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ABSTRACT

By using hidden nodes, Boltzmann machines can be employed to approximate probaddtibydi
tions, store stochastic knowledge extracted from examples (a. k. a. learnmhggtaieve the stored
statistical information (a. k. a. inference or diagnosis). However, iregd, the algorithms for such
operations are NP-hard. Efficient algorithms can therefore only be expectedfdarskin special
cases. Such algorithms have recently been specified for a certain setalfeddecimatableBoltz-
mann machines [9].

This approach is demonstrated for a small diagnosis system that was introdUé&¢esna didac-
tic example: it deals with the joint probability of several medical vagablWe show that a batch
of fully diagnosed examples of medical data is sufficient not only to store the undestginhastic
correlations in a decimatable Boltzmann machine, but also to use this évende or diagnosis. We
argue that models like those obtained by decimatable Boltzmann machines — gdnalirom given
examples only — may also help in building medically relevant models.

1 INTRODUCTION

Boltzmann machines [3] were the first explicitly stochastic networks for whidearning rule [1]
was developed. The learning rule has a simple structure and is local in thetanhealy items of
neighbouring nodes are used. As an important special case of undirected graphical[#jpBeltz-
mann machines are even more interesting. They can be implemented iniaahygsarallel manner
and have a strong theoretical rooting in thermodynamics.

Once in equilibrium, the random variable of activations associated with thesrafde Boltzmann
machine follows a parameterised Boltzmann-Gibbs distribution, whichresdy known from the
canonical formalism of thermodynamics. By introducing hidden nodes, a marginabdigir arises
at the visible nodes. Such marginal distributions can be used to approximate ptglohgitibutions.
The learning rule utilises examples that describe a desired distributipimieatly in order to adapt
the parameters of the Boltzmann machine to obtain a better approximation. $iwotlasions that
are given solely by examples can be stored in the parameter vector, weigat vector, of a Boltz-
mann machine.

Usually, the set of nodes of a Boltzmann machine is partitioned into input, hidden gnd oatles,
and the bias node. Learning a weight veatdrom input/output examples results in a conditional
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probability of the activations of the hidden nodes, given both input and output. Inferenos nwa-
puting the conditional probability of output, given input (and a previously learned and now fixe
weight vectorv). Diagnosis, on the other hand, corresponds to the conditional probability of input,
given an observable output. As the underlying graph of a Boltzmann machine is unditeeteales

of input and output nodes are interchangeable. Thus, diagnosis and inference are bhsicaliye
tasks in Boltzmann machines.

Traditionally, the relevant quantities for inference and learning arenas#id by simulations using er-
godic theory (Gibbs sampling). Many efforts, such as mean-field approximationgég since been
made to overcome the — even with modern computers — comparatively slols Gampling of a
Boltzmann machine. One especially interesting technique, which has beewédfrom statistical
mechanics [10], is decimation: here, the interaction of two nodes can be tattabactly by reduc-
ing the rest of the network in such a way that the interaction is not disturbed cahist be done in
arbitrarily complex networks, but it works in tree-like structures, sastBoltzmann trees and chains.
In [9], this idea has been taken up and was extended by developing all possiblaiti@timles.
This has led not only to a definition of a tractable set of decimatable Boltzmachines (they con-
tain tree-like structures as a special case) but also to powergreinée and learning rules. Section 2
summarises this approach.

2 DECIMATABLE BOLTZMANN MACHINES

The underlying structure of a Boltzmann machine is given by aset {0,...,n} of nodes and a
set of edges” C {(i,j) € N x N|i < j} together with a weight vectar € R”. The component
vqp 1S defined as the weight associated with the gdge (a, b), max(a, b)). Usually,N is partitioned

into four mutually disjoint set$, H, O and{0}, denoting the input, hidden and output nodes, and the
bias node, respectively. Lét, := N \ {0}; at every time-step, the Boltzmann machine produces a
random bipolar activation vectare {-1,1}"-, the sequence of which may be viewed as a Markov
chain. Once in equilibriums obeys a Boltzmann-Gibbs distribution

P,(s) := w with  h(v,s):=— Y swys;andZ, :=> exp(—h(v,s)), (1)

Zv (ig)er

wheres, := 1 is the constant activation of the bias nadelrhe normalisation tern¥, is also known
as the partition sum.

Clamping valuest1 to input nodes (and sometimes to output nodes) changes the Boltzmann-Gibbs
distribution in an obvious way: clamping a valygto the node corresponds to changing the bias
weightsw,; by s;v;; of all those nodeg with (i, j) € E or (j,7) € E. At the same time, the node
i, together with all edges connecteditccan be disregarded. If a complete pattéra {—1,1}*
with X C N, is clamped, a new Boltzmann machine is created whose Boltzmann-Gibbsulistrib
is the conditional Boltzmann-Gibbs distribution of the original Boltzmann machinengi. We
denote all quantities of the new Boltzmann machine with Greek superscrigts \&. := N \ X,

Pl (s6) == P,(s]¢), etc.

One possible application of Boltzmann machines is in marginalising the Battz@Gébbs distribu-
tion over all possible activations of the hidden nodes — thus obtaining a distributioom P, — to
approximate a desired distributierof activations in{ —1,1}"°°. Leta € {-1,1}, 3 € {-1,1}7
andy € {—1,1}“ denote subvectors of the activation vector- o3v, and letg(a) = >, 7(ay)

be the probability of an input pattern Assuming that the distribution of input patternsistto be
learned, the information gain

1G(rp) = 3 gl0) Y (o) Tog ( avicy ) @
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is a commonly used error measure for the deviation with respect tg,. Gradient descent for (2)
results in the learning rule

Avjj = = (V(v = 1G(r,py)));; = 77<<5i5j>:m - <Si5j>z>= (3)

wheren € R* is the learning rate. The bracke(ts)§ denote the expectation value w.r.t. the condi-

tional Boltzmann-Gibbs distributioR¢, and~" denotes the expectation value w. p br, if p is given
by samples, the average over the samples. The expectation value odn also be expressed by

810g(Z£€)
iSi), = ———55 4
(s SJ>5 avigj (4)
Inferencemeans the computation of the conditional probability
pu(’y‘a) - va(ﬁfﬂa) (5)
8

witha € {~1,1}, X D> I,y {-1,1}V,Y C (JUO)\ X andg € {1, 1}¥\XY) The idea is
that all knowledge of the activations is clamped, and the probability of the Hotigeof interest, here
of nodes inY’, is queried. The conditioX” O I originates from the fact that the information gain (2)
does not model the probability of input patterns. This is no loss of generality, Biacé could have
been chosen at the outset.

Inserting the definition of conditional probabilities, it holds that for evéry {1, 1}

Py (8v]) Z g
pu(’y‘a) = =5 _ ~ — €Xp Z YeVoc + Z Vacllag e + Z VedVeVd o (6)
Pu (6‘0/7) ((O,C)GE (a,c)EE (e,d)EE ) Z’U”
a€l,ceO c,deO

Equations (6) and (4) link the important quantities for inference (5) and learning (Betpartition
sum; the transformation is polynomial V| in both cases. These and all other results of the preced-
ing paragraphs are valid for general bipolar Boltzmann machines. In prinéiplean be calculated
by summing alR!V-I termsexp(—h(v, 5)), which is arguably intractable ifiV|: [2] has proved that
inference in the related belief networks is NP-hard, and this proof can bderatsto Boltzmann
machines. We conclude that research should be directed away from the seagffltient inference
and learning rules in general Boltzmann machines, and towards the designiaf-spse algorithms.
An attractive special case are networks, where one node after the other cepld=ed by edges
and weights in such a way that in each step the probability distribution ofthaining network’s
activation vector coincides with the marginal distribution of the originalvoek’s activation vector.
Figure 1 shows the removal of a node # 0 with all corresponding edges and the insertion of all
edges(a;, a;) between the neighbour nodesaf The aim is to calculate the new weights, such
that a
> Pu(Sars Says Sags - -) = Po(Says Sags - - -), (7)

sa; €{—1,1}
wherea,, a3 anday, may be embedded in an arbitrarily complex network. One,ofi3 or a, may
even be the bias node. Ansatz (7) can be solved fer4 with

, cosh(Va,ay + Vayas + Varas) COSh (Va0 — Vayas — Vajag

v = log
faaa (cosh Varas + Vayas — Vajas

7)/ — (COSh(U(M(m + Vajag — U(H(M) COSh(Umﬂz + Vaiaz + U(IJ(M)) /4 (8)
248 COSh(U(M(lQ — Vajas + U!I1a4) COSh(Umﬂa — Vajas — U(IJ(M)
7)/ _ IOg (COSh(Umﬂa — Vajas + U(H(M) COSh(Umﬂz + Vaias + U(IJ(M)) /4 (9)
a2ad cosh (Vg 0, + Vajas — Vayas) COSh(Vayay — Vayas — Vajay)
( ) cosh( )
( ) cosh( )

) /a, (10

08h (Vayay — Vayas + Vayas
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Figure 1: Ansatz for decimation of the nodge
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and the partition sum is changed by the factor

1/4
Z?)
= 2 ( II cosh(va,ay + VayasSas + Vayas sa4)) . (11)

v’ Sag>Say
The cases in whick < 3 are special cases &f= 4 with appropriate weights,,,, set to zero. In
general, ansatz (7) cannot be solvediar 4. If necessary, a new weigh;;m arising from (8)—(10)
must be added to an existing weight,, (parallel rule). Otherwise, a new edge:;, a;) has to be

inserted.
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Figure 2: Some decimatable Boltzmann machines (bias nodes not shown)

Figure 2 shows examples of Boltzmann machines whose partition sum can be conafteteddmp-

ing input or input and output nodes) by decimating the resulting Boltzmann machine step loyst

the trivial Boltzmann maching0} is reached. Such Boltzmann machines seem to be ideal candidates
for a sufficiently interesting class of tractable networks — we call thegimatable

The decimation of a Boltzmann machine factorises the partition sum in suely ¢hat in each deci-
mation step one factor can be computed. One natural way to do the bookkeeping for theatmmput

of the total partition sum is to formulate this process as a mapping network.n GiEoltzmann
machineN together with an order in which the nodes can be decimated, there is a uniquely defined
mapping networkV that computes the log partition sum from the weights of the Boltzmann machine
using (8)—(11). This mapping network is calladjoint network

An adjoint network has a clamped weight vectéas input and calculatéSg(ng). A generalisation

of the backpropagation algorithm allows computation of the gradignt +— log(ng)), which is



needed for the learning rule (3), in a simple forward-backward pass [9]. A cotrdnnaf two such
networks (one witlf = o, and one witht = ay) allows efficient inference (6), which in turn can be
used for computing the information gain (2). Hence, all established convexisgation methods [7]
can be used or, e. g., stable dynamic learning-rate adaptation [8], which usegatrefafew but
well-chosen evaluations of the information gain. What is more, the decimatsedlagorithms of
this section are exact, as opposed to algorithms based on Gibbs sampling.

3 A DIDACTIC EXAMPLE

Figure 3 shows a didactic example of [5]. It represents a fictitious medical Infmdehortness of
breath (dyspncea). Tuberculosis and lung cancer may be indicated by a positiv-chgsboth
can cause dyspnoea. The same is true of bronchitis. A recent visit to Asiasiesrde probability
of contracting tuberculosis, while smoking is a possible cause of both lung cancerarathibis.
Endowing the graph shown in Figure 3 with conditional probabilities associatety node (given
its parents) creates a belief network from which the joint probability of all s@d® be computed.

A: visit to Asia

B: tuberculosis
C.EorB

(B) D: positive X-ray
. E: lung cancer
p/(K A/@ F: smoker

G: bronchitis

(D) H) H: dyspncea
Figure 3: Belief network for dyspnoea

Usually, a belief network models a joint probability very precisely. Hogvgein many real-world
applications, at the outset no good model of the probability distribution exists.athsiee have a
more or less large multi-set of examples. Imitating this, we generateuditidicial pattern multi-set
R from a specific Bayesian network. Our goal was to use Boltzmann machines to apatexhe
probability density given by the pattern multi-set. Variables that are sttge diagnosis (e.g., B, E
and G) are modelled as output variables, and those that can easily be obsarvyaat &ariables (A,
D, F and H). The variable C is subsumed under hidden nodes of the Boltzmann machine.

An efficient decimation-based algorithm from the previous section was usedinidhe architecture
D, of Figure 2 with the pattern sdt that describes the desired distribution Figure 4 shows the
deviation of the probability distributiop,, with respect ta- after a few learning epochs in the form
of a histogram. Longer learning would have resulted in a better approximation.

4 DISCUSSION

This article emphasises the importance of decimatable Boltzmann mackinegesult is that both
inference and improved convex-optimisation learning can be expressedisdéthe partition sum.

In decimatable Boltzmann machines the partition sum (which is, in genralctable) can be calcu-
lated with a complexity that is linear in the number of nodes, once the detenmimi§oint network

has been constructed. Moreover, the gradient of the log partition sum can be conmpatsidhple
forward-backward fashionDecimatable Boltzmann machines offer all the benefits of recurrent and
stochastic networks — and that at the cost of a deterministic feedforward network!

We have demonstrated that decimatable Boltzmann machines can be used tonagiergxobabil-

ity distributions, to store knowledge about stochastic relations given by exangid to carry out
inference in such databases, even in the presence of missing values.
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Figure 4: Histogram of the relative error of inference

Any missingedge implies a certain stochastic conditional independence in the resultinghBohz
Gibbs distribution. One open question is whether one can always find additional gmanseécted
hidden nodes, which ensure that the Boltzmann machine remains decimatable amtieyhim ap-
proximating the desired probability distribution. Although the task of findingptnmalarchitecture
may be intractable, one would like to have an algorithm that findafaciently gooddecimatable
Boltzmann architecture. These and other issues are left for further studies
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