J Optim Theory Appl (2008) 136: 87-103
DOI 10.1007/s10957-007-9290-1

Convergence of an Interior Point Algorithm
for Continuous Minimax

B. Rustem - S. Zakovi¢ - P. Parpas

Published online: 15 November 2007
© Springer Science+Business Media, LLC 2007

Abstract We propose an algorithm for the constrained continuous minimax problem.
The algorithm uses a quasi-Newton search direction, based on subgradient informa-
tion, conditional on maximizers. The initial problem is transformed to an equivalent
equality constrained problem, where the logarithmic barrier function is used to ensure
feasibility. In the case of multiple maximizers, the algorithm adopts semi-infinite pro-
gramming iterations toward epiconvergence. Satisfaction of the equality constraints
is ensured by an adaptive quadratic penalty function. The algorithm is augmented by
a discrete minimax procedure to compute the semi-infinite programming steps and
ensure overall progress when required by the adaptive penalty procedure. Progress
toward the solution is maintained using merit functions.

Keywords Worst case analysis - Continuous minimax algorithms - Interior point
methods - Semi—infinite programming

1 Formulation of the Problem

In a companion paper [1] we propose an algorithm for the continuous minimax prob-
lem, we presented our motivation and discussed numerical results. In this paper, we
focus on the theoretical properties of the algorithm and establish its convergence. The
notation we use is identical with [1]. For ease of exposition we repeat some of the
basic definitions and concepts. Before we consider the convergence proof of the algo-
rithm we also give an outline of its basic steps. Readers interested in the motivation
and computational implementation and numerical performance of the algorithm are
referred to in [1].
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The problem we are concerned with is given by
minmax{f(x, y) [ g(x) =0, x = 0}. (1)
X yeY

The exact properties of the functions and sets involved are detailed below. For now it
is sufficient to say that f, and g are assumed to be differentiable, and ¥ compact. The
proposed algorithm combines semi-infinite programming with quasi-Newton search
directions. The latter direction is generated using subgradient information. We use
the interior point algorithmic framework and a merit function to enforce positivity of
the iterates and encourage feasibility.

The applications of the continuous minimax problem span many areas where op-
timization methods can be fruitfully applied. Details are given in [1]. Likewise, there
are many different solution methods for the problem. There exist algorithms that
are very efficient when the cardinality of Y is finite [2-5]. Efficient algorithms are
also available when f is convex in its first argument, and concave in its second (see
e.g. [6, 7]). The contribution of this paper is to propose an algorithm that is efficient
in the general case i.e. when Y is infinite, and when the convexity of f in x is not
assumed. Applications and solution algorithms for the continuous minimax problem
are reviewed in [1], see also [8—13].

The max function and the set of maximizers will be denoted by

P(x) = max f(x. ). Y) ={yeY | f(x,y)=dx).

The transformed minimax problem, for x > 0, is given by

minmax) f(x. )~ ) _log(x') [g(x) =0¢. 6
i=1

Consider the following augmented objective function:

Px.yicon) = fx.y) + 51815 — n ) logx)): 3)
i=1

the maximum of the preceding equation will be denoted by W (x; ¢, u),

W(x;c, u) =max P(x,y; c, ). 4
yeY

The basic idea behind the algorithm is to use the augmented objective function (3) and
generate a descent direction where the current incumbent can be improved in terms
of feasibility and reduction of the objective function. Despite the differentiability
of (3), its maximum may fail to be differentiable. For this reason a straightforward
application of Newton’s or other descent methods is impossible. In order to use a
descent-type method, we will need to work with the subdifferentials of both the max
and merit functions,

00 (x) =conv{V, f(x, ) [yeY)}= > B'Vef(x,y),
ye? (x),peB
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W (x; e, ) =conv{Vo P(x, yic, ) |y €YY= Y B'ViP(x,yic, ),
ye¥ (x),8eB

where B={p |}, B¥ =1, B¥ > 0}. Using Caratheodory’s theorem [14], a vec-
tor VW(x;c, ) € 0W(x;c, u) can be characterized with at most (n + 1) vectors
ViP(x,y;c, ) € 0¥ (x; c, u) so that

VU w = Y BVifE N +cVe® g —uX e, (5
ye¥ (x),BeB

where X ! is the diagonal matrix, defined as X - diag(xLl, xiz el %). Similarly,

we have V& (x) = Zye)?(x),ﬂelﬁ BYVy f(x,y). Working directly with the whole set
of maximizers at a given point is extremely difficult. For this reason we define the sets
Y; C Y sothat, Yo = {yo}, yi =argmaxycy f(x;,y), Yi=Y;1Uy;,i=12,....
A finite set of maximizers at the current point xy is denoted by

Y (xp) ={y € Yi| f (xk, y) = @ (xp) }-

Note that Y (xx) C Yi. The proposed algorithm works with Y (xx). This makes the
method more efficient numerically as the whole set of maximizers can not, in general,
be computed. The first-order conditions of problem (3) are given by

Vo) —puX le—Vg'(x)A=0;  g(x)=0,

where V,®(x) is a sub-gradient of ®(x) and its evaluation is considered in the next
section. Invoking the nonlinear transformation z = uX e yields

FT =[Vo(x) —z—Vg'(x)r, g(x), XZe — pe] =0, (6)

where F = F(x,A,z; ) and Z is the diagonal matrix Z = diag(z1, 22, ..., 2k)-
These equations represent the perturbed optimality conditions for problem (1). The
solution of the Newton system associated with (6) is given by

Axy = Q' Vgl Ay — Q@ g,

Ah =~V ' Vgl (8 — Vary hi),

Azp ==z +uX; e — X; ' ZiAxy, (7

where Q; = Hy + XI:IZk, and hy = VO (xy) — uX,:le — Vg Ak. Introducing two
new matrices My and P given by M; = ngQk_IVg,’(, Py =
- Q,:l \Y g,’{ M, v gi). Then, the first two equations of the system (7) can be written
as

Axp = =P (VO () — X, 'e) — @ Vel M g
A= =M (gr = Ve o).
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Hj is a positive definite approximation of the Hessian of the Lagrangian associ-
ated with (2).! Hy is approximated using the updating formula suggested by Pow-
ell [15]. Starting from an initial point wq, the algorithm generates a sequence {wg}:
Wi41 = Wi + o Awg. In order to maintain feasibility of wg 1, the algorithm needs to
ensure Xi+1, 2k+1 > 0. The algorithm generates a descent direction based on a sub—
gradient of ®(x) and an approximate Hessian. It uses a switching scheme between
a continuous minimax based interior point algorithm incorporating a minimum-
norm sub-gradient and a discrete minimax formulation appropriately incorporating
epigraphs to determine potential multiple maximizers. The overall iterative process
is in two stages: first, (2) is solved for u fixed. This is the inner iteration. Once (2) is
solved, u is reduced, convergence criteria are checked (outer iteration) and, if nec-
essary, another inner iteration is performed. We now turn to the delicate issue of
computing a descent direction for the max-function.
The quadratic approximation to P (x, y; ¢, it) in (3) at xi is given by

1
Pi(Ax, yi e, ) = P(xk. i € 1) + Ax Ve P sk yi ¢ ) + S |1 Axell gy (8)

In the presence of multiple maximizers, the computation of the subgradients of @ (x)
is a nontrivial matter. We consider two approaches for determining the 8’s in (5). In
the first, By is computed as follows:

ﬂk=argrglgg{mk<ﬁ>’( > ﬁyvxf<xk,y>+cng,igk—uxkle)

yeY (xx)
1 2
+ EIIAXk(ﬂ)IIHk . 9
For later reference, we define
T
F,f" = [ Z By Vo f Xk ¥) — 2k — Vx&ihks 8k Xk Zie — /w] . (10)

YEY (xx)

The second approach is given by: g = 1 for some y = yi41 € Y (xg) or B =0, Vy #
YVk+1, Y € Y (xx). Thus, Axx (1) corresponds to one element of S being unity and the
rest null. The choice of the corresponding maximizer is

_ 1
Vi1 = arg énya;x){Axka)f(Vf(xk, Y)+cVgrgr—uX; 1e)+5||Axk<1>||%,k}. (11)
y Xk

We therefore, consider two possible directions Aw(1) and Aw(Bx), depending on the
subgradient V& (x) used. The direction Aw(1) is easier to compute, as it does not
entail the solution of the quadratic programming problem (9). We define two charac-
terizations of V P (xg, ., ¢k, ). One corresponds to the maximizer yiy; responsible

IThis is a strong assumption that can be relaxed, for example, by considering the Hessian of the augmented
Lagrangian. We omit further discussion on this for brevity.
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for the worst-case descent direction and the other corresponds to multiple maximiz-
ers, y € Y (xx). These are given by

V P (X, Yk+1; ks 1) = Vi f (ks Yir1) + ek Vg () g (i) — ,U«X;:1€,

Y BVPyick )= Y BiVef O y) +aVen) g) — nX; .
yeY (xx) yeY (xk)

These two characterizations of VP (xg, ., ck, n) lead to two possible sub-gradient
choices for V& (x;) and VW (xg; ¢k, 1). The new maximizer yi is chosen as a max-
imizer of the following augmented quadratic approximation to W (x; c, ):

Vi1 = arg[:lé‘;({Pk(Axk(l)» yic, 1) —Cld () — f (e, y)TP.

But if there exists a C > 0 such that ®(xz) — f(xx, yk+1) = O ensures (11).
The two penalty parameters play an important role in the algorithm. By {(x.(u),
Ax(), 2+ (1))} we will denote the solution of the system in (6). The trajectory con-
taining the solution to the perturbed system is called the central path. As i approaches
zero, the path converges to the solution of the original system. A numerically efficient
procedure for the update of the barrier parameter p is suggested in [1]. For the the-
oretical properties of the algorithm, it is sufficient to have any sequence @ going to
Zero.

A much more subtle role in the algorithm is played by the penalty parameter c.
This will be briefly discussed next. For a more detailed discussion we refer the inter-
ested reader to [1].

The subgradient of W (x; c, 1) at the kth iteration is

VW, = VW (s ex, 1) = VO (k) + ck Vg gk — X e,

The direction Axy is a descent direction for W, at the current point x, if
_ 1
(VO (k) + ek Vegigr — X e, Axi) + | Axell7y, <0. (12)

Using the fact that the Newton system must satisfy V ng Axy = —gr, the directional
derivative Ax; VW (xy; ck, ) can be written as

ALV (s e, 1) = Axp V) — cillgell> — pAxp X e, (13)

where ¢y is the value of the penalty parameter at the beginning of the k-th iteration.
Since p is fixed we can deduce that if ¢ is large enough then the descent in (13) can
be achieved. When a single maximizer is present then descent can be assured by in-
creasing c. In the case of multiple maximizers the direction of the single maximizer
can be used as long as it ensures descent without an increase in c. When a single
maximizer cannot ensure descent, problem (9) is solved and a new sub-gradient, that
depends on all known maximizers, is computed. If this new direction is still not de-
scent, the value of c is increased. Thus, the direction Awy is given by

=1._ =1 .
—(VFTY TR i nmay = 1 or A (1) VW (i, ys1; ks ) <0,

Awyg =
—(VF,f)_lF,f, otherwise.
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Table 1 Choices for Vi ® (xg), Vi W (xg; cx, 1) with y € Y (xg)

Vi ®(xg) Awy Ve W (Xg; Ck, )
Vi f (k. Yer 1) Awg(1) = —(VFPR=N =L =t VP (X Vi1 Cho 1)
3y BV f (k. y) Awg(By) = —(VE[ )~ Ef 3y BV P (. v ko 1)

When Axy is not a descent direction for the merit function (4), and 0 < || g ||% < €g,
then x;41 and v are given by the solution of the following discrete minimax prob-
lem: minyex , maxyey (x){f(x, y)}. The value v is used in Step 2(a) of the algorithm.
At xj41, the new maximizer is computed as: Jx41 = argmaxyey f(xx+1,y). The al-
gorithm terminates if f(xx+1, Jk+1) < v. Otherwise the new maximizer is added to
the set of maximizers Yyy; = Yx U Jr41, and a new iteration is performed. These
two characterizations of V P (xg, ., ck, 1) lead to two possible sub-gradient choices
for V& (xx) and VW (xg; ck, ). These are summarized in Table 1 together with the
corresponding Awy. In the rest of this paper we ignore the argument 8 and use Awy,
except when distinguishing between Awy (1) and Awg (Bx). We now have all the de-
finitions and basic concepts required to state the algorithm.

Inner Iteration

Step O: Initialization Set B = 1, Axi(1) is used when there is a single maximizer or
descent is assured even in the presence of multiple maximizers.

Step 1(a): If || F (xk, Yk, Ak, 2k; ) |l2 < nu, inner iteration converged. Go to outer it-
eration.
Compute the descent direction if 8 =1 then

1
Vit =arg max {Axli(l)VxP(Xk,y;Ck,u)+EIIAXk(l)II%Ik},
y

(k)

Axy = Axp(1) and VO (xi) = Vi f(xx, yr+1) go to Step 1(c)

Step 1(b): If a single maximizer is not sufficient for progress, compute Axy(B)

1
ﬁk=arg%1§é{Axk(,3)t 3 ﬁyvxP<xk,y;ck,m+5||Axk<ﬂ>||%,k}
yeY (xx)

This implies the values V& (x) = ,BIifo(xk, y) and Axg = Axi(Br) which are
actually computed in Step 1(c)
Step 1(c): Interior point step

i
Bin—1 1B max . Xk i
Aw =—(VF F*, = min { — : Ax;, <0y,
k(B) =—(VE) " Fy Ok lsifn{Ax;{ Xg }

@y, = min{ya;™, 1}. (14)

Step 2(a)(i): Test for descent of the merit function Muym = Ax,’CVCDk —crllgr ||% —
u AxL X e + | Axi|3y, if (Moum > 0) and (0 < [|gkll3 < €;)); then,
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If descent condition is not satisfied, and c cannot be increased due to small || gk ||%,
generate new maximizer and Xy using semi-infinite programming step.
Step 2(a)(ii): Semi-infinite programming step,

X, =—arg min max X, v = min max X, ,
e =arg min max (£(x,y))v=min max (£ (x, )

Vw1 = argmax{f (xet1, )k
yeY

if f(Xg+1, Ykr1) < v, stop: the additional maximizer(s) yi+1 do not improve the
current function value, so X1 is the minimax solution. Go to Step 3

Step 2(b): if (Mpum < 0), then descent assured and cj remains unchanged otherwise
no decrease with Axy = Axyx (1) and nmax > 1, a new direction Axy(B) needs to be
computed if (nmax # 1) and (B = 1); then go to Step 1(b); otherwise, increase the
penalty parameter cy,

crrt =max{(Ax[ Vi@ — p! Axf X e+ 1 Axel 30 /Igkll3), ek + 8} (15)
Step 2(c): Compute w1, dy, = 6'ax, where i =min{0, 1,2, ...} such that

W (xg + 0ty AXks Chp 15 ) — W (k5 g1, @) < potag, Vi W (Xs g1, 1) Axg. (16)

If [l +oek Axl
[EAl

UB,i =max{2M ., (x,"{—i—axkAx,’;)z;;} aék =max{e>0:LB. < (x,’;+axkAx,i)(z}'c+
aAz) S UB). ax = min{l,minlf,-f,,{aék}}. oy = gk o = (g, 0, 007,)"
Wi1 = Wk + ek Awg. Jpy1 = argmaxyey f(xx41, y). If Yep1 € Vi, k=k + 1, go
to Step 2(a)(ii).

Step 3: Update the set of potential maximizers Yyy1 = Y U Yry1,k =k + 1, go to
Step 1(a).

< €01, then go to Step 2(a)(ii) LB,i = min{%mu, (x,i + ozxkAx;;)z};},

The outer iteration involves the reduction of u to zero, and termination checks for the
over problem.

2 Convergence Results

The semi-infinite programming steps in Step 2(a)(ii) of the algorithm provide a
safety-net for the method which tries to progress using descent steps if a sufficient
number of (multiple) maximizers are identified. The interior point approach looks
for new maximizers at each x4 assuming the merit function can be reduced. Semi-
infinite programming, solves the discrete minimax problem for the given set of dis-
crete maximizers. Convergence of the semi-infinite programming algorithm is based
on the discretization of (1), given by: minyex maxyey, { f (x, y)}, where Y} is some
finite subset of Y. Let Y denote all finite subsets of Y. At some &, Yo CY,xp € Xy,
the semi-infinite programming algorithm steps compute x4 and attempt to find a
y € Y such that: f(xx+1,y) > f(xk+1,), Vy € Yx. The semi-infinite algorithm can
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be expressed as a point to set mapping [16]. The search for a y can be viewed as:
B:XyxY — Y, where 8 is given by

Bxi, Vi) ={Yi U3} fxx,y) > fxx, y), Vy € Vi)

As before, we let Yi1 = Yx U Jrq1. Let Op(x) = max,ey, f(x,y) and let gf >0
indicate the neighborhood: {x € X | ®(xx) < ®(x), x € |lxx — x|| < &f}. The com-
putation of xj41, realized by minimizing & (x), can be defined as

a(B(xk, Yi)) - Yep1 — Xp x RT,

o(Yks1) = [x € X7 |is an €} local solution to min max f(x, y)}.
xeXyyeYr

Lemma 2.1 « o 8 is closed.

Proof The proof can be found in [17]. O

Lemma 2.2 Let x, Yy be accumulation points of the sequences {xi} and {Yy} gen-
erated by the algorithm. Then, x is a solution to (1).

Proof The proof can be found in [17]. O

In the rest of this section we focus on the basis that sufficient number of
maximizers are available and the algorithm is able to generate a descent direc-
tion. If descent cannot be assured and new maximizers are needed, the maximiz-
ers found so far are retained and utilized by the semi-infinite programming al-
gorithm. We show that, while the barrier parameter is fixed to a value u’, the
algorithm produces iterates wr(u) = G (), Ae(uh), ze(uh)), for k > 0, which
are bounded and converge to a point wy (') = (xx ('), s (i), 2+ (') such that:
1 F CGes (D), (1D, 2o (i) D) || = 0. In other words, we show that the inner itera-
tion, converges to a solution of the perturbed optimality conditions (6). For simplic-
ity we suppress the index [, and we use wy instead of wy (') to denote the iterates
produced while p = /.

Lemma 2.3 Ler f and g be differentiable functions and suppose that there exists
a small €5 > 0, such that gkl > €g. If Axy is calculated by (7) and cy11 is chosen
as in (15), then Axy is a descent direction for the merit function V at the current
point xi. Furthermore,

1 1
Axp V0 ciopt, 1) + 5 Ay, < =5 | Axellzy, <0. (17)

Proof Assume that Awy is given by Aw(1) and that we are using yx41 to determine
the search direction: yg4; = argmaxyey(xk){Ax,’(VxP(xk, ¥ Cky ) + %||Axk||%{k}.
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Then, it follows that: Axy(1)! VW (xg; i1, 1) = Axg (1) Vi f Gk, i) —crllgell3 —
wAx (1) X ,:] e. In Step 2, the algorithm initially checks the inequality

Ax(D)' Vi f G, i) — erllgel® = pAxe(D' X e + [ Axe (DI, 0. (18)

If (18) is satisfied, then by setting cx+1 = c; and rearranging (18), we obtain (17). On
the other hand, if (18) is not satisfied, by setting

i1 = max{(Axg (1) Ve f (X, yier1) — pAx (D' X e
+ 1 Axe D11,/ lgell®). ek + 8},

for § > 0, and substituting into (13), it can be verified that (17) also holds. If npax > 1,
when Awy is given by Aw(8), we have

Axi (B VW (i ¢, 1) + | Axe (B I,

, 1 1
= max Akak)’(% BV P (x, y)) + S 1 AxBO I, + S Ax (Bl

1 1
< ngx{Axk(ﬂy)’ (ﬂZ BV, P (x, y)) +5 ||Axk(ﬂy>||%1k} + 5 1A% B I,

1 1
= {Akak)’(% B Vi P (x, y)) - EnAxk(ﬁk)u%,k} + 5 A% Bl

= Axk(ﬂk)t( > BiVef (i y)) —cllexlls

yeY (xx)
— nAx (B X e + | Axk (BO I,
= Axi(B) VO (xp) — cillglls — nAxe (B X e + | Axk (B 13y, -

where By is obtained solving (9). In Step 2, the algorithm checks the inequality
Axi(B) Ve ®(xr) — cllgrl* — nAxi (B Xi e + | Axe (B, <0. (19)

If (19) is satisfied then by setting cx+1 = ¢ and rearranging (19), we obtain (17). On
the other hand, if (19) is not satisfied, by setting

Axi(Br) Vi @ (xx) — ,U«Axk(,Bk)tX/:le + ||Axk(,3k)||%1k }
s+t

Chktl = max{
llgx I

for § > 0, and substituting into (13), it can be verified that (17) also holds. O

In the previous lemma it is assumed that ||gx > > €g. The next lemma demon-
strates that Ax; remains a descent direction for the merit function ¥ when g =0,
i.e., when feasibility of the equality constraints has been achieved.
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Lemma 2.4 Let f and g be differentiable functions and let Awy = (Axy, Ak, Azk)
be the Newton direction taken by solving system (7). If for some or all iterations k,
gr =0, then the descent property (17) is satisfied for any choice of the penalty para-
meter ci € [0, 00).

Proof 1f g =0, then (8) yields
A =M'"VaQ g Axg =P ' VoW (20)

From the fact that x; and z; are strictly positive and assuming that the second or-
der sufficiency condition for optimality is satisfied at the solution point, we have
Ax{ Hi Axg < Ax(Hy + X' Zi) Axg.. Now, for g =0, we have

AxpVW (i ¢, ) + ([ Axellgy, < AxEVE (s e, i) + | Axe g,

= —VU'PQ 'V + VU P VI =0.

Therefore, Ax,ﬁVlI/(xk; c, )+ % || Axg ”%‘Ik <- % | Axg ”%1/(’ which establishes the de-

scent property (17). (]

Lemma 2.5 Let the assumptions of the previous lemma hold and let g = 0, for
some k. Then, the algorithm chooses cxy1 = ci in Step 2. Also, Axy is still a descent
direction for the max of merit function ¥ at xy.

Proof In the previous lemma it was proved that the descent property (17) is satisfied
for gr = 0. This basically means that the condition in Step 2 of the algorithm is
always satisfied. Consequently, the algorithm does not need to increase the value
of the penalty parameter and simply sets cx4+1 = cx. For this choice of the penalty
parameter it can be verified that the descent property (17) still holds. (]

Lemma 2.6 Let f and g be continuously differentiable functions and Ax;V ® (x;) —
,qu,’(Xk_le + ||Axk||%1k < M* < c0. Then, for u fixed:

(i) there exists a constant cxy1 > 0, satisfying Step 2 the algorithm;
ii) assuming that the sequence {xi} is bounded away from zero, ci is increased
8 q y
finitely often, then there exist an integer k* > 0 and c* € [0, 00) such that ¢y =
c* forall k > k*.

Remark 2.1 In the preceding lemma we assume that the sequence x; is bounded.
Similarly, El-Bakry et al. in [18] define the following set:

O(e) = {w | € < IIF (xk, Ak, 2k 0) 15 < IIF (x0, Ao, 203 0)[3).
The sequence {MXk_le} converges to zx at the end of the inner iteration. It is then
shown, in Lemma 6.1 of [18] that if wy C ®(¢), then the iteration sequence wy is

bounded above and in addition {(zk, x¢)} is componentwise bounded away from zero.
This is used in the following proof.
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Proof of Lemma 2.6 Part (i) is a direct consequence of Lemmas 2.3-2.5, since a
finite value cx is always generated, in step 2. Part (ii) will be shown by contradic-
tion. Assume that ¢y — oo as k — oo. From the way ¢4 is defined in Step 2 we
can deduce that, if ¢; — oo, then | gx||> — 0. Thus, there exists an integer k| such
that for all k > k; we have: 0 < | g||* < €g. However, in the case 0 < gkl < €g,
the algorithm stops increasing the penalty parameter since it switches to a proce-
dure to generate more maximizers. Therefore the maximum value that c; can take
is: ¢y = ¢k, = M* /ey < 0o where M* and €, are finite values. This contradicts our
assumption that ¢y — 0o as k — co. Hence the penalty parameter does not increase
indefinitely, that is, there exists an integer k, > 0 such that for all £ > k,, we have
Cr < 00. O

The basic result of Lemmas 2.3 to 2.6 is that the direction Axg, generated by (7),
is a descent direction for the merit function W at the current point xi, that is in-
equality (17) holds. In the next theorem we show that the sequence {W (xk; c4, 1)}
generated by the interior point section of the algorithm is monotonically decreasing
for barrier parameter u fixed. It is assumed that at most (n + 1) maximizers are iden-
tified through the epi-convergent procedure in Step 2. We also show that the step oy,
chosen by the Armijo step size strategy in Step 2 is always positive.

Lemma 2.7 Consider the quadratic approximation (8) to P(x, y;c, ) in (3) at xy.
We note that, for oy € [0, 1],

max P (xg + o Axg, y; ¢, u) = max P (xp + ax Axg, y; ¢, (),
yey yeY (xx+ak Axy)

max P (0) = max P(xg,y;c,m) =
e

max P(xg,y;c, n),
yeY(xx) y €Y (xx)

y

and due to continuity, for ay > 0 sufficiently small,

max Py (o Axy, y; cx, ) < max  Pr(ag Axg, y; Cx, 4)- (2D
yeY (xg+ax Axy) yveY (xg)

Proof The above equalities follow by definition of Y, Y (xx) and Py. Inequality (21)
follows trivially if Y (xx) 2 Y (xx + ax Axg), Vo > 0. Otherwise, consider the semi-
infinite setting of: minyex, {7 | f(x,y) <t Vy € Y}. Where we have f(xx,y) =7
ify € Y(xx), or f(xr,y) < t otherwise. Let t(«) be the solution of the problem:
ming {7 (o) | f(xx +¢Axg, y) — t() <0, Vy € Y}. At xg, y € Y (xg), moving from
xy along Axg, yields t(«) such that, by continuity of f(x,y): f(xx + aAxg,y) =
t(a)if y € Y (xx),and f(xx +aAxg, y) < t(a) otherwise. Hence, there exists ax > 0
such that Y (xz) 2 Y (xp + ax Axy). [l

We observe that o > 0 sufficiently large may lead to the case Y (xx + ox Axg) g
Y (xr). Nevertheless, for o > 0 sufficiently small, the required result is as-
sured. Practical applications also support this. It is also possible to compute
maxycy Px(ox Axg, y; cx, 1), to define W (xx41; cx, ). However, this involves ad-
ditional computation.
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Theorem 2.1 Assume that:

(i) fand g are twice continuously differentiable;
(i1) the approximate Hessian matrix Hy is positive definite and bounded,
(i1) for each iteration k, there exists a solution to the Newton system (7);
(iv) there exists an iteration ky, small €, > 0, || gk 1% ¢ (0, €g) and a scalar ¢, >
0 (cx = ¢ * (eg)) such that

1 1
Axp VW (s 0 1) + 5 1Al < =5 1 Axell

is satisfied for all k > ks with ¢ () = c4(€g).

Then, the stepsize computed in (14-16) is such that oy € (0, 1] and the sequence
{W (xx; cx, )} is monotonically decreasing for k > k, and | fixed.

Proof Consider the case when the direction Awy is given by Awg (1) in Table 1.
Note that

WXkt 15 Cxs ) = m:l;({P(ka Vs Cxy (1))
y

=maX{ Z ﬁyP(XkH,y;c*,M)}. (22)

e S T
The second order expansion of P (x, y; ¢, n) with respect to x yields

P(xp +oarAxi, y; cx, 10)
= P(xk, ¥; Cos 1) + g Vi P(Xk, 5 €y 1) Ay

1
+af/ (1 — ) AXL(VZP (xp + tag Axy, y; ¢4, 1) + Hi — Hi) Axpdt)). (23)
0

Using Py (Axk, y; c«, i) given by (8), we evaluate the maximum on both sides of (23)
with respect to y € Y. Noting xx41 = xr + o Axg, we have

1
W (k15 0 1) < max{ P(@x Ax, i €, 10} +a£¢k§nAxkn§,
y

1
o = ma;g{f (11— t)Ax,’((V%P(xk + tag Axg, y; Cx, L) — Hk)Axkdt}. 24)
ye 0

Using (21) in Lemma 2.7, we have

max{ P (o Axg, ¥; cx, )} = max {Pr(ax Axk, y; Cx, 0)}
yey yeY (xx+oax Axy)
< max {Pr(ogAxg, y;cs, W)} (25)
YeY (xx)

As the first term on the right in (25) is a convex function, we have
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max {Pr(axAxg, y; Cx, 1)}
yEY (i)

<akyg}%x {Pr(Axy, y,c*,u)}Jr(l—ak) max {Pk(O Vi Cx, (1)}
k

=oa max {Pi(Axg, y,c*,u)}+(1—ak) ‘max {P(xk,y;c*,u)}
yveY (xg) veY (xx

= max {(P(-xk yvc*s M)}
yeY (xg)

+ak( max {Py(Axg,y; ¢y, p)} — max {P(Xk,y;c*,u)})
yevY (xx) yeY (xx)

< max {(P(xg,y; C*,M)}‘i‘ak( max {P(xg, y; ¢, )}
yeY (xx) €Y (xx)

1
+ max {AxthP(xk,y;C*,,U«)-i-—||Axk||12qk}
yevY (xp) 2

— max {P(xk yvc*s M)})
yeY(xg)

1
= max {(P(xx, y; ¢, n)} +x max {Ax’VxP(Xk,y;c*,u)Jr—IIAkuI?{k},
yeY (x) yeY (xx) 2

where the last inequality is due to taking the maximum of each subcomponent on the
right. Thus, using (24), we have

1
W (X415 Cor 1) < WK €, ) + 0 max {Ax’VxP(xk,y;c*,u)Jr —IIAkuI?{k}
YEY (x0) 2

+ o i | Axill3- (26)

Consider the choice of Axy(1), yk+1. By Lemmas 2.3 and 2.4, Axx (1), yk41 in (11)
are chosen to ensure the inequality

! ( ) ! ” HZH = ! ” ”2 = /” ||2 ( )
max { Ax Vi P(xg,y;cy, u)+ Ax Ax AXx 27
yveY (xg) X ks Y Cx 2 k k ) k Hy ) k

as established in Lemmas 2.3 and 2.4. From assumption (ii), we have: ||Axk||% <

”17Ax,’<Hk Axy, and from Lemmas 2.3 and 2.4, Ax] Hy Axy < —Axg VW (xg; cx, J1).
Thus, (24) may be expressed as

W (Xt 15 Cos ) < W (k5 €y ) + g Ax VU (X5 €y )
1
+ SR I Akl + ol Axil3.

Computing 8, by Lemmas 2.3 and 2.4, Axx(Br) and B¢ in (9) are also chosen to
ensure (27). For ,B,f chosen as By = arg maxﬁEB{Ax,’( Zyey(m BV P(xg,y;c, 0)+
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%H Axg ”%'Ik }, we have the corresponding directional derivative

Ax VW (xg; s, ) = Axy, Z ﬂ,‘:'VxP(xk, Vi Cuy ).
yeY (xx)

From (24), we have

W (k15 G 1) < WOks oo i) F kDXL Y By Vi Pk, Y5 G, )
YEY (xx)

1
+ S I Axk Ty + ol Axil3. (28)
From assumption (ii) and Lemmas 2.3 and 2.4, we also have
2 1 t t t
lAxillz < — Axy Hy Axg; Axp Hi Axp < —Ax, VW (xg; cx, ).
m

Thus, using Lemmas 2.3 to 2.6, (26) and (28) can be written as

2m’

m’ + 2¢y
W (Xt 15 Coey 1) — W (k5 Coy 1) <k AXE VW (x5 Ce u)(l - aki)- (29)

The scalar p in Armijo’s rule (16) determines a steplength «y, such that

m’+2¢k 1
pl-oy— =5

From Lemmas 2.3 to 2.6 we always have that Ax,’(V\IJ(xk; Cay ) < —||Axg ||12le <0,

there must exist ay, € (0, 1] to ensure (29) and Armijo’s rule. Let o be the largest
such number. Consequently, for every a < «® Armijo’s rule and (29) are also satis-
fied. Therefore, step-length o, € [,Bao, aO] is selected, where 0 < 8 < 1. From all

the said it follows that the sequence W (xx; ¢4, ) is monotonically decreasing. [

The direct consequence of the above theorem is that the sequence {x;} is bounded
away from zero, which is established in the following corollary.

Corollary 2.1 The sequence {xi} of primal variables generated by the algorithm,
with | fixed, is bounded away from zero.

Proof Assume to the contrary that the sequence {x;} — 0. Then {— ZLI log(xi )} —
oo. From the assumption that the feasible region is bounded, we conclude that the se-
quences { f (xx)} and {||g(xx) ||} are also bounded. Hence, {W (xx; cx, )} — oo which
contradicts the monotonic decrease of W. O

The following lemma, proved by Yamashita in [19], shows that the dual stepsize
rule, used by the algorithm, generates iterates z; which are also bounded above and

away from zero.
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Lemma 2.8 While w is fixed, the lower bounds LB,i and the upper bounds U B!,
i=1,2,...,n, of the box constraints in the dual step size rule, are bounded away
from zero and bounded from above respectively, if the corresponding components x,i,
of the iterates xi are also bounded above and away from zero.

Proof The proof can be found in [19]. O

Having established that the sequences of iterates {x;} and {zx} are bounded above
and away from zero, it can further be shown that the iterates {yx}, kK > 0 are also
bounded.

Lemma 2.9 Let wy is a sequence of vectors generated by the algorithm for | fixed.
Then, the sequence of vectors {(Axg, yx + Ayk, Azk)} is bounded.

Proof The proof can be found in [20]. O

Lemma 2.10 below establishes the results required in Theorem 2, to demonstrate
the convergence of the sequence {wy} to wy = (X, Y«, 2x), satisfying the first order
necessary conditions of optimality for (2).

Lemma 2.10 Let the assumptions of the previous theorem hold and the barrier para-
meter | is fixed. Assume also that, for some iteration ko, the level set S = {x € Ri :
W(x; ey, ) < W(Xpos; Cx, )} is compact. Then, for all k > ko, we have

. -1
Jim max Axp ; )(ﬂvxf<xk,y>+cvg,igk — X le)=0. (30)
y Xk

Proof The scalar p € (0,1/2) in the stepsize strategy at step 2, determines oy such
that p <1 — ok (0.5 + ¢ /m’) < 2, and by solving for a,; we obtain

1/2 1-p
12+ ejm’ — =10t g’

Hence, the largest value that the step-length o, can take and still satisfy Armijo’s
rule in step 2 is agk = min{l, m}. Recall that the step-length o, is chosen
by reducing the maximum allowable step-length &, until Armijo’s rule is satisfied.
Therefore oy, € [,Bagk, agk] and thereby also satisfies Armijo’s rule. As the aug-
mented objective function P(x, y; c, n) is twice continuously differentiable and the
level set S; is bounded, there exists a scalar M < oo such that

¢k—/ (I—1) Z B V2P (xp + taxk Axy, ¥; ¢k, ) — Hi dt<M<OO
yeY(xx)
Thus, we always have oy > & > 0, where @, = min{l, W} Hence the

step size oy, is always bounded away from zero. Furthermore, from Armijo’s rule
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and Lemmas 2.3 and 2.6 we have

W (X135 Cxs ) — W (k5 0o, ) < pak VW (Xk5 €, (1)

= max Axj, Z BV P(x,y;ce, 1) <0.  (31)
BeB
yeY(xk)

From our assumption that the level set S is bounded, it can be deduced that
Hm W (xgpr; e, ) — W(Xk; e, )] =0.
k—o00

Consequently, from (31)

li Ax! Vi P(xk, y; cx, =0.
i (pmmagast 32 g9crt i)
yeY (xx)

Finally, since p, oy > 0, it can be deduced that (30) holds. O

A consequence of the above is that, under the same assumptions, the following
holds:

: 2
lim || Axgl|3, = 0.
k— o0

Theorem 2.2 Let the assumptions of the previous theorem hold. Then, the algorithm
terminates at a point satisfying the first-order necessary conditions of problem (2)
and at that point the perturbed conditions (6) are satisfied for u fixed.

Proof Let limj—, oo (xk, Ak, 2k) = (X (), Ax (1), 25(1)), Vk = ki, k € K S {1,2,...}.
The existence of such points is ensured since by Lemmas 2.8 and 2.9, the sequence
{(ex (w), ye(m), zk(w))} is bounded for w fixed, and by Theorem 2.1 the algorithm
always decreases the merit function W sufficiently at each iteration, thereby ensuring
xi € S, with S compact. First we show that for k sufficiently large the dual step oy,
becomes unity. To this end, we need to show the following:

. -1 _
klinolo llzk + Az — MXk+1e|| =0.
From (7), we have
lzk + Aze — n Xt yell < UX ' Zell Axell + wl Xt = Xl el (32)
Furthermore, we have [ X; ' — X[ 12 < nmaxi<i<u (2, (Ax))?)/((x)*(x, )?).

Since o, € (0, 1] and (Ax,i)2 < || Axg ||2, using the previous theorem yields

. Ax]?
||2 <n lim max | |

lim | X! — x;] e
k k+1 {
k— 00 k—oo 1<i<n (xllc)z()c;{_"_l)2

Therefore, (32) holds and zxy+; = zx + Azx for k sufficiently large. The comple-
mentarity condition becomes Xyi1Zxt+1 = Xk+1X,:1(—ZkAxk + we). Using the
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fact limg_, oo Axy = 0, we can derive that: limg_, Xk+1Xk_1 = [. Letting k — o0
yields limg—, oo Xi+12k+1 = Xs(1)z () = pe. From (7), it follows that g(x,(w)) =
limg—s o0 g(xx) = limg_ o Vgr Axgx = 0. Finally, the first equation of the Newton sys-
tem (7) gives V&, — Vg,’()»kH — MXk_le = —(Hy + Xk_le)Axk. Letting k — oo,
the above equation becomes limg_, o || V®P; — Vg]t()\,k+] — ;LXk_leH = 0. From the
assumptions that the functions f and g have continuous gradients and Vg,’( has
full column rank, the above equation becomes limi_ oo [|V®i41 — Vg,’c L1k —

mX ! el =0, 0r VO (xa(1)) — V() ha (1) — pXu() e = 0. O
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