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Constraint satisfaction is a highly successful technology for tackling a wide variety of search problems including resource allocation, transportation and scheduling. Several recent studies show that implied constraints added
by hand to a problem representation can lead to significant reductions in search (e.g. [8]). The aim of this project
is to develop, analyse and evaluate methods for generating useful implied constraints automatically. Our initial
progress comprises three strands, which are outlined below.

Proof Planning
Implied constraints are simply logical consequences of the problem specification. Bundy’s “proof planning”
approach [1] appears to be one of the most promising techniques for dealing with the combinatorially explosive
problem of generating useful logical consequences. Proof planning has often been associated with “rippling” [2],
a powerful heuristic for guiding search in inductive proof. However, proof planning can easily be adapted to other
mathematical tasks like finding closed form sums to series [9] or, as here, generating logical consequences which
may make useful implied constraints.
Consider the following fragment of a constraint satisfaction problem, where the goal is to assign values to the
variables whose domains consist of a finite set of integers:

   








Given a method, eliminate, a generalisation of Gaussian elimination whose preconditions identify a non-linear
constraint and find a sub-term to eliminate, we can eliminate and in favour of :

    since 
!   since 



A second ternary constraint can be obtained similarly by eliminating in favour of . These constraints are likely
to prune more of the search tree than the initial 5-ary one due to their small arity.
Proof planning offers several potential advantages over other theorem proving techniques for this task. First,
methods can be given very strong preconditions which limit the generation of logical consequences to those that
are likely to make useful implied constraints. Second, methods can act at a very high level. For example, they can
perform complex rewriting, simplifications, and transformations. Such steps might require very long and complex
proofs to justify at the level of individual inference rules. And third, the search control in proof planning is cleanly
separated from the inference steps. We can therefore easily try out a variety of different search strategies like
best-first search or limited discrepancy search.

Theorem Generation
We are also exploring an alternative approach to the automatic generation of implied constraints, exploiting the HR
mathematical discovery program [4]. HR is provided with background information about a type of mathematical
object such as quasigroups and used to make conjectures which it, in turn, uses Otter [6] to try and prove. A
constraint solver can use the resulting theorems as implied constraints.
A limitation of this approach is that, if completeness is an issue, only problem classes within which conjectures
can be proven by existing theorem provers may be considered. Nevertheless, some encouraging results have been
obtained. For example, in quasigroup class 3, HR produced the implied constraint that elements of the leading
diagonal must be pairwise distinct. Adding this constraint to the basic problem representation produces a 3-fold

reduction in search effort on average when determining the existence of a quasigroup of a particular size from that
class. We hope that similar positive results will be obtained in other quasigroup classes and related problems.

Implied Clauses in Propositional Satisfiability
Proposition satisfiability (SAT) is a special case of a constraint satisfaction problem, consisting of Boolean variables constrained by a set of clauses. Given a SAT problem, it is generally possible to infer additional clauses.
These implied clauses, while they include no new information, may alter the behaviour of a search algorithm on
the problem instance so that the search terminates more quickly [3, 5]. We will explore methods of automatically
generating such implied clauses, initially for use by Davis-Putnam solvers. A generally useful algorithm will
have to find a balance between the effort spent on inference and search, and this balance will be dependent on the
problem type and instance [7].
The standard DP algorithm uses only unit resolution. We plan to examine other forms of resolution and
inference. Possible resolution strategies include: ordered resolution; resolutions that remove all occurrences of a
variable; resolutions that produce a short resolvent; and resolutions that produce a resolvent which subsumes one
or both of its parents. The strategy chosen is likely to largely determine the usefulness of the generated clauses.

Next Steps
Our immediate plans include the development of a more sophisticated means of gauging the expected utility of
implied constraints/clauses. Currently, simple criteria such as constraint arity and tightness are used to select
implied constraints for use. However, it is envisaged that more informed criteria will eventually be used, for
example taking into account the effect of adding an implied constraint to the connectivity of the constraint graph.
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