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Spatial logics have been used to specify properties of graphs, memory heaps, and trees. They are
characterized by the presence of the composition operator (sometimes called separation operator) for
reasoning locally about disjoint substructures. Such logics have been used to reason about code with
side effects [21], mobile processes [8], and semi-structured data [7, 6]. Our motivation for studying
expressivity results arose from two pieces of work: Cardelli, Gardner and Ghelli's work [6] on using

a spatial logic for querying graphs, which postulates the connections with MSO and refers to some of
the results reported here, and Cardelli and Ghelli’s work [8] on the TQL language for querying XML
data which, although it has been implemented and tested [11], had no formal analysis of its expressive
power until now. In this paper, we concentrate on the spatial logic for reasoning about graphs, since
this is the simplest setting in which to study the combination of first-order logic connectives with spatial
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Abstract

We investigate the complexity and expressive power of a spatial logic for reasoning about graphs.
This logic was previously introduced by Cardelli, Gardner and Ghelli, and provides the simplest set-
ting in which to explore such results for spatial logics. We study several forms of the logic: the logic
with and without recursion, and with either an exponential or a linear version of the basic composition
operator. We study the combined complexity and the expressive power of the four combinations. We
prove that, without recursion, the linear and exponential versions of the logic correspond to signifi-
cant fragments of First-Order (FO) and Monadic Second-Order (MSO) Logics; the two versions are
actually equivalent to FO and MSO on graphs representing strings. However, when the two versions
are enriched withu-style recursion, their expressive power is sharply increased. Both are able to
express PSPACE-complete problems, although their combined complexity and data complexity still
belong to PSPACE.

Introduction

connectives. In Section 2, we describe how our results transfer to the TQL project.

The complexity and expressive power of a query language based on dlaggctypically charac-

terized by the following problems:



e thecombined complexitgf the model-checking problem of the underlying lodic that is, the
complexity class that contains the set Tryths {(G, ¢) : G F ¢};

¢ theexpressivityof L: that is, the collection of all se@y = {G : G F ¢}, for each sentencé
inL;

¢ thedata complexityof model-checkingl, that is, the complexity class that contains all the sets
Gs.

Model-checking is directly related to-ary query-answering: that is, give® and¢ with n free vari-
ables, finding all substitutions such thatG F ¢o holds. By enumerating all substitutions over the
domain ofG, query-answering can be reduced to model-checking modulo a polynomial factar (for
fixed). Moreover, the evaluation of Boolean queries coincides with model-checking. Hence, the com-
bined complexity of model-checking is a measure of query evaluation cost. However, the data complex-
ity problem recognizes the fact that databases are usually much bigger than queries. It therefore makes
sense to study how the complexity Gf= ¢ depends oiir wheng is fixed. Moreover, data complexity
is an upper bound for the set of the sets of graghshat can be expressed in the logic, and hence is a
way to describe its expressive power.

In this paper, we explore expressivity and complexity results for four versions of the spatial logic
for reasoning about graphs: the basic logic GL without recursion, the logjcviith least fixed-points
for positive formulae studied in [6], and the ‘linear’ sublogics LGL and LGkith a limited form of
the composition operator which we introduce below. We show that GL angdiaie a high combined
complexity and expressive power, both in the realm of PSPACE. This high complexity derives from the
fact that the composition operatof) specifies that a graph can be splitinto two parts: the part satisfying
¢ and the part satisfying. It therefore represents an existential quantification oveRthsubgraphs
of a graph of sizex. Ghelli’s experience with TQL, however, shows that in practice the vast majority
of queries use a very limited ‘linear’ version of the composition operator, denoted$ywhere the
guantification only ranges over theone-edge subgraphs of the graph. Indeed, the TQL implementation
supports thg operator as primitive, and a core task of the TQL optimizer is to transform every instance
of the full composition into the linear composition, where possible. Full composition rarely survives
the optimization and, when it does, the query produced is often unusable even on very small databases.
For this reason, the TQL designers seriously considered the possibility of rep|amngaltogether.
The logics LGL and LGl, use this linear composition. We found that the analysis of their complexity
and expressive power is not only interesting in the context of the TQL project, but also for the strict
relationship of LGL with first-order logic; this relationship is discussed later.

Our main technical contributions are the following.

e Relation between GL and MSOWe provide a translation of GL into monadic second-order
logic for graphs (MSO), which illustrates that GL is intermediate between first-order logic (FO)
and MSO for graphs. We provide examples of graph properties which are well-known to be
expressible in MSO, which are not expressible in FO, and which we show are expressible in GL.
Despite this, we conjecture that GL is strictly less expressive than MSO, as it seems unlikely that
one could express graph properties such as Hamiltonicity and 3-colourability in GL. Interestingly,
we are able to show that GL is as expressive as MSO on strings over a finite alphabet. We establish
this result using a translation of regular expressions into GL, with the translation of the Kleene
star operation requiring a creative use of the composition operator.

e Complexity of GL The translation of GL into MSO establishes that Trgjpsis in PSPACE.
We also establish PSPACE-completeness by a reduction from the validity of quantified Boolean
formulas. The result is not surprising, since we have already established that GL lies between FO
and MSO which are both PSPACE-complete; we include it for completeness.



e Expressivity of GL A simple consequence of the translation of GL to MSO is that, for every
¢ € GL, the set of graph§, is in the polynomial hierarchy. This does notimply thétproblems
in the polynomial hierarchy can be expressed in GL. We show that this expressivity upper-bound
is tight, in that GL can express complete problems at all levels of the hierarchy. This is achieved
by encoding quantified Boolean formulas as graphs.

e Complexity and expressivity of GL,, We show that the combined complexity of Gis also in
PSPACE. The upper bound is established by studying the complexity of an abstract version of the
algorithm used in the TQL system, which is similar to Winskel's algorithm for model-checking
the u-calculus [27].

We also compare the expressive power of,Ga that of MSO. The former can define properties

that are not definable in MSO such as the parity of the set of edges. We also show theariL
express a problem that is PSPACE-complete, and therefore unlikely to be expressible in second-
order logic (unless PSPACE collapses to the polynomial hierarchy), let alone MSO. The ability to
express a PSPACE-complete problem also gives us a very good characterization of the expressive
power of GL,, because of the PSPACE upper bound. The proof is again through an encoding of
qguantified Boolean formulas as graphs. As far as we are aware, this is the first result about the
expressive power of a spatial logic with recursion. On string graphg,i&at least as expressive

as conjunctive context-free grammars, as defined in [22].

e Complexity and expressivity of LGL We show how the translation of GL into MSO can be
modified to produce an encoding of LGL into FO. We show that the combined complexity of this
logic is still PSPACE-complete. The expressive power is however much lower, being included in
LogSpace. On string graphs, the expressive power corresponds precisely to that of FO, since LGL
can express all and only the star-free languages.

o Complexity and expressivity of LGL,, Whilst LGL can be mapped to FO, we show that LGL
is very different from FO+LFP. In particular, LGLcan specify evenness, which is the standard
example of a graph property which is not expressible in FO+LFP. We also show that ¢6#is
well beyond the PTime limit of FO+LFP, by exhibiting a sentence that expresses a PSPACE-
complete property. On string graphs, L{tan express at least every conjunctive linear context-
free language, which is much richer than the class of regular languages.

Many of our results are obtained by adapting standard techniques, though not always in a straight-
forward fashion. However, we found some results to be of particular interest and quite surprising: the
expressive power of GL is the same as MSO when we only consider strings; the expressive power of
GL, (and even of LGL,) goes considerably beyond that of MSO, and the expressive power of LGL
goes beyond that of FO+LFP.

2 Graph Logic and Models
2.1 Graphs

In [6], graphs are defined as the denotations of terms of the graimas 0 | a(xi,x2) | G|G.
The term0 denotes the empty graph, tetrfix;, x2) denotes the graph consisting of just one edge from
node named; to nodex, with labela, and the compositio? | G’ denotes the disjoint union of the
edges ofG andG’ and the set-union of their nodes. Nameand labelsa areobservablén the logic,
which means that two graphs(x;, x;) andas (x2, x2) can be distinguished by logical formulas, unless
a; = ap andx; = x. While a node labek uniquely identifies a node, edge labels do not identify



edges, even on a specific pair of nodes, so that a gréph x2)|a(x1, x2) containgwo edges, with the
same label, source, and destination. In the logic we can observe that the graph contains two edges, and
we can observe their label, source, and destination, but we have no way to observe the edge itself, i.e.
to distinguish the first edge from the second. Isolated nodes are not specified in the graph syntax This
style of presentation is not standard in graph th&doyt it arose from the field of process algebra, and
is reflected in the logic.

In the same paper [6], an equivalent presentation of graphs as relational structures is given. We
present here a streamlined version of these structures. We fix an infinite set of nodexhamesn
infinite set of edge labeldl. A graph is then defined as a paif = (E,edge) whereF is afinite set
of edges anddge : £ — A x X x X is a function that associates to each edge a label, a source node
and a target node. Two grapis= (F, edge) andG’ = (FE’, edge’) aregraph-equaldenotedz = G’,
whenever there exists a bijection: £ — E’ such thatedge = edge’ o 0. Notice that the ranges of
edge andedge’ are required to be identical in this definition, reflecting the fact that the node names
and edge labels can be obser¥ebh informal reasoning, we will often identify two graphs which are
graph-equal.

We introduce some notation. The set of nodes of a graph is given by

nam(G) =g Iz (rangdedge)) U Iz (rangdedge))

and the set of labels by
lab(G) =g I (rangdedge)),

wherell; denotes theth projection. As mentioned above, the graph compositien G- is the disjoint
union of the edges and the set-union of the nodes: that is,

(Ev,edge,) | (B, edge,) =acr (E1 W Ey, edge; & edge)),

where (E1, edge’) and (E}, edge’,) are two arbitrary graphs such th@t}, edge;) = (E1,edge,),
(EY,edgey) = (E»,edge,) and Ef N B} = (. We usedw to denote the union of two functions with
disjoint domain, and the union of two disjoint sets. This definition of graph composition is well-defined
up to graph equality.

A subgraph is, essentially, a subset of the edges of a graph. Formally, a(drapldge’) is a
subgraph of E, edge) if and only if, for some grapiiE1, edge, ) which is graph-equal toF, edge),
E’ C E; andedge’ is edge, restricted toF’.

2.2 The Logics GL and GL,,

In this section, we define the-Recursive Graph Logic GL. The basic Graph Logic GL is the obvious
fragment of GL, without the recursion variables and recursion operator,, &ttends first-order logic
with a composition operator andrecursion.

1According to standard terminology, every tripiéx 1, x2) is actually a labeled three-vertex directed hyperedge, hence our
“graphs” would be described as vertex-labeled 3-uniform hypergraphs, or, more precisely, multi-directed-hypergraphs. Each
hypergraph is also bipartite, since the set of vertices is partitioned into those labelfedrid those labelled i, and every
directed hyperedge is associated with a triple of vertices labellethin X’ x X. We prefer to call these structures jgsaphs
and to define them from the ground up, with no reference to standard terminology.

2In [6], we consider a name hiding operator on graphs. This means that the graphs are defined using vertices and an explicit
functionsrc mapping names to some of the vertices in the graph. All the results in this paper easily apply to this more complex
setting. It is only the translation of Graph Logic to monadic second-order logic presented in Section 3.1 that requires some
modification to cope with hiding, as we shall observe.



Definition 2.1 The GL,-formulas are built from a set’ of node names, a set of label names, and
the countably infinite sef8y, V4, and Vz, of node variables, label variables, and recursive formula
variables respectively. A formula is one of

0

T

a(é1,&2) wherea € AUV, andg; € X U Vy

& =6&o0ra; =as wherea; € AUV, and§; € X U Vy

@Y or gAY or =g where¢ and+) are formulas

Jx.¢ or Ja.¢ wherex € Vy,a € V4 and¢ is a formula

R whereR € Vx

uR.¢ whereR € Vz, ¢ is aformulg and R only appears positively i

As usual, a variable occurs positively in a formula iff it only appears under an even number of negations.

We use bold face for constants, , . . .), italics for variablesd z, ...), and Greek letters for terms,(
&...) which are either constants or variables. The sets of the free and bound variables of a fof@ula, fv
and b\¢), are defined as usual. We use rfainto denote the set of all node-name constantthat
appear inp, and lalj¢) to denote the label-name constaatsFor example, ity = Jz.a(x, y)|a(x,y),

then f\M¢) = {y, a}, bv(¢) = {z}, nam(¢) = {x,y}, and lali¢) = {a}. We use narf(7, ¢) to denote

the union of the name constantsGhand ing; similarly, lab(G, ¢) denotes the label constantsGhplus
those ing.

To define the semantics, Iét denote the set of all graphs ovat, A. Let ¢ be a formula and
o:VyUV,y — X UA be an assignment of node and label names to the node and label variables
respectively. Extend in a canonical fashion to the domdify U V4 U X U A, by lettingo (z) = z for
z € X U A. Finally, letp map recursion variables to elements(G). We now defing¢],.,, the set
of graphs satisfying under the assignmentsandp, as follows:

[0]s;p = {(0,0)} (the singleton containing the empty graph)
[Tlo: = g

[[04(51752)]]0#7 = {G G = ({e}ve'_) (0'04,0517052))}

&1 =&]0p = G, if 0& = 0&s; 0 otherwise

[or = as]spy, = G, if car = oas; 0 otherwise

[ ] ¥]o: = {G : G=(G1|Gy)forsomeG, € [¢]o;, andGs € [¢V]o;}
[[¢ A M]U;p = [[(bﬂa;p n [[wHU;P

[[Wb]]a;p = ¢ \ [[¢]]0;p

[Bz. ¢]]0;p = Uxexﬂ(bﬂa,r'—m;p

[Ea. ¢]]cr;p = UagA[[¢ﬂa,a»—>a;p

[Rlosp = Rp

[1R.0)s:p = ({SeP@) : [¢]oipr—s €5}

This definition can be shown to be well-defined by structural induction on formulas. For the re-
cursive case, observe that the ) is a complete lattice, and thatS. [¢],.,, r—s iS @ monotone
mapping. As a conquence, the intersection of the pre-fixpoints of the satisfaction interpretation is its
least fixpoint (Lemma 2.2).

We say that a formula is-closed if it contains no free recursion variable. Fgr-alosed formula,

[#]+,, does not depend op Hence, for such formulas, we u$é], as an abbreviation fdf¢],, ),
and observe that it is also equal 9], for any otherp. We use the notatiot =7* ¢ to denote
thatG € [¢],.,, and, foru-closed formulas, writ€7 =7 ¢ to denoteG € [¢],; we callG 7 ¢ the



satisfaction relation of GL. Wheng is a sentence, its interpretation does not depend on eitbep,
and in this case we writé F ¢.

Lemma 2.2 For u-closed formulas, the satisfaction relatich=? ¢ satisfies the properties:

0F° G s G=(0,0)

GE’T

GF a(&,&) <« G=({e}l e (00,06,08))
GE7 & =& & & =0é

GFai=ay & ooy =00y

Gba¢|’¢) <~ ElGl,GQ.GEG1|G2 andGﬂ:"d) andGQ':Jd)
GE? ¢ N & GE ¢ and GET W

G E? ¢ &S GH ¢

GE? dx. ¢ & IxeX.GEITTXE

G E da. ¢ & Jae A GET* ™2 ¢

GFE? uR.¢ & GFEO{R«— (uR.9)}

We also use derived operators: disjunctiory ¢, implication¢ = 1 and universal quantifiers
Vz.¢ andVa.¢ are defined as usual. We also use the derived opepdter ¢ =4.; —(¢ | —1). By this
definition,G E° ¢ |= ¢ if, and only if, for every partition of7 into G', G”, if G’ E? ¢, thenG" 7 .

The logic cannot distinguish graphs which are graph-equal (Lemma 2.3). On the other hand, for any
single finite graph there is a sentence that characterises that, and only that, graph up to graph-equality
(Lemma 2.4). Hence, logical equivalence coincides with graph-equality.

Lemma 2.3 For any two graphsi = G, for any sentenceé of GL,, GEF ¢ <& G F ¢. The
analogous result for GL is an immediate corollary.

Lemma 2.4 Every finite graph’ has a characteristic sentencein GL, and hence in GL. Formally,
for any finite graphG, let G be the sentence that contains ai(g, y) literal, separated by, for each
edge in the graph that is labellgé, x,y). Then: G'EG < G =G.

2.3 The Range of Quantifiers

In GL,,, quantifiers are interpreted as ranging over the infinite sets of naihsesl A, even though the
number of edges in the graghis finite. In MSO however, each graph carries the set of its own nodes,
connected or isolated, which is a finite sub&ebf X', and quantification only ranges over this finite
set of nodes, and similarly for labeds In this section, we show that the two approaches are basically
equivalent. To this end, we define a varight=5; , ¢ of the satisfaction relation, where quantification
ranges oveX C X andA C A, and prove that G F% 4, ¢ & G F? ¢ for ‘big enough’X and A.

Definition 2.5 The set of graph§s]."/* is defined as in the definition @], apart from the existen-
tial cases, where quantification ranges ovérand A instead ofY and A:

[Bz. ¢ i(,’;‘ = UxeX [[Qsﬂg(,’f—»xp [3a. ¢H§,}§4 = UaeA[[(ZS f,hia;p
For u-closed formulas, we us@ =% 4 ¢ to denotelz € [[qb]]f()“, which satisfies the properties:
GFYa3r.¢ & IXeX.GFEY™ ¢ GF%ada.¢ & ZJacA. G lzgg’“;a )

The standard GJ.interpretation is obtained in the special case whes X andA = A.



We first prove a technical result that names and labels can be freely exchanged in the relativized
version of the logic (hence, in the standard version as well). We first define name exchangex where
andx’ are two arbitrary node names. Label exchange« a’} is defined the same way, apart from
the obvious modification of the first two lines; this is the reason why, imtffg, £») case, we write
a{x < x'} instead of justv. Name exchange is defined by:

Terms: x{x o x'} =45 %, X {xeox}=44x%x X'{xox} =44 x"ifx"¢{xx'}
a{x — X/} =def A
w{x = x'} =gz, a{xeox'}=4sa

Formulas: (& = &) {x = X'} =4 (&1{x © x'}) = (&2fx = x'})
(a(61,E)){x © X'} =aer (afx = XD (€ {x = x}), (Eafx = x'})
(32.6){x & X'} Zaer . (H{x > x'})

Graphs: (E,edge){x < x'} =4¢f (E, (edge{x < x'})), where:

edge(e) = (a,x1,X2)

= (edge{x < x'})(e) = (a{x o X'}, x1{x < x'},x{x & x'}) ...
Sets: T{x < x'} =g¢ {t{x = x'} : teT}
Substitutions(){x < x'} =g4¢f ()

(0,9 = y){x = X'} =aer o{x = X'}y = (y{x = x'})

(0,0 = a){x & x'} =45 o{x = x'},0a — (a{x < x'})

(p; R = S){x = X'} =qgey p{x = x'}, R — (S{x = x})

Satisfaction is preserved by name and label exchange. We prove this result for formulas which may
contain free recursion variables, since that allows us to reason by induction on the formula size in the
uR. ¢ case.

Proposition 2.6 For arbitrary node names andx’, labelsa anda’, graphG, setsX and A, formula
¢ in GL,,, and substitutiong and p:

Ge[olXy & G{xox}elolx o xNIm Al

o{xeox’ Fip{xox'}

GeldlX) & Glaw a}elpfac a )i ool atere)

Proof Since the double application ofx — x’} is the identity, we can just prove tlje= ) direction.
The proof is by induction and by cases. It is long, but quite trivial. We present here the base case of
equality and the inductive case for recursion, for name exchange only. For readability, we abbreviate
t{x « x'} tot=, wheret may be a term, a formula, a graph, a substitution, or a set of such things.

Whengo is & = &>, we must prove that (&) = 0(&2) < 07 (6&7) = 07 (& 7). By injectivity
of _~ on constants, we hawe(¢;) = o(&) iff (0(£1))” = (0(&))”. The result follows, since
(0(6))” =0 (£7).

In the casezs = pR.1), we have to prove thaf € [uR. ¢]] = G7 €[(uRY)” ]]X ﬁ .
By definition, we have to prove that, for ay, (a) v.S. ([[z/)]]op ros &S = GebS) |mpI|es (b)
VS (Wl s €S = G~ €8). Let us assume (@ and (Hp10- % hs C S for
an arbitrary seS If we can prove that (clw]]g R S 97, thenG € SH by (&), and hence
G~ eSS follows immediately. So we only have to prove that ()< }] - p B C S implies

(c) [W]]a s © 97, Assume (b’) and assume that a genétibelongs tofy] we have

o;p, R»—»S‘—”
to show thatG € 5°:



GelY]2 i rog—) = (nductionony) G=e[p=]2 0y oo = GeW~]2 0l ns
= (by (b") G~es = GeS*

O
We are now ready to prove that, for apyclosed GL, formula ¢, in order to checkG' 7 ¢,
we can restrict quantification to any finite subsétof X’ provided it is ‘big enough’. We say that
X C X s big enough folG, ¢, o), written X J (G, ¢, 0), if X D (namG, ¢) U (rangdo) N X)) and
X \ (namG, ¢) Urangéo)) containsk distinct names, wherkis the nesting level of name quantifiers
in ¢. The definition thatd C A is big enough fofG, ¢, o), written A J (G, ¢, o), is similar.

Proposition 2.7 For any graphG, p-closed Gl, formula ¢, substitutions, name setX' and label set
A, such that dortv) 2 fv(¢), X 3 (G, ¢,0),andA 1 (G, ¢,0), we have

GF ¢ & GFX4 0

Proof The implication from right to left is immediate sincé C X. To prove the other direction,
we use Lemma 2.2 and reason by cases on the shapamd by induction on its size, exploiting the
fact that, ifvy is a subformula ofp, thenX 3 (G, ¢,0) implies X 3 (G,,0), and similarly for
A (G, ¢,0). All cases apart from existential quantification are trivial.
Case¢ = Jz. ¢. By definition, we know thaty E? Jx. ¢ & dx € X. G ET*7* ¢). We have now
to prove thatdx’ € X. G Eo*=* 4. Consider a witness for Ix € X. G E®*—~* ¢, If x € X we
are done. Ifk ¢ X, then it can be substituted by any of théresh names inX specifically given for
this purpose. Formally, let’ be one of these fresh names. By Proposition 2:6;7*7~* 1) implies
(a) G{x « x'} El@r=x{x=x} 4 fx « x'}. Sincex ¢ X, and by freshness of , neitherx nor x’
appear in narfG, ¢) nor in rangéo), hence (a) can be rewritten &=*~*" 4. Observe now that
X 3 (G, (0,2 — x')), sinceX D (nam(G, y) U (rangdo,x — x') N X)) holds sincex’ € X and
X \ (nam G, ) Urangéo,z — x')) has one name less thah\ (nam(G, ¢) U rangéc)) but« has
one quantification nesting level less thanHence, by induction, fromix’ € X. G E2==* 4, we get
WX eX.G b=‘””_‘x ¢ and hencer F% 4 ¢.

O

Corollary 2.8 For any sentence of GL,,, for anyX and A such thatX 1 (G, ¢,0) andA 3 (G, ¢,0),
G F ¢if,and only if,G Fx 4 ¢.

2.4 Graph Logic and TQL Logic

The logic underlying the TQL query language, which we denote TL, is essentially the static fragment
of Cardelli and Gordon’s Ambient Logic without adjoints. It iganeralizatiorof GL,, that is defined
on trees rather than graphs. This may sound strange, since trees are usually defined as a special case of
graphs, rather than a generalization of graphs. However, TQL trees are labelled over an infinite set of
labels, and hence three-level flat trees are already rich enough to represent our graphs, and, under this
representation, TL and GL have the same expressive power.

TQL trees are described by the grammar

T == 0 empty rooted tree
a[T] one edge labelled, root as the source node, target node the root of sufftree
T|T composition of two trees, joining the roots

For example, the term[b[0] | b[0]] represents a tree with an edge labelepbined to the root, and
two children just consisting of edges labelled by TL therefore has formula[¢] instad of«(&, x).



Any GL grapha;(x1,x}) | ... | a,(xn,x],) can be faithfully represented by the three-level tree
ai[x1[x1[0]]] | ... | an[xn[x,[0]]]. In the same way, any GL formula can be transformed into an
equivalent TL formula by substituting any atom(¢&;, &) with «;[€;[£;[0]]], modulo some technical

work to enforce the disjointness of names from edge labels. Hence, TL can be described as a gener-
alization of GL to a set of models where the edge construgtery) is substituted with the subtree
constructora[T]. We decided to focus our study on GL, rather than TL, since the generalization of
a(&, x) to a[¢] adds no interesting issues to model-checking complexity.

3 Graph Logic and MSO

We wish to compare the expressive power of GL to that of standard logics such as first- and second-
order logic, whose expressive power on finite graphs has been extensively studied (see [16]). Among
these, the logic that is closest to GL is monadic second-order logic (MSO) which is widely used as
a standard of expressivity on strings, trees and graphs. We show (in Section 3.1) that every formula
of GL is equivalent to a formula of MSO, subject to a minor qualification with regard to the range of
quantification. In terms of expressivity, this implies that the class of graphs defined by any formula
of GL is in the polynomial hierarchy. Whilst it seems unlikely that every property definable in MSO

is expressible in GL, we do illustrate the richness of GL by showing (in Section 3.2) how to express
properties such as graph connectivity, 2-colourability and the existence of two node-disjoint paths. None
of these properties is definable in first-order logic. The richness of GL is further illustrated in Section 4,
where we show that complete problems at every level of the polynomial hierarchy are expressible. There
is one important class of graphs for which we are able to show that GL is as expressive as MSO. This
is the class oftring graphsi.e. graphs encoding words over a given alphabet. It is known that on this
class MSO defines exactly the regular languages. We show that the same is true for GL in Section 3.3.

3.1 Monadic Second-Order Logic

We show that, for every formula of GL, there is an equivalent formula of monadic second-order logic
(MSO). We will use a version of MSO with three sorts of variables, corresponding to vertices, edges and
labels in the graphs. The logic will be interpreted in a three-sorted structure accordingly. Moreover, we
treatedge syntactically as a 4-ary relation, rather than a function. To be precise, the formulas of MSO
are built up from the set of names, the labelsA, a countable set of edgés three sorts of first-order
variablesVy, V4 andVg, and a countable collectidris of set variables. A formula is one of:

edge(e, o, &1, &2) wheree € Ve, a € AUV andé; € XY U Vy

€1 =ey0r a1 = ap Or & = & wheree; € Ve, a; € AUV, & € XU VY

eesS wheree € Ve andS € Vg

o N or —¢ where¢ and+ are formulas

Je.¢p or Jz.¢ or Ja.¢ wheree € Ve, x € Vy,a € V4 andg is a formula
3S5.¢ whereS € Vs and¢ is a formula

Formulas are interpreted over three-sorted struciuted’, F, edge) suchthatd C A, X C X, E C ¢,
andedge : F — A x X x X. The semantics is standard except that set variables are interpreted as
ranging ovessets of edgedn this sense, this version of monadic second-order logic is akin to the logic
MS, of [12].

In order to define a translation of GL-formulas to MSO-formulas, there is one issue that needs to be
addressed carefully. The node and label quantifiers in GL are interpreted over the infinitessets!.
However, in the standard semantics of MSO, the range of the first-order quantifiers is the set of nodes



X and the set of labeld that arein the graph. However, we know by Corollary 2.8 that, without loss
of generality, the quantifiers in GL can be restricted to a finite set.

We are now ready to give the translation of formulas of GL into MSO. More generally, we give for
each formulap of GL, a formula]¢]® of MSO which is to be read as “the translationgofelativized to
the set of edgeS”. In our translation, we us§' = S’ | S” as an abbreviation for the MSO formula:

(Ve.eeS & (eeS" veeS)) AN—(Je.ee S NeeS")

Definition 3.1 We define a translatiofi.]* from G L-formulas to MSO-formulas by induction on the
structure of thez L-formulas:

HOHS =def —Jde.e€ S

(€, €))% =4ef Te € S. [edge(e, a, &,&') A Ve' € S.e=¢]

[[¢/ ‘ ¢//HS = ef 35.8".8 =8 | S A [[¢/]]S’ A [[¢//]]S"

[€=¢1° =as&=¢ [a =]% =4ef a =0
[-¢]® =def —[0]° [o A ¢ =aer [0]° A [6']°
[[3$¢HS —def Jdu. [[¢]]S [[Ha’(b]]s —def Jda. [[(b]]s

A crucial property of this translation is the fact that every quantification over edgeg nis actually
bounded overS. This observation is explicit in cas¢8]® and[«a(&, ¢")]°, and follows inductively in
the other cases. It is formalized in the following lemma.

Lemma 3.2 ForanyA C A, X C X, any two graph$E, edge) and (E’, edge’) such thatE N E’ = ),
any formulag € GL and any substitutionr over Vy and Vg,

(A, X, E,edge) F1i55 " [6]° & (A, X,Ew I/ edge & edge’) F7i05 " [¢]°

We are now ready to formalize the relation betweeand[¢]°.

Theorem 3.3 For any graphG = (E, edge), any formulap € GL, any substitutiom overVxy andV 4,
anyX C X andA C AsuchthatX J (G, ¢,0), A 3 (G, ¢,0):
GE® ¢ = (A X, E, edge) 50" [0]°.

Proof By induction on the formula. We show the two interesting cases.
G = (FE,edge) E7 ¢’ | ¢
& JE',E” edge’,edge”. E = E' W E” edge = edge’ & edge”,

(E' edge’) E ¢, (E",edge”) E7 ¢"
< (by induction)

AE' E”,edge’,edge”’. E = E' W E”  edge = edge’ & edge”,

(A, X, E edge’) E555°" 015, (A, X, E" edge”) E555 7 101"
< (by Lemma 3.2)

JE', E”,edge’,edge”. E = E' W E”, edge = edge’ & edge”,

(A, X, E,edge) 555" [¢']%, (4, X, B, edge) F7i55 " [¢]%"
& (we assume that, S’ and.S” are fresh variables)

JE'.E" C E.
(A, X, E.edge) Fidp ™5 2 % 78 s — 7| 5"
(A7X7E7edge> ':(]7\/7[5'0 7 , /7 . . HQy]]S !
(A, X, E,edge) E7 5 B8 —E S = E 145"
( )

MSO

& (A X,Eedge) Flao” 397,878 =8| 8" A [¢]% A [¢"]°"
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G E° Jz. ¢

By definition, 3x € X. G E>*~* ¢. We reason as in the proof of Proposition 2.7 and show that this
implies that:3Ix € X. G E>*7* ¢ (the (<) direction is trivial) and thaX J (G, ¢, (0, z — x)). By
induction, this is equivalent to

Ixe X. (A, X, E,edge) E557°7F [v]F <
Ixe X. (A, X, E,edge) E7557 "7 [V]F <
(A, X, E,edge) E550" 3z. [v]F & (A, X, E,edge) E556" [Bx. 7.

]

The effect of Theorem 3.3 is that it immediately establishes upper bounds on the expressive power
of GL and the complexity of the model-checking problem. It is known by [17, 26] that a property of
relational structures is definable in second-order logic if, and only if, it is in the polynomial hierarchy
PH. Thus, we have:

Corollary 3.4 For any sentencé € GL, the set of graph§, = {G : G F ¢} belongs toPH.

Proof In order to check whethe® € G, one only needs to buildl and_X which are big enough for
G, ¢ and check whetheiA, X, E, edge) F3z8 [¢]°.
O
Moreover, for each level? of the polynomial hierarchy, there are properties definable in MSO that
are Xr-complete. We show in Section 4 that this is also the case for GL. On the other hand, there
are computationally simple properties that are not expressible in MSO which therefore could not be
expressible in GL either. For instance, the following is a direct consequence of Theorem 3.3:

Corollary 3.5 There is no formulap of GL such thatz F ¢ if, and only if, G has an even number of
edges.

It is also known that the combined complexity of MSO is PSPACE-complete. That is, the decision
problem Truthgiso = {(G,0,9¢) : ¢ € MSO, G E;5, ¢} is PSPACE-complete. Since the transla-
tion given above is itself computable in polynomial time, it establishes that Txythsin PSPACE.

Corollary 3.6 Truthgg_is in PSPACE.

In Section 4 we show that it is, in fact, PSPACE-complete.

Remark: As in [6], the logicG L analyses an algebra for graph descriptions that does not involve
name hiding. If name hiding is allowed, the operation of graph composition is subtly different. That is,
if G; andG, are graphs, their compositidr; | G- is defined by taking the disjoint union of the sets
of edges and identifying nodes with the same namoeided that the name is not hiddelRormulas of
GL can still be translated to MSO under this interpretation, if we include in our graph structures a unary
predicateNamed for the set of nodes whose names are not hidden.

3.2 Expressing Properties with Graph Logic

We have seen that, in terms of expressive power, GL can be considered to be a fragment of monadic
second-order logic. A translation in the other direction is not possible for trivial reasons, because of
isolated nodes. For instance, in MSO, the sentéhtéVaVe(—edge(e, a, z,y) A —edge(e, a,y, ))

specifies that there is an isolated node in the graph, while in GL there is no distinction between isolated
nodes and nodes that are not in the graph at all. Thus, for the purpose of a translation, it would make
sense to restrict ourselves to sentences that are independent of isolated nodes. Still, we conjecture that
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there is no translation possible. That is, we conjecture that there are MSO sentences that are independent
of isolated nodes, but are still not equivalent to any sentence of GL. Establishing this conjecture is
difficult. To illustrate this difficulty, we show how we can express some natural MSO properties in GL.
Below we describe informally how these properties are expressed by GL sentences.

Connectivity. Graph connectivity is a problem well-known to be definable in MSO, but not in first-order
logic (see [16]). We show that it is definable in GL. Consider the following formulas, which constrain

the in- and out-degrees of nodes:

In>1(z) =4 Fa,y.aly,z)|T Outsy1(z) =agef Fa,y.alz,y)|T

IN>o(x) =dqer INz1(z) [ INz1(z)  OuUtep(z) =gef OULi(z) | OUty () )
|n0(.’L‘) =def —||n21(1') Outo(l') =def ﬁOUtZl(LE)

|n1(.’L') =def |n21(x) VAN —‘|n22(x) Oout (1‘) =def OUtZl((E) A\ —Outzg(x)

We will also use the formula Hefe), defined by Herer) =45 In>1(z) V Outs1(z). Using this
formula we can identify those names that are actually in the graph. The fokmuldergz) = ¢
specifies thaty) holds for all names that are nodes in the graph. We henceforth use the abbreviation
VxeG. ¢ forVa. Hergx) = ¢, and similarlywzy,...,z,€G. ¢.

Now, define the formula

Path(z,y) =ger INg(x) A OUlh(y) A VzeG((z # 2 = Ini(2)) A (z#£y = Outi(y))). (2)

If, for a graphG, G E° Path{z,y), thenG consists of a single path frome to oy along with possibly

other simple cycles disjoint from this path. ThasE? (Path(z, y) | T) holds if, and only if G contains

a path fromoz to oy. Indeed, if the formula is satisfied, théh= G, | G2, whereG; consists of a

path and possibly some cycles, implying tiatontains the required path. Converselyitontains a

path fromoz to oy, it can be expressed as the composition of this path and the rest of the graph, thereby
satisfying the formula. Thus, we have that the formiulay € G.(Path{x, y) | T) expresses that a graph

is strongly connected.

Disjoint Paths. Using the formula Path defined above, it is easy to construct a formula that expresses
the property that there are tvedlge-disjoinpaths between distinguished nodet® y in a graphG. The
formulais Patlix, y) | Pati{x,y) | T. We show how to construct a formula that expresses that there are
two node-disjointpaths fromx to y, which is a well-known NP-complete problem [18]. The formula
TwoPath$z, y)

TwoPath$z, y) =g4er Outsa(x) A Ing(z) A Ins2(y) A Outy(y)
AVzeG. ((z#£x ANz#y = In(2)) AN(z#z AN z#y = Oul(z)))

is true in a grapldz if, and only if, G consists of two node-disjoint paths frarrto y and possibly some
additional simple cycles. Thus, TwoPathsy) | T expresses the existence of two node-disjoint paths
from x to y.

2-colourability. As a final example, we construct a formula that expresses that a graph is 2-colourable.
In this discussion we assume that the graph satisfi@s, «. a(xz,z) | T), hence has no self loops.
Similarly to the formulas Ig; and Out., we define the formula Deg,(x) to be the formula that
asserts that has at least neighbours (regardless of the direction of the edges). Thus, for instance

Deg.,(z) =aer (3a,y. (aly,z) V alz,y))) | CGa,y. (aly,z) V a(z,y))) | T.
Also, define Deg,, () to be the formula Deg, (z) A —Deg.,, ., (z). We also define the formulas

Cycles =45 VreG. Deg ,(z)
Edges =4 VaeG. Deg(z).

12



Note that, if every node in a grapgh has exactly two neighbours, théhis the disjoint union of simple
cycles (ignoring directions on the edges). Similarly, if every nodg imas exactly one neighbour, then
G is the disjoint union of simple edges. Thus, the sentences Cycles and Edges express, respectively,
thatG is a disjoint collection of cycles and théatis a disjoint collection of edges. Also observe that a
collection of simple cycles can be decomposed into two graphs each of which is a disjoint collection of
edges if, and only if, all the cycles are of even length. Thus, the sentence CycléEdges| Edges
is satisfied byG if, and only if, G is a collection of cycles at least one of which is of odd length. It
is well-known that a graph is 2-colourable if, and only if, it contains no cycles of odd length. Thus,
2-colourability is defined by the sentenegJa, x. a(x, x) | T) A =[(CyclesA —(Edges| Edges) | T].

These examples illustrate the varied expressive power of GL. Nonetheless, it seems unlikely that GL
is as expressive as MSO. We conjecture thamiltonicity—the class of graphs that contain a Hamilto-
nian cycle—and-colourabilityare both inexpressible in GL. These can both be seen to be expressible
in MSQ?. Intuitively, the MSO definition of these properties combines a monadic quantification with
a universal quantification on the nodes. For example, to say that a graph contains a Hamiltonian cycle
we would say that it contains a set of edges which form a simple cycleesy node in the graph
is on this cycle. In GL it is possible to select a set of edges that form a cycle using tbperator
but, having selected this set of edges, we are restricted to statements about this set or its complement.
We can no longer talk ddll nodes in the original graph. Of course, this intuition does not prove that
Hamiltonicity is not expressible in GL. In order to separate the expressive power of MSO from that of
GL, we need a method that can demonstrate that a given property such as Hamiltonicity is not definable
in GL. A natural such methods is the use of EhrenfeuchtsBeastyle games. Games for spatial logics
such as GL along these lines are introduced in [14], where we use them to show that adjunct operators
can be eliminated from the logic. Using these games we can show that GL cannot express that a graph
has an even number of edges, yielding a direct proof of Corollary 3.5. It remains a challenge to deploy
this game method to prove the inexpressibility of more complex problems, such as Hamiltonicity or
3-colourability.

3.3 Strings

One class of particularly simple finite graphs on which the expressive power of MSO has been well
characterized is the class of finite strings over a fixed alphdbétis well-known (by an old result of
Buchi [3]) that a set of strings is definable in MSO if, and only if, it is a regular language. It is natural
to consider a string over the alphabétas a graph with labels frord (the precise encoding is given
below). We show that every regular language can be defined by a formula of GL. This shows that on
this natural class of graphs the expressive power of GL and MSO coincide.

In all this section we assume a fixed finite alphalet A.

A string graphover the finite alphabet is either the empty graph or a graph of the shape

al(X1;X2) | ‘an—l(xn—laxn)a

where each of the labels is in A and thex; are distinct. Identifying thel-word a; . .. a,,_; with the
grapha; (x1,x2) | ... | an—1(xn-1,%5), We can see each sentengef GL as defining a language—
namely the set ofi-words that satisfy.

Definition 3.7 For each wordw = a; ...a,_1 € A* and each sequencé= xy, ..., x, of n distinct
names, we writé&(w, X) to denote the graph; (x1,x2) | ... | an—1(Xn—1,Xy). A string graph is any
graph( that is graph-equal t@(w, X) for someuw, X.

3That s, in the version of MSO we have defined, which allows quantification over sets of edges. If second-order quantification
is restricted to sets of vertices, then Hamiltonicity is not definable [16, Cor. 6.3.5], though 3-colourability still is.
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Definition 3.8 For any sentence of GL, the correspondingl-language is defined as the set:
LA(gi)) =def {U)EA* 1 VX G(w,i) = ¢}

We will only consider sentences with no name constants, hence the specific choice of the sequence
X is irrelevant, hence we have thag (¢) = {we A* : IX. G(w,X) E ¢}.

A language is definable in MSO if, and only if, it is regulari@hi [3]). This classical result is
obtained in a setting where each label is represented by a different relation, which means that the MSO
formula cannot quantify over labels, while GL allows label quantification. This makes a difference if
one consider complexity issues, since formulas can be written in a more concise form. However, since
Ais fixed and finite, label quantification does not affect the ability to define languaged oGamsider
a formula¢ and a label seft} such thatAg 3 (Ga, ¢,0), whereG 4 is a graph that contains every
label in A. By Corollary 2.8, for every string grapbiy over A, S5 E ¢ if, and only if, S4 )=X’A o,
henceL 4(¢) does not change if we replace every label quantificatiop with a finite quantification
overA;f. It follows that any language definable in GL is regular.

We now show the converse, that every regular language is definable by a formula of GL. We do
this by translating regular expressions into formulas of GL. As usual, we Wijte) for the language
denoted by a regular expressionThe crucial case in the translation is the Kleene star. The translation
to GL is based on the observation that a string graph is in the landuage) if, and only if, it can be
decomposed into two graphs, each of which is the disconnected sum of stribgérin

In order to define the translation, we first introduce some auxiliary formulas to count the incoming
and outgoing edges. In addition to the formulas introduced at (1) and (2), we need:

|n§1(.’13) =def |n0(.13) V |n1($)
Outci(z) =aqef Outy(z) vV Outy(z)
We can now introduce some additional predicates. NoCycles means that no subgraph of the current
graph is a cycle. SimpleP4dth y) means that the graph is just a simple path frerto y. Finally,
SetOfWord$¢) means that the graph is a set of disconnected simple paths, and each of these paths

satisfies the formula. The operator=- binds more than| =, henceT |= & = ¥ means “every
subgraph that satisfids satisfiesl™”.

NotEmptySetOfCycles =,4.; (—0) A Yz eG. (In1(z) A Out(z))
NoCycles =4 —(T | NotEmptySetOfCycles
SimplePatliz,y) =4, NoCyclesA Pathz,y)
Word =g 3z,y. SimplePatlir, y)
Finallz) =4 Hergx) A Oufy(z)
Initial(z) =4 Hergx) A Ing(x)
SetOfWord$p) =q4; NoCyclesA (VzeG. In<i(xz) A Outcq(z))
A(Vz,y€G. (Ing(z) A Ouly(y)
= (T |= SimplePatlz,y) = ¢)))

We make the following observations with regard to the above formulas.
1. G E Word if, and only if,G is a string graph.

2. G k7 SimplePatlw, y) if, and only if, G is a string graph and(z) is the initial node and (y)
the final node.
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3. G E SetOfWord$o) if, and only if, each connected componentdfs graph-equal to some string
graphG(w) such thatG(w) E ¢.

We can now translate every regular expressioro an equivalent formulg(r). The critical case is
Kleene star. A wordv belongs taL 4 (r*) if it is the concatenation of a sequence of wouds. . . , wy,,
each belonging td. 4 (r). In this case, it is possible to split the corresponding gr@ph) into the two
subgraphsz; andG2 which are not themselves words, but each is a set of disconnected words, each
of them individually inL 4(r). G; contains the subgraphs 6f corresponding tav; for odd: andG»
contains those correspondingue for eveni. On the other hand, if it is possible to spli{w) into two
such graphs, thewm € L4(r*). This is expressed by the formutg-*) below. Observe that each of the
two graphs=; andG> may be empty.

F(E) =def 0
F(a) =g 3z,y.a(z,y)
F(r;r') =aer Word A 3z. (F(r) A (0 Vv Final(z))) | ((0 Vv Initial(z)) A F(r"))
F(ir+7") =ae F(r) Vv F()
) =def 0V [Word A (SetOfWord$F(r)) | SetOfWord$F(r)))]

(r*

o

The following lemma establishes the correctness of the translation.

Lemma 3.9 Foranyr, w,X = X3 ...Xp+1 Withn = |w| : G(w,X) E F(r) if,and only if, w € L a(r).

Proof The proof is by induction on the structure of the regular expressiorhe case when is ¢ is
trivial, as is the case of . G F F(r; ') if, and only if, G E Word (i.e. itis a string graph) and can be split
in G1 andG» such that, for somg, G; E F(r) A (0 Vv Final(x)) andG2 F (0 V Initial(x)) A F(r').
By induction,G; andG, correspond to words €  andw’ € r'. If either is empty, theii? corresponds
immediately tow; w’. If both words are non empty, th&n corresponds to the concatenatiorugdfafter
w. In both cases7 corresponds to a word iry /. In the other direction, the proof that, for anye r
andw’ er’, G(w;w',X) E F(r; r’) follows the same path. Just observe that, if bothndw’ are empty,
the witness foHzx is a namex that is not in the graph.

The crucial case is*. If w € L4(r*) then eitherw is ¢, in which caseG(w) £ F(r*) or w =
wy - - - w, Where eachw; € (La(r) \ {e}). We now define the grapis,; andG;, by including inG; all
edges corresponding to all positionsurwhich appear inv; for someodd i while G5 contains edges
corresponding to positions in which appear inv; for someeveni. Then, each of7; andG, consists
of a collection of disjoint string graphs corresponding to the wards . . , w,,. Thus, each oz, and
G, satisifies SetOfWord§(r)) and thereforé(w) E F(r*). For the converse, suppose the= F(r*).
Then eitheiG E 0, in which cases = G(¢) or G is a string graph corresponding to some wertith
G = G, | G andGy, G2 E SetOfWord$F(r)). Thus, each connected component in eactvpand
G4 is a string graph corresponding to a wordfin (), each such word is a contiguous substringuof
and concatenating them all gives us back the original word. Thus,L 4 (r*). a

We can now establish the main theorem of this section.

Theorem 3.10 A language is definable in GL if, and only if, it is regular.

Proof If alanguage is regular, it is given by a regular expressiand therefore defined in GL ()
by Lemma 3.9. In the other direction, if a language is defined by a sentence of GL, it is also defined by
a sentence of MSO and therefore, biydBi’'s theorem it is regular. O
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Blchi’'s characterization of the expressive power of MSO on strings has been extended in several
different directions. For instance, it is known that the properties of finite trees that are definable in MSO
are exactly those that can be recognized by tree automata. It would be interesting to know whether this
could be used to extend the equivalence of GL and MSO from strings to trees.

4 Complexity and Expressivity of Graph Logic

The translation of GL to MSO given in Section 3.1 established upper bounds on the expressive power and
model-checking complexity of GL (Corollaries 3.4 and 3.6). In this section we establish lower bounds
that match these upper bounds by showing that the model-checking problem is PSPACE-complete and
that GL can express complete problems at every level of the polynomial hierarchy.

4.1 Combined complexity

We begin by showing that the set Trughys = {(G,0,¢) : ¢ € GL, G F? ¢} is PSPACE-hard, by a
reduction from validity of quantified Boolean formulas (QBF). We use a fixed graph in the reduction.
Translation from QBF is a canonical technique, used in [4, 9] to prove the same result for the separation
logic and the ambient logic. Indeed, the proof is based on the PSPACE-completeness of Boolean quan-
tification and does not depend on the presence of spatial operators sicMésinclude it here for the
sake of completeness.

A quantified Boolean formula is a term generated by the grammar.

o :=3P.® | D | DPAND | P

where P ranges over propositional variables. The definitions of validity and satisfiability for QBF are
standard (see [23]). QBF formulds are translated into GL formulas as follows, where for e&;h

rp € Vy is a different name variable, ande X is a name constant. The translation can be evaluated
in Logspace.

[3P. @] =4ef Fzp.[P] [P] =def Tp=t
[-®] =4 —[2] [® AT =aer [2] A [P]
Lemma 4.1 Satisfiability of closed QBF formulas can be reduced to the model-checking problem
Truthsg = {(G,0,9) : ¢ € GL, GF7 ¢}
for a fixed graphG.

Proof We takeG to be the empty graph. Given an assignmemf truth values to the propositional
variables in a QBF formul#®, defines’ to be any variable assignment such théP) = true <
o'(xp) = t. An easy induction then shows thatis true undew if, and only if, G 7" [®], hence the
closed formulad is satisfiable if, and only if(0, €, [®]) € Truthgg| . O

Corollary 4.2 The model-checking problem for GL is PSPACE-complete.
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4.2 Expressivity and Data Complexity

Combined complexity describes how the complexity of model-checking depends on the size of both
the model and the formula. However, Graph Logic has been first proposed as the foundation for a
query language for semistructured data. In this context, data are much bigger than formulas, hence the
important question is how the cost of model-checking, hence of query-answering, increases with data
size, for each fixed query.

We present here the following data-complexity result: for each positive intedgieere is a sentence
¢ such that the problem: ‘give@, decide whethetz = ¢’ is hard for thek'" universal level of
the polynomial hierarchy, i.&,, is I} -hard. Since GL is closed under negation, we also obtain hard
problems for the existential levels of the hierarchy.

Combined with the fact that argy,; belongs toPH (Corollary 3.4), this gives us a tight characteri-
zation of the expressive power of GL.

The canonical complete problem foF, is the satisfiability of quantified Boolean formulas with
k alternations of quantifiers, beginning with a universal quantifier. We present a logspace-computable
reduction from such formulas to a class of graphs that is defined by a formula of GL.

To establish the ground work which we can then generalize to higher levels of the hierarchy, we
begin by an encoding of Boolean formulaighout quantifiersnto graphs. This enables us to reduce the
NP-complete problem of propositional satisfiability to a class of graphs defined by a fopro@iaL.

To be precise, we assume that we are given a Boolean foidnimaegation normal form i.e., negations
only appear in front of propositional variables. We define a fundtico thatG(®) is a graph encoding
the formula® as a circuit. The graph has edge labels from am@ng Or, Lit, PosandNeg It also has

a node namedesult. Informally, there is a node for each variabteoccurring in®. This node has a
number of outgoing edges labelledsandNeg There is ond?osedge for each positive occurrence of
X in & and oneNegedge for each negative occurrenceXfi.e. occurrence of- X) in ®. In addition,
there is a distinct node i@ () for each subformul@ of ®. If ¥ is ¥; v ¥, the node has one outgoing
edge labelledr and incoming edges from the nodes corresponding t@nd ¥,, and similarly for

U, A W, If Uis a literal X or =X, the outgoing edge is labellddt, and the incoming edge is the
Pos or Neg edge described in the previous sentence. The edge starting from the node that corresponds
to the whole formulaP ends into one further nodegsult. Thus, the grapl/((X vV -Y)A(ZVY))is
depicted in Figure 1. The token$, Y and Z in this figure are only used to identify nodes and do not
form part of the graph.

Figure 1.G((X VYY) A (ZVY))

More formally, we define the translatigr as follows. The translation is parametrized by a pair of
functionsy = (v,,7,). The functiony, is an injective map taking each Boolean variabl@ito a node.
The functionyy, is an injective map taking occurrences in the formbléo nodes. The codomain of,
is disjoint from that ofy,. As usual, an occurrenceis a string of 0’s and 1's, possibly empty)(such

17



that, whemn is associated to a formula rooted in a binary operatdranda.1 are associated to its two
subformulas; we also consider one special occurrence, denotellor an occurrence # e, (®),
denotes the subformula éf identified by«. The operatofa) ™ is defined aga.0)” = (a.1)” = «,

(e)” = €. The functionsy, and~, do not use up space, since they are not stored in a table, but perform
some fixed bit-manipulation on the input to produce the output. As depicted in Figure 1, the function
[®,«]" yields a DAG which is almost a tree, apart from the sharing of the nodes that correspond to
variables; this tree is rooted i), (a ). We will often abbreviat&z(®, v) to G(®).

G(®,7) =def [P, €] {p(e7) « result}
[2 A a]" =4 [@,0]7 | [P, 1] | And(yp(a),vp(a7))

[@V @, o] =aer [®0]" | [2, 1] [ Or(yy(a), 1p(a7))
[=X,a]” =des Neg(7o(X), 3p(@)) | Lit(vp(@), 1p(a7))
[X o] =def  P0s((X), (@) | Lit(vp(e), 1p(a7))

Proposition 4.3

1. For any occurrencer.o’ of ®, the graph[(®),,../, a.a/]7 is a subgraph of[(®),, @], hence of
[D,€].

2. For any occurrencex of @, [(®),, a]” contains exactly one edge of the forfy, (a), v,(a™)).

3. For any occurrencey, if «.0 anda.1 are occurrences ob, then[(®),,, «]” contains exactly two
edges that arrive af,(«), one fromy, («.0) and the other fromy, (a.1).

Given a graph of the fornd/(®), we wish to identify a subgraph that can serve as a witness to the
fact that® is satisfiable. To be precise, we say a subgréti G(®) is satisfyingfor the nodez if the
following conditions hold:

1. there is no nod& with both outgoing edges labelldébs and outgoing edges labellédeg in S;
2. for every edgd.it(x,y) in S, x has an incoming edge if};

3. for every edgeOr(x,y) in S, x has an incoming edge if};

4. for every edgednd(x,y) in S, x has two incoming edges ifi; and

5. z has an incoming edge ifi.

This enables us to prove the key lemma linking satisfiabilitybofind G(®). We first define
[®,, 0] as the subgraph df®, «]” that only contains those edges that correspond to subformulas
that are made true by the assignmenfhe notation “ifC' thenG” denotes the grapty if C' holds and
the empty graph otherwise. ® means tha holds under the assignment

[ AP ao,0]" =4 [P,0.0,0]" [P, al,0]”|ifckE® A @ thenAnd(vy(a),vp(a7))
[V P 0] =4 [P a0,0]|][®, alc]|ifckE®V P thenOr(y,(a),vp(a™))
[-X,a,0]" =aes If o F 2 X then(Neg(v,(X),yp(e)) | Lit(yp(a), (7))

[X; 0] =def 1f o = X then(Pos (7, (X), 1p(@)) | Lit(yp(a), 1 (7))

Proposition 4.4 For any occurrencev.o’ of @, the graph[(®) .o, a.a’, o] is a subgraph of (®),, o, o],
hence of[®, ¢, o]".
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The next lemma implies that, if F @, then the grapli®, ¢, o7 is satisfying fory,(¢~).

Lemma 4.5 For any occurencey of any formula®, if o E (®),, then[(®),, «, o] is a satisfying
subgraph ofZ(®, v) for the nodey,(a ™).

Proof By induction on the size (f®),,. Conditions 1 and 2 hold by construction. Condition 4: by con-
struction, if an edgelnd(x,y) is present iff(®) ., o, o], it must be equal tolnd (v,(8), v,(57)), for
somef = a.a’ such thaf{®)s = (P)g.0 A (®)g.1 ando E (P)s. Henceo E (P)g,0 ando E ()1,
hence, by induction[(®)3.0,5.0,0]” and [(®)s.1,5.1,0] are both satisfying fory,((3.0)7) =
v ((8.1)7) = vp(8), hencd(®) s, 5, o] 7 contains two distinct edges that entg( ), hence(®),, o, o]
satisfies condition 4. Condition 3 is similar. Condition 5: by constructiors (), implies that
[(®)a,a, o] contains an edgé~y, («), v,(c ™)), wherel is eitherAnd, Or, or Lit, depending on the
outermost constructor ¢fp),,.

U

Lemma 4.6 @ is satisfiable if, and only if, there exists a sebf edges inG(®P) that is satisfying for
result

Proof Supposed is satisfiable and let be an assignment of truth values to the variable$ dhat
makes® true. Then[®, e, o] {v,(e~) « result} is a satisfying graph faresult by Lemma 4.5.

For the other direction, supposés a subgraph of7(®) which is satisfying foresult. Definec on
the variables inb by o(X) = true if S contains an edg€os(~v,(X),y) ando(X) = false otherwise.
We now claim the following about:

1. If S contains an edg®os(7,(X),y) theno(X) = true. This is just by the definition of.

2. If S contains an edg@&eg(v,(X),y) theno(X) = false. This follows immediately from the
previous and the fact th&t cannot contain bottos(x,y) andNeg(x, y) for anyx.

3. If S contains an edgéit(v,(a), v,(a™)) then the literal occurring at is made true by. This
derives by the fact thel is satisfying, by the fact that &t edge only hag$’os and Neg incoming
edges, and by facts (1) and (2);

4. If S contains an edg&~y,(«a),v,(a™)), then(®), is made true by. This is an easy induction
on the size ofv),, using the previous claim for the base case Lit. In the And case, where
the edge isAnd (v, (a), v,(a ™)), by constructiof®), = (®)a.0 A (®)a.1, @and, by Condition 4,
S contains two incoming edges intg () which, by Proposition 4.3, arrive from,(«.0) and
vp(c.1). By induction, both(®),.¢ and(®),.1 are made true by, hence the thesis. Ther case
is similar.

5. 0 makes® true. This follows from the previous claim and the fact tiatontains the edge that
leads fromry, () to result.

O

We now wish to construct a formula of GL that is true in the gr&fi®) exactly whend is sat-
isfiable. The conditions defining a satisfying subgraph are easily described by formulas of GL. They

are given as formulas below. We use them to define a forrGislat defining the graph&/(®) which
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encode satisfiable Boolean formulas.

Consistent =g4er Vx,y,2.-(Pos(x,y) | Neg(z,z) | T)

LitTrue =def Va,y. (Lit(z,y) | T) = In>1(x)

OrTrue =qef Vz,y. (Or(z,y) | T) = In>1(x)

AndTrue  =q4¢¢ Vz,y. (And(z,y) | T) = Inso(x)

GSat =gqef (Consistent A LitTrue N OrTrue A AndTrue A Insq(result)) | T

This gives us the NP-completeness result.

Theorem 4.7 The sef{ G : G F GSat} is NP-complete.

Proof The formulaGSat translates into aexistentiaIMSO sentence and hence the set of graphs it
defines is in NP. The existential MSO quantifier comes from the translation of the outérmb#e the
internal occurrences ¢fcan all be translated as first-order quantifications, as detailed in Section 6. The
hardness follows from the fact that the functiGris a reduction from satisfiability of Boolean formulas
in negation normal form. O

Note that, dual to the notion of a satisfying subgra&pdf G(®), we can define falsifyingsubgraph
S as one such that:

1. there is no nod& with both outgoing edges labellegébs and outgoing edges labellééeg in S;
2. for every edgelit(x,y) in S, x has an incoming edge if};

3. for every edgeOr(x,y) in S, x has two incoming edges if;

4. for every edgednd(x,y) in S, x has an incoming edge i#; and

5. result has an incoming edge .

Entirely analgously to Lemma 4.6 we can show that a gi@ph) admits a falsifying subgraph if,
and only if, there is an assignmemtthat makes the formul@ false. The change to the proof of the
Lemma is thatS is obtained froms by choosing edges corresponding to the subformulas thiat are
madefalseby . Thus, by altering the formuladnd True and OrTrue, we define the formula&/ Fal
and G Val.

LitFalse  =g4¢r Vz,y. (Lit(z,y) | T) = Insi(z)

OrFalse =g Vz,y. (Or(z,y) | T) = In>a(x)

AndFalse =g4ep Vz,y. (And(z,y) | T) = Insq(z)

GFal =gef (Consistent A LitFalse A OrFalse A AndFalse A In>q(result)) | T
GVal =def - GFal.

That is, for any Boolean formul&, G(®) F GVal if, and only if, @ is valid. This gives us the
following result.

Theorem 4.8 The sef{ G : G F GVal} is co-NP-complete.

We now extend the construction above to encode quantified Boolean formulas as graphs and express
their validity in GL. This enables us to prove that, for edghthere exists a formula; such that
the problem: ‘givenG, decide whethe€ = ¢, is II}-hard. The standard hard problem for a class
117 of the polynomial hierarchy is the validity of a quantified Boolean formula witlternations of

20



guantifiers, i.e. a formula like the following one (where no quantifier appearsaimd the last quantifier
is 3 if k is even, as we assume below, and i & is odd):
VXPLXE Iy vt v X2 v Y.

We encode such formulas into graphs which have edge l#lsOr, Pos Neg Lit, and a node
namedresult as before. In addition, there is, for eath< i < k, a labelSwitcH. A node~y,(X)
has an incoming edge labelléitch’ if, and only if, X is quantified in theth quantifier block. With
variables thus marked with an index, we are able to construct a for@uld,,, using alternations of
and negation, to express that the formula encoded (®) is valid. The quantifier blocks are numbered
from the inside out as this makes it easier to define the formulas inductively.

In defining the formulag~ Valy, there is one important departure from our previous definitions. The
formulas GSat and G Val were carefully crafted to make limited use of the operatofo be precise,
in each occurrence of the operatpr v, the formulay is either atomic (of the forma(¢, x)) or it is
the formulaT. The reason for doing this is elaborated in Section 6. This restriction was made possible
by exploiting the monotonicity of the Boolean operatoxsand v and for this reason we assumed
that the Boolean formul@ was in negation normal form. Thus, a satisfying subgrépif G(®) may
not containall edges corresponding to subformulas made true by an assiganbemthe existence of
such anS is sufficient. In restricting t&& we may discard more edges than we need to as lorfg as
still satisfies the necessary conditions. However, when we deal with alternations of quantifiers in QBF,
we must ensure, while choosing a subset of the edges representing an assignment to the variables in
quantifier block: that we do not discard any of the edges corresponding to inner blocks. For this, we
use the following formulas:

Discardy, =gef Y,y a.(a(z,y) | T) = (a = Switch® V a = Pos V a = Neg)
AYz,y.[((Neg(z,y) V Pos(z,y)) | T) = Jz.(Switch®(z,z) | T)]
A Consistent

Consistent, =aep Y, y.[=(Switch®(x,y) | T)]
A [(Neg(z,y) N Pos(x,y)) = Vo 3z.(Switch' (z,z) | T)]

These formulas are best explained by thinking of constructing in stages, for decreasing vatues of
a truth assignment that satisfies the form@ila The truth assignment is represented in the graph by
discarding the edges corresponding to the literals that are made false. The f@ripdad; will be
true of the set of edges that are discarded at statfeensures that we only discard edges corresponding
to variables that are in theth block and that we do not discard boitvs and Neg edges from the
same node (the formul@onsistent has been defined before Theorem 4.7). Note that it requires that the
edgesSwitch” marking the nodes are also discarded. This is no loss as they are no longer needed. The
formula Consistent;, should be true of the graph formed by the edges that are not discarded at.stage
It requires that we keep onlos or only Neg edges for variables in thigh block by saying that every
node with bothPos and Neg outgoing edges is marked by an ed§jeitch’ for somei < k.

We can now inductively define the formulés/alE;, andG ValAy. These are intended to express the
validity of a quantified Boolean formula withquantifier blocks starting with an existential (respectively
a universal) quantifier.

GValE1 —def GSat

G ValA1 =def GVal

GValEky1 =qef Discardyyq | (Consistentyi1 A GValAy)
GValAry1 =gef Discardiy, |= (Consistenty1 = GValEy)].
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Lemma 4.9 If ® is a quantified Boolean formula with blocks of quantifiers beginning with an exis-
tential (resp. universal) quantifier, the®(®) E G ValE| (resp. G ValAy) if, and only if, @ is valid.

Proof The proof is by induction o. We aim to prove a stronger statement as inductively we need to
consider the case whedehas free Boolean variables. For suct and an assignmentof truth values

to its free variables, lef/(®, o) be the graph obtained frofi(®) by removing allNeg edges leaving a
nodevy, (X) for all free X such that(X) = true and removing alPos edges leaving a nodg (X) for

all free X such thatr(X) = false; the other edges are as@(®). We show thaG(®, o) E GValE}
(resp.GValAy) if, and only if, 0 makesd true.

For the casé = 1, if all quantifiers are existential theh = 3X.V is valid if, and only if, the
quantifier-freed is satisifiable by an assignmefut, o’) that extendsr, which we claim is expressed
by G(H)Z'.\If,a) F GSat. Hence, we have to prove that (a) the existence of a satisfying subgraph
S of G(3X.V,0) implies satisfiability of' by some(, ') and (b) if (5,0’) £ ¥ then the graph
[D,¢€, (0,0")]"{vp(e™) < result} is satisfying, and itis a subgraph@{3X .V, o). Part (b) is identical
to the proof of Lemma 4.5, and the constructior{®f ¢, (¢, c')]” ensures the absence of tRes and
Neg edges that are removed fro@(ﬂ)?.\l/) to obtainG(3X.¥, o). To prove part (a) we consider, as
in the proof of Lemma 4.6, the substituti¢s, o’) that extends by assigningrue to X; if S contains
an edgePos(v,(X;),y), andfalse otherwise. This assignment enjoys the properties listed in the proof
of Lemma 4.6. Specifically, items (1) and (2) hold, by construction, on the variables assigaethdy
on the variables assigned by. The other properties are proved as in Lemma 4.6. Observe that the
existence of a subgraph that is satisfying is independent of the preseficéta’ nodes.

Similarly if all quantifiers are universad, = ® is expressed b (®, o) F G Val.

For the inductive case, note th&(®,0) F GValE,; if, and only if, G(®,0) = G; | G2
whereG, F Discardyy, andGy F Consistenty11 A GValAg. The definitions ofDiscardy,1 and
Consistenty1 ensure that for each variab]/éfchrl in quantifier blockk 4+ 1 of @, either all Pos edges
out of 4, (X) are inG; and all Neg edges inG, or vice versa. Moreover, alwitch**! edges are in
G1. Thus,Gy = G(@',0') for someo’ that extends by assigning a truth value to each variablg,
where®’ is the formula obtained fron® by removing the outermost block of quantifiers. Since, by
induction hypothesisZ(®’, ') E GValAy if, and only if, o/ makes®’ true, the result follows. The
case ofG Valy1 is dual. O

Theorem 4.10 For eachk there exist GL formulag, and;, that characterize sets of graphs that are
complete fodI} andX?, respectively.

Proof Takeg, to be GValA, andyy to be GValEy. O

One consequence of this result is that the alternationvith negation forms an infinite hierarchy of
expressive power in GL. Hence, it is not possible to obtain a normal form similar to the conjunctive or
disjunctive normal forms of boolean operators, characterized by a fixed number of alternations between
| and negation. While implementing the TQL optimizer, we looked hard for such a normal form; it is
useful to know that this is not worth pursuing any more.

Corollary 4.11 Unless the polynomial hierarchy collapses, the alternatioh afid negation forms a
strict hierarchy in GL.

5 Graph Logic With Recursion

It is instructive to compare GLwith other logics of recursion, such as LFP, the extension of first-
order logic with an operator for forming the least fixed points of relational expressions (see [16] for an
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exposition). For a relational variable and a formulap in which R only appears positively, LFP allows

the expressiomR.¢ which defines the least relatiod such thatR = [¢],.,.r—r. Just as the graph
composition operator of GL can be simulated by a monadic second-order quantifier one might think that
recursion can be simulated by the fixed-point operator of LFP. There is, however, a crucial difference.
In order to model-check an LFP-recursive sentence, a fixed-point has to be computed in the lattice of
the relations on the model domain. Model-checking 1. R.¢ in GL,, requires the computation of the
fix-point of a mapAS. [¢],.,, r—s defined on the lattice afets of subgraphsf G.* The evaluation of

a fixed-point in LFP in a graptiy amounts to finding the least fixed-point of a montone function on the
lattice of k-ary relations orz. The size of this lattice is exponential in the size&tband the length of a
maximal chain is bounded by* wheren is the size ofG. This is what guarantees that the fixed-point

can be evaluated in a polynomial number of steps. In contrast, evaluating a fixed-poin}, iis GL

find the least fixed-point of a monotone operator on the lattice of sets of subgraphsTdiis lattice

is of size doubly exponential in the size @fand has chains of length exponential in the siz&zof

This suggests that evaluating a fixed-point may require an exponential number of steps. This is amply
illustrated by the result in Section 5.2 that exhibits a PSPACE-complete problem that is definable in the
logic. This is why the result in Section 5.1 showing that the model-checking complexity of the logic is
still in PSPACE is quite interesting.

5.1 Combined Complexity

The set{(G,0,¢) : ¢ € GL,, G E? ¢} is PSPACE-hard, by results in Section 4. We now exhibit

a PSPACE algorithm to decide the problem, establishing a tight upper bound on its complexity. The
way the algorithm deals with recursion is analogous to Winskel’s algorithm for model-checkipg the
calculus [27]. The algorithm is given in Table 1. Theget(stack,”£”) returnsé if it is a constant, and

finds its associated value ktack if £ is a variable. In the line for (&1, &2), G[i] is thei-th edge ofG,
encoded as a tripl@, j, k), representing the indexes of the label, the first, and the second node.

We assume that no variable in the formula is bound in two distinct places. We associate a counter
to each variable and a bitmask to edcbperator in the formula. We have a variable bitnmapsk
that specifies which edges in the graph are included in the current subgraph. To check wHether
holds, we let the corresponding bitmaskiterate over all the submasks of the current maskFor
each value oBmwe check¢ against the subgraph identified bpnand against its complement wrt
m, minus(m, sm). ¢ | 1 holds if and only if we find a value fosmsuch that both checks succeed.
Actually, we cannot have a different variable for edclsince the algorithm is written to work for
formulas of any size. Henceinis just a local variable of the procedure that checkg tiase, which will
be automatically saved on the call stack when a subroutine is called, and restored when the subroutine
exits.

To check whetheBz.¢ holds, we let the corresponding counteenumerate all the names that
appear either in the graph or in the formula, plus one fresh name for each variable in the formula. By
Proposition 2.73z.¢ holds if and only if we find a value far such thatp) model-checks. As above, we
do not have a different counter for each variahlbut we use a stack. In this case we push a‘pé&ix
on an explicit stack every time a quantificatiéim is met. We do not use the call stack fobecause
later, to check whether(&;, £>) holds, we will have to substitute all the variables ameng; , £&; with
their value, and we can retrieve those values by exploring the explicit stack.

41t is well-known that recursive formulas can be model-checked either by repeatedly substituting the recursion variable with
its definition, Prolog-style (top-down evaluation, typical of programming languages) or by actually computing the fix-point that
corresponds to the formula, Datalog-style (bottom-up evaluation, typical of deductive databases). Our informal discussion as-
sumes the bottom-up implementation. It would be difficult to discuss top-down implementations in such general terms, since they
can be based on quite different terminating conditions.
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inputs: G, v; other global variablesstack and the implicit call stack;
Evaluate(),G) =
let mask=1115...1, wheren = sizeof(G);
returneval (v, mask));
eval(—¢, mask) =
return(noteval(p,mask));
eval(0, mask) =
returnmask==0; ...0,);
eval(T, mask) =
return¢rue);
eval(§, = &2, mask) =
return(get(stack,”&,”) == get(stack,”£27));
eval(ay = ag, mask) = similar to previous case
eval(p A 1, mask) =
if (eval(¢, mask) andif eval(1p, mask)) {return¢rue);}
else{return (false);}
eval(Izx.¢, mask) =
foriin 1..ndo
push(”x” = i), stack);
if eval(p, mask) {pop(stack); returngrue);}
pop(stack)
return(false);
eval(da.¢p, mask) = similar to previous case
eval(¢ | ¥, mask) =
for submask in submasks(mask) do
if (eval(¢, submask) andeval(yp, minusgnask,submask))) {returng¢rue);}
return (false);
eval(a(&y,&2), mask) =
if ((mask==0...01;0...0) and
(G[i] == (get(stack,” ”),get(stack,”&17),get(stack,” 7)) {returnfrue);}
else{returnffalse);}
eval(uR.1p, mask) =
push(’R” = mask), stack);
res =eval(y, mask);
pop(stack); return(res);
eval(R, mask)
if mask== get(stack,” R”) {return(false)}
else{ find 4 R.¢ in the input formula)
and returnéuval(uR.4, mask)); }

Table 1: The model-checking algorithm for GL
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To model-check:R.¢, we first push on the stack a paiR"-current mask Then, whenR is met,
we first check whether the current mask is still equal to that associateatothe stack. If the current
mask is a strict subset of that storedfinwe substitute? with ©R.¢ and continue. If it is equal to that
stored inR, then this branch can only loop forevenencefalseis returned.

We prove that this algorithm runs in polynomial space and that it is correct.

Theorem 5.1 Evaluate(), G) always terminates and can be executed with polynomial space.

Proof Letn be the maximum of the number of edges and the number of nodesTihe algorithm uses

the call stack and the variabftack Each recursive call pushes its local variables, the return address,
and the call parameters on the call stack. The worst case is thawbére we have one local variable

that isn bits long ubmask) plus themaskparameter that is bits long as well. Hence, each stack
frame on the call stack is linearly bounded by the input size. The same is true fetattievariable,

where each stack frame has eithesize (if it is a mask) otog(n) size, in thedz/a.¢ cases. Moreover,

each procedure call performs at most one push, and always pops what it pushed, hetechvheable

never contains more frames than the call stack. Hence we have only to show that the call stack growth
is bounded by a polynomial. This bound implies termination as well, since dlbtHeops in the code

are bounded.

Every frame in the call stack contains a bit mask. This mask is always equal to, or included in, the
one of the preceding frame. Let a stack-chunk be a sequence of stack frames which all contain the same
mask. The stack will always be composed by at mostl stack-chunks, whereis the size of the input
graph, since: + 1 is the length of the longest chain efbit masks ordered by strict inclusion. A single
stack-chunk may contain two frames that correspond to the evaluation of the/saar@ble only if
the second one is the last frame on the stack, since the first evaluatimvith maskm is followed
by an evaluation of.R.i) which pushegR = m) onstack so that the next evaluation & with mask
m returns immediately. Hence, any stack-chunk contains at mest recursion-variable frames, if
k is the number of recursive variablesdn Finally, the sub-chunk included between two consecutive
recursion-variable frames cannot contain more thixames, wheré is the longest path in the syntax
tree of¢, since any other case bRtwalks one step down along This gives arO(nkl) bound on the
number of frames of the call stack. O

Theorem 5.2 Evaluate(), G) = true if, and only if, G F .

Proof We prove the correctness of the algorithm by presenting a proof system and showing that it is
sound with respect to the semantics. We then show that the algorithm faithfully implements the proof
system.

Consider the proof system of Table 2. The formdan rule (I/ p) is the sentence that is only
satisfied byG (up to graph-equality), defined in Lemma 2.X(G, ¢, ) is a subset oft’ such that
X 1 (G, ¢,0), so that, by Proposition 2.7, quantification need be checked onl (@ ¢, o). o is a
substitution, i.e. an ordered sequence of pairs x, a — a, R — ¢, where no variable is bound twice;
{z — ¢} - o is the substitution obtained by removing any- ¢’ pair fromo, and adding the new pair
x — c at the beginning of. xo is just the element that associates with. ¢ - o applies all pairs inr
to ¢ one after the othethencep - ({x — ¢} - o) is equal to(¢p{z — c}) - o.

To study the correspondence between the algorithm and the proof system, we first define a map-
ping £, (s) that maps a stack into a substitution, using in the translation of bindingéR = m).
Essentially, a pai(R = m) in the stack is translated into a mappiRg— ((uR.¢) A =(GNm)) that

5The fact thatR is still associated with the same mask implies that the rest of the stack retains its old content as well. We do
not discuss this fact here, because it is the kernel of the proof of Theorem 5.2.
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expresses the termination condition that characterizes our algoiithm: is the subgraph of7 identi-
fied by the maskn. The empty stack becomes the empty substitution. Stacks are reversed because the

last element of the stack is the first substitution to be applied.

Yp(s,R=m)={R~— (uR.¢ N =GNm)} - (Xy(s)) if uR.¢is asubterm of)

Sp(s,xe=x%x) ={z—x}-(Zy(s))
Yy(s,a=a) ={a—a}l-(Zy(s))

We will prove soundness of the algorithm w.r.t. the proof system, and soundness of the proof system
w.r.t. satisfaction, as specified below, whetel,, ¢ (¢, mask) is the result of callingzval(¢, mask)

when input formula isp, input graph ig=, and current stack is.

evaly a,s(¢, m) = true = GNm;Zy(s)F o (la):
evaly, a.s(¢, m) = false = GNm; Zy(s) o (1b):
¢-cisclosedG;ct¢ = GE¢-o (2a): soundness df
¢-oisclosedG;otf ¢ = GE=(¢-0) (2b): soundness df

soundness ofval, casetrue
soundness ofval, casefalse

Propertieg1a) and(1b) are easy to prove by induction on the depth of the call stack of the algorithm,

and by cases. We show the cases for recursion.

evaly a.s(R,m) = false, whereR =m/isins =
eitherm’ = m, or evaly, ¢, s(uR.¢, m) = false

in the second case, by induction GNm; Xy (s) ¥ pR.¢
in the first case, byn = m’ GNm; Xy (s) F Gnm/
hence GNm; Xy (s) ¥ ~Gnm/
in both cases, we can apply rulg A ): GNm; Xy (s) ¥ (pR.¢) A ~GNm/
R(24(s)) = (uR.¢) A ~GNm/, hence: GNm; Xy (s) I R(Ey(s))
by (/ R): GNnm; Ey(s) ¥ R
evaly a,s(R,m) = true, whereR =m/isins =
m’ # m andevaly ¢ s(LR.¢, m) = true
by induction GNm; Yy (s) - puR.g
by m # m’ GNm; Xy (s) F ~Gnm/
hence ; F (uR.¢) A =Gnm/

R(24(s)) = (uR.¢) A ~GNm/, hence:

by (- R):

evaly ¢ s(LR.¢, m) = false =
evaly, G (s,R=m) (¢, m) = false,
by induction
by definition,X (s, R =m) = {R+— (pR.0) A =GNm)} - Ly (s))
hence, by rulét/ 1) GNm; Xy (s) i pR.¢

evaly a.s(uR.¢, m) = true: the proof is identical

GNnm;Zy(s,R=m) /¢

Soundness of the proof system (property (2a) and (2b)) is proved by induction on the size of a proof,
and by cases on the last rule applied. All cases are trivialthut), (- 1), (7 R) and(- R).
Cases(l/ u) and (- p) follow by induction once we prove that, for any pair o, such that

fv(¢-o) C{R},

GE(¢-({R— ((uR-¢) AN 2G)}-0)) = GE~((nR.9)-0)

GFE(¢-({R— ((nR.0) N 2G)}-0)) = GF ((uR.9) o)
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which are equivalent to the following, where we abbreviatk)., by [#]:

G¢lo-({R— ((uR9) N ~G)}-0)] = G ¢ [(uR.¢)-o] (3a)
Gelp-({R— ((uR9) A ~G)}-0)] = G €[(uR.¢)-o] (3b)

We will exploit the following properties, proved in [6]:

H¢{R — 'l/}}]]d;/) = [[¢HU;/){RH[¢ﬂg;p} (4(1)
ILU‘R'QS]]U;;) = ﬁIpO’LTLt()\S [[¢]]O’;p{R>—>S}) (4b>
the functionAS. [¢],.p{r—s} (4¢) is monotone inS

We can rewritd¢- ({R — ((uR.¢) A —=G)} - o)] as follows, wheré! = [(uR.¢)-c], andF (¢, 0)
is defined as\S. [(¢ - 0)]();{r—s}

[¢-({R+— ((uR.9) N =G)}-0)] =
({R — ((uR.0) N G)}) - o] =
(- o) {R— (nR.¢) - o) A ~G)}] = by (4a)
(¢ )0 R-[((uR-0)-0) A ~G)]} =
(- U)ﬂ 0;{R—M\G} =

F(¢,0)(M\ G)

We have now to prove th&t ¢ F(¢,0)(M\G) = G ¢ M (5a) andG € F(¢,0)(M\G) = G €
M (5b). M is a fixed point of the monotone functidi(¢, o) (by (4b) and (4c)), henc& (¢, o) (M \
G) C F(¢,0)(M) C M, which immediately gives us (5b). Fro6 ¢ F(¢,0)(M \ G) we conclude
F(¢,0) (M \ G) C (M \ G); M is defined as the intersection of all pre-fixpoints,fefp, o) hence
M C F(¢,0)(M\G) C(M\GQG), henceG ¢ M, c.v.d.

Caseql/ R) and(F R) follow immediately once we prove thd@ - o = (Ro) - o (recall thatR - o
is not justRo). To this aim, observe that= (¢’ - {R — ¥} - ¢”), (with dom(¢’), { R}, and donfc")
mutually disjoint) and hencB-0 = ¥-(¢”) and, from the assumption th&t o is closed, we deduce that
fv(¥) C dom(c”), hence fi{¥) ndom(o’ - {R — ¥}) = (), henc&(Ro) -0 =¥ - (¢/ - {R+— U} -0")
is equal to¥ - (o), c.v.d. O

[
[
[
[

5.2 Expressivity

While recursion does not take the combined complexity out of PSPACE, it adds expressive power to
the logic. As a simple example, here is a formula that characterizes the graphs with an even number of
edges, which is not expressible in either MSO or LFP.

pR.0 VvV ((Havx’y' (l(.%‘,y)) ‘ (Haamvy' a(aj»y)) | R) (3)

In this section we show that we can express a PSPACE-complete problem in this language. This is
achieved by an encoding of quantified Boolean formulas (QBF) as graphs. The encoding is similar to
the one in Section 4.2 except, in order to work with a finite set of labels, we do not have different edge
labels for the different number of quantifier alternations. Instead, we have two |&bed#f,andExist,

in addition toSwitch and the alternation of edges with these labels leading up to andde indicates

the quantifier type and index of the Boolean varialile Similarly to Section 4.2, quantified variables

are guarded by an incomin§witch label, while free variables have no incomisgitch edge. The
translation of a formula) is parametrized over a boolean assignmedefined over (). Quantified
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(FA) (7 A) (F-) (7 =)

Giok¢ N Giob 9 Giolfop V Gioy Giolt/ ¢ Giol ¢
GiokE ¢ A Giol/ o N Gio b ¢ Giol/ ¢
(F3) (#3)

IxeX(G,0,¢). G;{x—x} -0k ¢ vxe X (G,0,v).Gi{z —x} ot/
G;oF3dz.¢ G;olf dx.¢
(- a(€,€) (7 a(§,€)) (FE=¢) (7&=¢)
G = ao(é0,&'0) G # o(¢0,€'0) ¢o=¢o o8&
Gioka(g€) Giolf a(€,€) Giok¢=¢ Giolf&=¢
1)
G, G".G=G|G" N G50+-¢ N G507
Giob o |y
1)
VG ,G'.G=G"G" = (G50 ¢ vV G50/ 7)
Giolf o |y
(- R) (¥ R) (F n)
G;ot Ro G;ol/ Ro G ({R— (pR.¢) N 2G)}-o)F ¢
G;o-R G;ol/ R G;o - uR.¢
(7 1)
Gi({R— (pR.¢) N —G)} - o)/ ¢
G0t uR.¢

Table 2: Proof system fa# - ¢ andG t/ ¢

no
Neg
edge

Figure 2:G,, (¢ = (VX, Y.3Z.(ZV-W) AWV -X)A(XV-Y)A(YV=2)),0 = (W — true))
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variables have boti?os and Neg outgoing edges. A free variabl¢ has itsPos edges iffo(Z) = true,
and has itsVeg edges otherwise (see Figure 2 for an example).

Formally, we define a translatioi,(¥, o,y) which maps a QBF formuld and an assignment
o of truth values to the free variables @&f to a graph. As in the translatio(®,~y) of Section 4.2,

the translation is parametrized by a pair of functians= (v,,v,) giving nodes corresponding to the
variables and the occurrenceslirespectively. Supposé is

U=vX{. . X 3YP Y23 Y e dom(o) = (W) = {Zy,..., Z,}

The graphG (¥, 0, ) is then described by the following term. The notat@n, S denotes the graph
G after the edges i§ are removed.

Gu(Y,0,7) =gef Forall(xo,x1)

| Switch(x1,7,(X1)) | ... | Switch(x1, v, (X7,))
| EIZ'St(Xl,XQ)
| Switch(x2, v, (Y2) | ... | Switch(xQ,'yv(Yig))

| 1*\”07“@[1(}(2,){3)
\ “Exist(xn_l, Xn)

| Switch(Xpn, vo(Y(")) | .. | Switch(xn, v, (Y{"))

| G(®,7) \ {Neg(ro(2),%) = 0 F Z}\ {Pos(ye(2),%) = o ¥ Z)

Theorem 5.3 There exists a G}.formula that characterizes a set of graphs that is PSPACE-complete.

Proof To be precise we define a formu@val,, that is true in a graple,, (¥, o, v) if, and only if, ¥

is made true by the assignmentThe formula is a variation of the formulas constructed in Section 4.2.
For this purpose, we need to introduce variants of the formllagard;, and Consistent;, that do not
usek different forms of theSwitch label. These are defined as follows.

Discard’(z) =def Vx,y,a.(a(z,y) | T) = ((a = Switch N x =2) V a = Pos V a = Neg)
AVz,y.[(Neg(x,y) V Pos(z,y) | T) = (Switch(z,z) | T)]
A Consistent

Consistent’(z) =qer Ve, y.[~(Switch(z,y) | T)]
N[(Neg(z,y) A Pos(z,y)) = 32" # z.(Switch(Z',z) | T)]

Note that the formuldiscard’(z) is parametrized by the free variablewhich is intended to ensure
that at each stage, all discard€ditch edges are for the same quantifier block.
The formulaG'Val, is now defined as follows.

pR. —=(3z,y. (Forall(x,y) V Ezist(z,y)) | T) A GVal
V (3z, z. QRoot(x) A (Exist(x, z) | (Discard'(z) | (Consistent’(z) A R))))
V (3z, z. QRoot(x) N (Forall(x, z) | (Discard’(z) |= (Consistent’(z) = R))))
where QRoot(z) is defined as:

QRoot(x) =g4ef =32, (Forall(x',z) V Ezist(a',z)) | T

The formula@Root identifies the node; which corresponds to the quantifier block currently being
evaluated. Thus, a gragh, (¥, o, ) satisfiesG'Val,, if, and only if, either (1) it satisfies/ Val in which
case all truth assignments are satisfying or (2) there B:ast edge leaving; and removing it there is
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some way of consistently discardiitps and Neg edges from the variables pointed to &y, ; so that
the resulting graph satisfigsVal,, or (3) there is aorall edge leaving; and every consistent way of
discardingPos and Neg edges from the variables pointed toky, , leaves a graph satisfying Val,,.

O

5.3 Strings

We now briefly examine the expressive power of Gh the same way as we showed in Section 3.3
that GL defines exactly the regular languages. Sincg Gdn express mutually recursive equations,
it can easily be shown to express context-free grammars (CFGs) and context-free languages (CFLS).
However, CFLs are not closed under intersection, while, Gatures conjunction, hence we should
look for a wider class, which should at least include the closure of CFLs under finite intersection. We
prove here that GJ.can express conjunctive context-free languages, which strictly generalize the finite
intersection of CFLs.

Conjunctive context-free grammars (C-CFGs) have been introduced in [22]; they generalize context-
free grammars (CFGs) by adding an operation of language intersection. A context-free grammar can be
defined as a finite set of mutually recursive equations (one equation for each variable) with the form:

X=wi+...+w,

where eachw; is generated by the grammar::= a | X | w;w. A variableX denotes a component
of the minimal solution of the systemy, + w- is language uniory is the singleton language}, and
w;w' is language concatenation. Conjunctive CFGs are obtained by adding an operation of language
intersectiont inside the equations, which have now the following shape:
X = (wi&...&w, )+ ...+ (w'&.. . &w] ).

1

C-CFGs are strictly more expressive than CFGs. For example, the languaége’} is not a
context-free language, but can be expressed by the following grammar, wh&rgeneratega’; b’; ¢/ }
andY; C generatega’; b'; ¢’} [22]:

= (4 X)&(Y;0)
= a;A+e

= b;X;c+e

= a;Y;b+e

= ¢ C+e

S AV

This language is just the intersection of two CFLs; in Section 6.4 we exhibit a C-CFL which is not
expressible as the intersection of any finite set of CFLs.

A C-CFG equation can be translated into a,Gdquation, as followsa andw; ; w, are translated as
in Section 3.3, whileX is translated aX.

X =(F(wi) A ... ANF(wh) VooV (Fw?) A ..o A Fwi )

It is well-known thatu-recursion can express systems of mutually recursive equations; for example,
asystemX = ¢(X,Y), Y = ¢(X,Y) can be expressed as{. ¢(X, uY. ¥(X,Y)). Hence, every
C-CFG can be translated into an equivalent,Gentence, hence any C-CFL can be expressed jn GL
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6 Linear Graph Logics
6.1 Linear Graph Logic

The high data complexity of Gl derives from the composition operatowhich quantifies over all
subgraphs of the current graph, hence has an essentially second-order nature. In practice, however, most
uses of the composition operator are limited to splitting a graph one edge at a time. That is, formulas
which use the operator often fit the following pattefh:(a(&,&') A ---) | ¢. We formalize this by

defining a restricted version of the composition operator, dengtethich we calllinear composition

Its semantics is defined by the following rule:

GE 6]¢ & G=(alkxy)|G) andalx,y) = ¢ and G'E7 ¢
The operator can also be seen as a derived operator in GL by the following definition:

)¢ =aep (¢ A 3Ja,z,y.a(z,y)) | ¢

Essentially, this could be seen as a modal operator, parametrizeditmat is, a grapld- satisfiesp | ¢’
if, and only if, there is an edge i which satisfieg) and such that the graph obtained by removing that
edge satisfieg'.

We write LGL for linear graph logic the language obtained from GL by replacing treperator
by | and LGL, for its extension with recursion. We begin by examining the expressive power and
complexity of LGL.

The translation of GL into MSO given in Section 3.1 is easily adapted to show that LGL translates
into first-order logic. In order to do this, we need to eliminate all uses of the second-order variables
from that translation.

Towards this end we define three translations, each of them transforming a GL formula about a graph
G = (F, edge) into a FO formula about a structufe™ = (A, X, £, edge) (we are here identifying the
functionedge in G with its relational encoding iti™). [¢]° holds inG* iff ¢ holds in the empty graph;
[#]%, wheree is one edge variable, holds @i iff ¢ holds in the the grapt restricted to the only edge
e; [#]F, whereF is a set of edge variables, holdsGht iff ¢ holds inG after the edges denoted By
have been removed froi (see the statement of Lemma 6H denotes théorbiddenedges). Hence,
for example,J¢ | ¢']F holds if there exists one edgehat can be removed frod \ F such that both
[#]: and[#']F“{¢} hold.

The translation is defined by induction. The operatars\, 3 and= are mapped to themselves by
all of the three translations, hence we only report[tHé” case for them. The notatiGie ¢ F.¢ abbre-
viates the first-order formutge.(A ;.- e # f) A ¢. The notatiorve ¢ F.¢ abbreviatese.(A ;. e #

f) = ¢

[~¢]* =ge ~[S]" [o A &1F =aer [9]7 A [¢]F

[[3 ]] —def 31‘ [[QZS]]F [[Hagi)]]p —def Ela [[d)]]F

[€=¢1" =ar&=¢ [a =" =ges a =0

[o(€,EN]F =aer Je € F. [edge(e,a,&,&') ANVe' € F.e=¢

[o]* =gef 7de.e ¢ F

[¢ 1 1" =aes 3e & F.[g]: A [¢']701

[a(€. €] =aer edge(e, a,&,€")  [O]F =def F [6] & =aer [8] A [4]°
[a(€,€)]° =aer F [o]° =def T [¢]¢1° =aer F

The next lemma implies that, for any sentegcé A, X, E, edge) Fr, ¢ < (E,edge) Eqop [0]°.
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Lemma 6.1 For any formulag, substitutioro defined on all free variables af, for anyG = (E, edge)
and GT = (A4, X, E,edge) such thatX 3 (G,¢,0), A J (G, ¢,0), for any set of edge variables
FU{e}, foranyF C FE, e€ E, the following equivalences hold, wherdge \ F removes the edges h
from the domain oédge, (E, edge) \ F = (E \ F,edge \ F), and, similarly,(E, edge) N e intersects
both E andedge with {e}.

GTEZST [9]F = G\FEZ, ¢
GTEZS [oF < GnekZ, ¢
Gt E%y [¢]° & 0F%; ¢

Proof By induction and by cases. We omit cases that are trivial or very similar to those we present.

GHEGG T 0] ¢ & GTERGTT Je g Fo[]; A [9]70)

& There existe € E \ F such thaG £35 75 7° [¢]: andGt QST [¢/]F0led

& There existe € E \ F such thaGt £357° [¢]: andGt £S5 7 [¢/]Foler
(Since no variable ik appears if¢]%.)

& There existe € E \ F suchthatG Ne EZ, ¢ andG \ F \ {e} EZ, ¢

< There existe € £\ F such tha{G \ F) Ne EZ; ¢ and(G \ F) \ {e} EZ, ¢’

& G\FFgL 0] ¢

GTEZLTE [, )T & GTERETF Je ¢ F. [edge(e, a, &,6') AVe! ¢ F.e=¢]

& There existe: € (E \ F) such thalGt 355 7° edge(e, o, €,¢') and foralle’ € (E\ F) e = €’

& (e,o0a,08,0¢')cedge andE \ F = {e}

& G\FFg, a§¢)

GTEZSTE 0] & Gt ERSTF —3e.e ¢ F < There does not existe (E\ F) & G\FEZ, 0

Gt LGN [0l & G ERGTT S[o]"

& NotGtEGE™F [9]F © NotG\FEZ, ¢ < G\FFE, —¢

GHERGTT I8 A 1T & GYERGTT [0]7 A [T

& GTERST [¢]F andGt £35S [¢11F

< G\FFEZ, gandG\ F EZ, ¢

< G\FEZ, ¢ N ¢

Gt EGETF [Be.0]" & G ERSTT 3x.[¢]”

& There existscin X s.t. Gt EGS ™57 [¢]F

& Thereexistxin X st.G\FEL]™ ¢

< There existx in X s.t. G\ F L7 ¢. (Reasoning as in the proof of Proposition 2.7)

& G\FEZ, Ju.¢

Gt ER el ol < GTERG ™ el: A [¢'1°

< GnekZ, ¢ and0FZ, ¢ < GNneFEL, ¢ | ¢

GTERG ¢ a8 & GTELS ' edge(e, ., &,€)

< (e,oa,06,08)cedge & GNekL, o)

GTERS, 0] & GTERS°F & Gnekyg, 0,withG = (F,edge) ande€ E,

GTEEG o] ¢1° & GTERGF < 0FG 6| ¢f

GTFE a6, 8N° & G EEG °F © 0Fg, a(8,¢)

GTEZS 0] & GTERG T < 0EZ, 0
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O
The translation establishes an upper bound on the expressive power of LGL. Any property that is
expressible in first-order logic is decidable in LogSpace and therefore this is still true for LGL.

Proposition 6.2 For every sentence of LGL,G, = {G : G F ¢} is in LogSpace.

On the other hand, the model-checking complexity of LGL is still PSPACE-complete. This follows
from the observation that the proof of PSPACE-hardness of GL model checking in Section 4.1 does not
use the composition operatpoat all.

Proposition 6.3 The model-checking problem for LGL is PSPACE-complete.

6.2 Linear Graph Logic and Strings

Just as GL is as expressive as MSO on string graphs, we show that on these graphs LGL has the same
expressive power as FO, being able to express any star-free language.

Star-free languages are those regular languages that are denoted by expressions in the following
grammar, whera belongs to a fixed alphabédt, andr denotes the complementofvith respect tad*:

ro=c¢lal|lmr|r+r|T

Star-free languages are exactly the languages that can be described by FO over ordered structures [20].
The encoding we provided in Section 3.3 cannot be reused here, since concatenation was translated
using the full power of the| operator. However, it is easy to adapt the construction in [24] to prove that
every star-free language can also be described by a term of the following grammar:

ruo=c€l|lar|r+r|T

These expressions can be translated to LGL as follows. We parametrize here the translation with respect
to the first node %" in the graph, which simplifies casg r; this could not be done in Section 3.3
because of the case.

(E,LC) =def 0
Flasr',z) =aer Jy-alz,y) | F(r',y)
F(r+r',2) =4 F(r,z) vV F(' z)
F(F,x) =aef —F(r,z)

The following lemma establishes the correctness of the translation.
Lemma 6.4 For any expression over the alphabe#l, we A*, X = x; ... x,4+1 Withn = |w|, z
G(w,X) F*—~> F(r,z) if, and only if, w € L(r).

Proof The proof is by induction on the structure of the regular expregsand by cases. All cases are
trivial. O

33



6.3 Recursive Linear Graph Logic

Given that LGL is no more expressive than first-order logic, one might be tempted to think that its
extension with recursion LG could be translated into LFP, the extension of first-order logic with a
least fixed-point operator. However, a simple example shows tha},ldah express properties that are
not definable in LFP. Consider the following formula.

pR.(0V(T]T|R))

This formula expresses that a graph has an even number of edges. We know this property is not definable
in LFP.

Though the length of inductions in LGLmay be bounded by the size of the gra@hon which
they are evaluated, there are two significant ways in which these inductions are different from the fixed-
points definable in LFP. For one, the recursion variables in J. @lnge over sets of subgraphs®fso
the number of possible evaluations is still exponentially larger than for the recursion variables in LFP
which range over subsets 6f Secondly, the operatdraffords a kind of nondeterministic choice. The
particular edge that is chosen is not determined and may violate symmetries of the graph. This property
is crucially used in the definition of evenness given above.

Indeed, it turns out that the local nondeterminism afforded by thgerator, combined with induc-
tions of polynomial length is sufficient to express properties that are even PSPACE-complete. We show
this by establishing that a limited form of theperator is definable in LGL, namely when th¢is only
applied to a pair of formulas where one of the formulas.is

Lemma 6.5 If ¢ is a formula of GL that is equivalent to a formula of Lglthen the formula | T also
has an equivalent formula in LGL

Proof If ¢’ is the formula of LGL, that is equivalent t@, then¢ | T is equivalent to
HR.(§' v (T|R)).

O
We now observe that, in the definition of the formul&at in Section 4.2, the only uses of the
operator are linear (i.e. they can be equivalently replace by they are of the forng | T. This gives
us the following lemma.

Lemma 6.6 There is a formula of LGJequivalent toGSat.

The following theorem is now immediate from the lemma.

Theorem 6.7 There is a formulap of LGL, such that the sef; = {G : G F ¢} is NP-complete.

As the logic LGL, is closed under negation, we also have the following corollary.

Corollary 6.8 There is a formulap of LGL,, such that the s&f, = {G : G F ¢} is co-NP-complete.

We can do better, however. The formdld’al,, in Section 5.2 cannot be expressed directly in L.GL
because the coherence of the set of edges that is discarded at each stage is expressed as:

...V (3x, 2. QRoot(x) N (Exzist(x,z) | (Discard'(z) | (Consistent’'(z) A R))))
...V (3x, 2. QRoot(x) A (Forall(z, z) | (Discard'(z) |= (Consistent’(z) = R))))
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where the | betweenDiscard’(z) and(Consistent’(z) A R) is crucially non-linear, and cannot be

substituted byT | (Consistent’(z) A R) or T | = (Consistent’(z) = R), since the subgraph

discarded ag may otherwise contain a non consistent set of edges, or edges which should not be

discarded at the current stage. We can solve this problem by adopting a different encoding, where the

coherence of the discarded part can be tested by looking, essentially, at the non-discarded part alone.
We have first to ensure that, for each variable, a sitiyle is discarded iff allPos edges are dis-

carded, and similarly foNeg. Toward this aim, instead of having dtbs edges of eaclX starting from

the same node, we link all of them along a linear list, labellecdbdayand delimited bystart andend

edges, labelledcc® andocc®, as follows (Figure 3) (this encoding is not minimal, but is designed to be

easy to reason about):

occ®(x,x") | oce(x',x1) | Pos(x1,vp(a1)) | ...
| oce(Xp—1,%p) | Pos(xXp,vp(am)) | occ®(xp,x")

Figure 3: An occurrence list

Now, it is easy to require the integrity of such structures, hence ensuring that eitifs adges
for a variable are removed, or none of them is.

We use hereafter the operator| = ¢, defined as~(¢ | —), i.e., if any edge satisfying is
removed, then the rest of the graph satisfiesFor readability, we abbreviatglz. a(¢, 2)), wherez
is a fresh variable, witly (¢, _), and similarly fora(_,¢). «/B(&, x) abbreviatesy(¢, x) VvV 5(&, x),
so that the first line below abbreviaté&z. occ®(z, x)) V (3z. occ(z,x))) | = (((3z. occ(x, z)) V
(3z. occ®(x, 2))) | T). The condition below accounts for boftvs and Neg lists.

The four lines can be read as: (1) ame® or occ edge is followed by acc or anocc® edge; (2)
any occ or occ® edge is preceded byac or anocc® edge; (3) anycc edge has it associatdths/ Neg
edge and (4) vice versa. If a graph contains a set of occurrence lists, for any of these lists, any subgraph
that satisfies this predicate either contains the whole list with all d?dts/ Neg edges or it contains no
piece of the list, hence none of the associd®ed/ Neg edges.

OccOK =Vz. occ®[oce(-,z) | = ((occ/occ®)(x, )

|
A (oce/occt(x,_) | = (occ® [oce(-, x)
A (oce(-,x) | = (Pos/Neg(x,_) | T))
A (Pos/Neg(x,_) | = (occ(_,z) | T))

For any quantifier block, we build a similar list of all the variables in the corresponding block; there
is an intermediate nodg; for each variable of that block, and thég and Pos occurrence lists for

that variable both start from that node. The top-down evaluation of the sentence proceeds by peeling
the quantifier blocks off, starting from the outermost. At the beginning every variable has by its

and Pos lists. When a quantifier block is evaluated we discard half of these lists. To ensure an orderly
execution of this procedure, every quantifier block is provided with two linear lists, labelleartand

dvar, which go through the same nodgsy’, y;, andy”, and each intermediate noge starts both

the Pos and theNeg occurrence lists of the corresponding variable. Hence, for every quantifier block
we build the following structure (where the first edge may be eith@riat or a Forall; this is depicted

in the upper part of Figure 4, where ther and thedvar lists are represented by vertical dotted edges,
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Figure 4: Coherence before and after the removal of a quantifier edge

and theocc lists are represented by horizontal dotted edges).

Ezist(z,y) | var®(y,y’) | dvar®(y,y’)

| var(y’,y1) | dvar(y',y1) | occ®(y1,...) | occ®(y1,.-.) | ...

| ...

| var(yn—1,yn) | dvar(yn—1,yn) | occ®(yn,...) | occ*(yn,-..) | ..
| var®(yn,y") | dvar®(yn,y"”)

Before evaluating a quantifier block, i#sar list has to be present and intact, and every intermediate
nodey; has to start two occurrence lists. After a quantifier block has been discarded, the corresponding
dvar list must completely disappear, and wherevétoa list starts naVeg list must start. However, the
var edges will not be discarded, and they will ensure that at least one amoRg4fand Neg lists will
stay. We first describe the integrity condition for tienr variable list. The first two conditions ensure
the integrity of the list. The third and fourth force thear list to stay or to go when the corresponding
guantifier block stays or goes. The last two conditions specify that one variable has both its occurrence
lists if, and only if, thedvar list that corresponds to its quantifier block is still in place (Figure 4).

DVarOK =Vz. dvar®/dvar(_,z) | = ((dvar/dvar®)(z, -
A (dvar/dvar®(z,-) | = (dvar®/dvar(-

A (dvar®(x,-) | = Forall/Exist(_,x) |

A (Fomll/Emst( x) | = dvar®(z,_) |

A(dvar(-,z) | = (occs(m 2) (occ (z,-) |

A(oce®(x,-) | = occ®(z,-) | = (dvar(-,x)

)1 T)
) [ T))
T)
T)

)1T)
7))

We now describe the integrity condition of ther variable list, which ensures the presence of at
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least one of the two occurrence lists for any traversed node.

VarOK =Vz. wvar®/var(_,x) |= ((var/var®)(z,-) |
A (var/var®(z,-) | = (var®/var(-, )
A(var(-,z) | = (occ®(x,-) | T))
A(oce®(x,-) | = (var(-,z) | T))

T
|

)
7))

We introduce now the abbreviatian|* ¢ =4,y uR. ¥ V (¢ | R) which means: there exists a set
of edged, each satisfying, such thatz \ G, satisfies):

Glzqﬁj*w & dGy, Gs. Gy |GQEG/\ (VGEGl.Glﬁe':(b) AN Gy E

For example, as already observad|* 1 is equivalent toy | T. We also use the dual abbreviation
¢ "= 1 =4er (¢ |* ) characterized by the dual property:

G’:¢J*:>’¢ = VGl,GQ.Gl‘GQEG = (VGEGl.Glﬂe’qu) = GQ':’l/J

The operator |* 1 is still less expressive than | ¢, sinceG; can only be examined edge by edge,
which is a very strong limitation. Nevertheless, its use will simplify the expression of our sentence.

We are now ready to express validity of the encoding of any QBF formula. Informally, at each
iteration step, one of the following conditions holds:

1. no quantification is left and the QBF formula is valid

2. an existential quantification is outermost and, after removing its edge and the corresparnaing
list, one can find a way of choosing half of the correspondiagoccurence lists, so that, after
their removal, what remains is still valid

3. a universal quantification is outermost and, after removing its edge, the correspdndinigst,
and half of the correspondingrc occurence lists, what remains is valid, independently of the
removedocc lists, provided that the remaining graph is consistent.

Disposable =gy 3, y. occ®/oce/occ®/dvar® [dvar/dvar®/Pos/Neg(z,y)
Consistent” =g4¢ OccOK A VarOK A DVarOK
GValyp, =qef pR. (—(3z,y. (Forall/Ezist(xz,y)) | T) A GVal)
V (3z. QRoot(z) A (Ezist(z,-) | (Disposable |* (Consistent” N R))))
V (3z. QRoot(x) A (Forall(z,-) | (Disposable |* = (Consistent” = R))))

Hence, we have the following theorem.

Theorem 6.9 There exists an LGLformula that characterizes a set of graphs that is PSPACE-complete.

6.4 Recursive Linear Graph Logic and Strings

We prove here that LGl can express every conjunctive linear context-free language (CL-CFLs), which
is a class that includes regular language, some non-regular languages, and even some languages that
cannot be expressed by any CFG.
A conjunctive linear CFG is a conjunctive CFG, as defined in Section 5.3, where nowv}'/cnm-
tains more than one recursion variable [22]. Such grammars admit a normal form where evefayéword
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has either the shape X; b or the shapa. The logic LGL, can express mutual recursion, union, and
intersection as seen in Section 5.3, and linear language concatematiob can be expressed as

Jz,y, 2’y a(z,y) | by, z’) ] ((0 v (Initial(y) A Final(y'))) A X)

CL-CFGs include right-linear context-free grammars as a special case, hencedaBlexpress
every regular language, but their expressive power is greater. For example, the gigmmar| aSb
is linear, and denotes the languagdéb™ which is not regular. The grammar

= C&D

= a;C;a+a;C;b+b;C;a+b;C;b+c

= (a;A)&(a;D)+ (b;B)& (b; D) + ¢, E
a;A;a+a;A;b+b;A;a+b;A;b+c Era
= a;B;a+a;B;b+b;B;a+b;B;b+c;E;b
= aF+b;E+e

DT Q®
I

denotes the languadev; c; w : w € {a; b}*} which is not context-free, and cannot be expressed as the
intersection of any finite set of CFLs [22].
We do not know whether LG} can express any language beyond this family.

6.5 GL,vs.LGL,

The proof of Theorem 6.9, and the possibility to define the operators and¢ |* ¢ in LGL,, seem

to indicate that the expressive power of ;Gand LGL,, are very similar. Even in the case of strings, we
proved that LGL, can encode CL-CFGs, but we have no upper bound that may be used to show that
LGL, cannotencode any C-CFGs. Hence, we leave the actual separation betwegnan@IGL, as

an open problem.

7 Related Work

We describe the related work on the complexity and expressivity of spatial logics. There is also a vast
literature on the expressive power of first-order logic and monadic second-order logic. We refer to
standard techniques arising from that work throughout the paper.

7.1 Previous Literature

Until recently, people working on spatial logics have restricted their attention to the combined complex-
ity problem, since their motivation has been to develop either local Hoare reasoning about heap update
or modal reasoning about process algebras. In contrast, our motivation arose from TQL project, and
hence we study both complexity and expressivity.

Calcagnoet al. studied the complexity of model-checking and validity for the separation logic,
which is used to describe properties about mutable data structures stored in a heap [4]. They prove the
undecidability of validity for the logic with quantifiers, and then focus on the quantifier-free fragment.
Their most interesting result is decidability of validity for the quantifier-free fragment in the presence
of the composition adjunct operator ‘magic wand’, which is surprising since for the adjoint case the
satisfaction relation requires a universal quantification over heaps. The analogous decidability result is
also show to hold for the quantifier-free static Ambient Logic [5], by adapting the technique used for the
separation logic. More recently, Dal Zilio et al. have given a translation from the quantifier-free static
Ambient Logic extended with Kleene star to a logic based on Presburger arithmetic, which provides a
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different proof of the decidability result but more importantly yields a decision procedure [13] which is
much more efficient.

These decidability results concern logics with adjuncts but no quantification. In contrast, we study
versions of the spatial logic for graphs that include quantifiers but do not include the adjoint oper-
ator ‘magic wand’. The combination of quantifiers and adjoints makes model-checking, and query-
answering, undecidable. Quantification seems far more useful than ‘magic wand’ for querying trees,
and this is the reason why TQL logic includes quantifiers but not the adjoint. When different uses of
the logic are considered, the relative importance of adjoints and quantifiers is less easy to assess. Magic
wand is used in an essential way to describe the weakest preconditions for O’Hearn and Reynold’s
Hoare logic for reasoning about heap update, although again it is not clear whether it is useful to specify
properties of heaps. Lozes [14, 19] has proved that, in static Ambient Logic where quantification is only
allowed on private names, every property expressible with ‘magic wand'’ is also expressible without. In
contrast, in [14], we prove that expressive power does increase when ‘magic wand’ is added to static
Ambient Logic with quantification opublic names. In both cases, the addition of ‘magic wand’ makes
model-checking undecidable [10] in the presence of quantifiers.

Boneva, Talbot, and Tison study a logic without adjuncts and without quantification. They call it
STL and it is an extension of quantifier-free static Ambient Logic witrecursion [2]. HenceSTLis
a quantifier-free version of the logic Glthat we study here. Absence of quantifiers means that they
cannot use trees to encode graphs, as we did in Section 2.4, which 8kesich less expressive than
GL,. They show thaf-recursion makes validity undecidable, contrasting with the results of [5, 13]
which prove that validity in the logic with adjuncts and Kleene star, instead of recursion, is decidable, as
described above. They also give complexity and expressivity result: they define an automata translation
for this logic, and show how the logic can be syntactically restricted in order to match the expressive
power of MSO and Presburger-MSO, which is an extension of MSO defined in [25]. Of course, they
compareSTL with MSO without quantification over names. Finally, they state that their automata
approach can be used to prove that the data complexity of this quantifier-free logic is PTime, in sharp
contrast with our PSPACE-completeness result foy, GL

Charatoniket al. studied the complexity of model-checking for the full ambient logic [9], which
includes the reasoning about processes using spatial and temporal modalities. They prove that model-
checking is PSPACE-complete for the logic with and without modalities, and with no adjunct. We do
not consider modalities in this paper, since this work focusses on querying static graphs.

7.2 A Parallel Paper

A recent paper by Boneva and Talbot [1], independently presents similar results to those presented
here and in [15]. The authors of [1] start from the same motivation as us—the characterization of
the expressive power of TQL—which explains the similarity of the methods employed. Whilst we
study the problem using GL, they target the full TQL logic and data model. They study three different
fragments of TQL logicTL, TL?, andT L. The first is quantifier-free, hence is weaker than GL and
non-comparable to LGL. The second includes both first-order and tree-quantification, hence is more
expressive than MSO and GL. The third is similar to Glbut stronger in that it includes bog+
recursion and tree-quantification. Despite these differences, the resultsiaboare quite similar to

our results about GL (model-checking is in PSPACE, @&idd can express complete problems at every
level of the polynomial hierarchy), and their results ab@ut; are very similar to our results about

GL, (model-checking is in PSPACE, and PSPACE-complete problems can be expressed). Their proof
technique is based on a translation of quantified Boolean formulas, but the translation is different. Their
proof of the PSPACE complexity df L7 model-checking is based on a version of Winskel's algorithm,

as is ours. They do not study the linear version ofor the expressive power of their fragments of TQL
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over strings. Finally, their conference paper only contains sketches of proofs.

8 Conclusions

We have investigated the complexity and expressive power of the spatial logic for graphs introduced by
Cardelli, Gardner and Ghelli. The graph composition opergiorthis logic has a natural translation

into second-order logic using an existential quantifier over sets of edges. This allows us to translate the
logic GL to monadic second-order logic MSO, establishing upper bounds on the complexity of GL. We
show that these bounds are optimal by showing, in particular, that complete problems at all levels of
the polynomial hierarchy are expressible in GL. It seems unlikely that GL is as expressive as MSO in
general. We are, however, able to show the surprising result that GL is as expressive as MSO when we
restrict ourselves to strings, as it is able to define all regular languages. It remains to be seen whether this
result can be extended to graphs that are trees. We have also shown theteédbgic GL extended with
p-recursion, has interesting expressive power. It allows us to define recursions of exponential length and
to express PSPACE-complete problems. Nonetheless, the model-checking complexity of the full logic,
with | and recursion, remains within PSPACE.

Finally, we studied LGL with its restricted form of linear composition. We show that it relates to FO
much in the same way as GL relates to MSO. There is a natural translation into FO, hence qualifying
LGL as a fragment of FO, but the combined complexity of the two logics is the same, and their expres-
sive power on strings is the same since both are able to express star-free regular languages. However, the
recursion operator adds much more to LGL than LFP adds to FO: we can express PSPACE-complete
problems, and a family of languages which are non-regular.
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