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Abstract We generalize a smoothing algorithm for finite min–max to finite min–
max–min problems. We apply a smoothing technique twice, once to eliminate the inner
min operator and once to eliminate the max operator. In mini–max problems, where
only the max operator is eliminated, the approximation function is decreasing with res-
pect to the smoothing parameter. Such a property is convenient to establish algorithm
convergence, but it does not hold when both operators are eliminated. To maintain
the desired property, an additional term is added to the approximation. We establish
convergence of a steepest descent algorithm and provide a numerical example.

1 Introduction

We propose an algorithm for the finite min–max–min problem

min
x∈Rn

�(x) = max
i∈I

min
j∈J

fi, j (x)

with finite sets I, J and continuously differentiable functions fi, j with bounded first
derivatives for all i ∈ I, j ∈ J .

The min–max–min problem has applications in multiple fields including computer
aided design [1], facility location [2] and civil engineering [3].
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To tackle the problem, we generalize the smoothing technique described in [3–7],
which approximates a max function

max
i

gi (x)

with the smooth approximation

log

(∑
i

exp(εgi (x))

)
/ε.

The same idea, where in this case the maximization is over an interval and an
integral appears in place of the summation, appears in the laplace method, that studies
the asymptotic behavior of integrals [8]. In the context of optimization, it has been used
in convergence proofs of simulated annealing methods [9] to describe a distribution
over the state space of solutions that converges to the global optimum as the parameter
ε increases [10].

This smoothing technique has been used to solve the minimax problem in [5–7] by
transforming it into a smooth minimization problem. In [7] an adaptive method for the
update of the parameter ε is used which provides robustness in view of potential ill-
conditioning problems. Furthermore, the same technique has been used to transform
the min–max–min problem to minimax problems [3], which are solved with a different
method.

In Sect. 2 we extend this methodology to eliminate both the inner minimization and
the maximization operands and reduce the min–max–min problem to the minimization
of a smooth function and in Sect. 3 we provide a steepest descent algorithm of the
approximation function and we show that it converges to a point that satisfies a first
order optimality condition for the original min–max–min problem. In Sect. 4 we
provide a computational example.

2 Smoothing of max–min functions

Proposition 2.1 provides a smooth approximation of maxi∈I min j∈J fi, j (x).

Proposition 2.1 Let

�(x) = max
i∈I

min
j∈J

fi, j (x) (1)

Let MI = |I |, MJ = |J | and εI > 0, εJ < 0. Then

�(x) + ln(MJ )

εJ
≤ 1

εI
ln

⎡
⎢⎣∑

i∈I

⎡
⎣∑

j∈J

exp(εJ fi, j (x))

⎤
⎦

εI
εJ

⎤
⎥⎦ ≤ �(x) + ln(MI )

εI
.
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Proof Let

�i (x) = min
j

fi, j (x).

Then

�i ≤ fi, j , ∀i ∈ I, j ∈ J,

exp(εJ �i ) ≤
∑
j∈J

exp(εJ fi, j ) ≤ MJ exp(εJ �i ), ∀i ∈ I,

εJ �i ≤ ln

⎛
⎝∑

j∈J

exp(εJ fi, j )

⎞
⎠≤ ln(MJ )+εJ �i , ∀i ∈ I,

�i + 1

εJ
ln(MJ ) ≤ 1

εJ
ln

⎛
⎝∑

j∈J

exp(εJ fi, j )

⎞
⎠ ≤ �i , ∀i ∈ I,

εI �i + εI

εJ
ln(MJ ) ≤ ln

⎛
⎜⎝
⎡
⎣∑

j∈J

exp
(
εJ fi, j

)⎤⎦
εI
εJ

⎞
⎟⎠ ≤ εI �i , ∀i ∈ I,

M
εI
εJ
J · exp(εI �i ) ≤

⎡
⎣∑

j∈J

exp(εJ f )

⎤
⎦

εI
εJ

≤ exp(εI �i ), ∀i ∈ I,

ln

(∑
i∈I

exp(εI �i )

)
+ εI

εJ
ln(MJ ) ≤ ln

⎛
⎜⎝∑

i∈I

⎡
⎣∑

j∈J

exp(εJ fi, j )

⎤
⎦

εI
εJ

⎞
⎟⎠

≤ ln

(∑
i∈I

exp(εI �i )

)
. (2)

We have

� = max
i

�i

exp(εI �) ≤
∑
i∈I

exp(εI �i ) ≤ MI exp(εI �)

εI � ≤ ln

(∑
i∈I

exp(εI �i )

)
≤ ln(MI ) + εI �. (3)
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From (2,3), we have

ln(MI ) + εI � ≥ ln

(∑
i∈I

exp(εI �i )

)

≥ ln

⎛
⎜⎝∑

i∈I

⎡
⎣∑

j∈J

exp(εJ f )

⎤
⎦

εI
εJ

⎞
⎟⎠

≥ ln

(∑
i∈I

exp(εI �i )

)
+ ε1

εJ
ln(MJ )

≥ εI � + ε1

εJ
ln(MJ )

� + 1

εJ
ln(MJ ) ≤ 1

εI
ln

⎛
⎜⎝∑

i∈I

⎡
⎣∑

j∈J

exp(εJ f )

⎤
⎦

εI
εJ

⎞
⎟⎠ ≤ 1

εI
ln(MI ) + �

��

Set

�εI ,εJ (x) = 1

εI
ln

⎛
⎜⎝∑

i∈I

⎡
⎣∑

j∈J

exp(εJ f (x))

⎤
⎦

εI
εJ

⎞
⎟⎠

It is shown in [5] that the convergence of the approximation method described in
the Introduction is monotonic. Proposition 2.2 shows that this is not the case when we
eliminate both operands.

Proposition 2.2 For εJ2 < εJ1 < 0,

�εI ,εJ1
(x) < �εI ,εJ2

(x),

and for εI2 > εI1 > 0,

�α(x, εI1 , εJ ) > �α(x, εI2 , εJ ).

Proof Let gi (x, εJ ) =
[∑

j∈J exp(εJ fi, j (x))
] 1

εJ > 0.
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gi (x, εJ2)

gi (x, εJ1)
=
[∑

j∈J exp(εJ2 fi, j (x))
] 1

εJ2

[∑
j∈J exp(εJ1 fi, j (x))

] 1
εJ1

=

⎡
⎢⎢⎣

∑
j∈J exp(εJ2 fi, j (x))[∑

j∈J exp(εJ1 fi, j (x))
] εJ2

εJ1

⎤
⎥⎥⎦

1
εJ2

=
⎡
⎣∑

j∈J

[
exp(εJ1 fi, j (x))∑

k∈J exp(εJ1 fi,k(x))

] εJ2
εJ1

⎤
⎦

1
εJ2

.

Since

εJ2

εJ1

> 1,
exp(εJ1 fi, j (x))∑

k∈J exp(εJ1 fi,k(x))
< 1 and εJ2 < 0,

we have

gi (x, εJ2)

gi (x, εJ1)
≥
⎡
⎣∑

j∈J

exp(εJ1 fi, j (x))∑
k∈J exp(εJ1 fi,k(x))

⎤
⎦

1
εJ2

= 1.

Therefore

gi (x, εJ2) ≥ gi (x, εJ1)

1

εI
ln

(∑
i∈I

gi (x, εJ2)
εI

)
≥ 1

εI
ln

(∑
i∈I

gi (x, εJ1)
εI

)

�εI ,εJ2
(x) ≥ �εI ,εJ1

(x).

For the second part we have

[∑
i∈I gi (x, εJ )εI2

] 1
εI2[∑

i∈I gi (x, εJ )εI1
] 1

εI1

=
⎡
⎢⎣

∑
i∈I gi (x, εJ )εI2

[∑
i∈I gi (x, εJ )εI1

] εI2
εI1

⎤
⎥⎦

1
εI2

=
⎡
⎢⎣
∑

i∈I gi (x, εJ )εI1

εI2
εI1

[∑
i∈I gi (x, εJ )εI1

] εI2
εI1

⎤
⎥⎦

1
εI2

≤ 1.
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Therefore

[∑
i∈I

gi (x, εJ )εI2

] 1
εI2 ≤

[∑
i∈I

gi (x, εJ )εI1

] 1
εI1

ln

⎛
⎝[∑

i∈I

gi (x, εJ )εI2

] 1
εI2

⎞
⎠ ≤ ln

⎛
⎝[∑

i∈I

gi (x, εJ )εI1

] 1
εI1

⎞
⎠

�εI2 ,εJ (x) ≤ �εI1 ,εJ (x).

��
We see that when we increase |εI |, �εI ,εJ decreases and when we increase |εJ |,

�εI ,εJ increases. In order to prove convergence of the local optimization algorithm it
would be convenient if the approximation function was decreasing with both |εI |
and |εJ |. Consider the alternative approximation function

�
′
εI ,εJ

(x) = �εI ,εJ (x) − ln(MJ )

εJ
.

It is obvious that �
′
εI ,εJ

decreases as |εI | increases. Next we examine what happens
when we increase |εJ |.
Lemma 2.3 For all b > 1, 0 ≤ ai ≤ 1, we have

(
1

1 +∑m−1
i=1 ai

)b

+
m−1∑
i=1

(
ai

1 +∑m−1
k=1 ak

)b

≥ m1−b.

Proof Let

f (a1, a2, . . . , am−1) = 1 +
m−1∑
i=1

ab
i − m1−b

(
1 +

m−1∑
i=1

ai

)b

, 0 ≤ ai ≤ 1.

The set {(a1, . . . , am−1)|0 ≤ ai ≤ 1} is closed and bounded and therefore, f has a
global minimum a∗.

The partial derivatives of f are

∂ f

∂a j
= bab−1

j − m1−bb

(
1 +

m−1∑
i=1

ai

)b−1

.

Since

∂ f (a1, . . . , a j = 0, . . . , am−1)

∂a j
< 0
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a∗
i is strictly positive for all i . Solving the system

∂ f

∂a j
= 0, ∀ j = 1, . . . , m − 1,

we obtain the unique solution a j = 1 for all j . Since this boundary point is the only
stationary point and there is no other boundary point eligible for a global minimum,
we have a∗

j = 1 for all j .
As a result we obtain

f (a1, . . . , am−1) ≥ f (1, 1, . . . , 1) = 1 + m − 1 − m1−bmb = 0.

Dividing by
(

1 +∑m−1
i=1 ai

)b
and re-arranging, we have

(
1

1 +∑m−1
i=1 ai

)b

+
m−1∑
i=1

(
ai

1 +∑m−1
k=1 ak

)b

≥ m1−b.

��
Proposition 2.4

�
′
εI ,εJ1

(x) ≥ �
′
εI ,εJ2

(x)

for εJ2 < εJ1 < 0.

Proof Let g′
i (x, εJ ) =

[∑
j∈J exp(εJ fi, j (x))

] 1
εJ M

−1
e j

J > 0.

g′
i (x, εJ2)

g′
i (x, εJ1)

=
[∑

j∈J exp(εJ2 fi, j (x))
] 1

εJ2

[∑
j∈J exp(εJ1 fi, j (x))

] 1
εJ1

M
1

εJ1
J

M
1

εJ2
J

=

⎡
⎢⎢⎣

∑
j∈J exp(εJ2 fi, j (x))[∑

j∈J exp(εJ1 fi, j (x))
] εJ2

εJ1

⎤
⎥⎥⎦

1
εJ2

M
1

εJ1
J

M
1

εJ2
J

=
⎡
⎣∑

j∈J

[
exp(εJ1 fi, j (x))∑

k∈J exp(εJ1 fi,k(x))

] εJ2
εJ1

⎤
⎦

1
εJ2 M

1
εJ1
J

M
1

εJ2
J

Let

f o
i (x) = max

j
fi, j (x) and ai, j = exp( fi, j (x))

exp( f o
i (x))

.
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We have 0 ≤ ai, j ≤ 1 ∀i, j and ∀i, ∃ j with ai, j = 1. Therefore

g′
i (x, εJ2)

g′
i (x, εJ1)

=
⎡
⎣∑

j∈J

[
ai, j exp(εJ1 f o

i (x))∑
k∈J ai,k exp(εJ1 f o

i (x))

] εJ2
εJ1

⎤
⎦

1
εJ2 M

1
ε J1
J

M
1

εJ2
J

=
⎡
⎣∑

j∈J

[
ai, j∑

k∈J ai,k

] εJ2
εJ1

⎤
⎦

1
εJ2 M

1
ε J1
J

M
1

εJ2
J

≤
(

M
1− εJ2

εJ1
J

) 1
εJ2 M

1
ε J1
J

M
1

ε J2
J

= 1

where the inequality holds due to Lemma 2.3 and the fact that
εJ2
εJ1

≥ 1, 1
εJ2

< 0.

Therefore,

g′
i (x, εJ2) ≤ g′

i (x, εJ1)

�
′
εI ,εJ2

(x) ≤ �
′
εI ,εJ1

(x).

��
Choosing

εI = −εJ = ε > 0

we obtain the approximation function

�ε(x) = 1

ε
ln

(∑
i∈I

1∑
j∈J exp(−ε fi, j (x))

)
+ ln(MJ )

ε

which is a decreasing function of ε.

3 A steepest-descent algorithm

The following theorem from [11], gives a first order optimality condition for min–
max–min problems.

Theorem 3.1 If fi, j are continuously differentiable, and x̂ is a local minimizer of
�(x) then 0 ∈ Ḡ�(x) where

Ḡ�(x) = convi conv j

⎧⎨
⎩
⎡
⎣ fi, j (x) − �i (x)

�(x) − �i (x)

∇ fi, j (x)

⎤
⎦
⎫⎬
⎭ .
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We have

∇�ε(x) =
∑

i∈I, j∈J

µε
i, j∇ fi, j (x) (4)

where

µε
i, j =

exp(−ε fi, j (x))

(
∑

k∈J exp(−ε fi,k (x)))2∑
ρ∈I

1∑
k∈J exp(−ε fρ,k(x))

. (5)

Note that ∑
i∈I, j∈J

µε
i, j = 1, ∀ε,

and

lim
ε→∞ µε

i, j = 0 ∀(i, j) /∈ ( Î , Ĵi ),

where

Î = {i ∈ I : �(x) = min
j

fi, j (x)},
Ĵi = { j ∈ J : min

j
fi, j (x) = fi, j (x)}.

Corollary 3.2 If

lim
ε→∞ ∇�ε(x̂) = 0,

then x̂ satisfies the stationarity condition of Theorem 3.1.

We present the following Armijo Gradient algorithm.
Concerning step 7 we remark that any increasing updating rule u(εk) can be used

as long as

lim
k→∞ εk = ∞. (6)

For example we can choose u(εk) = εk + γ . Condition 6 is also satisfied, by the
adaptive parameter update proposed in [3,7], which has the advantage of avoiding
ill-conditioning due to a quick increase or ε.

The proof of the next proposition is similar to the proof of stationarity of limit
points for gradient methods in [12]. We repeat the arguments for completeness.

Proposition 3.3 Let {xk} be a bounded sequence generated by Algorithm 1. Then the
sequence {xk} converges to a stationary point.
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Algorithm 1 Armijo Gradient Algorithm
1: Set σ, β ∈ (0, 1), s > 0
2: Choose ε0 > 0
3: Set k = 0
4: Compute the steepest descent direction

hk = −∇�εk (xk ).

5: Compute the step-size

αk = max
l∈N

{sβl : �εk (xk + sβl h(k)) − �εk (xk ) ≤ −σβl s||hk ||2}

6: Set xk+1 = xk + αk hk
7: Set εk+1 = u(εk ), k = k + 1
8: go to 4

Proof To arrive at a contradiction assume that x̂ is a limit point of {xk} with

lim
ε→∞ ||∇�ε(x̂)|| ≥ ρ,

with ρ > 0.
Since �ε is continuous and monotonically non-increasing with respect to both ε

and x, and given

|�ε1 − �ε2 | ≤ MI + MJ

min{ε1, ε2} , ∀ε1, ε2 > 0,

it follows that �εk (xk) converges to the finite value

�(x̂) = lim
ε→∞ �ε(x̂).

We have

�εk (xk) − �εk+1(xk+1) ≥ �εk (xk) − �εk (xk+1)

≥ σαk ||∇�εk (xk)||2,

where the first inequality follows from Propositions 1.2, 1.4 and the second inequality
by the definition of Armijo’s rule.

Hence, since σ > 0,

αk ||∇�εk (xk)||2 → 0,

and therefore, by the hypothesis,

{αk} → 0.
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From the definition of Armijo’s rule, there is an index k̂ ≥ 0 such that

�εk (xk) − �εk

(
xk − αk

β
∇�ε(xk)

)
<

σαk

β
||∇�ε(xk)||2, ∀k ≥ k̂,

that is, the initial step-size will be reduced at least once for all k ≥ k̂.
This can be written as

�εk (xk) − �εk

(
xk − αk ||∇�ε(xk )||

β
∇�ε(xk )||∇�ε(xk )||

)
αk ||∇�ε(xk )||

β

< σ ||∇�ε(xk)||, ∀k ≥ k̂.

By the Mean Value Theorem, we obtain

∇�εk

(
xk − α̃k

∇�ε(xk)

||∇�ε(xk)||
)T ∇�ε(xk)

||∇�ε(xk)|| < σ ||∇�ε(xk)||, ∀k ≥ k̂,

where α̃k is a scalar in the interval
[
0,

αk ||∇�ε(xk )||
β

]
.

Since ||∇�ε || is bounded, taking limits we obtain

lim
ε→∞ ||∇�ε(x̂)||(1 − σ) ≤ 0,

lim
ε→∞ ||∇�ε(x̂)|| ≤ 0,

which contradicts the initial assumption.
Therefore,

lim
ε→∞ ||∇�ε(x̂)|| = 0

and x̂ is a stationary point of �(x) by Corollary 3.2. ��

4 Numerical example

To prevent overflows, the values of �ε(x) and µε
i, j have to be computed carefully,

in a similar way to the approximations of mini–max problems in [4,6].

�ε(x) = 1

ε
ln

(∑
i∈I

1∑
j∈J exp(−ε fi, j (x))

)
+ ln(MJ )

ε

= �(x) + 1

ε
ln

(∑
i∈I

1∑
j∈J exp(−ε( fi, j (x) − �(x)))

)
+ ln(MJ )

ε
,
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(b)(a)

(g)

(e) (f)

(c) (d)

Fig. 1 Approximations for increasing values of ε
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and

µε
i, j =

exp(−ε fi, j (x))

(
∑

k∈J exp(−ε fi,k(x)))2∑
ρ∈I

1∑
k∈J exp(−ε fρ,k(x))

=
exp(−ε( fi, j (x)−�(x)))

(
∑

k∈J exp(−ε( fi,k(x)−�(x))))2∑
ρ∈I

1∑
k∈J exp(−ε( fρ,k(x)−�(x)))

. (7)

Example 1 Consider the problem

min
x∈R

max
i∈{1,2} min

j∈{1,2,3} fi, j (x)

with

f1,1(x) = 10x2 − 15, f1,2(x) = (x + 2)2 + 3, f1,3(x) = 10(x − 6)2 − 10,

f2,1(x) = 2x2 − 5, f2,2(x) = (3x − 15)2 − 10, f2,3(x) = x .

Figure 1 shows how the approximation function �ε converges to � for increasing
values of ε.

We run our algorithm with parameters σ = 0.01, β = 0.5, s = 1,ε0 = 0.02 and
the updating parameter rule

ε̄k+1 =
⎧⎨
⎩

εk if ||∇�εk (xk)|| > 0.5

2εk if ||∇�εk (xk)|| ≤ 0.5

⎫⎬
⎭ .

From the starting point x0 = −10 our algorithm converges to x∗ = 0 in 11 iterations.
From the starting point x0 = 6 the point x∗ = 5.51318 is reached in 25 iterations.
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