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Abstract. The classification of mathematical structures is a driving force in pure
mathematics. A first step in producing algebraic classification theorems is to de-
termine for which sizes certain algebras exist. Computational approaches to solv-
ing such existence problems using constraint satisfaction and model generation
approaches have had much success. We look here at the question of distributing
the model generation process using Grid technology. We present a novel distri-
bution approach which involves using the HR machine learning program to intel-
ligently suggest specialisations of the problem which are given to separate pro-
cessors. Using the MACE, FINDER and SEM model generators, we demonstrate
how this approach provides greater efficiency over a single-process approach for
a series of quasigroup existence problems. We compare several approaches for
the production and choice of specialisations, including the generation of proved
classification theorems for algebraic structures of small sizes. We discuss how
this approach could be used for more general problems.

1 Introduction

The classification of finite simple groups in 1980 was one of the major intellectual
achievements of the twentieth century. Often, the first step towards such algebraic clas-
sification theorems is to determine how many structures exist up to isomorphism for
each size. In particular, it is instructive to determine for which sizes algebras exist at
all. Such existence problems have also attracted much attention in the research fields
of automated reasoning and constraint solving. For instance, solving open quasigroup
existence problems has become a challenge for friendly competition [18, 20], and such
problems are used for benchmarking AI systems.1 Existence problems are often solved
by the construction of an algebra of the given size. If asked to perform the same task,
a mathematician would probably not attempt to construct a multiplication table as a
constraint solver or model generator would. Instead, they might determine the families
which include a model of the given size, and attempt to write down the correct member
of a particular family. For instance, writing down a multiplication table for a group of
�
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size 17 is trivial, because only one group exists of this size and this group is cyclic, so
its multiplication table consists of the seventeen possible cycles of the elements. Con-
structing a size 17 multiplication table from the axioms alone, however, is not trivial.

In the case of cyclic groups, a constructive theorem exists which describes how to
build the models. The existence of such a theorem is not true in the general case. How-
ever, we can still propose a middle ground between the computational (brute force) ap-
proach and the more mathematical approach suggested above. This involves automati-
cally specialising the model generation problem in the hope that one of the specialised –
more constrained – sub-problems will be easier to solve. Such an approach may work if
the existence problem can be solved positively, i.e., by actually finding a solution. The
specialisations are generated via an un-supervised machine learning approach which
uses smaller models that satisfy the axioms of the algebra to intelligently suggest prop-
erties to specialise the problem. For instance, if the problem was to produce a group of
size 12, a model generator would be used to find groups of size 1 to 11, which become
the input to an un-supervised machine learning system. The system would recognise
that many of the models given to it are Abelian, i.e.,

��� ��� �����������������
. Hence

this suggests specialising the problem of finding a group of size 12 into the problem of
finding an Abelian group of size 12, a much easier task.

We compare two machine learning approaches for automatically specialising model
generation problems, including a sophisticated method that involves constructing and
automatically proving (using automated theorem proving) classification trees for decid-
ing the isomorphism family of algebras of given sizes. Both specialisation procedures
are capable of producing large numbers of suitable sub-problems. This provides an op-
portunity for further efficiency gains by distributing the sub-problems over multiple
processors. To gain the maximum efficiency possible, we have employed Grid tech-
nology to organise the distribution of processes. As a third specialisation method we
also employed a simple method for distributing the problem, namely by instantiation
variables. All specialisation methods are integrated into a uniform framework.

To demonstrate the effectiveness of our distribution approach, we performed a se-
ries of experiments using a standard problem set: QG-quasigroups. Using the MACE

[15], FINDER [17] and SEM [21] model generators, we compared the three speciali-
sation methods against a single-processor approach which uses the axioms alone. We
show that in most cases, in particular, for larger sizes, the classification method for
specialising into sub-problems produces substantial gains in efficiency over the other
approaches, when distributed using Grid technology.

The paper is organised as follows. In section 2, we provide necessary background
information, including a description of the problem domain (QG-quasigroups) and de-
scriptions of the constituent AI programs in our system. In section 3, we provide an
overview of how our system operates, including details of the Grid technology em-
ployed. In section 4, we provide details of the three methods employed to specialise the
model generation problems. Following this, in section 5, we describe the experiments
we performed in order to test the efficiency of the system and the results we obtained.
Finally, in sections 6 and 7 we place this work in context and conclude by looking at
the potential of this approach for more general problems.



2 Background

2.1 Problem Domain

Finite algebras describe a set of elements and a set of operators which each define a
function taking a subset of elements to a boolean or a subset of elements, e.g., the
multiplication function, which takes a pair of elements to a third element. The axioms of
the algebra dictate properties of the operators which identify the algebra. Quasigroups
– also known as Latin Squares – are algebras over a single multiplication operator,

�
,

which is subject to a single axiom:
��� ��� �! "� �#�$�%�&�'�)(%�! "� �*�+�,�-�'�

. This
corresponds to the property that every element appears in every row and every column
of the multiplication table. As an example consider the following five quasigroups of
order . , which constitute representants of the five different isomorphism classes:/ � �0�21� �3�*1

� �415�
1 1����

/ � �4�61� �*1��
� 15�3�
1 �3�*1

/37 �4�61
� �4�61
� �21+�
1 13�0�

/38 �0�21
� �0�21
� 1+�0�
1 �61$�

/�9 �0�21
� �41��
� �3�*1
1 1����

The discovery of quasigroups with certain properties is interesting outside of pure
mathematics, because the underlying structure of quasigroups is similar to that found in
many real-world applications, such as scheduling and timetabling, experimental design,
error correcting codes, and wavelength routing in fibre-optic networks [12, 13]. Con-
straint satisfaction and model generating methods have been applied to decide quasi-
group existence problems with much success (see section 6). Moreover, such problems
have become benchmark domains for model generators and constraint solvers. Of par-
ticular interest are the so-called ‘QG’-quasigroup families of problems [18] which al-
gebras satisfying the quasigroup axiom and one of these additional axioms:

[QG1]
��� ��� ��1 ���:�;�'�<�;�=�>�!�+�?1@�A�?1CBD�=�%1

[QG2]
��� ��� ��1 �!�E�?�F�<�;�=�>�!1G�?�F�A�?1CBD�=�%1

[QG3]
��� ��� �����:�;�'�<�+�!�E�?�F�E�H�F�

[QG4]
��� ��� ���!�E�?�F�<�+���:�;�'�E�H�F�

[QG5]
��� ��� ���
�I�E�?�"�J�;�'�<�;�=�,�F�

[QG6]
��� ��� �����:�;�'�<�;�=�%�$�+���:�;�'�
�

[QG7]
��� ��� ���!�E�?�F�<�;�=�%�$�+�!�G�?�F�
�

We are interested here in the following problem setting: given a specification of a (finite)
algebra in the form of a set of axioms

/
, construct an algebra of given finite size K which

satisfies these properties? Naturally, solving such problems also solves the question of
whether an algebra of size K satisfying

/
exists.

2.2 Artificial Intelligence Systems Employed

The following Artificial Intelligence system were used in our experiments:L
The MACE [15] model generator first constructs all instances of the given axioms

over the given finite domain and then employs a decision procedure that searches for
models, i.e., satisfiable instances of the formulas.



[a, b, c, d] : b*c=d

[a, b, c] : b*b=c

match

[a, b] : (all c ((c*c=b)))

forall

[a, b] : b in a

forall

[a] : (exists b ((all c ((c*c=b)))))

exists

Fig. 1. Example construction by the HR System
L

The SEM [21] model generator also first constructs all instances of the given axioms
over the given finite domain. Then, it performs a heuristic search over the possible
interpretations on the instances to find a model.L

The FINDER [17] model generator performs an exhaustive search for interpretations
of the given axioms, using the axioms to direct its backtracking. Thereby, first a candi-
date model is generated and tried against all the axioms together. If all axioms are true,
then the candidate model is accepted. If one of the axioms is false, the candidate model
is adjusted to deal with the detected badness, resulting in a new candidate model.L

HR [1] is a machine learning program which performs automated theory formation
by building new concepts from old ones using a set of production rules, and using mea-
sures of interestingness to drive the search [2]. It uses the examples of the concepts to
empirically form conjectures relating their definitions and employs third party theorem
proving and model generation software to prove/disprove the conjectures. In particular,
for the application discussed in this paper HR used the following four production rules:

Compose: this composes functions using conjugation.
Match: this equates variables in predicate definitions.
Exists: this introduces existential quantification.
Forall: this introduces universal quantification.

As an example construction, consider the concept of there being a single element on
the diagonal of the multiplication table of an algebra. This concept is constructed by HR
using the match, forall and exists production rules, as depicted in Fig. 1. In this scenario,
two concepts are supplied by the user, namely the concept of an element of the algebra
and the multiplication of two elements to give a third. Using the match production rule
with the multiplication concept, it invents the notion of multiplying an element by itself.
By using this in the forall production rule, it invents the concept of elements which all
other elements multiply by themselves to give. Then, using the exists production rule,
HR invents the notion of algebras where there is such an element.

HR has a variety of different search strategies for employing the production rules.
For the application described here, we employed a ‘tiered’ search for concepts, whereby
the Match, Exists and Forall production rules were used greedily, with the
compose rule used only when no further steps with the other rules were available. Al-



ternatively, HR can use heuristic searches whereby it employs a variety of measures of
interestingness to assess the worth of a concept, then chooses the best concepts to build
new concepts from [2]. For more details of how HR forms concepts, see [3]. In addi-
tion to forming concepts, HR makes conjectures about the concepts and uses third party
software to prove/disprove these conjectures, details of which are described in [1], but
are beyond the scope of this paper.

3 System Overview

In model generation, while solutions to small problem instances, e.g., QG5 quasigroups
of size 5, are easily found, the search spaces explode combinatorially, and their sizes
prohibit the systems from finding models for larger problems unless the problems are
sufficiently constrained. Therefore, dividing the search space into more tractable parts is
crucial for problems involving structures of a larger size. A division of the search space
can be achieved by adding auxiliary properties to the problem in order to specialise the
original axioms thus reducing the search space. In order not to change the problem itself
it is necessary to divide the search into two parts: one with the additional property and
another one with its negation. This ensures that the union of both search spaces will still
contain all possible solutions.

When searching for a single model which satisfies the axioms, the hope is that
it can be found faster in one of the two subspaces, than in the search space of the
original problem. Thus, if two processors are available, parallelising the search into
two separate model generation processes should produce a result faster than for the
original problem. Furthermore, if we can employ a set of such specialising properties,
a subsequent division into several parallel model generation processes should result in
an overall speed up. The input to our system is a quadruple M /2NPO#NPQRN�SUT , where

/
is

the set of axioms describing the algebra we are interested in,
O

is the order (size) of the
algebra we want to construct a model for,

Q
specifies the type of specialisation method

to be employed and
S

is the model generator to use (SEM, MACE or FINDER).
Given this input, the system first generates a set of specialisation sub-problems V

which consist of using model generator
S

to find models of size
O

which satisfy ax-
ioms

/
and an additional set of properties. The number and nature of the sub-problems

depends on the specialisation process employed, as discussed in section 4. The speciali-
sations used to attack the problem of, say, generating size 10 QG5-quasigroups can also
be used for the problem of generating size 12 QG7-quasigroups. Hence, the specialisa-
tion procedure usually amounts to looking up the set of pre-determined specialisations
to use, which have been generated automatically. Once the sub-problems V have been
generated, for each VXW in V , model generator

S
is used to try to find a solution to VGW .

As discussed above, the benefit of the heuristic to constrain the model generation
can be greatly improved if we distribute the search. Our approach lends itself well
to distribution over a set of processors: each specialisation sub-problem can be run
on a different processor. In order to achieve maximum distribution, we employ grid
technology, which ensures that the processes are evenly distributed over a cluster of
processors, as a single processor is assigned exclusively to each process. It also keeps
the communication time to a minimum and free from interfering network traffic by



using the cluster specific interconnection facilities. The distribution itself is relatively
straightforward: for each specialised axiom set a separate model generation process is
created and distributed on the grid. When a process terminates, the result is checked,
and if it has resulted in a solution, all other model generation processes are terminated
immediately, since we have successfully solved the existence problem. If it does not
contain a model, the other processes continue to run. Thus, if applied to a problem for
which no model exists, all processes have to run until their search space is exhausted.

As discussed in section 5, we compare this approach with a single process approach
that uses the original axiom set, hence covers the entire search space. This is run at the
same time as the sub-problems, and is given the same status on the Grid as the special-
isation processes. This has an additional benefit: for problems which have no solution,
we have found that this process often finishes quicker than the set of specialisation sub-
problems. Obviously, if the entire search space is traversed and no model is found, then
no specialisation problem will be successful, and hence every process can be halted.

4 Generating Specialisation Concepts

An important process in our system is the way in which it decides how to specialise the
original problem into a set of sub-problems for distribution. It is possible that adding
properties to a set of axioms can increase the search space. In particular, if properties
involve existentially quantified variables, the search for models of Skolem terms can
enlarge the search space rather than reduce it. Even when the specialisation reduces
the search space, we need to take into consideration the constrainedness knife-edge
[9]: adding too few constraints can leave the problems unsolvable in a reasonable time,
yet adding too many constraints may over-constrain the search space. Bearing these
considerations in mind, we adopted an experimental approach where three methods for
generating specialisations are compared and contrasted:L

One possibility is to split the search space into subspaces of roughly equal sizes, and
we look at a simple way to do this in section 4.1.L

A second possibility is to more intelligently generate properties using machine learn-
ing procedures to generate and choose the properties. We discuss how the HR system
can be used for this purpose in section 4.2.L

A final possibility is to attempt to place sub-problems onto the knife-edge, whereby
the problem is constrained enough to be solvable in a reasonable time, yet not over
constrained. We look at a method which uses classification trees to attempt to do this in
section 4.3.

4.1 Instantiating Variables

As a simple way of specialising the model generation problems, we instantiated vari-
ables as follows: given a problem to generate an algebra of size K satisfying axioms A,
the first specialisation has axioms A with the property that Y<Z[Y � Y , the second special-
isation has axioms A with the property Y�Z?Y �]\ and so on, with the nth specialisation
being axioms A with the property YJZ�Y � K$^ \ . In addition, further specialisations with



properties YRZ \��_� (with
�#`ba Y N@cdc@c�N K:^ \fe ) are possible. This acts as a control in our

experiments – it may be that the distribution alone increases the efficiency, and not the
specialisation procedures we have implemented, which would mean that this method
would be competitive with the specialisation procedures.

4.2 Using Applicability

One approach to dealing with the constrainedness knife-edge is to be cautious, and
choose properties which are not likely to over-constrain the search space. As discussed
above, HR can generate numerous concepts which specialise the notion of algebra, and
it can choose from these using various measures of interestingness [2]. To do this, the
system takes the axioms of the algebra under investigation and uses the model generator
specified to generate models of size 1, 2, 3, etc. up until the model generator fails
to find a model in a given time. These are used as the objects of interest in a theory
formation session with HR, and HR’s search is adjusted to favour the production of
specialisation concepts. In addition to working with smaller algebras satisfying exactly
the same axioms as the problem we are looking at, we can employ more general or more
specific axiom sets for property generation.

Once the theory has been produced, the applicability measure is used to extract
the best specialisations with respect to that measure. The applicability of a concept is
measured as the proportion of models which satisfy the concept. The idea is that, when
being cautious, it is better to choose specialisations with high applicability, as, given the
evidence of smaller sizes, it is unlikely that these will over-constrain the search space.
In practice, applicability is used via a threshold: given a theory formed by HR which
contains specialisation properties

a V � N@cdc@c'N VJg e , the system chooses a subset of these
concepts as possible constraining properties by considering those concepts that hold for
at least a certain, specified number of the given structures. Given a threshold Y�hjilk \ ,
only those properties are considered that actually hold for at least iRm'K structures.

For instance, if i � Y con all properties are chosen that hold for at least half the mod-
els. The system then takes the set of chosen properties

aqp � N@c@cdc@N p$rse5tua V � N@c@cdc'N V g e
and generates sets of axioms that will be employed to generate models. Suppose we
are looking for structures that satisfy a particular set of axioms v , the system will then
generate the sets of axioms of the form vxw aqp � e , vxw ayp � e , . . . , vzw ayp:rse , and
v,w ay{Gp ��| {Gp �<| c@cdc | {Gp r e . These }�~ \ axiom sets are then submitted to the model
generators. Any structure found will naturally also be a model of the original axiom
set v . As an example, when considering existence problems of QG5 quasi-groups, to
generate properties with HR, the system generated a set of QG5 quasigroups of size 3
to 9. HR then came up with 68 properties of which 19 were chosen as they hold for
more than half of the quasigroups. These resulted in 20 sub-problems being given to
the model generators.

4.3 Using a Classification Algorithm

Being cautious with the addition of specialising properties may mean that the sub-
problems are still under-constrained and take too long to solve. One way to reduce
the search space without over-constraining is to reduce symmetry: two solutions which



may be syntactically different, may be considered by the user as really the same, and
adding constraints which rules out one of these solutions without ruling out the other
is said to break the symmetry. In algebraic domains, the main cause of symmetry is
isomorphism. Two algebras are considered isomorphic if a permutation of the elements
of one means that it can be re-written to look exactly like the other one. Hence, when
generating algebras, we could consider a problem on the constrainedness knife-edge if
it was guaranteed to find only solutions in a particular isomorphism class. Some com-
putationally tractable techniques exist for determining isomorphism types – e.g., for
groups [16] – but in general, it is as difficult to do this as it is to exhaust the space of
models for a given size. However, we can approximate the properties required for iso-
morphic specialisation of the problem size of interest, by looking at properties which
can be used to classify smaller sized algebras up to isomorphism.

In [4], we present a bootstrapping algorithm for generating theorems which enable
the classification of algebras up to isomorphism. As a simple example, the algorithm is
given the axioms of group theory and told to find a classification theorem for groups
of size 6. It returns the following (paraphrased) result: “all groups of size 6 can be
classified up to isomorphism as either Abelian or non-Abelian”. The implementation of
this algorithm uses HR, MACE, SEM, FINDER, the automated theorem prover Spass,
and the Gap computer algebra system [8] to generate such results. Note that Spass
is used to show that the theorems provide valid classifications by proving that each
concept in the theorem is a classifying property, i.e., true for all members of exactly
one isomorphism class.

The general idea of the algorithm is to construct a decision tree by successively gen-
erating non-isomorphic algebraic structures and associated discriminants until all iso-
morphism classes have been found. A discriminant property V for two non-isomorphic
structures

/ � and
/ � is a property that is invariant under isomorphism such that V does

hold for
/ � but not for

/ � or vice versa. That is, the existence of V for
/ � and

/ �
is a proof that

/ � and
/ � are not isomorphic. The algorithm takes the size K and the

axioms of the algebraic structures to be considered as input. It returns a decision tree
for isomorphism classes of the algebraic structure that serves as classification for the
specified algebras up to isomorphism for a given cardinality.

For example, Fig. 2 gives the decision tree constructed for the classification of quasi-
groups of order 3. The edges of the tree are labelled with properties. Each node in the
tree is associated with the conjunction of the properties that are the labels of the edges
of the path leading from the root node to the node. For instance, node � is associated
with the property V � ( V � . The tree shows

n
isomorphism classes for quasigroups of size

. corresponding to the leaf nodes � , � , � , � , and � , which are called the isomorphy nodes
of the tree. For isomorphy nodes, the property associated with the node uniquely char-
acterises an isomorphy class of quasigroups of size . . That is, all quasigroups of size .
satisfying the property associated with an isomorphy node are isomorphic. The repre-
sentants of the isomorphism classes are the quasigroups given in section 2.1 where the
enumeration of the quasigroups corresponds to the labels of the respective isomorphy
nodes, e.g.,

/ � is the representant of the isomorphism class given by node � .
Initially, the decision tree consists only of the root node. The single nodes of the

tree are expanded by first generating an algebraic structure satisfying the properties
specified by the node. For example, for the root node

\
in Fig. 2, an arbitrary quasigroup



of order 3 is constructed; for node . , however, a quasigroup that additionally satisfies
the property

 �� �F���?���
is required. If no representant can be generated, we must prove

that there exists no algebraic system of cardinality K satisfying both the original axioms
and the additional properties generated up to this point.

When a representant is generated we have two cases to consider: there exists a non-
isomorphic structure exhibiting the same properties considered so far or the property
represented by the node constrains the structures to a single isomorphism class. In the
former case, we have to branch further by generating a structure non-isomorphic to the
original one. The two structures are then passed to HR to compute two — generally the
smallest — discriminants. In the example, the quasigroup

/ � given in section 2.1 was
constructed as a non-isomorphic counterpart to

/ � . Given those two quasigroups, HR
came up with discriminants V � and

{ V � as stated in Fig. 2. Depending on the nature
of the discriminants, either two or four child nodes are constructed. The case of two
child nodes can be observed in the expansion of nodes

\
and . in Fig. 2, whereas the

expansion of node
n

leads to four children.
This construction mechanism guarantees that the resulting tree is a decision tree for

algebras, i.e., each single branching as well as the whole tree are covering (an algebra
satisfies the properties associated with at least one child node/leaf node) and exclusive
(an algebra satisfies the properties associated with at most one child node/leaf node).
However, by this construction mechanism the algorithm can also introduce nodes for
which no algebra of the considered size and axioms exists. Such nodes are called dead-
ends. For instance, since there is no quasigroup of size . satisfying the properties V � ,{ V � , and

{ V � (�{ V � node � , in Fig. 2 is a dead-end node.
The tree in Fig. 2 is a classifying decision tree for quasigroups of size . . That it is

a decision tree, however, holds for arbitrary algebras, for instance, also for quasigroups
of size � , n , � , c@cdc . However, for other algebras the tree is not longer classifying, i.e.,
the leaf nodes do not necessarily specify isomorphy classes and dead-ends for other
algebras.

� � �R����� � 	G� �� 	)���"� � 	G� �� 
 ����� �"� �P�$�� �� �l����� �"� �P�$�� �� �

� �

� � � �

� � � � �

� 	 � � 	
� 
X� � � � 
J� � � � � � 
X� � ��

� 
 � � � �

Fig. 2. Decision tree for the classification problem of order 3 quasigroups.

The classification trees produced by this algorithm are employed by the system
discussed in this paper as follows. Let

a V � N@cdc@c@N VJ� e be the properties associated with
the leaf-nodes of a classifying decision tree and let v be a set of axioms, then our



system combines these to K specialisations of v by adding each property to the set of
original axioms. These sets of axioms are then submitted to the model generators. For
instance, consider the classifying decision tree for quasigroups of order . depicted in
Fig. 2. The specialisation properties are the properties associated with the leaf nodes.
We therefore get six different axiom sets as specialisations: v�w ay{ V � e , v�w a V � ( V � e ,
v,w a V � (6{ V � ( V � ( V � e , v,w a V � (6{ V � ( V � (6{ V � e , v,w a V � (6{ V � (6{ V � ( V � e ,
and v>w a V � (�{ V � (�{ V � (0{ V � e .

Note that this heuristic can be approximated by the applicability approach described
in section 4.2. If the system started off with a covering set of non-isomorphic algebras
for each size, and if the threshold was set so that properties which applied to only a
single algebra were chosen, then each property must be a classifying property (although,
as Spass is not employed, this is not proved). However, in practice, there is no guarantee
that the model generator has produced exemplars of each isomorphism class, and when
the number of initial algebras becomes more than around 10 or so, HR usually fails
to produce classifying properties for all isomorphism classes. In addition to potentially
placing the sub-problems closer to the constrainedness knife-edge, another potential
advantage of the classification tree approach is that, since the specialisation properties
result from a decision tree, they divide the search space of possible algebras disjointly
and hence there is little repetition of work. Also, it is more likely that the specialisation
properties split the search space more evenly. Moreover, the properties cover the search
space, so no solutions are lost.

5 Experiments and Results

Our aim here is to compare and contrast the three specialisation methods described
in the previous section. In particular, we want to determine whether any gains in ef-
ficiency can be made when applying model generators FINDER, SEM and MACE to
the quasigroup existence problems introduced in section 2.1. We have used each spe-
cialisation technique for all of the QG problems, but, due to space considerations, we
present here only the results for QG1, QG4 and QG5 (for more detailed results please
see ftp://ftp.cs.bham.ac.uk/pub/authors/V.Sorge/quasigroups/results.dvi). We compared
the seven following approaches to solving the model generation problems:L

[Orig] This used a single processor with the original (non-specialised) axiom set. This
is essentially a benchmark our parallel approach with respect to the performance of the
original systems.L

[Inst1 + Inst2] refers to the two methods described in section 4.1. For Inst1, we fixed
a single pair of elements

� Y N Y � and pre-instantiated all possible results. For a problem
involving quasigroups of size K the heuristic resulted in K specialised axiom sets. For
Inst2, we additionally fixed a second pair

� Y N \ � , which resulted in K0m � K�^ \ � speciali-
sations.L

[Appl] refers to the method given in section 4.2. The 19 concepts of applicability 0.5
or higher resulted in 20 specialised axiom sets.L

[Class3, Class4, Class5] employ results of the classification algorithm described in
section 4.3. In detail, Class3 uses the classifying properties from the decision tree for



System Problem Orig Inst1 Inst2 Appl Class3 Class4 Class5
FINDER QG5.6 ¡ 0.04 0.03 0.08 0.05 0.05 0.06 0.15

QG5.7 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QG5.8 27.06 0.04 0.01 27.27 0.01 0.02 0.02
QG5.9 0.04 0.02 0.02 0.01 0.04 0.04 0.01
QG5.10 ¡ 3569.51 35300.13 7905.71 t/o 3570.17 t/o t/o
QG5.11 t/o 62.36 9.01 t/o 21.84 16.12 15.25
QG5.12 316.42 317.22 57.26 332.12 321.72 3.57 494.4
QG5.13 11342.30 12881.42 1682.91 8217.31 4014.80 3533.37 118.74

SEM QG5.6 ¡ 0.00 0.00 0.01 0.01 0.00 13.71 142.55
QG5.7 0.00 0.00 0.00 0.00 0.00 0.00 0.00
QG5.8 0.06 0.11 0.01 0.02 0.00 0.00 0.00
QG5.9 0.00 0.00 0.00 0.00 0.02 0.01 0.00
QG5.10 ¡ 1172.52 t/o 42749.04 1927.82 15193.60 t/o t/o
QG5.11 t/o t/o 19.19 2518.37 38.69 40.28 170.89
QG5.12 t/o 84.72 t/o t/o 3.94 0.01 0.10
QG5.13 t/o t/o t/o t/o t/o t/o 89.83

MACE QG5.6 ¡ 0.03 0.05 0.12 0.06 0.01 8.38 5.31
QG5.7 0.57 0.58 0.60 0.01 0.01 0.01 0.01
QG5.8 46.80 47.40 48.75 0.58 0.57 0.58 0.46
QG5.9 48.52 48.63 47.95 0.00 0.00 0.01 0.01
QG5.10 ¡ t/o t/o t/o t/o t/o t/o t/o
QG5.11 t/o t/o t/o t/o t/o t/o t/o
QG5.12 t/o t/o t/o t/o t/o 105.04 t/o
QG5.13 t/o t/o t/o t/o t/o t/o t/o

FINDER QG4.6 ¡ 1.58 0.33 0.04 1.58 1.22 1.20 2.07
QG4.7 ¡ 84.75 38.77 8.81 98.26 89.87 90.59 123.47
QG4.8 0.05 0.02 0.03 0.05 0.06 0.06 0.61
QG4.9 0.38 0.14 0.01 0.31 0.37 0.36 0.66

SEM QG4.6 ¡ 0.00 0.01 0.02 0.12 0.01 45.29 29.00
QG4.7 ¡ 0.06 0.63 0.97 0.21 0.16 885.64 488.59
QG4.8 0.09 0.02 0.00 0.01 0.01 0.01 2.26
QG4.9 2.51 0.22 0.01 0.03 0.01 0.01 0.05

MACE QG4.6 ¡ 0.07 0.07 0.13 0.10 0.02 37.82 54.66
QG4.7 ¡ 2.64 2.87 5.68 4.22 0.31 76.78 4123.43
QG4.8 61.49 61.45 60.86 0.88 0.87 0.92 2.27
QG4.9 27023.21 26798.08 27040.67 2343.61 329.87 339.73 134.94

FINDER QG1.6 ¡ 1660.59 782.67 117.88 1885.42 4875.55 5139.38 t/o
QG1.7 0.34 0.26 0.24 0.05 0.09 0.01 0.02
QG1.8 12776.18 100.18 4778.38 2.50 8704.15 4.54 74.13
QG1.9 6438.08 74275.36 144.66 8929.90 6518.62 7.82 82.71

SEM QG1.6 ¡ 0.69 6.58 1.36 2.16 1.62 6313.57 t/o
QG1.7 0.29 0.01 0.00 0.01 0.01 0.00 0.00
QG1.8 1566.77 0.34 0.37 0.04 1.25 0.01 0.21
QG1.9 0.00 0.00 0.00 0.00 12.49 0.00 0.00

Fig. 3. Experimental results for the QG problem domain. Times are given in seconds, t/o indicates
the model generator exceeded the 1 day timeout. Asterisks indicate that a given problem does not
have a solution.

quasigroups of order 3, which comprises 6 properties and therefore the same number of
specialisations. Class 4 uses the 41 properties of quasigroups of order 4 produced for
the decision tree. For quasigroups of order 5, the decision tree yields more than 1500
properties, which we considered an impractical size. We therefore used the data from
an intermediate decision tree for order 5 quasigroups, which yielded 468 properties,
i.e., the tree still had all the properties of a decision tree, but the leaf nodes were not
necessarily isomorphism classes for quasigroups of size 5.

The results from running these methods for QG1, QG4 and QG5 quasigroups of
various sizes are given in table 5. Each row contains the time (in seconds) needed to
solve a problem. The first column indicates the model generator for which the results
were obtained; the second column specifies the particular problem, where QG ¢ . K is
the problem to show the existence of an order K quasigroup for which QG ¢ holds.
Asterisks indicate that a given problem does not have a solution. For example QG5.6 £
is the problem to find a QG5 quasigroup of order 6 and the asterisk indicates that there
is no such quasigroup. T/o indicates the model generator exceeded a 1 day timeout.
The times are recorded as the time when the first of the parallel model generation pro-



cesses succeeded in finding a model. In the cases where no model exists, all processes
have to terminate in order to guarantee that the search was exhaustive. Thus the time
corresponds to the run time of the last process that terminated.

The experiments where conducted on a 113 node 2GHz Pentium 4 cluster with
2GB of RAM each with regular Ethernet interconnect. As a grid engine, we employed
GridEngine v5.3 running on a quadruple 2.4GHz Xeon with 4GB of memory. For some
of the experiments – notably for Class5 and the Inst2 heuristic for quasigroups of order¤ \ Y – the number of specialisations exceeded the capacity of the cluster. We therefore
ran these in several blocks, and the results should be understood as a simulation of
a cluster of the necessary size. The results for the problems for which no model exists
(QG5.6, QG5.11, QG4.6, QG4.7, QG1.6) demonstrate that in this case our specification
approach fails. This is not surprising, as to conclude that no model exists, the search
must terminate on all specialised axiom sets. Thus, if only one of the added properties
has a negative effect on the search space, it affects the overall result.

The situation is exactly the opposite if there exists a model. Then, one specialised
sub-problem which provides a model is sufficient to solve the overall problem. The re-
sults of our experiments demonstrate that employing the instantiation heuristic already
gives a speed up in the cases where a model exists. Employing the classifiers can often
further increase the speed up. In particular, for the more complex problems, the speed
up is sometimes not only significant but also the model generators can find solutions
for problems on which they timeout without the specialisations.

The results for the problems for which a model exists do not point out a clear winner,
i.e., no method consistently outperformed all the other methods. However, altogether
for each problem for which a model exists and which is non-trivial (i.e., the original
problem is solved in less than 1 second) at least one specialisation heuristic gives a
considerable speed up.

Another pattern also appears to emerge: for the small sizes, there seems to be little
point in using a specialisation method. For the intermediate sizes, simply distributing
the process using the Inst2 method appears to be quicker in many instances. For the
larger sizes, however, the classification methods appear to do better. Also apparent is
that the classification methods usually outperform the applicability method. It is very
interesting to compare the three decision trees methods for the generation of speci-
fication sub-problems. The Class4 decision tree outperforms the Class3 decision tree
on almost all problems for which a model exists (and for the exceptions of this rule
the Class3 tree performs only slightly better). However, for the Class5 tree we cannot
observe a clear improvement as compared with the Class4 tree: except for QG5.13 it
does not perform significantly better but on the other problems it performs worse. This
may indicate that our approach is limited: splitting the problem into more sub-problems
will not necessarily result in faster solutions. We intend to evaluate this hypothesis with
more experimentation.

6 Related Work

The study of quasigroups, and more generally, automated discovery in finite algebras,
stimulated much research in Automated Reasoning. For instance, [7, 14, 18, 19] report



on the use of model generation techniques and propositional provers to tackle quasi-
group existence problems. In particular, open problems in quasigroups became a chal-
lenge for friendly competition. J. Zhang was the first to use a general reasoning program
to solve an open quasigroup existence problem. Later, Fujita, Slaney, Stickel, McCune,
and H. Zhang used their systems to solve several open cases and reported very com-
petitive results. More recently, completing partial quasigroups has been proposed as a
structured benchmark domain for the study of constraint satisfaction methods [11].

The difficulty with using automated reasoning techniques and constraint satisfaction
techniques is that the underlying problems are intractable (undecidable, NP-complete).
No matter how good the algorithms are, there is a constant need for more computing
power. This motivated the distribution of problems and the application of concurrently
running applications in the context of quasigroup existence problems. [19] presents
Psato a parallel prover for propositional satisfiability for networks of workstations. A
key property of the approach is that the concurrent processes explore disjoint portions
of the search space such that parallelism is employed without introducing redundant
search. [11] and [10] report on the possible concurrent application of randomised al-
gorithms, which are among the best current algorithms for solving computationally
hard problems. The time required by these algorithms to solve a particular problem in-
stance can vary drastically (indeed the algorithms studied in [11, 10] exhibit so-called
heavy-tailed runtime distributions). Hence, running several instances of a randomised
algorithm can boost the performance.

In contrast to Psato, the randomised algorithms all search the same search space
but because of the inherent randomisation they traverse it differently. Our approach is
similar to the Psato approach with respect to the disjoint partition of the algebra space
that results from the usage of decision trees. However, since the generation of classi-
fying decision trees is not deterministic (see [4] for details) we could also randomly
create different decision trees to use in our approach and employ concurrency on these
decision trees, which would then be similar to different runs of randomised algorithms.

Automatically re-formulating problem statements in order for solvers to more effi-
ciently find solutions has been addressed in many areas of Artificial Intelligence, most
notably constraint solving. In particular, the process of deriving additional information
from the problem statement so that implied constraints can be added without loss of
generality has been researched recently [6]. Also, in [5], Colton and Miguel use the
HR program to generate additional constraints for quasigroup existence problems, and
this approach provided up to 10 times speed up for certain problems. In contrast to the
work described here, however, this approach was semi-automated, ad-hoc and concen-
trated more on using implied constraints, rather than the case splits we use here. It also
focused on improving a single constraint solver, rather than distributing the workload
over a grid, as discussed here.

7 Conclusions and Further Work

We have presented a novel approach to distributing a model generation process for
solving algebraic existence problems. Based on a general framework, we investigated
several methods to split a model generation problem into multiple more specific sub-



problems, which can be processed in parallel. The specialisations range from simple
instantiation to more intelligent choosing of specialisation properties. Our experiments
demonstrate that, by using a grid-based concurrent distribution, our approach provides
greater efficiency over a single-process approach. Moreover, in many cases, the more
elaborate specification approaches outperformed the simple specification approaches.
We plan to perform more experiments in order to determine more precisely when a
particular approach will outperform another.

We have used this approach for the QG5 problem of size 18, which is still an open
problem. Unfortunately, none of the specialised sub-problems has returned a solution,
which gives some evidence towards the hypothesis that no solution exists. We have
also looked for cases where a search using specialising property V and a search using
specialising property

{ V have both ended unsuccessfully, thus proving that there are
no solutions, but none have been forthcoming. One avenue for further work may be to
generalise this approach: suppose that the search for sub-problems with specialisations
V � N@cdc@c'N VJ� have all finished without solutions. Then, if a solution does exist, it must
have the property

{ V \l( c@cdc (�{ V$K . Hence, we could take successively larger subsets
of
ay{ V \ N@cdc@c'N { V � e and attempt to prove with an automated theorem prover that all the

properties in the subset holding at once is inconsistent with the axioms, hence showing
that no solution can exist.

Our experiments with the three specialisation methods described in the paper did
not provide us with a clear winner, i.e., a method that outperforms all other meth-
ods on all problems. Furthermore, without additional experimentation, it is difficult
to draw generalisations about how best to specialise model generation problems into
sub-problems. However, the specialisation methods showed a significant speed up over
a single-process approach, and, in particular, for larger sizes, the classification methods
appear to be better than the other specialisation methods. It is also difficult to choose a
clear winner for the the three different classification trees approaches. In the worst case,
a specialisation method turned out to take even longer than the original problem. These
observations raise the question whether it is possible to predict the performance of a
particular method on a particular problem. If this is possible, then a suitable method
can be chosen. Our current experiments do not provide sufficient data to give an ac-
count on this question. However, we hope that further experiments will provide enough
data that we can try to figure out (learn) problem and specification parameters for an
automated selection of the specification method.

Although we experimented here only with quasigroups, our approach is general
enough for model generation of any finite algebra with particular properties. Moreover,
the idea to specialise problems goes beyond algebraic domains and beyond the use of
model generators. That is, we can envisage our approach being used for general prob-
lems in model generation and constraint solving. While our main motivation remains
adding to the mathematical literature on finite algebras, we hope to demonstrate that the
notion of specialising problems into sub-problems, then distributing these sub-problems
on a Grid architecture has much potential for Artificial Intelligence problem solving.
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