

�

f c g ) f [ a

m

�

=a

b

] g ).

By Prop osition B.13 w e ha v e that

�

�

( �

�

a

m

�

P ) � �

� a

�

P

�

.

W e observ e that

�

�

(( T

�

[ f

a

m

b

�

g ; C

�

n

�

f c g ) f [ a

m

�

=a

b

] g ) = �

�

(( T

�

[ f

a

m

b

�

g ; C

�

n

�

f c g )

In fact, the op eration of replacemen t only a�ects the partial top ology whic h is remo v ed b y

the abstraction �

�

. F urthermore, w e ha v e also using the con tin uit y of �

�

and the de�nition

of n

�

�

�

(( T

�

[

�

f

a

m

b

�

g ; C

�

n

�

f c g ) � �

�

(( T

�

[ f

a

m

b

�

g ; C

�

) = �

�

( S

�

) [ �

�

((

a

m

b

�

; ; )).

Since �

�

((

a

m

b

�

; ; )) = ( f

a

�

m

�

�

g ; ; ) w e conclude that

�

�

(( T

�

[ f

a

m

b

�

g ; C

�

n

�

f c g ) f [ a

m

�

=a

b

] g ) � �

�

( S

�

) [ ( f

a

�

m

�

�

g ; ; ).

Out

�

The pro of is similar to that of rule In

�

ab o v e.

Op en

�

It means that

m

�

a

b

2 T

�

and

a

b

open m

�

�

. P 2 C

�

and that

S

0

�

= S

�

[

�

�

�

a

b

P [

�

S

�

f [ a

b

=m

�

a

] gf [ c

a

=c

m

�

] g .

By de�nition of �

�

w e ha v e

m

�

�

a

�

2 T

�

and

a

�

open m

�

�

. P

�

2 C

�

. Hence, b y applying rule

Op en

�

of T able 8, w e obtain a transition � ( S

�

) 7!

�

S

0

�

where

S

0

�

= �

�

( S

�

) [ �

� a

�

P

�

[ �

�

( S

�

) f [ a

�

=m

`

0

] g .

It remains to sho w that �

�

( S

0

�

) � S

0

�

. By con tin uit y of �

�

(Prop osition B.10) w e ha v e

�

�

( S

0

�

) = �

�

( S

�

) [ �

�

( �

�

a

b

P ) [ �

�

( S

�

f [ a

b

=m

�

a

] gf [ c

a

=c

m

�

] g ).

By Prop osition B.13 w e ha v e that

�

�

( �

�

a

b

P ) � �

� a

�

P

�

.

W e observ e also that, since the abstraction �

�

forgets the partial top ology , w e ha v e

�

�

( S

�

f [ a

b

=m

�

a

] gf [ c

a

=c

m

�

] g ) = �

�

( S

�

f [ a

b

=m

�

a

] g )

�

�

( S

�

f [ a

b

=m

�

a

] g ) = �

�

( S

�

) f [ a

�

=m

`

0

] g .

Hence, w e conclude that

�

�

( S

�

f [ a

b

=m

�

a

] gf [ c

a

=c

m

�

] g ) � �

�

( S

�

) f [ a

�

=m

`

0

] g .
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2

W e can no w sho w the pro of of Lemma 6.6. W e recall its assertion:

L et S

�

1

; S

�

2

2 S

�

. We have

�

�

(	

�

S

�

2

( S

�

1

)) � 	

�

�

�

( S

�

2

)

( �

�

( S

�

1

))

Pro of: [of Lemma 6.6] The pro of is analogous to that of Lemma 5.8 using Lemma B.14 and

Lemma B.11. 2
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P � P (Re
)

P � Q; Q � R ) P � R (T rans)

P j Q � Q j P (Comm)

( P j Q ) j R � P j ( Q j R )

P j ( Q j R ) � ( P j Q ) j R

(Ass)

P � Q ) ( � n

�

) P � ( � n

�

) Q (Res)

P � Q ) P j R � Q j R (P ar)

P � Q ) n

�

[ P ] � n

�

[ Q ] (Am b)

n 6= m ) ( � n

�

) ( � m

�

) P � ( � m

�

) ( � n

�

) P (Res-Com)

n =2 f n ( P ) )

( � n

�

) ( P j Q ) � P j ( � n

�

) Q

P j ( � n

�

) Q � ( � n

�

) ( P j Q )

(Res-P ar)

n 6= m )

( � n

�

) m

�

[ P ] � m

�

[( � n

�

) P ]

m

�

[( � n

�

) P ] � ( � n

�

) m

�

[ P ]

(Res-Am b)

P j 0 � P P � P j 0 (Nil-P ar)

( � n

�

)0 � 0 0 � ( � n

�

)0 (Nil-Res)

! P � new ( P ) j ! P (Bang-Bang)

T able 10: The relation �
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