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Abstract

The Curry-Howard correspondence has shown us that mathematics and programming can
be seen as the same activity. This correspondence is often approached using intuitionistic
logic to give a theoretical grounding to programming languages. However, intuitionistic
logic is not the only way to understand this correspondence, as classical logic has com-
putational interpretations through control operators, whilst also allowing proofs involving
classical concepts like Proof by Contradiction. This paper describes a dependently typed
classical calculus and its implementation as a programming language, Candid.

When adding dependent types to a classical calculus, restrictions must be made on their
interactions with the control operators to maintain consistency. We extend a dependent
classical calculus with coproducts, inductive data and codata, and extend the restrictions
for dependent types and control operators to these new structures. We then implement this
calculus as the core of a dependently typed theorem prover for classical logic, able to express
proofs of uniquely classical propositions as runnable programs.

keywords: Classical Logic, Dependent Types, Theorem Provers

1 Introduction

Proof assistants are programming languages that correspond with a formal logic, and come
in different shapes and forms; Coq [12] has a particular focus on the theorem proving aspect
where proofs can be written with intuitive tactics, whereas Agda [33] and Idris [7] are more
deeply connected to functional programming languages like Haskell. Under the hood, theo-
rem provers ensure proof correctness by a strong type system. The mainstream languages are
all based on so-called intuitionistic type theory [27]. They all capitalise on the Curry-Howard
correspondence [21], the fact that functions in a functional programming language correspond
to proofs in intuitionistic logic [8, 9, 10], and the types of these functions correspond to the
propositions that are derived by said proofs. Under this correspondence, type-checking a
function is the same operation as checking a proof of a proposition [44].

Intuitionism inescapably limits these languages to the fact that they are unable to prove
a simple logical notion: that any proposition is either true or false. This is known as the
law of the excluded middle (LEm), and is the distinguishing feature of Classical Logic [15].
Intuitionistic logic rejects this notion, and instead is based on the idea that any proof must be
constructive; so a proof of ‘A or B’ must be constructed from a proof of either A or from a
proof of B; it is not enough to prove it cannot be the case that ‘not (A or B)’ is not true. This
notion of constructive logic and mathematics is strongly tied with computability, and until
fairly recently it was believed that a proof had a correspondence with a function only if the
proof is constructive, and that classical logic did not have a computational counterpart.

This belief was challenged when [16] discovered that a control operator, similar to the call/cc
function in Scheme, corresponded directly with an axiom of classical logic, namely that of



double negation elimination, which states that a proposition being not not true’ is the same
as it being ‘true’. This is another axiom that characterises classical logic. This spawned a new
area of research, that of calculi such as the Ay calculus that correspond with classical logic [36,
42, 13, 4]. It is natural to investigate the possibility of defining a theorem prover for Classical
Logic based on one of these calculi, and our choice at this time is to depart with Ap.

In this paper we show that in terms of implementability, expressiveness, and elegance proof
assistants based on Classical Logic have much to contribute. We will explore the current state
of research into classical calculi, both for propositional and first order logic. We will then
discuss how to use these calculi to form the core of useable proof assistants, and evaluate
our own implementations of such languages. Our attempts proved successful and we present
Candid, a theorem prover bases on Ay, but enriched with dependent types, as an extension
of ECCk [31] adding coproducts and dependent algebraic data types. After some startling
examples of the capabilities of Candid in Sect.2, we start our investigation in this paper in
Sect. 3, where we focus on the system of classical natural deduction (cND) we explore here, one
that uses the logical connectors implication, negation, conjunction, and disjunction, and discuss
issues that arise with the definition of proof contraction. This is followed in Sect. 4, where we
briefly repeat the definition of Parigot’s Ap. We will present the underlying logic with focus
for that system, discuss how it relates to cND, and how the problem of proof contraction in
CND is solved.

As we will see in Sect.5, the link between first order classical logic and computation is a
bit more tricky. First order intuitionistic logic is known to be achieved by dependently typed
systems (Sect.5.1), but [19] showed that naively combining dependent types and control op-
erators allows one to prove that all types have only one inhabitant (Sect.5.2). Fortunately,
not all is lost, as [20] also shows a way to restrict how dependent types and control opera-
tors can interact, which regains a logically consistent type theory (Sect.5.3). A more general
dependent classical system, ECCk (Sect.5.4) is proposed by [31], as part of ongoing work in
defining type-preserving CPS for dependently typed systems. ECCy is, roughly speaking, the
Extended Calculus of Constructions [26] plus the control operators catch and throw. Although
a powerful calculus, it is not strong enough to represent proofs in classical logic.

This paper introduces the calculus ECC,,, which expands on ECC; first by adding coprod-
ucts with dependent elimination (Sect.6), and then generalising coproducts and products to
inductive data and codata (Sect.8), all while making sure that these new constructs are able
to interact safely with the control operators. ECC,, is used as the core of a dependently typed
theorem prover, Candid. We introduce the notions of weak head normal forms and a type
checking algorithm (Sect.7) for ECC,, that provide theoretical foundations of the language,
which is implemented as a functional programming language (Sect.9).

The contributions of this paper are as follows:

e We define the dependently typed classical calculus ECC,, which extends ECCx by adding
coproducts with dependent elimination (Sect. 6).

e We introduce a bidirectional typing algorithm for ECC,, including novel rules for typing u
and [-] terms (Sect.7).

e We expand ECC,, with inductive data and codata, maintaining consistency by generalising
the restrictions of how control operators can interact with products and coproducts (Sect. 8).
e We outline the implementation of Candid: a dependently typed programming language
with control operators, data and codata, based on ECC,, that functions as a proof assistant for
classical logic (Sect.9).

Finally, we discuss related work (Sect. 10) and conclude (Sect. 11).



2 Working with Candid Proofs

This section gives some examples of uniquely classical propositions and their computable
proofs.

To express double negation elimination, a new operator, y, is added to the A-calculus.
Due to the Curry-Howard correspondence, u can be understood from both a logical and a
computational perspective. Where Ax.M means to index an assumption by x, ua.M means to
index a negated assumption by «; for example, uax.M : A means that a indexes the assumption
- A; and then M refutes this assumption and allows to derive absurdity, L; the prefix y then
embodies the “proof by contradiction” step. So essentially, departing from I x:nAF M: L, it is
possible to derive both I' - Ax.M : 7~ A and I' - ux.M: A, highlighting the difference between
the intuitionistic logic of the pure A-calculus, and the classical reasoning y gives.

To form the contradiction needed in these proofs, there is the syntax [f]M, which means
that M : B directly contradicts p:B. The new term constructs are kept together, and used to
create terms of the form ua.[f]M. In this theorem prover, ua.[f|M is written as \\‘a.[‘b]M
(where, using the gsymbols notation, ‘a is taken to mean «, ‘b B, and so on).

Example2.1 (LAw ofF ExcLUDED MIDDLE) The law of the excluded middle (LEM) captures exactly
the notion that in Classical Logic a proposition is either true or false. In standard theorem
provers it is added as an axiom, but it is provable in Candid.

lem : (A : Type) -> (A + !A)
lem = \\'a.['al]l inj2 (\x -> \\_.['a] injl x)

The proof reads: assume there is a proof ‘a showing A +-A is not true. We seek to contradict
this by proving A 4+-A, and comparing it with [ ‘a]. This is achieved by assuming x is a proof
of A; then by injl x follows (A +-A) which contradicts the assumption ‘a of ~(A +-A).
Thus, by proof by contradiction (PbC) on ‘a, we have (A +-A). Notice that lem holds for any
type A; we are not restricted to, say, the impredicative type of propositions IP. This separates
Candid from proof assistants like Agda and Coq, in which LEM is not provable in general.

Example 2.2 (DoUBLE NEGATION ELIMINATION) Also the strongest classical axiom [2], mA—A
(DNE) can be understood through as: if - A is not true, A is. Again \\ and [-] are used:

dne : (A : Type) -> !!'A -> A
dne A nna = \\‘a.[_] nna (\x -> \\_.[‘a] x)

This term can be read similarly to the previous example. We assume -~ A, and then assume
a proof ‘a of 1A, which immediately causes a contradiction. However, the contradiction
is with a normal A-variable nna (not a special assumption ‘g from \\‘g), so we compare
this contradiction with the tautology L (represented by [_]), which gives a second (trivial)
contradiction.

This can be used in many ways; in general, we could just apply it to intuitionistic proofs of
—-m1A to get A, in some sense performing a reverse double negation translation. For example,
take an intuitionistic proof of --(A V-A):

nnlem : (A : Type) -> !!'((A + !A)
nnlem _ x = x (inj2 (\y -> (x injl y)))

In intuitionistic logic, this is all that would be achievable. But in classical logic, it is possible
to eliminate these negations, by applying double negation elimination to nnlem:

lem2 : (A : Type) -> (A + !A)
lem2 A = dne (A+!A) (nnlem A)

Candid can normalise this term (in the command line REPL):



> lem?2
M Ya.[t'al inj2 (\y -> \\_.[‘'a]l injl y)

Note that this is the first proof of LEM; we took a proof of a double negation translated
proposition and turned it into a proof of the original proposition. REPL evaluated the proof of
lem2; this illustrates that the system can normalise proofs in classical logic, yielding computa-
tional classical logic.

Example 2.3 (CrassicAaL ExisTENTIAL) Candid is able to classically reason about quantified
statements as well. In intuitionistic logic, proofs of 3n.P(n) are constructive and provide the
witness. In classical logic, this might not be the case: the proof could come from a refutation
of its negation.

Candid is able to reason about such non-constructive existentials. Interestingly, the refuta-
tion will still involve creating a pair (that might consist of the continuation variables).

Our goal is to prove a tautology of classical logic: 3n.B(n) <> ~(Vn.mB(n)). The implication
left to right is provable in intuitionistic logic, with a proof given by Qinv:

Qinv : (A : Type)
-> (B : A -> Type)
-> (n:A)* (B n)
-> ! ((n:A) -> !(B n))

)
Qinv A B ex f = f (projl ex) (proj2 ex)

What Candid is able to prove, unlike other proof assistants, is ~(Vn.~B(n))—3n.B(n). To
show how, we first define a lemma, P :=~(3n.B(n))—Vn.mB(n), that is proved by:

P : (A : Type)
-> (B : A -> Type)
|

-> ((n:A) * B n)
-> ((n:A) -> !'(B n))
P _ _ nex = \n b_n -> nex (n, b_n)

Note that the proof of P is intuitionistic and, thus, makes no use of the classical operator
AL
The classical proof of ~(Vn.~B(n))—3n.B(n) is expressed by 0, which uses lemma P:

Q : (A : Type)
-> (B : A -> Type)
|

-> ! ((n:A) -> ! (B n))
-> ((n:A) * B n)
QO A B nfa = \\nex.[_] nfa (P A B (\x -> \\_.[nex] x))

Again, this proof can be understood intuitively. We assume a proof nfa of - (Vn.mB(n)).
Then, for the sake of argument, let us assume 3n.B(n) is not true — this is expressed by \\nex.
By the lemma P we know we can convert our proof nex of =3n.B(n) into a proof of Vn.~B(n)
— this contradicts nfa. Thus, by PbC, it must be the case that 3n.B(n) is true. Finally, to
form the logical equivalence 3n.B(n) <+ ~(Vn.mB(n)), we can form a pair of the proofs of each
implication, as A <+ B (‘A if and only if B’) is encoded by a pair of proofs of A — B and A + B:

T : (A : Type)

-> (B : (A -> Type))

-> (((n:A) * (B n)) <=> !((n:A) -> !(B n)))
T A B = (Qinv A B, Q A B)



3 Classical Logic

Natural Deduction for Classical Logic, defined by [15] is a way of describing the structure of
formal proofs in mathematics that follow the intuitive, human, lines of reasoning as much as
possible. Natural deduction deals with statements of the shape Aj,...,A, - B, where all the
formulas on the left of the turnstyle are assumed to hold, and the one on the right is shown
to follow from those assumption, using reasoning steps that are formalised through inference
rules that introduce or eliminate connectors in the logical formulas. In that paper, Gentzen
also presents the Sequent Calculus, which differs from Natural Deduction in that it derives
sequences of the shape Ay,..., A, - By, ..., By, with the intended meaning ‘if all of the properties
A1, ..., A, hold, then at least one of the By, ..., B, does as well.”

In the Sequent Calculus, for each connector, there is a left and right introduction rule; there
are no elimination rules for connectors, just a generic (cut)-rule that eliminates a formula.

To better be able to reason about the representation of the structure of proofs and the
technicalities of proof contraction, it is necessary to represent the structure of proofs via term
information from an appropriate calculus, and inhabit the inference rules with terms, such that
proof contractions correspond to term reduction. This employs the Curry-Howard principle,
which expresses a correspondence between terms and their types on one side, and proofs for
propositions on the other. There are many systems already proposed for term calculi that
represent proofs in classical logic. Four directions are that of Au-calculus defined by [36],
the vA-calculus by [42] that adds negation to Ay (representing (-I) through vx.M, and (-E)
through [M]N), the Auji-calculus defined by [13], and the calculus X defined by [4]. The
latter two deal with representations of the Sequent Calculus, that is perhaps less suitable for
a human-operated proof-tool. For reasons of simplicity, this paper starts with the exploration
of the first.

The variant of Classical Natural Deduction that will be considered in this paper uses the
logical connectors — (implication), = (negation), A (conjunction) and V (disjunction).

Definition 3.1 (CrassicaL NATURAL DEbpucTiON) The formulas for Classical Natural Deduc-
tion are:
AB = ¢|A—B|7A|AANB|AVB
A context I' is a multi-set of formulas, where I A =T w {A} and kK, is defined through the
inference rules (using a sequent notation):
I AFB I'tA—B THA IAF L I'tmA THA 'L

(Ax) (=) (—E) () (AE) —— (EFQ)
LAFA I'A—B r'-B A re1 rFA
A TFB TFAABTHAAB A  TFB T'FAVB TLA-C T,BFC
Al (AE) (vI) (VE)
TFAAB I'A T+B TAVB THAVB rec
T-AF L r'-Afa/x} TFVx.A I'-Afa/x} F3x.A TA{a/x}FB
Py —(VE ar) (3E)
I'-A T'+vx.A I'-A{a/x} I'+3x.A I'+B

Notice that, in this presentation, L is not a formula. Omitting rule (DNE) would give a
definition for intuitionistic logic. Moreover, in I, rule (EFQ) is a derivable by weakening and
(PbC).

Negation comes of course with introduction and elimination rules, but plays a more intri-
cate role in Classical Logic, in that the law of excluded middle or something similar holds. There
are many rules that express this to a different degree, like:

[AF L rF-mA
A — (LEM PL RAA
T (PbC) A (DNE) FAVAA ( ) F((A—B)—A)—A (PL) F(HA—A)—A ( )



(called “proof by contradiction’, ‘double negation elimination’, ‘law of excluded middle’, ‘Peirce’s law’,
and reductio ad absurdum, respectively.) These rules have different expressive power, and
adding one rather than another changes the set of provable formula (see [1]).

For the Sequent Calculus, Gentzen defines a notion of (proof) contraction that removes
occurrences of (cut), and shows that this is terminating: for every proof that shows I' - A,
there exists a (cut)-free proof that shows the same result. He does not show that result for
Natural Deduction, which would eliminate all introduction-elimination pairs, and we can
guess that that is because this notion of contraction is harder to define.

The main difficulty is that in Natural Deduction, not all proof-constructions follow the
introduction-elimination pattern of the inference rules; above, in particular, that is the rule
(PbC).

For those that do, proof contraction consists of (Ax)
elimination an introduction step followed by an LAFA
elimination step for the same logical connector; for \ D1 / TEA
implication that looks like in the diagram (where TI,AFB =
= stands for proof contraction). Notice that, in the - 4,5 (=1 e A !
rule (—I), the formula A ceases to be an assump- e (—=E) rrB

tion, and that, in the composed proof on the right,
A is no longer an assumption needed to reach the conclusion, since it has been shown to hold
by D,. This is not always possible for negation.

Example 3.2 Take the following proof:
It is a priori not obvious how to con-

\ Dy / (Ax) tract this proof; it is normal prac-
I,-(A—=B)F-=(A—=B) —(A—B)F-(A—B) tice for the sub-derivations to be the
I~(A—B)F L (OE) building stones for the proof for I' - B
— (PbO) without the (PbC)-(—E) pair, but it is
I'+-A—B Ir-A . .
(—E) not immediately clear how to do that.
I'B

Notice that there is no sub-derivation above the step (PbC) that has A as an assumption (so
does not contain I, A - A as the result of rule (Ax)), nor one that derives I' - A—B.

Below will be shown how Ay deals with this problem.

This paper will present Candid, a kernel programming language equipped with a notion
of dependent types that will allow for the inhabitation of proofs for derivable statements in
Fa @s a variant of Au (see next section), extended with constructs to represent pairing, choice,
and dependent types. Negation will be represented by adding L as a psuedo-formula in that
it will only be used to represent negation, and only “under the hood’; so (—I) and (—E) will
be used for (-I) and (=E). The system is complete, in that all judgements provable in 5, can
be proven in Candid, but it is not the case that all proofs in k, can be inhabited directly in
Candid.

4 )u-Calculus

Parigot’s Ap-calculus is a proof-term syntax for classical logic, expressed in Natural Deduction,
defined as an extension of the Curry type assignment system for the A-calculus. With Ay
Parigot created a multi-conclusion typing system which corresponds to classical logic with
focus; there derivable statements have the shape I' - A | A, where A is the main conclusion of
the statement, expressed as active, I is the set of assumptions and A is the set of alternative
conclusions, or have the shape I' - L | A if there is no formula under focus.

Ap’s underlying logic corresponds to the following;:

6



Definition4.1 (A cLASSICAL LOGIC WITH FOCUS) The formulas for this system are:
A,B = ¢|A—B

and a context I' is a set of formulas, where I, A = I' U { A}; the inference rules are defined by:

4 (o1 [,AFB|A ) [EASBla THala
X): ) —— —E):
LAFALA [-ASB|A r-B|a
IFL1|AA TFA|AA
(Act): —— = (Pass): —— =
IFAlA 1A

I'k M:A|Ais used for judgements derivable in this system.

Notice that negation is not part of the type language, so does not occur in I" nor in A.
The intention of this system is to express classi-

. o ImA—AF L
cal logic, and for this it encapsulates the rule (PbC). —— (PbC)
To see this, we need first to emphasise that it is reA
. . . . (Ax
the intention that the formulas in A can be seen as [~A-AF A (Ax) [A-AF A
negated. In fact, for any statement I' 5 A | A can be (mE)
IA—AF L

seen as I,mA L, A (where A lists the negated ver-
sions of all types in A). With that view, the rules (Act) and (Pass) corresponds to allowing the
shown variants of rule (PbC) and (-E) but in a version of Natural Deduction where formulas
have at most a negation at the front. Note that it therefore solves the problem of Example 3.2
by not allowing the rule (PbC) to be applied to assumptions on the right in (-E): A cannot be
a negated type, so the judgements in the right-hand proof cannot occur swapped.

The variant of Ay considered in this paper, as defined by [37] and that gives a Curry-Howard
interpretation to the above inference rules will now be presented.

Definition4.2 (Syntax ofF Au) The Ap-terms considered here are defined by the grammar:
M,N == V| MN | ua.[p]M
V= x| Ax.M (values)

Recognising both A and p as binders, the notion of free and bound names and variables is
defined as usual, and Barendregt’s convention is extended to keep free and bound names and
variables distinct, using (silent) a-conversion whenever necessary.

The x € M (« € M) if x («) occurs in M, either free of bound, and call a term closed if it has
no free names or variables. The pseudo-terms of the shape [¢]M are called commands, written
Cmd, and are treated as terms for reasons of brevity, whenever convenient.

4.1 Reduction

As with Implicative Intuitionistic Logic, the reduction rules for the terms that represent the
proofs correspond to proof contractions, but in k; the difference is that the reduction rules for
the A-calculus are the logical reductions, i.e. deal with the removal of a introduction-elimination
pair for a type construct. In addition to these, Parigot expresses also the structural rules that
change the focus of a proof, where elimination essentially deals with negation and takes place
for a type constructor that appears in one of the alternative conclusions. In Ay, reduction of
terms is expressed via implicit substitution, and as usual, M{N/x} stands for the (instanta-
neous) substitution of all occurrences of x in M by N. Two kinds of structural substitution
are defined: the first is the standard one, where M {N-vy/a} stands for the term obtained from
M in which every command of the form [«]P is replaced by [y]PN (v is a fresh name). The
second will be of use for cBv reduction; here {N-y/a} M stands for the term obtained from M
in which every [«]P is replaced by [y]NP.

Definition 4.3 (STRUCTURAL SUBSTITUTION) Right-structural substitution, M{N-y/a}, and left-



structural substitution, {N-y/a} M, are defined inductively over pseudo terms. The main cases
are:
[] M{N-v/a

[YI(M{N-v/a}N) {N-7/a}[a]M £ [Y]N({N-y/a} M)
[BIM{N-7/a 2

} A
} 2 [BIM{N-v/a}) (B#w) {N-7/a}[BIM 2 [B{N-7/a} M (B #«)

The following notions of reduction are defined on Au. For the third, call by value, different
variants exists in the literature; the one adopted here is from [35].

Definition4.4 (A REDUCTION) i) The reduction rules of Ay are:
logical (B): (Ax.M)N — M{N/x}
structural (u) : (ya.Cmd)N — py.Cmd{N-y/a} (v fresh)
renaming (Rename) : [Bluy.Cmd — Cmd{B/v}

Evaluation contexts are defined as terms with a single hole [ | by:
Cu=1]]|CM|MC|Ax.C|pua.[p]C
(Free, unconstrained) reduction —g, on Ap-terms is defined through C[M| —g, C[N| if
M — N using either the g, j, Erase, or Rename-reductions rule.
ii) CBN evaluation contexts are defined as:
Cn u= [] | CxM | pa.[B]Cn
CBN reduction —>5N” is defined through: Cx [M]| —% Cn[N] if M — N using either the B, y,
Erase, or Rename-reduction rule.
iit) BV evaluation contexts are defined through:

CV n= [J ‘ CvM | VCV ‘ ‘Hﬂé[lB} CV

cBv reduction _%H is defined through: Cy [M] _%H Cv[N] if M—N using either y, Erase,
Rename, or:

(Bv): (Ax.M)V _%H MA{V/x}
(uv) : V(pa.Cmd) —%’V uy{V-y/a}Cmd (v fresh)

Remark that, for rule (uv), pa.[B]N is not a value. Also, unlike for the A-calculus, cBv
reduction is not a sub-reduction system of —,: the rule (uy) (and left-structural substitution)
are not part of —4,. Both cBN and cBv constitute reduction strategies in that they pick exactly
one free Bu-redex to contract; notice that a term might be in either cBN or cBv-normal form
(i.e. reduction has stopped), but not need be that for —y,,.

It is possible to define more reduction rules, but Parigot refrained from that since he aimed
at defining a confluent reduction system. It is possible to add the cBv-rules to Ay, and define

(1) : (a.Cmd)N —g, py.Cmd{N-y/a} (7 fresh)
(#R) : M(pa.Cmd) —g, py{M-y/a}Cmd (v fresh)

but then reduction would no longer be confluent: the critical pair (ya.Cmd;)(up.Cmd,) can be
contracted in two ways, with perhaps different outcomes.

4.2 Type assignment

Type assignment for Ay is defined below; there is a main, or active, conclusion, labelled by a
term, and the alternative conclusions are labelled by names «, B, etc. Judgements in Ay are of
the shape I' -y, M: A | A, where A consists of pairs of Greek characters (the names) and types;
the left-hand context I', as for the A-calculus, contains pairs of Roman characters and types.

Definition 4.5 (TYPING RULES FOR Au) i) Let ¢ range over a countable (infinite) set of type-
variables. The set of Curry types is defined by the grammar:



A,B = ¢|A—B

it) A context (of term variables) I' is a partial mapping from term variables to types, denoted
as a finite set of statements x:A, such that the subjects of the statements (x) are distinct.
I,I; is the compatible union of I and I, (if x:A; € IT and x:A; € I, then A; = Aj), and
T,x:A stands for I, {x:A}, x € I if there exists no A such that x:A € I, and I'\ x for I'\{x:A}.

iii) A context of names A (or co-context) is a partial mapping from names to types, denoted as a
finite set of statements a:A, such that the subjects of the statements () are distinct. Notions
Aq,Ay, as well as A,a:A and a € A are defined as for I

iv) The type assignment rules for Ay, adapted to our notation, are:

I,x:AF-M:B|A c TFM:A=B|A THN:A|A

Ax): —I): —E):
( )F,x:AFx:AIA ( )Fl—/\x.M:A—>B\A I'-MN:B|A

I'M:B|wa:A,BB,A T'EM:A|wAA

(1) I'ua[BIM:A|BB,A T'Fuala]M:A|A

Ity M: A A is used for statements derivable in this system.
v) Barendregt’s convention on free and bound variables and names is extended to judge-
ments (for all the notions of type assignment defined here), so in I, x:A k), M: B |x:C,A,
both x and « cannot appear bound in M.

Notice that, by the extension of Barendregt’s convention in Definition 4.5, I” and A’ cannot
contain statements for the bound names and variables in M.

It is worthwhile mentioning that L plays no role |4 54 FFA|AA
i i i ————  (Pass ——  (Pass
in the presentation .Of Al aimd oyly pops up in Fhe TrLABA (Pass) LAz (Pass)
literature when trying to inhabit double negation ——— (Act) —— (Ach)
T'HA|BA THA|A

elimination (see Sect. 4.3).

Notice that, if all term information is erased from the inference rules, the rules from K
appear, but for the variants of (i); these can be inferred, however, so they are admissible.

The intuition behind the structural rule is given by [17]: “in a Au-term pa.M of type A—B, only
the subterms named by « are really of type A—B (...); hence, when such a y-abstraction is applied to
an argument, this arqument must be passed over to the sub-terms named by «.” Remark that this is
accurate, but hides the fact that the naming construction [«|M is actually a (hidden) instance
of rule (-E), so ‘naming’ is actually an application.

4.3 Double negation elimination and Ay

Double negation elimination is shown in k5, by the proof on the left; this can also be shown in
k, as in the proof on the right (L is added to express negation, and I' = (C—L)—L):

— (Ax)
I,ckC|C
—_ (Ax) — (Ax) —— (Pass)
—~C,ACkF-C -—1C,nCH=C rL,c-L1|C
(—E) (Ax) — (=1)
-=1C,mCF L I'(C—l)—1l|C I'kC—l|C
—— (PWO) (—E)
—CkHC re=1]|c
T L ——— (A
F—-C=C Ir'-C|
(—=I)

F((C—»l)—»L1)—=C|L
Notice that the rules (Pass) and (Act) are not paired, while they are in Ay, and that the
assumption C 5, ~C gets replaced by the proof for = C—_L1 | C.
Using this transformation, [36] shows that ‘double negation elimination” can be represented
in Ay through the term Ay.ua.[y|y(Ax.ud.[a]x). As suggested above, first L is added as a pseudo-
type to express negation 1A through A—_1, as well as contradiction.



x:Chy, x:CloL,aC oyl

()
x:Chyy po.fa]x: L |a:Cyl :

(Ax
y(CoLl)—Llhy,y:(CoLl)—1| Fap Axpd falx: C—L [a:C el
y:(C—L)—= Ly, y(Axpdfalx): L aC oyl
y:(C—L)—L by pey]ly(Ax.pd.[a]x): C [y L

—I)
—E)

Fap Ay-pec[y]ly(Axpd. fa]x) : ((C—L)—L)=C |yl

This corresponds to the proof in k above, but for the fact that extra calls to (Pass) and (Act)
are added inside the calls to (u), as well as additional names of type _L; notice that this term
is not closed as it has a free name 1.

Parigot essentially replaces here an instance of the (Ax) rule for I,~C K, ~C by a derivation
for I' by Ay.pd.faly : C— L [ a:C,A. It is this what allows for the successful encoding of ; in Ap.

This kind of transformation will play an important role later in the paper.

It is important to point out that the use of v in the previous example creates an anomaly.
Although it is a logical tautology, the Au-term that is the witness for ((C—_L1)—_L)—C is not
a closed term so the proof has an uncanceled assumption. Moreover, terms can have type L
without being typed with the equivalent of rule (-I), but using (—E).

Several attempts have been made to address this. Parigot not only adds L to the language
of types in a side remark, but also allows for statements like 7: L to be used without adding
them explicitly to the co-context, so does not consider them ‘real” assumptions. [1] rectify that
by defining an extension of Ay, adding a special syntax construct [tp]M, where tp acts as a
‘continuation constant” and represent the outermost context of the term. In their system, the
witness to ((C—_L1)—_L)—C is the closed term Ay.pa.[tp]y(Ax.ud.[a]x). It can be argued that it
would be better to add negation as a type constructor to Ay, as done in [42], where DNE gets
represented by Ay.ux.yx, arguably a more simple proof.

Another solution would be to detach, syntactically, passivation from activation. That is
the approach in de Groote and Saurin’s Ap-calculus [17, 39]; there the witness would be
Ay.pue.y(Ax.Ja]x) which directly inhabits the proof in k above. That variant of Ay better ex-
presses the logic of I, but one problem with Ay is that is not clear if (denotational) semantics
can be defined for it, which is possible for Au [41, 3]. This is directly related to the fact that a
p-abstraction can now be applied to a term of type L that is an application, rather than a term
typed (implicitly) with rule (=E).

5 Dependent Types and Control

Systems with dependent types allow for reasoning about quantified propositions — those in
first order logic. A theorem prover for first order classical logic would then certainly need
dependent types. In this section, after a quick review of ITT, we will show that a naive
combination of dependent types with the u operator leads to an inconsistent logic. We will
then discuss a calculus for arithmetic that safely allow the two to co-exist in a type system by
restricting their interactions, and start to explore how this calculus can be expanded to more
general domains.

5.1 Dependent Types

Intuitionistic Type Theory (ITT) is a proof system for first order intuitionistic logic, first in-
troduced by [27]. ITT introduces dependent types to the A-calculus, which correspond with
quantification in first order logic. In a dependent type system, types are able to depend on
terms. A full presentation of the syntax of a standard ITT can be found in Figure 1.
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M,N,A,B == x Variable | in;(M) Sum Injection (i =1,2)
| (x:A)—B Dependent Function Type | case M>z.Cof (x.N|y.L) Case Analysis

| Ax.M Lambda Abstraction | M=N Identity Type
| letx=Min N Let Expression | refl Reflexivity
| MN Function Application | subst M N Substitution
| (x:A)xB Dependent Pair Type | L Empty Type
| (M,N) Dependent Pair | 1 Unit Type
| 7t;(M) Pair Projection (i=1,2) | () Unit Element
| A+ B Sum Type | UY; Type Universe (i=0,1,--)

Figure 1. Syntax for ITT

Dependent functions are functions whose codomain (return type) depends on the argument
supplied to the domain. For example, a function Ax.M is typed by (x:A)—B, the dependent
function type. Here, B is a family of types, indexed by values of type A; one could think of B
itself as being a ‘“function” that takes values x of type A and returns a type, B(x). Supplying
an argument N to Ax.M determines the return type, (Ax.M)N : B{N/x}. These dependent
functions relate to ‘for all” quantification in logic: Ax.M: (x:A)— B represents a proof that, for
all x of type A, B(x) holds.

Dependent pairs are pairs (M,N) with type (x:A)xB, where the type family B is indexed
by the left value, M, of the pair. Dependent pairs correspond with an existential proposition.
In constructive logic, a proof of an existential formula 3(x:A).B(x) is formed by providing an
example of such an x (called the witness, W), and then showing B(W). Thus, the proof of an
existential is a pair of a witness, W, and a proof P that the witness satisfies B, so B(W) holds;
in ITT this is written (W,P): (x:A)xB.

5.2 The Problem of Control

Given these two systems discussed above enable to reason about classical propositional logic
and intuitionistic first order logic, one might want to see if they can be combined to create a
system for reasoning with classical first order logic, that is, a system that allows for reasoning
about V,3-quantified statements, and also proof by contradiction.

Unfortunately, dependent types do not sit well with classical calculi. As [19] discovered, a
naive mix of dependent types and control leads to a ‘degeneracy in the domain of discourse’,
meaning that all types can be shown to have only one inhabitant. Thus any two terms (under
the same type) are judgementally equal.

An example of such an offending term, permitting a proof of 0 = 1, is given by [29];

P := pu.[a](0,pé.[a](1,refl)) : F(x :IN).x =1
The projections of P show that 7r; (P) —* 0 and 7o (pa.[w] (0, ud.[a] (1, refl))) —* refl.
7y (pe.[a] (0, pd.[a] (1,refl))) =y, pax.[a]7r1 (O, . [] 1
70 (pa.[a] (0, pd.[a] (1,refl))) =y, pav.[a]7r2 (0, . [a) T2

(Lrefl)) —x pafa]0 =y, O
(

Lrefl)) —n,

po[o) pd.[a]7rp (1, refl) —, pofa]pd. [a]refl — Rename
po.[o]refl —rp, Tefl
Following the type assignment for 7, (P) leads to the
derivation on the right. However, noting that 7r; (P) reduces \ |
to 0, it follows that (x =1){m; (P)/x} = (m; (P) =1) = (0 =1), F'EP:3(x:N)x=1[A
and thus the type of m (P) is 0 =1. I'tmy(P): (x=1){m (P)/x} | A

As described by [29], the issue comes down to P behaving
differently in different contexts. In the left projection, P gives the (incorrect) witness 0 to the
proposition. In the right projection, the evaluation reaches the yé.[a], which causes it to throw
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away the witness 0 (via pd), and then ‘backtrack” to the original context (via []), in which it
uses the witness 1 in the proof. So P uses a different witness depending on its context.

5.3 Restricting Control and Dependent Types

As a step towards a general system with both dependent types and control, [20] defined
the calculus dPA¥, a classical proof system for arithmetic; here, the operands of dependent
eliminations are restricted to a subset of terms that are called negative elimination free (NEF).

As the name suggests, NEF terms are those that cannot contain a negation elimination (-E).
Thus, a NEF term cannot contain subterms of the form pa.[B]N as the subterm [B]N corresponds
with (=E); or an application MN, as this could correspond with (-E) when M: A—_1 and N: A.
The exception to this is when these subterms appear under a lambda abstraction Ax.P, as a
u operator in a subterm is unable to capture a context outside of this abstraction; therefore
lambda abstractions are always in NEF. NEF terms, then, are those that behave more like
intuitionistic values [32], and are not able to backtrack when evaluated [28], avoiding the
inconsistency caused by the above term P.

For example, the rules for dependent projections in dPA“ are:

I'tM:(x:B)x A I'EM:(x:B)x A

d dy .
(JEY): T () B (M enNErF) (3JE): T ) AT (D (M € NEF)

Immediately, these rules disallow recreating the proof P of 0 =1. The second projection
of P, my (P), is not typeable by (3E4), as P is not Nr. If the pair type is not dependent, the
projection out of non-NEF pairs is still possible; there are separate rules for non-dependent
eliminations:

(3E)) I'EM:(x:B)x A (x£fo(A)) (3E) I'M:(x:B)x A (x £fol4))
Ve (M) B £ 2 T (M)A £

In general, the NEF restrictions only apply to dependent types, and the non-dependent
eliminations can be typed without regard for if the operands are NEr. In fact, dPA“ with the
NEF restriction is enough to give a consistent, normalising proof system [28, 20] 1.

Definition 5.1 (Repuctions) Reductions in this calculus largely follow a cBv strategy [20, 28].
The reductions for application and let expressions are:

(Ax.M)N — letx=Min N
letx=VinM — M{V/x}

This strategy ensures that, in a dependent elimination, the reduction will only occur with
a value operand (which implies it is NEF). The only exception to the cBv strategy is for the
coinductive operator, cofix, which follows a lazy (call-by-need) reduction. Lazy reduction
is needed as coinductive structures can be potentially infinite, so only the needed terms are
evaluated.

5.4 The Calculus ECCg

ECCx [31] is a classical extension to the Extended Calculus of Constructions (ECC) [26]. The
classical reasoning is achieved by adding control operators, and restricting type assignments
for dependent eliminations to NEF terms. ECCy is formally understood through its translation
into Lgep, a classical sequent calculus with dependent types; the results for both calculi are
part of ongoing work.

I More precisely, the normalisation property is shown for dLPA®, a sequent calculus corresponding with dPA,
although no formal translation between the two is made.
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THA:U; | A THA:U; | A

Valid Contexts (-): Yy (ax): ——m8 —— (ax): ————
P19 LxAFx:AlA [F-|wA,A
Introduction/Formation
I,x:A-M:B|A FEA:U|A Tx:AFB:U|A
(—=I): (IT):
T'FAxAM: (x:A)—B|A Ik (x:A)=B: Ui | A
(x1) T'EFM:A|A TEN:B{M/x}|A T'EA:U; | A T,x:A}—B:Z/{j\A
xI): 2):
T'F(M,N): (x:A)xB|A I'kE (x:A)xB: Uy i | A
TEFM:A|A Thxgr M:A|A
NEF (NEF]): ————— (M € NEF) (NEFE) : — 8
Thxgr M:A|A TFM:A|A
I'EM:A|wAA I'EM:A|wAA
Control (catch) : (throw) :
I'kcatchy M:A|A I'kthrow, M:B|a:A,A
THA:U|A
Universes (U : . (uc): —————
I'-Ui: U |4 THA: U q|A

I'A:U|Ais used when there exists i such that '+ A: U; | A.
T'FA:U|A T,xA-B:P|A

Propositions (P) : ) (ITp):
TFP:Uy|A [+ (x:A)—B:P|A
THA:U|A THFM:A|A THA:U;j|A THFM:A|A THN:A|A
Equality (refl) : (=):
Threfl:M=,M|A TFM=,N:U|A
ILx:AFB:U|A THN:B{P/x}|A THFM:P=Q|A
(subst) :

T'+subst M N:B{Q/x}|A

Non-Dependent Elimination

[FM:A>B|A THN:A|A [FM:A|A TLxAFN:B|A
(—E): (let) : , (x £ fo(B))
I'FMN:B|A I'Fletx=MinN:B|A
c I'EM:(x:A)xB|A £foB c I'EM:(x:A)xB|A £FolB
(xEq): TF D) A2 (x£fo(B))  (xEp): TF () B[ A (x £ fo(B))

Dependent Elimination

(—Ed): (let?)
I'MN:B{N/x}|A I'kletx=Min N:B{M/x} | A
TI—NEFM'(XIA)XB|A F}_NEFM:(XZA)XB|A
(XE@: (XE?):
I'tm(M):AlA I'tmy(M):B{m(M)/x}| A

Figure 2. ECCg Type Assignments

Definition 5.2 (ECCx TerMs) The terms of ECCx are defined as those of ITT, without co-
products (A + B, inj;(M), case analysis) or the constants L, () and 1, by adding the two control
operators:

M,N,A,B == ... |catchy M | throw, M

In terms of Ay, catch, M and throw, M can be understood by pa.[a]M and u_.[a]M (where *_’
is the Haskell notation for a name that does nor occur in fn(M)), respectively.

Definition 5.3 (REDUCTION AND TYPE ASSIGNMENT) The reductions (Figure 3b) are, like for
dPA“, cBv; reductions will only substitute with NEF terms, which helps maintain subject
reduction.

The type assignment ruless for ECCy [31] are presented in Figure 2. The rules infer judge-
ments of the shape I' - M : A | 4; although there is little to distinguish the categories of terms
and types, M,N,P,Q,... will be used for the ‘terms’ that appear on the left of the statement,
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Mngr, Nner, Angr, Baer = (Ax.M)N — letx=Nin M

x| Ui | P | (x:Aner) = Bner letx=VinM — M{V/x}
| Ax: A.M |let x = Myge in ningr mi(letx=Min N) — letx=M in 7;(N)
| (x:Axgr) X Bgr | (Mg, finer) ;(vq,02) — v;
| 7;(Mzr) | Mxgr = niner subst refl M — M
(a) ECCk NEF Terms (b) ECCx cBvV Reductions

Figure 3. ECCg

and A,B,C,D,... for the ‘types” appearing on the right; lower case characters will be used for
variables. This notational convention is especially useful when presenting inference rules.

Notice that the type system is very similar to that of ECC, except that the dependent elimi-
nations are restricted to NEF terms.

6 ECC,: ECC with Control

ECCk is an important step towards a general classical calculus, but, being part of ongoing
work, its definition is not quite complete. In this section, we present the calculus ECC,, a
direct extension of ECCk. We first introduce coproducts with dependent elimination, which
will be greatly useful in gaining intuition for how to add inductive data (Section 8), and
define when they are NEr. We will then present a more complete set of cBv reductions for
ECC,, which include the y reductions, as well as notions of values, evaluation contexts, and
normal forms. We then prove subject reduction for the calculus, and also sketch a proof of the
consistency of ECC,,.

Definition 6.1 (TeErms oF ECC,) The constants L,(),1 and coproducts are added to the defi-
nition of syntax in Figure 4e. Note that we use the control operators y and [-] from Ay instead
of the catch and throw operators of ECCk. The normal forms (wrt to the reductions in Figure
5), and NEF terms are presented in Figures 4a and 4f, respectively. The NEF terms add the con-
stants and coproducts to those for ECCy; determining when coproduct terms are NEF comes
from dPA“. Note that M need not be NEF for Ax:A.M to be NEF.

When dealing with terms of the form [B]M, unless otherwise stated, the discussion will also
apply to terms of the form [tp] M.

The cBv reduction strategy is taken from dPA®; this is necessary as it ensures that substi-
tutions from reductions will only occur with values (and thus NEF terms), which will allow to
prove subject reduction. p-reduction is generalised to be able to control any cBv context; this
evaluation is deterministic under the cBv strategy.

Definition 6.2 (VALUEs, REDUCTION, AND TYPE AssIGNMENT) The values of the calculus (Fig-
ure 4c) generalise those of dPA“ [20]. For determining when types are values, the intuition
given by [40] is used; data constructors are values only when their arguments are values, and
data types are always values. Then function, pair and coproduct types can be viewed as data
types, and thus they are always values.

The reduction rules for ECC, are give in Figure 5. The evaluation contexts (Figure 4d) again
come from generalising those in dPA“.

The type assignment rules for the terms shared by ECCx and ECC;, are the same as in
Figure 2; those for the new terms in ECC, are presented in Figure 6. The rules for the control
operators are the same as found in [2]. For the constants and coproducts, the rules can be
found in [43], though, of course, for (+E%) we add the appropriate NEF restriction discussed
above.
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N am x| L1110 | U,

| (x:Np)—= Ny | (x:N1)XNy | Ny +No | Ny =N,
| A;\C]:AI.\]N| refl N; £ ub.N' Mner, Nngr, Aner, Baer =x|L[1]()|Y;
| ( '.1,]\]2) (Nl;é V(S N/) | (x:Angr)— Bxer | Ax:AM
} mjl[(/ﬂfif EN # y(S.N’; | let x = Myge in Nge | (x:Age) X Bres

" - | (Mg, Nnee) | 7;(Mngr)
| case N> z.N of (x1.Ny | x3.Np) M e ! ]I\\TIEF ‘ re,ﬂ NEF

(N #inj;(N'), ja.N') | Subst Mayer mier
i / . .
‘ HII\EN) N, (zi(Nl}\ll\/JZ)’ymN) | Angr+Buer | inj;(Mner)
} ;CUblStN kN ENI #ﬁzﬂ ) M) ‘ case Mygr > z.A of (X'NlNEF ‘ ]/‘NZNEF)
1 N2 1 U

(b) ECC;, NEF Terms
(a) ECCy, Normal Forms

inj;(M) Injection (i =1,2)
case M > z.A of (x.Ny | y.Np)
Coproduct Dependent Eliminator

(e) ECCy Terms

inj;(Mzr)
case Mngr > z.A Of (x.Nyngr | ¥-Nonsr)

K= e|KM|oK

Voe=x| L1110 Y; -

| (:A)=B| (vA)XB|A+B|M=N } g;(f,)c‘;i’fif‘ ((:’;) o)

Ax:AM | (V4,V5) | inj; (V) | refi ' 12
| AxAM| (Vo) [inji(V) [ re | letx =K in M| ;(K) | subst £ M
1
(c) ECCy Values (d) ECCy, cBv Evaluation Contexts

M,N, A,B:=

| L Empty Type Mygr ,Nxgr =+ | L[ 1] ()

| 1 Unit Type refl

|0 Unit Element subst Mygr Nugr

\

\

\

|
|
A+B Coproduct Type | Aner + Bxer
|
|

(f) ECC;, NEF Terms

Figure 4. ECC, Fragments and Notions

Crucially, under cBv in the term (Ax.M)(ua.N) the y-reduction is prioritised over p-reduction.
This is similar to Definition 4.4 ((iii)).

To justify the typing rule for dependent elimination of coproducts, observe the reduction of
a case analysis:

case inj;(M) > z.A of (x1.Ny | x2.Np) : A{M/z} — let x; = M in N;: A{inj;(M)/x;}

From the let? rule, it follows that M € NEF; therefore, in general, P must be NEF in case P >
z.A of (x1.N7 | x2.Np). This also justifies the pattern matched methods x;.N;, as it is possible to
determine when let x; = M in N; € NEF. If, instead, case analysis methods were functions i.e.
case P> z.A of (N7|Np), then case would reduce to an application, which cannot be NEF — this
would mean NEF terms are not closed under reduction.

It is possible to show closure of NEF terms under substitution and reductions.

Lemma 6.3 (NEF SUBSTITUTION / REDUCTION CLOSURE) Proof in A.1.1.
i) M,N € NEF = M{N/x} € NEF.
ii) M € NEF and M —* N = N € NEF.

The closure of NEF-reduction is essential; NEF terms cannot contain a subterm that will
backtrack, and will not reduce to a term that will backtrack. When expanding the calculus,
this is a goal for when to define new syntax to be NEF; specifically, when a new term construct
has a reduction into previously defined terms, the new construct is constricted to being NEF
only when all of its single-step reductions are NEF. As a corollary, we get the same result for
M —* N. A similar result for M = g N does not hold. Consider the example, if P,Q € NEF then
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(Ax.M)N — let x = N in M, (M # pa.M’) (pa.M)N — pa.M{[a] @ N/[a]e}

[a]
letx=VinM — M{V/x} v(pa.M) — pa.M{[a]ve /[a]e}
K{letx=Min N} — letx=M in K{N} (. M) — pa.M{[a]m;(e)/[a]e}
case inj;(M) > z.A of (x1.Ny | x2.Np) (v,pae.M) — pa.M{[x](v,®)/[x]o}
— letx; =M in N; (ya.M,N) — pa.M{[x](e,N)/[x]0}
7;i(v1,v2) — v; let x =pua.Min N — pa.M{[a]let x = e in N/[a]e}
subst refl M — M inj;(ua.M) — ua.M{[a]inj;(e)/[a]e}
K{pa.M} — pa.M{[a]K{o}/[a]e} case pa.M > z.A of (x1.Np | xp.Np) —
peja]M — M (& fn(M)) ua.M{[a]case o > z.A of (x1.Ny | x0.Np)/ [a]e}
[Blué.M — MA{B/5} subst (pa.M) N — pa.M{[a]|subst (¢) N/[a]e}
(a) cBv Reductions (b) (u)-reductions
Figure 5. ECC, Reductions
Constants (L): PSR (unit) : Fo1la (1): Flt)a
'EM:1|wAA I'-M:A|aAA T'EM:1|A
Control (0): ———— (name): (tp): ——88¥
THuaM:A|A TH[aM:L|aA,A TH[tp]M:L|A

Coproduct Introduction/Formation

[FEM:A;|A THAG:UA THA:U|A THA:U|A THB:U|A

(+Ii) : (+F)

THin;(M): A1+ Ay | A T'HA+B: U | A
Coproduct Non-Dependent Elimination

T'FM:A4+B|A THC:U|A T,x:AFN;:C|A Ly:BFN,:C|A

E): c
s I'tcase M>z.Cof (x.Ny|y.Np):C| A (Zgﬁj( )

Coproduct Dependent Elimination
I'txegeM:A+B|A TzA+BEC:U|A TIx:AFNy:Ci|A LyBENy:Cy|A
I'tcase M > z.Cof (x.Ny|y.Ny):C[M/z] | A
with C; = C{inj;(x)/z} and C; = C{injp(y)/z}-
Figure 6. ECC, Type Assignments

(-‘rEd):

(Ax.P)Q ¢ NEF; this reduces to let x = Q in P € NEF. Thus they are -equal, but not both in NEF.

This same idea will also help to determine when to allow for dependent elimination. When
reducing new syntax to terms for which it is already known that it is not possible to allow
dependent elimination, the requirements carry back to the new syntax.

A term substitution lemma is usually used to prove subject reduction. However, a naive
substitution lemma is not provable; consider M = 7y (x,refl) : x=4 x, for some x:A. If N:A and
N ¢ NEF, then M{N/x} = m1(N,refl) is not typeable. This problem is avoided by the fact that
reductions are CBv, so only values are substituted; all values are NEF, thus the substitutions in
the dependent eliminations will still be safe.

Lemma 6.4 (TERM SUBSTITUTION) Proof in A.1.2. If there exists a type C such that I,x:C-M:A|A
and T Fyge N:C | A, then T{N/x}F M{N/x}: A{N/x} | A{N/x}.

Proposition 6.5 (SUBJECT REDUCTION) Proofin A.13IfT'FM:A|Aand M— N, thenT'-N:A|A.
The calculus is consistent, with a proof sketch via an encoding into ECCk.

Claim 6.6 (ECC, ConsisTENCY) Proof Sketch in A.1.4 There is no term M such that ) - M: L |
@
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7 Typing Algorithm

To use ECC,, as the core of a theorem prover, a typing algorithm is needed. In this section, we
achieve this by defining a bidirectional algorithm. Part of the algorithm requires evaluating
types to weak head normal form, so this notion will be introduced for ECC,,. At the end of
this section, we discuss weakening the NEF restrictions to terms that reduce to NEF, providing
a more expressive user-level language.

Extensive use is made of terms that are in weak head normal form (WHNF). The key idea
behind terms in WHNF is that, normally using weak-head or lazy reduction they have been
evaluated to the outermost data/type constructor or lambda abstraction [22], and that this
‘head’ of the term is not reducible. [5] have extended the notion of WHNF to Au: for a term
ua.[B]M to be wHNF, reductions on the head are not allowed. If « = 8, and « & fin(M), then the
rule (y;) could be applied; so either (x # g or a € fn(H) needs to hold in order for the term to
be in wHNF. The other case to consider is the renaming reduction; when M = pu+y.[6]M/, it is
possible to reduce the term by ua.[B]uy.[6|M' — pa.[5]M'[B/7]; thus, M # uv.[6]M'. Moreover,
the subterm itself, M, needs to be in WHNF.

The waNF definition also respects the various u reductions. For example, a term 7z;(pa.M)
is (head) reducible, so this is not in WHNF; the constants are trivially in WHNF.

Definition 7.1 (WEAK HEAD NorRMAL ForMm TERMS [5, 33])

H o= x| Ax.M|refl| (1] LY | 7(H) (H # (M,N) or ja.M)
| (x:A)—B| (x:A)xB| A+B | case H > z.C of (x1.N7 | x2.Np)
| (M,N) (M,N # pa.M") (H #inj;(M) or pa.M)
[ injs (M) (MApaM) | palflH  (a £, or a € fu(H)H £ . o]M)
| HM;---M,, (H # Ax.M or ya.M) | subst H M (H # refl or pa.N)

7.1 Bidirectional Typing

The approach to typing is to define a bidirectional algorithm, where there are two types of
judgements [33]:

I'-M=A|A>N (Type Inference)
I'M<A|A>N (Type Checking)

This can be read: infer the type A for M, with output N; and check the type A against the
term M, with output N. During the typing algorithm, the terms are sometimes (partially)
evaluated to check their weak-head normal form or if they are NEF; this evaluated term is
given by the output N.

The bidirectional algorithm itself is largely standard, and is similar to that of [33]. The rules
for coproducts are based on those in [38]. The new rules are highlighted; the full presentation
(including subtyping rules) can be seen in Appendix A.3.1. The rules for elimination are split
into their dependent and non-dependent versions, with the appropriate NEr checks, otherwise
they are much the same as those in [33] and [38].

Soundness of the algorithm (wrt the type system) comes from the nature of bidirectional
algorithms as it is directly derived from the type system. Completeness of this algorithm is
not achieved; in general, terms can only be typed when given the initial type to check, and
the term is in weak head normal form. Although this seems restrictive, this is in fact the
usual case for type checking: a function is defined by declaring its type and then giving an
inhabiting term.
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To type a p-term, the assumption a:A is added F'M<< 1L |wAA>t

to the co-context. This means the type A is needed m- [FuaM<A| A pot
before typing starts; so the (y) rule must be treated FEMeA|A>t
as a type checking rule. As for the (name) rule, it is in (name) :
. _ 5 IT'FaM= L|a:AA> [a]t

fact quite similar to the (—E) rule“. As the type of

. L . T'EM<1|A>t
a is already known (otherwise it is not bound in the (tp) :
term and tp), we only need to check that M matches rEtplM = L[Ar [tp]t
that type.

7.2 NEF Restrictions

The system is extended with the NEF Rules, which allow the conversion between Fyg and .

These rules are written with J, which can be replaced with either = or <, allowing to check

if a term is NEF whilst checking it against, or inferring, a type. The simplest way to implement

this rule is to just check if the given term, M, is NEF.
, _ TFMOA|At

From the user’s perspective, however, this can  (NEFI): (M € NEF)

lead to a very restrictive language, as, in the term e MO A At

M(NP), M is not able to have a dependent type, as (NEFE) : [wer MOA[ABt

applications (NP) cannot be NEF- even if (NP) eval- r-MOA|A>t

uates to some term Q € NEF. This motivates the need to consider the class of terms RNEF; terms

that reduce to NEF terms.

A similar idea, is explored by [24], where they restrict dependent types to a class of terms
called ‘semantic values’ (those that are equivalent to syntactic values) a value restriction for
their dependent typings. The user is then able to write programs, unaware of the value
restriction, as the typing algorithm attempts to find values equivalent to the user terms where
needed; the type system uses explicit equivalency proofs for these value substitutions.

Definition7.2 (RNEF) M € RNEF (NEF-reducible) when there exists a term N € NEF such that
M —* N.

It is possible to add the rule displayed to [FNOA|A>t
i i i - (NEFI): M —* N € NEF
tbe right, which greatly increases the expres- (NEFI) o MOA | Aot (M — )
siveness of the user-level language, but at the
costof greatly slow down the type-checking algorithm, as all user-defined functions would
have to be effectively inlined at each use.

What is certainly worth exploring, then, is if there is a way to determine for a given function,
f, the exact requirements on its arguments to be RNEF, and store these requirements alongside
its definition. Then, when f is called, the type-checker would only need to consult these
requirements, instead of evaluating f.

8 Dependent Algebraic Data Types

Most theorem provers and dependently typed languages boast the capability for user-defined
(co)data types. In this section, we add inductive families and codata to ECC;, by generalising
the results for coproducts and dependent pairs. We first add the syntax for data to the calculus,
and how to assign types to data, making the appropriate NEF restrictions. We will then do the
same for codata. At the end of the section, we will present the reductions for data and codata.
For codata, this requires a specific introduction of lazy evaluation and lazy evaluation contexts,

2 This intuition came from how the vAu calculus views a term [#]M as a ‘continuation application’, so can be
seen as a modified form of application [42]
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as we cannot eagerly evaluate an infinite structure. Finally, we will define the (weak head)
normal forms and values of data and codata, to help include them in the typing algorithm.
The resulting calculus forms the basis of our theorem prover for classical logic, Candid.

Below the notation 0; is used to represent a vector/sequence of objects o7 - - - 0x; often the
subsript -; will be omitted, as in 0.

Definition 8.1 i) The notation (4;:4;) (or (a: A) if the range of the index is not important) is
used as an abbreviation of the (finite) sequence of type assignments (a;:Aq)--- (a,:An).

if) MN is the sequence of terms formed by adding M to the start of the sequence N ;

[N

(a:A)- (b:B) is the sequence formed by adding (a:A) to the start of the sequence (b:B),
and (a:A) - (b:B) = (a1:A1) -+~ (an:Ay) - (b1:B1) -+ (by:By).
ii1) (Sequence Formation)

F)—A1L{|A Fra]:A]/'-wan7]:An7]l_ATl:u‘A

I (apA): U | A
Note that this means A; can depend on a; for j <i.
iv) (Sequence Instance)
T'EM:A|A I'ENj:(biB; {M/x})|A (1<i<n)
I'=MN; : (v:A)- (b:B;) | A

I't-:-]A

We write X : (a;:A;) for the sequence of (dependent) assignments: (xq : (a1:A471))--- (xx :
(ax:A))-

Below the notation {I'-N:A|A} will be used for I'-N;:A;|A(1<i<n).

8.1 Data

The intuition behind extending the calculus to inductive families is in how they are a general-
isation of coproduct types.

Definition 8.2 (INDucCTIVE FAMILIES) i) An inductive family D, with parameters p of type E,
and indices i or type F;, is defined (in a style similar to [33]) by:

[

N 1k
data D (p:E,) : (i-F;) — U where {constr]-: (@:A) (0:B) > Dp s]-}

j=1

where:
— p are the parameters, i the indices
-S j are the indices corresponding to the j-th constructor

— (a:A) are the non-recursive arguments (not containing D)

[

- (bj:Bj) are the recursive arguments. Each B; must be positive in D, i.e. is of the form
Ci—--—=C—Dp i, and the type D does not appear in any C; [6].
Notice that this definition adds each constructor to the syntax of terms, and adds it
type to an environment, or signature.

it) The term syntax is given by:

M,N,A,B = --- \Dﬁ N | constr;
‘ elimM>z.A by (fl-Nl ‘ ‘ jk-Nk)
‘ case M > z.A of (fl'Nl | ‘ fk'Nk)

iif) Defining the data constructors and eliminators NEF is similar to that for coproducts:

M,N,A,B n= e ‘ DMNEF ﬁNEF | COﬂStI’,MNEF
| elim Mygs > z.A by <21'N1NEF | s ‘ fk'NkNEF)
| case Mygr > z.A of <21'N1NEF | eee | fk‘NkNEF)
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In part (ii) the elim construct is for inductive eliminations that will recurse on the data
type; case is for non-recursive elimination. This distinction is the same as that given by [6].
For elim M > z.C by (x1.Ny |---| x;.Ng), M is called the target, z.C the motive, and x;.N; the
methods, and similar for the case construct.

Definition 8.3 To avoid cluttering the notation with too many indices, we will drop the uni-

verse levels (i.e. we will write U instead of f;), although they are implicitly present.

i) Inductive Family Definition Check [14, 6] Definitions are checked by ensuring the parame-
ters and indices are types, and then checking the types of constructors given the param-
eter variables (but not the indices).

(data) - Tr (pEp) () |4
I'ED (p:Ep) (i:F;) U | A

k
{r, (p:Ep) + (a:A) - (b:B) ;um} {r, (P:Ep) , (:A), (b:B) I—S:F\A}
Fl—constr]-:m@ —~DPS|A

(where) : {
j=1
Here the type derived for the constructor must be the one stored in the environment.
ii) Inductive Family Formation/Introduction [14, 6]
To ensure an instantiation of a data type is valid, the parameters and indices must be
of the correct types, and the parameter types P indeed types (i.e. members of a universe
U).

(data) . 1P (E) (4} A{rj Q: (bF){P/p}|A}
TFDP Q:U|A
Only constructors in canonical form [6] are considered, that is, those that are fully applied.
This makes it easier to identify NEF terms.

(constr) : {TFP:(pEp) | A} {FI—M:(a:A){f/i}lA} AiF}—N:(b:B){P/p,M/aHA}
I'constriP M N :DP S |A

iif) Inductive Family Dependent Elimination (elim)

N

{r,xj-:(p:E) (@A) - (b:B) - (v:V) Fxex N;j: C(P Q (constr; ¥ P X% 1)) |A};<:l
. dy . N e N .
(elim®): - eM:DP Q|4 IL,z:(PE)-(QF) -(DP Q)FC:U|A
T'helimM>z.Cby (¥1.Ny |-+ | X.Ny) : C(P Q M) | A

where:
- C(P Q M) stands for C{(P Q M)/z }.
- x ¥ stands for the subsequence of x corresponding to the variables typed by W .
— each B is of the form (kq:K;)—---—(k;:K;)=DP §S.
— each V is of the form (uy:U;)— - - —(u;:U))—C(P S (bjuy---up)), and is of the same length

as the type B (i.e. the index ! matches).

iv) Inductive Family Dependent Elimination (case)
I,Z:(pE) - (:F) (DP Q)FC:U|A

N

(case?): [y M:DDP O |A . {r,xj-:(p;E) -(a:A) - (b:B) = N;: C(P Q (constrj x P x 7 x ) |A}§¥:l
T'kcase M>z.Cof (x1.Ny |-+ | X;.N) : C(P Q M) | A

v) Inductive Family Non-Dependent Elimination.
I-C:U|A(z£fo(C))
(elim): T-M:DPQ |A : {r,xj-:(ng) (@A) - (b:B) - (0:V) I—N]-:C\A};‘:l
I'FelimM>2z.Cby (x1.Ny |-+ | x.Ng):C|A
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TEM:DP QA THC:U|A(z£fo(C) {I%:(pEy) - (@A) - (0:B) FN;:Cla}k
I'case M>z.C of (x1.Ny |- | x;.Np):C|A

(case):

The reasoning behind the NEF restrictions of both the target and all the methods in part (iii)
comes from the reduction for elim in Figure 7. In particular, the rule (let) needs the subterms
assigned to x; to be NEF. This means each w;.(elim b;w; > z.C by (x1.Ny | --- | X¢.Ni)) must be
NEF, and thus, as w j could have length 0, each n; € NEF. Also a4,b € NEF, which generalises to
the target being NEF.

The reasoning behind the NEF restriction for the target in the rule (case?) again comes from
observing the reductions in Figure 7. From the let? rule, we see we need a,b € NEF, thus, more
generally, we need the target to be NEF.

Just like with coproducts, the non-dependent elimination needs no NEF restrictions. This
can be seen from the reductions (in Section 8.3) for both elim and case, in which they reduce
to let expressions where the type is not dependent in the bound variable. Thus, by the (let)
rule, we know we don’t need any of the terms to be NEF.

8.2 Codata

As suggested by [33], codata can be seen as a generalisation of dependent pairs. A codata

[N

type R with parameters (p:E,) is defined by;
codataR (p:Ey) : Y where {proj; : Ai}ﬁ;l
where A; is strictly positive w.r.t. R, and fo(A;) C p, and projy, - - -,proj;_; can appear in A;. We
extend the syntax similarly to how we did for data types:
M,N,A,B := --- | Rp |proj;(M) | build(Ny | --- | Ng)
We define when the terms are NEf, which can be obtained by generalising those of product
types:
Muxgr, Nxgr, Aner, Bugs 5= -+ | RT?\NEF | proj; (Mxee) | build (Nygr1 | -+ | Nygsk)-

Definition 8.4 (TyPE ASSIGNMENT FOR CopATA) i) (Codata Declaration)
'k (p:Ep) =U|A
(codata) : (PEp) | (where) :
T'FR(pEp) :U|A

N

\ \ k
I, (p:Ep) ,proj;:Ay, -+ -,proji_1:4; 1 = A;: U [ A }
I, (p:Ep) ,projj:Ay, - --,proj;_1:A;_1 Fproj; : A; | A

i=1

it) (Codata Formation/Introduction) The formation of codata instances is very similar to that
for data instances. The build construct is typed as a generalisation of the pairing con-
struct (-,-), where the type of each successive term is dependent on the previous terms.
Given a valid codata declaration R (p:Ep) :U in the context I', instances of the type and
introductions are checked, where P is a term vector (of the same length as p ), by;

[+P:(pEpy) | A

THFRP :U|A
THRP :U|A THNy:A{P/p}|A - TEN:A{P/p,N/p}|A
T'Fbuild(Ny |- | Ng):RP | A

(codata) :

(buildy) :

ii1) (Codata Projection) The projections are a generalisation of the pair projections. Given
codata RWEP) : U in the context I', and P a term vector of the same length as p, we
type the projections by the following rules:
T'FM:RP|A THRP:U|A

(proj;) : — (pj £fo(A;) for j=1,--,(i-1))
T repro(M):A{P/pta T
y TragsM:RP |A  THRP:U|A

(projf) :

T+ proj;(M) : A;{ P/p ,projy (M) /projy, - --,proj;_1 (M) /proj;_ } | A
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constr; Vua.MN — uo.M{[«]constr; V o N/[a]e}

case (constr;a b)>z.Cof (x1.Ny |-+ | x;.Ny) — letx;=a b in N;
elim (constr; a b) > z.C by (X1.Ny | -+ | x4.Ng) —

ab

ﬁl.(elim bl 51 > z.C by (yl'Nl | | kak))

letx = { in Ni
El.(elim blﬁl >z.C by (fl'Nl | | ;k'Nk))
Figure 7. Reductions for Inductive Families

KA{build(Ny | --- | Ny)} — let x =build(Nq | --- | Ng) in K{x}
let x =build(N7 | --- | Ni) in L{proj;(x)} — letx=Nj;in L{x}
build(V | pa.M | N) — pa.M{[a]build(V |e | N)/[a]e}
let x =build(Ny | -+ | Ng) in pa.[f]M — pa.[B]let x =build(Ny | - | N;) in M
Figure 8. Lazy Reductions for Codata

8.3 Reductions for (Co)Inductive Types

Viewing a constructor constr; fully applied to its arguments as function application, cBv con-
texts are expanded by:

K == --- | constr; 5 KM | proj;(K)
| case K> 2z.A of (x1.Nq| | X¢-Ni)
| eimK>z.A by (?1N1|‘yka)

The cBv contexts for the constructors constr; and destructors case and elim come from [40].
The reductions of inductive families are defined in Figure 7. ¥ = M N represents that the
sequence of variables % is of the same length as the sequence M N, and that each «; is bound
to the corresponding term on the right hand side.

A cBv strategy will not work for coinductive structures; they represent (potentially) infinite
objects, so cannot be evaluated to completion. Thus, specifically for codata, cBN or lazy
reduction is used. Following [20], this also requires the introduction of specific contexts for
lazy evaluation, labeled L.

Definition 8.5 (LAazy EVALUATION CONTEXTS) L :=e|L{K} |let x =Dbuild(Ny |---| Ny) in £

The reduction rules for codata are given in Figure 8, and are similar to the lazy reduction
rules of the cofix operator of dPA®“ [20]. The way in which these rules achieve lazy evaluation
is well explained by [28]: the first rule highlights that, when a coinductive structure is reached
in a cBv context, its computation is delayed by abstracting it; the second rule precisely corre-
sponds to when the coinductive structure is linked to x, whose value is needed, so a single
evaluation step is performed. The third reduction shows that control operators are able to
capture the context of a build statement. The last reduction describes how control operators
interact with coinductive structures under let expressions.

Finally, to be able to understand cBv reduction, and to enable implementation of a bidirec-
tional typing algorithm, waNFs and values for (co)data terms are defined.

Definition 8.6 ((WEak HEAD) NorRMAL ForMs, VALUES) i) Normal Forms.

N:=---|DN |RN |constr; N
| build(Ny | --- | Ni) (N; # pa.M)
| proj;(N) (N #build(Ny | - | Ny, M)
| case N> z.Cof (x1.Ny |-+ | X¢-Ng) (N # constr; N , . M)
| elim N>z.Cby (x1.Ny |-+ | X(.Ng) (N # constr; N , . M)

ii) Weak Head Normal Forms (WHNF).
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hH:=--|DM |RM |constr; M |build(M; | --- | M)

| proj;(H) (H # build(Ny | -+ | Ni))

| case H > z.C of (X1.Ny |-+ | X.Ng) (H # constr; N)

| elim H>z.Cby (x1.Nq | -+ | X5.Ng) (H # constr; N )
iii) Values. V == ... [DM |RM |constr; V |build(Vy | --- | Vi)

9 Implementation

In this section, we discuss the technical details of Candid, a theorem prover that uses ECC, as
its core calculus. A full presentation of the syntax can be found in A.4.1, and is reminiscent
of Agda’s syntax. We will also discuss how users can interact with the type system through a
REPL.

(Term Representation): The variables are implemented via the unbound-generics [23] library,
which is a re-implementation of the unbound library outlined in [45]. This gives variables a
locally nameless representation, where bound variables have De Bruijn Indices [11], and free
variables are nameful. Evaluation is achieved by substitution: for usual substitution, we were
able to use unbound-generics’s Subst class; for the structural substitutions, we developed a
similar generic class StrSubst, letting us define structural substitutions for each p-reduction.

(Type Checking): We implemented the bidirectional algorithm (Section 7) for ECC,. The
pipeline for type-checking follows the usual steps: we first lex and parse the given file into
the internal data structure for definitions and terms. The function and data definitions are
then type checked in sequential order (with respect to the order they were defined in the file),
adding the function types, data/codata types and constructors/projectors to a global context
when they successfully type check, and exit with an error message if not.

As described in the bidirectional algorithm, we need to make use of an evaluator for both
reducing to wHNF, and attempting to reduce a term to NEr. This distinguishes the algorithm
from other similar bidirectional systems, as it means the evaluator is used in two different
ways; one needs to have to goal of wHNF, that won’t bother to reduce subterms when not
needed to, the other needs to be more eager and able to exit once the term has reached a NEF
form. This was achieved by abstracting the reduction rules as rewrites, and letting the two
subevaluators (for wHNF and NEF) call these rewrites and also each other if they need to.

User-level Language

The surface language is very close to that of ECC,,, although there are simplifications for the
user. Functions can be defined with arguments, where the definition £ x y = M is desug-
ared into £ = \x -> \y -> M. Multiple variables can be bound at a single lambda or tele-
scope, where \x y -> Mand (A B : T) are desugared into \x —> \y -> Mand (& : T) (B :
T). There are also some shorthands for logical operators, where !A and -2 are both desugared
into A -> Bot (where Bot represents the type 1), and A <-> Bto (A -> B) * (B -> A).

((Co)Data): Defining data and codata is very similar to how one would in Agda:

data Vector (A : Type) : (n : Nat) —-> Type where
empty : Vector A O
cons : (n : Nat) (x : A) (xs : Vec A n)
-> Vec A (suc n)

codata Stream (A : Type) : Type where
head : A
tail : Stream A
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Note that constructors use telescopes rather than function types in their definition. This is
due to the fact that constructors can only be used in canonical form.

Data and record types are handled via pattern matched case and co-pattern matched build
trees:

headOrZero : (n : Nat) (A : Univ) -> (Vec A n) -> A
headOrZero n A v = case v of
empty -> 0

cons 1 x xXs —-> X

from : Nat -> Stream Nat
from n = build
head -> n

tail -> from (suc n)

(REPL): Users are able to interact with the type checker through holes, indexed by a number.
The user can than query the REPL, which reports back the goal and scope at each hole:

foo : (A B : Type) -—> A -> B —> A
foo T1 T2 x = \y —> 21

Hole 1:
Goal: T1
Scope: {x:Tl, y:T2};
The type holes let the user engage in a dialog with the type system [34], and enables a
hole-driven design workflow, where the type signature of the function guides its construction.

(Future Features): To ensure soundness of programs, theorem provers like Agda employ strict
positivity checks on (co)data constructor/projector types, and heuristics to ensure program
termination. These are both able to be added to the calculus; strict positivity can be achieved
by a syntactic check, and a common termination heuristic is that of structural recursion, in
which recursive functions must always call a subexpression of a given argument in at least
one of the recursive arguments. The universe hierarchy is also not currently implemented, so
a user is able to write Type:Type. Allowing the typical ambiguity in the surface language has
well documented implementation methods [18], that are applicable to this language.

Dependently typed languages like Agda enjoy implicit arguments, where the type checker
can fill in arguments the user doesn’t supply and (co)pattern matched function definitions,
which allow functions to have multiple definitions based on the (co)patterns of the argu-
ments/return value. Methods to implementation of both of these features are well docu-
mented; algorithms for handling implicit arguments and pattern matching are both explained
well in [33].

10 Related Work

(Calculi with NEF Restrictions): Our work on ECC,, is based on the calculi dPA“, of [20], and
ECCxof [32]. dPA¥ is a classical proof system for Peano Arithmetic, that is able to prove both
the axioms of countable and dependent choice. Countable choice is achieved through a clever
use of a coinductive fixpoint, and the intuition that a for-all quantification over a countable
domain can be represented by a countable conjunction. For example, a predicate P defined
over the natural numbers can be represented by P(0) A P(1) A P(2)---. This infinite conjunction
is constructed by then building a stream with the coinductive fixpoint.

ECCk is Luo’s Extended Calculus of Constructions equipped with catch and throw control
operators. This calculus is defined via a translation into Ldep ; a dependent, classical sequent
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calculus, capable of CPS translations for dependent types. Lge, combines the previous work
of the three authors, including, interestingly, a sequent calculus version of dPA“ [30], that was
used to show the strong normalisation of dPA“.

(PML,):  [24] defines a type system with a similar goal; combining dependent types with
control. This system is implemented in the language PML, [25]. The key difference when
compared to our own system is that Leipgre uses a ‘semantic value restriction” instead of
the NEF restriction. A term is a semantic value when it can be shown to be observationally
equivalent to a syntactic value; the typing rules for semantic values then need a proof of this
equivalence. Roughly speaking, when compared with our typing rules, the Fyg M require-
ment on M is the same as finding a value V that is equivalent to M, and then making the
judgement on M with the equivalency proof in the context; (M = V) - M. Due to the basis in
equivalency proofs the semantic value restriction is not decideable [29], and is much looser
than the NEF requirement. In fact, all NEF terms can be shown to be equivalent to a value, so
the semantic value restriction can be understood as a proper superset of NEF terms [29].
PML, itself is a dependently typed cBv ML-like language with control operators. This is
the most closely related proof assistant to our own, as it is has dependent functions and pairs
compatible with classical logic. As it is based on the semantic value model described above,
allowing dependent type checking means the system must uses equational reasoning on non-
value terms, which is comparable with our method for checking if a non-NEF term is RNEF
by evaluating it. As the set of NEF terms is a proper superset of syntactic values, our RNEF
evaluator invoked less often than PML,’s equational reasoning in the type checking process.

11 Conclusion

In this paper, we introduced classical logic, how it differs with intuitionistic logic, and its
computational content, through the Ap calculus. Then, we reviewed dependent types and
how they relate to first order intuitionistic logic, and that care must be taken when combin-
ing them with control operators. We explored the calculi dPA“ and ECCk, that achieve this
safe combination. We presented our calculus ECC,, which extends ECCkx with dependent
coproducts, inductive data and codata, which allows for classical reasoning and dependent
types to safely interact. We defined a bidirectional typing algorithm for ECC,, which success-
fully turns the type system into a decideable type checking algorithm. Finally, we presented
our programming language Candid, based on this calculus, which is a proof assistant for
computational classical logic.

We conjecture that we can expand the set of provable propositions in ECC,, by weakening
the NEF restriction on terms. By making negation an explicit type (for example, in the vApu-
calculus [42]), rather than encoded by ‘— L’, this would allow for a less restrictive definition
of NEF terms that relates specifically to negation elimination. This would allow ECC,, to prove
even more tautologies of classical logic.

The notion of judgemental equality in ECC,, is currently not subscribed to any particular
school of equality, like Observational Type Theory (OTT) or Homotopy Type Theory (HoTT).
Thus, the notion of equality in ECC, has great potential to be expanded upon. For example,
HoTT has very powerful notions of equality, given by the univalence axiom. This axiom im-
plies that LEM is not true for some types [43], and thus seemingly incompatible with classical
logic. It is worth investigating if this is still the case in the presence of the NEF restrictions,
and if in fact these characterise the types for which LEM is provable.

We hope this work forms part of the first steps towards a new style of theorem provers that
uncover the computational content of classical logic, and the new reasoning power it brings.
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Appendix A Appendix

Appendix A.1 Proofs

Appendix A.1.1 Lemma 6.3: nef-Substitution and Reduction Closure in ECC,
Proof: (i) By induction on the structure of NEF terms. x & fo(M) = M{N/x} = m € NEr. This
covers terms y, (),1, U;,0,refl. From now on, we assume x € fo(M).

(Base Case): Assume n € NEF; then x {N/x} =n € NEF.

(Inductive Cases): Assume p{N/x},q{N/x},M{N/x},A{N/x},B{N/x} € NEF. Then:
o ((y:A)—=B){N/x} = (y:A{N/x})—B{N/x} € NEF
o (Aym){N/x} =Ay.(M{N/x}) € NEF
o (lety=ping){N/x} =(lety=p{N/x}ing{N/x}) € NEF
o ((y:A)xB){N/x} = (y:A{N/x}) x B{N/x} € NEF
i (M){N/x} = mj(M{N/x}) € NEF
(P,Q){N/x} = (P{N/x},Q{N/x}) € NEF
(A+ B){N/x} = (A{N/x} + B{N/x} € NEF)
inj;( M){N/x} =inj;(M{N/x}) € NEF
o (case M of (y1.p,y2.9)){N/x} =case M{N/x} of (y1.p{N/x},y2.q{N/x}) € NEF
® (p=a9){N/x} = (p{N/x} =4 q{N/x}) € NEF
o (subst p q){N/x} =subst p{N/x} g{N/x} € NEF

((ii)): By induction on the definition of reductions. Note that the () reductions involve terms
of the form pa.m, and thus won’t be NEF.

e let x =inj;(p) in g € NEF = p,q € NEF = let y = p in q[inj;(y) /a] € NEF

o m;(let x =pin g) € NEF= p,q € NEF = let x = p in 71;(q) € NEF

e letx=ping € NEF= p,q € NEF= p{N/x} € NEF

e case inj;(M) of (xq1.n1|xp.np) € NEF = m,p,q € NEF = let x = M in n; € NEF

o 71;(my,my) € NEF = 1mq,My € NEF

e subst refl M € NEF = m € NEF

e K{let x =M in n} € NEF means that all terms appearing in the context K are Ner®, and

that m,n € NEF = let x = M in K{n} € NEF.

As it holds for the single step reductions, this holds by transitivity for —*, and it is easy to
see this holds for the contextual closure relations.
Appendix A.1.2 Lemma 6.4: nef-Term Substitution

Proof by induction on the structure of M. Assume I',x:C-M:A | Aand I' Fyee N:C | A. We
write I and A’ for I'{N/x} and A{N/x}, respectively.

o x: IxxCkx:C|Aand T'FC:U; | A (Ax)
= I"Fx{N/x}:C{N/x} | &,

I'=C{N/x}:U; | A Induction

= I"Fx{N/x}:C|ANand I"+C:U; | A (x & fo(C), by (Ax))

= I'FN:C|A Defn

3 This can be proved with a very simple induction on the definition of K, needing only consider when it is of
the form inj;(K'),(K',m), (v,K),case K of (xq.1n1|x0.15), pi;(K'),subst K’ M,let x = K’ in M.
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o Iy:Ckhy:ClAand THC:U; | A (Ax)
= I"Fy{N/x}:C{N/x} | &,

I'=C{N/x}:U; | & Induction
= I"Fy{N/x} :C{N/x} | A (Ax)
= I"Fy:C{N/x} | A Defn
o (yM)»N A=U;, TIxCkm:U;|Aand, Ix:Cy:mbn:U;| A (IT)
= I'"F M{N/x}:U; | A,
I''y: M{N/x} Fn{N/x}: U; | & Induction
= "+ (y:M{N/x})—n{N/x}: U; | A (I)
= I ((y:M)—=N){N/x}: U; | A Defn
e \yM A= (y:E)»Fand Ix:C,y:EFm:F| A (—1I)
= I",y:E{N/x} - M{N/x} :F{N/x} | A/ Induction
= I"FAy.(M{N/x}): (y:E{N/x})—F{N/x} | & (—1)
= I+ (Ay.M){N/x}: (y:E)—=F){N/x} | & Defn
elety=PinQ:A
Non-dependent: I',x:C+P:B | Aand I,x:C,y:B-FQ:A | A (let)
= I'FP{N/x}:B{N/x} | &,

I''y:B{N/x}F Q{N/x}: A{N/x} | A Induction
= I''Flety=P{N/x}in Q{N/x}: A{N/x} | & (let)
= I''t(lety=Pin Q){N/x}: A{N/x} | A Defn

Dependent: A= A'[P/y][,x:C+P:B | A,

Ix:C,y:Blyg Q: A’ | A (1et?)
= I'FP{N/x}:B| A,

I y:Blner Q{N/x}: A/{N/x} | & Induction
= I'"'Flety=P{N/x}in Q{N/x}: A/{N/x}{(M{N/x})/y} | & (1et?)
= I''(lety=Pin Q){N/x}: A/[P/y]{N/x} | & Defn

e PQ Non-dependent: I',x:CF-P:B—A|Aand ILx:C-Q:B| A (—E)
= I'=P{N/x}:(B— A){N/x} | A,
I''EQ{N/x}:B{N/x} | & Induction
= I''=P{N/x}:(B{N/x} - A{N/x}) | A Defn
= I''EP{N/x}Q{N/x}: A{N/x} | A (= E)
= I''=(PQ){N/x}: A{N/x} | & Defn
Dependent: A= A'[n/y],I,x:CHP: (y:B)—A’ | 4,

IxChyes Q:B | A (— E%)
= I''=P{N/x}:((y:B)—=A"){N/x} | A,

I bFaer Q{N/x} : B{N/x} | & Induction
= I''tP{N/x}:(y:B{N/x})—=A"{N/x} | A Defn
= I' - PAN/x}Q{N/x} : A/{N/x}[(Q{N/x})/y] | & (= E%)
= I'= (PQ){N/x}: A'[Q/y]{N/x} | & Defn

e (1:P)xQ A=U;, T,xCEP:U;|Aand I, x:C,y:mEQ:U;| A (X)
= I'"FP{N/x}: U; | A,

Iy:P{N/x}-Q{N/x}:U;| A Induction

= It (y:P{N/x}) x Q{N/x}: U; | & (%)
= I"F ((y:P) x Q){N/x}: U; | & Defn
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o (P,Q) A=(y:A)xAy, [,x:CFP:A;|Aand [,x:CHQ:A)P/y] | A (x1I)
= I"EP{N/x}: A1 {N/x} | &,

I''=Q{N/x}: (A[(P{N/x})/y]){N/x} | & Induction
= I'"F Q{N/x}: Ap{N/x}[(M{N/x})/y] | & Defn
= I+ (P{N/x},Q{N/x}): (y:A1 {N/x}) x Ay{N/x} | & (xI)
= I+ (P,Q){N/x}: ((y:A1) x A){N/x} | & Defn
e 11(M) Non-dependent: I',x:C-m:Ax B | A (XEq)
= I'=M{N/x}:(AxB){N/x} | A Induction
= I''=M{N/x}: A{N/x} x B{N/x} | A Defn
= I''tm(M{N/x}: A{N/x}) | & (XEq)
= I'(m(M)){N/x}: A{N/x} | A Defn
Dependent: I',x:CFm: (y:A)xB | A (xE9)
= I' M{N/x}: ((y:A) x B){N/x} | & Induction
= I''=M{N/x}: ((y:A{N/x})x B{N/x}) | &/ Defn
= I''tmy(M{N/x}: A{N/x}) | & (XEq)
= I't (mq(m)){N/x}: A{N/x} | & Defn
e (M) Non-dependent: I',x:CF-m:Bx A | A (XEp)
= I'=M{N/x}:(Bx A){N/x} | A Induction
= '+ M{N/x}:B{N/x} x A{N/x} | & Defn
= I''tm(M{N/x}: A{N/x}) | & (X Ep)
= I't (mp(M)){N/x}: A{N/x} | & Defn
Dependent: A = A'[my(m)/y], I,x:Ckm:(y:B)xA'|A (xE9)
= I''= M{N/x}:((y:B) x A"){N/x} | & Induction
= I'E M{N/x}: (y:B{N/x})x A/{N/x} | & Defn
= It mp(M{N/x} : A'[m (M{N/x})/y]) | & (xEp)
= I'E (rmp(m)){N/x}: A'[mty(m) /y] {N/x} | & Defn
e D+E A=U;, TIxCkD:U;|Aand Ix:CHE:U;| A (+F)
= I"ED{N/x}:U; | A and TFE{N/x} | A Induction
= I"ED{N/x} + E{N/x}: U; | & (+F)
= I"F(D+E){N/x}:U; | A Defn
e inj;(M): We show for i =1; it is almost exactly the same for i =2 (as there is no dependency).
A=A1+ Ay, TxCHEM:A;|Aand ILx:CHA;:U; | A (+I)
= I'"- M{N/x}: A1 {N/x} | &,
= T"FA{N/x}:U; | A Induction
= I"Finjj(M{N/x}): A{{N/x} + Ay{N/x} | A (+1)
= I'"F (injj(M)){N/x}: (A1 + A){N/x} | & Defn

e case M > z.P of (x1.Np|x3.Np)
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Non-dependent: M=A, I,x:Ckm:B;+B,|A4,

vy

=

Ix:C,x;:BiFN;: A ’ A, <+E)
I'xxCFA:U; | A

I''t M{N/x}:(By+ Bo){N/x} | A,

I, xi:Bi{N/x} = N;{N/x}: (A{N/x}) | &, (Induction)

I'EA{N/x}: U; | A

I''t M{N/x}:B1{N/x} + Bo{N/x} | & (Defn)

I'{N/x}F

case M{N/x} > z.(A{N/x}) of (x1.(N1{N/x}) | x20.(N2{N/x})): A{N/x}
| A{N/x} (+E)

I'"+ (case M > z. A’ of (x1.Ny|x2.N2)){N/x}: A{N/x} | & Defn

Dependent: A= A'm/z], I,x:xCkm:By+ B, |4,

I,x:C,x;:B; - N; : Afinj;(x;)/x] | A, (+E%)

Fx:C,Z:Bl+BQ|—MZZ/{i|A

= I''t M{N/x}:(By +By){N/x} | &,
I, x;:Bi{N/x} = N;{N/x} : (A[inj;(x;) /2] {N/x}) | &, (Induction)
I, z:(By+By){N/x} - A/{N/x}: U; | &
- I'F M{N/x}: B {N/x} + B, {N/x} | &,
I, xi:Bi{N/x} F N;{N/x} : A"{N/x}[inj;(x;)/z] | &, (Defn)
I'',z:Bi{N/x} + By{N/x} F A/{N/x}: U; | A
= T'{N/x}F
case M{N/x} > z.(A’{N/x}) of (x1.(N1{N/x})|x2.(N{N/x})) : A"{N/x}[m/z]
| A{N/x} (+E%)
= I+ (case M > z.A” of (x1.Nq|x2.Np)){N/x}: A'[m/z]{N/x} | & Defn
em=gn A=U;, IxCkm:B|AandT,x:CFn:B|A (=)
= I M{N/x}: {N/x}B | &,
I'bn{N/x}:B{N/x} | A Induction
= I"FM{N/x} =gn{N/x} | & (=)
= I+ (m=pn){N/x} | A Defn
erefl A=(m=pm), I'x:xCFB:U;|Aand ILx:CF-m:B|A (refl)
= I"EB{N/x}:U; | AT = M{N/x}: B{N/x} | &' Induction
= I" Frefly {N/x}: M{N/x} =g /) M{N/x} | A’ (refl)
= I'"Frefly {N/x}: (m=gm){N/x} | A Defn
esubst MN I ,x:Cz:BFA:U;|AT,x:Ckn:Alp/z] |AT,xCk-m:p=q|A  (subst)

= I'",z:B{N/x} - A{N/x}: U; | A,
I''tn{N/x}: Alp/z]{N/x} | &, Induction
I'=M{N/x}: (p=p ){N/x} | &

= I"Fn{N/x}: A{N/x}[(p{N/x})/z] | &,

I'"=M{N/x}: p{N/x} =pn/xy G{N/x} | & Defn
= I’ subst M{N/x} n{N/x}: A{N/x}[(g{N/x})/z] | & (subst)
= I'"F (subst M N){N/x}: Alg/z]{N/x} | & Defn
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o yn.m FxCkm:L|a:AA (n)
= TI'FM{N/x}|a:A{N/x},A Induction
= I'tua.(M{N/x}):A{N/x} | A  (subst)

= I't (pa.m){N/x} : A{N/x} | A Defn

o [a]m A=1 T,xxCkm:B|A (name)
= I'"+ M{N/x}:B{N/x} | & Induction
= I'F[a](M{N/x}): L |a:B{N/x},A (name)

= I"F ([a]Jm){N/x}: L{N/x} | a: B{N/x},A' Defn
e ():by (unit), I+ ():1| A =T"F (){N/x}: 1{N/x} | &
o Liby (1), I"F1:U | A =T'F1{N/x}: Ui{N/x} | &
© 0:by (0), I"F0:U; | A = I" - O{N/x} : Us {N/x} | &
o Unby (Uy), I'tUi: U1 | A =T FUAN/x}: U 1 {N/x} | A

Appendix A.1.3 Lemma 6.5: Subject Reduction

Proof by induction on reductions. For each reduction M — N, assume I' - M: A | A.

o (Ax.m)n —letx=Nin M
Non-dependent: 'FAxM:B—A|Aand I'+-N:B|A (= E)

= IxBFM:A|A (= 1)
=TFletx=NinM:A|A (let)

Dependent: A = A" {N/x}I'+Ax.M: (x:B)—~A" | Aand T by N: B | A (— E4)
= IxBFM:A"| A (= 1)
= T'Hletx=NinM:A{N/x} | A (1et?)

eletx=Vin M— M{V/x}

Non-dependent: I, x:BFM:A | A, THV:B|A (let)

=THFM{V/x}:A|A Lemma ??

Dependent: A= A"{V/x}I,x:-BFM:A|A, TlxgV:B|A (let?)
= I'-M{V/x}:A'{V/x} | A Lemma ??

o K{letx=Min N} —letx=Min C{N}
Non-dependent: ' K{letx=MinN}:A | A

Assume that there is a type B (a subterm of A) such that:

I'kletx=MinN:B| A
= The hole in K has type B,and ' N:B | A

= I'FKC{N}:A| A, as n has the same type as o

=TFletx=MinK{N}:A|A
Dependent: I' - KC{letx=Min N}: A | A

(let)

(let)

= A= A"{M/x}, as the type assignment for C{let x = M in N}
will at some point use the let? rule, which will bind x in a subterm of A.

Assume that there is a type B (a subterm of A) such that:

I'kletx=Min N:B | A.

= B=B'{M/x}, ThrxgzM:C|A, TI,xCFN:B|A

= The hole in K has type B/, with x € fo(B’)
= I x:CHK{N}: A’ | A as n has the same type as o
= I'Fletx=Min K{N}: A’ {M/x} | A

e case inj;(M) > z.C of (x1.Ny|x2.Np) — let x; = M in N;
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Non-dependent: A = C{inj;(M)/z}, ' Finj;(M):Bi+ By |4, T'EC:U;| 4,
Ix;:BiFN;:C|A (
= THM:B;| A (+1;)
=TFletx;,)=MinN;:C|A (
=TFletx;,)=MinN;:C|A (
Dependent: A = C{inj;(M)/z},I" byge inj;(M) : By + By | A,

I,z:Bi+ByFC:U; | A, (+E4)
I,x;:BiF N;: C{inj;j(x;)/z} | A
= I'Fags M:B; | A (+1;)
= I'Fletx; = Min N;: (C{inj;(x;)/z}) {M/x;} | A (1et?)
= I'tletx;=Min N;:C{inj;(M)/z} | A (Defn)

71 (M1, Ma) — My
Non-dependent: I' - (My,M;) : A x B | A (xEq)

=THM:A|A (x1I)
Dependent: I' byge (M1, Mp) : (x:A) X B | A (fo)

(M1, Mp) — Mp
Non-dependent: I' - (My,M;) : Bx A | A (xEj)

= TFM:A|A (xI)
Dependent: A = A'[rr1 (M1, Mp)/x], T Fyge (My,My): (x:B)x A’ | A (XE§)
= I byge My : A'[711 (M1, Mp) /x] | A (xI)

subst refl M — M
A=B{Q/x}, Tkrefl:P=Q|A T+FM:B{P/x}|A (subst)

= I't-refl: P=P | A, so Q is syntactically equal to P (refl)
= B{Q/x} =B{P/x}=A
= THFM:A|A
V(pa.M) — pa.M{[a]V o /[n]o}
TFV:B—>A|A THuaM:B|A (
=TFM:1|a:BA (
= 'k N:B| A, for each N such that [«]N is a subterm of M (name)
= THVN:A|A (
=TF@aVN:L|a:AA (
= I'Fpa.M{[ax]Ve/[a]e}:A|A
(. M)N — pa.M{[x] @ N/ [x]@}
TFN:B|A ThHpuaM:B—A|A (
= TFM:L|a:B—AA (
= I'bP:B— A | A, for each P such that [«]P is a subterm of M (name)
= THPN:A|A (
=T'F[aPN:L|a:AA (
= I'pa.M{[a] e N/[a]e}: A | A
let x = pa.M in N — pya.M{[a]let x = o in N/[x]e}
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I'x:BEN:A|A T'FuyaM:B|A (let)
=TFM:1L]|a:BA (n)
= I'P:B | A, for each P such that [«]|P is a subterm of M (name)
= T'Fletx=PinN:A|A (let)
=TFlalletx=PinN:L|a:AA (name)
= I'tua.M{[a] e N/[nx]e}: A | A

o ya.[a]M —m (a & fn(M
I't[aM:L|a:AA (n)
=THFM:AlA (name)

o [Blué.m — M{p/d}
So A: L by (name), and; I'uéM:B | B:B,A (name) We also need that M[B/5]: A =

=T'FM:1|B:B,6:B,A ()
M:A. As B: B and ¢ : B, then substituting g for § will not change the type of a term. Indeed,
for any named term [§]N:
I'F[§]N:L|é:B,B:BA
= TI'Fn:B|é:B,B:B,A (name)
= T'F[BIN:L|d:B,p:B,A (name)
o 7ti(pa.M) — pa. Mf[a]7r; (o) / [a] o]
A=A; ThruyaM:A;1 xAy|A (XE)
=TFEM:L|a:A; x Ay A ()
= I'FN:Aj x Ay | A, for each n such that [a]N is a subterm of m (name)
(
(

X

X

=TFm(N):A | A E)
= TI'Fam(N):L|a:A,A name)
= I'tpa.M{[a]V o /[a]e}:A; | A
o inj;(pa.M) = pa.M{[a]inj;(e)/[a]e}
A=A+A; TruaM:A;|A (+1)
=THFM:1|a:A,A (1)
= I'F N:A; | A, for each n such that [a]N is a subterm of m (name)
= I'inj;(N): A1+ Ay | A (+I)
= I'Fla]in;(N): L |a:A;1+ ArA (name)
= I'tpa.M{[a]V e /[a]e}: A1+ Ay | A
o (VM) = pa.M[[a](V, 0)/ [a]o]
A=Ay x Ay, THV:A|A TrHuaM:Ay|A (xI)
=THFM:1L|a:AA (1)
= I'FN:Aj; | A for each N such that [¢]N is a subterm of M (name)
(
(

X

= TH(V,N):A; x Ay | A
=TH[a(V,N):L|a:A1 x Ay A
= I'tpa.M{[a](V,0)/[a]e}: A1 x Ay | A
o (ua.M,N) — pa.M{[a](o,N)/[a]o}
A=A1xAy), T'FuyaM:A1|A THEN:Ay|A (x1I)
=THFM:1L|a:A,A (1)
= I'P:A; | 4 for each P such that [a]P is a subterm of M (name)
(
(

)

name)

X

= T'F(P,N): Ay x Ay | A

= TF[a](P,N): L]|a:A; xApA

= I'pa.M{[x](e,N)/[a]o}: A1 x Ay | A
e case pa.M > z.A of (x1.N1|xp.Np) — pa.M[[a]case o > z.A of (x1.Np|xp.Np)/[«]e]

x1I)

name)
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THua.M:Aj+ Ay | A, T,xi:AiFN;:A|A, THA:U | A (+E)
=TEFM:1L|a:A1+ ApA (u)
= I'P:A;+ Ay | A, for each P such that [«]|P is a subterm of M (name)
= I'Fcase P>z A of (x1.Ny|xp.Np): A | A (+E)
= I'F [a]case P> z.A of (x1.Ni|x2.Np): L |a:A,A (name)
= I't ua.M{[a]case o >z.A of (x1.Ny|x2.Nz)/[a] @} : A | A
o subst (ua.M) N — pa.M{[a]subst (e) N/[a]e}

A=B{Q/x}, THuaM:P=Q|A, THFN:B{P/x}|A (subst)
=TFM:L|a:P=Q,A (name)
= TI'FL:P=Q| A4, for each L such that [¢]|L is a subterm of M (name)
= I'Fsubst L N:B{Q/x} | A (subst)
= I'F[a]subst LN: L | a:B{Q/x},A ( )
= I'F pa.M{[«a]|subst (e) N/[x]e} : B{Q/x} | A

subst
subst

Appendix A.1.4 Claim: ECC, Consistency
Proof : (Sketch) We encode ECC,, into ECCx by:
[A+B] = (b:B) x (if b then A else B)
[injy (M)] = (true, M)
[injp(M)] = (false, M)
[case M > z.A of (xq1.1n1|xp.10)] = if 7 ([M])
then (let x; = mp([M]) in Np)
else (let x, = 7 ([M]) in Ny)
[ne.[B]M] = catch, throwg M
[M] = [-] applied recursively to the subterms of M

With the reverse translation given by:
[B] =1+1
[true] = inj; (())
[false] = injp(())
[if b then M else N] = case [b] > z.[B] of ([M] | [N])
[catchy, M] = pa.[a]M
[throw, M] = u_.[a]M
[M] = [-] applied recursively to the subterms of M
We then use the fact that ECCy is consistent [31].

Appendix A.2 Type Systems
Appendix A.2.1 ECC, Subtyping

Subtyping Rules for ECC,, [33, 31] reeA |FA|_t:BF'_AA<B 4 I'Ui<Uiq| A
TFAL:U| A T'FA:U| A T'FAT~Ay:U | A Ix:AiFB1<By | A
I'k (x:A1)—B1 < (x:A7)—By | A
F|—A1:U|A Fl—AQZU|A FI—AleZ:U\A F,X:A1|—31<32|A
Ik (x:A1)xXB1 < (x:A2) X By | A
T'FAI<A) | A I'FBi<B | A
IT'FAL+Bi<Ay+B | A
F"Aliul"A Fl—AQZZ/{l"A FI—AleZ:L{i|A
T'FAI<A) | A
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I'FAI<Ay) | A I'FAy <Az | A
I'FA1 <Az | A

Appendix A.3 Bidirectional Algorithms for ECC,

Appendix A.3.1 Bidirectional Type Assignments

The rules are derived by combining the bidirectional style of [33] with the type system in
Figure 6

(Valid Contexts):
THFA<U;|A>B THA<U;|A

(-): (Ax): ax
G-l LxAFx=A|AD x [F-|aAA

(Function Introduction/Formation):
IxAFM<«<B|A> ¢

"THAXM<C|A> Axt
I'teg=C|A> A T,xtAbep=Cy|A>B

(=1)

(C —)whnf (XA)%B)

(IT)

(Clﬁ h U;NCy — I U‘)
T+ (xiey)—ves = Uyj | A (x:4)—B whnf whnf

(Pair Introduction/Formation):
(1) I'rM<=A|A>t TEN<Bt/x]|A>u
x1I):
I't(M,N)<=ClAD> (tu)
I‘}_€1:>C1‘A[>A T,XIAF€2:>C2|A[>B

(C —whnf (x:A)xB)

(C1 — ot Ui AN Co = o U)
TF(X:el)XeziuiuleD(x:A)><B whnf whnf ]

(Coproduct Introduction/Formation):

) TFM<A|A>t F}—B<:Z/ll-|A( |
+I1): C—=umfA+B
I'Finj (M) < C|A > inj () whnf

(+1) r'rA<=U; 1A F}—M<:B\A|>t( )
+1p): C— A+B
I'Finj, (M) < C | A > inj, (£) whnf

(Non-Dependent Elimination):

I'YM=C|A>t TEFN<A|AD>u
(—E):

(C = yif (x:A)—=B A x € fo(B))
T'FMN=B|A®> tu whnf fo
T'+M=AlA>t ILxAFN=B|A>u
(let) : . — (x£fo(B))
I'Fletx=MinN=B|AD> letx=tinu
(xbyy: T MZCNPE (o eAXB Ax£fo(B)
xEq): C = whnf (xtA)xB A x g fu(B
rFmM)=As m@)
(xBy: —MZCIAPL (o et <BAxfo(B))
xXEp): C— x:A)xB A x B
IFmM) =B @
TFM=D|A>t THFC=U;|A>E TIxArNy=E|A>u; LyBrNy=E|AD> uy
(+E): (D —umfA+BAZEf
I'-case M >z.C of (x.N7 |y.Np) = E > case t > z.E of (x.uq | y.up)

(Dependent Elimination):
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TFM=C|A>t TEFN<A|AD>u

I'-MN = B[N/x]|A> tu
I'FM=AlA>t ILxAFN=B|A>u

(—E9): (C = (x:A)—B)

(let?)

I'tletx=Min N=B[M/a]|A> letx=tinu
il [FM=C|Abt o )
Ve mM) = A amy(r)
[FM=C|ADt
(xB2): o 702 (M) = By (M)/x] | A > (1) (€ Sty (x: A4)xB)
F,x1:A|—N1:>E{inj1(N1)/z}|A>u1

(+E): IT'+M=D|A>t TIzA+BFC=U;|A>E | Lx3BFNy=E{injp(Ny)/z}|AD> up

(D %whan'i'B)
I't-case M > z.C of (x.N7 | y.Np) = C[M/z]| A > case t > z.E of (x1.uq | xp.up)
(NEF):
TFM=A|AD>¢t TFM=A|A>t
(NEFI) : (M € NEF) (NEFE):
T'EM=A|AD>t T'EM=A|A>t
TI'FM<=A|A>t I'FM<=A|A>t
(NEFI) : (M € NEF) (NEFE):
TFM<A|AD>t TFM<A|ADt
(Control):
TFM<0|a:AA>t TEFM<=A|A>t TFM<=0A>t
DK (name) : (tp) :
I'FpuaM<=A|A> pat I'Fa]M=0|a:AAD> [a]t I'[tp]M=0]| A [tp]t
(Types):
1): THE1=U;|A>1  (unit): (=15 () (U;): THUi= Uy & Uy
(Propositions):

P TPty o P

I'teg=C|A> A T,x:Arep=Cy|A>B
(Ip):

(C1 —wohnf Ui A Co = s P)
I't(xe;)—ey=P[A> (x:A)—B whnf 21 whnf

(Equality):
(refl): T'kp=qglA>t=ultrefl<p=g]|A>refl—,
I'tM=p=q|A>t I'FN=B[p/x]|A>u IL,xAFB=U;|A

(subst) :
I'tsubst M n= B[q/x]| A > subst t u

Appendix A.3.2 Bidirectional Subtyping

A —)whnf A’ B _>whnf B’ A <:B ‘ A

Subtyping [33] TFA<B|4

. . TEFAI <A | A IT'FBi<:By| A
Subtyping for Types in whnf 7/ <. 11,,] A T A+ B <Ayt By | A
I't A1 =A< U; | Afor some i Ix:AiFB1<:By| A

I+ (x:Al) X By < (XZAQ) X By ‘ A
I't A1 =A< U; | Afor some i Ix:AiFB1<:By| A

'k (x:A1)—B1 < (x:Ap)—By | A
TFA=B|A TFA<U|A TFB=U|A

I'FA<:B|A

Appendix A.4 Implementation
Appendix A.4.1 Syntax

Dependently Typed Theorem Prover Syntax
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(name) ::

[unicode letters]

(var) =="| (name)
(term), (type) = (name)

(pattTree) ::
(decl) ::

(telescope) ::

\((var)+) — (term)

\((oar) : (type)) — (term)

(term)+

\(var) : (var)\ (term)

inj(1]2) (term)

case-or (term) of ((var).(term)|(var).{term))

((term), (term))

proj(1|2) (term)

((term))

200 — 9]+

Top

<>

Bot

(type) — (type)

(telescope) — (type)

(type) =+ (type)

(type) x (type)

((name) : (type)) x {type)

((type))

case (term) of (pattTree)

elim (term) by (pattTree)

build (pattTree)

Type | Prop

refl

subst (term) (term)

(term) = (term)

((vary+ — (term))=

(name) : (type)

(name) = (term)

variable(name) : (type)

data (name) (telescope) : (telescope) where
((name) : (telescope) — (type))x

record (name) (telescope) : (telescope) where
((name) - (type))=

((name)+ : (type))(telescope)

(type) (telescope)
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