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Abstract. In this paper, we presentan efficient techniquefor optimising data
replicationunderthe dataparallel programmingmodel.We proposea precise
mathematicalrepresentationfor datareplicationwhich allows handlingreplica-
tion asan explicit, separatestagein the paralleldataplacementproblem.This
representationtakesthe form of an invertiblemapping.We arguethat this prop-
erty is key to makingdatareplicationamenableto goodmathematicaloptimisa-
tion algorithms.We furtheroutlineanalgorithmfor optimisingdatareplication,
basedon this representation,which performsinterproceduraldataplacementop-
timisationoverasequenceof loopnests.Wehaveimplementedthealgorithmand
show performancefigures.

1 Intr oduction

Choosingparalleldataplacementswhichminimisecommunicationis key to generating
efficient dataparallelprograms.Underthe dataparallelprogrammingmodel,parallel
dataplacementis typically representedby a two-stagemapping.In the first stage,an
affine alignmentfunction mapsarrayelementsonto virtual processors.In the second
stage,adistributionfunctionthenmapsvirtual processorsontophysicalones.Examples
for sucha two-stageapproachare listed in [5]. This decompositionfails to account
properlyfor datareplication:ratherthanusinganexplicit replicationstage,replication
is oftenhandledimplicitly aspartof thealignmentstagethroughreplicatedalignments.
In this paper, we proposeanefficient mathematicalrepresentationfor datareplication
which expressesreplicationasanindependentthird stageof paralleldataplacement.

While a goodrangeof optimisationtechniqueshasbeendescribedfor the align-
mentstage,distribution andreplicationhave receivedlessattention.We arguethat the
representationwhich we proposein this paperis a steptowardsmakingdatareplica-
tion amenableto the sametype of mathematicaloptimisationalgorithmswhich have
previouslybeenusedfor alignmentoptimisation.We demonstratethis assertionby de-
scribingandimplementingan algorithmwhich performsinterproceduraldatareplica-
tion optimisationacrossa sequenceof loop nests.The objective function which our
optimisationalgorithmattemptsto minimiseis communicationvolume.

Thepracticalimportanceof maintainingmultiplecopiesof certaindatais evident:�
While thiswork wascarriedout,PaulKelly wasavisiting researchscientistat theDepartment
of ComputerScienceandEngineering,Universityof Californiaat SanDiego,USA.



– Theprogrammermayspecifya replicatedplacement,e.g.throughspread opera-
tions[5], replicatedalignmentsin HPF[8] or floodingoperatorsin ZPL [12].

– If a read-onlyarray is accessedby several processorsin a particularsubroutine
or loop, it is more efficient to usea broadcastoperation,generallyO � logP� , to
replicatethatarraythanto let processorsaccessthearrayby remotereads,which
would mostlikely beΘ � P� , unlessaspecialscheme,suchasproxies[13] is used.

– Arraysmaybereplicatedin orderto facilitateparallelisationof a loop nestwhich
would otherwisebeblockedby anti- or output-dependencieson thosearrays.This
is a highly effective technique,known asarrayprivatisation[11].

– In certaincircumstances,runtimere-alignmentsof arrayscanbeavoidedby replica-
tion. Specifically, mobileoffsetalignmentscanberealisedthroughreplication[4].

Default strategies. Implementationshave typically madethe assumptionthat scalars
are replicatedeverywhere(e.g. HPF [8]), or sometimesmore generally, that when
mappedontoa higher-dimensionalprocessorgrid, lower-dimensionalarraysarerepli-
catedin thosedimensionswheretheir extent is 1 (e.g.our own work [2]). Thereare
other possibledefault strategies for choosingwhich arraysand scalarsto replicate.
However, while sucha uniform default layout might conceivably be optimal in some
circumstances,it is commonlymuchmoreefficient (asweshow in anexampleshortly)
to choosewhetherandhow to replicateeachvalueaccordingto context.

Moti vation. Thekey performancebenefitsfrom optimisingdatareplicationarisefrom:

1. ReplacingAll-ReduceOperationswith SimpleReductions.
A reductionwhich leavesits result in replicatedform on all participatingproces-
sorsis known asanall-reduce.Onmostplatforms,all-reduceoperationsaresignif-
icantlymoreexpensivethansimplereductions;theircomplexity generallyis thatof
a simplereductionfollowedby a broadcast.This is illustratedin Figure1. Kumar
etal. [9] show thattheoretically-betterimplementationsdoexist, but they requireat
leasttheconnectivity of ahypercubewith two-waycommunicationlinks.Wethere-
fore frequentlyhave the opportunityof a significantperformancegainby making
anoptimalchoiceaboutwhethertheresultof a reductionis replicatedor not.

2. ReducingtheCostof ResidualAffineCommunications.
In many programs,it is not possibleto find a setof affine alignmentswhich elimi-
nateall redistributions.However, thecostof theseresidualaffine communications
will belessif thedatabeingcommunicatedis not replicated.

Concreteinstancesof thesetwo optimisationsare illustratedin the working example
introducedat theendof this section.

Background: DESO BLAS Library . Although this work is applicableto compile-
timeoptimisation,it hasbeendevelopedandimplementedin thecontext of ourdelayed
evaluation,self-optimising(DESO) library [2] of parallelnumericalroutines(mainly
level 1 and2 BLAS [10]). This library usesdelayedevaluation— moredetailswill be
givenin Section3 — to capturethecalling program’sdataflow andthenperformsrun-
time interproceduraldataplacementoptimisation.Findingalgorithmsefficient enough
for useat run-timeis akey motivationfor ourwork.
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Fig.1. Performancecomparisonof simple reductionand all-reduce(reductionover addition,
1 scalarperprocessor).Left: Clusterof 350MHzPentiumII workstations,runningLinux 2.0.36
(TCPpatched),connectedby 100Mb/sethernetandusingmpich-1.1.1. Right: FujitsuAP3000
MPP:Nodesare300MHz UltraSPARC, connectedby 200MB/s AP-Net.Averagesof 100runs;
for bothplatforms,5%of peakvalueswereleft out. In bothcases,all-reducetakesroughlytwice
aslongasreduce.Further, thefiguresillustratethattheperformanceof all-reduceis onthesetwo
platformsthesameasthatof a simplereductionfollowedby a broadcast.

Contrib utions of this paper. We proposea techniquefor optimisingdatareplication:

– We describea mathematicalrepresentationfor replicationwhich takestheform of
aninvertiblemapping.Wearguethatthispropertyis key to makingdatareplication
amenableto goodmathematicaloptimisationalgorithms.

– We describean optimisationalgorithm,basedon this representation,which per-
formsinterproceduraldataplacementoptimisationovera sequenceof loopnests.

– Wearguethatouroptimisationalgorithmis efficientenoughto beusedin aruntime
system.

Our optimisationalgorithmworks from aggregateloop nestswhich have beenparal-
lelised in isolation.We do not addressany parallelismvs. replicationtrade-offs; we
assumethatdecisionsaboutwhich arrayshave to beprivatisedfor parallelisationhave
beentakenseparately.

Thepaperbuilds on relatedwork in the field of optimisingaffine alignment,such
as [5, 6]. Chatterjeeet al. [4] providesa key point of referencefor our work andwe
evaluateour work in comparisonto their approachat theendof thepaperin Section5.

Overview of this Paper. After thefinal sectionof this introduction,which presentsan
exampleto illustratethepotentialperformancebenefitsof optimisingreplication,Sec-
tion 2 describesour proposedrepresentationfor datareplication.In Section3, we de-
scribeanalgorithmfor interproceduraloptimisationof datareplication,which is based
on the representationfrom the previoussection.Section4 discussesevaluationof our
work usingour DESOlibrary of parallelnumericalroutines.Finally, Section5 reviews
relatedwork andSection6 concludes.

Example: Conjugate Gradient. Considerthe sequenceof operationsfrom the first
iterationof theconjugategradientalgorithmwhichis shown in Figure2.By farthemost
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– 1 all-reduceon O � N � data(q 	 Ap)
– 2 all-reduceoperationson O � P� data

(vectordotproducts)
– 1 transposeonO � PN� data

– 1 simplereductiononO � N � data
– 2 simplereductionsonO � 1� data
– 1 transposeonO � N � data
– 2 broadcasts,of O � 1� andO � N � data.

Fig.2. Sequenceof operationsfrom theconjugategradientiterative algorithmfor solving linear
systemsAx 	 b, showing datalayoutonameshof processors.Affinealignmenthasalreadybeen
optimisedin bothexamples.

compute-intensivepartof thisalgorithmis thevector-matrixproductq 
 Ap. Onamesh
of processors,this canbe parallelisedin two dimensionsaslong asevery row of the
processormeshhasaprivatecopy of vectorp. It would notbeprofitableto reconfigure
the processormeshas a ring for the remainingvector-vectoroperations;rather, the
easiestunoptimisedsolutionis to blockall vectors,in replicatedform, overtherows(or
columns,in thecaseof q) of themesh.Similarly, scalarsarereplicatedonall processors.
As illustratedin theleft-handpartof Figure2, theresultingcommunicationsare3 all-
reduceoperationsandonetransposeof O � NP� data.However, thiscanbeoptimised:the
solutionin theright-handpartof Figure2 keepsreplicatedonly thosescalarsandvectors
which areinvolvedin updatingvectorp. This leadsto thefollowing optimisations:

– We replaceall-reduceoperationswith simplereductionsandthenchooseoptimum
pointsto broadcastdatawhichis requiredfor updatingreplicatedvectors.Onmany
platforms,this will savea broadcastoperation.

– Further, the transposeoperationwhich is necessaryto align q and p for the dot-
productα 
 q � p now only hasto communicateO � N � dataand involves2P � 1
ratherthanP2 � P processors.

Our choiceof unoptimisedimplementationis arguablysomewhat arbitrary; the point
is thatunlessreplicationis incorporatedinto thedataplacementoptimisationprocess,
optimisationslike thesewill be missed.Note also that we can improve further still
on the solution shown hereby choosinga skewed affine placementfor q. Detecting
this automaticallyrequiresour optimiserto take accountof bothaffine alignmentand
replication.We will addressthis issueagainwhenwediscussfuturework in Section6.



2 RepresentingData Replication

In this section,we introduceour representationfor datareplication.Our objective has
beento developa representationwhich is bothefficient to implementandwhich facili-
tatesefficientoptimisation.

2.1 Overview of Data Placementfor Data Parallel Programs

Our startingpoint is the typical dataparallel two-stageapproachof a mappingonto
virtual processorsfollowed by a distribution of virtual processorsonto physicalones.
Thenotion of a virtual processorgrid is equivalentto thatof a template,asdescribed
by Chatterjeeetal. [5].

Weaugmentthedimensionalityof all arraysin anoptimisationproblemto thehigh-
estnumberof dimensionsoccurringin that problem.This is a purely conceptualstep
which doesnot imply any datamovementand it is equivalent to the conceptthat a
templateis a Cartesiangrid of “sufficiently high dimension”into which all arrayscan
bemapped[5]. If we wish to mapanN-vectorover a two-dimensionalprocessorgrid,
we conceptuallytreatthis vectorasa � 1 
 N � matrix1. Scalarsarehandledin the same
way, so a scalarwould be treatedasa � 1 
 1� -arraywhenmappedonto the samegrid.
Following augmentation,ourrepresentationfor dataplacementconsistsof threestages:

1. Replicationdescriptors allow us to representthe replicationof arraysin any di-
mensionwheretheirextentis 1. We describethesedescriptorsin detaillaterin this
section.

2. Affinealignmentfunctionsacton augmented,replicatedarrayindex vectorsi and
mapthemontovirtual processorindices.They take theform

f � i ��
 Ai � t . (1)

Thealignmentfunctionfor mappingarow vectorovertherowsof aprocessormesh
is f � i ��
�� 1 0

0 1 � i ��� 00 � . Notethatthisrepresentationallowsusto captureaxis,stride
andoffsetalignmentasdefinedin [5]. Someapproaches[5, 8] limit the natureof
the matrix A, suchas to requireexactly one non-zeroentry per column and no
more thanonenon-zeroentry per row. The only restrictionwe imposeon these
alignmentfunctionsis that they beinvertible.Thus,we canrepresentskewings,as
well assimplepermutationsfor axisalignments.

3. Distribution or folding functionsmapvirtual processorindex vectorsontopairsof
physicalprocessorandlocal indices.We currentlyusethe well-known symbolic
representationsblock, collapsed(*) andcyclic(N) asdistribution functions.No-
tice thatfolding allowsusto “serialise”someof thereplicationwemayhaveintro-
ducedin step1, leaving nomorethanonecopy of eacharrayperphysicalprocessor.

1 We alwaysadddimensionsin initial positions.Thus,whenaugmentingan N-vectorto 2 di-
mensions,we alwaystreatit asa � 1 � N � matrix,never asa � N � 1� matrix.



Propertiesof Affine Alignment Functions. Theaffine alignmentfunctionswe have
describedabovehavetwo propertieswhich facilitateefficient implementationandopti-
misation:invertibility andclosure undercomposition.

– Invertibility meansthat,givenanaffinealignmentfunction,wecanalwayscalculate
bothwhichvirtual processorholdsaparticulararrayelement,andalso,whicharray
elementis held by a particularvirtual processor. This propertyfacilitatessender-
initiated communication,an importantoptimisationon distributed-memoryarchi-
tectures.

– Further, giventheabovepropertiesandtwo affine alignmentfunctions f andg for
an array, we may alwayscalculatea redistribution function r 
 f � 1 � g, which is
itself anaffine function(invertibility givesustheexistenceof f � 1 andclosureun-
dercompositionthatr is affine).As wewill discussin moredetailin Section3, this
propertyfacilitatesefficient optimisation.We definea weight function w, which
returnsan estimateof the amountof datamovementgeneratedby r. The optimi-
sationproblemwe needto solve is thento minimise,over all edgesin a DAG, the
sumof weightsw � r � associatedwith theredistributionsr alongtheedges,subject
to placementconstraints.Examplesfor this approachare[2,6].

2.2 Replication Descriptors

Our aim in designingdescriptorsfor datareplicationhasbeento re-useasmuchpre-
viouswork on optimisingaffine alignmentaspossible;we have thereforerequiredthat
our descriptorshave both the above-mentionedpropertiesof invertibility andclosure
undercomposition.Theadvantagesbecomeapparentin Section3 whereweoutlineour
optimisationalgorithm.

Let dv bethenumberof dimensionsof anarrayafteraugmentation(i.e. thenumber
of dimensionsof thevirtual processorgrid). Let V betheindex spaceof thearrayafter
augmentationandlet Vn bethesetof all possibleindex valuesin dimensionn of V. Let
i beanarrayindex vector. We define ��
�� to bea constructorfunctionwhich takestwo
dv � dv matricesD1, D2 andreturnsa function � D1 
 D2 � , where� D1 
 D2 � i 
 D1 � Solve� D2 
 i � . (2)

Solve� M 
 v � , whereM is a matrix andv a vector, is thesetof solutionsto theequation

Mx 
 v, i.e. Solve� M 
 v � def
�� x � Mx 
 v � . This is alsoknown asthepre-imageof M.

Definition 1 (Copy Function). We now definea replicationor copyfunctionc to be� D1 
 D2 � , whereD1, D2 are dv � dv matrices,andwehave

c i
def
 � D1 
 D2 � i
 D1 � Solve� D2 
 i �
!� D1x � D2x 
 i andx " V � .

(3)

Matrix D2 is usedto generatesetsof locationsto copy datato; D1 is usedto collapse
sets.We first give one preliminary exampleand then prove that this definition does
indeedmeetthepropertieswhich werequire.Furtherexamplesandrationalefollow.



Example1. Thecopy functionfor replicatingavectordown thecolumnsof aprocessor
meshis �#� 1 0

0 1 � 
#� 0 0
0 1 �#� . Notethatthevectorx is a row-vector, i.e.a � 1 
 n� array. Its first

index valueis thereforealways0. Thus,we have:� 1 0
0 1 � � Solve� � 0 0

0 1 � 
 i �$
!� x � � 0 0
0 1 � x 
 � 0i � 
 x " V �

H
!� x �%� 0 0
0 1 � x 
 0 
 x " V �$�&� 0j �
!� � x1

0 � � x1 " V1 �'� � 0i �
!�(� x1
i �%� x1 " V1 � .

The secondequality, marked H, is due to the homomorphismtheorem[7]. We will
expandshortly. Eachvectorelementi, which after augmentationcorrespondsto � 0i � ,
thereforegetsmappedto all virtual processorindicesin its column.

Remark1. Theonly formal restrictionwhichwe have imposedon thematricesD1 and
D2 in a replicationdescriptoris that their dimensionsaredv � dv. However, we do not
loseany expressivepower in practiceby only usingdiagonalmatrices:A skewedrepli-
cationsuchas �#� 1 0

0 1 � 
#� 1 � 10 0 �)� canalwaysbeachievedby usingareplicationdescriptor
consistingof diagonalmatrices �#� 1 0

0 1 � 
#� 0 0
0 1 �#� togetherwith a skewedaffinealignment

function f � i ��
 � 1 0
1 1 � i � � 00 � .

Proposition1. Thecompositionof two copyfunctionsc1 
*� D1 
 D2 � , c2 
&� E1 
 E2 � is
c1
� c2 
&� D1 � E1 
 E2 � D2 � . (4)

Proof. We have � c1
� c2 �+� i �$
 c1 �$� E1x � E2x 
 i 
 x " V �,�
!� D1y � D2y 
 E1x 
 E2x 
 i 
 y
 x " V �
!� D1E1y � D2y 
 x 
 E2x 
 i 
 y
 x " V �
!� D1E1y � E2D2y 
 i 
 y " V � . -.

Proposition2. Thecompositionof two copyfunctionsis againa copyfunction.

Proof. Followsfrom thefactthattheproductof two dv � dv matricesis adv � dv matrix.

Proposition3. If the matricesD1 and D2 contain identical entriesin corresponding
locations,wemay“cancel” thoseentriesby replacingthemwith 1 in bothmatrices.

Proof. We examinetheone-dimensionalcase.Let d1, d2 bearbitraryscalars.Thus,we
have � d1 
 d2 � i 
 d1 � Solve� d2 
 i � . If we now assumethatd1 
 d2, wehave� d1 
 d2 � i 
 d1 � Solve� d1 
 i �
!� d1x � d1x 
 i �
!� i �
*� 1 
 1� i .

(5)

The multidimensionalcaseeasily follows. Note that this type of “cancellation”even
appliesif theidenticalcorrespondingentriesarezeros.

-.



Proposition4. Theinverseof a copyfunctionc 
*� D1 
 D2 � is
c� 1 
*� D2 
 D1 � . (6)

Proof. c � c� 1 
/� D1D2 
 D1D2 � . Therefore,the two matricesin c � c� 1 are identical,
which meansthataccordingto Proposition3, we canreplaceall entrieswith 1, sowe
havec � c� 1 
*� I 
 I � . -.
Rationale. Thefirst problemthathadto beaddressedwhentrying to representreplica-
tion is thata one-to-many “mapping” is not a function.Thefirst ideain trying to work
aroundthis problemwasto representthe “inversereplication” function instead,i.e., a
many-to-onemapping.Givensuchaninversefunction f , wehaveto solveequationsof
the form f � x�0
 i in orderto establishwhich virtual processorsthedataelementwith
index vectori is replicatedon.

Sincewewish to optimiseat runtime,thesecondchallengewasto ensurethatthese
equationscanbesolvedveryefficiently; in particular, their solutioncomplexity should
not dependon eitherarraydatasizeor processornumbers.We make useof thehomo-
morphismtheorem[7]: Formally, anequationis a pair � f 
 y� of a function f : D ��1 R
andanelementy of R. Thesolutionof � f 
 y� is theset � x " D � f � x�2
 y � . Thekernel
of f is thesolutionto � f 
 0R � : Kern f 
3� x " D � f � x�$
 0R � . If a function f is ahomo-
morphism,it maynotbeinvertible,but, we canmakea veryusefulstatementaboutthe
natureof thesolutionto all equationsof theform � f 
 y� with y " R: thehomomorphism
theoremstatesthatfor all y " R,

Solve� f 
 y�$
3� x " D � f � x�'
 y �%
 Kern f � y . (7)

Thismeansthatalthoughwemaynotbeableto formulateaninversefor suchafunction,
we needonly solve oneequation,the kernel,in orderto be ableto statethe solutions
to all possibleequationsinvolving this function:they maythenbecalculatedby simple
addition.The requirementthat the inversecopy function be a homomorphismmeant
choosingavector-matrixproduct,i.e.multiplicationby thematrixD2 in our replication
descriptor.

Finally, sincetheinversecopying homomorphismsD2 arenot invertible,wecannot
usethemto representcollapsing,i.e. a changefrom replicatedto non-replicatedplace-
ment.We thereforeusea pair � D1 
 D2 � of matrices.Multiplying the solutionsto the
equationD2x 
 i by D1 allowsusto representcollapsing.

Intuition. Our constructionof an invertible representationfor datareplicationis in
many aspectsanalogousto the constructionof rationalnumbersfrom integers,which
is promptedby the lack multiplicative inversesin 4 . In both cases,the answeris to
usea pair (fraction) of elements.Note also the parallel natureof the definitionsfor
composition(multiplication)andinverse,andthenotionof ‘cancelandreplacewith 1’.
Oneimportantdifference,though,is thatsincewearedealingwith finitesetsof numbers
(index vectorspaces),having zerosin theright handcomponent(‘denominator’)does
not causeproblems.



2.3 Examples

1. The copy function for replicatinga scalaron column 0 of a processormeshis�)� 1 0
0 1 � 
 � 0 0

0 1 �)� (seeExample1).
2. The copy function for replicatinga scalaron row 0 of a meshof processorsis�)� 1 0

0 1 � 
)� 1 0
0 0 �)� .

3. The redistribution functionfor changingtheplacementof a scalarfrom replicated
on column0 to replicatedon row 0 is �)� 0 0

0 1 � 
 � 1 0
0 0 �)� .

4. We concludewith a morecomplicatedexample:Supposewe have ann � n matrix
distributed(block, block) over a p � p processormesh,and that we wish to
replicateanm-elementvectoroneveryprocessor, i.e., ‘align’ theentirevectorwith
every n

p � n
p block of thematrix.We canrepresentsucha placement.We augment

the virtual processorspacedimensionsto 3, treatingthe matrix as1 � n � n, and
thenchoosethefollowing placementdescriptors:

Matrix : Vector:

Replication: 5�5 1 0 0
0 1 0
0 0 1 6 
75 1 0 0

0 1 0
0 0 1 6�6 Replication: 585 1 0 0

0 1 0
0 0 1 6 
95 1 0 0

0 0 0
0 0 0 6�6

Affine: f � i �$
 5 1 0 0
0 1 0
0 0 1 6 i � 5 00

0 6 Affine: f � i �$
 5 0 1 0
0 0 1
1 0 0 6 i � 5 00

0 6
Folding: (*, block, block) Folding: (*, *, *)

The point hereis that althoughwe cannotreplicatethe vectoralonga dimension
whereits dataextent is morethan1, we canusea combinationof augmentation,
affine permutationof axes,replicationalong thoseaxeswhich after permutation
haveanextentof 1 andcollapseddistribution to representthesameeffect.

Summary. We havepresenteda powerful andefficient, invertiblemathematicalrepre-
sentationfor datareplicationin dataparallelprograms.We have illustratedthatwe can
representa wide rangeof replicateddataplacements.We will discussrelatedwork, in
particularby Chatterjeeetal. [4] in Section5.

3 Optimisation

We have developedthe techniquesdescribedin this paperin the context of a delayed
evaluation,self-optimising(DESO)library of parallelnumericalroutines.The library
usesdelayedevaluationof library operatorsto capturethe control flow of a userpro-
gramat runtime.This is achievedthroughwrappersroundtheactualparallelnumerical
routines.Whenwe encountera forcepoint (a point in theuserprogramwhereevalua-
tion of our library callscanbedelayedno longer, suchaswhenoutputis required),we
call our interproceduraldataplacementoptimiseron theDAG of library calls thathas
beenaccumulated.

Wehavepreviouslydescribed[2] andimplementedanaffinealignmentoptimisation
algorithm,looselybasedon thatof Feautrier[6]. In this following section,we outline
an algorithmfor optimisingreplication.We make useof the invertibility andclosure



propertiesof our replicationdescriptorsso that this algorithmfollows a very similar
patternto ouraffinealignmentoptimisationalgorithm.

It is not possiblewithin the confinesof this paperto give an exhaustive descrip-
tion of our optimisationalgorithm;we will thereforefocuson describingkey enabling
techniquesfor our algorithmwhich rely on the replicationrepresentationdescribedin
Section2: metadatafor operators,redistributionsandredistributioncost.

3.1 Library Operator PlacementConstraints

Our library operatorshave oneor moreparallelimplementations.Eachof theseimple-
mentationsis characterisedby a setof placementconstraints(metadata)thatconstrain
oursearchduringoptimisation.In ourcase,thesehavebeenprovidedby thelibrary im-
plementor;however, they couldalsohavebeencomputedby acompiler. Notethateach
call to a library operatorformsa nodein theDAG weareoptimising.Our library oper-
atorsthereforepreciselycorrespondto singlestatementsin thecompile-timealignment
optimisationapproachof Chatterjee[5], wherenodesin thegraphrepresentarrayoper-
ations.In thispaper, wewill concentrateonthoseplacementconstraintswhichdescribe
replication.

– Thereplicationplacementconstraintsfor library operatorsdescribetheplacement
relationshipbetweentheresultandtheoperands.For a library operatorwhich de-
finesanarrayy, readingarrayx, we denotethereplicationdescriptorfor theresult
y by cy andthedescriptorfor theoperandx by cyx . For example,for thedaxpy loop
y : αx � y, wehave

cyx 
 �#� 1 0
0 1 � 
 � 1 0

0 1 �)� � cy cyα 
 �)� 1 0
0 1 � 
 � 1 0

0 0 �#� � cy . (8)

Thismeansthattheinput vectorx alwayshasthesamedegreeof replicationasthe
resulty, while α hasreplicationalongdimension1 addedto theplacementof y.

– Thus,whendoinga vectorupdatetheresultof which is requiredin non-replicated
form, thechosenreplicationplacementswill bethat theinput vectorx is not repli-
cated,while α is replicatedalongrow 0 of aprocessormesh.
However, whentherequiredplacementfor theresultis replicatedon all rows of a
processormesh,i.e,cy 
;�#� 1 0

0 1 � 
#� 0 0
0 1 �#� , thenwe canwork out theresultingplace-

mentsfor theoperandsx andα asfollows:

cyx 
 �)� 1 0
0 1 � 
 � 1 0

0 1 �)� � �<� 1 0
0 1 � 
 � 0 0

0 1 �)� cyα 
 �)� 1 0
0 1 � 
 � 1 0

0 0 �)� � �<� 1 0
0 1 � 
 � 0 0

0 1 �)�
��)� 1 0
0 1 � 
)� 0 0

0 1 �)� 
��)� 1 0
0 1 � 
#� 0 0

0 0 �)� .

Thus,x will now bereplicatedonevery row of theprocessorgrid, while α is repli-
catedon everyprocessor.

– Whenouroptimiserchangestheplacementof oneof theoperandsor of theresultof
any nodein aDAG, it canusetheseplacementconstraintsto re-calculatetheplace-
mentsfor theotherarraysinvolvedin thecomputation.Library operatorsalsohave
to adaptdynamicallytheir behaviour soasto alwayscomplywith their placement
constraints.



3.2 Calculating RequiredRedistributions

While accumulatingaDAG, our library assignsplacementsto library operandsaccord-
ing to thedefault schemementionedin Section1: whenalignedwith higher-dimensio-
nalarrays,lower-dimensionalarraysarereplicatedin dimensionswhere,afteraugmen-
tation,theirextentis 1. In particular, thismeansthatscalarsareby default replicatedon
all processors.

Oncea DAG hasbeenaccumulatedandis availablefor optimisation,ouralgorithm
begins by calculatingthe requiredreplicationredistributionsbetweenthe placements
of arraysat the sourceandsink of all edgesin the DAG. We denotenodesin a DAG
by thevaluesthey calculate.For anedgea ��1 b, we denotethereplicationdescriptor
(copy function) of a at the sourceby ca andthe copy functionat the sink by cab . The
replicationredistribution function ra = b for this edgeis definedby ca 
 ra = b � cab and
maybecalculatedasra = b 
 ca � c� 1ab .

3.3 CostModel for Redistributions

We definethesizevectorNa of anarraya to bethevectorconsistingof thearray’sdata
sizein all dimensions,sofor ann � mmatrixM, wehaveNM 
!� nm � . Wedefinethedata
volume > a of a as > a 
 ∏0 ? i ? dv Na @ i A , in otherwords, > a is thetotaldatasizeof a. Let
P bethevectorconsistingof thephysicalprocessorgrid’ssizein all dimensions.Given
thesedefinitions,we may build a reasonablyaccuratemodelof communicationcost
for a replicationredistribution function ra = b 
B� D1 
 D2 � asfollows: We first calculate
which dimensionsi, 0 C i C dv are replicatedby ra = b. We then definethe cost, or
weight,of theedgea ��1 b as

Wa = b 
 ∑
0 D i D dv

dimensioni replicated

Cbcast� Pi 
E> a � , (9)

whereCbcast� p 
 m� is thecostof broadcastinganarrayof sizem over p processors.On
typical platforms,we have Cbcast� p 
 m�GF/� ts � twm� logp, with ts being the message
startuptimeandtw per-word transfertime.

Thekey aspectof thiscostmodelis thatit takesaccountof boththedatasizeandthe
numberof processorsinvolvedin broadcastoperationsthatmayresultfrom replication
redistributions.

3.4 The Algorithm

Given that our replicationdescriptorsnow have the sameessentialpropertiesasour
affine alignmentdescriptors,the samealgorithmwhich we have previously described
for affine alignmentoptimisation[2] applies.It is originally basedon the algorithm
proposedby Feautrierin [6].

1. We selecttheedgewith thehighestweight.Supposethis is anedgea 1 b.
2. We changethedistribution at thesinkof theedgesuchthattheredistribution ra = b

is avoided, i.e., we substitutecab : ca. We then usethe constraintequationsat
nodeb for calculatingthe resultingplacementof b and any other operandsand
forward-propagatethis changethroughtheDAG.



3. We checktheweightof theDAG following thechange.If theweighthasgoneup,
we abandonthe changeandproceedto step4. If the weight hasgonedown, we
jump to step6.

4. We changethedistribution at thesourceof theedgeby substitutingcb : cab . We
updatethe placementsof the operandsat nodea and backwards-propagatethe
changethroughtheDAG.

5. We checkthe weight of the DAG. If it hasgoneup, we abandonthe changeand
marktheedgea 1 b as“attempted”.Otherwise,weacceptthechange.

Westopoptimisingif theweightof theDAG becomeszero.This,however, is rare.Oth-
erwise,we iteratethealgorithmafixed,smallnumberof timeseachtimewe encounter
a particularcontext, attemptingto eliminatethecostliestremainingresidualcommuni-
cation.This is particularlysuitablefor runtimesystemswherewe wish to only spenda
strictly limited time optimisingwhenever thealgorithmis invoked.

Oncewehavebegunoptimising,weuseourvaluenumberingscheme[2] for recog-
nisingpreviously encounteredcontexts andno longeruseour default placementstrat-
egy for suchnodes,but ratherusetheresultsof thelastoptimisation.Thus,wehavethe
chanceof improving on a placementschemeevery timea particularcontext is encoun-
tered.

Summary. Thefactthatour replicationdescriptorshavetwo key propertiesmeansthat
we havebeenableto proposeanalgorithmfor optimisingdatareplicationwhich is ex-
actlyanalogousto ourpreviousaffinealignmentoptimisationalgorithm.Thealgorithm
aimsto minimisetheoverallcommunicationcostarisingfrom datareplication.It works
incrementally, attemptingto eliminatethe costliestcommunicationsat eachstage.We
review relatedwork in Section5.

4 Evaluation

We have implementedthe techniquesdescribedin this paperin our DESOlibrary of
parallellinearalgebraroutines.In this section,weshow performanceresultsfor anim-
plementationof the ConjugateGradientiterative algorithm[1] which usesour library
(see[2] for a sourcecodesample).Table1 splits theoverall time spentby our bench-
markinto differentcategories;in particular, point-to-pointcommunicationaccountsfor
transposeoperationsandcollectivecommunicationfor reductionsandbroadcasts.

– We achieveveryencouragingparallelisationspeedup:13.03for 16 processors.
– Affine alignmentoptimisationaloneachievesa reductionby a factorof about2 in

point-to-pointcommunication.
– Performingthe replicationoptimisationalgorithm from this paperin addition to

affine alignmentoptimisationresultsin a furtherfactor2.0–2.8reductionin point-
to-point communication.In addition, collective communicationis decreasedby
about10%.The two key motivationsfor this work werethathandlingreplication
correctlyresultsin cheaperaffinerealignmentsandin fewerbroadcasts.



P Compu- Runtime Communication Optimi- Total O-SpeedupP-Speedup
tation Overhead Pt-to-Pt Collective sation Σ

N 1 4351.92 7.10 0.00 0.24 0.00 4359.26 1.00 1.00
A 1 4359.11 7.22 0.00 0.25 6.43 4372.99 1.00 1.00
R 1 4340.46 7.39 0.00 0.25 11.01 4359.11 1.00 1.00
N 4 1108.62 12.00 57.18 95.85 0.00 1273.66 1.00 3.42
A 4 1114.36 10.77 28.78 80.89 6.85 1241.64 1.03 3.52
R 4 1095.75 10.21 12.63 60.12 16.41 1195.12 1.07 3.65
N 9 467.35 11.77 51.28 83.90 0.00 614.30 1.00 7.10
A 9 464.51 11.52 27.08 72.49 7.12 582.71 1.05 7.50
R 9 463.53 10.57 14.32 65.29 16.64 570.34 1.08 7.64
N 16 238.28 12.50 41.22 72.82 0.00 364.81 1.00 11.95
A 16 237.94 12.01 25.00 62.88 7.17 345.00 1.06 12.68
R 16 235.07 10.09 8.92 64.22 16.18 334.48 1.09 13.03

Table 1. Time in millisecondsfor 10 iterationsof conjugategradient,with a 3600 H 3600pa-
rametermatrix (about100 MB) on varying numbersof processors.N denotestimings without
any optimisation,A timings with affine alignmentoptimisationonly, andR timings with affine
alignmentandreplicationoptimisation.O-Speedupshows thespeedupdueto our optimisations,
andP-Speedupthe speedupdue to parallelisation.The platform is a clusterof 350MHz Pen-
tium II workstationswith 128MB RAM, running Linux 2.0.36(TCP patched),connectedby
two channel-bonded100Mb/sethernetcardsper machinethrougha Gigabit switch andusing
mpich-1.1.1. Averagesof 10 runs;thestandarddeviation is about1%of thereportedfigures.

– Thedatain Table1 wereobtainedwith optimisationrunningon every iterationof
the CG loop. The optimisationtimeswe achieve show that firstly, our replication
algorithmtakesroughly thesametime asaffine alignmentoptimisation,and,sec-
ondly, that it is feasibleto executebothat runtimein this way. However, we have
previously describeda technique[2] that allows us to re-usethe resultsof previ-
ousoptimisationsat runtime.Applying this techniqueherewill causethe overall
optimisationtime to becomeinsignificant.We planto implementthis shortly.

– ConjugateGradienthasO � N2 � computationcomplexity, but only O � N � commu-
nication complexity. This meansthat for relatively small numbersof processors
with a fairly largeproblemsize,suchasin Table1, the overall speedupsthat can
beachievedby optimisingcommunicationaresmall.We expectour optimisations
to have greateroverall benefiton morefine-grainproblemsandproblemswith a
highercommunicationcomplexity.

5 RelatedWork

AffineAlignmentOptimisation. Feautrier[6] proposesa compile-timemethodfor au-
tomaticdistribution which works for static-controlprograms.This methodminimises
communicationbetweenvirtual processors,i.e. it dealswith theaffine alignmentstage
of paralleldataplacementonly. The methoddoesnot addressreplication;for lower-
dimensionalloops,someprocessorsareassumedto remainidle. Further, theplacement



functionsin [6] are static. In contrast,our methodallows for dynamicrealignments
anddynamicchangesin replication,andwill attemptto schedulesuchoperationsin an
optimalway.

Chatterjeeetal. [5] giveacomprehensivetheoretictreatmentof thealignmentprob-
lem, includingaxis-,stride-andoffset-alignment.Our affine alignmentdescriptorsare
verysimilar to thoseof Chatterjeeetal., thoughwe imposeslightly fewer restrictions.

OptimisingReplicatedAlignments.To ourknowledge,theonly previouswork onopti-
misingreplicatedalignmentsis by Chatterjeeetal. [4]. They usearepresentationwhich
permitsreplicatingdatanot justonentiretemplateaxes,but alsoonsubsetsof template
axes.However, thisrefinementis not takeninto accountin theiroptimisationalgorithm.
Ontheotherhand,it appearsthatouruseof augmentation,togetherwith carefullycho-
senalignment,permitsusto handlearangeof replicationpatterns,asillustratedin Sec-
tion 2.3which therepresentationin [4] wasnot intendedfor. We considerthestrongest
point of our representationto be the two propertiesof closureundercompositionand
invertibility.

Chatterjeeet al. proposeto usereplicationlabelling,wheredatais labelledeither
replicatedor non-replicated,andnetwork flow is usedto find an optimal labelling. In
comparison,weuseamorefinely differentiatedrepresentationandcostmodelfor repli-
cation.While Chatterjeeet al. thereforesolve a slightly simplerproblemthanwe do,
theirproposedalgorithmfindstheoptimumsolutionto theproblemasthey formulateit.
Our algorithm,solvinga harderproblem,is heuristicandincremental,seekingto elim-
inate the costliestcommunicationsasquickly aspossible.This makesour algorithm
particularlysuitableto runtimeoptimisation,without restrictingits potentialof finding
theoptimumsolutionwith a largerinvestmentin time.

6 Conclusion

We havepresentedanefficient techniquefor optimisingdatareplication:

– We proposea mathematicalrepresentationfor replicationwhich satisfiestheprop-
ertiesof closureundercompositionandinvertibility.

– Thesetwo propertiesof our replicationdescriptorsallow us to proposean opti-
misationalgorithmfor datareplicationwhich is exactly analogousto previously
publishedalgorithmsfor optimisingaffinealignment.

– Our optimisationalgorithm is efficient enoughto be usedin a runtime system,
but we believe that its simplicity shouldalsomake it attractive for compile-time
optimisers.

Future Work. This work can be extendedin a numberof ways. By taking account
of affineplacementswhile optimisingreplication,andvice-versa,we shouldbeableto
detectoverallplacementstrategieswhicharemoreefficientstill thanwhatwecanobtain
by optimisingbothseparately. For example,usingskewedplacementsfor theresultsof
non-replicatedreductionsmay allow us to eliminatesomeaffine re-alignmentswhich
appearinevitablewhentheresultof thereductionis replicated.



Through most of this paperwe have assumeda two-dimensionalprocessorar-
ray. This works well for BLAS, but we shouldevaluateour techniquesfor the one-
dimensionalandhigher-dimensionalcases.A moredifficult issueis how to mix differ-
entprocessorarrangementswithin a singlecomputation.
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