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Abstract

This paper defines reduction on derivations in the strict intersection type assignment sys-
tem of [2], by generalising cut-elimination, and shows a strong normalisation result for this
reduction. Using this result, new proofs are given for the approximation theorem and the
characterisation of normalisability using intersection types.
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Introduction

Strong normalisation of cut-elimination is a well-established property in the area of logic that
has been studied profoundly, as it has been in various systems that define type assignment for
the Lambda Calculus. For intersection type assignment, proofs of strong normalisation of cut-
elimination have at best been indirect, i.e. obtained through a mapping from the derivations
into a logic, where the property has been established before. Since there is no logic to which
the type-constant w can be adequately mapped, the intersection systems studied in this way
are w-free. This paper will use the Strict Type Assignment System of [2] (which contains w),
and will present a proof for the property directly on the derivations themselves.

The second, and perhaps more suprising, result of this paper is then that all normal char-
acterisations of (strong/ head) normalisation are consequences of the strong normalisation
of cut-elimination. Many strong normalisation results in the context of types use the tech-
nique of Computability Predicates [14, 10], which provides a means for proving termination
of typeable terms using a predicate defined by induction on the structure of types. This tech-
nique has been widely used to study normalisation properties (or similar results), as well as
head-normalisation and approximation results (see Thm. 5.3).

This papers considers intersection types, also because, using those types, various normali-
sation properties can be characterised. The Intersection Type Discipline (1TD) as presented in
[7] (a more enhanced system was presented in [6]; for an overview of the various existing sys-
tems, see [3]), was introduced mainly to overcome the limitations of Curry’s type assignment
system [8, 9] and has been used to characterise normalisation using types. It is an extension
of Curry’s system, in that term variables (and terms) are allowed to have more than one type:
in a certain context M, a term-variable x can play different, even non-unifyable, roles. This
slight generalisation of Curry’s system causes a great change in complexity; although type
assignment in Curry’s system is decidable, in 1TD type assignment is undecidable, since it is
closed for B-equality:

M=gN= (BF-M:0c < BF N:0o).
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The 171D is most renown for providing proofs for the following characterisation of (head/strong)
normalisation by assignable types (where w is a type-constant, and stands for the universal
type, i.e. all terms are typeable by w):

M has a head normal form <= BFM:0 & 0 # w
M has a normal form <= B+ M:o & w does not occur in B, o
M is strongly normalisable <= B M:c, where w is not used at all.

These properties immediately show that type assignment, even in the system that does not
contain w [2], is undecidable.

However, in the context of weak reduction, the approximation result is no longer obtained
via a straightforward application of the same technique. Rather, as argued and shown in [4, 1],
to obtain this result in the context of Combinator Systems or Term Rewriting Systems, a more
general solution was needed: strong normalisation of cut-elimination. Perhaps surprisingly, the
machinery involved to prove this gives the characterisation results for typeable terms as a
corollary.

In this paper, we will show these results in the context of Lambda Calculus: we will show
that cut-elimination is strongly normalising, and that all characterisation results are direct con-
sequences of it. The added complexity of intersection types implies that, unlike for ordinary
systems of type assignment, there is a significant difference between derivation reduction and
ordinary reduction (see the beginning of Section 2); unlike normal typed- or type assignment
system, in ‘" not every term-redex occurs with types in a derivation.

As far as cut-elimination is concerned in the context of intersection types, there exists but
few related results in the literature. As [12], where a strong normalisation result was proved
for derivation reduction in the setting of the notion of intersection type assignment known
as D [11], most papers consider the BCD-system [6] without the type-constant w. Since we
consider the type w here, together with a type inclusion relation <, that strong normalisation
result itself is a true special case of the results of this paper presented in Section 5.

The Approximation Theorem hinted at above is a (perhaps less known) fundamental result
for 1TD, and is more relevant in the context of semantics. Essentially following [15, 5], the set
of terms can be extended by adding the term-constant L. Adding also the reduction rules
AIN—p, 1, and Ax.L —4, | to the notion of reduction gives rise to the notion of approximate
normal forms that are in essence finite rooted segments of Bohm-trees [5], and a model for the
Lambda Calculus can be obtained by interpreting a term M by the set of approximants that
can be associated to it, AM. The Approximation Theorem now states that there exists a very
precise relation between types assignable to a term and those assignable to its approximants
and is formulated as

BFM:oc<=3JAc AM [BF A:r]

(see [13, 2, 3]), it is immediately clear that the set of intersection types assignable to a term can
be used to define a model for the Lambda Calculus (see [6, 2, 3]).

The kind of intersection type assignment considered in this paper is that of [2], i.e. the
strict intersection type assignment system, a restricted version of the BCD-system of [6], that
is equally powerful in terms of typeability and expressiveness. The major feature of this
restricted system, compared to the BCD-system, a restricted version of the derivation rules
and the use of strict types (first introduced in [2]); notably, the strict system is not closed for
n-reduction.
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Notation

Often B, x:0 will be written for the basis N{B, {x:0} }, when x does not occur in B, and we will
omit the brackets ‘{" and ‘}" when writing a basis explicitly. Also, in the notation of types,
as usual, right-most outer-most brackets will be omitted, and, since the type constructor n is
associative and commutative, we will write cntnp rather than (cnt)np. Moreover, we will,
when appropriate, denote 011 - --noy, by Npo; (Where n = {1,...,n}, n>0, and Ny0; = 07) and
will assume, unless stated explicitly otherwise, that each o; is not an intersection type.

1 Strict intersection type assignment

In this section, we will present the strict intersection type assignment system as first presented
in [2], which can be seen as a restricted version of the BCD-system as presented in [6]. The
major feature of this restricted system is, compared to the BCD-system, is that the < relation
on types is no longer contra-variant on arrow-types, but restricted to the one induced by
onT <o and taking w to be the maximal type.

We assume the reader to be familiar with the Lambda Calculus [5].

Definition 1.1 i) Let }V be a countable infinite set of type-variables, ranged over by ¢. 7Tg,
the set of strict types, and the set T of intersection types, both ranged over by o,7,..., are
defined through:

Ts == @ [ (T =Ts),
T w= (Ts,n---nTs,), n>0
We will write w for an intersection of zero strict types.
i) A statement is an expression of the form M: o, with M € A, a term of the Lambda Calculus,
and o € T. M is the subject and o the predicate of M:o.
iif) A basis is a partial mapping from term variables to intersection types that are not w, and
is represented as a set of statements with only distinct variables as subjects.
iv) For bases By, ..., By, the basis N{Bj,..., By} is defined by:
x:Nmo; € {By,...,B,} if and only if {x:09,...,x:05,} is the (non-empty) set of all state-
ments about x that occur in B{U --- UB,,.

Notice that 7 is a proper subset of 7.

We will consider a pre-order on types which takes into account the idempotence, commu-
tativity and associativity of the intersection type constructor, and defines w to be the maximal
element.

Definition 1.2 (RELATIONS ON TYPES) i) The relation < is defined as the least pre-order (i.e.
reflexive and transitive relation) on 7 such that:

MNno; < 0;, forallien
T<0;, forallicn = t<Nyo;
c<t<p = 0<p

if) The equivalence relation ~ on types is defined by: ¢~ 7 < ¢ <7<, and we will con-
sider types modulo ~.

iii) We write B<B' if and only if for every x:0” € B’ there is an x:0 € B such that 0 <¢’, and
B~B' < B<B'<B.
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Notice that ¢ <c, and o <w, for all ¢; 7 may be considered modulo ~; then < becomes a
partial order.

The definition of the <-relation as given in [6] (apart from dealing with intersection types
occurring on the right of the arrow type constructor) also contained the alternative:

P& T< U = 0=>T<p—U

This was added mainly to obtain a notion of type assignment closed for #7-reduction (Ax.Mx —
M, if x is not free in M), a feature that is not considered here.
The following property is easy to show:

Property 1.3 (ck. [3]) Forall 0,7 € T, 0 < if and only if there are n,m >0, 0; (Vi € n),7; (Vj € m)
such that o = Npo;, T = NmT;, and, for all j € m there exists i € n such that 1; = 0;. =

Definition 1.4 i) Strict intersection type assignment and strict intersection derivations are defined
by the following natural deduction system:

‘Bl—MZU'—YE BFEN:o

(Ax) : (n>0,ien) (—E)
B, x:Npo; = x:0; BFMN:T
BEM:0q --- BF M:o, B,xx<c-M:T
(nl) : ! "n>0) (=) —2
B M:Npo; BFEAx.M:0c—T

if) We write B = M: 0 if this statement is derivable using a strict intersection derivation, and
write D :: Bt M:o to specify that this result was obtained through the derivation D.

To illustrate that the strict system is not closed for #-reduction, notice that we can give a
derivation for + Axy.xy:(c—7)—(pno)— T, but cannot give a derivation for

FAx.x:(0—T)—(pno)—T.

Notice that, since w is considered to be the empty intersection, the derivation rule

(@) B Miw

is implicit in rule (NI).
We will use the following notation for derivations, that aims to show the structure, in linear
notation, of the derivation in terms of rules applied.

Definition 1.5 i) If a derivation D consists of an application of rule (Ax), there n,0; (Vi € n)
and B such that D :: B, x:Ny0; - x:0; with j € n; we then write D = (Ax) :: B, x:Np0; - x:0;.
if) If a derivation D finishes with rule (—1I), there are My, a, 8 such that D :: B Ax.M;:a—p,
and there is a sub-derivation D; :: B,x:a = M;: B in D; we then write D = (D1, —I) :: B
Ax.Mj:a—p.
iii) If a derivation D finishes with rule (—E), there are P,Q, such that D:: B+ PQ:c, and
there are T and sub-derivations D7 :: BF P:7—0 and D, :: BF Q: 7 in D; we then write
D = (D1,D,,—E) :: B PQ:0.
iv) If a derivation D finishes with rule (nI), there are o; (Vi € n) such that D :: B+ M:Ny0;,
and, for all i € n, there exists a D, :: B+ M:0; that is a sub-derivation of D; we then write
D = (Dy,...,Dy,nI) :: BE M:Niyo;.
We will often abbreviate the short-hand notation for derivations, and, e.g., write (D;, Dy, —E)
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instead of (D1, Dy, —E) :: BF PQ:0.
As shown in [2], we have the following property.

Theorem 1.6 (CF. [2]) The following rules are admissible:

BFM:o BEM:o
<): — (B'<B,c<7 =g) ! ————
&) g BsBost) (=)

2 Derivation reduction

The notion of reduction on derivations D :: B M: ¢ defined in this section will follow ordinary
reduction, by contracting typed redexes that occur in D, i.e. redexes for sub-terms of M of the
shape (Ax.P)Q, for which the following is a sub-derivation of D:

({ D1 B,x:;pkP:1,—I) : BF Ax.P:p—T,
D, Bt Q:p,—E) = BF (Ax.P)Q:7,
A derivation of this structure will be called a redex, or a cut. We will prove in Section 4 that
this notion of reduction is terminating, i.e. strongly normalisable.

The effect of this reduction will be that the derivation for the redex (Ax.P)Q will be replaced
by a derivation for the contractum P[Q/x]; this can be regarded as a generalisation of cut-
elimination, but has, because the system at hand uses intersection types, including w, to be
defined with care, since in D :: B M:¢ it is possible that M contains a redex whereas D does
not.

Before formally defining reduction on derivations, we will first define a notion of substitu-
tion on derivations.

Definition 2.1 Let D :: B,x:c - M: 1, and Dy :: B+ N:0, the derivation
D[Dy/x:0]:: B M[N/x]:T,

the result of substituting Dy for x:c in D, is inductively defined by:
i) D= (Ax) :: y:Npo; - y:0; with j € n. Then D[Dy/x:0] = D.
ii) D = (Ax) :: x:Npo; = x:0; with j € n. Then

Dy = <D3 2BFN:0y,..., Dy :: B N:0y,nl) :: BEN:Npoj,

so, in particular, Dé :: Bl N:0j. Then D[Dy/x:0] = Dé.
iii) D = (Dy :: B,x:0,y:a = My: B,—I) = B,x:o = Ay.My:a—p. Let

D' = Dy [Dy/x:0]:: B,y:a = M1[N/x]:B.

Then (D;,—I) [Dy/x:0] = (D',—I):: BE (Ay.M71)[N/x]:a—p.
iv) D= (D;:B,x:c+P:p—1,D;y:B,x:c - Q:p,—E) :: B,x:c - PQ: 1. Let

D] = D1[Dy/x:0] :: B P[N/x]:p—7, and
D) = Dy [Dy/x:0] :: B Q[N/x]:p,

then (Dy,D,,—E)[Dy/x:0] = (D}, D}, —E):: BF (PQ)[N/x]:T.
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v) D= (Dy,...,Dy,nl) :: B,x:o b M:Np ;. Let, for alli € n,
D) =1D;[Dy/x:0]:: B M[N/x]: 7,
then (Dy,...,Dy,nI)[Do/x:0] = (Dy,...,D},nl) :: BE M[N/x|:NnT; -

Before coming to the definition of derivation-reduction, we need to define the notion of
‘position of a sub-derivation in a derivation’.

Definition 2.2 Let D be a derivation, and D’ be a sub-derivation of D. The position p of D’ in
D is defined by:
i) If D' =D, then p =¢.
ii) If the position of D’ in Dy is g, and D = (D, —I), or D = (Dy,D,,—E), then p = 14.
iii) If the position of D’ in D, is q, and D = (Dy,D,,—E), then p = 24.
iv) If the position of D" in D; (i € n) is q, and D = (Dy,..., Dy, NI), then p = 4.

We can now define a notion of reduction on derivations; notice that this reduction corre-
sponds to contracting a redex in the term involved only if that redex appears in the derivation
in a sub-derivation with type different from w.

Definition 2.3 We say that the derivation D :: BF M: ¢ reduces to D’ :: B- M': ¢ at position p
with redex R, if and only if:
i) oeTs.
a) D = ((D1,—I),Dy,—E) :: B (Ax.M)N:0 (a derivation of this shape is called a redex)..
Then D reduces to Dy [D,/x:p] :: B M[N/x]:0 at position ¢ with redex (Ax.M)N.
b) If D; reduces to D} at position p with redex R, then

* D= (Dy1,—I) :: B Ax.Mj:a— B reduces at position 1p with redex R to
D' = (D}, —I) : B Ax.Mj:a—p.

* D = (D1,D,y,—E) :: BI- PQ:0 reduces at position 1p with redex R to
D' = (D}, D,,—E) :: P'Q:0.

x D = (Dy,D1,—E) :: B- PQ:0 reduces at position 2p with redex R to
D' =(D,,D),—E):: PQ":0.

i) 0 = Npo;. If D :: BE M:Nyo;, then, for every i € n, there are D;, such that D; :: B- M:c;,
and D = (Dy,...,Dy,nI). If there is an i € n such that D; reduces to D; at position p with
redex R, then, for all j # i € n, either
a) there is no redex at position p because there is no sub-derivation at that position. Let

R—gR"and D} = Dj[R’/R] (i.e. D; where each R is replaced by R’), or
b) D; reduces to D]f at position p with redex R.
Then D —p (D, ..., D;,nl) at position p with redex R.
D1 —p Dy —p D3, then D1 —p Ds.
We say, as usual, that D is normalisable is there exists a redex-free D’ such that D —p D’, and
that D is strongly normalisable if all reduction sequences starting in D are of finite length. We
abbreviate ‘D is strongly normalisable” by ‘SN (D)".

It is worth noting that, when we do not allow the use of w to type a redex, typeable terms
need not be strongly normalizing, as clearly illustrated by the following example.
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Example 2.4 Let D; be the derivation (with By = {x:(a—B—y)na,y:(y—4d)nB}, and
© = Axy.y(xxy)):

(Ax) —— (Ax)
BiFx:a—B—y BiFx:a
B, I B gAY
xx:B— :
By A0 ’BVBI— = oy
y— xxy:
1Yy 1 Yy (—E)

Bi Fy(xxy):6

Bi\y - Ay.y(xxy): (y—=6)nB — 6
FO: (a—p—y)na — (y—=6)nB — 0

(=1)
(=1)

then we can construct (with B = {y:7,y:w—p}, and 7 = (a—p—y)na — (y—d)np — 6) Da:
(w)

(—E)
(=1)

- (Ax) ————
By Fy:w—p By - xxy:w

By -y (xxy):p
0T Ayy(xxy): (w—p)—p

—1I)
FO: 1= (w—p)—p

From D; and D, we can now construct:

L > |17

FO:t=(w—p)—p +O:1

—E)
FOO: (w—p)—p

Notice that the term @O has only one redex, that is not typed with w. This derivation has
only one (derivation)-redex, and contracting it gives:

yiw—pEy:w—p (4) yw—p OOy w (@)
—E)

y:w—p - y(O0By):p N
FAy.y(@0y): (w—p)—p

Notice that this last derivation is in normal form, although Ay.y(©@y) obviously is not.

For another, more involved example of derivation reduction, see Example A.2 in the appendix.
The following lemma formulates the relation between derivation reduction and B-reduction.

Lemma 2.5 Let D::B+ M:0,and D —-p D' :: BF N:o, then M —-g N.

Proor: By the above definition. m

3 Approximation

In Sections 5 and 6 we will show two main results, that are both direct consequences of the
strong normalisation result proved in Section 4. Both results have been proven in the past, at
least partially, in [2, 3]. In fact, some of the theorems and lemmas presented here were already
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presented in those papers and are repeated here, for completeness, with their proofs.

The notion of approximant for lambda terms was first presented in [15], and is defined using
the notion of terms in A 1 -normal form (like in [5], L is used, instead of (2; also, the symbol
C is used as a relation on A_L-terms, inspired by a similar relation defined on Bohm-trees in

[5]).

Definition 3.1 i) The set of AL -terms is defined as the set A of lambda terms, by:
M= x| L|Ax.M| MM,

ii) The notion of reduction — g is defined as —4, extended by: Ax. L —g, L and LM —p, L.

iii) The set of normal forms for elements of AL with respect to —p, is the set A of A L-normal
forms or approximate normal forms, ranged over by A, inductively defined by:

A= L|AxA (A% L) |xAy-- Ay (n>0)

The rules of the system ‘" are generalised to terms containing | by allowing for the terms
to be elements of AL. Notice that, if 1 occurs in a term M and D :: BF M:o, then in D, L
appears in a position where the rule (nI) is used with n =0, i.e., in a sub-term typed with w.
Moreover, the terms Ax.L and L M;--- M, are typeable by w only.

Definition 3.2 i) The partial order CC (A_L)? is defined as the transitive and reflexive closure
of:

1 CEM
MCM = Ax.MC Ax.M'
M; C M| & My C M}y = MM, C M, M),
IfAc A MeA and AC M, then A is called a direct approximant of M.
i) The relation CC A x A is defined by:

AC M« IM =5 M[AC M),
iiiy If A C M, then A is called an approximant of M, and A(M) ={A €N |AC M}.

Lemma 3.3 BFM:c & MC M' = BF M':0.

PrOOF: By easy induction on the definition of C. m

The following definition introduces an operation of join on A_l-terms.

Definition 3.4 i) On AL, the partial mapping join, LI : AL x AL — AL, is defined by:

lUUM=MUL=M
xUx =x
(Ax.M) U (Ax.N) = Ax.(M U N)
(M1M2) (] (NlNz) = (Ml (] Nl) (Mz (] Nz)

if) If MU N is defined, then M and N are called compatible.

Note that 1 can be defined as the empty join, ie. if M = M; U --- U M,, and n =0, then
M=1.

The last alternative in the definition of LI defines the join on applications in a more general
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way than Scott’s, that would state that
(Mle) LJ (NlNz) C (Ml LJ Nl)(Mz LJ Nz),

since it is not always sure if a join of two arbitrary terms exists. However, we will use our
more general definition only on terms that are compatible, so the conflict is only apparent.
The following lemma shows that the join acts as least upper bound of compatible terms.

Lemma 3.5 If M1 T M, and My T M, then My U My is defined, and:
M C My UMy, My E My U M,, and My LU M, & M.

Proor: By induction on the definition of C.

4 Strong normalisation of derivation reduction

In this subsection, we will prove a strong normalisation result for derivation reduction.
In order to prove that each derivation in " is strongly normalisable with respect to —p, a
notion of computable derivations will be introduced.

Definition 4.1 The Computability Predicate Comp (D) is defined recursively on types by:

Comp (D :: B+ M:¢) < SN(D)
Comp (D :: BF M:a—p) =

VD' [Comp (D' :: BF N:a) = Comp ((D,D’,—E) :: B MN:B)]
Comp ((D1,...,Dy,nl) : BE M:Nipo;) <= Vien [Comp (D;:: BFM:0;)]

Notice that, as a special case for the third rule, we get Comp ((nI) : BF L:w)

We will prove that Comp satisfies the standard properties of computability predicates, being
that computability implies strong normalisation, and that, for the so-called neutral objects,
also the converse holds.

Lemma 4.2 If Comp (D :: B+ M:c), B'<B, 0 <¢’, then Comp (D' :: B'+ M:¢”) for some D'.
ProoF: Easy. ®m
Lemma 4.3 i) Comp (D :: B M:0) = SN (D).

ii) SN(D:: Bk xM;j---My,:0) = Comp (D).

Proor: By simultaneous induction on the structure of types. ®

The following theorem (4.5) shows that, in a derivation, replacing sub-derivations for term-
variables by computable derivations yields a computable derivation. Before coming to this
result, first an auxiliary lemmas has to be proved, that formulates that the computability
predicate is closed for subject-expansion with respect to derivation reduction.

Lemma 4.4 If Comp ((---D1[Da/y:p]---,—E) :: B M[Q/y] P : T) and Comp (D, :: BF Q:p), then
Comp ((--- ((Dy,—I), Dy, —E) ---,—E) : BF (Ay.M)QP: 7).

Proor: By induction on the structure of types, using Definition 4.1.
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We now come to the Replacement Theorem, i.e. the proof that for every derivation in “+’,
if the assumptions in the derivation are to be replaced by computable derivations, then the
result itself will be computable. We will use an abbreviated notation, and write [I\m | for
[Nl/xl,...,Nn/xn], etc.

Theorem 4.5 Let B’ = x1:p11,..., X m, D :: B’ M:0, and, for every i € m, there are D; and N;

N

such that Comp (D; :: B Nj: p;). Then Comp (D[D/x:u]:: B M[N/x]:0).
Proor: By induction on the structure of derivations.

(Ax): Then M = x, x:Npo; € B', 0 = 0; for some i € n, and D; :: B Nj:0. By Definition 2.1,

DD/x:u] =D;.
(nI): Then o = Nuo;, and, for all i € n, there exists DB+ M: o; such that
D= (D',...,D",nl). Then, by induction, for all i € 1,
Comp (D'[D/x:p] :: B- M[N/x]:07), and, by Definition 4.1,
Comp (D[D/x:p] :: B M[N/x]:Npoy).
(=I): Theno =p—1, D= (D; =B ,y:pr- M":1,—I) : B - Ay.M': p—7. Assume
Comp (D' :: B Q:p), then:

Vj € m [Comp (D))] & Comp (D' :: B Q:p) =IH
Comp (D1[D/x:u,D'/y:p] : BEMIN/x,Q/yl:T) =

Comp (((D1[D/x:u],—I),D',—E) :: BE (Ay.M[N/x])Q: 1)
Comp ((D1,—D)[D/x:u]:: BE (Ay.M)[N/x]:p—7).

(—E): Then M = M;M,, there are Dy, D,, and T such that D = (Dy,D,, —E),
D :: B+ M;:t—0, and D; :: B'F Mjy: 7. Then, by induction,

so, by Definition 4.1, Comp ((D1[D/x:u],—I) :: BF Ay.M[N/x]:p—T), so also

Comp (D1[D/x:) :: BF Mi[N/x]:T—0), and

N

Comp (Do[D/x:pt] : B My[N/x]:7).
Then, by Definition 4.1,
Comp ({D1[D/x:pt), D, —E) :: B My [N/x]My[N/x]:0)
s0 also Comp ((Dy,Dy,—E)[D/x:pt] :: B (M{M)[N/x]:0). m

Using this last result, we now prove a strong normalisation result for derivation reduction
in ‘+’.

Theorem 4.6 If D :: BF M:o, then SN (D).

Proor: By Lemma 4.3(ii), for every x:t € B, Comp (Dy :: B x:T), so by Theorem 4.5,
Comp (D :: B M:0). Notice that, by Lemma 4.3(i), SN (D). =

5 Normalisation results

In what follows below, first an approximation result will be proved, i.e. for every M,B and
o such that B+ M:o, there exists an A € AM such that B+ A:co. From this, the well-known
characterisation of (head-)normalisation of lambda terms using intersection types follows eas-
ily, i.e. all terms having a (head) normal form are typeable in ‘" (with a type without w-
occurrences). The second result is the well-known characterisation of strong normalisation of
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typeable lambda terms, i.e. all terms, typeable in ‘+" without using the type-constant w, are
strongly normalisable.

First we give some auxiliary definitions and results. The first is a notion of type assignment
that, essentially, assigns w only to the term L.

Definition 5.1 _1-type assignment and _L-derivations are defined by the following natural de-
duction system (where all types displayed are strict, except ¢ in the rules (—I), and (—E)):

BH M:c—1t BHN:0o

) (n>0,i€n) )
(Ax) : B,x:NpoiH x:0; (—E): BH MN:T
() B Mi:0v ... BH M,:0, (n>0) (1) B,xxocM:T
" BREMU---UMy:Npo; "BHAx.M:0—T

We write B H M: o if this statement is derivable using a 1 -derivation.

Notice that, by rule (nI), @ L:w, and that this is the only way to assign w to a term.
Moreover, in that rule, the terms Mj need to be compatible (otherwise their join would not be
defined).

Lemma 5.2 i) If D::BH M:c, then D :: B M:o.
ii) If D :: BF M:0, then there exists M' C M, such that D :: B M': 0.

Proor: By easy induction on the structure of derivations, using Lemma 3.5 in part (ii). ®

Notice that, since M’ need not be the same as M, the second derivation in part (ii) is not
exactly the same; however, it has the same structure in terms of applied derivation rules.

Using Theorem 4.6, as for the BCD-system and the strict system, the relation between types
assignable to a lambda term and those assignable to its approximants can be formulated as
follows:

Theorem 5.3 (APPROXIMATION) B+ M:0 < 3JA € A(M) [BF A:0].

Proor: =) If D::BF M:o, then, by Theorem 4.6, SN (D). Let D’ :: B N:0 be a normal
form of D with respect to —p, then by Lemma 2.5, M —»5 N and, by Lemma 5.2(ii),
there exists P C N such that D’ :: B, P:¢. So, in particular, P contains no redexes (no
typed redexes since D’ is in normal form, and none untyped since only L can be typed
with w), so P € A, and therefore P € AM.

<) Since A € A(M), there is an M’ such that M’ =4 M and A C M’. Then, by Lemma 3.3,
BF M':0, and, by Theorem 1.6, also BF M:c. ®

Using this result, the following becomes easy.

Theorem 5.4 (HEAD-NORMALISATION [3]) 3B, [BF M:0| <= M has a head normal form.
Proor: =) If B M:0, then, by Theorem 5.3,
JAe A(M) [BF A:c].

By Definition 3.2, there exists M' =g M such that AC M. Sincec € 7, A% L,so0 A is
either x,Ax.A’ or xA;---A,. Since M’ matches A, M’ is either x, Ax.M; or xM;---M,; so
M’ is in head-normal from. Then M has a head-normal form.
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<) If M has a head-normal form, then there exists M’ =p M such that M’ is either x, Ax.M;
or xMj---M,, with each M; € A.
a) M' = x. Take B=x:¢, and 0 = ¢.
b) M' = Ax.M;. Since M; is in head-normal form, by induction there are B’,0’ such that
B'+ M;j:0’. If x:T € B, take B= B’\x, and ¢ = T—0¢’, otherwise B= B’ and ¢ = w—¢".
c) M'=xM;---M,. Take B = x:w—---—w—¢ and 0 = ¢.
Notice that, in all cases, B+ M':¢. Then, by Theorem 1.6, Bt M:0.

6 w-free type assignment

In this section we revisit the strong normalisation proof, for which we first define a notion of
derivability obtained from ‘I’ by removing the type constant w.

Definition 6.1 i) The set of w-free strict types is inductively defined by:
cu=¢|(nN---Noy) —0), (n>1)
The set T of w-free intersection types is defined by:
{Nnoi | n>1& Vie n [o;is an w-free strict type|}
i) The relation < is defined in w-free types as the least pre-order on 7, such that:

Nno; < o, forallien
T<0;, forallien = t<Nuo; n>1
c<t<p = 0<p
iii) The equivalence relation ~ on types is defined by: 0~ 7 <= ¢ <7 <0, and we will work
with types modulo ~.

Definition 6.2 1) w-free intersection type assignment and w-free intersection derivations are de-
fined by the following natural deduction system:

Bbkye M:c—T Bhky N:o

Ax) : n>1,ien —E
(4) B, x:Npoj bes x:ai( - 1) ( ) Bl MN:T
Bbks M:oqn -+ Bhks M:o, B,xiohkys M:T
(nl): —<= 1 CT M m>1) (=) ©
B e M:Npo; Bbo Ax. M:o—T

if) We write B &, M: o if this statement is derivable using a strict intersection derivation, and
write D :: B sy M: 0 to specify that this result was obtained through the derivation D.

Then the following properties hold:

Lemma 6.3 i) Bl x:0 <= 30; (Vien) € T [x:Npo; € B& 3Ji € njo=o;]].
ii) Bg MN:0 & 0 € Ty <= 3T € Tew [Bho M:T—0 & Bh N:T].

iii) Bbo AxXM:0 & 0 € T <= Fp E Tew, W E Tew [0 =p—1 & B,x:plee M:p].
iv) By M:0c & B'<B= Bk, M:c.

v) IfD::Bhw M:o, then D :: B M:o.

Proor: Easy. m
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To prepare the characterisation of terms by their assignable types, first is proved that a term
in A_L-normal form is typeable without w, if and only if it does not contain L. This forms the
basis for the result that all normalisable terms are typeable without w.

Lemma 6.4 ([3]) i) If BE A:0, and B,o are w-free, then A is L-free.
ii) If A is L-free, then there are B, and o, such that B s A:0.

Now, as also shown in [2], it is possible to prove that the strict intersection type assignment
system satisfies the main properties of the BCD-system.

Theorem 6.5 [2] 3B,0 [BF M:0 & B,o w-free| <= M has a normal form.

Proor: =) If BF M:c, then, by Theorem 5.3, there exists A € AM such that B+~ M:c.
Since B, o are w -free, by Lemma 6.4(i), this A is L-free. By Definition 3.1 there exists
M’ =g M such that A C M'. Since A contains no L, A= M’, so M’ is a normal form, so,
especially, M has a normal form.

<) If M’ is the normal form of M, then it is a L-free approximate normal form. Then by
Lemma 6.4 (ii) there are B,o such that B ke M':0. Then, by Theorem 1.6, BI- M:0. ®

Theorem 6.9 shows that the set of strongly normalisable terms is exactly the set of terms
typeable in the intersection system without using the type constant w. The same result was
stated in [2] for the BCD-system, but the proof there was not complete. The proof of the
crucial lemma as presented below (Lemma 6.8) and part (<) of the proof of Theorem 6.9 are
essentially due to Betti Venneri, of the University of Florence, Italy, and goes by induction on
the left-most outer-most reduction path.

The following lemma shows a subject expansion result for the w-free system.

Lemma 6.6 If Bley MIN/x|:0 and Bl N:p, then Bl (Ax.M)N:0.

Proor: Standard. m

This result extends by induction (easily) to all contexts: if B ks C[M[N/x|]:0 and Bk N:p,
then B s C[(Ax.M)N]:0.

Lemma 6.6 is also essentially the proof for the statement that each strongly normalisable
term can be typed in the system ‘", a property that we will now show.

Definition 6.7 An occurrence of a redex R = (Ax.P)Q in a term M is called the left-most outer-
most redex of M (lor (M)), if:

i) There is no redex R" in M such that R' = C[R] (outer-most).

ii) There is no redex R’ in M such that M = Cy[C; [R']C2[R]] (left-most).
M —,, N is used to indicate that M reduces to N by contracting lor (M).

The following lemma formulates a subject expansion result for ‘I, with respect to left-most
outer-most reduction. The proof follows a similar proof by Betti Venneri, of the University of
Florence, Italy (unpublished), set in the context of the BCD-system.

Lemma 6.8 Let M—,, N, lor(M) = (Ax.P)Q, By N:0o, and B' & Q:7, then there exists By,p
such that By ke M:p.

Proor: By induction on the structure of types, of which only the part ¢ € 75 will be shown,
by induction on the structure of terms; note that M = Ax;---x.VP; - -- P, (k,n>0), where
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either
i) Visaredex,so V= (Ay.P)Q, so lor(M) =V and N = Ax;y--- x.(P[Q/y]) Py - - - Py, or
ii) V =y, so there is an j € n such that lor (M) = lor (P;), and P;—,, P', and
NE/\x1---xk.yP1---P’---Pn.
In either case, we have, by Lemma 6.3, that there are ay,...,ax, 71,...,74, and p such that
c=a1——ar—p, Bokew Viy1— - =vy—p, and By ke P;:7y; (i € n), where
By = B,x1:41,..., Xk, and V' is either P[Q/y] or y. We distinguish two cases:
i) V' = P[Q/y]. Let By = B/, then N{By,B1} ks (Ay.P)Q:7y1— -+ —7Y,— B, by Lemma 6.6,
ii) V' =y. Then, by induction, there are B',p such that B’ k. Pj:p. Take
u=y1—>---p - —Yn—B,B1 =B ,y:u, then N{By,B1} ke v: .
In either case, N{By,B1} fes VP;---Py:B. Let, for all i € k, x;:p; € N{Boy, B1}, then

ﬂ{Bg,Bl}\xl,.. Xk l—ﬁ} Axl .. -xk.ypl o Pnl‘Bl—> o —>‘Bk—>‘3 | ]

We can now show that all strongly normalisable terms are exactly those typeable in ‘.

Theorem 6.9 3B,0 [B bk M:0] <= M is strongly normalisable with respect to — .

Proor: =) If D:: Bk M:o, then by Lemma 6.3(v), also D :: B M:c. Then, by Theorem

4.6, D is strongly normalisable with respect to —p. Since D contains no w, all redexes in

M correspond to redexes in D. Since derivation reduction does not introduce w, also M

is strongly normalisable with respect to —g.

<) With induction on the maximum of the lengths of reduction sequences for a strongly
normalisable term to its normal form (denoted by #(M)).

a) If #(M) =0, then M is in normal form, and by Lemma 6.4 (ii), there exist B and o € T
such that Bk, M:0.

b) If #(M) >1, so M contains a redex, then let M —,, N by contracting (Ax.P)Q. Then
#(N) <#(M), and #(Q) < #(M) (since Q is a proper sub-term of a redex in M), so by
induction Bt M:o and B’y Q: 7, for some B,B’, 0, and 7. Then, by Lemma 6.8,
there exist By, p such that By e M:p. R

Conclusions and future work

We have shown that cut-elimination is strongly normalising also for an intersection type as-
signment systems that contains w, and that all standard characterisations of normalisation
are consequences of this result. A future extension of this result could be to consider a type-
inclusion relation that is contra-variant over the arrow, so to consider a system that is closed
for n-reduction.
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Appendix A Extended examples

We give an example of a non-strongly normalising term for which it is possible to find a
derivation such no redex is covered with w; moreover, for all the B-reducts of this term, the
same property holds. We will show that this derivation has a normal from, and construct the
reduction sequences.

Example A.1 The derivation we will construct is similar to the one of Example 2.4, but differs
in the type derived for @O: (p—p)n(w—p) — p rather than (w—p)—p. Take © = Axy.y(xxy),
then ©0 is typeable in I, without covering a redex by w.

Let T = ((a—p—7)na)— ((y—J)np)—J, and take the derivations D; :: F O:7T and D ::
O:7(w—p)—p of Example 2.4.

From these two, by applying (nI), we get D3 :: - O: (T—(w—p)—p) N T:

\ Z ] T ]

FAxy.y(xxy): T—=(w—p)—p FAxy.y(xxy):T

(nI)

FO: (1= (w—p)—p)NT



ITRS’02; ENTCS, volume 70.1, 2002 16

Also, we can construct Dy 2 F O:(T—(w—p)—p)NT — (p—p)N(w—p) — p (taking B’ =
{x:(t=(w=p)=p)NT,y:(p—p) N (W—p)}):
(Ax)

(Ax) T
X:T
B+ xx: (w—p)—p (=E) B'ty:w—p (4x)
(—E)

Bt x:t—=(w—p)—p

Frvioss A g
yip—p B I—xxy.p(

B'ty(xxy):p |
B\y F Ay-y(xxy): (p—p)n(w—p) = p L)
FO: (t—=(w—p)—p)nT = (p—=p)n(w—p) = p

—E)

Then, by applying (—E), we get D5 :: - O0O: (p—p)n(w—p) — p:

\ 2 J 2 /

FO:(t—=(w—p)—p)Nt—=(p—=p)N(w—p)—p FO: (= (w—p)—p)NT

(—E)
FOO: (p—p)N(w—p) — p

Let Dg :: v:(p—p)N(w—p) F v: (o—p)n(w—p) be:

(Ax)

v:(p—p)N(w—p) Fvip—p (4) v:(p—p)N(w—p) Fviw—p ()

v:(p—=p)n(w—p) Fov: (p—p)n(w—p)

then, adding a statement for v to D5, we get also D7 :: v:(p—p)N(w—p) F OOD: p:

| D | s |

vi(p—p)N(w—p) F BO: (p—p)N(w—p) = p  v:(p—p)N(w—p) Fov:(p—p)N(w—p)

(—E)
v:(p—p)n(w—p) - OBV:p

Notice that @Ov is not strongly normalisable, since
OOV —+5 v(OOV) —5 v(v(OOV)) =g - --.
Moreover, all these reducts are typeable in ‘" such that no redex is typed with w: since we can
derive both v:(p—p)n(w—p) - v: p—p, and v:(p—p)N(w—p) - OOV: p, we get v:(p—p)N(w—p) I
v(©0Ov):p by rule (—E), and so on.

The next example shows all the reduction sequences starting form the derivation given in
the previous example.

Example A.2 Take ©, Dy,..., Dy as in Example A.1, then, using B = {v:(p—p)n(w—p)} (to
save space, we use « for (T—(w—p)—p)NT = (p—p)N(w—p) — p):

\ D, / \ o ]
\ D, | BEO:1—=(w—p)—p BFO:T A1)
D: BFO:a Bl O: (1= (w—p)—p)NT (E) | Ds /
B O0O: (p—p)n(w—p)—p BEv:(p—p)n(w—p)

BF®0v:p

(—E)
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This derivation has only one redex (where B’ = B, x:(t— (w—p)—p) N T,y:(p—p)N(w—p);
remark that derivation D; finishes with an application of rule (—I)):

A — (A
B’l—x:r—>(w—>p)—>p( %) B’D—x:r( )
/ (=E) o (A%)
B'F xx: (w—p)—p B'Fy:w—p
yip—p B xxy:p (E)
B'Fy(xxy):p (1) | D, [ |\ » ]
B'\y F Ay.y(xxy): (o—p)n(w—p) = p (1) BFO:1=(w—p)—=p  BFO:T ()
Bt Axy.y(xxy):a Bt O:(t—(w—p)—p)NT (SE)
%
B OO: (p—p)n(w—p)—p
Contracting this redex makes D reduce to D’ (where B” = B,y:(p—p)n(w—p)):
\ 2 R
B'"F0O: " .
T,f(w_)p)_)p L I ——?)
B"FO0O: (w—p)—p B"tFy:w—p
— (Ax) —E)
B y:p—p B”F@@y:p( P
%
B"+y(00y):p (1) Ds /
BF Ayy(©0y):(p—~p)n(w—p)—p BEoilpoo)nw=p) - py

Now D’ has two redexes (notice that D, finishes with rule (—1I)); contracting the outer-most
distributes (the two sub-derivations of) D¢ and creates;

] ]

BFO: 1= (w—p)—p BFO:1

(-E) ——— (Ax)
B O0O: (w—p)—p BFuv:w—p

— (Ax) (—E)

BFo:p—p BI—@@v:p(_)E)

Bt v(GOv):p

As illustrated by Example 2.4, contracting the remaining redex creates

(Ax)
B,zw—pkFz:w—p B,zzw—pF 00Oz:w

(—E)
B,zzw—ptz(00Oz):p . (Ax)
(Ax) Bt Az.z(©Oz): (w—p)—p BFov:w—p (SE)
BtFuv:p—p Bt (Az.z(GOz))v:p (E)

Bt v((Az.z(0Oz))v):p
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This derivation has again one redex: contracting it will generate the derivation D":

— (Ax) — (w
BFo:w—p BFOOv:w
— (Ax (—E)
BFuv:p—p Bt v(©G0Ov):p (SE)
B+ v(v(GO)):p

This derivation now is in normal form; again, the term v(v(©©v)) is not.
On the other hand, contracting first the inner-most redex of D’ creates:

1" (Ax) "o K
B, zzw—pFz:w—p B',zzw—p - 00z:w

B, zzw—p t z(0Oz):p

(—E)

—I) ———— (Ax)
B" t Az.z(00z): (w—p)—p B"tFy:w—p
B"Fy:p—p * Bt (Az.z(0Oz))y:p (=)
B"Fy((Az.z(GOz))y) :p (=E) | De /
B Ay.y((Az.z(GOz2))y) : (p—p)n(w—p)—p (=1 Bt v:(p—p)N(w—p)

(—E)
Bt (Ay.y(Az.z(GOz))y)v:p

This derivation has again two redexes. Contracting the outer-most creates:

(Ax)
B,zzw—pkFz:w—p B,zzw—p F O0Oz:w

—E)
B,zzw—pz(GOz):p
—I) — (Ax)
Bt Azz(O0z): (w—p)—p Bt uv:w—p
—— (Ax) (—E)
BtFuv:p—p Bt (Az.z(GOz))v:p (E)
%

Bt v((Az.2(GOz))v):p

and contracting the remaining redex creates D”. Alternatively, contracting the inner-most
redex creates:

(A -
B"ty:w—p (4x) B"+00y:w ()

— (Ax) (—E)
B"Fy:p—p B" +y(GOy):p (D)
B"y(y(@0y)):p (—>1) I D, ]
BEAyy(y(©0y)): (p—p)n(w—p)— B v:(p—p)n(w—p) (SE)
BE (Ay.y(y (@@y)))v:p

This derivation has only one redex, and reduces to D”.



