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the new dePnition. This has potential for mismatches between the debnition and the examples
of a concept. We believe there are no such inconsistencies in HR as they are easy to detect
because they result in many incorrect conjectures being formed. HR generates the success
sets independently, because it has no underlying Prolog interpreterNa situation we hope to
change, as discussed in Section 9.

For brevity, in the description of the production rules, we assume that each old debnition
that HR builds new ones from contains a single clause. Note, however, that the procedures
scale up to full dePnitions in obvious ways. For more details about the production rules, see
(Colton et al., 2000a) or chapter 6 of Colton (2002b).

3.1. A partial characterisation of HROs search space

Debpnition 1. fully typed program clauses

Suppose we have been given typing information about every constant in a theory, for instance
the unary predicateteger(4) inthe input Ple of Fig. 1. We call these predicates the typing
predicates, and we assume that each constant has only one type. A progranColdttse
variablesXy, ..., Xn, (either in the body or the head) is calldly typedif eachX; appears

in a single non-negated typing predicate in the bodg diVe say that the type of a variable is

this single predicate. A debnitionfidly typedif each clause is fully typed and corresponding
head variables in each clause are of the same type. Given a fully typed deHdjtiath) head
predicatep(Ys, ..., Ym) then we call the set of constants which satisfy the typing predicate
for Y; theobjects of interesfior D.

DePnition 2. 1-connectedness
SupposeC is a program clause of the form:

P(X1, ..oy Xm) (Vi -, Yang)yooos G (Mizs -, Yin)

where eaclX; is a variable and eacly; may be a variable or a ground term. Then, a variable
V which appears in a literal in the body €f is said to be dconnectedf it satisbes the
following recursive depnition:

V = X;or
i, j, ksuchthatj = k,Y;j;
i, j, ksuchthatj = k, Y;;

V andYjx = X; or
V andYix is a 1-connected variable

In English, this says that is 1-connected i¥/ is X1, orV appears in a body literal witK;,
or V appears in a body literal with a variable which appears in a body literal Mitretc.
Hence there is a chain of variables which connédb X; where the links in the chain are
made by two variables being found in the same body literal.

If every variable in either the body or head ©f is 1-connected, we say th& is
1-connected. Debnitions which contain only 1-connected clauses are similarly called 1-
connected. As with fully typed dePnitions, 1-connected dePnitions are a specialisation of
range-restricted debnitions. The notion of 1-connectedness clearly generalises to the notion
of n-connectedness, and clauses can be both 1-connected and 2-connected at the same time,
etc. Our main interest is in 1-connected clauses, but we occasionally use the general notion
of n-connectedness when describing how HR forms concepts.

Springer






Mach Learn

3.3.6. The embed-algebra and embed graph production rules

The Embed-Algebra rule was implemented specibcally for an application in algebraic do-
mains, where we wanted HR to invent sub-algebra concepts. It takes a particular element type
(for instance, central elements which commute with all others), and produces a dePnition
which discriminates between algebras where the set of elements satisfy particular axioms
sets supplied by the user. For instance, in group theory, this rule can be used to invent the
concept of groups for which the central elements themselves form a (sub)group. HR would
notice that this is true of all groups and re-discover the theorem that the centre of a group
forms a subgroup. Such sub-algebra concepts are difbcult to describe in a brst order manner,
so we omit discussion of that here.

The Embed-Graph production rule imposes a graphical structure on the variables of a
debnition such that constants become the nodes of the graph and any two related by the
dePnition are joined by an edge in the graph. This can be used in any domain, but was
specibcally designed for use in graph theory. Inspired by the work described in Steel (1999),
we used it to produce cross domain theories, where graphs are found embedded in concepts
from number theory or algebraic domains such as group theory. For instance, we have used
HR to invent concepts such as Odivisor graphsO, where each integer is represented as a grapt
with the nodes of the graph being its divisors. Nodes are joined if one divides the other. For
some theorems about the planar nature of such graphs, see the appendix of Colton (2002b).
As with Embed-Graph, such concepts are not easily represented in a prst-order fashion, so
we omit details here.

3.3.7. The record production rule

This production rule was implemented in order to enhance HROs ability in the application
to generating integer sequences as described in Section 6.1. A particularly common form of
sequence construction is to take a numerical function and record which integers produce a
larger output integer for the function than all smaller numbers. For instance, a set of numbers
known as highly composite integers are such that they have more divisors than any smaller
number. Note that this concept was discovered by Ramanujan, and re-invented by the AM
program (Lenat, 1982). Given debnitions which describe a function taking an integer to
another integer, the Record production rule is able to produce a new debnition which can be
used to construct such record sequences. Again, details of representing this in a Prst order
fashion are omitted.

3.4. Binary production rules

There are six binary production rules, which take a pair of old debnitions and produce

a new debnition. The Compose, Disjunct, Forall and Negate rules are generic, whereas
the Arithmetic and NumRelation rules are more specibc to domains requiring the use of
arithmetic and inequalities.

3.4.1. The compose production rule

This production rule takes two debnitions, and for each pair of cla@isaadC,None from
each depnitionNit produces the body of a new clause by changing the variable names in
the body ofC,, conjoining all the altered literals i@, to the literals in the body of; and
removing any duplicate literals. A head is then constructed which is used to turn each body
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ofthe brstdepnition to the clauses of the second debnition. The combined dePnition expresses
two ways in which the debnition can be satisbed, hence it represents a disjunction.

3.4.3. The negate production rule

The negate rule takes the same kind of parameterisations as for the compose rule, with the
restriction that the arity o€, is less than or equal to the arity f@;. This means that the
head of the new dePnition will be the same as the hea@{fo¥Ve use full brst order logic
to express an intermediate debnition produced by the production rule, then derive a logic
program representation of the debnition. The Negate production rule re-names variables in
C, like the compose production rule, then it removes any re-named literalsGpohich
appear in the body a;. It then conjoins the negation of tieatireconjunction of the literals
remaining in the body o€, to those ofC;. From this, it extracts debnite clauses using
standard re-write rules.

For example, suppose we start with these old dePnitions:

concepgigr(X, Y, Z) p(X) q(Y) r(2) s(X,Y,Z) t(X,Y)

concep§ig2(A, B,C) r(A) q(B) p(C) u(A, B,C),v(A B)
Suppose also that we are using the parameterisation [2,1,0]. Then the negate rule would Prst
alterconcepdq2 as for the compose rule:

concepdigz (Z,Y, X) r(Z2) q(Y) p(X) u(zZY,X) v(ZY)
and remove any literals appearing also in the bodgasfcepgiq1, namely p(X), q(Y) and
r(2). It would then negate what is left of the body conjunction, and add this to the body of
C;. Using the head frong,, it would construct this (Prst order) intermediate dePnition:

conceptan(X, Y, Z) p(X) q(Y) r(2) s(X,Y,Z)
t((X,Y) = (u(Z,Y,X) v(Z,Y))

This is re-written to the bnal new debnition with two clauses:

conceptan(X, Y, Z) p(xX) q(Y) r(2) s(X,Y,Z) t(X,Y) = u(ZY,X)
concepian (X, Y, Z)  p(X) q(Y) r(Z2) s(X,Y,Z) t(X,Y) = v(Z)Y)

3.4.4. The forall production rule

With the same restrictions on the parameterisations for the negate rule, the forall production
rule goes through the same routine of renaming variables and removing repeated literals
as the negate rule, to produce a conjunction of litefaldt then constructs an implication
statement by taking the non-typing literals from the bodZofind making these imply the
conjunctionL. This conjunction is then conjoined to the conjunction of the typing literals
from C; to produce the body of an intermediate dePnition. For example, using the same old
dePnitions as for the negate rule, the intermediate (Prst order) debnition produced would be:

concepten(X, Y, Z)  p(X) a(Y) r(2) ((s(X,Y,2) t(X,Y))

u(z,Y, X) v(Z,Y))
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5. Search strategies

Theory formation is driven by theory formation steps which attempt to dePne a new concept
using production rules. Similar to many Al systems, HR suffers from a combinatorial ex-
plosion. To enable HR to effectively search the space of debnitions, we have implemented
numerous search strategies. HR maintains an agenda of triples portraying which production
rule will be used with which parameterisation to turn which old dePnitions into new ones.
For instance, referring back to the output from an illustrative session in Fig. 2, the agenda
would have been:

[concepd], match [1, 2, 2]
[concep’], exists [2]
[concepB], size [2]
[concepT], split, [[2], [2]]

and these steps would have produced concepts 5, 6, 7 and 8 respectively. For instance, if
carrying out the prst step, HR would apply the match production rule to concept 4 (multipli-
cation) with parameterisation [1, 2, 2], producing concept 5 (perfect squares and their square
roots). See Section 3.3.2 for details of how this construction would occur.

How the agenda s sorted dictates the search strategy that HR employs. After a new concept
frame has been added to the theory at stage 9.0 of the ATF algorithm, HR must decide
how to develop the concept in future, if at all. Every possible agenda item involving the
concept is determined, involving each production rule, and every possible parameterisation
of that rule, andNin the case of production rules which make new debnitions tfranold
onesNevery possible partner concept. HR has a number of search strategies which enable
it order the agenda. These are either simple, reactive or best-prst, as described below. The
user also specibes a depth limit on the search, which has a substantial effect on the search
that HR carries out. In particular, given a limit, HR will not put steps onto the agenda
if the resulting depPnition would have been generated by more théimeory formation
steps.

5.1. Simple search strategies

HR can perform an exhaustive breadth-prst search, where new depbnitions are put on the
bottom of the agenda and are not used in theory formation steps until all previous debnitions
have been used. Similarly, it can employ a depth-brst search where new debnitions are put on
the top of the agenda. In this case, the depth limit is important to stop HR pursuing a single
path and producing highly specialised depPnitions. HR can also employ a random search
where an entry in the agenda is chosen randomly and carried out. Finally, HR can employ a
tiered search strategy where the user specibes a tier number for each production rule. Theory
formation steps involving production rules on the lowest tier are carried out greedily before
any steps on higher tiers are carried out. This strategy is often used to ensure that unary rules
are applied before binary rules, which tend to dominate the search otherwise (as there are
more possibilities for employing them). This strategy has proved highly effective in many
applications.
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a discussion of the general notion of interestingness in automated mathematics, see (Colton
et al., 2000c).

5.3.1. Intrinsic measures

Applicability

The applicability of a dePnition is calculated as the proportion of objects of interest (con-
stants true of the typing predicate for the brst head variable in at least one debPnition)
which are found in the success set of the debnition. Applicability can give an impression
of generality: too high and the debnition may be overly-general, and too low might mean
the dePnition is over-specialised.

Comprehensibility

The comprehensibility of a concept is calculated as the reciprocal of the number of pro-
duction rule steps which went into building the concept. This gives a rough estimation of
how comprehensible the depbnition will be. Other measures based on the clausal dePnition
would perhaps be more precise. Ordinarily, the user would be interested in more compre-
hensible debnitions, but there have been applications where this measure has been given
a negative weight in the weighted sum, to encourage more complicated concepts to be
further developed (Colton & Sutcliffe, 2002).

Parsimony

Similar to the applicability, the parsimony of a debnition is calculated as the reciprocal of
the number of elements in the success set multiplied by the arity of the dePnition. When
describing concepts in terms of the tuples which satisfy their debnition, more parsimonious
concepts have more succinct descriptions.

Variety

This measure looks at the classibcation of the objects of interest afforded by the debnition,
as described in Section 3.1. It simply records the number of different classes in the classib-
cation, with debnitions having more classes scoring higher. We have found that weighting
this measure positively in the weighted sum can lead to larger areas of the search space
being explored, as it avoids developing concepts which categorise most of the constants in
the same class.

5.3.2. Developmental measures

Development Steps

The Development Steps measure records how many production rule steps a debnition has
been involved in, which gives an indication of how much it has been developed. Giving this
anegative weight in the weighted sum enables search strategies where every conceptNnew
or oldNis given the same amount of attention. This is different to a simple breadth brst or
depth prst search, where certain concepts may remain neglected for long periods of time.
We have found that using this measure encourages the formation of complex depnitions
from across the search space, rather than complex debnitions from a single part of the space,
which is the result of a depth brst search. Such complex debnitions lead to complicated
theorems, which was the desired result of the application described in Section 7.1.
Productivity

This measures the proportion of theory formation steps the concept has been used in which
have successfully produced a new concept. Concepts which have been involved in many
fruitless steps score badly for this measure. In applications such as the one described
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propertyP in a similar fashion to the application mentioned above. Following this, the system
looks atA; and asks the MACE model generator to produce another alg&bwehich is

not isomorphic toA; but which is the same a&; with respect to property?. HR is then

used to Pnd a discriminating property #&f andB;, and the cycle continues. When MACE

fails to Pnd new algebras, this indicates a leaf of the decision tree, and the conjunction of
properties on each branch of the tree is taken as a classifying concept in the classibcation
theorem. Using this method, we have produced classibcation theorems for many algebras of
different sizes, including large theorems such as for the 109 isomorphism classes of size 6
loops and the 1441 isomorphism classes for quasigroups of size 5. For further details, see
(Colton et al., 2004).

7. Applications of automated theory formation to artibcial intelligence

In addition to using HR for mathematical discovery tasks, we have addressed the question
of whether Automated Theory Formation can be used to enhance other Al techniques. HR
is a machine learning system, but it has been used in two applications to automated theorem
proving, as described in Sections 7.1 and 7.2, and an application to constraint solving, as
described in Section 7.3. Each of these applications have a mathematical bias, hence they are
suitable for inclusion here.

7.1. Differentiating automated theorem provers

Working with Geoff Sutcliffe, we used HR to generate prst order theorems for the TPTP Ii-
brary (Sutcliffe & Suttner, 1998). This library is used to compare automated theorem provers:
given a certain amount of time for each theorem, how many theorems each prover can prove
is assessed. The task was to generate theorems which differentiate the theorem provers, i.e.,
Pnd association rules which can be proved by some, but not all, of a set of provers. This was
a descriptive induction task, and we ran HR as an any-time algorithm, until it had produced

a certain number of theorems. As described in Zimmer et al. (2002), we linked HR to three
provers (Bliksem, E, and Spass) via the MathWeb software bus (Franke & Kohlhase, 1999)
and ran HR until it had produced 12,000 equivalence theorems and each prover had attempted
to prove them. In general, the provers found the theorems easy to prove, with each proving
roughly all but 70 theorems. However, it was an important result that, for each prover, HR
found at least one theorem which that prover cowdtiprove, but the others could. In other
experiments, we didnOt use the provers, and the time saving enabled us to produce more
than 40,000 syntactically distinct conjectures in 10 minutes. 184 of these were judged by
Geoff Sutcliffe to be of sufpcient calibre to be added to the TPTP library. The following is

an example group theory theorem which was added:

S1_ g

X,y (( z(z Z y=X) uv (X u=y Vv X=u vgl:x))

(ab(nv@=x a y=x) b y=x inv(b)=y))

As with the Encyclopedia of Integer Sequences, HR remains the only computer program to
add to this mathematical database.

7.2. Modibcation of non-theorems

Working with Alison Pease, we used HR as part of the TM system (Colton & Pease, 2004),
which takes specibcations of non-theorems and produces modibcations, which are similar
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