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Stone, Priestley and Esakia dualities

¢ Duality theory for distributive lattices starts with the work of Stone
(1937), where he extended his celebrated duality between Boolean
algebras and compact Hausdorff zero-dimensional spaces (alias
Stone spaces) to the distributive lattice setting.
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Stone, Priestley and Esakia dualities

¢ Duality theory for distributive lattices starts with the work of Stone
(1937), where he extended his celebrated duality between Boolean
algebras and compact Hausdorff zero-dimensional spaces (alias
Stone spaces) to the distributive lattice setting.

® Priestley (1970) developed a duality for distributive lattices in terms
of special ordered Stone spaces, which became known as Priestley
spaces.

® Esakia (1974) developed an order-topological duality for Heyting al-
gebras by means of special Priestley spaces we call Esakia spaces.
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Let D be a bounded distributive lattice.
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Fora € Dlet¢(a) ={z € Xp :a € x} be the Stone map.
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A topological space (X, 7) is called a spectral space if:
® (X, 7)is compact and 7.
® (X, 1) is sober; that is, irreducible closed sets are closures of points.

® (X, 1) is coherent; that is, the set of compact open subsets of X is
closed under finite intersections and forms a basis for the topology.

Spectral spaces are exactly the spaces of the form (X p, 7p) for some
bounded distributive lattice D.

In fact, each bounded distributive lattice is represented as the lattice of
compact open subsets of the corresponding spectral space.
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Spectral duality

Let DLat denote the category of bounded distributive lattices and
bounded lattice homomorphisms.

Let Spec denote the category of spectral spaces and spectral maps.

Here we recall that amap f : X — X’ between two spectral spaces is
spectral if the inverse image of a compact open subset of X’ is compact
openin X.

Theorem (Stone 1937). DLat ~ Spec.
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Priestley duality

For a bounded distributive lattice D, we define the Priestley topology 7p
on X p by declaring {¢(a), Xp — ¢(a) : a € D} as a subbasis.

We order X p by inclusion C.

A purely order-topological characterization of (X, 7p, C) is as follows:
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Priestley spaces

An ordered-topological space (X, 7,<) is called a Priestley space if
(X, 7)is a Stone space and forall x,y € X

* x £ y implies there is a clopen upset U such thatz € U and y ¢ U.
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Priestley spaces

An ordered-topological space (X, 7,<) is called a Priestley space if
(X, 7)is a Stone space and forall x,y € X

* x £ y implies there is a clopen upset U such thatz € U and y ¢ U.
Priestley spaces are exactly the spaces (Xp, 7p, C) for some bounded
distributive lattice D.

In fact, each bounded distributive lattice is represented as the lattice of
clopen upsets of the corresponding Priestley space.
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Priestley duality

Let Pries denote the category of Priestley spaces and continuous
order-preserving maps.
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Priestley duality

Let Pries denote the category of Priestley spaces and continuous
order-preserving maps.

Theorem (Priestley 1970). DLat ~ Pries”.
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by Jung and Moshier (2006), that this isomorphism goes via bitopologi-
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From every Priestley space (X, 7, <) we first construct (X, 7, 2), where
71 are open upsets of (X, 7, <) and m, are open downsets of (X, 7, <).
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Priestley spaces and spectral spaces

Theorem (Cornish, 1975).
Pries is isomorphic to Spec.

It is implicitly already in Priestley (1972), and explicitly in a recent work
by Jung and Moshier (2006), that this isomorphism goes via bitopologi-
cal spaces:

From every Priestley space (X, 7, <) we first construct (X, 7, 2), where
71 are open upsets of (X, 7, <) and m, are open downsets of (X, 7, <).

From (X, m, 72) we obtain the spectral space (X, ;) by simply forgetting
the topology 7.
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Conversely, from every spectral space (X, ), we construct the bitopo-
logical space (X, 7, 7*), where 7* is the topology whose basis is formed
by the complements of compact open subsets of (X, 7).
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Spectral spaces and Priestley spaces

Conversely, from every spectral space (X, ), we construct the bitopo-
logical space (X, 7, 7*), where 7* is the topology whose basis is formed
by the complements of compact open subsets of (X, 7).

Given (X, 7, 7*) we construct the Priestley space (X, 7V 7%, <), where
< Is the specialization order of .

Thus, we obtain that there is a category C of bitopological spaces iso-
morphic to both Spec and Pries.

How do we characterize C purely in bitopological terms?
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The category C is also dually equivalent to DLat.
In fact, the dual equivalence can be obtained as follows:

For a bounded distributive lattice D and for a € D, let

¢i(a)={reXp:aczxtand¢_(a)={r € Xp:a ¢ x}.

We define the two topologies 7, and 75, on X by declaring
{¢.(a):a € D}yand {¢_(a) : a € D} as bases for 7/, and 7, respec-
tively.

An internal bitopological characterization of (X p, 7/, 7,) is as follows:
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each cover {U; : i € I} of X with U; € 71 U 75, there exists a finite
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Definition (Salbany, 1974) (X, , ) is called pairwise compact if for
each cover {U; : i € I} of X with U; € 71 U 75, there exists a finite
subcover.

Definition (Salbany, 1974). (X, 1, 1) is called pairwise Hausdorff if for
any two distinct points x,y € X there existdisjoint U € m; and V € 1
such that x € U and y € V or there are disjoint U € » and V' € 71 such
thatz e Uandy € V.

Let 9; denote the set of closed subsets of (X, ;) and let §, denote the
set of closed subsets of (X, 7).

Definition (Reilly, 1973) (X, 7, 72) IS pairwise zero-dimensional if 71 Nd
forms a basis for ; and N §; forms a basis for 7.
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Pairwise Stone spaces

We recall that (X, 7) is a Stone space if it is compact, Hausdorff, and
zero-dimensional.

We call (X, 71, 72) a pairwise Stone space if it is pairwise compact, pair-
wise Hausdorff, and pairwise zero-dimensional.

Let PStone denote the category of pairwise Stone spaces and bi-
continuous maps.

Theorem
® Bool ~°P Stone.
® DLat ~°P PStone.

® DLat ~°? Spec ~ PStone ~ Pries
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Duality dictionary

DLat Pries PStone Spec

filter closed upset To-closed set compact saturated set
ideal open upset T1-0pen set open set

prime filter Ta Cly(x) Sat(x)

prime ideal (lx)° [Cly(x)]° [Cl(x)]°
maximal filter T ={x} Cly(x) = {zx} Sat(x) = {z}
maximal ideal (lx)c = {z}° [CLi(x)]c = {z}° [Cl(x)]® = {z}
homomorphic image closed subset pairwise compact subset | spectral subset
subalgebra Q € Qx (11, T9) € Zx 7' € SCx
canonical completion || Up(X) S1(X) = CSy(X) S(X)

MacNeille completion || RgOpUp(X) RgOp,5(X) SatOp(X)

complete lattice

RgOpUp(X') = CpUp(X)

B1 = RgOpy»(X)

£(X) = SatOp(X)

Table 1: Dictionary for DLat, Pries, PStone, and Spec.
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Esakia duality

A Priestley space (X, 7, <) is called an Esakia space if:
U clopen implies | U is clopen.

Let Esa denote the category of Esakia spaces and continuous p-
morphisms.

Amap f: X — Y is ap-morphism if f is order-preserving and f(x) <y
iImplies there exists z € Tx such that f(z) = y.

Let Heyt denote the category of Heyting algebras and Heyting algebra
homomorphisms.

Theorem (Esakia, 1974). Heyt ~ Esa“”.
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Esakia duality bitopologically

Every Esakia space is a Priestley space.
What are the pairwise Stone spaces that correspond to Esakia spaces?

We call a pairwise Stone space an Esakia bitopological space if for each
Aermndyand B € ,Nd; we have Cli (AN B) € 75N ;.

Let (X, m, ) and (X', 7{, 75) be Esakia bitopological spaces. A map
f : X — X' s called an Esakia bitopological morphism if f is bi-
continuous and f(Cly(x)) =CI5(f(x)) for each x € X.
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A similar characterization of spectral spaces that correspond to Esakia
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Duality dictionary

Heyt Esa EPStone ESpec

filter closed upset To-closed set compact saturated set
prime filter Tax Cly(x) Sat(x)

maximal filter Tx ={z} Cly(z) = {z} Sat(x) = {x}

ideal open upset T1-0pen set open set

prime ideal (lx)° [Cly(x)]° [Cl(x)]°

maximal ideal (lx) = {z} [Cli(x)]c = {z}° | [Cl(x)]® ={=x}°
homomorphic image closed upset To-closed set compact saturated set
subalgebra Q € EQy (1{,7y) € HBx 7' € HSx

canonical completion || Up(X) S1(X) = CSy(X) | S(X)

MacNeille completion || RgOpUp(X) RgOpy5(X) SatOp(X)

complete lattice

RgOpUp(X') = CpUp(X)

B1 = RgOpy,(X)

£(X) = SatOp(X)

Table 2: Dictionary for Heyt, Esa, EPStone, and ESpec.

Domains IX

17




Nick Bezhanishvili Domains IX

Conclusions

®* We characterized the bitopological duals of distributive lattices as
pairwise Stone spaces, and developed a bitopological duality for dis-
tributive lattices.
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Conclusions

®* We characterized the bitopological duals of distributive lattices as
pairwise Stone spaces, and developed a bitopological duality for dis-
tributive lattices.

®* The bitopological duality for distributive lattices is the most natural
analogue of the Stone duality for Boolean algebras.

® This provides one more argument in support of Jung and Moshier’s
claim that the bitopological duality is the most natural one for distribu-
tive lattices.
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Conclusions

® \We characterized the bitopological duals of Heyting algebras, and de-
veloped the bitopological and spectral dualities for Heyting algebras,
which are two alternatives of the Esakia duality.
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* |n fact, the asymmetry present in the definition of an Esakia bitopo-
logical space goes away in the bi-Heyting case, and the whole picture
becomes symmetric again.
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Conclusions

® \We characterized the bitopological duals of Heyting algebras, and de-
veloped the bitopological and spectral dualities for Heyting algebras,
which are two alternatives of the Esakia duality.

® The same can be done also for co-Heyting algebras and bi-Heyting
algebras.

* |n fact, the asymmetry present in the definition of an Esakia bitopo-
logical space goes away in the bi-Heyting case, and the whole picture
becomes symmetric again.

® This provides a rather convenient bitopological explanation of the lack
of symmetry for Heyting algebras, first discussed by McKinsey and
Tarski back in 1946.
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