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Answer 3 out of 4 questions





Question 1


a	State the conditions for a stochastic process X = {Xt  | t ≥ 0} to be a continuous time Markov Chain and define its generator matrix A;


c	In a write-through cache coherency protocol for a two-processor shared memory system, a cache line may be in one of two states: (1) valid and (2) invalid.  State transitions occur from 2 to 1 on a local access to the line and from 1 to 2 on a remote write to the memory location corresponding to the data stored in it.  Assuming uniform memory access and that memory transactions are broadcast as independent Poisson processes via a bus at rate t on each processor, show that the generator matrix is


	A  =  � EQ \b\bc\((\a\co2\hs20(–(1–a)t/N,(1–a)t/N,t/n,–t/n))   �where a is the probability that a memory access is a write, n is the number of lines in each cache and N is the size of the whole memory in blocks equivalent to cache lines;


c	Instead of writing through on every write, memory could only be updated when a line is displaced, i.e on a local read miss.  Would this protocol affect A and why?








Question 2





A closed queueing network has M nodes {1,2,...,M} and population of K statistically identical tasks.  Node i has state-independent service rate mi and visitation rate which is proportional to (i.e. is a constant multiple of) mi (1≤i≤M).  Use Jackson’s theorem to show that:


a	Every state has the same equilibrium probability;


b	The number of feasible states of the network is  � EQ \f((M+K–1)!,(M–1)!\d\fo2()K!)  �;


c	The number of feasible states of the network with server 1 idle is


	� EQ \f((M+K–2)!,(M–2)!\d\fo2()K!)  �;


d	Hence that the utilisation of every server is  � EQ \f(K,M+K–1)  �.


�



Question 3


a	Show that the waiting time distribution in an equilibrium M/M/1 queue with first come first served queueing discipline, arrival rate l and service rate m is negative exponential with parameter m–l.  [You may assume that the sum of n+1 exponential random variables with parameter m has probability density function m[(mt)n/n!] e–mt  and that the equilibrium probability that the queue length is n is (1–r)rn where r=l/m.]  State any additional properties you require;


b	A cell in a cellular telephone network supports many radio telephones and has a central station with two channels on which each radio can transmit asynchronously.  Calls are made from the radios at an aggregate rate of 1 call per minute on average and their arrivals at the station may be assumed to be Poisson.  The length of a call is exponentially distributed with mean one minute.  Assuming that calls can transmit on any channel and queue in the station (without overflow) if all channels are busy, find the percentage of calls that have to queue for more than 1 minute.�[You may assume that an M/M/1 queue with service rate m and arrival rate l has negative exponential waiting time density with mean (m–l)–1.]











Question 4


a	Show how a closed queueing network can be described by an open one with one extra, artificial node with zero service times that interchanges tasks;


b	A closed queueing network has M nodes {1,2,...,M} and population of K statistically identical tasks.  Node i has state-independent service rate mi and the routing probability between nodes i and j is pij  (1≤i,j≤M).  Show that, in the corresponding open model, the average number of visits a task makes to node i is ei  which satisfies the equations e = e.p where  e = {e1,...,eM}, p = (pij | 1≤i,j≤M).  How is a unique vector e found?


c	 LetT be the throughput in the closed network along the arc chosen for the artificial node.  For 1≤i≤M, in a steady state, apply Little's result “L=lW” to find Wi, the mean time spent by a task at node i on a single visit, in terms of T, ei and Li, the mean queue length at node i.  Write down an expression for T as a function of the Wi and ei;


d	Suppose that node i has ample servers so there is no queueing; i.e. node i has “infinite server” (IS) queueing discipline.  What is the value of Wi?  If every node has IS discipline, give an algorithm for computing the network throughput T at population K.





