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1) Thefollowing is theabstracsyntaxof a Snail controllanguage:

Program

Numeral

Arithmetic — expression

up | down | nove(a, a2) | p1;p2
n= mlar+az|ar—az|al X a
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The Snail navigatesits way arounda two dimensionakpace.lt hasa penwhich maybe up or down;
in the latter caseit leavesanink traceof its movements.It canmove from its currentpositionto the
relative co-ordinatesndicatedby thevector(aq, as).

a) Definethe DenotationaSemantic®f arithmeticexpressions.

Answer:
Aln]l = NInl,
Allas + asl Allaill + Alla2ll,
Alla; —a2ll = Alla1l — Allaoll,
.A[[al X ag]] = .A[[al]] X .A [[LLQ]]

b) Thestateof the Snailis representedly atriple: (x,y,pen). Thefirst two elementgyive the Snail’s
currentposition(cartesiarcoordinates)thethird elemenis aboolearindicatingwhetherthepen
is up or down. Useyour answetto (a) to definethe NaturalSemantic®f programs.

Answer:
(S1,81) = s2 (S2,82) — s3
(COMPps)
<511 525 Sl) — 83
(UPRs) (up, (z,y, pen)) — (z,y,up)
(DOWNps) (down, (z,y,pen)) — (z,y,down)
(MOVEns)

(move(ay,az), (z,y,pen)) — (z + Allaill,y + Allazll, pen)

¢) TheSnailhasconfigurationgc, e, s) € Code x Stack x Sate, where:

¢ € Code

1 € Instruction
c = eli:c

)

= PUSH—n | ADD| SUB | MULT | UP | DOWN | MOVE

Defineanoperationakemanticgor the Snail.




Answer:
(PUSH—n, e, s

(ADD,n; :ng : e, s
(SUB,n1 :no :e,s

)

; £,n1 —I—n2 e s)
(MULT,n1 : n2 : e, s)

)

)

)

(e,
(e,
(e,m1 —ng:e,s8)
(e,m1 X ng:e,s)
(UP, e, (z,y, pen) (e, e
<DOV\N , (z,y, pen) (
(MOVE, nq : ng : e, (z,y, pen) (

£,e, (z,y,up))
g,e ,(m y,down))
g, €, (x 4+ n1,y + na, pen))
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d) Definesuitabletranslatiorfunctionsto translatecontrol programsnto Snailcode.

Answer:

CAln] = PUSH-n
CAIICLl + ag]] CA[[GQ]] : C4[[a1]] : ADD
CAIIal — ag]] = CA[[CLQ]] : CA[[CLl]] : SUB

C4|Ia1 X ag]] = CA[[GQ]] : 04[[0,1]] : MULT
CSlup]l = WP
CSldown] = DOWN

S [[fTDVG(CLl, CLQ)]] CA[[GQ]] : CA[[CLl]] : MOVE
CS[S1;80 = cAllS ] :cAlS]

€) Assumingthat:
if (c1,e1,8) >F (c,€/,s') then(cy : c2,e1 : e, 8)>F(c : ca,€ : ea,5'),

andthatthe translationfunction for arithmeticexpressionds correct,shav that the translation
functionfor programss correct.

Answer: To prove: if (S,s) — ', then{CS[S], ¢, s)>*(e, ¢, s'). By inductionon the structureof deriva-
tions.

1) (S1;S2,51) — s3becauseésSi, s;) — sy and(Ss, s3) — s3. Thenbyinduction,(CS [S1], €, s1)>* (e, €, s2)
and(CS [S:]l, €, s2)>* (e, €, s3). Usingthefirstassumptionwe get(CS [S1] : CS[Sall, &, 51)>*(S2, &, s2)>* (e, €, 83).
SinceCS IISl; SQ]] =CA [[Sl]] CA [[52]], we 0btain(CS [[Sl; SQ]], g, 81>>*<6, g, 53).

2) Thecasedor up anddown areeasy

3) (move(a,as), (z,y,pen)) = (z + Alla1ll, y + Allazll, pen).

(¢S [move(ay,a2)ll, e, (z,y,pen)) = (CAlaol : CAlla1]l : MOVE, ¢, (z, y, pen))
>*  (CAlla1]l : MOVE, Allaqll, (z, y, pen))
>*  (MOVE, Alla1ll, Allaz]l, (z,y, pen))
> (e & (z+ Allaill,y + Allazll, pen))




2) Theabstracsyntaxfor thelanguagenhi | e is givenby:

x € Variable

a € Arithmetic expression

b € Boolean expression

S € Statement

S = z:=a|S;5|if bthen S, else Sy|skip|while bdo S

The syntaxof expressiongbotharithmeticandboolean)s unspecified.

a) Extendthesyntaxof Whi | e with af or statement:
for z:=a; to ay do S

Theintendedmeaningof this constructis = getsassigned:;, andthat.S is repeatedlyexcecuted,
incrementinge, until x reachesis.

Write down both a NaturalSemanticanda SOS-stylesemanticgor the newv construct;if nec-
essary you can assumethe existenceof an ‘inverse’ V-1 () of the function Sps[lll, suchthat
N1 (Ssllnll) = n. (Thesemanticof thef or -loop shouldnot depencbn the semantic®f the

whi | e -loop.)
Answer:
( R (S,81) =82 (for z:=n;tongdo S, s2) — s3 (-A [[alj]\[sllﬁ(ﬁ[[[[@]]]] St ")
FOR-TO n=N~ aill s1 +1),
ns (for z:=a1t0a2do S,s1) — s3 n2:N71(A[[a2]]31)
(For-Tofy) (Alla1ll s > Ala2l s)

for z:=a1toazdo S, s) —
{ z:=a;t0as ) s Alla; < asll 51,

_F ny=N"1(Alals; +1),
(FOR-TOp) (form::a1t0a2d05,3>:><S;f0rx::nltOndeS,s>(n;:NIEA[[a;]]Si) )

o (A [[a1 > (12]] 3)
(FOR Tons) <f or r:= a1t0a2 do S’S> = s

b) Extendthesyntaxof Whi | e witha conti f statement:
| oop S;contif b; Sy endl

The intendedmeaningof this constructis that S; and .S, are executedrepeatedlyuntil, after

executionof S1, b hasbecomedalse;in thatcasetheloopis exited. Extendthe NaturalSemantics
of Whi | e to coverthis extension.

Answer:

<Sl,81> — 89
(CONTIFR) (BIb] 5o = ff)
(l oop Sycontif b; Seendl,s;) — s2

(S1,81) = s2 (S2,s2) = s3 (loop Sycontif b; Syendl,s3)— sg
(CONTIF)

. (B[[b]] 52 Ztt)
(l oop Sycontif b; Saendl,s1) — sa




c) Shavthat'whi |l e b do S’ issemanticallyequivalentto ‘| oop ski p contif b; Sendl .

Answer: By inductionto the structureof derivations.Basecase:

(skip,s) —s
(BBl s = ff)
(l oopskipcontifb; Sendl,s) —s
(B[] s = ff)
(Whilebdo S,s) — s
Inductive case:Assume
\ D, / \ D, /
(skip,s1) >s1  (S,s1) =>s2 (loopskip; contif b; Spendl,sy) — s3

(B[]l s2 = tt)

(l oop skip; contif b; Sendl, s;)— s3
Then,by induction,thereexistsa derivation

[

<V\/h| | edeS,82>—)33

NEN N

Ssl —)82 V\lhildeOS,Sg)—)83
: (B[] s = tt)
(whi l ebdo S,s1) — s3

Thenalso

Theproofin theoppositedirectionis similar.

d) Extendthesyntaxof Exif-Loop with ar epeat statement:
repeat Satines
The intendedmeaningis thatthe statementS is executedthe numberof timesspecifiedby the

arithmeticexpressioru. Write down botha NaturalSemanticanda SOS-stylesemanticgor the
new construct.

Answer:

S,81) — s9 (repeat S(a—1)tines,ss) — s3
(REP-TIMES,) 5 51) < . (e=1) i (Blla > 0] s; = tt)
(repeat Satines,s;)— s3

- F Blla > 0] s = ff
(REP-TIMESnS) (repeat Satines,s) —s ( )

(REP-TIMESs0s) (repeat Satines,s) = (if a>0then(S; repeat S(a—1)tines)el seskip,s)




