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Games as abstractions [KNP06]

Currently:

– game abstractions and abstraction refinement have yielded good
results in verifying probabilistic systems such as: PRISM models
[KKNP08], ANSI-C programs [KKNP09] and PTA [KNP09]

– for a fixed model & predicates [KNP09] only considers one game
abstraction, which is typically expensive to construct/analyse

This paper:

– we develop a more fine-grained notion of abstraction for games
via an abstraction relation over games

– this enables us to consider a “hierarchy of abstractions” with
varying precisions (even for fixed predicates!)

– we develop a verification/refutation framework for arbitrary
PCTL specifications (c.f. modal abstractions [Lar90])
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Games as abstractions (cont’d)
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Overview (definitions follow later!)

Concrete:

– M are models (Markov Decision Processes)

– P are specifications (Probabilistic CTL, [HJ94])

– |= is a satisfaction relation ([BdA95])

Abstract:

– G are abstract models (Games, [KNP06])

– emb : M → G is an embedding function (this paper)

– vp ⊆ G× G is an abstraction relation (this paper)

– |=may, |=must ⊆ G× P are PCTL semantics (this paper)

General idea:

– for m ∈ M and p ∈ P, verify or refute m |= p via model checks
on games g ∈ G using properties of emb, vp and |=may, |=must
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Overview (definitions follow later!)

Intuition of emb, vp:

– emb(m) is an exact representation of an MDP m in G

– g vp g means g abstracts g

– g vp emb(m) means the game g abstracts the MDP emb(m)

g

g

emb(m) emb(. . .)emb(. . .)
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g
g

︸
︷︷

︸

G

abstractions of g

concretisations of g
w p

v
pw p

v
p

v
p
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Overview (still no definitions!)

PCTL evaluations on games:

– g |=may p means concretisations of g possibly satisfies p

– g |=must p means concretisations of g definitely satisfies p

Soundness requirements:

– if g |=may p then all abstractions of g also may-satisfy p

– if g |=must p then all concretisations of g also must-satisfy p

Verification & refutation via games:

– to verify m |= p find a game g ∈ G such that g abstracts m (i.e.
g vp emb(m)) and g must-satisfies p (i.e. g |=must p)

– to refute m |= p find a game g ∈ G such that g abstracts m (i.e.
g vp emb(m)) and g does not may-satisfy p (i.e. g 6|=may p)
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Overview

Concrete:

– M are models (Markov Decision Processes)

– P are specifications (Probabilistic CTL, [HJ94])

– |= is a satisfaction relation ([BdA95])

Abstract:

– G are abstract models (Games, [KNP06])

– emb : M → G is an embedding function (this paper)

– vp ⊆ G× G is an abstraction relation (this paper)

– |=may, |=must ⊆ G× P are PCTL semantics (this paper)
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Models & specifications

Markov decision processes
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Models & specifications

Markov decision processes

s1

s2

s3s3

s4

6
10

4
10

1

– non-deterministic choice

– probabilistic choice

– path

– strategy

PCTL formulas

– for all strategies the probability of reaching s3 is ≤ 0.5
– for some strategy the probability of reaching s3 is > 0.2
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Concrete:
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Abstraction: stochastic games (G)
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Games as abstractions of MDPs

Game MDP
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– player 1 “picks a concretisation”

– player 2 controls the non-determinism in the MDPs
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Overview

Concrete:

– M are models (Markov Decision Processes)

– P are specifications (Probabilistic CTL, [HJ94])

– |= is a satisfaction relation ([BdA95])

Abstract:

– G are abstract models (Games, [KNP06])

– emb : M → G is an embedding function (this paper)

– vp ⊆ G× G is an abstraction relation (this paper)

– |=may, |=must ⊆ G× P are PCTL semantics (this paper)
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Embedding function emb : M → G

Game emb(m) MDP m

6
10

4
10

6
10

4
10

– i.e. add a trivial player 1 transitions everywhere
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Overview
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Abstraction relation v

“Abstract” game “Concrete” game

1/2

1/2

v

1/2

1/2

iff

– player 1 in can over-approximate player 1 in :
∀ c : ∃ a : ∀ c c : ∃ a a : a v c

– player 1 in can under-approximate player 1 in :
∀ c : ∃ a : ∀ a a : ∃ c c : a v c

(here v is lifted to distributions with standard methods [JL91])



M.A. Kattenbelt – 15 of 29

Abstraction relation v

“Abstract” game “Concrete” game

a

1/2

1/2

v
c

1/2

1/2

iff

– player 1 in can over-approximate player 1 in :
∀ c : ∃ a : ∀ c c : ∃ a a : a v c

– player 1 in can under-approximate player 1 in :
∀ c : ∃ a : ∀ a a : ∃ c c : a v c

(here v is lifted to distributions with standard methods [JL91])



M.A. Kattenbelt – 15 of 29

Abstraction relation v

“Abstract” game “Concrete” game

a

1/2

1/2

v
c

1/2

1/2

iff

– player 1 in can over-approximate player 1 in :
∀ c : ∃ a : ∀ c c : ∃ a a : a v c

– player 1 in can under-approximate player 1 in :
∀ c : ∃ a : ∀ a a : ∃ c c : a v c

(here v is lifted to distributions with standard methods [JL91])



M.A. Kattenbelt – 16 of 29

Combined transitions (c.f. [Seg95])

s2

s3

s1
s0

s1

s2

s3

1

1

1/2

1/2

1



M.A. Kattenbelt – 16 of 29

Combined transitions (c.f. [Seg95])

s2

s3

s1
s0

s1

s2

s3

1

1

1/2

1/2

C 2/3

1/3

1



M.A. Kattenbelt – 16 of 29

Combined transitions (c.f. [Seg95])

s2

s3

s1
s0

s1

s2

s3

1

1

1/2

1/2

C 2/3

1/3

1

C

1/2

1/2

1/4

3/4



M.A. Kattenbelt – 16 of 29

Combined transitions (c.f. [Seg95])

s2

s3

s1
s0

s1

s2

s3

1

1

1/2

1/2

C 2/3

1/3

1

C

1/2

1/2

1/4

3/4

We now have vp iff

– ∀ c : ∃ a
C

: ∀ c c : ∃ a a
C

: a v c

– ∀ c : ∃ a
C

: ∀ a a : ∃ c c
C

: a v c
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Overview

Concrete:

– M are models (Markov Decision Processes)

– P are specifications (Probabilistic CTL, [HJ94])

– |= is a satisfaction relation ([BdA95])

Abstract:

– G are abstract models (Games, [KNP06])

– emb : M → G is an embedding function (this paper)

– vp ⊆ G× G is an abstraction relation (this paper)

– |=may, |=must ⊆ G× P are PCTL semantics (this paper)
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PCTL semantics |=may, |=must for games

Player 1 & 2 revisited:

– player 1 strategies quantify over concretisations

– player 2 strategies correspond to MDP-strategies

Informal PCTL semantics:

Specification must-satisfied may-satisfied

for all strategies ... for all player 1 strategies and for some player 1 strategies and

for all player 2 strategies ... for all player 2 strategies ...

for some strategy ... for all player 1 strategies and for some player 1 strategies and

for some player 2 strategy ... for some player 2 strategy ...



M.A. Kattenbelt – 19 of 29

Games as abstractions (revisited)
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This paper:
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Finding better games (examples)

Without losing precision:

– remove non-extreme player 2 transitions
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Finding better games (cont’d)

– a smaller abstraction is obtained by removing non-extreme
transitions
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0.77734 40.02734 380.195312

0

0.27734 40.52734 40.195312

0

0.02734 380.27734 40.695312

0

0.304 6880.2226560.4 72656

0

0.054 68750.84 76560.0976562

0

0.054 68750.34 76560.597656

0

0.15234 40.4 0234 40.4 4 5312

0

0.4 804 690.04 296880.4 76562

0

0.5234 380.4 570310.0195312

0

0.0234 3750.7070310.269531

0

0.0234 3750.2070310.769531

0

0.6054 690.1679690.226562

0

0.1054 690.6679690.226562

0

0.2734 380.5820310.14 4 531

0

0.2734 380.08203120.64 4 531

0

0.04 296880.1054 690.851562

0

0.14 84 380.394 5310.4 57031

0

0.2929690.3554 690.351562

0

0.2109380.3632810.4 25781

0

0.324 2190.3867190.289062

0

0.7109380.1132810.175781

0

0.5117190.074 21880.4 14 062

0

0.01171880.574 2190.4 14 062

0

0.08593750.6757810.238281

0

0.08593750.1757810.738281

0

0.6367190.1992190.164 062

0

0.1367190.6992190.164 062

0

0.3359380.5507810.113281

0

0.3359380.05078120.613281

0

0.09765620.6132810.289062

0

0.2109380.6367190.15234 4

0

0.2109380.1367190.65234 4

0

0.2226560.2382810.539062

0

0.4 609380.261719
0.27734 4

0

0.4 726560.4 882810.0390625

0

0.9609380.01171880.02734 38

0

0.94 92190.01171880.0390625

0

0.4 4 92190.5117190.0390625

0

0.1992190.2617190.539062

0

0.4 609380.2382810.300781

0

0.074 21880.1367190.789062

0

0.0664 0620.4 570310.4 76562

0

0.5234 380.04 296880.4 33594

0

0.2851560.05078120.664 062

0

0.3359380.4 4 92190.214 84 4

0

0.5351560.3007810.164 062

0

0.03515620.8007810.164 062

0

0.08593750.824 219
0.08984 38

0

0.08593750.324 2190.58984 4

0

0.1601560.4 257810.4 14 062

0

0.5859380.074 21880.33984 4

0

0.5976560.1132810.289062

0

0.5039060.14 4 5310.351562

0

0.003906250.64 4 5310.351562

0

0.14 84 38
0.6054 69
0.24 6094

0

0.14 84 380.1054 690.74 6094

0

0.1914 060.08203120.726562

0

0.2734 380.4 179690.308594

0

0.4 4 14 060.3320310.226562

0

0.7734 380.1679690.0585938

0

0.0234 3750.7929690.183594

0

0.0234 3750.2929690.683594

0

0.554 6880.4 0234 4
0.04 29688

0

0.054 68750.65234 40.292969

0

0.054 68750.15234 40.792969

0

0.08203120.2226560.695312

0

0.304 6880.27734 40.4 17969

0

0.3320310.4 726560.195312

0

0.804 6880.02734 380.167969

0

0.8789060.01953120.101562

0

0.3789060.5195310.101562

0

0.1289060.2695310.601562

0

0.3984 380.2304 69
0.371094

0

0.1171880.5585940.324 219

0

0.1171880.05859380.824 219

0

0.64 4 5310.03515620.320312

0

0.14 4 5310.5351560.320312

0

0.1796880.714 84 40.1054 69

0

0.1796880.214 84 40.6054 69

0

0.2695310.1601560.570312

0

0.4 296880.33984 40.2304 69

0

0.5195310.4 101560.0703125

0

0.0195312
0.9101560.0703125

0

0.4 570310.09765620.4 4 5312

0

0.113281
0.6289060.257812

0

0.24 21880.6210940.136719

0

0.24 21880.1210940.636719

0

0.8007810.0664 0620.132812

0

0.3007810.5664 060.132812

0

0.05078120.3164 060.632812

0

0.3671880.1835940.4 4 9219

0

0.4 257810.1914 060.382812

0

0.6171880.308594
0.074 2188

0

0.4 882810.5039060.0078125

0

0.238281
0.2539060.507812

0

0.4 921880.24 60940.261719

0

0.6132810.1289060.257812

0
0.9882810.003906250.0078125

– both abstractions are equivalent!
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Finding better games (examples)

By losing precision:

– over-approximate probabilistic choice

ŝ0

ŝ2

ŝ1

vp

s2

s0

s1

1
2

1
26wp

– use most abstract game over a partition

s0

s1

s2

s2
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Finding better games (cont’d)

– a smaller abstraction is obtained by replacing probabilistic choice
with player 1 non-determinism

init

x = nondet() --

1

0

0255

y = x*x x != 255

1

y = x*x x == 255

1

2

2

z = prob() x == 255, y = x*x

1

2

2

z = prob() x != 255, y = x*x

1

11
1 10

0

y>=z && z>=x

1

0

y<z && z>=x

1

0

y>=z && z<x

1

0

y<z && z<x

1

0

0.003906250.0078125
0.988281

vp

6wp

init

x = nondet() --

1

0

0 255

y = x*x x != 255

1

y = x*x x == 255

1

2

2

z = prob() x == 255, y = x*x

1

2

2

z = prob() x != 255, y = x*x

1

1 1 1 1 1 1111 1 1 0

0

y>=z && z>=x

0.00390625

y<z && z>=x

0.996094

y>=z && z<x

0

y<z && z<x

0

0

0.824 2190.117188
0.05859380

0

0.7929690.054 6875
0.15234 40

0

0.7695310.0234 375
0.2070310

0

0.6835940.0234 375
0.2929690

0

0.2695310.0234 3750.7070310

0

0.183594
0.0234 3750.7929690

0

0.0976562
0.054 68750.84 76560

0

0
0.06250.003906250.933594

0

0
0.05859380.8828120.0585938

0

00.003906250.00781250.988281

0

0.003906250.0078125
0.988281

– the left-hand game is more abstract (but still “good enough”)
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Summary

Summary:

– identified the need for a more fine-grained abstraction for games

– developed an abstraction framework (emb, vp and |=may, |=must)

– enabled, via vp, a whole hierarchy of game abstractions with
varying precisions (even for fixed predicates)

– developed a notion of combined player 1 and player 2 transitions
for games

– developed 4-valued semantics for arbitrary pctl specifications
over games

Future work

– automatically find good abstractions
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Questions
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Questions

– how can you find good games?

– what was the running example?
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Abstraction refinement with games

initialise

Preds

construct the

most abstract

game g over Preds

refuted

m |= p

refine by adding

predicates to Preds

g |=must p

g 6|=may p

optimal?refine g

verified

m |= p

no

yes

no

yes

yes

no

– the machinery developed in this paper facilitates the inner
refinement loop
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Running example

void main()

{

uchar x,y,z;

x = nondet ();

y = x*x;

z = prob ();

if (y<z && z<x)

TARGET;

}

, ,

0, , ... 2, , ... ...

1
1

1
1 1

0,0, 2,4,

1 1

0,0,0 0,0,1 ... ... 2,4,3 ...

– does main satisfy P≤ 0.98〈F TARGET〉 ? (hint: take x=255)
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Running example (cont’d)

refutation via emb, vp and |=may

init

x = nondet() --

1

0

0

1
2
3 45 67
8

910
11

1213

141516

1718
192021

22
2324

25 26
27
2829

30
31

32

33343536
373839 4 04 14 2 4 34 44 54 64 7 4 8

4 95051

5253

54
55

565758

59
606162 6364

65
66

67

6869
70
71 72

73
7475 76
77
78 79

80

8182838485

86

87
88

89
90

91
9293949596

97
98

99100
101

102103104
105106

107
108109

110111
112113

114115

116
117118119120121122

123

124
125126
127128

129
130
131

132133134
135

136

137
138

139

14 014 1
14 2

14 3
14 4

14 5
14 6
14 714 814 9150151152
153154

155
156

157
158

159

160
161162

163164

165166

167
168

169

170
171

172173174
175

176
177178

179
180181

182183

184
185
186187188

189190191
192
193

194 195
196

197198199
200
201202

203
204205206

207208
209210211212
213

214
215

216217218219

220
221
222

223
224

225
226

227
228

229230
231

232
233 234235236

237
238

239

24 0

24 1

24 2

24 3
24 424 5 24 624 724 8

24 9250
251252

253 254
255

y = x*x x != 255

1

1

1

1

1
1

11

1
1

1

1

1 1

1
1

1

1
1

1

11

1

1

1

1

1

1

1

1

1
1

1

1

1

11

1

1

1

1

1

1

1
1

1

11

1

11
1

11

1
1

1 1

1

1

1

1

1

1

1

1

1

1

1

1

1
1

1

1

1

1

1
1

1

1

1

11 11 1

1

1

1

1
1

1

1

1 11

1

11

1
1

1
1

11

1

1

1

1

1

11

11

1

1

1

1

1

1

11

1

1

1

1

1

1 1

1

1

1

1

1

1

1

1

1

1

1

1
1

1

1

1

1
1

1

1
1

1 1

1

11

1

1

1

1

1

1 1
1

1

1

1

1

1

1

1

1

1

1

1

1

1

11
1

1

1
1

1

1

1
1

1 1
1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
1
1

1

1 1

1

1

1

1

1

1

1

1

1

1

1

1
1

1

1
1

1

1

1

1

1

1
11

1

1

1

1

1

1

1

1

1

1

1

1

1 1

1

1
1

1

1

1

1y = x*x x == 255

1

2

2

z = prob() x == 255, y = x*x

1

2

2

z = prob() x != 255, y = x*x

1

1
2

3 4

5

6

7

89
10

11
12

13

14

15

16

17
18

19

20 2122

23

24 2526
27 28

29
3031

32

33
34

353637

38 39 4 0

4 14 2
4 3

4 4

4 5

4 6

4 7

4 8

4 9

50

51
52

53

54
55

56

57
5859

60
6162

63

64

65 66
67

68

69 70717273
7475 76

7778

79
80

81

82

83

84
85

86

87 88899091

92
93

94
95

96
97

98
99

100
101

102

103
104

105

106
107

108

109

110111112 113
114

115

116

117

118

119 120

121

122

123124

125126

127

128129

130 131

132

133

134

135

136137138

13914 0

14 1

14 2

14 3 14 4

14 5

14 6

14 7
14 8

14 9

150

151

152

153

154155
156

157

158
159

160
161

162

163164

165

166

167168 169

170171

172
173

174

175

176

177

178

179

180
181 182

183184185

186

187 188
189 190

191
192
193

194
195196

197198

199

200

201

202203204

205

206
207

208

209 210 211
212

213

214215
216

217

218
219

220

221222223224
225

226

227
228

229
230231 232233

234

235

236

237

238

239

24 0

24 1

24 2

24 324 4

24 5

24 6

24 7

24 824 9250

251
252253

254
255

0

0

z<x && z>y

0.24 6094

z>=x && z>y

0.75

z<x && z<=y

0.00390625

0

0.4 960940.50.00390625

0

0.996094

z>=x && z<=y
0.00390625

0

0.74 60940.031250.222656

0

0.9335940.06250.00390625

0

0.4 335940.56250.00390625

0

0.6835940.31250.00390625

0

0.1835940.81250.00390625

0

0.8085940.18750.00390625

0

0.3085940.68750.00390625

0

0.5585940.4 3750.00390625

0

0.05859380.93750.00390625

0

0.8710940.1250.00390625

0

0.3710940.6250.00390625

0

0.6210940.3750.00390625

0

0.1210940.8750.00390625

0

0.74 60940.250.00390625

0

0.214 84 40.531250.253906

0

0.4 64 84 40.281250.253906

0

0.74 60940.218750.0351562

0

0.58984 40.156250.253906

0

0.08984 380.656250.253906

0

0.33984 4
0.4 06250.253906

0

0.74 60940.093750.160156

0

0.65234 40.093750.253906

0

0.15234 40.593750.253906

0

0.4 0234 40.34 3750.253906

0

0.74 60940.15625
0.0976562

0

0.52734 40.218750.253906

0

0.02734 380.718750.253906

0

0.27734 40.4 68750.253906

0

0.2617190.1718750.5664 06

0

0.4 335940.3281250.238281

0

0.01171880.4 218750.5664 06

0

0.4 335940.0781250.4 88281

0

0.824 2190.1093750.0664 062

0

0.324 2190.6093750.0664 062

0

0.574 219
0.3593750.0664 062

0

0.074 21880.8593750.0664 062

0

0.6992190.234 3750.0664 062

0

0.199219
0.734 3750.0664 062

0

0.4 4 92190.4 84 3750.0664 062

0

0.9335940.0156250.0507812

0

0.714 84 40.031250.253906

0

0.3554 690.0781250.5664 06

0

0.4 335940.4 218750.14 4 531

0

0.1054 69
0.3281250.5664 06

0

0.4 335940.1718750.394 531

0

0.2304 690.2031250.5664 06

0

0.4 335940.2968750.269531

0

0.4 335940.54 6875
0.0195312

0

0.4 335940.04 6875
0.519531

0

0.3867190.04 68750.5664 06

0

0.4 335940.4 531250.113281

0

0.1367190.2968750.5664 06

0

0.4 335940.2031250.363281

0

0.1132810.3671880.519531

0

0.4 804 690.1328120.386719

0

0.7382810.24 21880.0195312

0

0.2382810.74 21880.0195312

0

0.4 882810.4 921880.0195312

0

0.9804 690.00781250.0117188

0

0.9179690.0156250.0664 062

0

0.4 17969
0.5156250.0664 062

0

0.6679690.2656250.0664 062

0

0.1679690.7656250.0664 062

0

0.7929690.14 06250.0664 062

0

0.2929690.64 06250.0664 062

0

0.54 29690.3906250.0664 062

0

0.04 296880.8906250.0664 062

0

0.14 4 5310.4 609380.394 531

0

0.6054 690.03906250.3554 69

0

0.1757810.054 68750.769531

0

0.2304 690.4 4 53120.324 219

0

0.2304 690.6953120.074 2188

0

0.2304 690.1953120.574 219

0

0.5507810.1796880.269531

0

0.05078120.6796880.269531

0

0.3007810.4 296880.269531

0

0.7304 690.07031250.199219

0

0.3632810.1171880.519531

0

0.4 804 690.3828120.136719

0

0.08203120.7734 380.14 4 531

0

0.2070310.14 84 380.64 4 531

0

0.3554 690.351562
0.292969

0

0.3554 690.6015620.04 29688

0

0.3554 690.1015620.54 2969

0

0.01953120.08593750.894 531

0

0.1054 690.4 14 062
0.4 804 69

0

0.1054 690.664 0620.2304 69

0

0.1054 690.164 0620.7304 69

0

0.394 5310.2109380.394 531

0

0.6054 690.2890620.1054 69

0

0.1054 690.5859380.308594

0

0.1054 690.08593750.808594

0

0.2539060.1015620.64 4 531

0

0.3554 690.3984 380.24 6094

0

0.003906250.3515620.64 4 531

0

0.3554 690.14 84 380.4 96094

0

0.6289060.2265620.14 4 531

0

0.1289060.7265620.14 4 531

0

0.3789060.4 765620.14 4 531

0

0.8554 690.0234 3750.121094

0

0.8320310.0234 3750.14 4 531

0

0.3320310.5234 380.14 4 531

0

0.5820310.2734 380.14 4 531

0

0.7304 690.1796880.08984 38

0

0.03515620.1953120.769531

0

0.2304 690.304 6880.4 64 84 4

0

0.2304 690.554 688
0.214 84 4

0

0.2304 690.054 68750.714 84 4

0

0.5664 060.03906250.394 531

0

0.0664 0620.5390620.394 531

0

0.3164 06
0.289062

0.394 531

0

0.6054 690.2109380.183594

0

0.1054 690.8359380.0585938

0

0.1054 690.3359380.558594

0

0.4 960940.4 960940.0078125

0

0.9921880.003906250.00390625

0

0.9726560.00781250.0195312

0

0.4 726560.5078120.0195312

0

0.7226560.2578120.0195312

0

0.2226560.7578120.0195312

0

0.34 76560.1328120.519531

0

0.4 804 690.3671880.15234 4

0

0.09765620.3828120.519531

0

0.4 804 690.1171880.4 0234 4

0

0.6601560.07031250.269531

0

0.1601560.5703120.269531

0

0.4 101560.3203120.269531

0

0.3085940.3085940.382812

0

0.6171880.1914 060.1914 06

0

0.1835940.1835940.632812

0

0.3671880.3164 060.3164 06

0

0.4 335940.4 335940.132812

0

0.8671880.0664 0620.0664 062

0

0.1210940.1210940.757812

0

0.24 21880.3789060.378906

0

0.3710940.3710940.257812

0

0.74 21880.1289060.128906

0

0.24 60940.24 60940.507812

0

0.4 921880.2539060.253906

0

0.554 6880.0976562
0.34 7656

0

0.83984 40.08984 380.0703125

0

0.33984 40.58984 40.0703125

0

0.08984 380.33984 40.570312

0

0.4 296880.1601560.4 10156

0

0.1796880.7851560.0351562

0

0.1796880.2851560.535156

0

0.214 84 40.4 64 84 40.320312

0

0.6796880.03515620.285156

0

0.05859380.05859380.882812

0

0.1171880.4 4 14 060.4 4 14 06

0

0.64 84 380.14 4 5310.207031

0

0.1679690.2304 690.601562

0

0.3984 380.2695310.332031

0

0.4 179690.4 804 690.101562

0
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)

– the abstraction does not may-satisfy P≤ 0.98〈F TARGET〉
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