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1) Thefollowing is theabstractsyntaxof aSnailcontrollanguage:

� � �������	��
	�� � ���������
��� � �������������������! "�$#&%�����'�'��(�*)� +�+-, up . down . move / ��0�1��*243 . �50�6 �72� +�+-, � . � 098 � 2 . � 0  :� 2 . � 0<; � 2
TheSnailnavigatesits way arounda two dimensionalspace.It hasa penwhich maybeup or down;
in the lattercaseit leavesan ink traceof its movements.It canmove from its currentpositionto the
relative co-ordinatesindicatedby thevector / ��0�1��=243 .

a) DefinetheDenotationalSemanticsof arithmeticexpressions.

Answer: >
[[ � ]] , ? [[ � ]] 1>

[[ � 098 � 2 ]] , >
[[ � 0 ]] 8 > [[ � 2 ]] 1>

[[ ��0� @�=2 ]] , >
[[ ��0 ]]  > [[ �=2 ]] 1>

[[ � 0<; � 2 ]] , >
[[ � 0 ]] ; > [[ � 2 ]]

b) Thestateof theSnail is representedby a triple: (x,y,pen). Thefirst two elementsgive theSnail’s
currentposition(cartesiancoordinates);thethird elementis abooleanindicatingwhetherthepen
is upor down. Useyouranswerto (a) to definetheNaturalSemanticsof programs.

Answer:

/ COMPns
3 ACB 0�1�DE0GF�HID�2 AJB 2E1�DK2KF�HID�L

ACB 0 ; B 2 1�D 0 F�HID L
/ UPns

3
A up 1 ANM 1POQ1R�TS��UF�F�H ARM 1POT1 up F

/ DOWNns
3

A down 1 ANM 1POQ1R�TS��UF�F�H ARM 1POT1 down F
/ MOVEns

3
A move / � 0 1�� 2 3V1 / M 1POT1R�TS��U3PF�H / M 8

>
[[ � 0 ]] 1�O 8 > [[ � 2 ]] 1R�TS��U3

c) TheSnailhasconfigurationsARW 1�S	1VDXFY� Code ; Stack ; State, where:

W � CodeZ � Instruction

W +�+-, [ . Z + WZ +�+-, PUSH  \� . ADD . SUB . MULT . UP . DOWN . MOVE
Defineanoperationalsemanticsfor theSnail.



Answer:

A PUSH  <�]1�S	1�DXF ^ A [=1
>

[[ � ]] +=S	1�DXF
A ADD 1P� 0 +	� 2 +=S	1�DXF ^ A [=1P� 098 � 2 +=S	1�DXFA SUB 1P�90<+	�52_+=S	1�DXF ^ A [=1P�90� "�52_+=S	1�DXFA MULT 1P� 0 +	� 2 +=S	1�DXF ^ A [=1P� 0<; � 2 +=S	1�DXFA UP 1�S	1 / M 1POQ1J�TS��`3�F ^ A [=1�S	1 / M 1POQ1 up 3�FA DOWN 1�S	1 / M 1POQ1J�TS��`3�F ^ A [=1�S	1 / M 1POQ1 down 3PFA MOVE 1P�U0\+	�52_+*S	1 / M 1�OQ1R�TS��U3PF ^ A [=1�S	1 / M 8 �90�1PO 8 �52E1R�TS��U3PF

d) Definesuitabletranslationfunctionsto translatecontrolprogramsinto Snailcode.

Answer:

a >
[[ � ]] , PUSH  <�a >

[[ ��0 8 �*2 ]] , a >
[[ �=2 ]] + a > [[ ��0 ]] + ADDa >

[[ � 0  :� 2 ]] , a >
[[ � 2 ]] + a > [[ � 0 ]] + SUBa >

[[ ��0 ; �*2 ]] , a >
[[ �=2 ]] + a > [[ ��0 ]] + MULTaPb

[[up]] , UPaPb
[[down]] , DOWNaPb

[[move / � 0 1�� 2 3 ]] , a >
[[ � 2 ]] + a > [[ � 0 ]] + MOVEaPb

[[ B 0�6 B 2 ]] , a >
[[ B 0 ]] + a

>
[[ B 2 ]]

e) Assumingthat:

if ARW 0�1�SE0K1�DXF ^<c AJW d 1�S d 1�D d F then AJW 0<+ W 2�1�SE0\+*S�2E1VDXF ^\c AJW d + W 2E1�S d +*S�2E1�D d F ,
andthat the translationfunction for arithmeticexpressionsis correct,show that the translation
functionfor programsis correct.

Answer: To prove: if AJB 1�DXF�HeD d , then A aPb [[ B ]] 1P[=1VDXF ^�f A [=1P[=1�D d F . By inductionon thestructureof deriva-
tions.

1) ACB 0�6 B 2E1VDE0gF�HhD�L becauseAJB 0K1�DE0gF�HIDK2 and ACB 2E1�D�2KFiHjD�L . Thenby induction, A aPb [[ B 0 ]] 1P[=1�DE0GF ^ f A [=1P[=1�D�24F
and A aPb [[ B 2 ]] 1P[=1�D 2 F ^�f A [=1P[=1�D L F . Usingthefirstassumption,weget A aPb [[ B 0 ]] + aPb [[ B 2 ]] 1P[=1�D 0 F ^�f AJB 2 1P[=1�D 2 F ^�f A [=1P[=1�D L F .
Since

aPb
[[ B 0K6 B 2 ]] , a >

[[ B 0 ]] + a
>

[[ B 2 ]], weobtain A aPb [[ B 0K6 B 2 ]] 1�[=1�DE0GF ^ f A [=1P[=1�D�L4F .
2) Thecasesfor up anddown areeasy.

3) A move / ��0�1��=243V1 / M 1�OQ1R�TS��U3PF�H / M 8
>

[[ ��0 ]] 1PO 8 > [[ �=2 ]] 1J�TS��`3 .
A aPb [[move / � 0 1�� 2 3 ]] 1�[=1 / M 1POQ1R�TS��U3�F , A a

>
[[ � 2 ]] + a > [[ � 0 ]] + MOVE 1P[=1 / M 1�OQ1R�TS��U3PF^�f A a

>
[[ � 0 ]] + MOVE 1 > [[ � 2 ]] 1 / M 1POT1R�TS��U3PF^�f A MOVE 1

>
[[ � 0 ]] 1 > [[ � 2 ]] 1 / M 1POQ1J�TS��`3�F^ A [=1P[=1 / M 8
>

[[ ��0 ]] 1PO 8 > [[ �=2 ]] 1R�TS��U3PF



2) Theabstractsyntaxfor thelanguageWhile is givenby:

M � ki
E����
�l����
� � ���������������������$#m%��P�K'�'����	)n � oY�=�*�(�K
	)p�$#m%��P�K'�'����	)
B � q=��
��P�K���K)=�
B +�+-, M +-,r� . B 0 6 B 2 . if n

then B 0 else B 2 . skip . while n
do B

Thesyntaxof expressions(botharithmeticandboolean)is unspecified.

a) Extendthesyntaxof While with afor statement:

for M +-,r� 0 to � 2 do B
Theintendedmeaningof this constructis M getsassigned��0 , andthat B is repeatedlyexcecuted,
incrementingM , until M reaches� 2 .
Write down botha NaturalSemanticsanda SOS-stylesemanticsfor the new construct;if nec-
essary, you canassumethe existenceof an ‘inverse’ ?rs 0 / 3 of the function

b
ns [[]], suchthat? s 0 / b ns [[ � ]] 3i,t� . (Thesemanticsof thefor -loopshouldnotdependon thesemanticsof the

while -loop.)

Answer:

/ FOR-TOT
ns
3 ACB 1�D 0 F�HID 2 A for M +-,t� 0 to � 2 do B 1VD 2 F]HhD L

/
>

[[ � 0 ]] D 0�u > [[ � 2 ]] D 0 ,�90Y,v?ws 0 / > [[ ��0 ]] DE0 8yx 3 ,� 2 ,v?ws 0 / > [[ � 2 ]] D 0 3
3

A for M +-,t� 0 to � 2 do B 1�D 0 FiHID L

/ FOR-TOF
ns
3 / > [[ ��0 ]] Dz^ > [[ �=2 ]] DX3

A for M +-,r� 0 to � 2 do B 1�DXF�HhD
/ FOR-TOF

ns
3 /

>
[[ � 0<u � 2 ]] D 0 ,�U0Y,v?ws 0 / > [[ ��0 ]] DE0 8yx 3 ,� 2 ,v?ws 0 / > [[ � 2 ]] D 0 3

3
A for M +-,r� 0 to � 2 do B 1�DXF"{ ACB ;for M +-,y� 0 to � 2 do B 1�DXF

/ FOR-TOT
ns
3 / > [[ � 0 ^|� 2 ]] DX3

A for M +-,r��0 to �=2 do B 1�DXF"{eD

b) Extendthesyntaxof While with a contif statement:

loop B 0 contif n ; B 2 endl
The intendedmeaningof this constructis that B 0 and B 2 are executedrepeatedly, until, after
executionof B 0 , n hasbecomefalse;in thatcasetheloop is exited. ExtendtheNaturalSemantics
of While to cover thisextension.

Answer:

/ CONTIFF
ns
3 ACB 0 1VD 0 F�HID 2

/N} [[
n
]] D 2 , ff 3

A loop B 0 contif n ; B 2 endl 1�D 0 F�HID 2

/ CONTIFT
ns
3 ACB 0 1�D 0 F�HID 2 AJB 2 1�D 2 F�HID L A loop B 0 contif n ; B 2 endl 1�D L F]HhD$~

/N} [[
n
]] D 2 , tt 3

A loop B 0 contif n ; B 2 endl 1�D 0 F]HhD$~



c) Show that‘while
n
do B ’ is semanticallyequivalentto ‘loop skip contif

n
; B endl’.

Answer: By inductionto thestructureof derivations.Basecase:

A skip 1�DXFiHID
/R} [[

n
]] D_, ff 3

A loop skip contif n ; B endl 1�DXFiHID
/N} [[

n
]] D�, ff 3

A while n do B 1�DXF�HhD
Inductive case:Assume

A skip 1�D 0 F�HID 0

� � � �
����� 0

AJB 1�D 0 F�HID 2

� � � �
����� 2

A loop skip; contif
n
; B 2 endl 1�D 2 F�HID L

/R} [[
n
]] D 2 , tt 3

A loop skip; contif
n
; B endl 1�D 0 F]HhD L

Then,by induction,thereexistsaderivation� � � �
����� d2

A while n do B 1�D 2 F]HhD L
Thenalso � � � �

����� 0

AJB 1�D 0 F�HID 2

� � � �
����� d2

A while n do B 1�D 2 F�HID L
/R} [[

n
]] D_, tt 3

A while n do B 1�D 0 F]HhD L
Theproof in theoppositedirectionis similar.

d) Extendthesyntaxof Exif-Loop with arepeat statement:

repeat B � times
The intendedmeaningis that the statementB is executedthe numberof timesspecifiedby the
arithmeticexpression� . Write down bothaNaturalSemanticsandaSOS-stylesemanticsfor the
new construct.

Answer:

/ REP-TIMEST
ns
3 AJB 1�D 0 F�HhD 2 A repeat B / �Q x 3 times 1�D 2 F]HhD L

/R} [[ ��^�� ]] D 0 , tt 3
A repeat B � times 1�D 0 F�HID L

/ REP-TIMESF
ns
3 /N} [[ ��^|� ]] D�, ff 3

A repeat B � times 1�DXFiHID
/ REP-TIMESsos

3
A repeat B � times 1�DXF@{ A if ��^�� then / B ;repeat B / �Q x 3 times 3 else skip 1VDXF


