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1) Thetermsof theLambdaCalculusaredefinedby thefollowing abstractsyntax:

� � �� � �
� ����� �
	������� ��� 	�� ���������

Thesetof Curry typesis definedby thefollowing abstractsyntax:

� � �
� � �
� ����� ��	�� � � � � � �

A statement is a pair of term
�

andtype � andis written as
� � � . A basis ! is a setof statements

aboutvariables,like " � � � � ��# � � � � �$# �%�%� # �'& � � &�( , whereeach��) occursatmostonce.Currytypeassign-
mentfor termsin � derivesformulaeof theshape!+* � � � , andis definedvia thefollowing three
rules: �,� � � � ! �

!-* � � �
!�./" � � � ( * � �$0

!-* �1'�2� ���3� � � � 04�
!-* � � � � � 04� !�*65 � �

!�* � � 5 �3�$0
Substitutionontypes, 7 8:9 ��; , thereplacementof all occurrencesof thetypevariable� by thetype 8 , is
definedby: � 7 8:9 �2; =

def
8�2< 7 8:9 �2; =

def

��< # if �>=� �2<
� � � � � � � 7 8:9 �2; =

def

� � � 7 8?9 �2; � � � 7 8:9 �2; � �
Show, for all terms

�
, termvariables� , types� # 8 andtypevariables� , that

if " � � � � �@# �%�%� # �'& � � &'( * � � � # then " � � � � � 7 8:9 ��; # �%�%� # �'& � � & 7 8:9 �2;,( * � � � 7 8:9 �2;1�

Answer:

� Ax
�

: Then
�BA � , and� � � � " � ��� � � # �%�%� # � & � � & ( . Noticethatthen� � � 7 8:9 �2;�� " � �@� � � 7 8:9 �2; # �@�%� # � & � � & 7 8:9 �2;,( ,

so,by rule (Ax), " � �@� � � 7 8?9 ��; # �%�%� # � & � � & 7C8:9 ��;,( * C
� � � 7 8:9 �2; .

� � I
�

: Thenthereare
� < # � #ED suchthat

�BA '�2� � < , � � D���F
, and " � � � � �@# �%�@� # ��& � � & # � � D ( * C

� < � F .
Sincethisstatementis derivedin asub-derivation,by induction,weknow that,

" � �@� � � 7 8?9 ��; # �%�%� # � & � � & 7 8:9 �2; # � � D 7 8:9 ��;,( * C
� < � F 7 8?9 ��;1�

To this resultwecanapplyrule � � I
�
, to obtain

" � ��� � � 7 8:9 �2; # �%�%� # � & � � & 7 8:9 �2;,( * C
��2� � < � D 7 8?9 �2; �GF 7 8:9 ��;1�

Since,by definitionof substitutions,
D 7 8:9 �2; �GF 7 8:9 ��; � � D���F � 7 8:9 �2; � � 7 8?9 �2; , weget

" � ��� � � 7 8:9 �2; # �@�%� # � & � � & 7 8:9 �2;,( * C
'�2� � < � � 7 8:9 �2;1�
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� � E
�

: Then
� �@# � �H# 0

suchthat
�BAI� � � �

,

" � ��� � � # �%�@� # � & � � & ( * C
�����10 � � , and " � �@� � � # �%�%� # � & � � & ( * C

���J�10 �
Sincethesetwo statementsarederivedin asub-derivation,weknow that,by induction,

" � ��� � � 7 8:9 �2; # �%�%� # � & � � & 7 8:9 ��;,( * C
�����K0 � � 7 8:9 ��;

and
" � � � � � 7 8:9 ��; # �%�%� # ��& � � & 7 8:9 �2;,( * C

� � �10 7 8:9 �2;��
Since,by definitionof substitution,� 0 � � � 7 8?9 �2; �L0 7 8?9 �2; � � 7 8:9 �2; , wealsohave

" � ��� � � 7 8:9 �2; # �%�@� # � & � � & 7 8?9 �2;K( * C
�����10 7 8?9 �2; � � 7 8?9 �2;NM

andwecanapplyrule � � E
�

to obtain " � �@� � � 7 8:9 �2; # �@�%� # � & � � & 7 8:9 �2;,( * C
�������4� � 7 8?9 ��; .

2) Give theNaturalSemanticsof thestatement� ���PO
;while �2QSR do � ��� �UTWV .

Answer:

XZY\[ ]_^@`badcfe�ghaji
XZY\[ ]kYmlon `�ajipe�ghaEq

XZY\[C]6Ymlon `�aEqde�ghajr s�t [[
Yvu�w

]]
ajr�]

ff xX
while

Yvuyw
do

Y\[ ]6Ymlon `�ajr�e�ghajz
s�t [[

Yvu�w
]]
a q ]

tt xX
while

Yvuyw
do

Y\[ ]kYmlon `�aEq�e'ghajz
sZt [[

Yvuyw
]]
a i ]

tt xX
while

Yvuyw
do

Y\[C]6Ymlon `�ajipe'ghajz
X{Y\[C]_^

;while
Y�uyw

do
YS[C]6Y|lon `1adcEe�ghajz

where
aji2]}adc�~ Y��gh^p�

,
aEqy]_aji%~ Y��g����m]_adcd~ Y��g����

,
ajr�]_aEq%~ Y��ghwj�|]_adcd~ Y��g�wj�

.

3) Show that, for the languageWhile, ‘ � � ;if � then � � else �U� ’ is semanticallyequivalent
to ‘if � then � � ; � � else � � ; � � ’, provided that � doesnot dependon thevariablesmodifiedby
running � �

.

Answer:

Toshow: �K� �
;if � then � � else � � #��$���:���@�

if andonly if � if � then � � ; � � else � � ; � � #��$���?�
� �

. Well, �K� �
;if � then � � else �U� #�� � �:��� �

implies �K� � #�� � �?��� � and � if � then � � else �4� #�� � �?�
�@�

, for some
� � . Now, therearetwo cases:

�,� [[ � ]] � � �
tt
�

: Then �1� �$#�� � �?���@�
, soalso �1� � ; � �$#��$���?���@�

, and,since� [[ � ]] �$� � � [[ � ]] � � �
tt,

also � if � then � � ; � � else � � ; �U� #�� � �?��� �
.

�,� [[ � ]] � � �
ff
�

: Then �1�U� #�� � �?��� �
, soalso �1� � ; �U� #�� � �?��� �

, and,since� [[ � ]] � ��� � [[ � ]] � � �
ff,

also � if � then � � ; � � else � � ; � � #��$���?���@�
.

2


