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Abstract. In this paper we presentan efficient techniquefor optimising data
replicationunderthe dataparallel programmingmodel. We proposea precise
mathematicatepresentatiomor datareplicationwhich allows handlingreplica-
tion asan explicit, separatestagein the parallel dataplacementproblem.This
representatiomakesthe form of aninvertible mapping.We arguethatthis prop-
erty is key to makingdatareplicationamenabldgo good mathematicabptimisa-
tion algorithms.We further outline an algorithmfor optimisingdatareplication,
basedon this representationyhich performsinterproceduratiataplacementp-
timisationover asequencef loop nestsWe have implementedhealgorithmand
shav performancdigures.

1 Intr oduction

Choosingparalleldataplacementsvhich minimisecommunications key to generating
efficient dataparallel programs.Underthe dataparallel programmingmodel, parallel
dataplacemenis typically representedby a two-stagemapping.In the first stage,an
affine alignmentfunction mapsarray elementsonto virtual processorsin the second
stageadistributionfunctionthenmapsvirtual processorsntophysicalones Examples
for sucha two-stageapproachare listed in [5]. This decompositiorfails to account
properlyfor datareplication:ratherthanusinganexplicit replicationstage replication
is oftenhandledmplicitly aspartof thealignmentstagethroughreplicatedalignments
In this paper we proposean efficient mathematicatepresentatioffior datareplication
which expresseseplicationasanindependenthird stageof paralleldataplacement.
While a goodrangeof optimisationtechniqueshasbeendescribedfor the align-
mentstage distribution andreplicationhave receved lessattention.We arguethatthe
representationvhich we proposein this paperis a steptowardsmaking datareplica-
tion amenabldo the sametype of mathematicabptimisationalgorithmswhich have
previously beenusedfor alignmentoptimisation.We demonstrat¢his assertiorby de-
scribingandimplementingan algorithmwhich performsinterproceduratiatareplica-
tion optimisationacrossa sequencef loop nests.The objective function which our
optimisationalgorithmattemptgo minimiseis communicatiorvolume.
Thepracticalimportanceof maintainingmultiple copiesof certaindatais evident:
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— The programmemay specifya replicatedplacementg.g.throughspr ead opera-
tions[5], replicatedalignmentdn HPF[8] or floodingoperatorsn ZPL [12].

— If aread-onlyarrayis accessedby several processorsn a particularsubroutine
or loop, it is more efficient to use a broadcasbperation,generallyO(logP), to
replicatethatarraythanto let processoraccesghe arrayby remotereadswhich
would mostlikely be ®(P), unlessa specialschemesuchasproxies[13] is used.

— Arrays may bereplicatedin orderto facilitate parallelisationof a loop nestwhich
would otherwisebe blocked by anti- or output-dependenciem thosearrays.This
is a highly effective techniqueknown asarray privatisation[11].

— In certaincircumstancesuntimere-alignment®f arrayscanbeavoidedby replica-
tion. Specifically mobile offsetalignmentsanberealisedthroughreplication[4].

Default strategies. Implementationshave typically madethe assumptiorthat scalars
are replicatedeverywhere(e.g. HPF [8]), or sometimesmore generally that when
mappedonto a higherdimensionaprocessogrid, lowerdimensionabrraysarerepli-

catedin thosedimensionswheretheir extentis 1 (e.g.our own work [2]). Thereare
other possibledefault stratgies for choosingwhich arraysand scalarsto replicate.
However, while sucha uniform default layout might concevably be optimalin some
circumstancest is commonlymuchmoreefficient (aswe shav in anexampleshortly)

to choosewhetherandhow to replicateeachvalueaccordingto context.

Motivation. Thekey performancéenefitdrom optimisingdatareplicationarisefrom:

1. ReplacingAll-ReduceOpemationswith SimpleReductions.
A reductionwhich leavesits resultin replicatedform on all participatingproces-
sorsis known asanall-reduce On mostplatforms,all-reduceoperationsresignif-
icantly moreexpensvethansimplereductionstheir compleity generallyis thatof
a simplereductionfollowed by a broadcastThis is illustratedin Figure 1. Kumar
etal. [9] show thattheoretically-betteimplementationslo exist, but they requireat
leasttheconnectvity of ahypercubevith two-way communicatiodinks. We there-
fore frequentlyhave the opportunityof a significantperformancegain by making
anoptimal choiceaboutwhethertheresultof a reductionis replicatedor not.

2. Reducinghe Costof ResidualAffine Communications.
In mary programsit is not possibleto find a setof affine alignmentswhich elimi-
nateall redistritutions.However, the costof theseresidualaffine communications
will belessif thedatabeingcommunicateds notreplicated.

Concreteinstancef thesetwo optimisationsareillustratedin the working example
introducedat the endof this section.

Background: DESO BLAS Library . Although this work is applicableto compile-
time optimisation,jt hasbeendevelopedandimplementedn thecontext of our delayed
evaluation,self-optimising(DESO) library [2] of parallelnumericalroutines(mainly
level 1 and2 BLAS [10]). This library usesdelayedevaluation— moredetailswill be
givenin Section3 — to capturethe calling programs dataflow andthenperformsrun-
time interproceduratiataplacemenbptimisation.Finding algorithmsefficient enough
for useatrun-timeis a key motivationfor our work.
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Fig. 1. Performancecomparisonof simple reductionand all-reduce(reductionover addition,
1 scalarper processor)Left: Clusterof 350MHz Pentiumll workstationsyunningLinux 2.0.36
(TCP patched)connectedy 100Mb/sethernetandusingnpi ch- 1. 1. 1. Right: FujitsuAP3000
MPP:Nodesare300MHz UltraSRARC, connectedy 200 MB/s AP-Net. Averageof 100runs;
for bothplatforms,5% of peakvalueswereleft out. In bothcasesall-reducetakesroughlytwice
aslongasreduce Further thefiguresillustratethatthe performancef all-reduceis onthesetwo
platformsthe sameasthatof a simplereductionfollowed by a broadcast.

Contrib utions of this paper. We proposeatechniquefor optimisingdatareplication:

— We describea mathematicatepresentatioffor replicationwhich takesthe form of
aninvertiblemapping We arguethatthis propertyis key to makingdatareplication
amenable¢o goodmathematicabptimisationalgorithms.

— We describean optimisationalgorithm, basedon this representationywhich per
formsinterproceduratlataplacemenbptimisationover a sequencef loop nests.

— Wearguethatouroptimisationalgorithmis efficientenoughto beusedin aruntime
system.

Our optimisationalgorithmworks from aggreateloop nestswhich have beenparal-
lelisedin isolation. We do not addressary parallelismvs. replicationtrade-ofs; we
assumehatdecisionsaboutwhich arrayshave to be privatisedfor parallelisatiorhave
beentakenseparately

The paperbuilds on relatedwork in the field of optimisingaffine alignment,such
as|5, 6]. Chatterjeeet al. [4] providesa key point of referencefor our work andwe
evaluateourwork in comparisorto their approachatthe endof the paperin Section5.

Overview of this Paper. After thefinal sectionof thisintroduction,which presentan
exampleto illustratethe potentialperformancéenefitsof optimisingreplication,Sec-
tion 2 describeur proposedepresentatioffior datareplication.In Section3, we de-
scribeanalgorithmfor interprocedurabptimisationof datareplication,whichis based
on therepresentatiofrom the previous section.Section4 discussegvaluationof our
work usingour DESOlibrary of parallelnumericalroutines Finally, Section5 reviews
relatedwork andSection6 concludes.

Example: Conjugate Gradient. Considerthe sequencef operationsfrom the first
iterationof theconjugategradientalgorithmwhichis shavn in Figure2. By farthemost
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— 2 all-reduceoperationson O(P) data
(vectordot products)
— ltransposen O(PN) data

2 simplereductionson O(1) data
1 transpos@n O(N) data
2 broadcastspf O(1) andO(N) data.

Fig. 2. Sequencef operationdrom the conjugategradientiterative algorithmfor solvinglinear
systemdAx = b, shaving datalayouton a meshof processorsiffine alignmenthasalreadybeen
optimisedin bothexamples.

compute-intensie partof thisalgorithmis thevectormatrix productg = Ap. Onamesh
of processorsthis canbe parallelisedin two dimensionsaslong asevery row of the
processomeshhasa privatecopy of vectorp. It would not be profitableto reconfigure
the processomeshas a ring for the remainingvectorvector operationsyrather the
easiestinoptimisedsolutionis to block all vectorsjn replicatedform, overtherows (or
columnsjn thecaseof ) of themesh Similarly, scalarsarereplicatedbnall processors.
As illustratedin the left-handpartof Figure2, theresultingcommunicationsre3 all-
reduceoperationandonetransposef O(NP) data.However, thiscanbeoptimisedthe
solutionin theright-handpartof Figure2 keepseplicatedbnly thosescalarsandvectors
which areinvolvedin updatingvectorp. This leadsto thefollowing optimisations:

— Wereplaceall-reduceoperationswith simplereductionsandthenchooseoptimum
pointsto broadcastlatawhichis requiredfor updatingreplicatedvectors Onmary
platforms,thiswill save abroadcasbperation.

— Further the transposeperationwhich is necessaryo align g and p for the dot-
producta = g.p now only hasto communicateO(N) dataandinvolves2P — 1
ratherthanP? — P processors.

Our choiceof unoptimisedimplementatioris arguably somevhat arbitrary; the point
is thatunlessreplicationis incorporatednto the dataplacemenbptimisationprocess,
optimisationslike thesewill be missed.Note also that we canimprove further still
on the solution shovn hereby choosinga skewed affine placementfor g. Detecting
this automaticallyrequiresour optimiserto take accountof both affine alignmentand
replication.We will addresshisissueagainwhenwe discusduturework in Section6.



2 RepresentingData Replication

In this section,we introduceour representatioffior datareplication.Our objective has
beento developarepresentatiowhich is both efficientto implementandwhich facili-
tatesefficient optimisation.

2.1 Overview of Data Placementfor Data Parallel Programs

Our starting point is the typical dataparallel two-stageapproachof a mappingonto
virtual processorgollowed by a distribution of virtual processor®nto physicalones.
The notion of a virtual processogrid is equivalentto that of a template asdescribed
by Chatterjeestal. [5].

We augmenthedimensionalityof all arraysin anoptimisationproblemto the high-
estnumberof dimensionsoccurringin that problem.This is a purely conceptuaktep
which doesnot imply ary datamovementandit is equivalentto the conceptthat a
templateis a Cartesiargrid of “sufficiently high dimension”into which all arrayscan
bemappedb5]. If we wishto mapan N-vectorover atwo-dimensionaprocessogrid,
we conceptuallytreatthis vectorasa (1,N) matrix!. Scalarsare handledin the same
way, so a scalarwould be treatedasa (1, 1)-array when mappedonto the samegrid.
Following augmentationgur representatiofor dataplacementonsistf threestages:

1. Replicationdescriptos allow us to representhe replicationof arraysin ary di-
mensiorwheretheir extentis 1. We describehesedescriptorsn detaillaterin this
section.

2. Affine alignmentfunctionsact on augmentedreplicatedarrayindex vectorsi and
mapthemontovirtual processoindices.They take theform

f(i)=Ai+t . (1)

Thealignmenfunctionfor mappingarow vectorovertherowsof aprocessomesh
is f (i) = (§9) i+ (§). Notethatthis representatioallows usto captureaxis,stride
andoffsetalignmentasdefinedin [5]. Someapproache$s, 8] limit the natureof
the matrix A, suchasto require exactly one non-zeroentry per columnand no
more than one non-zeroentry per row. The only restrictionwe imposeon these
alignmentfunctionsis thatthey beinvertible. Thus,we canrepresenskewings,as
well assimplepermutationgor axisalignments.

3. Distribution or folding functionsmapvirtual processoindex vectorsonto pairsof
physicalprocessolandlocal indices.We currently usethe well-known symbolic
representationisl ock, collapsed*) andcycl i ¢(N) asdistribution functions.No-
tice thatfolding allows usto “serialise” someof thereplicationwe mayhaveintro-
ducedn stepl, leaving no morethanonecopy of eacharrayperphysicalprocessar

1 We alwaysadddimensionsn initial positions.Thus,whenaugmentingan N-vectorto 2 di-
mensionsyve alwaystreatit asa (1, N) matrix, never asa (N, 1) matrix.



Properties of Affine Alignment Functions. The affine alignmentfunctionswe have
describedabore have two propertiesvhich facilitateefficientimplementatiorandopti-
misation:invertibility andclosue undercomposition

— Invertibility meanghat,givenanaffine alignmentfunction,we canalwayscalculate
bothwhichvirtual processoholdsa particulararrayelementandalso,whicharray
elementis held by a particularvirtual processarThis propertyfacilitatessender
initiated communicationan importantoptimisationon distributed-memoryarchi-
tectures.

— Further giventhe above propertiesandtwo affine alignmentfunctionsf andg for
anarray we may always calculatea redistritution functionr = f~1o g, which s
itself an affine function (invertibility givesusthe existenceof f~! andclosureun-
dercompositiorthatr is affine). As we will discussn moredetailin Section3, this
propertyfacilitatesefficient optimisation.We definea weight function w, which
returnsan estimateof the amountof datamovementgeneratedy r. The optimi-
sationproblemwe needto solve is thento minimise,over all edgesn a DAG, the
sumof weightsw(r) associateavith the redistritutionsr alongthe edgessubject
to placementonstraintsExampledor this approactare[2, 6].

2.2 Replication Descriptors

Our aim in designingdescriptordor datareplicationhasbeento re-useasmuchpre-
viouswork on optimisingaffine alignmentaspossiblewe have thereforerequiredthat
our descriptorshave both the above-mentionedoropertiesof invertibility and closure
undercompositionTheadwantagedecomeapparenin Section3 wherewe outlineour
optimisationalgorithm.

Let dy bethe numberof dimension®f anarrayafteraugmentatiori.e. the number
of dimensionf thevirtual processogrid). LetV betheindex spaceof thearrayafter
augmentatiomndlet V,, bethe setof all possibleindex valuesin dimensiomn of V. Let
i beanarrayindex vector We define( , ) to beaconstructorfunctionwhich takestwo
dy x dy matricesD1, D, andreturnsafunction(D1,D>), where

(Dl,Dz) i= D1-50|VE(D2,i ) . (2)

Solve(M, v ), whereM is a matrix andv avector, is the setof solutionsto the equation

Mx =, i.e. Solve(M,Vv) gef {x] Mx=v }. Thisis alsoknown asthe pre-imageof M.

Definition 1 (Copy Function). We now definea replicationor copyfunctionc to be
(D1,D32), where D1, Dy are dy x dy matricesandwehave

Ci dZef(Dl,Dz)i
= D; - SolvéD,,i ) 3)
= {Dix| Dox=iandxeV} .
Matrix D> is usedto generatesetsof locationsto copy datato; D1 is usedto collapse

sets.We first give one preliminary example and then prove that this definition does
indeedmeetthe propertieswvhich we require.Furtherexamplesandrationalefollow.



Examplel. Thecopy functionfor replicatinga vectordown thecolumnsof aprocessor
meshis ((39),(39)). Notethatthevectorx is arow-vectori.e.a(1,n) array Its first
index valueis thereforealways0. Thus,we have:

(59)-Solve((89),i) ={x| (§9)x=(9),xeV}
2 (x| (89)x=0xeV}+(9)
={(%) | xaeVva}+(?)
={C}) | xuewi} .

The secondequality marked H, is dueto the homomorphismtheorem[7]. We will
expandshortly. Eachvectorelementi, which after augmentatiorcorrespondso (9),
thereforegetsmappedo all virtual processomdicesin its column.

Remarkl. Theonly formal restrictionwhich we haveimposedon thematricesD; and
D» in areplicationdescriptoris thattheir dimensionsared, x dy. However, we do not

loseary expressve powerin practiceby only usingdiagonalmatricesA skewedrepli-

cationsuchas((39), (3 3)) canawaysbeachieredby usingareplicationdescriptor
consistingof diagonalmatrices((3 9), (39)) togethemwith a skewed affine alignment
function f (i) = (1 9)i+ ().

Proposition 1. Thecompositiorof two copyfunctionsc; = (D1,D3), ¢ = (E1, E) is
cioCx = (D1-Ey1, E2-Dy) . 4)
Proof. We have
(01002) (i ) = C]_( {E]_X | Eox = i,XGV} )
= {D1y| D2y = Eax, Exx=1i, y,x €V}
= {DlEly | Doy=x, Exx=1i, y,X € V}
= {D1E1y| E2D2y: i, ye V} .

Proposition2. Thecompositiorof two copyfunctionsis again a copyfunction.
Proof. Followsfrom thefactthattheproductof two dy x dy matricess ad, x d, matrix.

Proposition 3. If the matricesD; and D, containidentical entriesin corresponding
locations,wemay*“cancel” thoseentriesby replacingthemwith 1 in both matrices.

Proof. We examinetheone-dimensionataseLet di, d» bearbitraryscalarsThus,we
have (di,dp) i = d; - Solve(dy,i). If we now assumehatd; = dp, we have
(dl,dz) i=dg- SO|Ve(d1,i )

= {d1X| d1X: i }

= {i}

=(L,1)i .
The multidimensionalcaseeasily follows. Note that this type of “cancellation” even
appliesif theidenticalcorrespondingntriesarezeros. O

(5)



Proposition4. Theinverseof a copyfunctionc = (D1,D>) is
¢ '=(D2,Dy) . (6)

Proof coc™l= (D1D2,D1D>). Therefore the two matricesin co c 1 areidentical,
which meanghataccordingto Proposition3, we canreplaceall entrieswith 1, sowe
harecoc™t = (I,1). O

Rationale. Thefirst problemthathadto beaddressedhentrying to representeplica-
tion is thata one-to-mag “mapping”is nota function. Thefirst ideain trying to work
aroundthis problemwasto representhe “inversereplication”functioninstead,.e., a
mary-to-onemapping.Givensuchaninversefunction f, we have to solve equationf
theform f(x) =i in orderto establishwhich virtual processorshe dataelementwith
index vectori is replicatedon.

Sincewe wish to optimiseat runtime,thesecondhallengevasto ensurehatthese
equationganbe solvedvery efficiently; in particular their solutioncomplexity should
not dependon eitherarraydatasize or processonumbersWe make useof the homo-
morphismtheorem[7]: Formally, anequationis a pair (f,y) of afunctionf :D — R
andanelementy of R. Thesolutionof (f,y) istheset{x e D | f(x) =y}. Thekernel
of f isthesolutionto (f,0g): Kernf = {xe D | f(x) = Og}. If afunction f isahomo-
morphism,it maynotbeinvertible,but, we canmake a very usefulstatemenaboutthe
natureof thesolutionto all equationf theform (f,y) with y € R: thehomomorphism
theoremstateghatfor all y € R,

Solve(f,y) ={xeD| f(x) =y} =Kernf+y . @)

Thismeanghatalthoughwe maynotbeableto formulateaninversefor suchafunction,
we needonly solve one equation the kernel,in orderto be ableto statethe solutions
to all possibleequationsnvolving this function:they maythenbe calculatedby simple
addition. The requirementhat the inversecopy function be a homomorphisnmeant
choosingavectormatrix product,i.e. multiplicationby thematrix D, in our replication
descriptor

Finally, sincetheinversecopying homomorphism®- arenotinvertible,we cannot
usethemto representollapsing,i.e. achangefrom replicatedto non-replicateglace-
ment. We thereforeusea pair (D1,D>) of matrices.Multiplying the solutionsto the
equationDox =i by D1 allows usto representollapsing.

Intuition.  Our constructionof an invertible representatiorior datareplicationis in
mary aspectsanalogougo the constructionof rationalnumbersfrom integers,which
is promptedby the lack multiplicative inversesin Z. In both casesthe answeris to
usea pair (fraction) of elementsNote also the parallel natureof the definitionsfor
composition(multiplication)andinverse andthe notionof ‘cancelandreplacewith 1'.
Oneimportantdifferencethoughis thatsincewe aredealingwith finite setsof numbers
(index vectorspaces)having zerosin the right handcomponent{‘denominator’)does
not causeproblems.



2.3 Examples

1. The copy function for replicatinga scalaron column O of a processomeshis
((39),(39)) (seeExamplel).

2. The copy function for replicatinga scalaron row O of a meshof processorss
((5%),(50))-

3. Theredistrikution functionfor changingthe placemenbf a scalarfrom replicated
oncolumnO to replicatedonrow Ois ((39),(39)).

4. We concludewith a morecomplicatedexample:Supposeave have ann x n matrix
distributed (bl ock, bl ock) over a p x p processomesh,and that we wish to
replicatean m-elementvectoron every processati.e., ‘align’ theentirevectorwith
every 2 X I block of the matrix. We canrepresensucha placementWe augment
the virtual processoispacedimensiongo 3, treatingthe matrix as1 x nx n, and
thenchooseahefollowing placementescriptors:

Matrix : Vector:

vepcaion (156). (389))  pevianon (330 (3£0)
Affme:f(i):(é%%)w(g) Affine: f(i) = (§é§)| ( )
Folding: (*, bl ock, bl ock) Folding: (*, *, *)

The point hereis that althoughwe cannotreplicatethe vectoralonga dimension
whereits dataextentis morethanl, we canusea combinationof augmentation,
affine permutationof axes, replicationalong thoseaxes which after permutation
have anextentof 1 andcollapsedlistribution to representhe sameeffect.

Summary. We have presentec powerful andefficient, invertiblemathematicatepre-
sentatiorfor datareplicationin dataparallelprogramsWe have illustratedthatwe can
represent wide rangeof replicateddataplacementsWe will discussrelatedwork, in
particularby Chatterjeeetal. [4] in Section5.

3 Optimisation

We have developedthe techniquesiescribedn this paperin the context of a delayed
evaluation,self-optimising(DESO)library of parallelnumericalroutines.The library
usesdelayedevaluationof library operatorgo capturethe control flow of a userpro-
gramatruntime.Thisis achiezedthroughwrappergoundthe actualparallelnumerical
routines.Whenwe encounteia force point (a pointin the userprogramwhereevalua-
tion of our library callscanbe delayedno longer, suchaswhenoutputis required) we
call our interproceduratiataplacemenbptimiseron the DAG of library callsthathas
beenaccumulated.

We have previously described2] andimplementedanaffinealignmentoptimisation
algorithm,looselybasedon that of Feautrief{6]. In this following section,we outline
an algorithmfor optimising replication.We make useof the invertibility and closure



propertiesof our replicationdescriptorsso that this algorithmfollows a very similar
patternto our affine alignmentoptimisationalgorithm.

It is not possiblewithin the confinesof this paperto give an exhaustve descrip-
tion of our optimisationalgorithm;we will thereforefocuson describingkey enabling
techniquedor our algorithmwhich rely on the replicationrepresentatiomlescribedn
Section2: metadatdor operatorsredistributionsandredistritution cost.

3.1 Library Operator PlacementConstraints

Our library operatorshave oneor moreparallelimplementationsEachof thesemple-
mentationds characterisetly a setof placementonstraintymetadatajhatconstrain
our searchduringoptimisation.In our casethesehave beenprovidedby thelibrary im-
plementorhowever, they couldalsohave beencomputedoy a compilet Notethateach
call to alibrary operatoformsanodein the DAG we areoptimising.Our library oper
atorsthereforepreciselycorrespondo singlestatementi the compile-timealignment
optimisationapproactof Chatterjed5], wherenodesn thegraphrepresenarrayoper
ations.In this paperwewill concentrat®nthoseplacementonstraintavhichdescribe
replication.

— Thereplicationplacementonstraintdor library operatordescribethe placement
relationshipbetweerthe resultandthe operandsFor a library operatomwhich de-
finesanarrayy, readingarrayx, we denotethereplicationdescriptorfor theresult
y by ¢, andthedescriptorfor theoperand by ¢y, . For example for thedaxpy loop
y < ox +y, wehave

6 = (39,3006 6u=((39).(53) o0, - ®

This meanghattheinputvectorx awayshasthe samedegreeof replicationasthe
resulty, while a hasreplicationalongdimensionl addedo the placemenbf y.

— Thus,whendoingavectorupdatetheresultof which is requiredin non-replicated
form, thechoserreplicationplacementsvill bethattheinputvectorx is not repli-
catedwhile a is replicatedalongrow 0 of aprocessomesh.

However, whenthe requiredplacemenfor the resultis replicatedon all rows of a
processomeshi.e,c, = ((39),(39)), thenwe canwork out theresultingplace-
mentsfor the operands anda asfollows:

)°((69):(89)  &a=1((52):(56))°((52)-(35))

Thus,x will now bereplicatedon every row of theprocessogrid, while a is repli-
catedon every processar

— Whenouroptimiserchangesheplacemenof oneof theoperandsr of theresultof
ary nodein aDAG, it canusetheseplacementonstraintgo re-calculatehe place-
mentsfor the otherarraysinvolvedin thecomputationLibrary operatorsalsohave
to adaptdynamicallytheir behaiour so asto alwayscomplywith their placement
constraints.



3.2 Calculating Required Redistributions

While accumulatinga DAG, our library assigngplacementso library operandsccord-
ing to thedefault schemementionedn Sectionl: whenalignedwith higherdimensio-
nal arrays|ower-dimensionahrraysarereplicatedn dimensionsvhere afteraugmen-
tation,their extentis 1. In particular thismeanghatscalarsareby defaultreplicatedon
all processors.

Oncea DAG hasbeenaccumulate@dndis availablefor optimisation,our algorithm
begins by calculatingthe requiredreplicationredistributions betweenthe placements
of arraysat the sourceandsink of all edgesin the DAG. We denotenodesin a DAG
by thevaluesthey calculate For anedgea — b, we denotethe replicationdescriptor
(copy function) of a at the sourceby c; andthe copy functionat the sink by c,,. The
replicationredistritution functionr,_, for this edgeis definedby ¢y = ra_p o ca, and
maybe calculatedasra_,p = Ca0 C5* .

3.3 CostModel for Redistributions

We definethe sizevectorN, of anarraya to bethevectorconsistingof thearray's data
sizein all dimensionssofor ann x mmatrix M, we have Ny = (1,). We definethedata
volume ¥, of a as ¥, = [ogi<d, Na[i], in otherwords, 7 is thetotal datasizeof a. Let
P bethevectorconsistingof the physicalprocessogrid’s sizein all dimensionsGiven
thesedefinitions,we may build a reasonablyaccuratemodel of communicationcost
for areplicationredistritution functionr,_p = (D1, D2) asfollows: We first calculate
which dimensionsi, 0 < i < dy arereplicatedby r,_,p. We then definethe cost, or
weight, of theedgea — b as

Wasp = Z Cbcas(Pla 'Va) ’ (9)

0gi<dy
dimensioni replicated

whereCpcas{ p, M) is the costof broadcastingin arrayof sizem over p processorsOn
typical platforms,we have Cycas{ p, M) = (ts + twm) log p, with ts beingthe message
startuptime andt,, perword transfertime.

Thekey aspecbf thiscostmodelis thatit takesaccounbf boththedatasizeandthe
numberof processorfvolvedin broadcasbperationghatmay resultfrom replication
redistritutions.

3.4 The Algorithm

Given that our replicationdescriptorsnow have the sameessentialpropertiesas our

affine alignmentdescriptorsthe samealgorithmwhich we have previously described
for affine alignmentoptimisation[2] applies.It is originally basedon the algorithm

proposedyy Feautrieiin [6].

1. We selectthe edgewith the highestweight. Supposéhisis anedgea — b.

2. We changethe distribution at the sink of the edgesuchthatthe redistrikutionr,_p
is avoided, i.e., we substitutec,, <+ ca. We thenusethe constraintequationsat
nodeb for calculatingthe resultingplacementof b and any other operandsand
forward-propagatethis changehroughthe DAG.



3. We checktheweightof the DAG following the changelf the weighthasgoneup,
we abandorthe changeand proceedto step4. If the weighthasgonedown, we
jumpto step6.

4. We changethe distribution at the source of the edgeby substitutinge, + c,,. We
updatethe placementof the operandsat nodea and badkwards-piopagatethe
changehroughthe DAG.

5. We checkthe weight of the DAG. If it hasgoneup, we abandorthe changeand
marktheedgea — b as“attempted”.Otherwisewe accepthe change.

We stopoptimisingif theweightof the DAG becomegzero.This, however, is rare.Oth-
erwise,we iteratethe algorithmafixed,smallnumberof timeseachtime we encounter
a particularcontext, attemptingto eliminatethe costliestremainingresidualcommuni-
cation.This s particularlysuitablefor runtimesystemsvherewe wish to only spenda
strictly limited time optimisingwheneerthe algorithmis invoked.

Oncewe have begunoptimising,we useourvaluenumberingschemd?2] for recog-
nising previously encountereaontexts andno longeruseour default placemenstrat-
egy for suchnodeshut ratherusetheresultsof thelastoptimisation.Thus,we have the
chanceof improving on a placemenschemesvery time a particularcontet is encoun-
tered.

Summary. Thefactthatourreplicationdescriptordiave two key propertiesneanghat
we have beenableto proposeanalgorithmfor optimisingdatareplicationwhichis ex-
actly analogouso our previousaffine alignmentoptimisationalgorithm.Thealgorithm
aimsto minimisetheoverallcommunicatiorcostarisingfrom datareplication.lt works
incrementally attemptingto eliminatethe costliestcommunicationst eachstage We
review relatedwork in Section5.

4 Evaluation

We have implementedhe techniquesdescribedn this paperin our DESOlibrary of

parallellinearalgebraroutines.In this sectionwe shav performanceesultsfor anim-

plementatiorof the ConjugateGradientiterative algorithm[1] which usesour library
(see[2] for a sourcecodesample).Tablel splitsthe overall time spentby our bench-
markinto differentcategories;in particular point-to-pointcommunicatioraccountgor

transpos@perationsaandcollectivecommunicatiorfor reductionsandbroadcasts.

— We achieve very encouragingarallelisatiorspeedup13.03for 16 processors.

— Affine alignmentoptimisationaloneachievesa reductionby a factorof about2 in
point-to-pointcommunication.

— Performingthe replicationoptimisationalgorithm from this paperin additionto
affine alignmentoptimisationresultsin a furtherfactor2.0-2.8reductionin point-
to-point communication.In addition, collectve communicationis decreasedy
about10%. The two key motivationsfor this work werethathandlingreplication
correctlyresultsin cheapegffine realignmentsandin fewer broadcasts.



P | Compu- Runtime| Communication |Optimi-| Total |O-SpeedupP-Speedup
tation |Overhead Pt-to-Pt| Collective| sation z
N| 1(4351.92 7.10 0.00 0.24 0.00 |4359.24 1.00 1.00
A| 1]4359.11 7.22 0.00 0.25 6.43 |4372.99 1.00 1.00
R| 1|4340.4 7.39 0.00 0.25 11.01 |4359.11] 1.00 1.00
N| 4 (1108.62 12.00 | 57.18 | 95.85 0.00 |1273.66 1.00 3.42
A| 4111436 10.77 | 28.78 | 80.89 6.85 |1241.64 1.03 3.52
R| 4|1095.79 10.21 | 12.63 | 60.12 | 16.41|1195.13 1.07 3.65
N|9|467.35| 11.77 | 51.28 | 83.90 0.00 | 614.30 1.00 7.10
A| 9| 46451 1152 | 27.08 | 72.49 7.12 | 582.71 1.05 7.50
R| 9| 463.53| 10.57 | 14.32 | 65.29 | 16.64 | 570.34 1.08 7.64
N|16| 238.28| 12.50 | 41.22 | 72.82 0.00 | 364.81 1.00 11.95
A|16| 237.94| 12.01 | 25.00 | 62.88 7.17 | 345.00 1.06 12.68
R|16| 235.07| 10.09 8.92 64.22 | 16.18 | 334.48 1.09 13.03

Table 1. Time in millisecondsfor 10 iterationsof conjugategradient,with a 3600x 3600 pa-
rametermatrix (about100 MB) on varying numbersof processorsN denotesimings without
ary optimisation,A timings with affine alignmentoptimisationonly, andR timings with affine

alignmentandreplicationoptimisation.O-Speedughavs the speedupueto our optimisations,
and P-Speeduphe speedupdue to parallelisation.The platform is a clusterof 350MHz Pen-
tium Il workstationswith 128MB RAM, running Linux 2.0.36 (TCP patched),connectecby

two channel-bonded 00Mb/sethernetcardsper machinethrougha Gigabit switch and using
mpi ch- 1. 1. 1. Averagesf 10runs;the standarddeviation is aboutl1% of thereportedfigures.

— Thedatain Table1 wereobtainedwith optimisationrunningon every iterationof
the CG loop. The optimisationtimeswe achiese shawv thatfirstly, our replication
algorithmtakesroughly the sametime asaffine alignmentoptimisation,and,sec-
ondly, thatit is feasibleto executeboth at runtimein this way. However, we have
previously describeda technique[2] thatallows us to re-usethe resultsof previ-
ousoptimisationsat runtime. Applying this techniqueherewill causethe overall
optimisationtime to becomdnsignificant.We planto implementthis shortly.

— ConjugateGradienthasO(N?) computationcomplexity, but only O(N) commu-
nication compleity. This meansthat for relatively small numbersof processors
with a fairly large problemsize,suchasin Table1, the overall speedupshatcan
be achieved by optimisingcommunicatioraresmall. We expectour optimisations
to have greateroverall benefiton more fine-grainproblemsand problemswith a
highercommunicatiorcompleity.

5 RelatedWork

Affine AlignmentOptimisation. Feautrier[6] proposes compile-timemethodfor au-
tomaticdistribution which works for static-controlprograms.This methodminimises
communicatiorbetweervirtual processorg,e. it dealswith the affine alignmentstage
of paralleldataplacementonly. The methoddoesnot addresgeplication;for lower
dimensionaloops,someprocessorareassumedo remainidle. Further the placement



functionsin [6] are static.In contrast,our methodallows for dynamicrealignments
anddynamicchangesn replication,andwill attemptto schedulesuchoperationsn an
optimalway.

Chatterjeeetal. [5] give acomprehensietheoretictreatmenbdf thealignmentprob-
lem, including axis-, stride-andoffset-alignmentOur affine alignmentdescriptorsare
very similarto thoseof Chatterjeeetal., thoughwe imposeslightly fewer restrictions.

OptimisingReplicatedAlignments.To our knowledge the only previouswork on opti-
misingreplicatedalignmentds by Chatterjeestal. [4]. They usearepresentatiowhich
permitsreplicatingdatanotjust on entiretemplateaxes,but alsoon subset®f template
axes.However, thisrefinements nottakeninto accounin their optimisationalgorithm.
Ontheotherhand,it appearshatour useof augmentationtogethemvith carefullycho-
senalignment permitsusto handlearangeof replicationpatternsasillustratedin Sec-
tion 2.3which therepresentatioin [4] wasnotintendedfor. We considerthe strongest
point of our representatiomo be the two propertiesof closureundercompositionand
invertibility.

Chatterjeeet al. proposeto usereplicationlabelling, wheredatais labelledeither
replicatedor non-replicatedand network flow is usedto find an optimal labelling. In
comparisonywe useamorefinely differentiatedepresentatioandcostmodelfor repli-
cation.While Chatterjeeet al. thereforesolve a slightly simplerproblemthanwe do,
their proposedilgorithmfindstheoptimumsolutionto the problemasthey formulateit.
Our algorithm,solvinga hardemroblem,is heuristicandincrementalseekingo elim-
inate the costliestcommunicationsas quickly as possible.This makes our algorithm
particularlysuitableto runtimeoptimisation,without restrictingits potentialof finding
the optimumsolutionwith alargerinvestmenin time.

6 Conclusion

We have presentedn efficienttechniqudor optimisingdatareplication:

— We proposea mathematicatepresentatioffor replicationwhich satisfieghe prop-
ertiesof closureundercompositionandinvertibility.

— Thesetwo propertiesof our replicationdescriptorsallow usto proposean opti-
misationalgorithmfor datareplicationwhich is exactly analogougo previously
publishedalgorithmsfor optimisingaffine alignment.

— Our optimisationalgorithm is efficient enoughto be usedin a runtime system,
but we believe that its simplicity shouldalso make it attractive for compile-time
optimisers.

Future Work. This work can be extendedin a numberof ways. By taking account
of affine placementsvhile optimisingreplication,andvice-versawe shouldbe ableto

detecioverallplacemenstratgyieswhicharemoreefficientstill thanwhatwe canobtain
by optimisingbothseparatelyor example,usingskewedplacementgor the resultsof

non-replicatedeductionsmay allow usto eliminatesomeaffine re-alignmentswvhich

appeatinevitablewhentheresultof thereductionis replicated.



Through most of this paperwe have assumeda two-dimensionalprocessorar-
ray. This works well for BLAS, but we should evaluateour techniquedor the one-
dimensionabndhigherdimensionatasesA moredifficult issueis how to mix differ-
entprocessoarrangementwithin a singlecomputation.
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