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Abstract. We arguethat Lakatos’work on the history andphilos-
ophy of mathematicss of key relevanceto machinecreatvity asit

suggestsvaysin which to explore andtransformconceptspaceste-

represenknowledgeandchangesvaluationcriteria.We describeap-
proacheso implementingnethodswvhich Lakatosidentifies,includ-

ing our own approachwhich extendsColton’s HR andhasenabled
usto automaticallygeneratenathematicatonjecturesconceptsand
exampleswvhichwerepreviouslyimpossiblein HR - including Gold-

bachs conjecture.The methodsare of generalimportanceas they

canbeappliedto mary domains- we describeheirtheoreticabppli-

cationto gameplans,two-dimensionajeometrymoral philosophy
philosophyof mind, political agumentandmeta-lerel reasoning.

1 INTRODUCTION

Ourthesisin this paperis thatLakatoss ProofsandRefutationq17]
hasimportantand exciting implicationsfor thefield of madine cre-
ativity. This book provides a rational reconstructiorof the devel-
opmentof the proof of Euler’s conjecturejn which nev concepts,
conjecturesand‘proofs’ areinvented.It spans200yearsof in-depth
developmentin this area,describingmethodswhich were usedto
generateandevaluateideas,andthe evolution of the methodshem-
seles, thusoperatingon both objectand meta-leel. We arguethat
the methodswhich Lakatosidentifies:

(i) areextremelyrelevantto machinecreatvity (key issuesn creati/-
ity researctaredescribedn §2 andLakatos’methodsn §3);

(i) canbeautomated§4), and

(iii) applyto otherdomaing(§5).

If thisis thecasethenthey will be powerful toolsin machinecreatv-
ity.

Our motivation is the cognitive scientific goal of understanding
intelligentaction aimingto elucidatecreatvity by modellingtheex-
ternalproces®f discovery via interaction This differsfrom trying to
understandhemindby modellinginternalcognitive processewhich
leadto creatve output. A secondarymotivation is to develop new
technique®f generalsein Al. If successfulllautomated| akatoss
methodswill be relevant to conceptformation, representatiorand
modellinginteractionin mathematics.
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2 MACHINE CREATIVITY
2.1 Exploration and Transformation

Bodenstheoryof creatvity [3], in which sheaimsbothto statewhat
it is, andsuggeshow it is possible hashada majorimpacton the
field of machinecreatvity. Sheuseshemetaphoiof aconcepspace
whichis mappedexplored,andtransformedMETCS)to provide an
accountof novelty. An itemin alittle exploredareabut still within
theboundariess ‘merely’ novel, andoutsidebut closeto thebound-
aries'fundamentally’novel. While consideringhothtypesof novelty
to bepotentiallycreatie (subjecto avaluecriterion),sheregardsex-
ploratorycreatvity to be lesscreatize thantransformationatreati/-
ity. Criticismshave beenlevelledin broadlytwo areasyi) question-
ing Bodens analysisof therole thateachaspecbf METCSplaysin
creatvity (for exampleBundy’s claim thatworking within a mathe-
maticalspacemaybemorecreatve thanchanginghespacq5]), and
(ii) questioninghevalueof theconcepspacanetaphari.e. whether
it is alwayspossibleto defineconceptspacegfor exampleit is diffi-
cult to statewhich rulesdefinetheoreticaboundariesf naturallan-
guage) Bodenacknavledgesthe criticism andin her later writings
the statusof exploratorycreatvity is higher goingfrom “merenov-
elty” to akind of creatvity whichis “not to besneezeat” [2]. She
suggestshattheanswetto the problemof definingconceptspacess
to identify arangeof putative conceptspacesandusethemto evalu-
atetheworth of heranalogy(1].

2.2 Re-Representation

An importantway in which a domain may be explored or trans-
formedis by re-representinggemswithin it. Kuhn[15 wrote thata
paradigmshift (or transformation)jn which we perceve something
in a totally differentway, is one of the main stagesin the cycle of
scientificdevelopment.James[1B(cited in [11]) wrote thatwe rep-
resentan objectaccordingto the propertywhich is mostusefulto
us; if that changeshenwe needto changeour representationf-or
examplel would normally seea nenvspaperas essentiallyfor read-
ing, however if my principle needis warmththenits key featurebe-
comesits flammability This is anexampleof radical reshapingone
of the factorsidentified by Hofstadter[1] which influencethe way
in which we perceve something;otherfactorsarebelief- who do |
think wrote it?, goals- why am| readingit? and external contet -
whatis its immediateervironment?
Karmiloff-Smith[14],referringto Bodens METCSmetaphaypro-
posesthat the ability to explore a domaincomesafter a processof
representationaledescriptionjin which implicit knowvledgeis ini-
tially acquiredKey detailsarethenabstracte@ndtheknowledgere-
described thisis now explicit knowledgeandinter-domainconnec-
tionsmay be made.This processontinueswith eachstagebuilding
onthelast,andtheknowledgebeingmademoreexplicit andflexible



(for exampleimaginingcounterctuals) All levelsof knowvledgeare
retainedor efficiengy in ary givensituation,wherecreatvity results
from declaratve knowledge(which maybe explored), asopposedo
proceduraknowledge(which mayonly be used. (Shesupportsher
argumentwith resultsof experimentsn which childrenof different
ageswereaskedto draw ‘funny’ housesr people.Youngerchildren
(4 - 6 yearsold) wereunableto deviate from the normalpictures and
ary differenceconsistedf addingelementto acompletediraving,
whereaghe dravingsof theolderchildren(8 - 10 yearsold) shaved
muchmorevariation.)

Bodenalso considerghe importanceof the processof represen-
tation in creatvity, in [3]. A new representationmay be a helpful
or even necessargtepin a creatie solution.Considerthe sequence
2,1,2,2,2,3,2,... [11, p. 16]. Whatis the next number?Now con-
siderthe sequenceepresentetielon®. An answetis nov mucheas-
ier to find, hencethe stepfrom thefirst to the secondrepresentation
maybecreatize. As anexampleBodencitesNiels Bohr'srepresenta-
tion of the atomasa solarsystemwhich suggestedjuestionsabout
orbitsof electrons|eadingto thediscovery of new andusefulknowl-
edge.

(Re)representatiois a long standingproblemin Al, with much
work carriedout, eg. [19]. It consistsof two problems;(i) how to
generatdifferentrepresentationsand (i) how to choosebetween
them.

2.3 Dynamic evaluation criteria

Marny theoriesof creatvity arebasedon a 2-stagemodelof gener

ation andevaluation referredto in [19] asthe ‘centralloop of cre-

ativity’. Thesestagesarethoughtto run concurrentlyor cyclically

ratherthan sequentiallyWhile Bodenexpoundsher theory of nov-

elty (§2.1) in depthshehasnot developeda theoryof value(i.e. an

evaluationstage) A valuecriterionis clearlynecessaryn evaluating
creatvity and Bodenemphasiseshis point. However she believes
thatvalueis notdefinablein scientificterms,nor constan{beingin-

fluencedby unpredictabléactorssuchasnationality fashion rivalry

and commercialism) Certainly creatve work which is historically
new (Bodens h-creatvity[3]) by definition cannotbe subjectto fa-

miliar criteria. As pointedoutin [22], the ability to measurequality

in afield without mistaleswould imply thatthatfield wasincapable
of any furthertransformationThisis reflectecby thelargenumberof

examplesof work which wasnot valuedat thetime it wasproduced,
for exampleVan Goghs paintings,group theory or immunisation.
The areaof dynamicevaluationcriteriathen, while little developed
andrequiring much further researchis essentiato theoriesof cre-

ativity.

2.4 Key issuesin machine creativity
In view of theresearctabove we areinterestedn:

identifying a putative conceptspace;

exploration(object-level) of this conceptspace;
transformatior(meta-level) of this conceptspace;

determining(i) waysin which knowledgemay bere-represented,
and motivationsfor doing so, and (i) waysin which to usethe
new representatioto furtherexplore or transforma domain,and

e developinganaccountof dynamicevaluationcriteria.

We shav how Lakatos’ methods[17] suggestways in which to
achie/e thesegoals.

5(2,1),(2,2), (2,3), (2, ...

3 LAKATOS-STYLE REASONING
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TETRAHEDRON OCTAHEDRON
4-6+4=2 5-8+5=2

CUBE
8-12+6=2

Figurel. Examplef polyhedraandtheir Eulercharacteristid” — E + F

Lakatosdescribeghe evolution of the conjectureand proof that
for all polyhedra,the numberof vertices(V) minusthe numberof
edges(E) plus the numberof faces(F) equals2. It is presented
asa discussiorbetweena group of studentsandtheir teacherThe
initial conjecture(C) is found by induction i.e. sinceC' holdsfor
all regular polyhedra(eg. the cubein Figure 2) the classguessthat
it might hold for all polyhedra.They startwith Cauchys ‘proof’
below [17, p. 7]:

(1) remore one face of the polyhedronand stretchit flat onto a
blackboard(If C holds,wenow haveV — E + F = 1);

(2) cut all polygonson the boardinto trianglesby draving more
edges(V — E + F staysconstantaseachnew edgeforms a nev
face);

(3) remove eachtriangle on the boardoneby one.(V — E + F
continuesto remain constantsince we either remore 2 edges,a
vertex anda face,or oneedgeandoneface).At the endwe areleft
with asingletriangle,for whichV — F+ F=3 -3+ 1= 1.

Themethodselonv aresummarisedn Tablel.

3.1 Exploring the polyhedra domain

il

HOLLOW CUBE TWIN TETRAHEDRA
16-24+12=4 6-11+8=3

PICTURE FRAME
16-32+16=0

Figure2. Counter@amplesto the conjecturethatfor all polyhedra,
V—-FE+F

Counter@amplesaresoonfound,suchasthehollow cube,andsome
studentsisetheseto rejectC (the methodof surrende). Thisis pre-
sentedasanaive reaction,in whichmary valuableideasmaybelost
by subjectingconjecturego overly harshjudgementtoo soon.An-

otherreactionis to modify conceptdefinitionsto excludethe coun-
terexamples(the methodof monsterbarring). Countergamplesare
seenasmonsterswhich shouldnot be allowedto upstageatheorem
which bringsharmoly to thefield. With the emegenceof moreand
more countergamplesthe definition of polyhedronshrinksfrom a

solid whosesurfaceconsistof polygonalfacesto a surfaceconsist-
ing of a systemof polygons(thus excluding the hollow cube)to a
systenof polygonsarrangedin sud a waythat (1) exactlytwo poly-
gonsmeetat every edge and (2) it is possibleto get fromtheinside
of any polygonto the inside of any other polygonby a routewhich

never crossesany edee at a vertex (to excludethetwin polyhedron).
More countergamplesleadto amgumentsover the meaningof terms
in the definitions,and polygon area andedge are further defined,
with the strictestdefinition beingtakenin eachcase.



Ratherthanseecounter&amplesasmonstersandmodify concept
definitionsto excludethem,onestudentsuggestshatthey arevalid
examplesof polyhedrabut canbe seenas exceptions,with the ap-
propriatereactionbeingto modify the conjectureto exclude them.
This canbe donein two ways. Thosepropertieswhich counterg-
amplesshareand positive exampleslack shouldbe found andthen
eithera whole classor particularexamplesexcluded;suchasgen-
eralisingfrom hollow cubesto polyhedea with cavities the picture
frame to polyheda with tunnelsand twin tetrahedrao polyheda
with multiple structure, andmodifying C to ‘for ary polyhedrawith-
out cavities, tunnelsor multiple structure,V — E + F = 2’ (the
methodof exception-barringby piecemeakxclusion. Alternatively
since the classcannotbe certainto have listed all the exceptions
(above) somestudentsadwcatewithdraving into amuchsmallerdo-
mainfor which C' seemgertainto hold. Thismaybedoneby looking
atthepropertiesvhich all positive examplesshareandcountergam-
ples lack. For instanceall the positve (and none of the negative)
examplesarecornvex. Thedomainof applicationis thenrestrictedac-
cordingly i.e.C becomed&or ary corvex polyhedraV —E+F = 2’
(themethodof exception-barringoy strategic withdrawal).

STAR POLYHEDRON
12-30+12=-6
(if a face is a pentagon)
OR
32-90+60=2

(if a face i a triangle)

Figure 3. Differentrepresentationsf the starpolyhedron

Anotheralternatve to barringa monsteror countergampleis to
bara‘monstrousinterpretation’ Thatis, reinterpref(or re-represent)
acountergamplesothatit is nolongeracountergample.For exam-
ple the starpolyhedronin Figure3 is only a countergampleif it is
thoughtto have 12 starpentagorfaces,forming 12 verticesand 30
edgeslt canalsobeinterpretedashaving 60 triangularfaces form-
ing 32 verticesand 90 edges- in which caseC' holds. This is the
methodof monsteradjusting and leadsto analysisof the concept
face

3.2 Usingthe proof - adynamic evaluation criteria

At this point the teachercomplainsthat the students’conceptand
conjecturemodificationswill always be ad hoc and further coun-
terexamplesmay potentially exist even if they cannotbe found.
Mathematicalcertainty therefore,cannotbe achieved using these
methods.Additionally they have yet to refer to the proof initially
offered. The objectionis that the studentshave no way of evaluat-
ing their conjectureotherthanby referenceto knowvn examples(or
countergamples)The‘proof’ is oneway of evaluatingaconjecture,
where a corvincing proof suggestsa valuable conjecture(clearly
thereare othercriteria suchasnon-triviality too). Lakatoscalls the
interplaybetweenconjectureand proof “the intrinsic unity between
the‘logic of discovery’ andthe ‘logic of justification’” [17, p. 37].
A new conjecturegivesriseto anew proof, or, in machinecreatvity
terms,dynamicevaluationcriteria. Similarly, new evaluationcriteria
suggeshew results.The teacherdistinguishesdbetweenglobal and
local counter&ampleswherea global counter&gampleis onewhich
violatesthe conjecturgsotheconjecturds flawed)andalocal coun-
terexampleviolatesa stepof the proofbut notthe conjecturga criti-
cismof the proof but notthe conjecture) Whena countergampleis
foundit shouldbetestedo seewhichtypeit is (it maybeboth).

The methodof explicit lemma-incorpaoation consistsof finding
which stepof a faulty proof a global countergample violatesand
thenmakingthat stepa conditionof the conjecture For exampleall
of thecountergamplesfoundabove violatethefirst stepof the proof
sincethey cannotbe stretchedlat onto a blackboard.ThereforeC
becomesfor ary polyhedrawhich, by remaving one face can be
stretchedlat ontoablackboardy — E + F' = 2’ therebyupholding
the proof but reducingthe domainof the main conjectureto thevery
domainof the guilty lemma(proof step).lt may be the casethata
countergampleto the conjectureappearsot to violate ary of the
proofstepsfor exampleacylinderis acounter@ampleto C butdoes
notohviouslyviolatearny lemmasHoweverit doesviolatethehidden
assumptiorin lemmal thatthe resultof stretchingthe polyhedron
on the boardwill be a connectechetwork. The methodof hidden
lemma-incorpaation is where a global countergampleis usedto
identify hiddenassumptionsithin a stepwhich are violated, and
thento make theassumptiora condition.Sothisassumptioris added
to the proof - thus modifying the evaluationcriteria - and madea
condition,i.e. C becomesfor ary polyhedrawhich, by remoring
one face can be stretchedflat onto a blackboardand the resulting
network beconnectedy — F + F = 2.

The methodof proofsand refutationsprovidesa way of generat-
ing countergamplesby analysingproof steps,aswell asimproving
a proof by useof counter@amples.Countergampleswhich violate
particular stepsare sought,such as the picture frame in Figure 2
which the studentsdiscorered by looking for a polyhedronwhich
afterhaving afaceremoved could not be stretchedlat ontoa plane.
Whena counter@ampleis found it shouldbe ascertainedvhether
it is local, global or both. If it is local thenthe lemmashould be
modified to exclude the counter&ample, and if it is global then
eitherthe methodof explicit lemmaincorporation (if it is alsolo-
cal),or hiddenlemmaincorporation (if it is notlocal) shouldbeused.

3.3 How isLakatosreevant to machine creativity?

In §2.4weidentifiedissuesvithin machinecreatvity of key interest.
We now shav how Lakatos'work is relevantto theseissues.

Identifying a putative concept space - Lakatos’ work is in the
mathematicadomainwhich is a putative conceptspacesincethe
boundariesof its conceptspacesare relatively clearly definedby
axioms,rules of inference,meta-mathematicadieliefs and concept
definitions.

Exploration of this concept space - Using Lakatos’ methodsof
induction surrender monstetbarring, piecemeakxclusion strate-
gic withdrawal, monstefradjusting and lemma incorporation the
studentdave built andexploredatheoryof polyhedracontaining:

e conjectues- ‘for all polyhedray — E + F = 2’; *for ary polyhe-
drawithout cavities, tunnelsor multiple structureV — E + F = 27,
‘for ary corvex polyhedra,VV — E + F = 2’; ‘for ary polyhedra
which, by removing onefacecanbe stretchedlat ontoa blackboard
andtheresultingnetwork beconnectedy — E + F = 2';

e concepts- regular polyhedra;a solid whosesurface consistsof
polygonalfaces;a surfaceconsistingof a systemof polygons;a sys-
temof polygonsarrangedn suchawaythat(1) exactlytwo polygons
meetatevery edgeand(2) it is possibleto getfrom theinsideof arny
polygonto the inside of ary otherpolygonby a route which never
crossesary edgeat a vertex; polygon; area;edge;polyhedrawith



Method

Description

Induction

Surrender
Monsterbarring
Piecemeakxclusion
Strategic withdrawal
Monsteradjusting
Lemmaincorpomation

Proofsandrefutations

Generalisdrom particulars

Look for countergamplesto a conjectureC' andusethemto refuteit

Modify a conceptdefinitionsoasto excludean unwantedcountergample

Find thosepropertiesvhich make a countergamplefail C' andthenmodify C' by excludingthattype of countergample
Considerthe examplesfor which C doeshold, generaliseandlimit C to thattype of example

Reinterpreta countergamplesothatit nolongerviolatesC'

Givenaglobal countergample,find which stepof the proofit violatesandthenmodify C' by makingthatstepa condition.
Givenalocal countergample(which violatesa proof stepbut not C'), look for a hiddenassumptiornn the proof step,then
modify the proofandC' by makingtheassumptioranexplicit condition.

Usethe proof stepsto suggesttountergamples.For ary countergamplesfound, testwhetherthey arelocal or global
countergamplesandperformlemmaincorporation

Tablel. Summaryof Lakatos’'methods

cavities; polyhedrawith tunnels;polyhedrawith multiple structure;
corvex polyhedraface;and

e examples/counteramples- the regular polyhedra(tetrahedron;
cube; octahedron;icosahedronand dodecahedron)hollow cube;
twin tetrahedrapictureframe;starpolyhedron;andcylinder.

Transformation of this concept space - much of the dialoguein

[17] is abouthowv mathematicshouldbedone for instancenvhatthe
role of proofis, how conjectureshouldbe modified, the value of

searchindor countergampleswhich of the methodsarepreferable,
etc. In §5.6 we discusshow the methodsthemseles could help
determinewhich methodis mostappropriate.

Re-representing knowledge and using the new representation
- monsteradjusting has suggestedvays in which to re-represent
items, motivationsfor doing so (in orderto presere a conjecture
which is thoughtvaluable),andwaysto usethe new representation
to furtherexplore the domain(by analysingsubconceptimherentin
amoreencompassingoncept).

Developing an account of dynamic evaluation criteria - theinter-
play shavn in [17] betweengeneratiorandevaluationis oneof the
mostexciting aspectf Lakatos'work. Conjecturegand concepts
andexamples/counteramples)aregeneratedisingthe methodsle-
scribedand evaluatedby the ‘proof’. Thatis, ‘proofs’ canbe seen
asways of evaluatingthe conjecturessinceif a proof - or strong
argument- can be found thenthe conjectureis highly valuedasit
may beatheoremlndirectly the conceptwithin theconjecturesare
alsoevaluatedby a proofif conceptswithin theoremsareconsidered
useful.Although Lakatosdoesnot describehow to initially generate
a proof (leaving this to [23]), he does- in his lemmaincorporation
methoddescribehow it canbe modified,thusforming dynamiceval-
uationcriteria.

4 LAKATOSSMETHODSCAN BE
AUTOMATED

4.1 TheHR program

To shav that Lakatos-stylereasoningcan be automatedye imple-
mentedsuchmethodsn theHR automatedheoryformationprogram
[6]. HR is givenbackgroundnformationabouta domain,including
someobjectsof interestand someinitial conceptssuppliedwith a
definitionandexamples.For instancejn numbertheory the objects
of interestareintegers,andtheinitial conceptsncludemultiplication
andaddition.HR formsnew conceptdy usingoneof 10generapro-

ductionrulesto transformone(or two) old conceptsnto a new one.
Forexample to constructheconcepof primenumbergwith exactly

two divisors),HR passeshe concepof integersa andb for which b

dividesa, throughthe size productionrule, to producethe function:

f(a) = |{b : bdividesa}|, i.e., f(a) is thenumberof divisorsof a.

Following this, HR usesthe split productionto producethe concept
of integersa for which f(a) = 2, i.e., integerswhich have exactly
two divisors(primenumbers).

Usingthe objectsof interestto provide data,HR alsobuilds sets
of examplesfor eachconceptand the examplesare usedto make
conjectureempirically In particular if HR finds thatthe examples
of oneconceptareall examplesof anotheyit makesthe implication
conjecturethatthe definition of thefirst impliesthe definition of the
second.In additionto forming conceptsand conjecturesHR also
usesthe Ottertheoremprover andothersto prove theoremsandthe
MACE model generatorto find countergamplesto non-theorems.
HR'’s approachcan be characterisedas concept-dren, i.e., con-
jecturesare madein responseto the invention of new concepts.
However, in additionto adwocatingthe social natureof discorery,
Lakatosalsosuggests conjecture-dsien approachwhereconcepts
areintroducedin responsdo the discovery of a conjecture Hence
we improved HR’s modelof theoryformationto enable:

e Productionof conjectureswith known countergamples.Previ-
ously, only conjecturegrue of all exampleswveremade.

e Analysisof faulty conjecturego suggestheoryformation steps
whichinventconceptghatfix theconjecturestatement.

e A multi-agentapproachwith agentsableto requestandcommu-
nicateconceptsconjecturesproofsandcounter@amples.

We implementedwo waysto adjustfaulty conjecturesinspired
by Lakatoss exceptionbarringmethodskFirstly, if HR makesa con-
jecturefor which therearea smallnumberof counter@amples(with
thenumberspecifiedby theuser),it will inventaconceptwith adef-
inition which excludesthe counter@amples.For instancegiventhe
numbersl to 10, HR makesthe conjecturethatall odd numbersare
prime,with 1 and9 ascounter&amples.lt theninventsthe concept
of odd numbersexceptl and9, in orderto make the conjecturethat
odd numbersexceptl and9 areprime. Of course if HR wasgiven
the numbersl to 30, the countergampleswould be 1,9, 15, 21, 25
and27, andit is likely thatHR would rejectthe conjecture.

Secondlyif HR makesa conjecturewhich statessay P(X) im-
plies Q(X) and there are a sizeablenumberof countergamples
(againspecifiedby the user),HR will try to find a conceptstatinga
property R(X) whichis true of all the counter&amplesandno oth-
ers.If successfulit will inventthe conceptof objectsX for which



P(X)& — Q(X), whichwill fix theconjectureFor example,when
HR workswith the numbersl to 30, it makesthe conjecturethatall
integershave aneven numberof divisors,with 1,4,9,16 and25 as
countergamples.t thenidentifiesthat squarenumbershave exactly
theseexamples,and altersthe conjectureto be: all integersexcept
squarenumbershave aneven numberof divisors.

With the multi-agentversionof HR setup suchthat eachagent
asksthe others ratherthanMACE to generateountergamplesthe
following scenariococcurs:the agentsare given differentsetsof ob-
jectsof interestandoneof themmalkesa conjecturedor whichit has
no countergample. It then communicateshis to the otheragents,
who reply with suitablecountergamplesfrom their theory Thefirst
agentcanthenrejectthe conjectureor attemptto drive the theory
formationtowardsconceptswvhich fix the conjecture This is analo-
gousto Lakatoss polyhedraexamplediscusse@bove, andwe claim
to have implemented_akatos-stylereasoningdemonstratedurther
by thefollowing two numbertheorysessionsvith HR.

4.2 Casestudy: number theory sessions

Numbertheoryis idealfor testingHR's new abilities becausenary
well-known theoremsappearto require Lakatoss methods For in-
stancethefundamentatheoremof arithmeticstateghatall integers
exceptl areuniquely expressibleasa productof primes.Similarly,
Fermats Last Theoremstateshatthe equation:z™ + y™ = 2™ has
nointegersolutionsz, y andz for ary n exceptl and 2.

In thefirst sessiorwith HR, we wishedto demonstratéhe multi-
agentcapabilities. Two agentswererun in numbertheory the first
with the numbersl to 20 and the secondwith 20 to 40. They
wereallowed to requestand communicatecounter&amplesto each
other when&er they made an implication conjecture,and to use
countergample-barringo fix ary conjecturewith 1 or 2 countere-
amplesAs anexampleof theirinteractionthesecondagentinvented
the concepiof oddnumbersand,later, primenumberslt thenmade
the conjecturethat prime numbersare odd, and could find no coun-
terexamplesbetween20 and 40. This conjecturewas passedo the
first agentasa setof theoryformationstepsto carry outin orderto
inventthe conceptf primesandodds,followed by the conjecture
thatthe primeimplies odd. Thefirst agentrealisedthatthe concepts
it requiredwerealreadyin its theory andfoundonly thenumber2 as
acounter@ampleto the conjectureOnreceving this, thefirst agent
addedthreetheoryformationstepsto the agendato inventthe con-
ceptsof: (a) numbersvhichequaltwo (b) numbersvhichdon't equal
two and(c) primeswhichdon't equaltwo. Oninventingthis concept,
it madethe conjecturethat primesexcepttwo are odd, which fixed
the conjecturemakingit true. In the samesessionthey mademary
conjecturesvhicharent possiblewithout Lakatosstechniquessuch
as: all refactorablenumbersexceptl and 9 are even (refactorable
numbersaresuchthatthe numberof divisorsis itself adivisor). This
conjecturds false:the next oddrefactorablenumberis 225.

In the secondsessionwe wishedto demonstratehat Lakatos-
style reasoningcan be usedby HR to find importantconjectures.
We starteda singleversionof HR with the numbersl to 10 andthe
initial conceptof divisorsandaddition.We specifiedhatHR should
attemptto fix implication conjecturedby exceptingcountergamples
if therewasonly one.The sizeandsplit ruleswereusedto turn the
conceptof divisorsinto the conceptof prime numbersasdescribed
above, andthe split rule re-inventedthe conceptof even numbers:
integersdivisible by 2. Thecomposeule combineghedefinitionsof
two conceptsandthis was usedtwice with the conceptf addition
andprimenumbersin thisway, HR inventedthe conceptof integers

which canbe written asa sumof two prime numbergwhich is true
of thenumberst to 10). Whenit inventedthis conceptHR madethe
conjecturghatevennumbershave this property but foundthe num-
ber2 to beacountergample.ThusHR inventedthe concepiof even
integersexcept2, which fixed the conjectureThatis, HR madethe
conjecturehatall evennumbersexcept2 areexpressibleasthe sum
of two primes.Thisis Goldbachs famousconjecturevhich,although
discoveredin 1742,is still unproved. Without Lakatos’techniques
HR would not have beenableto generatet. To our knowledge,this
is the first time Lakatoss techniqueshave beenimplementedand
usedto re-discaer animportantmathematicatonjecture.

4.3 Other Approaches

Theageng describedabore is oneapproacho modellingLakatoss
methodsThereareotherapproachesyoth practicalandtheoretical.
We do not arguethat our approactis betterthanthosedescribedn
thissection ratherthatthe otherapproachem Al helpto supportour
argumentthatthe methodsmaybeimplemented.

Hayes-Roth[pdescribes heuristicsfor repairingflawed beliefs,
which are basedon Lakatos’ methodsand have been partially
implemented He considersthe card gameHearts(like Whist), in
which the packis divided amongsiplayers.Oneplayerplaysa card
andtheothersmustall putdown a cardin the samesuit asthefirst if
they have oneandotherwiseplay ary card.The personwho played
the highestcard in the specifiedsuit wins that trick and startsthe
next. Onepointis awardedfor eachheartwon in atrick, and13 for
thequeenof spadegQS). Theaim of thegameis to geteitherasfew
pointsaspossible("go low”) or all the points("shootthemoon”). A
stratgy which beginnerssometimesgmploy is to win atrick to take
theleadandthenplay aspadein orderto flushoutthe QSandavoid
the 13 points.Hayes-Rothrepresentthis asshavn (p.230):

Plan: Flushthe QS

Effects: (2) I will forcetheplayerwho hasthe QSto play that
card.
(2) I will avoid taking 13 points

Conditions: (1) | donotholdtheQS
(2) TheQShasnotyetbeenplayed

Actions: Firstl win atrick to take theleadandwheneer | leadl

play aspade.

The plan (analogoudo a faulty conjecture)may backfireif the
beginnerstartswith the king of spadegKS) andthenwins thetrick
andhencethe unwantedpoints(this situationis a countergampleto
the plan). The heuristicsthen provide variousways of revising the
plan:

1) Retraction (like surrender) retractthe part of the plan which

fails, in this caseeffect (2).

2) Exclusion (like monstetbarring)- barthe theoryfrom applying
to thecurrentsituation by excludingthesituation. Add the condition
| donotplay KS

3) Avoidance (like piecemealvithdrawal) - rule outsituationswhich

can be predictedto fail the plan, by adding conditionsto exclude
them.For exampleby assessinwhy theplanfailedaddthecondition
I donotwin thetrickin which thequeerof spadess played A system
canfurtherimprove its plan by negatingthe nev condition- | win

the trick in which the queenof spadess played usingthis andits

knowledgeof the gameto infer thatit mustplay the highestcardin

the specifiedsuit, andthennegatingthe inferenceto getl mustnot

play the highestcard in the specifiedsuit This is thenincorporated
into theactionwhich becomedg-irstl win a trick to take theleadand

wheneer| lead,| play a spadewhich is notthe highestspade



4) Assurance (like stratgic withdrawal) - changethe plansothatit
only appliesto situationswhich it reliably predicts.In this casethe
faulty predictionis effect (2), andsothe systemlooksfor conditions
which guarantedt. It doesthis by negatingit, inferring consequents
andthennegatingoneof theseandincorporatingit into the action..
For examplenegatingeffect (2) gives| do take 13 points the game
rulesstatethatthe winner of the trick takesthe pointsin thetrick so
we caninfer that| win the trick, thenusethis andthe rule thatthe
personwho playsthe highestcard in the suit led wins the trick to
infer thati play the highestcard in the suit led. Giventhat player X
playsthe QSwe cannow infer thatl play a spadehigherthanthe QS
andnegateit to getl play a spadelowerthanthe QS

5) Inclusion (alsolike stratgyic withdrawal) - this differs from as-
surancen thatthesituationsfor which the planis known to hold are
listed ratherthana new conceptbeingdevised. Thereforeinsteadof
addingl play a spadelowerthanthe QSto theaction,we addl play
aspaden {285, ..., 10, JackS}.

Hayes-Rotraguesthattheseheuristicscanbeimplementedising
existingtechniguegalthoughaddingthatthis maytake considerable
effort). The primary capabilities he claims,aresymbolicdeduction
andheuristicsearchHe suggestsvaysin which oneheuristicmaybe
preferredover anotheyin orderto avoid a combinatorialexplosion.
Theseincludepreferringgeneralo specifictheories,seekinganoni-
cal representationandexperimentallyevaluatingalternatve fixesto
determinethe mostfruitful.

Rissland[24 hascarriedoutmuchwork ontherole of examplesn
understanding domain,in particularwithin mathematicsShehas
implementeda systempartly basedon Lakatos’ideason examples
and countergamples,ExGen,which can generateexampleswhich
meetspecifiedproperties.

Finally Bundy’ hassuggestedtherways,suchasusingneuralnet-
worksor versionspaces[1]) trainedon positive andnegative exam-
ples,to modelmonstefbarringandexception-barringThesewould
containa grey areain which an objectwould not be cateyorised
(thusgiving theinformality needed)Bundy alsosuggestshat proof
analysis[4, in which afailed proofis analysedwith a countergam-
pleto seeatwhich pointit fails, is of usefor lemma-incorporationt
couldalsobe usedto generatenew countergamples(the methodof
proofsandrefutations).

5 LAKATOS METHODSAPPLY TO OTHER
DOMAINS

If Lakatoss methodsareto be of generalusein machinecreatv-
ity, we needto shaw that they apply to domainsother thanthree-
dimensionalgeometry Theoreticalapplicability of the methodsto
otherdomainswould meanthatprogramswhich modelthe methods
may alsowork in thesedomains.

Multi-domain applicability is desirableas programsthen avoid
the accusatiorof fine-tuning(wherea programusesprocedureso
generatespecificdesiredoutput, but the procedureslo not produce
arything elseof value). The degreeof fine-tuningin a programmod-
elling creatvity wasformally definedin [8] andarguedto berelevant
to thejudgemenibf creatvity. Writing the programfor onedomain
andthenapplyingit to anothemgivesgreatewalidity to ary valuable
output.We have alreadyshown (§4) how the methodsapplyto num-
bertheory;in this sectionwe describehow they may be usedto re-
trieve conceptsconjecturesaand countergamplesin otherdomains,
in particularwithin philosophy We do not claim that this was how

6 Alan Bundy— personatommunicationBBN’s 49,1182,1212.

suchresultscameabout,nor thatthey occurredin thatorder- but if

themethodscanbeusedto retrieve a significantnumberof important
resultsin afield thenwe cansaythatthey may be usefully applied
to that field. We have not yet implementedary of theseideas,but
describewherewe intendto do soandbriefly detailhow.

5.1 Gameplans

In §4 we describehow Hayes-Roth[P appliedthe methodso game
plans.Theplanif | donotholdtheQSandit hasnotyetbeenplayed
and | win a trick and thenplay a spade thenthe outcomewill be
to force the playerwith the QSto play it and| will avoidtaking 13
pointsis shawvn to be flawed by the situationoccurringin which |

play the KS but endup with the 13 points.Variouswaysof revising
theplanwereshavn, andtheir relationto Lakatos’methods.

5.2 Two-Dimensional Geometry

A theoreticalcasestudyin [21] describeshow we couldimplement
the methodsn two-dimensionaeometryusingHR. An agentuses
inductionon examplesof squaresndtrianglesto conjecturethatfor
all shapesthe numberof vertices(V') equalsthe numberof edges
(E). A secondagentsendsS3 belav, which has5 verticesand 6
edgesThefirstusesnonsteradjustmentre-representing ashaving
4 vertices(excludingthe middle one)and4 edges The secondhen
generates54, which has5 verticesand6 edgeslIn aneffort to save
the conjecturethey generatghe conceptpolygon- ashapen which
all verticestouchexactly two edgesThis includesall examplesand
excludesall counter@amples(includingthe differentinterpretations
of S3). Exception-barringis thenusedto modify the conjectureto
‘for all polygons,V = E".

2 2 2 2

1 1 1 1
1 2 1 2 1 2 1 2
S1 S2 S3 S4

Figure4. Exampleshapesve hopeto generatén 2D geometry

5.3 Moral Philosophy

Lakatos’methodscanbe usedto generateonceptsgonjecturesand
examplesfrom undegraduatephilosophytextbooks. Utilitarianism,
the principle that an actionis right insofar asit tendsto maximise
happines$20], is a standardpositionin normatve ethics.Our uni-
verseof interestis now actionsandthe two initial conceptshose
actionswhich maximisenappines&ndthosewhich aregood
Supposédhatin an agents databaseall actionswhich maximise
happinesarecateyorisedasgood.Thereforeby induction it arrives
at the conjectureC thatall actionswhich maximisehappinessare
good[20], andsendshis to the otheragentsThey look for a coun-
terexample j.e.anactionwhichmaximiseappines$utis notgood.
The actof breakingpromisesfor exampleif X owesY tenpounds
but givesit to Z becauseZ needst more(z1)[20], is foundandthe
methodof surrenderusedto claim that —C' [27]. Monsterbarring
mightbeusedto redefinehe concepiactionswhich maximisehappi-
nessasactionswhich, if practisedgeneally, would maximisehappi-
nesq20]. Since(it canbeamued)thetraditionalpracticeof keeping



promisesis one which maximiseshappinessthe new conceptex-
cludesz:. C’ is now All actionswhich, if practisedgeneally, would
maximisehappinessare good Thisis rule-baseditilitarianism[20].
Again agentssearchfor examplesof actionswhich satisfy the first
conceptbut not the secondMcCloskey[18] considersa situationin
which the sherif of a smalltown canprevent massriots, in which
hundredf peoplewill bekilled, only by framingandexecutingan
innocentman. If the actionto be practisedgenerallyis minimising
humansuffering, then the sherif shoulddo so, thus satisfyingthe
first conceptbut possiblyfailing on the secondasit canbe seenas
wrong. Monsteradjusting might be usedto claim that if seenif a
differentway the actionis good.If it is acceptedhatthereareonly
thosetwo optionsspecified theneitheroptionis morally reprehen-
sible andthe sherif’s actionof framing and executingthe innocent
manis thelesseiof two evils [26]. Alternatively theconcepbf unjust
actions(discussedh [20]) might be formedby doingexceptionbar-
ring (piecemeakxclusion)on the counter@amples.The conjecture
All actions (exceptunjustactions)which maximisehappinessare
goodmight thenbe formed (not a stancetaken in the philosophical
literatureasit wealensthe conjectureoo much).

We might useMill’ s ‘proof’ of the utilitarian principle to form
more conceptsand conjecturesandto find more counter@amples:
1) happinesss our soleultimateend,2) promotionof humanendsis
the testby which we judge humanconduct,therefore3) all actions
which maximisehappinessregood.

ThesearcHor acountergamplewhichwouldviolatethefirstlemma
(proofs and refutation$ might leadto the example of Geoge who
is a pacifistbut is offered a job researchingchemicalwarfare. He
desperatelyneedsa job, and could slow down researchf he took
it, but would have to go againsthis principles (z4)[27]. Williams
claimsthatit would be wrong for Geoge to take the job sincethis
would lack personalntegrity. By this hemeanghatthelink between
commitmentsandactionswould be broken. Personalntegrity is, he
claims,an endin itself. Whetherthis refutesthe conjectureaswell
asthefirst claim (i.e. is a global or local counter@ample)is contro-

versial(doesnt personalntegrity in generalmaximisehappiness?).

Sincethe claim is explicitly statedin the lemma,lemmaincorpo-
ration might be usedon z4 to form the conceptactionsin which
happinesss the only end concernedand conjectureall actionsin
which happinesss the only end concernedwhich maximisehappi-
ness,are good Finally an agentmight find the exampleof capital
punishmenfor murderersvhich may maximisehappinesgtherela-
tivesof the victims might feel happier)but not be consideredyood.
Hidden lemmaincorporation could be usedto find the hiddenas-
sumptionthat all reasonsbehindhappinessre morally equialent,
i.e. someones revengefulgleeis morally equivalentto the satishc-
tion Mother Teresagetsfrom helpingthe needy(the distinctionbe-
tweenlegitimateandillegitimatedesiress madein [16]). This could
be madeexplicit in the algument,i.e. the first premisebecomes1)
happinesss our soleultimateend,andall reasondor happinessre
morally equialent.

We intendto work in this domainusinga datafileMoral Reason-
ing which is currently employed by machinelearningprograms.It
containsinformationabout200 people attributesincludingwhether
or notthey causecharm,whetheror notthey hadaplan,if they were
carefuland whetherthey were found guilty or not guilty. ML pro-
gramsaresupposedo learnarule or ruleswhichwill enablethemto
predictwhethera personis guilty or not. Whenwe ran HR (without
Lakatos’ techniques)n this datait constructech large set of im-
plicationconjecturesuchascaused_harm(A) A had_plan(A) —
guilty(A).

5.4 Philosophy of Mind

Horn[12] hasdevelopedagraphicalapproacho agumentatioranal-
ysis. Using the techniqueof mappingissuesandtheir connectiorto
eachotherontolarge postersheis mappingthe ‘greatdebates’His
first debateto be publishedpresentghe argumentswhich surround
the question“Can ComputersThink?”, and while not comprehen-
sive, themapis theresultof a majorprojectwhich consistsof seven
large wall mapsin which morethan800 argumentsarerepresented.
It is interestingto seehow mary of the agumentscanbe retrieved
using Lakatos’ methods(all agumentsin this sectionare on [12]
and are not our own). For instanceone of the main conjecturess
that ‘computer programscannotbe creatie’ - found by induction
onthemary non-creatre (andlack of creatve) computerprograms.
Counter@amples- computemprogramswhich are creative - include
Johnson-Laird jazz generatgrCohens AARON andKlein's book
generatarSomeof thesearethenmonstetbarred for instanceit is
amguedthatthe book generatoiis not really creative. The conceptof
creatvity is thenexploredandtightenedup, in the sameway asas
barring the hollow cubeleadto a tighter definition of the concept
polyhedron.

5.5 Palitical argument

It seemgtlearthat Lakatos’ methodsapply to subjectssuchasphi-
losophy law andpolitics, in which persuasie reasonings all impor-
tantanddefinitions,claimsandamgumentsaremodifiedaccordingto
theproponentsgoals.A recentexampleof political algumentis the
controversy over the Americangovernments treatmentof the Tal-
iban prisonersThe Gen&a Corvention statesthat “all prisonersof
war shouldbetreatechumanely”.Thisis theinitial claim (or conjec-
ture). The countergamplethenaroseof prisonersof war who were
not being treatedhumanely Sincethe governmentdid not wish to
violatethe Gen&a Corvention,whenchallengedvith the counterg-
amplethey claimedthatthe Talibanprisonerswerenot prisonersof
war. (This is similar to claiming thatthe hollow-cubeis not a poly-
hedron,.e. monstetbarring.) Thereforethe governments treatment
wasnotavalid countergample,andthe Genea Conventionwasnot
violated.To aid theagumenta new concept battlefielddetainees
wasinventedto describethe prisoners.

5.6 Meta-level reasoning

Thedomainof meta-level reasonings clearlyimportantif the meth-
odsareto beusedto transforma concepspace Someof themethods
may be usedto determinewhich methodis appropriatein a given
situation.For examplea mathematicahgentmay useinductionto
form the conjecture‘exception barring always producesgood re-
sults’. Anotheragentmayfind anexampleof somethingoroducedy
this methodbut not considerit a goodresult(the disagreementay
ariseif thefirstagentdoesnotknow of thecountergample,or it may
know it but evaluateit differently).For instanceif the secondagent
workedin philosophyit might producethe countergampleabore,in
which the conjectureactionswhich maximisehappinessaregood’
is modifiedusingexceptionbarringto ‘All actions(exceptunjustac-
tions)which maximisehappinessaregood’ which maybeevaluated
poorly sinceit too weakto be useful. This mightresultin examining

7 Thedefinitionof humandreatmentvasalsodisputed in particularwhether
it could ever includeinterrogation asthe Americangovernmentfelt it im-
portantto interrogatethe prisonerswhile not wanting to be opento the
chageof inhumanereatment.



the concept'good’, or using exception-barringto modify the con-
jectureto ‘exceptionbarringalwaysproducegyoodresults gxceptin
philosophy’.

With respecto HR the methodsareheuristicswhich suggesthe-
ory formationstepssuchaswhich conceptor conjectureshouldbe
developed. This is not meta-level reasoningbut could be usedto
enableit to transcendusual heuristicboundariesOne of the suc-
cesse®f HR is its ability to reasonat the meta-level without major
changeseingmade(shavn in [7]), andso the combinationof HR
andLakatoss methoddooks promisingfor meta-level reasoning.

6 CONCLUSION

Lakatoss Proofsand Refutationgprovidesa rich accountof the his-
tory anddevelopmentof a mathematicafield, andcontainsmuchof
interestto Al researchersOur argumentis thatit is especiallyrel-
evant to machinecreatvity. In describingmethodswhich explore,
transform,re-represenand evaluatea domainit seemgailor made
to creatvity researchWe have arguedin this paperthat Lakatoss
work canbeusedto addres&ey issuesn machinecreatvity, helping
to:

(i) identify a putative conceptspace mathematics;

(i) explorethisconceptspace by building atheorycontainingcon-
jecturesconceptsandexamples/counteramples;

(iii) transformthe conceptspace- usingthe methodshemselesto
suggestheoryformation;

(iv) suggestwhenandhow to re-represenknowledge,andwhatto
dowith thenew representation by the methodof monsteradjusting
which is usedto presere a conjecturehoughtvaluable,andresults
in explorationof subconceptsherentin the conjectureand

(v) developanaccounbf dynamicevaluationcriteria- by themethod
of lemmaincorporationwhich suggestsvaysof modifying a proof
or agument- seeasevaluationcriteriafor a conjecture.

We have alsodescribedrariousapproacheto implementinghese
methods- including our own approachusing HR, and our prelimi-
nary resultswhich we considervery promising.Finally we have ar
guedthatLakatos’'methodsarenotlimited to mathematicbut apply
to mary domains.

We now intendto implementfurther methods,n numbertheory
andthenin 2-dimensionalgeometryand moral reasoning We will
thenattemptto shaw thatthis is importantto machinecreatvity, by
evaluatingour resultingsystemwith respecto its creatvity (andif
appropriatecomparet to previousversionsof HR). We will referto
recentcreatvity measuresuchasthosein [22].

Despitethe obvious factthat almostall areasof knonvledgehave
grown throughcollaboratiorof somesort(in whichweincludecom-
petition, disagreemengtc), therehasbeenlittle attemptwithin ma-
chinecreatvity to modelsocialinteraction([25] is one exception).
Lakatoss work on the history and philosophyof mathematicss in-
valuableto researchermm thisfield.
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