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Abstract. We consider the problem of decidability for Context Logic
for sequences, ranked trees and unranked trees. We show how to trans-
late quantiber-free formulae into Pnite automata that accept just the
sequences or trees which satisfy the formulae. Satisbability is thereby
reduced to the language emptiness problem for Pnite automata, which
is simply a question of reachability. This reduction shows that Context
Logic formulae debne languages that are regular; indeed, we show that
for sequences they are exactly the star-free regular languages. We also
show that satisbability is still decidable when quantibcation over con-
text hole labels is added to the logic, by reducing the problem to the
quantiper-free case.
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1 Introduction

Context Logic (CL) [1] was introduced by Calcagno, Gardner and Zarfaty to
reason about structured data (e.g. trees), in contrast with OOHearn and PymOs
Bunched Logic (BL) [2] which reasons about unstructured resourced.g. heaps).
Using CL, it is possible to provide local Hoare reasoning about tree update, such
as specifying and reasoning about the XML update library DOM [3]. This work
was inspired by OOHearn, Reynolds and YangOs previous work on local Hoare
reasoning about heap update [4D6], using Separation LogiSK) based onBL
for heaps. This type of reasoning is not possible using Cardelli and GordonOs
Ambient Logic (AL) [7], an earlier logic for reasoning about trees. It is made
possible by CLOs context composition connective [8], which describes a tree in
terms of an arbitrary subtree and its surrounding context. Composition has two
right adjoints, which describe a tree in terms of the result of inserting it into a
certain context and a context in terms of the result of inserting a tree into it.

We are interested in the decidability of model checking, satisbability and
validity for Context Logic for sequences and trees. A model-checking procedure
veribes assertions about datae.g., that an XML document satisbes a schema.
A satisbability procedure checks if any data satisfy an assertion. A validity pro-
cedure checks that an assertion is satisped by all data and can, for instance,
play an important part in automatically checking specibcations for programs
that manipulate tree data. Validity may be expressed in terms of satisbability:

a formula is valid exactly when its negation is unsatispable.
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With others, Calcagno has already proved the decidability of model checking
and satispability for SL [9] and AL [10] without quantibcation (i.e. a constant-
only fragment), based on a size argument about heaps and trees. Such a size
argument does not work for CL, since context composition can be used to ex-
plore arbitrarily deeply within a data structure. Dal Zilio et al used an approach
based on a class of automata to show decidability foAL [11]. We also use au-
tomata for our results: we show how the connectives ofcL N in particular,
context composition and its adjoints N can be implemented by automaton con-
structions. These constructed automata accept exactly the sequences or trees
which satisfy the corresponding formulae. Model checking a formula against a
tree can be decided by simply running the corresponding automaton on that
tree. Satisbability can be decided by determining whether there is a path to an
accepting state in the automaton; such a path provides a witness to satispability.
We present our results for the multi-holed CL that we previously studied in [12];
this logic subsumes the original single-holed logic.

Our results also link the expressive power ofCL with classes of regular lan-
guages. Regular languages are exactly those debnable by Pnite automata and so
our results immediately imply that CL formulae debne regular languages. We
demonstrate CL for sequences corresponds to the star-free regular languages, by
appealing to SchutzenbergerOs characterisation of the star-free regular languages
as the aperiodic languages [13]. McNaughton and Papert showed that these are
exactly the languages debnable in First-order Logic FOL) over words [14] (a
proof may also be found in [15]).CL for ranked trees (via an adjunct-elimination
result along the lines of [12]) corresponds to HeuterOs special star-free regular
languages, which are exactly the tree languages debnable FOL over ranked
trees [16]. The unranked tree case is less clear. Bojarczyk has shown that the
unranked tree languages debPnable iROL correspond to a form of regular expres-
sions that are equivalent to single-holedCL without the structural adjoints [17].
Although we showed in [12] that the structural adjoints can be eliminated from
multi-holed CL, at present we can only conjecture that single- and multi-holed
CL are equally expressive without adjoints. This would imply that CL corre-
sponds to FOL in debnability of unranked trees.

The Pnal results of this paper show the decidability ofCL with quantibcation
over the hole labels, which may only occur linearly; decidability does not hold
for quantibcation over arbitrary node labels, which do not have to be unique.
Our key observation is that existential quantibcation can be encoded using the
freshness quantibcation of Gabbay and Pitts. It is then possible to convert for-
mulae with freshness quantibcation into a prenex normal form, as in [18], for
which decidability reduces to the quantiber-free case.

2 Sequences

In this section, we consider decidability of multi-holed Context Logic for se-
m

quences, without quantiPcation, abbreviated CLg.,. The sequence model for
Context Logic considers bnite sequences of symbols from alphabkt, taken to
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be Pnite. In the framework of multi-holed Context Logic, we consider the alpha-
bet to be partitioned into two sets: " the set of labels, which is ranged over by
a, b and# the set of hole labels, ranged over by, y. The distinction between the
two is that, while labels may be repeated within a sequence, hole labels may oc-
cur at most once (linearly) and are treated as context holes into which another
sequence may be placed. We distinguish between the words ovér, in which
each hole label may occur arbitrarily often, and sequences, in which the hole
labels occur linearly. We are primarily interested in sequences, but automata are
debned in terms of words.

Debnition 1  (Words). The set of wordsover! = "1 #, S, , ranged over by
w, is debned inductively as

wi= $|al|x | waw, (@a" ",x " #)

modulo structural equivalences given by the&D operator being associative with
identity $ (the empty word). In other words, S, is! ', the free monoid over! .

Debnition 2 (Multi-holed Sequence Contexts). A multi-holed sequence
context (or simply sequencgis a word from S, in which eachx " # occurs at
most once The set of multi-holed sequence contexts ovér and # is denoted by
S 4 , and s,s;,s; denote elements of this set. The set of hole labels that occur
in s is denoted byfn (s).

Debnition 3 (Context Composition). Context composition is a set of par-
tial functions indexed by hole labelscp, : S » # S » % S-4 , debPned by

_ [si[salx] if x" fn(sy) and fn(s1) $ fn (s2) % {x}
CPx(S1, $2) = { undebnedotherwise.

The notation s; & S, is used as an abbreviation otp, (si, S2).

We debne quantiPer-freeCLg,. The formulae of Context Logic make use of
variables which range over hole labels. The variable names are taken from an
inbnite set of atoms, the set ofhole variables&, ranged over by', ( .

Debnition 4 (Formulae). The set of formulae of CLSmeq, denoted Fseq and
ranged over byP, P, P,, is dePned by:
Pu=0 | a| P aP, (a" ") sequence formulae
" | Pi's Py | Pi s P2 | P s P2 (" " &) structural formulae
False ] P1) Ps Boolean formulae.
The satisfaction relation for CL g, describes the satisfaction of a formula by

a sequence with respect to an environment that assigns hole labels to the hole
variables that occur in the formula.

Debnition 5 (Environment).  An environment is a Pnite partial function ) :
& %in # which assigns hole labels to hole variables.
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m

Debnition 6 (Satisfaction Relation).  The satisfaction relation for CL g, is
debned inductively on the structure of the formulae as follows, where=) (' ):

s,) FO A s=%

s,) F a A s=a

s,) E P1&P- H + 51,59.S= 58S, S1,) EP1, s2,) E P2
s,) F' # S= X

S)EFEPi'sP2 ) + si,s.s=51& s, s1,) FP1, S2,) F P
S)EPi{gP: H + s;,92.8=51&s, 5,) FP1, ) FP,
S)EPi( Py A + s,5.5%=S&s;, S,) FP1, S,) FP»

s,) F False
S, )EP1) P ) s)FEPL =) s)F P

The standard Boolean connectives (, - , A, True) are all derivable from the
minimal set provided in our formulation. In other work, we have used the right
adjoints of OO, denoted{O0 and(0 ), as the primitive connectives, and derived
the existential variants @ " O and(O” O in terms of these. Here, we take the oppo-
site approach, debningP1( $P2! A(P1( gAPy)and Pi( sP2! A(Pi( ¢P2).
Our choice is motivated by the fact that existential quantibcation sits more
naturally in the framework of non-deterministic automata than universal quan-
tibcation. The same choice was made in [8] in order to give a normal modal
presentation of Context Logic.

2.1 Automata

Given formula P and environment) , we are interested in the problems of model
checking and satisbability. In terms ofLpo, = {S | S,) F P}, model checking
asks whethers " Lp o, and satisbability asks whetherLp o, = /.

We shall show that eachLp o, is a regular language; that is, a set of words
that is recognised by a Pnite automaton. We show this by constructing automata
that correspond to CLg.,-formulae. That is, for a given P and ) , we dePne an
automaton Ap ¢, that accepts exactly the languageL p o.

First, we debne bnite automata. We are mainly concerned with non-deter-
ministic Pnite automata with $-transitions since their Rexibility leads to a more
concise presentation of our constructions than other variations would allow. Al-
though our primary interest is in sequences, there is no natural, structural debp-
nition of automata for sequences, and so we deal with automata for words.

Debnition 7 ($NFA). A non-deterministic bnite automaton with $-transi-
tions, abbreviated$-NFA, is a tuple A = (Q,e,{f '} 14 s & A) where: Q is the
set of states, a bnite sete" Q is the initial state; for every 1" | , f' %Q# Q
is the state transition relation for |; f& % Q # Q is the non-consuming state
transition relation; and A % Q is the set of accepting states.

For a given q" Q, the notation f'(q) is used for the set{q®| (q,d} " '}.
An $NFA having f& = / is a non-deterministic Pnite automaton, abbreviated
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NFA. An NFA for which f' is a partial function for all | " ! is a deterministic
Pnite automaton, abbreviated DFA. A pre-automaton is an automaton without
a set of accepting statesj.e. 2= (Q,e,{f'} 4 $( &)

To formally debne the language recognised by an automaton, we make some
auxiliary debnitions. The $-closureof a state is the set of states reachable by
any number of $-transitions. That is, $-closure% Q# Q is the rel3exive-transitive
closure off & $-closure= (f#)'. Each automaton A induces a function!( "a :

S 0P (Q) that maps each word to a set of states as follows:

1$'s = $-closurge)
wal"a = {q" Q| +d* !w's.q" ($closure f')(df}.

A word w is said to beacceptedby A if 'w"s $ A = /. The languageL o debned
by A is the set{w " S, | 'w"a $ A = /} . An automaton A also induces a
function #{ & : S 0 P (Q# Q) that maps each word to a state transition
relation as follows:

#$% = $-closure
#v &% = $closure f'' #wvdy .

The relation #v$, captures the behaviour of the automatonA on reading the
word w from any state. This describes the way the automaton interprets the word
in any context, and so is useful for constructing automata forCL g, -formulae.

With Pnite automata, language membership and emptiness are decidable.
For membership, it is sulcient to consider the runs of an automaton on a given
word. For emptiness, it is sulcient to determine whether an accepting state
is reachable from the initial state by any combination of transitions. This is
e"ectively an instance of the reachability problem for Pnite directed graphs.

The class of languages debPnable by automata is the classrefular languages
A full exposition of regular languages and automata may be found in [19}. For
our purposes, it is important that regular languages include the empty language,
all single-element languages an&- 4 , and are closed under union, intersection,
complementation with respect to S, , and language concatenation.

We require automaton constructions to implement the structural connectives
00,10" 0 and(®" O. To this end, we generalise context composition to words with
non-linear holes. Two possible generalisations given by substituting eack by
either the same or di"erent words from some language. The Prst is non-regular
and would lead to undecidability, while the second does not have two right
adjoints. Hence, we use non-deterministic linear substitution.

Debnition 8 (Non-deterministic Linear Substitution). Given words wy,
we " S, , debne the non-deterministic linear substitutionw; %, wy to be the set
of words obtained by replacing exactly one occurrence of in w; by the word

! Here, ! is used to denote relational composition.
2 Note that in [19], ! is used where we have used'.
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wy. For languagesL,Ls % S, , non-deterministic linear substitution and the
existential variants of its two right adjoints are debned as follows:

Li% L= | wi%w

wi#Li,wo#lo,
Li(% Lo={w" S |+w™ Li.(Wo% Wi$Ly=1}
Li% , Lo={w" S |+w”™ L. (W w)$Ly=1}.

Automaton Constructions We now present automaton constructions for the
operation @0, and the related operationg @& O and%® " O.

Debnition 9 (36D Construction). Given x " # and $NFA A; = (Qi, e,
{f!},A)) and A, = (Q2, e, {f}},Ay) accepting languaged.; and L, respec-
tively, debne the$-NFA A, %, A, = (Q,e,{f'},A) by:
DQ=0Q:# (Q2!'{ 0,1});
b e=(e,0);
D forl" !, f!isthe smallest relation satisfying:(g?on) " f'((q:, n)) whenever
qr*" f1(an), and (qi, &) " '((ar, &) whenevergl fj(a);

b f % is the smallest relation satisfying: (g72n) " f&(q;,n)) wheneverg?"
ff(a), (q, ) " f¥(a, ) wheneverg®" (), (g, e) " f¥(q,0),
and (q781) " f%(qy,)) wheneverg® fX(q) and g " A,; and

bA=A #{1}.
Proposition 1. The automaton A = A; %, A, accepts the languagé | % Lo.

When this automaton is run on a word, it initially behaves like A1; the state has
the form (q, 0). At some point in the run, the automaton may switch to behave
like Ao from its initial state by making a $-transition and keeping a record of
the state of A, it was previously in; the state then has the form (qi, &p). If
the automaton eventually reaches an accepting state of\,, the automaton may
switch back to behave likeA; as if it had just read x instead of the word from L,
it actually read; the state then has the form (q;, 1). Once the run is completed, if
the automaton is in an accepting state, it has read a word of the formw%aw, an3®%
where wax aw?® L, and wy " L.

Debnition 10 (G % O Construction). Givenx " # and $NFA A, = (Q,, ey,
{f1},A1) and A, = (Qq, e, {f1},As) accepting languages.; and L, respec-
tively, dePne the$-NFA A, (%, A, =(Q,e,{f'},A) by:

D Q= Q2#{01};
b e=(e,0);
b {f'} is the set of the smallest relations satisfying: fod " ! '{ $}, (gtn) "

f'((qg, n)) if and only if q;A’ f;(qg), and (og", 1)" f*((q,0)) if and only if,

for somew " Ly, 2" #vi$,(%); and
bA=A#{1}.

Proposition 2. The automatonA = A;( %, A, accepts the languagé (%, L o.
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When this automaton is run on a word, it starts in state (e, 0) and proceeds
to read the word as A, would. Eventually, it may be in state (g, 0) having so
far read w3 say, and about to read the symbolx; we know that ¢, " 'Wi¥a,.

On reading the x, the automaton may transition to the state (g3 1) if there is

somew; " L; with g¥*" #wv;$, (). At this point, the automaton has consumed

wiax and is in state (g2 1) where g " 'wXaw;"s, for somew; " L;. The

automaton then proceeds to read the remainder of the word, call itw%as A,

would, eventually reaching a state 3%4), say, whereg?®® w2aw, awi®4, for

somew; " L. If this is an accepting state, that signipes that the automaton
has readw3®ax awsfor some w2 wivith witaw,; aw® L, for somew; " L;.

In order for the construction of A; (%, A, to be e"ective, we must be able
to determine if there is somew; " L; with g®" #wv;$,(q) for any given
b, " Q.. This may be done by considering the product pre- -automaton/, #
A, = (Q1# Qa2,(e1,€0),{f; | # f2}) This pre-automaton behaves likeA; and A,
run in parallel, and so there is a path in @, # A, from state (e, @) to state

(9% g2, for some acceptingg?®" A, if and only if there is somew; " L; with
%" 1%, ().

Debnition 11  (O4 " O Construction). Givenx " # and $NFA A, = (Q, ey,
{f1},A1) and A, = (Qq, e, {f1},As) accepting languaged.; and L, respec-
tively, debne the$-NFA A, % , A, =(Q,e,{f'},A) by:
D Q= P(Q2# Q2);
b e= $-closureg;
Dforl" !, f'(g)= {$closure' f}' q};
bfé&=/;and
b q" A if and only if +w. !W"/_\Al&/_\*q $ (AL # Ag) =/ where
¥ Ag=(Q2#{0,1},(e,0),{fg},Ag),
¥ for I = x, f4={((a,n),(n) | (k)" fon"{01},
¥y = {((Q2 n), (@ n) | (ke " 50" {0,1}1{ (% 0) (1) |

(qz 8" q,
¥ Ag= As#{ 1.

Proposition 3. The automatonA = A% , A, accepts the languagé ; % , L.

The automaton A is deterministic, and the state on reading a wordw is a
relation expressing the e"ect of readingw in A, from any given state. That
is, 'w"a = {#w$,}. The automaton A, where g = #v$, accepts a wordw”
if and only if (w"% w) $ L, = /. This is since to reach a state of the form
(g, 1), the automaton must at some point readx and make a transition in the
brst component of the state equivalent to reading the wordw. The condition
!W%A”l&A”q $ (A1 # Aq) = / is then equivalenttow” L, , (W% w)$Lo= /.

Decidability ~ Given automata A., As,. and A, recognising the languages
/, S and{w} respectively, together with the operators for constructing au-
tomata corresponding to concatenation, union, complementation with respect
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to S, and those debned above, we can debne an encoding of a form&laand
environment ) as an automatonAp ¢, as follows, wherex =) (" ):

Ap, o, %= (Ap, nalp,u) $As,. Aow= Arg

Api(sPr% = (Ap %% Ap, ) $AS,. Aao = Afa

Ap,( ey = (APLw A x Ap, o) $As,. Asw = A
Ap.( o= (AP ( %, Ap, %) $As,. AFraise %= A

Apy p,e=(Ap, % SAs,. )1AP, %

Theorem 1. Given formula P " F geq, environment ) : & %yin #, and se-
guences" S-4 , it is decidable whethers,) F P.

Theorem 2. Given formula P " F seq and environment) : & %y, #, it is
decidable whether there exists a sequensé S-x such thats,) F P.

Since each formula mentions only a Pnite number of variables, it is only
necessary to consider a bnite number of environments in order to determine
whether a sequence satisbes the formula in any possible environment.

Corollary 1. Given formula P " F geq, it is decidable whether there exist an
environment) : & %, # and sequencess" S-4 such thats,) F P.

2.2 Expressivity

By embedding CL s into regular languages, we can immediately infer that regu-
lar languages are at least as expressive &l g, In fact, we can rePne this result
somewhat to show that CL g.,-dePnable sequences are exactly the star-free reg-
ular languages: the smallest class of languages containing the empty language,
all single-element languages, and closed under Boolean operations and language
concatenation. As previously mentioned, the star-free regular languages are also
the aperiodic languages and the languages debnable by formulae of First-order
Logic interpreted over words.

We observe that CL&,,, even without the connectives G0, (0" 0 and (0" O,
is able to express the empty language, single-element languages, Boolean oper-
ations and language concatenation. ThusCLg.,-formulae can express any star-
free regular language. (The only caveat is that linearity of elements o## must
be preserved, which may be assured by always choosirf so that it contains
no elements of! that occur non-linearly in the language under consideration
(which is over S, ).) Conversely, it can be shown that, whenL, and L, are star-
free regular languages and hence aperiodic, the languages % Lo, L1 % Lo
and L, (%, L, are themselves aperiodic and hence star-free. This gives us the
following two results.

Theorem 3. The languages dePnable by formulae of Gl, are exactly the star-
free regular languages.

Corollary 2. The connectives @, 0" 0 and(©" O do not contribute to the ex-
pressivity of CLge,-
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3 Trees

The decidability results for CLg,, also hold for Context Logic for ranked trees
(or terms), abbreviated CLT,,,, . Again, the key step is constructing automata
corresponding to the connectives'@®, (0" O and(O" O; we do not give the con-
structions here. Automata for ranked trees are well known in the literature; for
a comprehensive treatment, see [20, 21].

For the remainder this section, we consider decidability of multi-holed Con-
text Logic for unranked trees (or forests), abbreviatedCL7,. . The forest model
for Context Logic consists of forests with nodes labelled by a Pnite unranked
alphabet, ! . A forest may have zero or more root nodes, and each node may
have zero or more children. As before, we consider the alphabet to be partitioned
into two sets: " the set of labels, which is ranged over bya, b, and # the set of
hole labels, ranged over byx,y. Only nodes without children may be labelled
from #.

Debpnition 12 (Unranked Trees). The set of unranked trees (or foresty
over! =" 1 #, T ,ranged over byt, t,t,, is debned inductively as

tu= $ ] at] | x| ti]t (@" ",x " #)

modulo structural equivalences given by the|@® operator being associative with
identity $ (the empty tree).

Depnition 13  (Multi-holed Unranked Tree Contexts). A multi-holed un-
ranked tree context (or simply forest context) is a forest from T, in which each
x " # occurs at most once The set of forest contexts over' and # is denoted
by T-4 , and t,t;,ts denote elements of this set.

Context composition is debned for forest contexts as it is for sequences. We
omit the debnition here. We debne quantiber-fre€L 1. . As before, the names
of variables ranging over holes are taken from an inbPnite set of atoms, the set
of hole variables &, ranged over by',( . The satisfaction relation for CLT
is debned with respect to an environment that assigns hole labels to the hole

variables that appear in the formula in question.

Debnition 14 (Formulae). The set of formulae of Cly. , denotedF e and
ranged over byP, Py, Ps, is dePned by:
Pu=0 | aP] | P |P; (a" ") tree formulae
" | Pi'sP2 | P gP2 | Pi( Py (" &) structural formulae
False ] P1) P, Boolean formulae.

m

Debnition 15 (Satisfaction Relation). The satisfaction relation for CL e
is debned inductively on the structure of the formulae. The dePnitions for the
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structural and Boolean formulae are identical to the sequence case, and so we
only present the debnitions for tree formulae.

t) FO oot=$
t) FaP] » + t*t=alth, t*) EP
t,) |= P1|P2 ’? + tl,tg.tz t1|t2 y tl,) |= P1 y t2,) |= P2.

3.1 Automata

We again consider automata in order to decide model checking and satispability.
Our debnition of automata for unranked trees does not follow that of [21], but
can be seen to be equivalent by the Prst-child-next-sibling encoding of forests
into binary trees describedibidem. The debnition here can be seen as a natural
extension of that for sequences by considering|@® to be analogous to&D) the
transition relation for each label considers not only the state after consuming
the tree to the left of the current node (as in sequences), but also the state given
by running the automaton on the subtree beneath the current node.

Debnition 16 ($NFFA). A non-deterministic bnite forest automaton with $-
transitions, abbreviated$-NFFA, is a tuple A = (Q, e,{f 3}as+ ,{f *}xux.T&A)
where: Q is the set of states, a bnite setg " Q is the initial state; for every
a" ", fa%Q# Q# Q is the state transition relation for a; for every x " #,
fX % Q# Q is the state transition relation for x; f % Q# Q is the non-consuming
state transition relation; and A % Q is the set of accepting states.
Given g, " Q, the notation f 2(qy, @) is used for the set{q”| (g1, G, g%} "

f2}, and, givenq" Q, f'(qg) is used for the set{q”| (q,d§" f'} wherel = $or
" #.

As for sequences, theb-closureof a state is debned to be the set of states
reachable by any number of$-transitions: $-closureis the ref3exive-transitive
closure off & Each automaton A induces a function!( "a : T, 0 P (Q) that
maps each forest to a set of states according to the following depnition:

1$'s = $closurde)
It]x"a = {q" Q| +g®™ t"a.q" ($-closure f*)(q’}

{q,, Q‘ " A, T ME"A }

Ity | afta]"

et g" ($-closure f2) (o, )

A forest t is said to beacceptedby A if !t"a $ A = /. The (forest) languagel o

debned byA is the set{t" T, | !t"a $ A = /} . An automaton A also induces
afunction #{ & : T, 0P (Q# Q) that maps each forest to a state transition
relation as follows:

#5 = $-closure
# | x% = $closure f*' #$

_ % + " A:(0), " M"A.
#i | ate] = {(q,q/) Q# Q‘ o ($-closure fa)(ql,qz)}'
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The language membership and emptiness problems for forest automata are
decidable in a similar fashion to the equivalent problems for automata on words.
The class of languages debnable by forest automata is the classrefular forest
languages This class includes the empty language, all single-element languages,
T, and T-4 , and is closed under union, intersection, complementation (with
respect to T, ) and concatenation.

Automaton Constructions As in the case of words, we can debne non-deter-
ministic linear substitution, &0, and its related operations(@ O and®® " O, for
forests. We give automata constructions for each of these which are analogous
to those for words.

Debnition 17 (@/0(3 Construction). Given x " # and $NFFA A; = (Qq, €y,
{f2Yae {f 1 Ixee T2 A) and Ay = (Qg, &, {f5}as . {f5}xus . T 5 As) accept-
ing languagesL; and L, respectively, debne theb-NFFA A; % A = (Q,e,
{f 2} as  {f“Ixss . T4 A) by:

DQ=(Qi# (Q!{ 0,1}))! Q2!{ €};

b eis fresh;

b fora" ", f?2isthe smallest relation satisfying:(qi’h*¥*" f2((q;,n), (g7 n%)
wheneverg?® f2(q;, g and n”®% n + n%with n,n%n"%% { 0,1}, (q., ¥F*"
fa((a, ), &) wheneverg?® f2(qp, ), and f & %f 2;

b fory" #, fV is the smallest relation satisfying:(gtn) " fY((q:,n)) when-
ever " fY(q) and forn " { 0,1}, (qi, &) " fY((aq1, %)) whenevergy"
fJ(xp), and f3 %fY;

b f % is the smallest relation satisfying: (q/tn) " f&(qy,n)) wheneverq}®"
ff(a) and for n " { 0,1}, (on, ) " f(an, ) whenevergl " f(a),
f5%f% (e1,0),& " f¥e), (qu, &) " f&(a,0), and (qft1) " f&(an, %))
wheneverg?" fX(q;) and g " A,; and

DA=A #{1.

Proposition 4. The automaton A = A, %, A, accepts the languagé ; % Lo.

For a tree, t, the each stateq" !t"a is of one of bve types. Ifg= ethent = $.
If q" Qzthenqg” !'t"a,. If g=(q,0) then op " !t"a,. If g = (n, k) then
t=ty |ty suchthat g " 1t1"a, and o " !t2"a,. If g=(qi, 1) then t = t; % to
such that g, " !'t2"a, andts " L. The set of states!t"s is the most general set
satisfying these requirements, so we can be sure that there is@" t"aA $ A if
andonly if t " Lq % Lo.

Debnition 18 (G % O Construction). Given x " # and $NFFA A, = (Qy,
eli{ff}a#" :{fi(}x## 1ff(1A1) and A2 = (QQ!GQi{an}a#" u{fé(}x##uyfg(:AQ) ac-
cepting languaged ; and L, respectively, dePne th&-NFFA A; (%, A2 =(Q, ¢,
{f 2} as {f Iuss . T A) by:

DQ=Q#{01};
be=(e,0)
Pbfor a" ", f2 is the smallest relation such that forn,n®*n%%" { 0,1},

(@7h"* £2((qe,n), (2 n%) if and only if n**% n+ n*and g™ f3(q, @)
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Dfor | " # !1{ $}, f'isthe smallest relation such that(g®n) " f'((q,n)) if
and only if g2 f(qp, 0} and if | = x then (g% 1) " f'((cp,0)) if and only
if there is somet; " L; such thatg}®" #,%,(%); and

bA=A#{1}.

Proposition 5.  The automatonA = A;( %, A, accepts the languagé ; ( %, L ».

As in the sequence case, a state of the forngg, 0) records that the consumed tree
has stateq, in the automaton A,, while a state of the form (g, 1) records that
the consumed tree, after one instance ox is replaced by a particular tree from
L, has stateq, in the automaton A.. In order for this construction to be e"ective

we must be able to determine if there is somé; " L; with ¢2®" #,%$, (). This

can be done in the same manner as in the sequence case.

Debnition 19 (84 "O Construction) Given x " # and $NFFA A, = (Qq,

€, {f }a# -{f }x##- 11 1) and A2 —(Q2192 {fg}a# -{f }x##- 2-A2) ac-
cepting languaged ; and L respectively, debPne thé&&-NFFA A% , A2 =(Q,e,
{f 2as {f “Iuss, T 5 A) by:

D Q= P(Q2# Q2);

b e= $-closureg;

Bfora” ", fa(q,dj = {$-closure ' { (cb, &) | +df™* a(a), ™™ ge,). o"

fa( %U/q;/o%a}?.

Dfory" #,fY(q) = {$closure' fJ' q};

b f&— /; and

bqg" A |f and only if +t. It" e " A # Agq where
¥ Aq=(Q2#{ 0,1}, (e, 0) {f }a# Af L yer T Aq),
¥ 18 = (e, (G (@) | (@ aR G 15+ n%= g
¥ fory=x, f§={((an), (%A’n))“qz %@"fzy,n"{01}} .
¥ = {(%, M), (@) 1 (e " F50 " {0 1{ ((6.0). (1)) |
C )
¥13={((@ n), (n)) | (k. " T£n"{ 0,1}, and
¥ Aq= A #{ 1}.

Proposition 6. The automatonA = A% , A, accepts the languagé ; % , L.

A state of A is a relation describing how the consumed tree would behave when
appended to any other tree in the automatonA . The principle of this construc-
tion is the same as in the sequence case.

Decidability = The automaton constructions we have described, together with

the standard closure properties of regular forest languages allow us to translate
all formulae of CLy,. into automata, as we did for CLg.,. Hence we get the

following decidability results.

Theorem 4. Given formula P " F 1 , €nvironment ) : & %+, # and forest
contextt " T-4 , it is decidable whethert,) F P.

Theorem 5. Given formula P " F e and environment) : & %+, #, itis
decidable whether there exists a forest context" T-x such thatt,) F P.

Corollary 3. Given formula P " F 1 , it is decidable whether there exist an
environment) : & %y, # and forest contextt " T-» such thatt,) F P.



Decidability of Context Logic N October 9, 2008 13
4  Decidability with Quantibers

We extend our results to Context Logic with quantibcation over hole labels. In
this setting, we naturally assume the set of hole labels# to be inbnite N the
Pnite case is degenerate and may be solved by replacing quantiped formulae by
disjunctions or conjunctions.? For the most part, our results are also independent
of the model of Context Logic used. We takeC4 to be the set of contexts of an
arbitrary model, ranged over by c, ¢;, C;.

Debnition 20 (Freshness). For hole labelx and contextc, if x / fn (c) then
we write X * ¢. For hole label x and environment) , if x / range() ) then we
write x *) . We write x * ¢,) to indicate that x*c and x*) .

We extend the formulae of Context Logic with additional connectives to the
setF- 1, as follows.

Pu= 444 ! P | 2¢/ +.P | W.P
The satisfaction relation is extended correspondingly.

COE!'P H + X" #c,6" Ch.c=C &, C&,) EP
c,) F 2& H + X" #.c=x

c,) E+.P A + x" #.c)[ 20x]EP

C,)FW.P H + x"#x*c,) , c,)[ 20x]E P

Our automata techniques can be extended to decide satisbability for formulae
with containing @ O and 2. We show how to decide satisbability for formulae
containing classical quantibcation () and Gabbay-Pitts fresh quantibcation ().

Two formulae, P, and P,, are logically equivalent denoted P; 3 P, if they
are satisbed by exactly the same contexts and environments.

Lemma 1 (Encoding Existential with Freshness). For all P,

+P 3 WP 's|28&A V  (|-P- \/ Pl
C#fv (P)Y $} “#iv (P)Y $}

Consequently, every formula can be rewritten to an equivalent formula that con-
tains no existential quantibers.

Lemma 2 (Prenex Normalisation). Every +-free formula is equivalent to a
formula in which all quantibers appear at the head of the formula N theprenex
normal form.

8 Without quantibcation, extending our automata techniques to handle inbnite alpha-
bets requires some technical manipulation which we do not describe here.
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Lemma 3 (Deciding Satisbability). For all environments ), formulae P,
and hole variables' with ' /" dom() ),

+c" Cy.c,) E UI.P
A+ y" #.y*) ,+c" Cs.c,)[ 20y]E P, ALl
N4 y" #.y*) =)+ c" Cys.c,)[ 20y]EP,A! ",

By rewriting a formula with Lemmata 1 and 2 and applying Lemma 2, we
can reduce the problem of deciding an arbitrary formula of Context Logic to the
problem of deciding a quantiber-free formula, which we have already shown to
be decidable. We sum up these results in the following theorems.

Theorem 6. Given formula P " F - 1y, environment ) : & %, # and context
c" Cy, it is decidable whetherc,) F P.

Theorem 7. Given formula P " F - 4 and environment) : & %y #, it is
decidable whether there exists a context” Cy such thatc,) E P.

Corollary 4. Given formula P " F - , it is decidable whether there exist an
environment) : & %, # and unranked tree contextc" Cg such thatc,) F P.

5 Conclusions

We have shown how to decide model-checking and satisbability for multi-holed
Context Logic for sequences and trees. We have shown how classical quantib-
cation over the linear hole labels @, +) can be re-expressed with Gabbay-Pitts
fresh quantibcation (1), which can be extruded so that decidability reduces to
the quantiber-free case. For this case, we have shown how to construct automata
corresponding to formulae, which may be used to decide model-checking and sat-
isPability. These constructions embed Context Logic into the regular languages,
and we have shown how the logic relates to other known classes of languages N
in particular, the close correspondence with brst-order debnable languages.
Although our results settle the question of decidability for Context Logic,
they do leave open several avenues for further work. Firstly, our decision pro-
cedure gives a poor upper bound on the complexity of satispability and model-
checking. In particular, the construction for A; % , A, has 2’ states if Ay has
n states. Since this state space must be explored to determine satisbability, this
gives a complexity upper bound that is NONELEMENTARY in the number of
connectives in a formula. Our experiments in implementing the procedures pre-
sented here have not so far achieved practically useful complexity for reasonable
examples? Hence, the questions of what the true complexity of decidability is
and whether good performance can be achieved in practise remain open.
Decision procedures based on automata can produce witnesses to satisba-
bility N the path to an accepting state corresponds to a sequence that the

4 Our prototype Haskell implementation can be found at: http://www.doc.ic.ac.uk/
~td202/automaton3.hs
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automaton accepts. Validity of a formula, on the other hand, is essentially de-
cided by eliminating all counterexamples and so our procedure does not directly
produce a proof. The search for a practical proof procedure for Context Logic is
therefore another interesting avenue for further work.
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A Proofs

This appendix (not for publication) contains proof details not given in the body
of the paper, for the benebt of referees.
A.1 Sequence Constructions

Correctness of O %0 Construction Given $NFA A1 = (Qq,er, {f 1} 141 « &, A1)
and A, = (Qa, e, {f5} 141 + & ,A2) accepting languaged.; and L, respectively,
let A= A% Ay =(Q,e,{f'} 141 « g.A) as per Def. 9.

Lemma 4. Forallw" S ,q" Qq,
(@,0)" W' ) " WA,

Proof. Both directions: by induction on the structure of w.

)
Base casew = $s0 (g;,0) " $-closuré(e;,0)), and henceq, " $-closurg(a),
andq " 1$'a, -

Inductive case:w = w’@ (for | " ! ). In this case (q;,0) " ($-closure f')(q"%

for someq” 'w%,. Thatis, (,0)" (f&" " ") (o for somen. This implies
that g”= (g5 0) and that ¢, " ((f&" ' f1)(a}y, and henceq; " 'W"a, .

Base casew = $soq, " $-closurg(e;), and hence (,0) " $-closurde).

Inductive case:w = w”al (for | " ! ). In this case q; " ($-closurg ' f})(q%
for someq®" 'w”, . Thatis, g " ((f&" "' f')(q}y for some n. Since by the
inductive hypothesis (g8 0) " 'w%,, this implies that (g;,0) " 'w"a . 6

Lemma 5. Forallw" S ,q" Q1, k" Qo,
(i )" 'W'a D+ Wy, Wo.W =Wy aws, o " Iwi"a,, " TWy"a,.

Proof. Both directions: by induction on the structure of w.

)
Base casew = $so0 (i, ) " $closurd(e, 0)). Thus, by the debnition of A, it
must be the case that:

b (1, ) " $closurd(q,e)), and henceq, " $-closure(ey), and g " '$'a,;
D (o, &) " f¥(a,0); and
b (q,0)" '$'a and soq; " '$'a, (by Lem. 4).

Inductive case:w = w” (for | " ! ). In this case (0, ) " ($-closure f')(g%.
Either "= (qu,}) or g”= (a5 0).

In the former case,q " ($-closure ' f1)(g)), by the dePnition of A. By the
inductive hypothesis, there arew;, w3 with w = w; awal, g, " 'w;"a, and
gt 'wia,. Henceqp " 'wXd"a,, and so the choice ofv; and w, = wid fulPblls
the requirements.

In the latter case, it must be that:
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b (1, ) " $closurd(a, e:)), and hencegy " $-closureg(es), and o " 1$'a,;
B (tu, &) " f¥(ai,0)); and
Db (q,0)" 'w"a and soq; " 'w"a, (by Lem. 4).

Therefore, the choice ofw; = w and w, = $ fulPlls the requirements.

* -

Base casew = $. In this case,w; = $and w, = $. By Lem. 4, (¢;,0) " '$'a,
and so, since (1, e) " f&(q1,0)), (qi,e) " !'$'a. Now, it must be the case that
¢ " $closurg(e;) and hence @i, ) " '$'a as required.

Inductive case:w = w”al. Here, eitherw, = wal, or w, = $and w; = w =
wal,

In the former case,q " ($-closure ' f1)(a}) for some giwith g" 'wia,.
Hence, by the inductive hypothesis, €, 0)) " 'w; avi®a . By the dePnition of A,
it follows that ( ¢, ) " 'wy aws"a, as required.

In the latter case, oy " !w"a, and so, by Lem. 4, ¢;,0) " !'w", . It follows
then that (o;,e2) " 'w"a. Further, since g " !$'a, = $-closure(ey), it follows
that (o, ) " 'wW"a, as required. 6

Lemma 6. Forallw" S, q " Q,
(0, 1) " 'w'a )+ wy,Wo.w " Wy % Wo, o Wy, , Wo ' Lo

Proof. Both directions: by induction on the structure of w.
)
Base casew = $. It must be the case that there are someq)® /%8, with:
D (g%p) " !$'a, and henceq®® !1$'s, and g " !$'a,;
D (1) " f%(ci?tp)), and henceqi®™ f}(cif’and ¢ " Az, soqf®" !x"a, and
$" L,; and
D (qi,1)" $closurd(g? 1)), and henceq, " $-closure(ql, soq; " 'X"a,.

Thus, w; = x and w, = $ bt the requirements: $" x % $.
Inductive case:w = w”4l for somew”and somel " ! . There must be some
giwith either:

D (g, 1)" ($closure f')((g% 1)) and (g% 1) " 'w*,; or
D (q,1) " $closurd(g? 1)) and (g% 1) " f&(ql%%p)) for some g%ty with

(gF7eR) " 'w'a.

In the former case, by the inductive hypothesis, there arav®and wy with w”"
W%, wo, q°" 1w, and w¥" L,. By the debnition of A, q; " ($-closurg '
f1)(a1) and soq; " 'wPal"a, . Observing that (W%, wo) &{} % (wal) % ws,
the sequencesv, = w}al and w, bt the requirements.

In the latter case, by Lem. 5 there arew’S wy with w = w¥aw,, gi*” 1w,
and ¢p " 'wy"a,. It follows, by the debnition of f& that g*" 'wax"s, and
" As. Thusw; = wi and w, bt the requirements:w = wl&w, " (W) %, Wo,
o " $closurg(ql) % !'w;"a, and wy " L.

* .

Base casew = $. In this case,w; = x and wy = $ Sinceq; " 'wi"a,, it
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follows that q; " ($-closurg ' fX)(q for someg?®" !$'a,. Hence, by Lem. 5,
(%) " !'$'a. Thus, by the depnition of f & (q;,1) " $-closuré(g? ¢z)) and so
(n,1)" 'w"a as required.

Inductive case:w = w*al for somew”and somel " ! . Either:

D w = w4w, and w; = w?%4x; or
D w” w% w, and w; = wal.

In the former case, there is ag?®® 'w?®4 | such thatq, " ($-closurg' f ¥)(ql¥?
andag " 'wy"a,$A,. By Lem. 5, (q7%%p) " 'wP&v,"a = !W"A . It follows, using
the debnition of f &, that (q;,1) " $-closuré(g?®%p)), and hence @, 1) " 'W"a,
as required.

In the latter case, there is ag}®" 'w*, such that g, " ($-closurg ' f})(g}.
By the inductive hypothesis, (7%1) " !'w*,. By the debnition of A, (qi,1) "
($-closure f')((ql% 1)), and hence @,1) " 'w"a as required. 6

Proposition 1. The automaton debned in Def. 9 accepts the languadig % L 5.

Proof.
w" Li% L,
) WL, Wo. Wt Wy % wa, Wit Ly, wa Ly
b + " A(q,1)" 'w'a  (by Lem. 6)
b AS$Iw'a = /.

6

Correctness of the O | % O construction Given$NFA A1 = (Qq, e, {f{} s g, A1)
and A, = (Qa, e, {1} 141 + & »Ag) accepting languaged. ; and L, respectively,
let A= A1 (% Az =(Q,e{f'} 14 + g,A) as per Def. 10.

Lemma 7. For all words, w, and all g " Q-

(e, )" 'W'a H + wi,wo.wg" Ly, " IWa"a, , Wo" W% wy.

Proof. ) :
Supposing that (o, 1) " 'w"a, it must be the case that there exist g2t g}*’and
w?w”%uch that

w = w*%x aw”
(1) " #% (g2 1))

()" ()
(@) " 1w
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By the debnition of A, we see thatgy®® 'w*# ,. Similarly, there exists somew; "
L, such that g%" #n,%,, and henceg?®" 'w”%w,"a,. Further, ¢p " #%, ()
and soq " 'W¥hw; aw®,,. If we let wo = w¥%w; aw” clearly wo " w %y W;.
Thus, w; and w, bt the requirements.

* .

Supposing that there arew; andws with w; " Ly, ¢ " 'wy"a, andwy
it must be the case that there exist g3 ¢2®and w”w*%uch that

W%, Wy,

w = w”%x aw”
Wy = W%w,; aw®
k" HE, ()
o™ e, (3

%% YoVo
(o)) Iw Ay-

It follows from the depnition of A that (2¢’0) " w4 . Similarly, sincew; " L,
(g2 1)" F*((g20)) and so (@8 1) " 'w”&"a. Further, (gp,1) " 'w”%x aw®, =
Iw" as required. 6

Proposition 2. The automaton debned in Def. 10 accepts the languads ( %,
Lo.

Proof.
w" Ly (%, Lo
A +  wy,Wo.wqp " Ly, Wo Lo, Wo" W% Wy
) + " Ag.twy,Wo.wg " Ly, e WA, , Wo " W% Wy
b + " A (g, 1)" Iw'a
*) ATTAN $A=/.

Correctness of the O % ' O construction Given$NFA A1 = (Qq, e, {f{}is1 g, A1)
and A, = (Qa, e, {13141 + & »A2) accepting languaged.; and L respectively,
let A= A1 % A2 =(Q,e{f'} 14 + g,A) as per Def. 11.

Lemma 8. Forallw"'S ,
W' = {#$,}.

Proof. By induction on the structure of w. Note that, since f &=/, $-closureis
the identity relation.
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Base casew = $.

1$'s = $-closurde)
= $-closurg$-closure)
= {$-closure}
= {#%,}.
Inductive case:w = w*al for somew”™ S, , 1" ! .
w”dl"a = {q| o 'w*x,q" ($closure f')(q'f}
(by IH) = {q]|q" ($closure f")(#"%,)}
= ' (#'%,)
= {$closure ' )" #'%,}
= {#"a%,}.

Forr " Q, let A, be as given in Def. 11.

Lemma 9. Suppose thatr = #nv$, for somew " S, . Then for w; " S, , for
all " Qq,

(R, 1)" wi"a, A+ Wo" S . " 'Wa"a, , Wo ™" Wi % w.

Proof. ) :
Supposing (&, 1) " 'w;"a,, it must be the case that there exist g} g** Q. and
wPwi® S, such that

w; = w%8x aw?

(1) " #vi%, (1)
()" £X((c70)
(670) " twih, .

0,

By the dePnition of A,, we see thatgy®® w}*:,. Similarly, g " r(g}¥°=
#vd , (F°and so g2t 'wiaw"s,. Futhermore, g " #n7%,(0]) and soq "
Iwi%n &P s, . Taking wy = W4n avls we haveq; " 'wy"a, and wo " wy % W,
as required.

* .

Supposing thatw, " S, is some word such thatge " ws"a, and wy " wq %, W,
it must be the case that there existg¥ ¢2* Q. and w? w?* S, such that

w; = wi%x aw
wo = witBw aw
" i, ()
o s, (Y

%% Yo%
o TWTA .
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It follows from the dePnition of A, that (g20) " 'wI® . Similarly, (g2t 1) " f X
and so @21)" 'wJ*%x"a, . Furthermore, (tp, 1) " #i% (63) and so (¢, 1)! w4
X aw®s = lw;"a,, as required. 6

r

Proposition 3. The automaton debned in Def. 11 accepts the languagg % ,
Ls.

Proof.
W' L% Lo
A +  wp,Wo.wp " Ly, wo" Lo, wo " wy % w
# + Wy, Wo.tth.Wi " Ly, " IWe"a, , " A, Wo ' wy %W
A o+ ornr = MWk, , W, Wo e W1 " Ly, et IWe"a, . T As, Wo ' wy W
b) + oL =Hd,  Fwt.wr " Ly, (D) twita, (1) AL
A +onr =MW, , twiwita, SALET, Iwita, SAE
b + rr=#%,, r" A
A + rr=1Iw'a, r" A
b IwW'a $A= 1.

A.2 Sequence Expressivity

Lemma 10. The aperiodicity number of S-» is 2.

Proof. For wy,wp, w3 with w; &w3 dwz " S-x , it must be the case that no
X " # occurs inw, and may only occur linearly in one ofw; or wz, and hence
wi &w3 aws " S . Likewise, for wy, wo, ws with wy &ws aws " S-4 , it must be
the case that nox " # occurs inw,; and may only occur linearly in one ofw,
or ws, and hencew; aw3 aws " S.4 .

n times m times | n times
f_/¥T f—kT | f—kﬁ

|
|
[N 7 S 73 3 S 3 S )
L}
|

- .

ui v uz

Fig. 1. A pathological splitting of w = wy aw$&"*™*? aws asu; av au,
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Lemma 11. Suppose thatL, and L, are star-free regular languages with ape-
riodicity numbers n and m respectively. The aperiodicity number ofL, %, L5 is
no greater than2n + m + 2.

Proof. Suppose thatw = w; aw™ ™™ ™2 aw; " Ly %, L,. Then w = u; &v au,

for someuy, us, v with u; &x du, " Ly and v " L,. One of the following must
then be the case:u; = w?awi aw® v = wl®awl aw¥or u, = wlaws aw
such that the block of repeatedw,s are part of the W§2”+m *2) plock of w. (To
see this, consider Fig. 1. No alternative splitting can decrease the number of
consecutive w,s in all three blocks.) Correspondingly, by aperiodicity, either
waw" T awiax dus " Ly, witaw(™ T andr Lo or up ax awdtaws ) angr L.
Hence,w; aws™ ™) aws " Ly %, Lo.

All of the implications in the above can be reversed to prove the converse. In
order to reverse the Pnal implication, we require the bound on the aperiodicity
number to be 2n + m + 2, since a splitting such as in Fig. 1 could be possible
otherwise.

Lemma 12. Suppose thatL; and L, are star-free regular languages with aperi-
odicity numbers n and m respectively. The aperiodicity number ofL; (%, L is
no greater than2m + 1.

Proof. Suppose thatw = w; aws®™ ™ aws " Ly (%, Lo. Then w = uy aX au,

and there is somev " L; such that u; avaus " L. Either u; = w?aw]' aw or
uy = w2 av¥ Correspondingly, by aperiodicity of L, either w¥aw{™ ™) an%a
vau, " Ly orup avan®aw™ ™ an" L,. Hencew; aw(™ ™ aws " Ly (%, Lo.

Conversely, suppose thatw; éwfm +2) aws " Ly (%, Lo. Then w = u; & au,
and there is somev " L; such that u; & &us " L. Either u; = w‘f’éwgm“) aw
or uy = wkaw{™ ™) aw¥% Correspondingly, by aperiodicty of L ,, either wawD &

s 7 " Py P , " z 2 1) « " "
wlav au, " Lo or ug &v awdawd awl" L. HencewlasNgm+)aN3 Ly (%, Lo.

Lemma 13. Suppose thatL; and L, are star-free regular languages with aperi-
odicity numbers n and m respectively. The aperiodicity number ofL; % , L is
no greater thanm.

Proof. Suppose thatw = w; aw]' aws " L; % , L. This is the case if and only
if for some uy, us, u; &w; AW dws dus " L. By the aperiodicity of L, this is
the case if and only ifu; aw; éwé"“’l) aws au, " Lo. This in turn is the case if

and only if wy aw{™ ™) aws " Ly % } L.

A.3 Ranked Tree Constructions

Automata  As with sequences, we are motivated to consider automata for
ranked trees in order to decide model checking and satisbability. Our debni-
tion of automata for ranked trees generalises the debnition for words in a nat-
ural fashion. We deal only with frontier-to-root (or bottom-up) automata; for a
comprehensive treatment of automata for ranked trees, see [20, 21].
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Debnition 21  ($NFTA). A non-deterministic Pnite (ranked) tree automa-
ton with $-transitions, abbreviated$-NFTA, is a tuple A = (Q,{f'} 4 st A)
where:

b Q is the set of states, a bnite set;

D foreveryl " ! , f! % S™+! is the state transition relation for I, which is an
(n, +1) -ary relation on S wheren, is the arity of I;

b f&9%S# S is the non-consuming state transition relation, a binary relation;

D A %S is the set of accepting states.

Givenq,...th, " Q, the notation f'(qy, ..., o, ) is used for the se{ 9” (¢, ..., th,, Q) "
f.'.}. A pre-automaton is an automaton without a set of accepting statesij.e.

R=(Q,{f 1 s )

To formally debne the language recognised by an automaton, we make some
auxilliary debnitions. As for sequences, theb-closureof a state is the set of states
reachable by any number of$-transitions: $-closureis the rel3exive-transitive
closure off & Each automaton, A, induces a function,!( "a : R, 0P (Q), that
maps each ranked tree to a set of states according to the following debnition:

H(re,.oourn)'a = {al " 1", th " Ira"a,q" ($closure f')(ay, ..., stn)}.

A tree r is said to be acceptedby A if 'r"a $ A = /. The (tree) language L A
debned byA isthe set{r" R, |!r"a $A=1/}.

The language membership and emptiness problems for tree automata are
decidable in a similar fashion to the equivalent problems for automata on words.
The class of languages debnable by tree automata is the class @Qular tree

languages This class is closed under a number of operations; If, L *L+,...,L,
are regular tree languages, then so are

B/,Ry% ,Ri,

DL1IL®LS$L?®L! R, \L,and

b {a(r;,aéar,,) | ri " Li} wherea" " has rankn,.

For details, consult [20]. Other closure properties that are known in the literature
could be used to implement the structural connectives ofCLy,,, . However, we
present constructions analogous to those in the sequence case to implement these
connectives.

Correctness of O %0 Construction

Debnition 22 (@0 Construction). Given $NFTA A; = (Qy,{f|},A;) and
A, = (Qo,{f1},Ay) accepting languaged.; and L, respectively, debne the$-
NFTA A = A, % A, =(Q,{f'},A) as follows.

DQ=(Q#{01})! Qy;
D for I " 1 with rank m, f' is the smallest relation satisfying:
¥ (gffn) " (a1, 1), (Gems Nm)) if 6" Fi(cu1, ..., Gm) @and n =
> ni, and
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¥ fl (. @m) if B f3(1,. .. Gm);
b f & is the smallest relation satisfying:

¥ (afin) " f%((ai,n)) whenevergi®™ f§((au,n)),

¥ " f &) wheneverg?®" f$(q), and

¥ foreachq, " f* and " Ag, (g1, 1)" f&); and
bA=A#{1}.

Lemma 14. Forallr" R, , " Qo,
" Ir'a N " I,

Proof. By induction on the structure of the tree r.

Base caser = | for somel " ! with rank O.
" !r'a
#) + g Qo f', " $closuréq))
#) + " Qo fh, q" $closure(q))
y B I,
Inductive case:r = I(ry,...,rp) forsomel " ! withrank mandrq,...,rp "
R, .
k" !r'a

o+ e m " Qg fl(th,. .. Bm),
1" !ri"a , 244, Bm " 'rm"a
" $-closuréal)

bylH) 9 + ks ®m " Q& f'(Gk1,....¢m),

1" Iri"aA, ;244, bm " rm"aA,,
" $closuréal)

H o+ q;/(:QQ,l,---:QQ,m ! Q2-qg/0" fl2(Q2,1:---aQ2,m).
1" 'r"a, A&, bm " A,
" $-closure (o)

b k" Ir'a,.

Lemma 15. Forallr" R, ¢ " Qi,

(@, 0)" I'r"a ) " A,
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Proof. By induction on the structure of the tree r.

Base caser = | for somel " ! with rank O.
(0, 0)" r"a

b + 0" Qu.(ah0)" f', (a1,0)" $-closurd(ay’0))

) + O™ Qug fl, " $closure(q})

) g " I,
Inductive case:r = I(rq,...,rm) forsomel " ! withrank mandrq,...,rp "

R, .
(01,0)" s

o+ Qo Oum " Qi (a8 0) " f'((a11,0), .., (G, 0))
(01,1,0) " 'ri"a ,ada, (m,0)" 'rm"a,
(01, 0) " $-closuréay)

by H) H + afca,....0m " Qu-(a20)" f'((,1,0),....(%m,0)),

G 'ria, ,aaa, gim " rm"a,
(01, 0) " $-closuré(a’0))

o+ gt Gm " Qe a Fi(G1, e tim)
G 'ria, sada8, im " MrmA,
¢ " $closurg(q

b " Ir'a,.

Lemma 16. Forallr" R, q " Qi,
(@, 1)" 'r"a A+ rre" Ror"ry%cre, ra" Lo, " Iry"a,.

Proof. By induction on the structure of the tree r.
Base caser = | for somel " ! with rank O.

(G, 1) " "A
H o+ ™ Qi Qo (ar, 1) " $closurd(qtl)) , (i) " fé(a),
" $closurdgl) , o f!
o+ 4™ Qi G, Qo.a " $closure(qy) , @ I, k" As,
" $closure(q)) , o f'
# " X', NA,$ A=
# ri,ro" Ry " ri%cre, ra™ Loy i " Iri"a,.
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Inductive case:r = I(r®M, ..., r(M))forsomel " ! withrank mandr®, . .  r(m "
R, . We consider the implications in each direction separately.
)
By debnition, (a;,1) " $-closurég” whereg” f'(q),...,q™)) for someq”® Q,
g " 1r"s . From the dePnition of f & either g”= (q% 1) for someqg?®" Q,, or
g%= o for someq " Q.. We consider each case.
In the Prst case, it must be the case that for exactly onek, ) = (qlk 1) and
for all i = k, 9©) = (q.,;,0). By the inductive hypotheS|s there arerfr, " R,
with r) = (k) %y ro, ro " Ly and gy " ! ik)" A,- By Lem. 15, fori = k,

i " trmy By debnition, g7*" f1(qu1,...,0m), and so
Qe (r®, D) 00 bty o m)ye

Let
L= 0@ p ke O D) )y

and observe thatr " r; % ro. Further, since (qi,1) " $-closuré(q 1)), o "
$-closure(qy. Hence,q, " !r1"a,, as required.

In the second case, there must be somg®" Q; and g¥*" Q- such that
(qi,1) " $closurd(g 1)), (aftl) " &g, and g " $-closurée). By the
debnition of f&, it follows that q " $c|osurq(q{) qr" X, " A, and
q" $-closurg(a). Hence, q " !'x"a,. Further, since g " !r"a, by Lem. 14,
Q" Ir"a, $ Ay, and sor " L,. Let r; = x and r, = r, and observe that

r" ry % ro, as required.
* .

Either r; = x or ry = X. We consider each case.

In the brst case,r = ro " Lo and so there is someg, " !r"a, $ Ag. By
Lem. 14, " 'r"a. Also, sinceq, " !x"a,, there is someg?" Q; with g*" fX
and g " $-closure(g}). Hence, by the debnition of f &, (q‘{‘i 1) " f&(qg) and
(0, 1) " $-closuré(ql® 1)). Thus, (qi,1)" !'r"a as required.

In the second case, it must be that, for somé " ! ofrankm,rlvl,...,rlvm,r%'
R ,kwithl7 k7 m

r{=10r11,...,r1m)
SN [(SRTIUN ST L] ST TR Sp
r% rix % ro.
Sinceq, " !ri"a, it follows that there are g% 0y 1,...,hm " Qi with
" $-closurg (g}
I STC TR '

ford7 i 7 m qui" !rii"a,-

Hence, by the inductive hypothesis, €1 k,1) " 'r%a. By Lem. 14, (q.;,0) "
Ir1i"a for 17 i 7 m. By dePnition,

(q% 1) ! f I((Ql 1 O) sy (QI,k+ 1, 0)! (ql,kl 1)1 (ql,k+11 0)! sy (ql,m 10))
Also, (q,1) " $-closurgq 1). Hence, @,1) " 'r"a, as required. 6
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Proposition 7. The automaton debned in Def. 22 accepts the languade %
Lo.

Proof.
r*L;% Loy
b +orgrar o %ere, ri" Ly, ra” Lo
(by Lem. 16) % + " AL(g, 1) It
3 ASIra = /.

Correctness of O! % O Construction

Debnition 23 (@ % O Construction). Given $NFTA A; = (Qy,{fl},A))
and A, = (Q.,{f}},A,) accepting languaged.; and L, respectively, debne the
$NFTA A=A, (%, Ay =(Q,{f'},A) as follows.

b Q=Q:#{01};
Dfor I " ! '{$}, wherel has rankm (m = 1 in the case of$), f' is the
smallest relation satisfying

¥ (gin) " Fl((a1,n1),- -, (Gom s ) i @B Fh(c1s. .., Gem) @and n =
S ni, and
¥ if | = x, then (g 1) " ' for every g} !r"a, forany r " L;; and

DA=A#{1}.
Lemma 17. Forallr" R, , " Q,
(,0)" r"a A k" Ira,.

Proof. By induction on the structure of the tree r.

Base caser = | for somel " ! with rank O.
(%, 0)" Ir"a
b + 0" Qo (q0)" f', (q,0)" $closurd(ql0))
A + 0" Qo ), q" $closure(q)
) k" Ir'a,.
Inductive case:r = I(rq,...,rm) forsomel " ! withrank m,andrq,...,rp "

R, .
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(®,0)" 1"

) 4 Ak B " Qu(a0)" (1,0, (chm O),
(R1,0)" Ir1"a ,444, (m,0)" 1",
(g, 0) " $-closurég 0)

by H) H + qa,-Gm " Qu (0" f'((1,0),.. ., (m,0)),

G 111", A4, Gm " A,
(0, 0) " $-closuréqy: 0)

)+ i m " Qe fie . Gm),
G 111", L A4A, G " s,
& " $-closurg(q))

) k" Ira,.

Lemma 18. Forallr" R, , " Qg,
()" 'r"a H + ryre" Rrarg" r%crp, ri" L1, " ra"a,.

Proof. By induction on the structure of tree r.

Base caser = | for somel " ! with rank O.
(B, 1)" H"A

b + 0" Q)" ', (g, 1)" $closurd(a 1))
b) r=x,+¢" Quri" Li.g Iri"a, , " $closure(q)
) r=x,+r;1" Li.ag" !ri"a,
) Fr=x,+r,r" Rorg" r%ry, ri" Ly, ri=ra, " Ira's,
# + o or et Rera " r%cr = 1%cr, ri" Ire"a,.

Inductive case:r = I(r, ..., r(™)forsomel " ! withrank mandr®, ... r(m) "

R: . Note that we do not consider| = x, since this is the base case. We consider
the implications in each direction separately.

)
For somet, &,1,...,m " Q2 and some 17 k 7 m, it must be the case that
fori=k (g;,0)" try
((h’k,l) n !r(k)llA
(B 1) f'((®1,0) ..., (GRkr 1,0, (k1) (k41,0), ..., (Rm, 0))
(G, 1) " $-closurd(g 1)).
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By Lem. 17, _
fori= kay, " 1r)"s,.

By the inductive hypothesis, there existry%r; " R, such that the following hold:

re r®op ry
ri" Ly

n %o
b,k !rQGAz'

Let
ro= 1(r@W, . p&* D) o p k) o p(m)y

and observe that

ro" r % ry.

By the dePnition of A,

q;A)" fé(qz,lv e 1q2,m)
" $closure(q).

Hence

o @, kD) D My = iy,

We have therefore shown the existence af;,ro " R, such that

ro" r%ry, ri" L, " Ira"a,

as required.
* .

For some 17 k 7 m, and somer 2 the following must hold:
ro= 1M, . r & p%pkdt) o p(m)y

rot" r) op ry.
Sincey " !ry"a,, it must be that for some ¢ 1,..., bm " Qo,

fori=k G " tr®ea,

n %1
Gk " oA,

Yon

) fé(cb,ly cosok+ 1%k OB k411 -+ Com)
¢ " $closure(q)).

By Lem. 17, _
fori = k(gp,;,0)" 1ri),.

By the inductive hypothesis,

(k)" 1rloma.
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By the dePnition of A,

(21" F'((e.1,0),. .., (Gxs1,0), (G 1), (Bks1,0), ..., (G, 0))
(@, 1) " $-closuréa’ 1).

Therefore,
(g, 1) " 1™, My y = 11"
as required. 6

Proposition 8. The automaton debned in Def. 23 accepts the languags ( %,
Ls.

Proof.
r" I—l (O/OX L2
b + rrare" r%ere, ri" Ly, ra2" Lo
(by Lem. 18) % + " A (k1" Ir'a
# AS$!ir'a=1.

Correctness of O% ' O Construction

Debnition 24 (@4 "O Construction). Given $NFTA A; = (Qy,{fi},A))
and A, = (Q.,{f1},A,) accepting languages.; and L, respectively, dePne the
$NFTA A=A, % , Ay =(Q,{f'},A) as follows.

BbQ=Q:
Df'=flforalll" ! 1{$};and
B q" Aifandonlyif +r " R, .Ir"s o x $ (A1 # Ag) = / where
¥ Aq = (QQ#{ 0, 1}!{f(|:|}1Aq)r
¥ for " ! I{ $, wherel has rankm (m =1 in the case of$), f('q is the
smallest relation satisfying

8 (qen) " fal(d1, M), oy (Gm,Nm)) if " fi(d1,...,m) and
n=>>" n;, and
8 if 1 = x, then (g,1) " f;, and
¥ A=A #{1}.
Lemma 19. Forallr" R/, " Q= Q,,
g" 'r"a M q" 'r'a,.
Proof. By debnition. 6
For " Q, let Ay be given as in Def. 24.

Lemma 20. Forall q" Q,forall r" Ry, " Qo,

(p,0)" !I’"/.\q A " !I’"Az.
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Proof. By depPnition. 6

Lemma 21. Forallrri;" R, " Qo

+0" Q2.9" 'r"a, , (Bk,1)" ri"a,
b

+r2" Rl .|’2" rl O/Q( r y q2" !r2"A2.

Proof. We consider each direction of implication separately, in each case pro-
ceeding by induction on the structure of the treer;.
)
Base caser; = I.
In this case, there must be somegt" Q. with

(G, 1) " $-closurg((a3’ 1))

(1" f
The debnition of A means thatr; = | = x and q¥= q. Let ry = r. Clearly,
ro" ri % r. Also, by debnition,

%0 — n n _ n
6'=0q" 'r"a, = ra"a,

" $closure(q),

and sot " !re"a,, as required.

Inductive case:r; = I(r™M, ..., r(M) for somem, | " ! of rank m and
rW o rme Rjy
In this case, since (p,1) " !ri"a,, there must be someq¥ . 1,...,bm and
17 k7 m with

fori=k (ai,0)" tri s,
(i, 1) " trmy,
(q;A: 1) " f(lq((qlla 0)1 ey (qQ,k+ 1, 0), (qQ,k ’ 1)! (qQ,kJrl! 0)1 ey (QZ,m ’ O))
(G, 1) " $-closurg((cgS1)).
By the inductive hypothesis, there is somer%" R, such that r3" r® 9%, r and
Q" Ir¥a,. Let
ro= 1(r@W, . p&* D) o p k) o p(m)y

and observe thatr, " 1y % r. By Lem. 20, for eachi = k, ¢p; " !'r()"s,. By

the dePnition of Ag,

q02A]" fé(qz,lv e vQQ,m)
" $closure(q)),

and so
SCTICH
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as required.
* .
Base caser; = |.
In this case,r; = X, sincery

ri % r. This means thatr, = r. Let

q: q2|| !r2"A2 - !rqu.

By debnition,
(qul) = (qal) " f(;( %!rlquy
as required.
Inductive case:r; = I(r®,...,r(M)) for somem, | " ! of rank m and

rW o rme Rjy
In this case, there must be some ¥ k 7 m and somer%" R, such that the
following hold:

roen v o r

ro= 1(r @M, r KD % p k) o p(m)y,
Sinceg " !rs"a,, it follows that there are someq%”iqul, ..., Ggm With
fori = k G " ra,
Gk " 1A,
q;/o-- fl2(q2,1! e lq2,m)
¢ " $-closure(g).

By the inductive hypothesis, there is someq " Q2 such that g " !r"a, and
(i, 1) " tr"s . By Lem. 20, for eachi = k, (p;,0) " !r()"s . By the
debnition of Ay,

(1) f('q((cb,1.0),---,(q2,k+ 1,0), (k. 1), (kk+1,0),...,(m,0))
(G, 1) " $-closurg((a 1)),

and so
(%ll) " !rlllAql

as required. 6

Proposition 9.  The automaton debned in Def. 24 accepts the languags %
Lo.
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Proof.
r L,9% , Lo
+ ry, " Rrg™ ry%r, ri" Ly, " Lo
ri" Li,ge" Agtre " Ry .ra " ra%er, " Ira”sa,
(by Lem. 21) " LG As+g” Q2" s, , (R, 1)" s,
(by Lem. 17) ri" L, " Ao.+q” Q.q" Ir", (t,1)" !ri"a,

+ q" !r"A-+r1" R! v Ch " A1,C12" A2-Q1 " !rluA1 ’ (QQ,l) " !rlqu
Q"I R I o0 S (ALH Ag) =

AS$!Ir'a =1.

(G S NG IS S N

A.4 Unranked Tree Constructions

Correctness of O %0 Construction Given $NFFA A; = (Qq,er, {f 8 as . {f Fxue T & AY)
and Ay = (Qa, e, {f8}as , {fX}xx#,f& As) accepting languaged. ; and L, re-
spectively, let A = A % As = (Q,e,{f 2}au , {f *}xus,f& A) as per Def. 17.

Lemma 22. Forallt" T,
e" It"a t=3$.
Proof. By debnition, e" !$'s. If t = $, then eachq" !'t"a must be the result

of a transition from some other state(s) and e is not the result of any such
transition. 6

Lemma 23. Forallt" T,, " Qo

g It"a Y " Itha,.

Proof. By induction on the structure of the tree t.

Base caset = $
Observe thate, " !$'a, that f§¥%f % and that ¢ " f & implies g Q. and
" f$(q%. Consequently,qp " !$'a if and only if ¢ " 1$"a,.

Inductive case:t = t"qy for somey " #:

"It N+ g Q. ($closure FY)(G), g 1%
)+ & Qg ($closure’ fI)(a), o 1t¥4
)+ " Qo ($closure’ FY)(R), ™ 1t¥a,
" YA, = I,
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Inductive case:t = t*] a[t*ffor somea " " :

Gt )+ G Q. qp " Sclosurdglf ot (ot o

%ou | +% %% | 1 %%
o A | NI L | Y

Y+ gl R Q,. qp " $-closure(gr¥% ot f 2(

Yon % %0%0 %%
, gt 1A, o IR

‘i

)+ BT Qu. " Sclosure (YT g 3 (6’

You |1% %% | 1 %%
;B MPAAL, o IR,

) @ AT, = 1,

Lemma 24. Forallt" T, ,q " Qi,

(@, 0)" 't"a ) " VA,

Proof. By induction on the structure of the tree t.
Base caset = $:

Observe that (e;,0) " !$'a, and that, for all q”q”* Q with g”" f &(q"y°

" Qu.a*=(dii0) =) + g™ Qu.q*2 (7)), q

+07°% Q1. g2 (a70) =) + ™" Qi.q"=(a50), o

Consequently, @,0)" !'$'a ifand only if g " !$'a,.
Inductive case:t = t"qy for somey " #:

%on

RCHE

0,
1%,

(,0)" 't"a A + " Q.(ai,0)" ($closure fY)(q%, g 1%
H + g Quai" ($closure' fY)(a), (
H+ o Qua" ($closurg’ fY)(qf), d
" 1y, = A,

Inductive case:t = t"§ a[t”ffor somea" " :

0)" 1%,

(@,0)" 1" ) + 76" Q.q " Sclosurdg™ ¢"**f 2(q" q"F*

Oon % 0% %%
, g 1t g 1A

% ~20%.,%0%P0 n %%% ~%%% ¢ a
Y+ Sy Q. o " $-closure (g% of*"of (

(@0 10, (V)" 10

%

i, 4

% 600690 " %6%6% %% %
N+ andnt Q1 $'Closur3(q1°gjoao a” " (a g

LA AL, G I,
)t el = 1,

A
1y
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Lemma 25. Forallt" T,,q" Q1, " Qo
(i, ) " 't"a 9+ t,tot =t [ta, " A, , " 1t2"A,.

Proof. Both directions: by induction on the structure of t.

:) :
Base caset = $and so (@, ) " $closurde). By the debnition of A, it follows
that

b (a1, ) " $closurd(q,e:)), and hencegy " $-closure(e;) and & " !$'a,;

b (g, &) " f¥(a:,0)); and
D (q,0)" !'$'a and soq; " !$'a, (by Lem. 24).

Inductive case:t = t¥y for somey " #. In this case, (@, %) " ($-closure
fY)(g" for some ™ Q. Either g”= (q;, ¢} for some %" Q., or g”= (g% 0) for
someq®" Q.

If the former, it follows from the dePnition of A that o, " ($-closure' f)(c2).
By the inductive hypothesis, there aret,t?with t = t; |[t¥]y, i " !t;"a, and
g 1t%s,. Henceqy " 't%|y"a, and so the choice oft; and ty = t%|y fulblls
the requirements.

If the latter, it must be that:

b (1, ) " $closurd(q,e:)), and hencegy " $-closure(e;) and & " !$'a,;
D (a,&) " f¥(ai,0)); and
b (q,0)" 't"a and soq; " !t"a, (by Lem. 24).

Therefore the choice oft; = t and t, = $ fulblls the requirements.

Inductive case:t = t%a[t*[for somea" " . Inthis case, (@, &) " $-closurgg”¥”
for some "% Q with g»%% f 2(q” q"¥*for some g*q”* Q with "' 1t*, and
g% 117 . Either g”"% (q;,q}) for some g®" Q, or g”*% (% 0) for some
o Qu.

If the former, it follows from the dePnition of A that g%= ( q;, ¢3) and g*% ¢J*%
for somed® g3 Q. with 2" f2(0% g} By the inductive hypothesis, there are
ty, tRwith t%= t[t2% g " 'ty"a, and g" !t3¥a,. Furthermore, by Lem. 23, g%%
% 1t%% . and soqlt" !t%] a[tPta,. It must also be that ¢ " $-closure (),
and soq " !'t%®| a[t*f®s,. Therefore choosingt; and t% = t%| a[t”}*ulplls the
requirements.

If the latter, it must be that:

b (1, p) " $closurd(a, e2)), and henceg, " $-closurg(e;) and & " 1$'a,;

D (g1, &) " f¥(a,0)); and
b (q,0)" 't"a and soqy " !t"a, (by Lem. 24).

Therefore the choice oft; = t and t; = $ fulblls the requirements.

* =
Base caset = $. In this case,t; = $andt; = $ By Lem. 24, (q;,0) " '$'a,
and so, since @, &) " f%((q1,0)) by debnition, (q;,e;) " !'$'a . Furthermore, it
must be that ¢ " $-closurg(ez) and hence @i, %) " '$'a as required.
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Inductive case:t = t"]y for somey " #. Here, eithert, = t¥®|y, orty = $
andt; = t=t9y.

If the former, ¢ " ($-closure ' f3)(g2) for some g" Q, with " 1t34,.
By the inductive hypothesis, (q,03) " 'ty | t?a. Therefore, by the depnition of
A, (o, g) " 'ty [t y"a = It"a as required.

If the latter, g, " !t"a, and hence €;,0) " !'t"a (by Lem. 24). It follows
then that (q;, ) " !t"a . Furthermore, sinceq, " !$'s, = $-closure(e;), we can
conclude that (q;, ) " !t"a by the debnition of A.

Inductive case:t = t%] a[t*ffor somea " " . Here, eitherty = t3°| a[t¥f® or
to = $andt, = t =t a[t™fe

If the former, ¢ " $-closurg(}*¥*for some g Q, with " f2(a o2¥*
for some g2 2" Qo with ¢ " !t¥,, and g2 1134 ,. By the inductive
hypothesis, @, ) " 't; [ t¥a = !t%s. By Lem. 23, ¢2*' 1t2*2. Hence,
(0, %% f23((qr, 02, F°% 1t%| a[t*f®s = !t"a. Therefore, since by debnition
(g1, @) " $-closurdq;, g2%¥"we conclued that (g, ) " !t"a as required.

If the latter, o " !t"a, and hence (;,0) " !t"a (by Lem. 24). It follows
then that (q;, ) " !t"a . Furthermore, sinceq, " !$'s, = $-closure(ey), we can
conclude that (q;, ) " !t"a by the debnition of A. 6

Lemma 26. Forallt" T, ,q " Qi,
(o, )" 't"a 9+ ttot™ % te, " ty"A,, t2 " Lo

Proof. Both directions: by induction on the structure of t.

:) :
Base caset = $. It must be the case that there are someqg}S q/** Qi, ¢ " Qi
with:

D (qfp) " '$'a, and henceq®™ !$', and g " '$'a, (by Lem. 25);

B (qf51) " 4(di"ep)), and henceqi® i (qi¥’and " A, soq/®" !x"a, and
$" Ly; and

D (g, 1) " $closurd(gl 1)), and henceq, " $-closure(ql, soq " !'x"a,.

Thus, t; = x and ty = $ bt the requirements: $" x % $.
Inductive case:t = t¥]y for somey " # . There must be someq’®" Q; with:

D (g1, 1) " ($closure fY)((g¥ 1)) and (gf61)" 't"a; or
B (a1, 1) " $-closurd(at 1)) and (gt 1) " f¥((q}*ty)) for some gi** Qi, @
Qs with (aitp) " 1t"a.

If the former, then, by the inductive hypothesis, there aret?®and t, with t%"
3%, to, g7 1174, andty " Lo. By the debnition of A, g " ($-closure’ f{)(ag})
and soq; " !t7|y"a,. Observing that (1% to) |y % (t7°] y) % t2, we can see
that the choice of t; = t?|y and t, fulblls the requirements.

If the latter, then, by Lem. 25, t = t3| ty with g?** 1t%,, and g " 't2"a,.
Furthermore, by the debnition of A, g " A and soty " L. Also, " f X (q7?
soql®" 1t%| x"a,. Moreover, q; " $-closure(ql), soq " !t3] x"a,. Observing



Decidability of Context Logic N October 9, 2008 37

that t%|ty " (%] x) % t2, we can see that the choice of; = t%| x and t, fulPlls
the requirements.

Inductive case:t = t% a[t*ffor some ain" . There must be someq/*** Q,
with (q;, 1) " $-closuréq’®®) such that one of the following holds:

B (1) " f2((qf5 1), (a}%0)) for some q g Qi with (q%1) " !t and
(6r0) " 1R ;

D (%1 " f2((q%0),(q/1)) for some gt g?®* Q; with (g}t0) " !t*, and
(972) " 1Y% ; or

B (g1 " f4(q}% @) for some gf*" Q1, " Qa2 with (g cp) " !t"a.

In the Prst case, by the inductive hypothesis, there are?’ t, with t%" t704, to,
g 1t3a, andty " Lo. Furthermore, by Lem. 24, 7% 1t%% . By the debnition
of A, gl*%%f 3(q% g¥%° and so q}*"*1t%| a[t”fts,. Moreover, g, " $-closure (g%
soq " 't¥] alt”Ps,. Observing that (t3°%; to) | a[t*f6 (17| a[t*ff % t2, we can
see that the choice oft; = t¥] a[t¥f%and t, fulblls the requirements.

In the second case, by Lem. 24g?" 1t*, . Furthermore, by the inductive
hypothesis, there aret?, with t%%* %% t,, g** 17, and ty " L,. By
the dePnition of A, gi*** f 2(q? g/ and so q/*** 1% a[t?f*s ,. Moreover, q; "
$-closure (q/%%oq, " !t;]alt’fs,. Observing that t*fat %, to] % (t*fat¥ff%e to,
we can see that the choice of; = t*q a[t}f%nd t, fulblls the requirements.

In the third case, by Lem. 25,t = t%?| ty with g?*" 1t%, and g " !t2"a,.
Furthermore, by the dePnition of A, g " A, and sot, " L. Also, g/®%%f X (g},
s0 g7 1t%| x"s,. Moreover, g, " $-closurg(g?¥"so q; " !t%| x"a,. Observing
that t%|ty " (%] x) % to, we can see that the choice of; = t%| x and t, fulPlls
the requirements.

. —

Base caset = $. In this case, it must be that t; = x andt,; = $. Sinceq; " !x"a,
it follows that o " $-closurg(qy for some g?*" f}(q/¥*for some g*%* 1$'4,.
Further, since $ = to " Lo, there must be someg, " A with g " !$'s,. By
Lem. 25, @%p) " !$'a. By the construction of A, it follows that (g%1) "
f &qtp) and so (Gf%1) " !$'a. Also, (a:,1) " $-closurgatt 1) and so @, 1) "
1$'s as required.

Inductive case:t = t"§y for somey " # . One of the following must hold:

bt = tPPt, and t; = tP¥x; or
bt t%% ty and t; = t?|y.

If the former, there is a g** 1t?¥4, such that g, " ($-closure ' f})(q/%¢ and
k" A, $ Ay By Lem. 25, (i) " 't7Ft,"a = It"a. From the dePnition of
f & it follows that ( q;,1) " $-closuré(q;®tp)) and so (q;, 1) " !t"a as required.

If the latter, there is a g®" !t%'s, such that q; " ($-closurg ' f)(g).
By the inductive hypothesis, (q61) " !'t%,. By the dePnition of A, (q;,1) "
($-closure’ fY)(q¥ 1), and so @,1) " !t"a as required.

Inductive case:t = t" a[t”for somea" " . One of the following must hold:

bt = t7¥t; and t; = t¥Yy;
b t" t3%, ty and t; = t%| a[t¥f°or
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D t%% t%%4 t, and t; = t¥ a[t}Fe

In the Prst case, there is ag?®® 1t , such that q; " ($-closurg ' f})(q}¥!
and g " 't"a, $ A, By Lem. 25, (%) " 't%ft,"a = !t"a. From the dePnition
of f & it follows that(ql,l) " $-closurd(q/tp)) and so (qi, 1) " !t"a as required.

In the second caseq, " $-closurg(q)y for some g*" f2(ql%7%%or some
qe% 1t A, and %% 1t"% . By the inductive hypothesis, (g%1) " !t*A. By
Lem. 24, @°%) " 1t*%} . By the debnition of A, (g8 1) " f2((q}%4), (q%%f?f))
and so @ 1) " 't at”f*s = !t"a. Furthermore, (q;,1) " $-closuréql 1), and
so (g, 1) " !'t"a as required.

In the third case, q; " $-closurg(q}) for some g® " f2(q?%%*%or some
Q% 1t%,, and %% 1138 . By Lem. 24, (¢%D) " !t*,. By the inductive
hypothesis, @7°%%) " 't%% By the debnition of A, (g% 1) " f2((q}0), (q%%%’))
and so @ 1) " 'tY a[t¥f® = !t"a. Furthermose, (qi,1) " $-closuréqi 1), and
so (i, 1) " !'t"a as required. 6

Proposition 4. The automaton debned in Def. 17 accepts the languade %
L.

Proof.
t" L1 O/Q( L2
) + ottt %ty " Ly, " Lo
b + " Ar(qr,1)" 't"a  (by Lem. 26)
b AS!t"'a = 1.

Correctness of O! % & Construction leen $NFFA A, = (Qq, e, {f 8 as {f Ixun . F &AL
and Ay = (Qa, €, {f 2} au , {f 5} xun .t & Az) accepting Ianguagesi_l and L, re-
spectively, let A = A (%, A = (Q, e, {f 3 as ,{f *}xzx,f % A) as per Def. 18.

Lemma 27. Forallt" T, ,aq " Q,
(g, 0)" 't"a B " !t"a,

Proof. By induction on the structure of the tree t.
Base caset = &

(,0)" '$'A ) (®,0)" $closurd(e;,0))
A " $-closure(e)
*) (05} " !$'A2-
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Inductive case:t = t"qy for somey " #:

(@ 0)" 1ty"a H + " Qu(q,0)" ($closure F¥)(qL0), (GL0)" 1t¥a
A+ " Qup” ($closure’ Y)Y , " 1t%a,
k" YA,

Inductive case:t = t a[t”for somea

(@.0)" " Pa ) + 7" Q2 (02, 0) " Sclosurd(cy”®) ,
(@0 " £2((a00), (70)) . (a10) " 1t%a , (VD) " 1R
y o+ g Qe qi " $closure(dS)"
GRS BT, o 1A, 1R,
)@ ATy,

Lemma 28. Forallt" T,, " Qo
(q-g,l) "t ’) + ty,tot" t%cty, t1" Ly, QQ" !tg“Az.

Proof. In both directions, the proof is by induction on the structure of the tree
t.

:) :
Base caset = $. There are nogl g2 Q. such that (¢ 1) " f &(g}®’0)) and so
it is not possible that (¢, 1) " !'t"a . Hence, the implication holds vacuuously in
this case.

Inductive case:t = t%|y for somey " #. Assume (b, 1)!t"s. One of the
following must apply:

D (e, 1) " ($closure fY)((q2 1)) for some ™ Qs with (1) !t%a; or
By = x and (g,1) " $closuré(q) 1)) for some ¢f° " Qa with (g51) "
fX((q;/o:l/O)) for some q;ﬁ’% Q2 with (q;/o,“/o) RO

In the brst case, by the inductive hypothesis, there ard , t2with t%" t"06,t,,
t; " Ly and g¥" !t¥s,. By the debnition of A, g " ($-closure ' fJ)(d) and
sog " !ty"a,. Observe that t?|y " (t%y) % t; and so the choice oft; and
t, = t¥| y fulblls the requirements.

In the second case, Lem. 27, we know that}®® !t%,,. By the depnition
of £, g" #1%,(Yfor somet; " L. Hence,t®" !t% t,"a,. Furthermore,
" $-closure(g)) by the debnition of A and sog, " 't%ft;"a,. Let t, = t%ft; and
observe thatty " (t%4x) %, t; = t %, t,. Hencet; and t, fulbll the requirements.

Inductive case:t = t* a[t*[for somea" " . Assume (@, 1) " !t"a. It follows
that (g, 1) " $-closurd(g2®”1) for some g**** Q. with either:

D (%1 " f3((g% 1), (D)) for some gt g¥*”* Qo with (g 1) " !t%, and
(g370) " 1t¥%; or
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D (%% " f23((g20), (1)) for some ¢ g¥*”* Qo with (g2 0) " !t%, and
()" 1174,

In the Prst case, by the inductive hypothesis, there are, t¥with t%" t%4,t,,
ty" Ly and g" !t%A,. By Lem. 27, we know that ¢3* 1t** ,. Hence, by the
depnition of f 2, it follows that g}*”% f2(q% g®and so g*”% 1t%| a[t"ta,.
Furthermore, o " $-closure(qf) and so g " 't¥| alt”Pa, = !ty"a,. Let ty =
% a[t”ffand observe that, sincet" t%0q, tq, t3 aft’P* (tYalt”Pfo%; t; = t % t;.
Thus, t; and ts fulbll the requirements.

In the second case, by Lem. 27, we know thatf®" 1t%,,. By the inductive
hypothesis, there aret,, t3®%vith t3% t%%q, t,, t; " L, and g®* 1t%*4,. Hence,
by the dePnition of f 2, it follows that g}***f 2(g% gJ¥and so g****1t* a[A % %s , .
Furthermore, ¢ " $-closure(q}) and soq " !'t%] a[t?fta, = !to"a,. Let ty =
t" a[t¥f%and observe that, sincet®* t%%, t;, t*alt2f* (t"1a[t" % t1 = t % t;.
Thus, t; and ts fulbll the requirements.

. .

Base caset = $. There is no sucht; and t, (since x does not appear int).

Inductive case:t = t%y for somey " # . Assume there aret;,t, such that
to" t% ty,t1" Ly and Cb " !t2"A2 Either:

Dty = t¥|y for somet®" t"94q, ty; or
Dy=xandty = t9t,.

In the prst case,qp " ($-closure’ f3)(g) for somedl®" Qo with 2" 1134, .
By the inductive hypothesis, (gt1) " !t%,. By the dePnition of A, (¢, 1) "
($-closure fY)((g% 1)) and so (o, 1) " !t*A as required.

In the second casegy " #1$, () for some " Q. with g¥" !t%,,. By
Lem. 27, @¢0) " !'t%. By debnition, (¢, 1) " f*((g%0)) and so (x,1) "
1t x"a = !t"a, as required.

Inductive case:t = t* a[t”ffor somea" " . Assume there aret, t, such that
ta" t% t;,t;" Ly and Cb " !tQHAZ Either:

D t, = t¥] a[t¥f%or somet%" t*%, t; or
Dty = tY a[t’Pfor somet* t%Y%q, t;.

In the brst case, ¢ " $-closure(cy”ffor some gi*** Q, with ™" f #at gB¥°
for someq g% Qo with " 1134 ,, g2® 1t%%,. By the inductive hypothesis,
(6% 1) " 't%,. By Lem. 27, (@¥0) " !t* . By the depnition of A, (q¥*%1 "
f2((g% 1), (20)) and so @%% " 1t¥ a[t¥® = !t"a. Furthermore, (g, 1) "
$-closurd(gy*1)) and so (g, 1) " 't"a as required.

In the second caseg, " $-closure (g} for some i Q, with o 2’ o ¥°
for some g g¥** Q. with g" 1t%A,, g% 1t3¥,. By Lem. 27, (g% 0) " !t%4.
By the inductive hypothesis, (g21) " !t*% . By the dePnition of A, (2% "
f2((g20), (62")) and so @1 " 1t¥] a[t”Pts = !t"a. Furthermore, (g, 1) "
$-closurd(q}*1)) and so (@, 1) " !t"a as required. 6
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Proposition 5. The automaton debned in Def. 18 accepts the languags ( %,
Lo.

Proof.
t" Ly (%, Lo
+ o ftety" Ly, " Ly, " t%ty
+ " Agtt, oty " Ly, " Me"a, , 2" Tt

+ " Ax(g,1)" It"a
It"A $A=1/.

6

Correctness of 0% ' O Construction Given $-NFFA A, = (Qu, e, {f 2 ag» , {f Ixun T &AL
and Ay = (Qa, e, {f3}au , {fXIxz#,f& As) accepting languaged. ; and L, re-
spectively, let A = Ay % , Ay = (Q,e,{f3}as ,{f *}xz#,f & A) as per Def. 19.

Lemma 29. Forall t" T, ,
It"s = {#%,}.
Proof. By induction on the structure of t. Note that, since f & = /, $-closureis
the identity relation on Q.
Base caset = $.
1$'s = $-closurde)
= $-closuré$-closure)
= {$closureg}
= {#%,}.

Inductive case:t = t"qy for somey " #.

1t9y"a = {q| g 1t%a,q" ($closure f¥)(t’}
{q]q" ($closure fY)(#"%,)} - Y%,
{$closure ' )" #%,}

= {#"y%,}.

Inductive case:t = t*] a[t”for somea " "

9 aft™fs = {q| g 1%, q"* 1t*% q" ($closure f2)(q*q"f}
={q]q" ($closure f2)(#%,, A" ,)}
= fa|'%, #"%,)
= {$closure ' { (b, ) | " Q2. ™ #"%, (), ™ #"K, (e2), ™ 2 (VY
= {(@®) | k" Q2™ #'%,(q), ”1t"R,, " ($closure " f35)(p" e f1
= {#" alt" M .}
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For g" Q, let Ay be as given in Def. 19.

Lemma 30. Foranygq" Q, " Qq,andt” T, ,

(®,0)" 't"A, " Itha,.

Proof. By induction on the structure of the tree t.
Base caset = $:

(R, 0)" 1$'A, ) (p,0) " $-closurd(ez, 0))
b & " $closure(e,)
D k" ¥,

Inductive case:t = t"qy for somey " #:

(R 0)" 11My"a, 9 + & Qa.(%,0)" ($closure FY)(20)) , (20)" 1%,
Y+ g Q. ($closure’ FY)(Y , gt t*a,
A g 1y,

Inductive case:t = t" a[t”ffor somea " "

(0,0)" 109, ) + LA Q, . (c,0) " Sclosurd(c )
(@) " (0, (@00) , (A0)" 114y, , (a0)" 1%,
y o+ g g Qo 1 " $closure(cyY)”

T NS
) @ e,

6

Lemma 31. Suppose thatq= #$., for somet" T, . Then for all t; " T, , all
ch " Q21

(1) ", A+ " T." o', , "t %t

Proof. Both directions are by induction on the structure of the tree t;.
:) :
Base caset; = $.
In this case, it is not possible that (g, 1) " !'$'a, and so the implication holds
trivially.
Inductive case:t; = t?|y for somey " #.
In this case, (2,1) " ($-closurg " f})(q) for someqgy " Qq with either:

D g = (0¥ 1) for someg}®" Q.; or
D g, = (g% 0) for someg?" Qi,y =y, and (¢, 1) " $closurg((c’1)) for
somedy™ Q. with (g3%1) " X (a3 0)).
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In the Pbrst case, since @51) " !t%s , we have that of°" 3", for some
t%" t%%, t, by the inductive hypothesis. From the dePnition of Ay, we can
deduce that g, " ($-closure ' f))(c¥) and henceq " !t%|y"a,. Observe that
Ay " (ty) %t = t;%t, and so the choice of, = t}]y fulblls the requirements.

In the second case, sincesf 0) " t"'s, we have thatg}®" !t by Lem 30.
Since @71) " f§((6°0)), by the debnition of Aq we haveg)® q(q{? $, 0%
and sogy®® It°/°|t"A2 Furthermore, q( 2% $-closure(g}y’and soq, " It%| t"a
Observe thatt?|t " (g x) %x t = t; % t and so the choicet, = t¥|y fulblls the
requirements.

Inductive case:t; = t?| a[t¥for somea
In this case, (&, 1) " $-closurg((g*1)) for some g2¥** Q. with either:

D (%% " fa((og’ 1), (q%0)) for some oS g Q. with (qft1) " !t{"a, and
(cg70) " 134, ; or

D (g% " fa((qg’ 0), (6471)) for some o g¥* Q. with (g80) " !t{"a, and
(B72) " "1™k,

In the Prst case, by the inductive hypothesisg}®" 1t%'a, for somet%" t79t.
By Lem. 30, ¢?*”* 1t¥4,. By the dePnition of Aq, 2% f2(g2 ¥°and so
Qr% 112 a[tyfa, . Furthermore %" $c|osure(q§”’7"°/and soc " 1] altifta,.
Observe that t2| a[t}f®" (179%; t) | alt’f%% (t; | alt?ff % t and so the choice
to = t2] a[t?f%ulblls the requirements.

In the second case, by Lem. 30g3®" !'t%A,. By the inductive hypothesis,
Q% 1127  for somet?” 7%, t By the debnrtron of Aq, % f 2(0% o¥¥tand so
Q%% 1% a[t¥fts,. Furthermore, g " $-closure(g2*¥’and soaq, " 't%] a[tdf®a,.
Observe that t%| a[t2°" t%] a[t?s, t] % (t; | at?ff % t and so the choice
to = t%] a[t¥%ulblls the requirements.

* =: Suppose that there is a treet, such that ¢ " !t2"a, and to " t; % t.

Base caset; = $.

In this case,t; % t = / and so there is no sucht; and the implication holds
trivially.

Inductive case:t; = t¥|y for somey " #.

In this case, either:

Dty = t¥|y for somet®" t%%, t; or
Dy=yandt, = t?|t.

In the Prst case, it must be thatg, " ($-closure’ fJ)(a3) for somegl®" 1t%¥a
By the inductive hypothesis, (g5 1) " !t} . By the construction of A, we have
that (cp,1) " ($-closurg ' f¥)((621)) and so (@, 1) " !t7|y"a, = !t1"a,, @S
required.

In the second case, it must be thatg, " #%, () = (g for some ¢ "
1t¥4,. By Lem. 30, (% 0) " !t¥4 . By the construction of A4, we have that
(b, 1)" (% 0)) and so (@ 1) " 't?|x"a, = It1"a,, as required.

Inductive case:t; = t%| a[t¥ffor somea" "

In this case, either:

D t, = t¥| a[t¥f%or somet%" t%%, t; or
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b t, = t?| a[t¥%or somet2* t%%q t.

In the Prst case, it must be thatc, " $-closure (¥ for some}®”*f 2 (g3 o2?
for somegd®" 1t%"a,, gf* 1t¥4,. By the inductive hypothesis, (625 1) " 1t .
By Lem. 30, t370) " !t{¥} . Furthermore, (cf®) " f2((qf’ 1), (g}70)) and so
(o204 " 119 aftfra, . Also, (cp,1) " $-closurg((a)”)) and so (g, 1) " !t%|
a[tifa, = !t1"a,, as required.

In the second case, it must be that, " $-closure(g}®¥”for some g}*%%
f 205 e for somed™ 1t%a,, g2 1t3%4,. By Lem. 30, (q%10) " !t{"a,. By the
inductive hypothesis, (t574) " 194 . Furthermore, (g§®) " f&((c3%0), (V1))
and so @19 " 13| a[t}¥®s . Also, (g, 1) " $-closure((3*1)) and so (¢, 1) "
1t a[t}fa, = !t1"a,, as required.

6

Proposition 6.  The automaton debned in Def. 19 accepts the languadg % ,
Lo.

Proof.
t" Ly % , Lo
*) + tl,tg.tln L1 y tg“ LQ, tg“ tlo/q(t
b) ot te .ty Ly, " MR"A, s G Az, 2"t %t
N+ 0.9= A%, L Ft ety L, " Me"A, s " A, Mt Ot
# + 0.q= A%, , Fttp. " L, (D) A, s (1) Ag
# + 0.9= A%, , F 0", SALE T, A, S A
b) + 0.9= A%, ., 9" A
b + 9.9=1!1t"2, 9" A
) "t"A $A=/.
6

A.5 Decidability with Quantibers
The following lemma is assumed.
Lemma 32 (Duality of Freshness).

C,)FW.P A 4 x" #.x*c,) =) c)[ 20x]F P
Lemma 33 (Environment Extensionality). Forallc,), P,", x where' /"

dom()) and' /" fv (P),

C)EP 9 ¢)[ 20x]E P.
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Proof. The proof is by induction on the structure of the formula P. The majority
of cases are trivial: since /" fv (P), the criteria for the satifaction relation are
independent of whether' is bound in the environment. The only non-trivial case
is whenP = U(.P * since this deals with) . In this case:

c) EUCP®A + yy*c), c)l( 20yl P
(by swappingy andz) % + z.z*c,)[ 20x], c,)[( 20Z]F P*
(by inductive hypothesis) » + z*c,)[ 20x], c,)[ 20x][( 20z] F P*
#) c,)[ 20x]E W(.P %
6

We make use of the environment extensionality lemma extensively and often
implicitly.

Lemma 1 (Encoding Existential with Freshness). For all P,

+P 3 WP 'g (2(&A \Vi ()- P- \/ Pl ]
' #fv

(P $} "#iv (P)Y $}

Consequently, every formula can be rewritten to an equivalent formula that
contains no existential quantipers.

Proof. By environment extensionality, we assume without loss of generality that
dom() )= fv(P)\{"'}. Let

P%= Py (2(&A \/ () - P- \/ Pl 1

“#fv (P)Y $} “#iv (P)Y $)
=) : Suppose
c,) F+.P

and hence

+x.c,) [ 20x] E P.

We consider the possible cases fot.

If x*c,) thenc,) F W.P andsoc,) F W.P %

If x " range()) (and so x = ) (() for some () then c,) E P[(/' ] (by
induction). Hencec,) F W.P %

If x*) but x" fn(c) then for y *),c

c=cy/x] & x
cy/x],) [ 20ylF P

x) [ 20yl F 2@A \V  (  (sincex®) )
C#tv (POY $)



46 Cristiano Calcagno, Thomas Dinsdale-Young, and Philippa Gardner

SO

eI 20y]|=P'$(2<&A \/ ()
\ $}

“#fv (P)
" c.)[ 20y]F P*
" c,) Fu.p®

The three cases we have considered far cover all possibilities, and hence we
can conclude, as requiredg,) F W.P %
* =: Suppose

c,) Ewn.p®
and hence

+x.x*c,) , ¢,)[ 20x]E P”

One of the disjuncts of P”must be satisped; we consider the possible cases.
If

c)[ 20x]F P% (2(&A \/ ()
v $}

#fv (P)

then there exist c®and y with y *) such that

c=c®& y and
[ 20x]E P.

By swapping x and y, we see that

¢,)[ 20ylF P.

Hence
c,) F+.P.

If c,)[ 20x]E P thenc,) E +.P .

If ¢,)[ 20x] E P[(/' ] (where)(() = y) then ¢,)[! 20y] E P (by
induction on P). Hence,c,) F +.P .

In each case, we have that,) f +.P , as required. 6
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Lemma 2 (Prenex Normalisation).

47

The following logical equivalences hold.

an'.P 13 W.a[P] 1)
PHAW.P)Y3 W.P AP 2
W.P)IP®3 N.P |P”» (3)

P \.P)3WN.P¥* P 4)
w.p) . P*3u1.Pp ' P® (5)
PA T (W.PHY3S WP X (P,AIY (6)
MW.PYC . PEBBW. (P,Al')( . P® (7
P " W.PYSW.PH I (P,Al") (8)
W.PHY( PBBW. (P,AL'")( . P® 9)

VWP 3W. IP (10)

An.p 3 1. AP (1)
P (N.P)3 WN.P % P. (12)

Consequently, every+-free formula is equivalent to a formula in which all
quantibers appear at the head of the formula N theprenex normal form.

Proof. Fix c,).
Equivalence (1):
c,) E aW.P]
) + ™ Cy.c=alch, +y" #y*c”) , ¢®)[ 20y]E P
(fn (0) = fn (%)
) + y"#y*c) ,+ctc=ach, N[ 20y]F P

b c,) FW.alP]
Equivalence (2):
c,) EPYWN.P)

c,&" Cy.c=ci|C, ¢,) FP%
+y" #Hy*cy) , C&,)[ 20y]F P

A +

(swapping, sincefn (cz) %fn (c))

A + z"#.z*c,) ,+cC,6.C=¢C|Co,
c,)[ 20Z]F P*, c,)[ 20Z]F P
bl c,) EW.P |P®

The proof of (3) is symmetric to that of (2).
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Equivalence (4): Letx =) (().

c,) EP¥. (U.P)
*) + ClacQ" C#C: Cl& CQ, Cly) I: PO/O,
ty" #.y*ca) , C,)[ 20y]E P

(swapping, sincefn (c3) %fn (c))

A + z" #.z*c,) ,+C,C.Cc=¢C & G,
ci,)[ 20zZ]E P%, c,)[ 20z]F P
bl c,) EW.P%. P,

Equivalence (5): Letx =) (().

c,) F(n.p) . p*
’) + ClacQ" C#C: Cl&CQ, C2,) I:PO/O,
+y" #.y*cy,) , ¢,)[ 20y]F P

(swapping, sincefn (c;) %fn(c) 1{x} andy*) =) y=Xx)

A + z"#.z*c,) ,+c,6" Cyr.C=C & C,
c,)[ 20Z]F P, c,)[ 20z]F P*
) c,) Ewn.p . p%

Equivalence (6): Letx =) (().
c.)EPH T (WN.P)
) + €,6" Cs.o=Cc& ¢, ¢,) FP%
+ty" #y*cy,) , &,)[ 20y]F P
)+ &' Ci.g=c&c, c,) FP%
" H#y*) , c,)[ 20y]EP ALY

(swapping)
*) + z"#.z*c,)) ,+¢,00" Cy.co=C& Cy,
c,)[ 20Z]E P%, c,)[ 20z]E P,A!"
) c,) EW.P® I (P,AI").

Equivalence (7): Letx =) (().
c,) E(N.P)( . P*
b) + C,0" Cy.o=C& C1, C,) FP%
+y" #.y*cy,) , ¢,)[ 20y]F P
b) + ¢,0" Cs.x=C& ¢, &) FP”
+y" #.y*) , ¢,)[ 20y]EP,Al"
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(swapping)
#) + z"#.z*c,)) ,+¢,00" Cy.co=C& Cq,
c,) [ 20Z]E P”%, ¢,)[ 20zl P ,A!"
) c)EW. (P,Al")( . P%®

Equivalence (9): Letx =) (().

c)EPH T.P)
) + ¢,6" Ci.co=C & c, c,) FP%

ty" #.y*ca,) , C,)[ 20y]F P
) + €,0" Cy.;o=cr & ¢, ¢,) FP%

" #y*) ) 20y]EP ALY

(swapping)
b + z"#.2*C) ,+C,0" Cp.;=C & G,
c,)[ 20z]E P%, ,)[ 20z]E P ,A!"
b) c,) EW.P I (P,AI").

Equivalence (8): Letx =) (().

c,) E(N.P)Y( . P®
b, + €,0"Ci.a=C & C, &) EP%
+y" #.y*cy,) , c,)[ 20y]F P
b) + 0,0"Ch.e=C&C, &) EPY
" #y*) , o,)[ 20y]EP,A!"

(swapping)
# + z"#.z*c,)) ,+¢,0" Cy.Co=¢C & Co,
C,) [ 20z]E P”%, ¢,)[ 20z]E P ,A "
b) c,) EW.P I (P,A1").
Equivalence (11):
c,) F AN.P
) A (+y" #y*c) , c)[ 20ylEP)

&

4 z" #.z*c,) =) c¢,)[ 20z]E P
3 c,) FW. AP.
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Equivalence (12):

c,) EP% (N.P)

) c)FP,+ty"#y*c) , ¢)[ 20y]F P
) + y"#y*c) , c)[ 20y]F P® c,)[ 20y]FP
) c,) EW.P % P.
6
Lemma 2 (Deciding Satisbability). For all environments ), formulae P,

and hole variables' with ' /" dom() ),

+c" Cy4.c,) EUN.P
A+ y" #.y*) ,+c" Cs.c,)[ 20y]EP A"
94 y" #y*) =)+ c" Cy.c,)[ 20y]E P,A "

Proof.
+c" Cy4.C,) E WP
H+ c" Cy.4y" #.y*c,) , ¢)[ 20y]F P

4+ y" #y*) ,+c" Cs.c)[ 20y]EP, A"
4 y" #y*) =)+ c" Cu.c,)[ 20y]EP,AI".



