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Abstract. This paper describes a new Inductive Logic Programming
system, ReDuce, which is a linear time variant of a key element of the
author’s DeepLog system. ReDuce differs from DeepLog by replacing the
Meta-Interpretive Learning hypothesis generator by a novel inductive
variant of an existing near-optimal grammar-based greedy text compres-
sion algorithm. Having identified minimal length input/output certificate
sequences for the examples ReDuce iteratively applies star (repeat) and
fold operations in order to generalise the examples and invent referenced
sub-predicates. This compaction process is guaranteed by construction
to converge, and results in a deeply structured recursive program which
both compacts and generalises the examples. The approach is proved to
run in time and space which are linear with respect to the certificate
sequence lengths. The identified regular expressions are used to generate
an HZ logic program from the learned folded certificates. Experiments
indicate hypothesis construction time to be, in some case, more than ten-
thousand-fold faster than corresponding examples in the author’s previ-
ously published DeepLog paper. As with DeepLog, an existing Bayesian
sample complexity result shows low generality hypotheses can be learned
with high expected accuracy from small numbers of positive examples. In
further work the author aims to explore identification of noisy examples
using a modified text compression approach.

Keywords: Inductive Programming - Text Compression - Grammar.

1 Introduction

Imagine trying to devise a general fire escape program for evacuating a building.
The program must ensure everyone in a bedroom exits the building via the
shortest path. DeepLog 7] identifies a program, involving multiple recursions and
introduction of new predicates (see Figure 1), from a single example sequence
(or certificate). However, since search time increases non-linearly with sequence
length, Deeplog only identifies programs for buildings of at most 16 storeys
high.

Question: Is it possible, in time linear in certificate sequence length, to identify
a compact structured program?
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a) Floorplan b) Hypothesised program (23 clauses):

£128(X,Y) :- defn_1(X,Z),f128_1(Z,Y).
£128_1(X,Y) :- star_e(X,Z),f128_2(Z,Y).
£128_2(X,Y) :- star_n(X,Z),f128_3(Z,Y).
£128_3(X,Y) :- defn_1(X,Z), £128_4(Z,Y).
£128_4(X,Y) :- star_d(X,Z), f128_5(Z,Y).
£128_5(X,Y) :- star_n(X,Z), star_e(Z,Y).

defn_1(X,Y) :- star_w(X,Z),star_s(Z,Y).

FLOOR 128 star_d(X,Y) :- eq(X,Z), eq(Z,Y).
star_d(X,Y) :- d(X,Z), star_d(Z,Y).
star_e(X,Y) :- eq(X,Z), eq(Z,V).
star_e(X,Y) :- e(X,Z),star_e(Z,Y).

d([dIT],T).
e([elT],T).

eq(X,X).

FLOOR 1

c) Certificate sequence (185 steps):
(W, w, .., 8,8, ..., . 0,0, .., W, W, .., 8,8, ...,d,d, ..,n, M, .., €, €,..)

d) Timings
Floors 16 128 1024
DeepLog| 6.3s - -
ReDuce |0.0005s|0.0005s|0.0008s
Ratio |12,600 - -

Fig.1. a) Floorplan 2-128 have identical structure, "S" is Stair, "X" is Exit, A-C
are starting bedroom positions. b) The hypothesised program is generated from c)
the certificate sequence of 185 step actions from {d,e,n,s,w}. d) Hypothesis generation
timings with 16, 128 and 1024 floors. DeepLog fails with more than 16 floors.

Figure 1' shows the layout of the top and bottom floors of a building. An
example certificate is provided which indicates a minimal escape sequence con-
sisting of 185 individual actions {d,e,n,s,w} from position A on Floor 128 to the
Exit position X on Floor 1. Given this sequence ReDuce? hypothesises a gen-
eral hierarchical program which generates a minimal path sequence from any of
the bedroom positions A,B,C on floors 2-128 to the exit position X. The tim-

! Timings in Figure 1d) for DeepLog and ReDuce were both based on SWI Prolog
runnning on a single core 11th Gen Intel(R) i7-1165G7 @ 2.80GHz.

2 ReDuce is named after the author’s earlier Duce system [4] (see Section 2.1) which
uses information reduction to guide a greedy search for hypotheses.



ReDuce: Linear-time Inductive Compression using Greedy Folding 3

ings (Figure 1d) indicate hypothesis generation for ReDuce strongly outperforms
DeepLog and increases at most linearly with building height.

The paper is organised as follows. Related work is described in Section 2. In
Section 3 the mathematical framework for the ReDuce algorithm is introduced.
Section 4 describes the Reduce algorithm alongside a time-complexity analy-
sis of the associated algorithms for 1) identifying high frequency pairs and 2)
interleaving identification of repeating sequences and greedy folding. Section 5
describes experiments comparing the comparative performance of ReDuce and
DeepLog on various example sets. Section 6 concludes and describes potential
further work.

2 Related work

2.1 Propositional structure learning by compression

Duce [4] is a Machine Learning system which introduces propositional domain
features on the basis of a set of examples. Duce uses six transformation operators
to successively compress the examples by generalisation and feature introduction.
Duce’s main achievement was the restructuring of a substantial expert system for
deciding whether positions within the chess endgame of King-and-Pawn-on-a7
versus King-and-Rook (KPa7KR) are won-for-white or not.

The ReDuce system described in this paper is similar to Duce in its use of
successive compressive operations to introduce a structured hierarchy. By con-
trast, the ReDuce system constructs first-order recursive logic programs, allowing
predicate arguments to carry and revise the state (eg the agent’s position in the
fire example) during execution of the program.

2.2 Grammar Induction

The earliest theoretical framework for learning formal grammars from examples
was published in 1967 by Gold [2], and is known as Identification in the Limit.
The framework assumes learning algorithms are provided with a finite enumer-
ation of both hypotheses and examples of a target language, for identifying con-
sistent hypotheses. Gold proved that, in general, for infinite formal languages,
such as regular and context-free languages in the Chomsky hierarchy, identifi-
cation in the limit is not possible when learning from positive examples alone.
The reason is that for such language classes, given a finite number of examples,
at no point can an algorithm discriminate between the most general language,
consisting of all possible sequences from a given alphabet, and the most specific
language, containing only the examples provided so far. Gold [2| pointed out
the apparent disparity between this formal result and existing psycholinguistic
studies by McNeill [3], which indicated that children learn language largely from
positive examples, and tend to ignore corrections to their use of grammar.
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2.3 Bayesian positive-only learning

In 1996 [6], the author introduced a Bayesian framework to analyse the learning
of logic programs from positive-only examples. A Bayesian prior over the hypoth-
esis space is assumed. It was shown that polynomial time logic programs can be
learned with high accuracy from a randomly selected positive example sequence.
This result goes beyond the positive-only results of Gold, and supports efficient
learning of infinite languages and programs, since the class of Logic Programs is
equivalent to Chomsky Type 0 unrestricted grammars. However, [6] falls short
of providing effective error bounds for one-shot learning.

2.4 Bayesian one-shot learning

In [7] the author introduced a framework for analysing Expected Error (EE)
when learning from one example. The approach is based on an adaptation of the
author’s existing Bayesian analysis of positive-only learning [6]. The approach
enabled an upper-bound error analysis of the human phenomenon of one-shot
learning. The EE bounds for one-shot learning were shown to be a special case of
Bayesian positive-only learning in which the target theory has generality below
0.01. The paper introduced an implementation called Deeplog and demonstrated
experimentally that the EE bound holds on a variety of problems, including two
grammar learning problems and a general program learning problem involved
in reversing a list. Deeplog was implemented as a Meta-interpretive Learning
system.

2.5 Meta-Interpretive Learning

The present paper builds on earlier work in Meta-Interpretive Learning (MIL)
[8,9], which is a sub-category of Inductive Logic Programming (ILP) [5,10].
MIL learners attempt to prove a set of goals by repeatedly fetching higher-
order metarules whose heads unify with a given goal. By contrast, the approach
described in this paper replaces a potentially expensive search process by a
greedy algorithm which interlaces Regular Expression star-repeats and greedy
folding (see Section 3) to rapidly identify compact hypothesised programs. Com-
pared with an MIL system like DeepLog [7] this approach avoids both a) time-
consuming hypothesis construction and b) testing of positive examples in MIL
systems since both of these are guaranteed to be consistent by construction.

2.6 Grammar-based Compression

Within Computer Science grammar-based lossless compression algorithms com-
press text using a context-free grammar (CFG). For instance, the widely used Se-
quitur algorithm [11] iteratively translates an input text into a Chomsky normal-
form grammar by replacing pairs of symbols in the text by symbols associated
with a definition. The process produces a structured hierarchical grammar which
can be unfolded to regenerate the original text. Neville-Manning and Witten [11]
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provide a proof that the Sequitur algorithm runs in linear time and space. How-
ever, recent interest in the Smallest Grammar Problem (SGP) has shown that
optimal compression using a Context-Free grammar is NP-hard for unbounded
alphabets and NP-complete for bounded alphabets [1].

Going beyond lossless compression, the ReDuce algorithm in this paper inter-
leaves the identification of Regular Expression star-repeats with a greedy variant
of the Sequitar approach to folding high-frequency subsequences. This results in
a regular grammar which inductively generalises a set of example sequences.
The Neville-Manning and Witten proof is extended in Section 4 to show that
the Reduce algorithm also runs in linear time and space. ReDuce translates the
resulting grammar into an H2 logic program® (see Figure 1b) which represents
the set of exit sequences as a regular grammar.

3 ReDuce framework

3.1 Lossless compression
For the purposes of this paper we define lossless compression as follows.

Definition 1. Lossless compression Let o represent a finite set of symbols,
o* be the countable set of sequences of symbols from o, |s| be the length of a
sequence s and nfl represent a function and its inverse over o*. We say that k1
is a lossless compression function iff Vs € o*,t € o* it is the case that t = k1(s)
iff both s = k1 (t) and |t| < |s|.

Note that lossless compression can be used to reduce the length of a se-
quence (or text), and that the original sequence can be retrieved without loss of
information. Sequitur [11] (see Section 2.6) is a linear-time Lossless compression
algorithm.

Lossless compression is usually contrasted with lossy compression, in which
an approximation of the original text is retrieved.

3.2 Inductive compression

In this paper we consider a variant of lossy compression which is referred to as
inductive compression since it can be viewed as a form of inductive inference.

Definition 2. Inductive compression Let o, c* and |s| be as in Definition
1. Additionally let set s be such that s € o* and k2(s) is an encoding of s. We
say that ka(s) is an inductive compression of s iff |k2(s)| < |s|.

Ezample 1. Both Duce [4] and the ReDuce approach described in this paper are
Inductive compression algorithms.

3 H3 logic programs in this paper consist of clauses of the form P(z,y) <
Q(z,y), R(z,y) where P,Q, R represent predicate symbols, z,y, z represent univer-
sally quantified variables and < is a right-to-left implication.
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We now show that both Lossless compression and Inductive compression algo-
rithms are finitely terminating.

Theorem 1. Finite termination Assume A is either a Lossless or Inductive
Compression algorithm, sg € o* is a finite sequence of length |so|. It follows that
s = A(sg) finitely terminates after n applications of k where 0 < n < |sg].

Proof. Assume Theorem 1 is false. In the case k(so) fails, then s = A(sg)
finitely terminates with n = 0. So assume k(sg) succeeds. In this case s = A(sp)
finitely terminates after n applications of k where n > |sg|. However, each ap-
plication of k reduces the sequence by at least one, so it follows that n < |sol,
which contradicts the assumption and completes the proof.

3.3 Greedy inductive compression

An algorithm is referred to as greedy when locally optimal choices are selected at
each stage. In the case of iterative sequence compression this does not guarantee
a globally smallest solution, but efficiently produces a near-smallest solution.
The ReDuce system described in the next section uses a greedy strategy which
iteratively computes the frequency of neighbouring pairs of symbols in a given
sequence S. In the case that a subsequence zy has maximum frequency in S of at
least 2, then this pair is replaced throughout the sequence by a unique symbol,
such as T, which is added as a definition T — zy. In this paper we refer to
this process as sequence folding. Example 2 shows how iterative greedy sequence
folding works in lossless compression.

Ezxample 2. Iterative greedy sequence folding. Consider the sequence

S — aaabbbbbcccaabbee. The frequencies f of pairs of symbols in S are f(aa) =
3, f(ab) = 2, f(bb) = 4, f(be) = 1, f(ecc) = 3. A greedy choice for folding is
S = aaaTTcccaaT ce, T — bb. When this folding process is iterated it terminates
with S = UaTWcUW, T — bb,U — aa,V — cc, W = TV.

3.4 Greedy inductive compression with star-repeat

Example 2 shows how folding supports introduction of nested structure, in the
form of sub-expressions. Example 3 below shows how star-repeat expressions,
used in Regular Expressions, can generalise sequences by replacing repeated
symbols, such as aaa, by star-repeat expressions such as a*.

Ezxample 3. Inductive compression. Once more consider the sequence S —
aaabbbbbcccaabbee. Using star-repeat expressions gives S — UVWUVW, U —
a*, V. — b*, W — ¢*, which is an inductive generalisation of the sequence. Fol-
lowing this a greedy lossless compression step introduces further structure, giving
S = XWXW,U — a*,V = b*\ W — ¢*, X — UV. In a further lossless iter-
ation this becomes S — YY, U — a*,V = b*, W — ¢*, X - UV)Y —» XW.
Finally, a star-repeat generalisation produces S — Z, U — a*,V — 0" W —
X =-UV)Y - XW,Z — Y*. Note this grammar has multiple levels of both
structure and iteration and cannot be compacted further.
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4 Implementation

Below is a top-level pseudo-code description of the ReDuce algorithm.

Algorithm 1 ReDuce(Initial Grammar)

1: G + StarReplace(InitialGrammar)

2: while Reducible(G) do

3 Pair in G + MaxFrequencyPairInBody(G)
4: G + DefineAndSubstituteAll(Pair,G)

5 G < StarReplace(G)

6: end while

7: return(G)

Algorithm 1 can be illustrated by considering Example 3 (Section 3.4). The
Initial Grammar (step 1) is S — aaabbbbbcccaabbee. This is reduced by Star-
Replacement to S — UVWUVW. This is Reducible (step 2) since both UV and
VW have a frequency of at least 2. UV is then selected (step 3) and substituted
(step 4) to give S — XWXW. Star-Replacement has no effect (step 5) since
no adjacent symbols are identical. After iterating (step 2) XW XW is reducible
since XW has frequency 2, and so (step 4) these are replaced to give S — YY.
On the following iteration this is reduced to S — Z. This is no longer reducible
and so (step 7) the revised grammar is returned together with all introduced
definitions?.

Theorem 2. Correctness of Algorithm 1 By construction the initial se-
quence can be generated from the S rule in the grammar G by successive unfold-
ing of symbols in the right-hand side.

Proof. Consider Algorithm 1. Let Sy represent the initial grammar, S,, = ReDuce(Sy)
and Sy, S1, .., S, represent the sequence of folds leading from Sy to S,. By con-
struction there exists a sequence of unfold operations Sy,S, — 1,..,Sy which
generate Sy from S,. This completes the proof.

A critical motivation for this paper is the potential reduction in time-complexity
required for hypothesis formation within ILP. We now address the time com-
plexity of Algorithm 1.

Theorem 3. Time complexity All pairs of symbols and their frequencies can
be identified in time linear in the initial sequence.

4 Note that Prolog definitions such as those in Figure 1 are generated from gram-
mar rewrite rules such as P — QR using meta-rule templates such as P(z,y) +
Q(zx, z), R(z,y). The resulting Prolog rules contain variables, such as z,y, z, which
allow State Transformations in the resulting program, enabling the learning of re-
cursively enumerable functions such as Reverse Uppercase (see Problem 3 in Figure
4 below.
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Proof. Each cycle of Algorithm 1 reduces the right-hand-side of S by at least
one symbol. Fach such reduction requires constant time when conducted using
hash-indexed substitutions. Thus the number of cycles is bounded by the length
n of the right-hand-side of S, and there are at most n indexed foldings. This
implies that Algorithm 1 terminates in O(n) time and space. This completes the

proof.

Note this is the same order of complexity as Neville-Manning and Witten
[11] result for the Sequitur algorithm, which is widely used for large-scale text
compression.

[DeepLog (6.3s) [ReDuce (0.0008s) |
abcd(X,Y) :- a(X,Z), abcd1(Z,Y). abcd(X)Y) :- a(X,Z), abcd 1(Z,Y).
abcd 1(X)Y) :- b(X,Z), abcd_2(Z)Y). |abcd 1(X)Y) :- b(X,Z), abcd 2(Z,Y).
abed_2(X,Y) = g(X,Z), h(Z,Y). abed_2(X,Y) = star_3(X,Z), abcd_3(Z,Y).
abcd 2(X,Y) :- cdef(X,Z), abcd 2(Z,Y).|labcd 3(X,Y) :- g(X,Z), h(Z,Y).
cdef(X)Y) :- cd(X,Z),ef(Z,Y). defn 1(X)Y) :- ¢(X,2), d(Z,Y).

cd(X,Y) - o(X,Z),d(Z,Y). defn_2(X,Y) = defn_1(X.Z), e(Z,Y).
ef(X Y) - (X 7) K(Z,Y). defn_3(X,Y) - defn_2(X,Z), f(Z,Y).

star_ 3(X,Y) :- eq(X,Z), eq(Z,Y).
star 3(X,Y) :- defn 3(X,Z), star_3(Z,Y).

Fig. 2. Problem 1: The regular grammars generated by DeeplLog and ReDuce given
the example (a,b,c,d,e, f,c,d, e, f,g,h), with automatically primitive predicates a,, h
left out (see Fig. 1). Both solutions represent the grammar ab(cdef)*gh. A special pur-
pose mechanism automatically generates the DeepLog solution, while ReDuce generates
equivalent definitions as part of the greedy sequence folding process.

5 Experiments

In this section we compare the speed performance® and output theories of Re-
Duce and DeepLog on the three examples studied in |7]°.

5.1 Problem 1: Regular Grammar

Consider a formal language which involves repeated letter sequences. For in-
stance, the positive example sequence et = "abcdefcdefgh" might be used to
exemplify the target language G = ab(cdef)*gh. G corresponds to letter se-
quences, such as e, which have a prefix (a,b), a suffix (g, h) and zero or more
repetitions of (c,d, e, f) between them.

® Comparitive timings are based on SWI-Prolog running on a single core 11th Gen
Intel(R) i7-1165G7 @ 2.80GHz.

5 Code and example sets at https://github.com/StephenMuggleton/ReDuce and
https://github.com/StephenMuggleton/DeepLog .
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[DeepLog (6.4s) [ReDuce (0.0005s)

firel6(X,Y) - tws(X,Z), firel6_L(Z,Y).  |firel6(X,Y) - defn_1(X,Z), firel6_1(Z,Y).
firel6 1(X,Y) :- fss(X,Z), firel6 1 1(Z,Y).|firel6 1(X,Y) :- star_e(X,Z), firel6_2(Z,Y).
firel6_2(X,Y) :- fns(X,Z), fes(Z,Y). firel6 2(X,Y) :- star_n(X,Z2), fire_3(Z,Y).
firel62(X,Y) - fd(X,Z), firel6_2(Z,Y). |firel6 3(X.Y) :- defn_1(X,Z), firel6 4(Z,Y).
firel62(X,Y) :- fes(X,Z), firel6 3(Z)Y). [firel6_ 4(X,Y) :- star_d(X,Z), firel6_5(Z,Y).
firel6 _3(X,Y) :- ms(X,Z), firel6(Z,Y). firel6_5(X,Y) :- star_n(X,Z), star_e(Z,Y).

defn 1(X,Y) :- star W(X Z), star_s(Z,Y).

star_d(X,Y) :- eq(X,Z2), eq(Z,Y).
star d(X,Y) :- d(X,Z), star _d(Z,Y).
star_e(X,Y) :- eq(X 7), eq(Z,Y).
star_e(X,Y) :- e(X,Z), star_e(Z,Y).
star_ n(X,Y) - eq(X,Z), eq(Z,Y).
star_ n(X,Y) :- n(X,Z), star_n(Z,Y).
star_s(X)Y) :- eq(X,Z), eq(Z,Y).
star _s(X,Y) :- s(X,Z), star_s(Z,Y).

star w(X,Y) - eq(X,Z), eq(Z,Y).
star w(X,Y) - w(X,Z), star_ w(Z,Y).

Fig. 3. Problem 2: The 16 storey fire exit strategies of DeepLog and ReDuce. Both
solutions represent the same solution, though the DeepLog primitive library provides
auxiliary predicates such as fws, fss, fns, fes. By contrast, reduce creates these auto-
matically as part of the greedy sequence folding process.

5.2 Comparison of DeepLog and ReDuce on Problem 1

Figure 2 shows solutions and timings for DeepLog and ReDuce on Problem 1.
Note that ReDuce generates the hypothesis 700 times faster than DeeplLog and
does not require a specialised mechanism for identifying auxiliary predicates,
such as cdef.

5.3 Problem 2: Fire escape plan

This problem involves a general fire escape plan for leaving a 16 storey building
(see Figure 1). All floors have the same layout as Floor 16, except Floor 1, which
contains the EXIT.

5.4 Comparison of DeepLog and ReDuce on Problem 2

Figure 3 shows solutions and timings for DeeplLog and ReDuce on Problem
2. Note that ReDuce generates the hypothesis more than 12,000 times faster
than DeepLog and, unlike DeepLog, ReDuce uses the greedy sequence folding
mechanism to build its own auxiliary predicates for repeatedly moving north,
southeast and west, rather than depending on these being available as auxiliary
predicates.
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[DeepLog (0.6s) [ReDuce (0.0004s)

revupc(X,Y) :- calll(X,Z), revupc_ 1(Z,Y). revupc(X,Y) :- calll(X,Z), revupc_ 1(Z,Y).
revupc_ 1(X)Y) :- pop(X,Z), revupc_ 2(Z,Y). |revupc_1(X,Y) :- star _2(X,Z), returnl(Z,Y).
revupc_2(X,Y) :- upcase(X,Z), revupc_3(Z,Y).|defn_1(X,Y) :- pop(X,Z), upcase(Z,Y).
revupc_3(X,Y) :- push(X,Z), returnl(Z,Y). defn 2(X)Y) :- defn_1(X,Z), push(Z,Y).
revupc_ 3(X,Y) :- push(X,Z), revupc_1(Z,Y). |star 2(X)Y) :- eq(X,Z), eq(Z,Y).

star_ 2(X)Y) :- defn_ 2(X,Z), star_ 2(Z,Y).

)

Fig. 4. Problem 3: The Reverse Uppercase programs of DeepLog and ReDuce. Once
more both programs represent the same solutions, in this case using the same auxiliary
predicates.

5.5 Problem 3: Reverse uppercase function

This problem involves the construction of a function for reversing a sequence of
letters while turning them into uppercase (eg alice — ECILA). Efficient Prolog
programs normally require the introduction of an arity 3 auxiliary predicate
to reverse a list. The same end is achieved with arity 2 library primitives for
DeepLog by dynamically creating a stack in the program state. Since Problem
3 requires such a stack to be of unbounded size, the resulting program can
be thought of as a push-down automaton (PDA) as opposed to the finite state
automata (FSA) solutions in Problem 1 and Problem 2. PDAs represent a higher
expressivity function class than FSAs since the stack can be treated as a Turing-
machine tape (see Expressivity discussion in Section 6.2).

5.6 Comparison of DeepLog and ReDuce on Problem 3

Figure 4 shows the solutions and timings for DeepLog and ReDuce on Problem
3. ReDuce generates the same hypothesis more than 1500 times faster than
DeepLog using the same auxiliary predicates.

6 Conclusions and Further Work

6.1 Conclusions

This paper describes a new Inductive Logic Programming system ReDuce. In
Section 1 a motivating example is provided involving the gereration of a strat-
egy to allow optimally efficient fire escape routes from bedrooms in a high-rise
building. However, owing to non-linear time and space complexity, DeepLog is
unable to find a correct program for building designs higher than 16 storeys. By
contrast, the new ReDuce system outperforms DeepLog on this problem by a
factor of 12,600, and easily scales to at least 1024 storeys.

Section 2 compares the Meta-Interpretive hypothesis generation approach
of DeepLog to the grammar-based compression approach employed by ReDuce.
The ReDuce framework is introduced in Section 3, which provides and contrasts
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definitions of grammar-based lossless compression versus a new form of grammar-
based inductive compression. Lossless and Inductive compression algorithms are
shown to terminate and a simple example is provided to contrast the outcome
of greedy lossless compression versus greedy inductive compression.

The ReDuce algorithm is described in Section 4. Both the correctness and
linear-time complexity are shown. In Section 5 the three problems from [7],
used to exemplify DeepLog, are revisited. In all cases ReDuce is at least 1,000
times faster in hypothesising an equivalent Prolog program to that found by
DeepLog. Moreover, in Problems 1 and 2 ReDuce introduced predicates which
were provided to Deeplog either as user-defined background knowledge or by
special purpose mechanisms.

6.2 Further Work

Bayes’ Model versus Smallest Grammar The DeepLog paper [7] was mo-
tivated by demonstrating that programs can be learned from a small number of
positive-only examples. The Bayes’ model developed in that paper showed that
learning can be achieved, with high probability, from a single example in the
case that both a) the generality and b) the size of the target program are low.
Problems 1, 2 and 3 in Section 3 have these properties.

The implementation of Algorithm 1 in Section 4 is presented alongside formal
proofs of Correctness and Time Complexity. Further formal optimality analysis
along the lines of [1] would be required to identify how close learned programs
are to a smallest grammar. However, when learning from more than one example,
any such analysis should be combined with sample complexity bounds related to
those associated with DeepLog [7]. The Bayes’ model bounds in DeepLog indicate
that error is not minimised by identifying the smallest grammar H, but rather
by minimising sz(H)+m (In g(H)), where sz(H) = —In(Dy(H)) represents the
size of the hypothesis. g(H) is the generality of H where 0 < g(H) < 1 and g(H)
is the sum of the probability of the instances of H.

Further work is required to show how close the greedy approach is to learning
a Bayes’ predictor with minimal expected error.

Expressivity of learned programs Section 5 describes experiments on three
problems. Problem 1 (abc4), Problem 2 (firel6) and Problem 3 (revupc) can
each be viewed either as learning a finite automaton or a Chomsky Type-3 regu-
lar grammars based on the sequence of the primitive actions provided. However,
Problems 1 and 2 simply involve sequentially reading the input tape, while Prob-
lem 3 involves a) reading the input tape, b) creating and operating an internal
tape representing a stack and c) writing to the output tape. In this way, Prob-
lem 3 can be most easily characterised as either a pushdown automaton or a
Universal Turing machine program.

Further work is required to identify primitives, other than stack operations on
an unbounded tape, which might support learning Type-0 grammars, equivalent
to Recursively Enumerable functions and Universal Turing Machine programs.
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Identification of noise It should be noted that all the learned programs in the
paper represent surjective functions. In this case, greedy inductive compression of
two examples of the same surjective function leads to the same hypothesis. This
is demonstrated in the following cases, in which three examples are represented
with distinct separators, sepl and sep2, which are presented to ReDuce within
the same example.

Example set|S — c,d,c,d, sepl,c,d,c,d,c,d, sep2,c,d,c,d,c,d,c,d
ReDuce S — Starl, sepl, Starl, sep2, Starl

The ReDuce compressed sequence above show that the three example sequences
are members of the same function,Starl. The approach appears to identify a
Normal Form hypothesis (in this case Starl) by learning from a set of several
examples. If this can be formally demonstrated it would avoid the potentially
high costs associated with deductive testing of examples, since, by construction,
each example generalises to the same hypothesis. Furthermore, negative exam-
ples and noisy data could be identified using the same mechanism as follows.

Example set|S — c¢,d, c,d, sepl, c,d,c,d,c,e, sep2,c,d,c,d,c,d,c,d
ReDuce S — Starl, sepl, Starl, c, e, sep2, Starl

In this case Starl,c,e represents either an error, a negative example or an ex-
ception to the general rule.

In further work the author aims to formally identify whether, when provided
with multiple example sequences, Algorithm 1 always generates a unique hypoth-
esis when provided with noise-free positive examples, allowing noisy examples
to be identified.

Inputs and Outputs The experiments and implementation in this paper as-
sume examples take the form of a sequence of primitives predicate calls, such as
revupc({calll, pop, upcase, push, pop, upcase, push, pop, upcase, push, returnl) ). This
representation differs from DeepLog, which assumes examples take the form of
Input/Output pairs such as revupc(/fa,b,c/,[’C’,’B’,’A’]). DeepLog uses a two
stage process involving 1) Meta-Compilation and 2) Meta-Interpretation. Meta-
Compilation finds a set of minimal length sequences of primitives which trans-
form the Input (eg [a,b,c/) to the Output (/°C’,’B’,’A’]). The minimal certifi-
cate is (calll,pop,upcase,push,pop,upcase,push, pop,upcase,push,returni). Meta-
Interpretation then searches the hypothesis space to select a low complexity hy-
pothesis which has low generality, in accordance with a MAP selection strategy.
ReDuce presently only conducts a Meta-Interpretation stage.

In further work the author aims to extend ReDuce to include Deeplog’s Meta-
compilation stage.

Large-scale testing In addition to further theoretical work on the identifica-
tion of noise described above, further work is required to extend the benchmarks
from the Deeplog paper. In particular, the author aims to test a broad range
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of tasks, including learning larger-scale programs as well as noisy real-world
datasets. Error estimates will be introduced to better understand robustness
and noise. Additionally the effects of scaling to large scale problems will be
investigated.

Learning disjunctive concepts In further work the author aims to develop
inductive compression with further underlying theory, implementations and ex-
periments. We also intend to develop the representation and theory to address
issues related to learning of arbitrary Prolog relations, such as member and an-
cestor from small numbers of examples.

Learning 2D grammars and images Lastly, the author hopes to explore
inductive compression approaches for learning 2D grammars, as an approach to
learning from images.
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