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Abstract

X is an untyped continuation-style formal language with a typed subset which provides a
Curry-Howard isomorphism for a sequent calculus for implicative classical logic. A" can also
be viewed as a language for describing nets by composition of basic components connected
by wires. These features make X an expressive platform on which many different (applica-
tive) programming paradigms can be mapped. In this paper we will present the syntax
and reduction rules for &; in order to demonstrate its expressive power, we will show how
elaborate calculi can be embedded, like the A-calculus, Bloo and Rose’s calculus of explicit
substitutions Ax, Parigot’s Au and Curien and Herbelin’s Apji.

X was first presented in [35] where it was called the Ag-calculus. It can be seen as the pure
untyped computational content of the reduction system for implicative classical sequent
calculus of [45].

1 Introduction

There exists a number of systems in the literature that link Classical Logic with a notion of
computation. In the past, say before Herbelin’s PhD [31] and Urban’s PhD [45], the study of
the relation between computation, programming languages and logic has concentrated mainly on
natural deduction systems. In fact, these carry the predicate ‘natural” deservedly; in comparison
with, for example, sequent style systems, natural deduction systems are easy to understand and
reason about. This holds most strongly in the context of non-classical logics; for example, the
relation between Intuitionistic Logic and the Lambda Calculus (with types) is well studied and
understood, and has resulted in a vast and well investigated area of research, resulting in,
amongst others, functional programming languages and much further to system F [26] and
the Calculus of Constructions [18]].

An example of an approach for representing classical proofs, Parigot’s Au-calculus [40] is
a natural deduction system in which there is one main conclusion that is being manipulated
and possibly several alternative ones. Adding conflict, 1, as pseudo-type (only negation, or
A— 1, is expressed; L — A is not a type), the Au-calculus corresponds to minimal classical
logic [4]. The link between Classical Logic and continuations and control was first established
for the Ac-Calculus [29] (where C stands for Felleisen’s C operator).

The sequent calculus, introduced by Gentzen in [24], is a logical system in which the rules
only introduce connectives (but on both sides of a sequent), in contrast to natural deduc-
tion which uses introduction and elimination rules. The only way to eliminate a connective
is to eliminate the whole formula in which it appears, via an application of the (cut)-rule.
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Gentzen’s calculus for classical logic LK allows sequents of the form Aj,..., A, By,..., By,
where Aq,...,A, is to be understood as AjA...AA, and By,...,B, is to be understood as
B1V...VB,,. Thus, LK appears as a very symmetrical system.

A symmetrical lambda calculus was defined in [10], essentially allowing an application to
be interpreted in two ways, thus encapsulating the non-determinism of cut-elimination in
Gentzen’s Lk. On the other hand, the implicational sequent calculus leads to the necessity of
the left-introduction rules to manipulate hypotheses, as studied by Herbelin in [31} [19] 32].
The relation between call-by-name and call-by-value in the fragment of Lk with negation and
conjunction in Wadler’s Dual Calculus is studied in [48]; as in calculi like Ay and Aufi, the
Dual Calculus considers a logic with active formulae.

The (cut)-rule does not increase the expressive power of the system since a cut-elimination
procedure has been defined that eliminates all applications of the (cut)-rule from the proof of
a sequent, generating a proof in normal form of the same sequent, that is, without a cut. It
is defined via rewriting steps, i.e., local reductions of the proof-tree, which has —with some
discrepancies— the flavour of the evaluation of explicit substitutions [15} 1]. Indeed, the typing
rule of an explicit substitution, say in Ax [14], is nothing else but a variant of the (cut)-rule, and
a lot of work has been done to better understand the connection between explicit substitutions
and local cut-reduction procedures.

This paper, which is a continuation of [35], presents a correspondence a Iz Curry-Howard
for LK, bringing together the various features of two different approaches that we compare:
that of Urban [45, 47, 46]] and that of Curien and Herbelin [19]. Whereas Curien and Herbelin
insist on the duality of the calculus, in [45], Urban analyses thoroughly, among other things,
Gentzen-like cut-elimination procedures, and defines a very general reduction system for
proofs in Lk which is strongly normalising, and in which proofs are represented by a syntax
of terms. & is actually the implicative part of his calculus with a new syntax.

In this paper, we will try and break a spear for the sequent-style approach, and make some
further steps towards the development of a programming language based on cut-elimination
for the sequent calculus for classical logic. We will present a language called X that describes
nets, and its reduction rules that join nets. The logic we will consider contains only implica-
tion, but that is mainly because we, in this initial phase, aim for simplicity; cut-elimination in
sequent calculi is notorious for the great number of rules, which will only increase manifold
when considering more logical connectors.

To break with the natural deduction paradigm comes with a price, in that no longer ab-
straction and application (corresponding to introduction of implication and modus ponens) are the
basic tools of the extracted language. In fact, the language we obtain is more of a continuation
style, that models both the parameter as well as the context call. However, abstraction and
application can be faithfully implemented, and we will show how X’ can be used to describe
the behaviour of functional programming languages at a very low level of granularity.

X as a language for describing nets

The basic pieces of X can be understood as components with entrance and exit wires and
ways to describe how to connect them to build larger nets. Those components will be quickly
surveyed in the introduction and receive a more detailed treatment in Section 2. We call “nets”
the structures we build, because they are made of components connected by wires.

X as a syntax for the sequent calculus

The origins of the work presented in this paper lie, first of all, in [34], where Lengrand defined
a first approach to the definition of a calculus there called A¢ that would enjoy the Curry-



Howard property for Gentzen’s Sequent Calculus. This became the starting point for the
results presented here. During discussions in 2002 between Lengrand and the authors of
this paper, it became clear that A was similar to the notations for the sequent calculus as
presented first by Urban in his PhD thesis [45]. This was then studied in relation with Xyﬂ
[19] by Lengrand [35] via the calculus A¢. The study of the connection between AZ and Apji as
reported on in [35] was not fortuitous, and was taken as starting point for our investigations.
We changed the name of the calculus from A¢ to X' in order to avoid a clash with the (§)-rule
of the A-calculus, and because the use of A unjustifiably suggests that abstraction is part of
the syntax. In this paper, we will show in detail the interplay between X" and Xyﬂ.

The natural context in which to study X’ is its role within the context of cut-elimination; for
this, X’ is naturally typed. From this, it is but a natural, straightforward step to extend the
research to an untyped &’. This opens the possibility to not only study the relation between
X and other untyped calculi, but also to express recursion via a fixed-point construction, as
well as studying normalisation and normalising reduction strategies, and semantics.

As we strongly believe in the importance of the syntax for a better grasping of the concepts,
some of the contributions of this paper are to make the notation more intuitive and readable
by moving to an infix notation, and to insist on the computational aspec@. This is achieved by
studying X in the context of the normal functional programming languages paradigms, but,
more importantly, to cut the link between & and Classical Logic. We achieve this by studying
our language without types; this way, we also consider nets that do not correspond to proofs.
In particular, we consider also non-termination nets. In fact, we aim to study X outside the
context of Classical Logic in much the same way as the A-calculus is studied outside the
context of Intuitionistic Logic.

X as a fine grained operational model of computation

When taking the A-calculus as a model for programming languages, the operational behaviour
is provided by B-contraction. As is well known, B-contraction expresses how to calculate
the value of a function applied to a parameter. In this, the parameter is used to instantiate
occurrences of the bound variable in the body via the process of substitution. This description
is rather basic as it says nothing on the actual cost of the substitution, which is quite high at
run-time. Usually, a calculus of explicit substitutions [14) [1, 138} 137] is considered better suited
for an accurate account of the substitution process and its implementation. When we refer
to the calculus of explicit substitution we rather intend Ax, the calculus of explicit substitution
with explicit names, due to Bloo and Rose [14]. Ax gives a better account of substitution as it
integrates substitutions as first class citizens, decomposes the process of inserting a term into
atomic actions, and explains in detail how substitutions are distributed through terms to be
eventually evaluated at the variable level.

In this paper, we will show that the level of description reached by explicit substitutions
can in fact be greatly refined. In X, we reach a ‘subatomic’ level by decomposing explicit
substitutions into smaller components. At this level, the calculus X explains how substitutions
and terms interact.

The calculus is actually symmetric [10] and, unlike Ax where a substitution is applied to a
term, a term in & can also be applied to a substitution. Their interaction percolates subtly
and gently through the term or substitution according to the direction that has been chosen.
We will see that the these two kinds of interaction have a direct connection with call-by-value
and call-by-name strategies, that both have a natural description in X'.

1 The relation of X’ with its predecessors is the same as this of, say, mini-ML [17] with the lambda-calculus.



The ingredients of the syntax

It is important to note that & does not have variabled? -like the LC or Auji— as possible places
where terms might be inserted; instead, X has wires, also called connectors, that can occur
free or bound in a term. As for the A-calculus, the binding of a wire indicates that it is active
in the computation; other than in the A-calculus, however, the binding is not part of a term
that is involved in the interaction, but is part of the interaction itself. There are two kinds of
wires: sockets (that are reminiscent of values) and plugs (that are reminiscent of continuations),
that correspond to variables and co-variables, respectively, in [48], or, alternatively, to Parigot’s
lambda-variables and mu-variables [40] (see also [19]). Wires are not supposed to denote a
location in a term like variables in the A-calculus. Rather, wires are seen a bit like ropes that
can be knotted or tightened (like chemical bonds) with ropes of other components.

This, in fact, corresponds in a way to the practice of sailing. Sailors give a name to each
rope (main sail halyard, port jib sheet, etc.), and on a modern competition sailboat every rope
has its own colour to be sure that one tightens (or loosens) a rope to (or from) its appropriate
place or with (or from) the appropriate rope; loosening the wrong rope can be catastrophic.
In X, those colours naturally become kinds, and like a rope has a colour, a wire has a kind.

One specificity of X" is that syntactic constructors bind two wires, one of each kindd. In
X, bound wires receive a hat, so to show that x is bound we write £; note that using the
“hat”-notation, we are keeping in line with the old tradition of Principia Mathematica [49), 50].

That a wire is bound in a net implies, naturally, that this wire is unknown outside that
net, but also that it “interacts” with another ‘opposite” wire that is bound in another net.
The interaction differs from one constructor to another, and is ruled by basic reductions (see
Section 2). In addition to bound wires an introduction rule exhibits a free wire, that is exposed
and connectable. Often this exhibition corresponds to the creation of the wire.

Contents of this paper

In this paper we will present the formal definitions for X, via syntax and reduction rules, and
will show that the system is well-behaved by stating a number of essential properties. We
will define a notion of simple type assignment for terms in &, in that we will define a system
of derivable judgements for which the terms of X are witnesses; we will show a soundness
result for this system by showing that a subject-reduction result holds.

We will also compare X with a number of its predecessors. In fact, we will show that a
number of well-known calculi are easily, elegantly and surprisingly effectively implementable
in X. For anyone familiar with the problem of expressiveness, in view of the fact that X" is
substitution-free, these result are truly novel. Except for Aujfl, it is not possible to easily and
naturally embed X in those calculi in such a way that the major properties are preserved. This
can easily be understood from the fact that the vast majority of calculi in our area is confluent
(Church-Rosser), whereas X is not.

A tool (which can be downloaded from fhttp://www.doc.ic.ac.uk/~jr200/X) was developed
using the term graph rewriting technology, that allows users to not only input nets from X,
but also terms from A-calculus, using the interpretation of the latter into X as specified in this
paper. Details of the implementation can be found in [8} 9].

This paper presents an extended version of results that have appeared first in [35] and [7],
themselves deeply inspired by the work of Urban and Bierman [45, 47, 46].

2 We encourage the reader to not become confused by the use of names like x for the class of connectors that
are called plugs; these names are, in fact, inherited from Auji.

3 This is also the case in [45} 47 46], but this fact is made very explicit in X’ by the use of Principia’s notations.
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2 The X-calculus

The nets that are the objects of X" are built with three kinds of building stones, or constructors,
called capsule, export and import. In addition there is an operator we call cut, which is handy
for describing net construction, and which will be eliminated eventually by rules.

2.1 The operators

Nets are connected through wires that are named. In our description wires are oriented. This
means we know in which direction the ‘ether running through our nets’ moves, and can say
when a wire provides an entrance to a net or when a wire provides an exit. Thus we make
the distinction between exit wires which we call plugs or outputs and enter wires which we
call sockets or inputs. Plugs are named with Greek letters «, 8,,, etc., and sockets are named
with Latin letters x,y,z, etc.

When connecting two nets P and Q by an operator, say t, we may suppose that P has a
plug « and Q has a socket x which we want to bind together to create a flow from P to Q.
After the link has been established, the wires are plugged, and the name of the plug and the
name of the socket are forgotten. To be more precise, in P& T XQ the name « is not reachable
outside P and the name x is not reachable outside Q. This reminds of construction like Vx.P
or Ax.M in logic where the name x is not known outside the expressions. Those names are
said to be bound. Likewise, in X, in a construction like P& § XQ where « is a plug of P and x is
a socket of Q, there are two bound names, namely « and x, that are bound in the interaction.

Definition 2.1 (Syntax) The nets of the X'-calculus are defined by the following grammar,
where x,y,... range over the infinite set of sockets, and «, 3, ... over the infinite set of plugs.

P,Q = (y-p) |yPa-p| Prly]xQ[Pa{xQ

As an illustration, we represent the basic nets diagrammatically as:
e Gpa) Y(pR[]Z0

Notice that, using the intuition sketched above, for example, the connector « is supposed to
not occur outside P; this is formalised below by Definition 2.2 and Barendregt’s Convention
(see also below).

We see sockets as points where nets input, and plugs where they output, and write inputs
on the left and output on the right, as is done also in [48].

We could justify the constructions of X’ through the example of the “translations” in a huge
international organisatior@. The arguments below will be better established and formalised
in Section 3 when we will speak about types which are the correct framework. But of course
X is basically an untyped language.

Suppose wires carry words in a language like Estonian, or Portuguese, etc, but also trans-
lators from language to language like “French to Dutch.” A capsule (y-B) connects inside the
socket y with the plug B. Everything entering the capsule on y in one language will leave it
in the same language on B. An export (XP&-p) can be seen as follows: P provides a device
that transforms words in a language received on x to words in a(nother) language returned
on «, therefore (P« p) is a translator, which can be seen as a ‘higher-order’ language, that
is returned on a specific wire p which can be connected later on. An export can also be seen
as T-diagrams like those used in compiling technology for bootstrapping (see [2], Section 11.2).
An import (P® [y] XQ) is required when one tries to connect two wires a and x to carry words

4 see http://europa.eu.int/comm/translation/index_en.htm
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from different languages. To be able to have P and Q communicate a translator is needed,
that will be received on the wire y, a socket.

The operator { is called a cut and a term (net) of the form (Pa T XQ) is called a cut net, and
corresponds to an operation on the switch board. A cut is specific in that it connects two nets,
connecting the socket x of Q to the plug a of P; this assumes that the language expected on
x agrees with the language delivered by a. The cut expresses the need for a rewiring of the
switch board: a language is on offer on a plug, and demanded on a socket, and “dealing”
with the cut, which expresses the need for the connection to be established, will cause the cut
to be eventually eliminated by building the connection. The calculus, defined by the reduction
rules (Section 2.2) explains in detail how cuts are distributed through nets to be eventually
erased at the level of capsules.

The following table gives the correspondence between the notations of X and those Urban
uses. Urban uses the first letters of the Latin alphabet for plugs, and the last for sockets;
he expresses input and output behaviour by using a 7r-calculus-like notation, putting sockets
between parentheses and plugs between angles.

(x-a) Ax(x,a)
XPB-a ImpR((x)(b)P,a)
Pa[x]yQ | ImpL((a)P,(y)Q x)

PR txQ Cut((a)P,(x)Q)

It should be noted that, in the m-calculus, input a(x) and output a(c) are actions, that are
consumed in the communication, and written pre-fix because computation runs ‘left-to-right”:
a(x).P|a(c).Q — Pl[c/x] | Q. In Urban’s notation, the brackets have a different meaning: for
example, in ImpR((x)(b)P,a), P inputs on x and outputs on b, but (x) and (b) are not actions,
but descriptions. Notice that Urban’s notation is pre-fix, which distorts the notion of ‘flow” X
expresses; also, in ImpL((a)P, (y)Q, x), it is not clear that x will interface between P and Q.

Above we spoke about bound names; we will introduce now formally those notions with
that of free sockets and plugs into X.

Definition 2.2 The free sockets and free plugs in a net are:

fs((x-a)) = {x} fp((x-a)) = {a}

fs(xPa-p) = fs(P)\{x} fr(xPa-p) = (fp(P)\{a})U{p}
f(Pay]xQ) = fs(P )U{y}U(fS( NMa})  f(Paly]xQ) = (fp(P)\{a}) Ufp(Q)
fPafxQ) = f(P)U(f(Q\{x}) fr(Pa1xQ) = (fr(P)\{a}) Ufp(Q)

A socket x or plug a occurring in P which is not free is called bound, written x € bs(P) and a € bp(P).

We will write x & fs(P,Q) for x € fs(P) Ax € fs(Q).

We will normally adopt Barendregt’s convention (called convention on variables by Baren-
dregt, but here it will be a convention on names).

Convention on names.: In a net or in a statement, a name is never both bound and free in
the same context.

We will consider also, for example, x bound in Ply/x] and P :- I, x: A Fy A (this notion will be
introduced in Section 3).

As the main concept is that of a name, we define only renaming, i.e., replacement of a
name by another name. Indeed it would make no sense to substitute a name by a net. The
definition of renaming relies on Barendregt’s convention on names; if a binding, say £P of
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x in P violates Barendregt’s convention, one can get it back by renaming, i.e., JP[y/x]; as is
common in calculi with (some form of) explicit substitution, this renaming can be internalised
(see Section 2.5).

Definition 2.3 (RENAMING OF SOCKETS AND PLUGS)

(x-a)ly/x] = <y «) (x-a)[B/a] = (x-B)
(za)ly/x] = (z-a) (x #2) (ey)[B/a] =(xy) (aF7)
(ZPa-p)[y/x] = Z(P[y/X])D?-!3 (ZPo-a)[B/a] =Z(P[B/a])d-p
(Pa[x]2Q)[y/x] = (Ply/x]) @ [y] z (Qly/x]) (ZPé-7)[B/a] =Z(P[B/a])o-p  (a#7)
(P& [u] 2Q)[y/x] = (Ply/x]) @ [u] Z2(Qly/x]) (x #u) (P [x]ZQ)[B/a] = (P[B/a]) 4 [x] Z(Q[B/a])
(PatzQ)ly/x] = (Ply/x])atz(Qly/x]) (PoTZQ)[B/a] = (P[B/a]) o T2(Q[B/a])

Renaming will play an important part in dealing with a-conversion, a problem we will
discuss in Subsection 2.5.

2.2 The rules

We will now come to the definition of reduction via the elimination of cuts; the intuition in the
reduction is that the cut Pa | XQ expresses the intention to connect all as in P and xs in Q, and
that reduction will realise this, by either connecting all as to all xs, or all xs to all as (notice
that this will not necessarily have the same effect; consider the cases when either « or x does
not occur). The base cases occurs when a socket or a plug is exposed and unique (is introduced,
or connectable), since then building the connection is straightforward, as is expressed by the
first set of rules. Informally, a net P introduces a socket x if P is constructed from sub-nets
which do not contain x as free socket, so x only occurs at the “top level.” This means that
P is either an import with a middle connector [x] or a capsule with left part x. Similarly, a
net introduces a plug « if it is an export that “creates” -« or a capsule with right part . We
say now formally what it means for a nets to introduce a socket or a plug (Urban uses the
terminology “freshly introduce” [45]).

Definition 2.4 (INTRODUCTION) P introduces x): P = (x-B) or P = R& [x] Q, with x € fs(R, Q).
(P introduces B): P = (y-B) or P =xQu-p with B £ fp(Q).

We first present a simple family of reduction rules. They specify how to reduce a net that
cuts sub-nets which introduce connectors. These rules are naturally divided in four categories;
when a capsule is cut with a capsule, an export with a capsule, a capsule with an import or
an export with an import. There is no other pattern in which a plug is introduced on the left
of a  and a socket is introduced on the right.

Definition 2.5 (LocicaL RepucTioN) The logical rules are (assume that the nets of the left-
hand sides of the rules introduce the socket x and the plug «)

(cap) : () RTE(x-B) > ()

(exp) : (yPB-a)afXx(xy) — yPB-y

(imp) (ya)xtx(PB[x]2Q) — PPly]ZQ
exp-im 7PB-a)a T3 (07 [x]Z (Q,?TgP)A’BT/Z\R
(exp-imp) : (yPB-a)uw{x(Q7[x]ZR) — {Q,ﬁy(PﬁﬁR)

As an illustration, we give their diagrammatical representation in Figure 1.

Notice that, in rule (exp-imp), in addition to the conditions for introduction of the connectors
that are active in the cut (« & fp(P) and x & fs(Q, R)) we can also state that 8 € fp(Q)\{7}, as
well as that y € fs(R)\{z}, due to Barendregt’s convention.
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(ot a2 (@R0EY | - QAR
(e 22~ @20ET) -LR]

P—/iLRj

Figure 1: The reduction rules for X’ is a diagrammatical representation

Still in rule (exp-imp) the reader may have noticed that there are two right-hand sides. These
two right-hand sides are a first appearance of the non-determinism in X which, as noticed by
Lafont, is an intrinsic part of cut elimination in classical logic.

We now need to define how to reduce a cut in case when one of its sub-nets does not
introduce a socket or a plug. This requires to extend the syntax with two new operators that
we call activated cuts:

P := ...|Pa/xQ|PaXxxQ

Intuitively P& /X Q represents the intention to connect the xs in Q to the as in P, moving Q
inside P to those places where a is connectable, i.e. is introduced, and PaX XQ represents
the intention to connect the as to the xs. Nets where cuts are not activated are called pure.
Activated cuts are propagated through the nets, moving towards occurrences of the connectors
mentioned in the cut up to the point that that they are connectable, and a logical rule can be
applied.

Definition 2.6 (ACTIVATING THE CUTS)
(af): PRtXxQ — Pa/xQ (P does not introduce w)
(\a): PRtxQ — PaXxxQ (Q does not introduce x)

Notice that both side-conditions can be valid simultaneously, thereby validating both rewrite
rules at the same moment. This gives, in fact, a critical pair or superposition for our notion of
reduction, and is a cause for the loss of confluence.

We will now define how to propagate an activated cut through sub-nets. The direction of
the activating shows in which direction the cut should be propagated, hence the two sets of
reduction rules.

Definition 2.7 (PrRorAGATION REDUCTION) The rules of propagation are:

Left propagation

(d/) (y-a)@ TP — (y-a)atxP
(cap /) : (y-B)RfXP — (y-B) (B#u)
(expout/):  (§QB-a)& %P — (7(QaXP)B-7)J1EP (v fresh)
(exp-inf):  (JQB-7)& fEP — §(Q&/XP)B-v (7 #a)
(imp/): (QB [zl JR)& P — (Q& /XP)B[z] 7 (Ra /XP)
(cut/): (QBTFR)AFFP — (Qa}XP)B17(RAFZP)
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Right propagation
(\d): Paxx(x-B) — PaTx(xpB)
(Neap) : PRX X (y-B) — (yB) (y #x)
(Rexp): PRXT(JQB-v) — 7(PAXZQ)B-v
(Nimp-out) : PE\)?(Q@[)C]}?R) — Patz((P BZA\ Q)B[ |7 (PRXXR)) (z fresh)
(Nimp-in) : PAXX(QB[z] yR) — (PaxxQ)p[z] 7 (PaXXR) (z #x)
(Xeut): PARXX(QBtJR) — (PaXxQ)B17(PAXZR)

Definition 2.8 We will write P — Q for the compatible closure of the one-step term rewriting
induced by the above rules, and write P — Q for its transitive closure (we will often write
simply P — Q for P — Q, indicating that P reduces to Q, and reserve —» for a number of steps).
We will subscript the arrow that represents our reduction to indicate certain sub-systems,
defined by a reduction strategy: for example, we will write —, for the reduction that uses
only Left propagation or Right propagation rules. In fact, —, is the reduction that pushes / and X
inward. We will also write P |, Q if there exists an R such that P — R and Q —» R, i.e. when
P and Q have a common reduct.

The rules (exp-out /) and (Nimp-out) deserve some attention. Notice that in rule (exp-out /)
we create a new name 7y and that in rule (Ximp-out) we create a new name z. This is done
because a cut is duplicated, one of which is distributed inside and the other is left outside
as an inactive cut. A new name is created to respect Barendregt’s hygiene convention; for
instance, in the left-hand side of (exp-out /'), « may occur more than once in i QE -a, that is
once after the dot and again in Q. The occurrence after the dot is dealt with separately by
creating a new name . Note that the cut associated with that 7y is then inactivated; this is
because, although we know that now 7 is introduced, we do not know if x in Q is.

The same thing happens with x in (\imp-out) and a new name z is created and the external
cut is inactivated.

The Renaming Lemma (2.11, stated and proved in Section 2.4 on page 12) shows that in the
right-hand side of rule (d/) we could have written P[y/x] and in the right-hand side of rule
(Xd) we could have written P[B/«] instead of the terms we have chosen. We made that choice
for three reasons. Firstly, we like to make all the operations explicit and we do not want to
rely on operations defined in the meta-theory. Internalising name substitutions would have
required to put as rules in the theory all the identities of Definition 2.3. Secondly, this small-
step approach is closer to our philosophy of X’ that tends to decompose operations as fine
grained as possible. Thirdly, notice that if « is introduced in i/ QB-[X then (exp-out /) gives,
with the Cancellation Lemma (2.10, see page 11),

(QB-a)@ fXP — (JQB-a)& T TP
and (d/) and this reduction play similar roles, namely that of “deactivating” cuts.

2.3 Strong normalisation

We should point out that, using the rules above, not all typeable nets are strongly normalis-
able. This is caused by the fact that arbitrary cut-elimination is too liberal; for example, al-
lowing (inactivated) cuts to propagate over cuts immediately leads to non-termination, since
we can always choose the outermost cut as the one to contract. Although the notion of cut-
elimination as proposed here has no rule that would allow this behaviour, it can be mimicked,
which can lead to non-termination for typeable nets, as already observed in [45]].

Assume x € f5(Q),B € fr(P), and P, Q both pure, then:
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PR{ % ((x-) BTZQ) — (\a)
PAXZ((x-B)B12Q) — (Xcut)
(PaXz(x-B)) B1Z(PAXZQ) — (Xd),(Xge)
(Pa 1% (xp)) p12Q — (af)
(Patx(x-B))B/2Q — (cut))
(PB/ZQ)RTX((x-B)BF2Q) — (d7),(gc/)
PR{ % ((xB) BTZQ)

Moreover, assuming P - I’ a:A,Aand Q :- I, x:A » A (see Section 3), we can construct

L

Q.- Ix:AFA
(Ax) (Wk)
| | (xB) - T,x:AF B:AA Q- IxAzAFA (cut)
= cu
P T'twaAA (x-B)BTzQ: - Ix:AF A
PRTR((x-p)BT2Q) - THA
and all the intermediate nets in the reduction above are typeable by the Witness Reduction
result (Theorem 3.6; example communicated by Alexander J. Summers).
Urban gives a solution for this unwanted reduction behaviour, and shows it sufficient to
obtain strong-normalisation of typeable nets. He adds the rules

(P&t (x-p))p/7Q — (PB/TQ&TTQ
PAXE ((x-p)p17Q) — Paty(PaXxxQ)

and gives them priority over the rules (cut/) and (Xcut) by changing those to

(Pat%Q)B /YR — (PB/JR)ATZ(QP/AR), Q# (xp)
PEXT(QBTYR) — (PRXNXQ)P1¥(PENIR), Q# (x-p)

thereby blocking the reduction of P& /X ((x-B) B 12Q) to (P& 1 X (x-B)) B1ZQ.

Notice that the side-condition Q # (x-B) is quite different in character from the rules for
X we presented above, in that now equality between circuits is tested, rather than just the
occurrence of a connector within a circuit. In fact, it corresponds to replacing, for example,
rule (cut/') by the rules:

(cut)

(Pat%(xp)B/¥Q — (PB/7Q&17Q
(PRT%(y1)B/TR — (PB/TR)ETZ((y-1)B/TR) (x#yV7#p)
(Pafx(zQ7- 5))/jfyR — (PB/yR)Tx((2Q7-9) f/UR)
(PR1%(Q17[219Q2) B/TR — (PB/TR)TTE((Q17[219Q2) B/TR)
(Patx(Qi710Q2))B/TR — (PB/FR)TTE((Q7T5Q2) B /TR)

as well as replacing rule (X\cut) by four similar rules, effectively adding eight rules. Although
these rules are fine as far as term rewriting is concerned, rewriting is no longer local as they
match against sub-nets of the nets involved in the cut. Remark that the last two rules might
as well be replaced by:
(PRTR(Q17(20Q2) B /TR — (PBAFR)EH #R))
(PEtX(Q719Q2)) B/YR — (PB/YR)ET y

etc.
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2.4 Call-by-name and call-by-value

In this section we will define two sub-systems of reduction (i.e. restrictions of the full reduction
we defined above), that correspond roughly to call-by-name (cBN) and call-by-value (cBv)
reduction. Notice that this is essentially different from the approach of [48], where only two
dual notions of reduction are defined, and no overall notion of reduction.

As for Auji also in X only one notion of reduction is defined. When interpreting the A-
calculus or Au in Auji, however, different interpretation functions are defined for the cBN and
cBv sub-calculi. Here, we will define one interpretation function for each calculus, and show
that both cBN- and cBv-reduction are respected.

As mentioned above, when P does not introduce « and Q does not introduce x, P 1 XQ is a
superposition, meaning that two rules, namely (/) and (Xa), can both be fired. The critical pair
(Pa #xQ, PeX\xQ) may lead to different irreducible nets. This is to say that the reduction
relation — is not confluent. Non-determinism is a key feature of both classical logic and
rewriting logic.

We introduce two sub-reduction systems which favour one kind of activating whenever the
above critical pair occurs.

Definition 2.9 e If a cut can be activated in two ways, the cBv strategy only allows to activate
it via (a/) ; we write P —y Q in that case. We can reformulate this as the reduction system
obtained by replacing rule (\a) by:

(Xa): PatxQ — PaXxQ (P introduces a and Q does not introduce x)

We also choose to only allow one variant of the (exp-imp) rule:
(exp-imp)y (JPP-a)@1%(QF[x]ZR) — Q717 (PPTZR)

e The cBN strategy can only activate such a cut via (\a); like above, we write P —y Q.
Likewise, we can reformulate this as the reduction system obtained by replacing rule

(a}) by:
(af): Pat1xQ — Pw/xQ (P does not introduce o and Q introduces x)

We also choose to only allow the other variant of the (exp-imp) rule:
(exp-imp)x (FPB-0)@1%(Q7 [x]ZR) — (QT1¥P)p1ZR

Notice that, in cBv, a right cut like Pa X XQ implies that « is introduced in P (i.e. P is a value),
and that, in cBN, a left cut like Pa /X Q implies that x is introduced in Q (i.e. Q is a name).

We will now show some basic properties, which essentially show that the calculus is well
behaved; to give the reader an opportunity to see reduction in X at work, we give the full
proof. Recall that a net is pure if it contains no activated cuts.

Lemma2.10 (CANCELLATION) i) PR /XQ—,P if « & fp(P) and P is pure.
ii) PR 1XQ— Pifa & fp(P) and P is pure.
iii) PAXXQ—AQ if x & fs(Q) and Q is pure.
iv) PRtxQ— Qif x €f5(Q) and Q is pure.
Proof: i) By induction on the structure of nets.
(P={y-p)): (y-P)a/XQn(cap/) {y-p) R R
(P=yRB-7): (YRB-1)&/XQ —a (exp-in/) §(R&fXQ)p-y —a (IH) JRB-7v
(P=RB[z]7S): (RB[2]78)a/*%Q —a (imp7)
(
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(P=RBTYS): (RBTFS)R/ZQ —a (cuty)
(R& f£Q)BT7(S&/2Q) —a (IH) RBTTS
(P introduces «): Then a € fp(P), so this is impossible.
does not introduce «): Then Pa 1 XQ—,(a/) P /X Q, and the result follows from part (i).

i

iif) By induction on the structure of nets.

)

(P

) B

(Q=(yB)): PRXZ(y-B)—a(N\cap) (y-B)

Q= yRﬁ 7): PRXZ(GRB-7) —a (\exp) §(PRXZR)B-y —a (IH) jRB-7y
(Q=RB[z

Q= 17S): PaXx(RB[z]7S) —a (Nimp-in)
(PRXXR) B [z] 7(PRXXS) —, (IH) RB[2] 7S
(Q=RB17S): PAXX(RBTTS) —a (Xcut)

(PRXXR)B 17 (PRXXS) —, (IH) RBTTS
iv) (Q introduces x): Then x € fs(Q), so this is impossible.
(Q does not introduce x): Then P& T xQ—4,(Xa) PR X XQ, and the result follows from
part (iii). Ll
We will now show that a cut with a capsule leads to renaming.
Lemma2.11 (RENAMING) i) P& /Z(z-a) — Pla/d), if P is pure.
ii) P6 1% (z-a) — P[a/8), if P is pure.
iii) (z-a) XX\ XP — P[z/x], if P is pure.
iv) (z-a)x t XP — Plz/x], if P is pure.
Proof: i) By induction on the structure of nets.

(P = (x-6)): (x-6)3 % (onc)—)A(df) (x-6)0 12 (z-a) = (cap) (x-a) 2 (x-6)[w/ 0]

(P=(x-),p #0): (x-)0 /2 (za)=ulcap/) (x-B) £ (x-B)[a/0]

(P=yQ7:9): (yQ¥:6)4/z(z-u) —a (exp-out}), B fresh
(y(Qo/Z(za)7-p) pTZ(za) —
y(Q6/Z(za))7 -
yQl/0]7 2

(P=7Q7-B.p#9): (nyy B)o /! ) = (expin)

(P=QB[7R): (QFFR)F /2 (za) “a
(Q0 fZ(zax)
Qla/ 8] B [x]
(P=QP1%*R): (QBTXR)SFZ(z
(Q8 /2 (z))
Qlu/8] B %Rl

i) If P51 2 (z-a), then either:

(P introduces ) : Then either:
(P=2QB-6,and 5 ¢fr(Q)): (RQP-8)d12(z-a) —(exp) TQB-w £ (RQP-5)[w/9]
(P = (x-6)): Then: (x-6)0 12 (z-a) — (cap) (x-a) 2 (x-6)[a/].

(P does not introduce 5): Then P3 1% (z-a)—,Pd /% (z-a

iif) By induction on the structure of nets.

), and the result follows from (7).
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(P = (x:0)): (z-&) AN X (x:0) = (Xd) (z-a) R T X (x:6) = (cap) (z-6) 2 (x-6)[z/x]
(P=(y-8),y # x): (z-) RX X (y-8) = (Xcap) (y-0) £ (y-0)[z/x]
(P=7Q7-9): (za)&RX\X(FQ7 9) —a (Nexp)
7((za)aXxQ)y-6 — (IH)
7Qlz/x]7-6 2 (§Q7-0)[z/4]
(P=QB[x]§R): (z-a)&XZ(QB [x]JR) —a (Nimp-out)
(za)@10(((z20)8XXQ) B[0] 7 ((z-) &\ ZR)) — (IH)
(=)@t 5(Qlz/x] B [e] §Rlz/]) > (imp)
Qlz/x] B [v] Y R[z/x] 2 (QB[x]¥R)[z/x]
(P=QB[v]yR, v #x): (z-a)wX f(QAA[v] YR) —a (Nimp-in)
((z-a)aXXQ) B [0] ¥ ({(z-a) X XR) — (IH)
Qlz/x] B [0] T R[z/x] 2 (QB[0]¥R)[z/x]
(P=QB17R): (za)&X(QB1TR) S (Reut)
(z-0)RX2Q) B1 7 () RXZR) — (IH)
Qlz/x] BT FR[z/] 2 (QB1IR)[z/4]

iv) If (z-a) @ 7 X P then either:

(P introduces x): Then either:

(P = QB [x] R, and x does not occur free in Q,R): Then:

(z-a)@ 1% (QP [x] FR) — (imp) QP[] JR 2 (QP [x] FR)[z/x]

(P =(xp)): Then: (z-a) @ 1 (x-B) —(cap) (z-p) £ (xp)[z/x]

(P does not introduce x): Then (z-a)® T XP—,(z-a) @ X XP and the result follows from part
(ii). Ll
These results motivate the extension (in both sub-systems) of the reduction rules, formulat-
ing new rules in the shape of the above results.

(gc/): PatxQ — P (if « € fp(P), P pure)
(wo): PATIQ + Q  (ifx#A(Q) Qpure)
(Xren): Pétz(z-a) — Pla/d] (

(renf): (z.a)@ tXP — Plz/x] (P pure)

Admissibility of these rules for nets that are not pure is shown in [9].

P pure)

2.5 wa-conversion

Normally, renaming is an essential part of a-conversion, the process of renaming bound objects
in a language to avoid clashes during computation. The most familiar context in which this
occurs is of course the A-calculus, where, when reducing a net like (Axy.xy)(Axy.xy), a-
conversion is essential. In this section, we will briefly discuss the solution of [9], that deals
accurately with this problem in X.

Example 2.12 Take the following reduction:
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F 077 1% ((x:6) 0 [x] @ (w-ax)) = (Ra), (Nimp-out)

G e NTTZ((Gyeo-7v)7Nx(x0) 0[] D ((F(y-p)p-7) T\ T(wa)))
~ — (\d), (exp), (\cap)

Gy )YT2((H{yp)p-0)d[z] W (wa)) — (exp-imp)

(@ y0)p-0) 517 (y-0)) 't @ {w-ar)
In the last term, it is clear that we are in breach with Barendregt’s convention: p is both free
and bound in (¥ (y-p)p-6) d Ty (y-p). If we were to continue the reduction, we obtain:

(@ (y0)p-0) 817 {yp) P10 (wa) — (exp)
Y {y-p)p-p)p T (we)
Notice that p is not introduced in i/ (y-p)p - p, since p € fp((y-p)). So the cut is propagated, and

we obtain:
— (af), (exp-out}),(df)
¥ (y-p)p f @ (w-a))p-0) 61w (wa) — (cap),(exp)
y(y-a)p-a.
This is not correct: (7 (y-p)p-p) p T @ (w-a) a-converges to (y(y-0)c-p)p t @ (w-«), where the
p is introduced, and we should have obtained 7 (y-p)p - «.

It is clear from this example that a-conversion is needed to some extent in any implemen-
tation of X. Thred] solutions to this problem are proposed in [8, 9], that are compared in
terms of efficiency. The first uses a lazy-copying strategy to avoid sharing of bound connectors;
the second enforces Barendregt’s convention, by renaming bound connectors when nesting is
created; the third avoids capture of names, but allows breaches of Barendregt’s convention.
This is achieved by changing, for example, the rule (exp-imp)

(FPB-0)217(Q7 [ ZR) { QT1(PETZR)
(QYTYyP)pTZR

A conflict with Barendregt’s convention is generated in this rule by the fact that perhaps
B=ory=z or B occurs in Q, or y in R. Or, when striving for capture avoidance, it might
be that y occurs free in R, or B in Q. In either case, these connectors need to be renamed; one
of the great plus points of X is that this can be done within the language itself, unlike for the
A-calculus. In fact, using Lemma 2.11, we can give an a-conflict free version of X’ (see below).

In contrast, notice that this is not possible for the A-calculus. There the only reduction
rule is (Ax.M)N — M[N/x], and a-conversion is essential when reducing (Axy.xy)(Axy.xy).
Without it, one would get

(Axy.xy)(Axy.xy) — Ay.(Axy.xy)y — Ayy.yy
The conflict is caused by the fact that, in the second step, the right-most y is brought under the
inner-most binder, which causes variables bound by the outer-most binding to ‘swap scope’
while reducing.

A particular problem in dealing with a-conversion is that in the S-reduction rule (Ax.M)N —
M[N/x], the substitution in the right-hand side is supposed to be immediate; since the struc-
ture of M and N is anonymous, it is impossible to detect an a-conflict here that typically
depends on bindings occurring inside M and N. For example, in the first step of the reduction

above, the latter term is identical to Ay.xy[(Axy.xy)/x|; the actual performance of the substi-
tution, which brings the right-most binder under the left-most is not part of the reduction

5 NB: De Bruijn indices are not discussed in [9].
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system itself, but specified in the auxiliary definition of substitution. This makes a-conversion
difficult to tackle in the context of the pure A-calculus.

To consider substitution as a separate syntactic construct implies moving from the A-
calculus to Ax. There the situation is slightly different, in that we can now say that

(Ay.M) (x=N) — Az.(M(y=2z) (x=N)),

thereby preventing a conflict on a possibly free y in N. This is expensive though, as it is
performed on all substitutions on abstractions, and does not actually detect the conflict, but
just prevents it.

In X, not only is the a-conflict solved, but also detected, all within the reduction system of
X itself, by essentially expressing

(Ay.M)(x=N) = Az. (M (y=z) (x=N)), if y free in N

As shown in [9]], to accurately deal with a-conversion for the case of capture-avoidance, the
rule (exp-imp) needs to be replaced by (assume that a, x are introduced, and that v, ¢ are fresh):

(7P-) @1 (Q7 [¥]ZR) — QT17(PB1ZR) (v 5(R))
(FPP-0)TTT(QT[X]ZR) — QT (((v:0)dXFP)BTZR) (yEF(R))
(FPP-0)@t%(QY[X|ZR) — (QFTFP)BTZR (BEfp(Q)
(FPP-0) 1 (QT[XIZR) — (QF1F(PB/D(v-6))31ZR (BEfM(Q))

Almost all propagation rules (exceptions are (d/), (cap/), (\d), and (Xcap)) need dealing with
as well.

3 Typing for X: from sequent calculus to X

As mentioned in the introduction, X" is inspired by the sequent calculus, so it is worthwhile
to recall some of the principles. The sequent calculus we consider has only implication, no
structural rules and a changed axiom. It offers an extremely natural presentation of the clas-
sical propositional calculus with implication, and is a variant of system Lk. It has four rules:
axiom, right introduction of the arrow, left introduction and cut.

'« A,A T,BhA

ax) : =L):
(ax) IAbcAA (=L) ILA=BH, A
(=R) AR B,A (cut) T AA T, ARA
= L — Cur) .
I'heA=B,A T'heA

The elimination of rule (cut) plays a major role in 1K, since for proof theoreticians, cut-
free proofs enjoy nice properties. Proof reductions by cut-elimination have been proposed by
Gentzen; those reductions become the fundamental principle of computation in X"

Another nice property of proof systems is known as the Curry-Howard correspondence:

Definition 3.1 (Curry-HOwARD 1somoORrPHISM) “Terms as Proofs, Types as Propositions.” Let M
be a (closed) term, and A a type, then M is of type A if and only if A, read as a logical formula,
is provable in the corresponding logic, using a proof which structure corresponds to M.

This isomorphism expresses the fact that one can associate a term with a proof such that
propositions become types and proof reductions become term reductions (or computations in
X). This phenomenon was first discovered for Combinatory Logic [20], and later the connec-
tion between the A-calculus and intuitionistic logic was put in evidence. The Curry-Howard
correspondence for X is with the classical propositional calculus and is given through the
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sequent calculus described above. Propositions receive names; those that appear in the left
part of a sequent receive names like x,vy,z, etc, and those that appear in the right part of a
sequent receive names like «, 8,7, etc.

Definition 3.2 (Tyres AND CoNTExTS) i) The set of types is defined by the grammar:
AB == ¢|A—B.
where ¢ is a basic type. The types considered in this paper are normally known as simple
(or Curry) types.

i) A context of sockets I" is a mapping from sockets to types, denoted as a finite set of state-
ments x:A, such that the subject of the statements (x) are distinct. We write I, x: A for the
context defined by:

Ix:A = T'U{x:A} (T is not defined on x)
=T (otherwise)
(Notice that the second case implies that x:A € I'.) So, when writing a context as I',x:A,
this implies that x:A € I', or I' is not defined on x. When we write I1,I> we mean the
union of I and I when I and I are coherent (if I7 contains x:A; and I, contains x:A»
then A1 = Aj).
iit) Contexts of plugs A are defined in a similar way.

The notion of type assignment on X’ that we present in this section is the basic implica-
tive system for Classical Logic (Gentzen system LK) as described above. The Curry-Howard
property is easily achieved by erasing all term-information.

Definition 3.3 (TypING FOR X') i) Type judgements are expressed via a ternary relation P ;- I'
A, where I is a context of sockets and A is a context of plugs, and P is a net. We say that
P is the witness of this judgement.

it) Type assignment for X is defined by the following sequent calculus:

(cap) (imp) P.-Tra:AA Q:-T,x:BFA
ca : . 3 m :
Pl (ya) - TypAb Al P Ay 3Q - Ly:A—BE A

P. - T, x:Arwa:B,A P TFaAA Q.- T,x:AFA

(exp) : (cut):
ZPR-B:- T+ P:A—B,A PatzQ:-THA

We write P ;- I' Iy Aif there exists a derivation that has this judgement in the bottom line,
and write D :: P ;- I by A if we want to name that derivation.

I' and A carry the types of the free connectors in P, as unordered sets. There is no notion of
type for P itself, instead the derivable statement shows how P is connectable.

Lemma 3.4 (WEAKENING) The following rule is admissible:
P..I'kA
——— (Wk)
P.-T'kA
forany I'' DT and A’ D A.
Proof : The proof is by induction on the proof tree for P :- I' iy A. We will only consider two
cases, the two other work the same way.
(cap): Then P = (y-a). Then I" DT D {y:A} and A’ D A D {w:A}, hence (y-a) ;- " A'.
(imp): Then P=Qu [y| XR, I =I1,y:A— B and
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P:-ThA = Qa[y]*R:- I, y:A— By A,

We have Q- Iy wtA,Aand R:-I7,x:Bky A. If y:A—Bely, ie, I' =17 then we
write I7 = I" else we write I'| = I'"\y:A— B. Notice that I'] D I'}. By induction, we have
Q:- Ik wA AN and R - I],x:Bky A" and Q® [y] ¥R :- I, y:A— Bk A" follows by (imp).
L]

Example 3.5 (A PROOF OF PEIRCE’S Law) The following is a proof for Peirce’s Law in Classical
Logic:

(Ax)
AFAB
——  (=R) —— (Ax)
FA=BA AFA
(=L)
(A=B)=AFA
(=R)
F(A=B)=A)=A
Inhabiting this proof in X’ gives the derivation:
(y-0) - y:AF6:A,n:B (cap)
Py (exp) ) (cap)
y{y-0)j-¢ - F¢:A—B,5:A (w-6) ;- wAF&A )
= PRI mp
(Y {y-0)7-¢) ¢ [z] @ (w-6) ;- z:(A—B)—A 5:A (exp)

2((F (o) ¢) 2] @ (w0))5-7 1+ F:((A=B)=A) A
The soundness result of simple type assignment with respect to reduction is stated as usual:

Theorem 3.6 (WITNESS REDUCTION) If P - 't A, and P — Q, then Q - I’ F A.

Proof : By induction on the length of reduction sequences, of which we only show the interest-
ing base cases; notice that, occasionally, weakening will be used.

(Logical rules): (cap): (y-a)x 1 X (x-B) — (y-B)
(ya) ;- I,y: A a:A A (x-B) .- T,x:AF B:A,A
(ya)RTx(x-B) .- [Ly:AF B:A,A
(exp): (FPB-@) 1 X (x-7) = FPB-y
| D |
P.-Iy:AF B:B,v:A—B,A
§PB-a:- I'-a:A—B,y:A—B,A  (x-y):-T,x:A—BF 1:A—B,A
(JPB-a)&T X (x-y) ;- T+ 1:A—B,A
| D |
P.-Iy:AF B:B,y:A—B,A
JPB-y - T'Fy:A—B,A

(imp): (y-a)& 1% (QP [x] ZR) — QP [y] ZR

\ D |\ D: /
Q.- Ly A—»BFBAA R:-[Ly:A—B,z2BFA
(y-a): T,y:A—BF a:A—B,A QB[x]ZR ;- T,y:A—B,x:A—BF A
(y-a)&T%(QB[x]ZR) ;- [,y;:A—BF A

(y-B) .- Ly:A B:A,A




| D ] P /

Q.- ILy:A—=BF B:AA R:-Ty:A—B,z2BF A
QB[y]ZR ;- I,y:A—BF A
(exp-imp): (PB-a) @ 12 (Q7 [x]ZR) —» Q¥ 17 (PP 1ZR)

o ] [ 2> ][ 3 ]
P:-T,y:AtF B:B,A Q:-Tky:AA R:-TzBFA
JPB-a:-TFa:A—B,A Q7 [x]ZR ;- T,x:A—BF A
(JPB-a)&TX (QF[x]ZR) :-THA
Q.- TFYAA \ D, /
Q:-TFB:B,1AA P -TIyAFPBBA W
QFtyP:-T'+p:B,A R:-T,zBF A

(Q7t7P)ptzR T4
(exp-imp): (FPP- @)1 %(Q7 [x]ZR) > Q7 1§ (PP 1ZR)

I D, ] R:-T,zBFA
Wj P:-TIy:AFB:B,A R:.-Iy:A,zzBFA
Q: TkyAA PBTER - [y:AF A

QY T7(PBTER) - T'HA
(/ propagation): (exp-out/): (JQB-a)& TP — (7 (Q& #XP)B-v) 71 xP
]
Q:-I,y:AFB:B,A \ D, /
70B-a:-T+HwA—BA P I,x:A-BFA
(JQB-2)&)fxP:-THA

(I L~

Q: Ly:AF B:B,A P [,x:A—>BFA
Q.- ILy:Ara:A—B,B:B,A P.-Ix:A—BF B:B,A
Qa fxP .- Iy:A+ B:B,A | D, |

7(Q& fxP)B-y:-THy:A—»B,A  P:-I[,x:A-BFA
(V(QR/XP)B-7) ¥ /P THA
(imp/): (QB[z] FR)& #XP — (Q& /X£P) B [z] § (RQ /X P)
L~ |/ L 7 |

Q.- I'Fa:C,B:AA R:-TIy:BFwC,A \

Dy /
QB[z]yR ;- I,zzA—BF a:C,A P.-IzzA—=B,x:CFA

(QB 2] jR)& ZP:- [,z:A—BF A

—~
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L2~ | | Ds /

R:-TLy:BFa:C,A P:. - IzzA—B,x:CFA
R:-TIzzA—=B,y:BFa:C,A P .- I,z2A—B,x:C,y:BF A
\ Dy / \ D3 / Rﬁ/‘)?l.j - I,z2A—=B,y;:BF A
Q- I'FwaC,BAA P:-T,zzA—B,x:CF A

Q.- INzzA—BFwa:C,B:A,A P:-I,z2zA—=B,x:Ck B:AA
Qa fXP:-I,zzA—BF B:AA

(Q& /%P) Blz] 7 (R& fXP) :- I,z:A—BF A
(cut}): (Q ,BJ[ R)a /XP— (Qu /X )‘BT?(RTX\/‘QP)
L~ |/ L 7~ |
Q.- I'Fua:C,B:B,A R:-TIy:BFa:CA m
QBTYR:-THa:C,A P:-Tx:CkA
(QBTJR)&fZP:-THA
\ D / P. - IxxCFA \ D, / P. - IxxCFA
Q- I'+Fa:C,B:BAP:.-Ix:C-B:BA R:-IyBFa:CAP:-IyBxCFA
Qa /%P :-T'F B:B,A R&/‘J?P&F,y:BI—A
(Q& #XP)B17(R&FXP):-THA

o~

(X propagation): (Nimp-out): Pa\x (QB [x] yR) — sz (PaXxQ) B [z] 7 (P&
| D, I U o ]
I D, ] QUTFHEAA R TLyBrA
P TFaA—B,A QB [x]JR ;- [,:A—BF A
PRXZ(QB[x]yR) ;- THA
> [
P.-I'Fa:A—B,A Q.- TkBAA P.-I'Fa:A—B,A R:-Iy:BFA

P:-T+wa:A—B,gAA Q.- ILx:A—-BFBAA P:-Iy:BFa:A—B,A R:.-I,x:A—=B,y:B-A
PaXXQ - THBAA

\ZR))

PaXxR:-T,y:BFA
| D, /(Pa’\a?Q)EH (PRXZXR) ;- T,0:A—BF A
P:-T+a:A—B,A

PRT3((PRXXQ)B[v] 7 (PAXZER)) - THA
(Xcut): PRXZ(QBTJR) — (PAXXQ) B 17 (PAXZR)
L [ » |
m Q.- I'xtAFB:B,A R:.-TIx:A,y:BFA
P TFwAA QBTIR:-T,x:AF A
PRXZ(QBTYR):-THA

~

19
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P THaAA I D, ] P TFaAA I Dy ]
P.-I'waA,B:B,A Q.- Ix:tAF B:B,A R:-Ty:BFa:AA P -Ix:A,y:BFA
PaXxQ:-I'+B:B,A PaX\xR:-I,y:BFA

(PRXZQ) B 17 (PERXZR) ;- THA

4 Interpreting the A-calculus

In this section, we will illustrate the expressive power of X by showing that we can faithfully
interpret the A-calculus [16} 11] (a similar result was shown in [45]), and in the following
sections we will show a comparable result for Ax, Ay, and Auji. Using the notion of Curry
type assignment, we will show that assignable types are preserved by the interpretation.

In part, the interpretation results could be seen as variants of similar results obtained by
Curien and Herbelin in [19]. Indeed, we could have defined our mappings using the mappings
of A-calculus and Ay into Auji, and concatenating those to the mapping from Auji to X, but
our encoding is more detailed and precise than that and deals with explicit substitution as
well.

One should notice that for [19] the preservation of the cBv-evaluation and cBN-evaluation
relies on two distinct translations of terms. For instance, the cBv- and cBN-A-calculus can both
be encoded into CPS [3], and there it is clear that what accounts for the distinction between
cBv and CBN is the encodings themselves, and not the way CPS reduces the encoded terms.

In contrast, in X we have no need of two separate interpretation functions, but will define
only one. Combining this with the two sub-reduction systems —, and —y we can encode the
CcBV- and CBN-A-calculus.

We assume the reader to be familiar with the A-calculus [11]; we just recall the definition of
lambda terms and B-contraction.

Definition 4.1 (LAMBDA TERMS AND B-CONTRACTION [11]) i) The set A of lambda terms is de-
fined by the syntax’:

M,N := x|Ax.M|MN
Terms x and Ax.M are called values.
ii) The reduction relation — is defined as the contextual (i.e. compatible [11]) closure of the
rule:
(Ax.M)N —5 M[N/x]
iii) If the contraction (Ax.M)N —5 M[N/x]| is fired only when N is a value, then the re-
duction is called call-by-value (or cBv for short) and written —. No confusion is possible

with the reduction with the same name in X, since the nets on which both reductions
apply are not in the same syntactic category.

This calculus has a notion of type assignment that corresponds nicely to implicational
propositional logic, in the framework of natural deduction.

The rules of natural deduction define how to manipulate logical objects called sequents
that have the form: S+ A, where A is a formula of propositional logic, and S is a set of such
formulae. The sequent means that A can be proved from the axioms S. The rules of natural
deduction either introduce or eliminate connectives in the right-hand side proposition of the
sequent.

For instance the implication is introduced by the rule
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I AR B
— (=
I'sxA=B

and eliminated by Modus Ponens
I'bxA=B TI'hkA

'« B

We add to that the rule that allows us to use an axiom:
(AeT)

(=E)

'k A

These three rules form the intuitionistic implicative logic. Notice that this logic is less
expressive than classical logic: for instance, from those rules Peirce’s law (Example 3.5) cannot
be proved.

We can simulate (=) easily in sequent calculus; the Modus Ponens rule of natural deduc-
tion is simulated by a short reasoning;:

]

E 44 (W (ax)

I'-A=B,A W I'+A,B,A ) I BFB,A
I'-A=B,B,A I'A=BFB,A
I'+B,A

(cf [24]). Now the situation where the introduction rule of a connective is followed directly by
the elimination rule is traditionally called a cut in natural deduction [21]. In that case the proof
can be easily transformed into a simpler one, by the process of cut-elimination. For instance,

I''AR«B

I'xA=B 'k A
I'kx B

(L=)

(cut)

can be transformed into a simpler proof: the one of I, A - B in which every time the axiom A
is used we replace the use of the axiom by the proof of I' - A.

Hence the conclusion is I' - B as required.

Now, formulae of propositional logic can be seen as types of functional programming (es-
pecially the simply typed A-calculus) and vice-versa. The implication A = B corresponds to
a functional type A — B. And further, the inference rules of intuitionistic propositional logic
are isomorphic to the typing rules of simply typed A-calculus:

Definition 4.2 (TYPE ASSIGNMENT FOR THE A-CALCULUS)
I'x:A+M:B I'-M:A—B I'EN:A
(Ax) :

— (5D —E):
LxAFxid )Fl—/\x.M:A—>B (=E) r'+-MN:B

We first define the direct encoding of the A-calculus into A

Definition 4.3 (INTERPRETATION OF THE A-CALCULUS IN X')
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[x' (@) £ (xa)
[Ax.M] (@) 2 Z[M](B)B-u B fresh
[MN{' (@) £ [M(7) 712 (INJ(B) B § (y-a) 78,3,y fresh

Observe that every sub-net of [[MﬂA («) has exactly one free plug, and that this is precisely
x. Moreover, notice that, in the A-calculus, the output (i.e. result) is anonymous; where an
operand ‘moves’ to carries a name via a variable, but where it comes from is not mentioned,
since it is implicit. Since in X, a net is allowed to return a result in more than one way, in
order to be able to connect outputs to inputs we have to name the outputs; this forces a name
on the output of an interpreted A-term M as well, carried in the sub-script of [M j\ (a); this
name « is also the name of the current continuation, i.e. the name of the hole in the context in
which M occurs.
In [45], a similar interpretation is defined that differs in the last case, where it states:

[MN{' (&) 2 [M}'(7) [7:= ()(IN(B) B [x] 7 {y-a)) ]
This definition depends on an additional notion of substitution P [y := (x)Q], defined as a

recursive transformation of P using cuts. Since this substitution is defined in the manner of
left propagation, essentially stating
[MN{'(2) £ [M]' ()7 7% (INT(B) B [x] 7 (y-w)) 7,8,y fresh,

Urban’s interpretation actually ignores certain reduction paths that are accessible from our
interpretation by right-activating the cut, and using Urban’s not all our results shown below
would be achievable; in fact, it is not possible to show that cBN reduction is modelled using
Urban’s interpretation.

Also, because of this substitution, reasoning over this interpretation in our proofs below
would be much more complicated, and those proofs would lose their elegance. For example,
to prove that type assignment is preserved for this interpretation, a substitution lemma needs

to be shown, giving a much more involved proof than the one we achieve in Theorem 4.8.
Moreover, it is possible to show that

[M ()7 T2 (INF(B) B (%] 7 (y-0)) = [M](7) [7:= (x)(IN](B) B[x] 7 {y-a) ).
In all, we feel our choice is justified.

It is worthwhile to notice that the interpretation function [- ﬂ)‘ («) does not generate a conflu-
ent sub-calculus. We illustrate this by the following;:

Example 4.4 First notice that

[xx (@) 2 [x}'(7)

[

Z([x; (E)B[Z] y(y-a))
(M7 12{(xp) By {y-a)) = (imp)
(x-B) B [x] 7 (y-a)

Moreover notice that the above (imp) reduction is the only possible one, making the reduction
deterministic. So we can write [xx;'(x) — (x-B)B [x] 7 (y-a) . Now

oAl
x- ?TE
xB)Blx]y

[(Axxx) (yy)] () A
[Mexx (B) B 19 (Iyyi (1) 7 [0] @ (wea)) A

(X [xx]'(8)8-B) B 15 ([yyi (1) 7 [0] @ (w-a)) — (exp-imp)
Lyyi' (1) 71 % ([xx] (6) 5 1 @ (w-a) — (Xren)
lyyi'(7) 7 1 % [xx] () 2 (imp)

(y-0)T [yl 2(zy) 71X ((x-1) T [x] i (u-ax))
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This net now has one cut only, that can be activated in two ways (notice that neither 7 nor
x is introduced here). This results in either:

Tyyi (1) 7 1 % [xx] () — (af)
[[Wﬂ( )’Y/‘??[[xxﬂ() 4
(y-0) & [y 2(z-7)) 7 /% [xx]' (@) — (imp /)
(y-0) 7 7% [xx) (@) T [V 2 (z:7) 7 /R [xx] (@) — (cap/), (dF), (Xa)
(y-0) &y 2 ((z mwm( ) A
(yo) T Y Z(zy) X (eT) T a] A (wa))  — (Nimp-out)
(o) T2z 718 (27 TNE (1) T 0] @ ((z7) TR F(ua))))
— (xd), (Xcap), (cap)
(yo)FYZ((zn) 710 (zT) T[] A (ua)  — (imp)
(y-0) T Y] 2 ((z7) T [2] T (u-a))
Tyyi (v) 7 1 % [xx] () — (\a), 2
Tyyi () AX % ((x-7) % [x] @ (u-ax)) — (Nimp-out)
lyyi ) FT@ (([yy (0) 732 (1) T [w] @ ([yy (1) 7 E (wa))) — (\d),(a7), (\cap)
lyy (0 71 @ ((lyy (1) 7 /% (1)) T [w] i (w-a)) A
i N7t D ((y-0)T Y] 2(z7) F /2 (x1)) Tlw] T(u-a))  — (imp))
[yyi (V)T 1@ ((y-0)F /2 (x1) T [y 2 (z7) 7 /% (x1))) T [w] T (u-at))
— (cap), (d}), (cap), (af)
Tyyi (1) 3 /% (((y-0) & [y] 2(z-7)) T [w] @ (u-ax)) A
y-o) G [y 2(z7) F /D (((y-0) T [y] £(z-7)) 7 [w] T (u-ax)) — (imp/)
y-o) 7 /@ (((y-0) & [y] 2(z-7)) T [w] i (u-w))) & [y]
2z @ ((yo) o [y 2(zT) T [w] T (ua)) — (cap/),(d)),
(y-o) Ty Z(zn) 7T @ (((y-0)F [y) 2(z 7)) T [w] il (u-a))) — (imp)
(y-0) &y 2 (((y-0) T [y] £(z-7)) 7 [w] T (u-ax))

Notice that both reductions return normal forms, and that these are different.

We will show that the cBN-reduction on the A-calculus is respected by the interpretation
A . -
[; (). First we show a substitution result.

Lemma 4.5 i) [N]'(8) 6 X X [M;' () — [M[N/x];* ().
ii) [N}'(6) 6 1 XMy (a) — [M[N/x]}' (w).
Proof : i) By induction on the structure of lambda terms.
(M=x): [N} )5’\96[[9%( ) & IN[(6)8XF(xa) —(rens) [N}'(9)[a/6] £ [Nj(w) £

[x[N/x]} («)
(M=y#x): [N}(6)05Z[y](x) £ [N}(©0)dXF(y-a) —(\eap) (y-a) 2 [y'(a) 2
[y[N/x] ()
(M=Ay.M'): [N]'(8) X % [Ay.M' (a)
[N{(@)0X 2 (7 [M' (B -a Xexp)

4
pa) —
F(N; (0)3x2[M'}(B))B-a — (IH)
7IM]()[N/x|BB-a 21
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(M= PQ): [N}'(6)3x®[PQ(«) A
INJ'(6)3X % ([P} () 7 12([Q(B) B 2] T (y-a))) — (Xcut)
(IN;(0) X2 [P (7)) 7 TZ(INJ (0) 6 X2 ([Q]'(B) Blz] T (y-a))) — (Nimp-in)
(IN'(8) X2 [P} (7)) 7 12 ((IN]'(8) 6 X X [Q'(B)) B [2] 7 (IN{'(8) 5 X % (y-a)))

— (Neap)
(IN{(8) X2 [P (7)) 7 12 ((IN] () 6 XX [Q1'(B)) B [2] F (y-a)) — (IH)
[PIN/x]]'(7) 712 ([QIN/x]](B) B 2] 7 (y-)) %

[P[N/x]QN/x]j ()
ii) We have two cases:
(IM{*(«) introduces x): By Definition 4.3, this is only possible if M = x (and then [M;'(a) =
(x-a)). Then [N}'(6) 8 1 % (x-a) — [N]'(a) by (Xren); notice that [N () = [x[N/x]]* ().
([M;\ () does not introduce x): Then [N;'(6) 5 T X [M;'(«) = (Xa) [N;'(6) 6X X [M;' («) and the
result follows from the first part. 1

[(PQ)[N/x]{ ()

Theorem 4.6 (SIMULATION OF CBN FOR THE A-CALCULUS) If M —y N then [M j‘('y) —n [N j\ (7).

Proof: By induction on the number of steps, of which we show only the base case. This in
turn is proven by induction on the structure of terms, of which we again show the base case,
namely M = (Ax.P)Q. In that case, (Ax.P)Q — P[Q/x], hence we have to prove:

[(Ax.P)Qi' (&) 2 [AxP (M) F17(QIB) Bl Z(za)) 2
(FIP{(8)8-7) 7 17 (1Q1'(B) B ly) 2 (z-a)) — (exp-imp)
[Q'(B) Bt 2 (IP1'(6) 812 (=) = (en)
[Q(B) BT RIP] (@) = (45 [PIQ/¥}'(®)
Notice that if in the above reduction we would have used the other version of exp-imp we
would have got the same result namely

-~

(F[P @3- )77 (1Q (B B Z(za) — (expimp)
([QI'(B) BT RIP(9) S T2 (z-a) — (ren) [Qf'(B) Bt R[P; ()
Notice that, in this reduction, all reduction steps are allowed in —y.

Notice also that (z-a) introduces z; if [P j\ (9) introduces ¢, then either rule (cap) or (exp) can
be applied. When [P ﬂ)‘ (9) does not introduce ¢, the cut needs to be activated, leading to

[P(8)5 12 (za) — [P}'(5)6 fZ(za)
This is allowed by rule (a/) in —y, since both side-conditions are satisfied. L]

When encoding the cBv-A-calculus, we also use the [- ﬂ/\ («) interpretation. Notice that a term
like (Ax.M)(PQ) is not a redex in the cBv-A-calculus. As above, we get

[(AxM)(PQ)M@) 2 [AxMMB) BB (IPQN) 7 o]  (w-a))

(T[M;'(8)8-B) B 10 ([PQ]'(7) 7 [0] @ (w-a))

[PQ}!(7) 71 % (IM;'(#) 81 @ ()

[PQ! (1) 71 %M ()

(P (@)@ HE(IQN (D) T ] -y )) 7 1 # M (#)

In particular,  is not introduced in the outer-most cut, so (a/) can be applied. What the
cBv reduction should guarantee, however, is that (\a) cannot be applied; then the prop-
agation of [P}'(c) 7 1E([Q;' (T) T[f] & (u-y)) into [M;'(«) is blocked (which would produce
[M[(PQ)/x] j‘(zx), by Lemma 4.5). Notice that we can only apply rule (Xa) if both [[Mﬂ)‘(zx)
does not introduce x and [P (¢) 7 1 £ ([Q;'(7) T [f] & (u-y)) introduces +. This is not the case,

> |

=4 1
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since the second test fails.

On the other hand, if N is a A-value (i.e. either a variable or an abstraction) then [N j\ () in-
troduces 7y (in fact, N is a value if and only if [N]'(v) introduces ). Then [N;'(y) 7 t £ [M;' («)
cannot be reduced by rule (a/'), but by either rule (Xa) or a logical rule. As in the proof of
Theorem 4.6, this enables the reduction

INF ()71 ¥IM @) =y [MIN/x]] ().
So cBv-reduction for the A-calculus is respected by the interpretation function, using —.

Theorem 4.7 (SIMULATION OF CBV FOR THE A-CALCULUS) If M — N then [M f('y) —v [N f(’y).

Proof: As in the proof of Theorem 4.6, we only show the case M = (Ax.P)Q. Notice that
then also [(Ax.P)Q]'(8) = [Q'(B) Bt X[P}'(5) (so this is true for both strategies). In this
reduction, all reduction steps are allowed in —; as above, the only activation of a cut that
might be required is in the application of (Xren), when perhaps

[P(6) 12 (za) — [P}'(5)6 fZ(za)
when ¢ is not introduced in P. This is allowed by rule (a/) in —.
Now we show that [Q;*(8) B T X [P} (6) — [P[Q/x]{" if and only if Q is a value:

(if): Let Q be a value, so [[Qj‘ (B) introduces B.
As in the proof of Theorem 4.6, we now have two cases:

([P;!() introduces x): By Definition 4.3, this is only possible if P = x (and then [P}'(x) =
(x-a)). Then [Q}'(B) BT % (x-a) = [Q]' (@) by (Xren), and [Q'(2) = [x[Q/]] ().
([P} () does not introduce x): Since the side-conditions for rule (Xa) are satisfied, we get
[Q;'(B) BT X[PH(8) —=v (X\a) [Q]'(B) BXZ [P} (8), as noticed above.
(only if): Let Q = RS. Then
[RS' (M 2P} () — (IR((@)S1Z([S] (B) Bl 0 (1) 71 2 [P]'(w)

Now there are two cuts that can be activated, and we get either:

(IR} )2 12 (1S) (B) Bl] 2 (07) 71 2 [Py (o)
(IR} )9 12 (151 (B) B[] 2 (07) 7 /2 [P] (@)
(IR () 7 £ [P} (2)) 312 (([S]'(B) B 2] (v7)) 7 FR[P] () — ...

Ll

(IR('(®) 81 2([S{'(B) Blz] B (v-7))) 7 T R[P] (&) —
T91%[P](x)

where T is [R}'(6) 6 #Z([S;'(B) B [2] @ (v-7)) if [[Rﬂ (6) does not introduce ¢, and the re-
sult of applying the approprlate logical rule to R} (5) 612 ([S{(B) B [2] T (v-)) if it does;
notice that z is introduced in [S;*(B) B [z] 7 (v-7).

In both cases, the reduction will continue inside the left-hand side of the outermost
(non-active) cut. The cv-reduction will only allow right-activation of the outer-most cut
when the reduction of R returns a net that introduces v, i.e. is a capsule or an export. In
any case, the reduction will not lead to [P[(RS)/x];'(x). [

Notice that we need to show both implications in the proof above. Proving just “If Q is a
value, then ...” does not guarantee that the contraction will not take place if Q is not a value.
Also, we need to show that the contraction has the desired result; the reduction we have in
Theorem 4.6 is not necessarily a reduction in cBv, and Lemma 4.5 shows only a result for right
activated cuts.

Using the last two results, the significance of Example 4.4 becomes clearer. Remember that
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[Axxx)(yy)i' (@) —v {y-0)T Y] 2((27) T [2] @ (u-a))
[(Axxx) (yy)i' (@) =~ (y-0)T W Z(((y-0)T [V 2(z-1) T [2] @ {u-a))

In the A-calculus, (Ax.xx)(yy) has different normal forms with respect to cBv and CBN A-
reduction (respectively (Ax.xx)(yy) and yy(yy)), which are both interpreted in X. The net
[(Ax.xx)(yy) j\(uc) is not a normal form in X for —; it contains cuts. But, true to its nature,
the cBv-reduction will not return [yy(yy);'(x), but, instead, returns the net [yy;" with the
duplication [zz j\ (a) ‘waiting to be applied’ in the continuation.

We can now show that typeability is preserved by [ ﬂ/\ (w):
Theorem 4.8 If 'y M: A, then [M}'(«) :- T by a:A.
Proof : By induction on the structure of derivations in I-); notice that we use weakening.
(ax): Then M = x, and I' = I’ x: A. Notice that

[xj'(a) - Tx:AF a:A (cap)
(—I): Then M = Ax.N, A =C—D, and I,x:Ck, N:D. Then, by induction, a derivation
D :: [[Nj‘ (B) :- Ix:C b B:D exists, and we can construct:
\ D |
[N{(B) :- [,x:C+ B:D
Z[N[(B)B-a:- T'+a:C—D
Notice that X [N]'(B)B-a = [Ax.N{' ().
(—E): Then M = PQ, and there exists B such that I' ) P:B—A and I' i) Q:B. By induction,
there exist derivations Dj :: [[Pf(’y) Tk v:B—>Aand D, [[Qf(ﬁ) - Ik B:B, and we

can construct:
(I

(exp)

\ D [ [Qf'(B) :- T+ p:B
[P{'(y) ;- T+y:B—A [Qf(B) ;- THB:Bw:A  (ya): [y:AlFa:A
[Pf() - THa:A, W'B—>A [[Qﬁ(ﬁ)ﬁ[ 19 (y-a) - [,x:BoAF a:A
[[PJ A3 [[Qﬂ Blx]jlya)):-TFaA

Notice that [PQ;'(x) = [[Pﬂ (mytx ([[Qﬂ (B) B [x] 7 (y-a)), and that this derivation corre-
sponds (of course) to the simulation of the Modus Ponens rule as discussed above. [

As already suggested in Section 4, this theorem is in fact a reformulation of Gentzen’s correct-
ness result on the embedding of natural deduction in the sequent calculus.

To strengthen the fact that we consider more than just those nets that represent proofs, we
will show an example of a non-terminating reduction sequence.

Example 4.9 (REDUCING [[AAMA([%)) Remember that [[xxf([%) — (x-6)6 [x] 7 (y-B). Now [[AAM (B)
reduces as follows:
[t (p) A [Axxx (1) F 12 ([A] (v) 7 [2] 7 (y-B))
A (% [xx (@)@-8) 51 2([A] (v) 7 2] T (y-B))
— (exp-imp) (A} () 7 1% ([xx] () & 1 7 (y-B))
— (Xren) A} T2 [xx (B) 2 [A1 (1) F T2 ((x:0)3 [x] T (y-B))
— (xa) A(XXimp-out) [A](v) 712 (([A]} () 7X % (x:6)) 6 [2] T (18] (1) TN Z (y-B)))
— (Xcap) [A] (1) F 12 (I8 (7) 7X % (x-6)) 3 2] §F (y-B))
—(d) ACvren) AN ATEAN )T B A [AA}(B)
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5 Interpreting Ax

In this section we will interpret a calculus of explicit substitutions, Ax, introduced by Bloo
and Rose [14], where a B-reduction of the A-calculus is split into several more atomic steps of
computation. We will show that X has a fine level of atomicity as it simulates each reduction
step of Ax by describing how the explicit substitutions interact with nets.

Bloo and Rose introduce the concept of substitution within the syntax of the calculus, mak-
ing it explicit, by adding the operator M (x=N):
Definition 5.1 (BLoo &Rosk 1995) The syntax of Ax is an extension of that of the A-calculus:

M,N == x|Ax.M| MN | M(x=N)

Type assignment on Ax is defined as for the A-calculus; the added syntactic construct is dealt

with by the (cut)-rule:
I''x:AFM:B T'HFN:A

(Ax): ——— (cut):
IxAbx:A I'M(x=N):B
ILx:AFM:B I'M:A—-B TI'FN:A
(—I): (—E):
I'HAx.M:A—B I'-MN:B

Notice that the (cut)-rule does not enable us to prove sequents that were not provable
beforehand in ). We can derive from I,x:At) M:B and ', N:A also I' -, (Ax.M)N:B;
also, the Substitution Lemma shows that the (cut)-rule is admissible in I, replacing the
explicit substitution by the implicit: if I, x:At) M:Band I' ) N: A, thenalso I' -, M[N/x]|:B.

Explicit substitution describes explicitly the process of executing a pB-reduction, i.e. ex-
presses syntactically the details of the computation as a succession of atomic, constant-time
steps (like in a first-order rewriting system), where the B-reduction is split into several steps.

Definition 5.2 (BLoo & Rosk 1995) The reduction relation is defined by the following rules

(B): (Ax.M)P — M (x:=P) (Var): x(x:=P) — P
(App): (MN)(x:=P) — M(x:=P)N(x:=P) (Vark): y(x:=P) — y
(Abs) : (Ay.M)(x:=P) — Ay.(M(x:=P)) (gc): M{(x:=P) — M, (x¢&fo(M))

The notion of reduction Ax is obtained by deleting rule (gc), and the notion of reduction
Axgc is obtained by deleting rule (VarK). The rule (gc) is called ‘garbage collection’, as it
removes useless substitutions.

Our notion of cBv-Ax is naturally inspired by that of the A-calculus.

Definition 5.3 (CALL BY VALUE IN Ax) Just as in the A-calculus, a term in Ax is a value if it is a
variable or an abstraction. In a cBv-pB-reduction, the argument must be a value, so that means
that when it is simulated by cBv-Ax, all the substitutions created are of the form M (x:=N)
where N is a value, that is, either a variable or an abstraction.

Hence, we build the cBv-Ax by a syntactic restriction:

M = x| Ax.M|MM; | M{(x:=Ax.N) | M (x:=y).

The cBv-B-reduction is the reduction generated by the rules of Definition 5.2, when rule (B) is
applied only when P is value.

The Subject Reduction still holds as we can still see the computation in Ax as cut-elimination:
now this process consists in discarding the situations where the elimination of a connective
follows its introduction, by using the (cut)-rule and moving it towards the applications of the
axiom-rule until it disappears.
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Definition 5.4 (INTERPRETATION OF Ax IN X') We define [-{*(«) as the interpretation [-]'(a), by
adding a case for the explicit substitution:

[°) 2 (va)
MM (w) A 2[M](B)B-a i
[MN}() 2 [M}(9) 712 (IN(8) B [x] 7 (y-0)
A

[M(x= NMM(D‘) [[Nﬂm(ﬁ) E)\ X [[MﬂAx@‘)

Notice that the interpretation of the A-calculus is just made out of the first three rules.
Moreover, notice that the cut is activated in the last alternative; this might seem in contrast
with Lemma 4.5, where we justify that the cut [N;*(8) B T * [M;*(«) reduces to [M[N/x];*(«),
but, using the inactivated cut, we cannot not prove that

[(PQ) {x=N);"(a) = [(P{x=N))(Q{x=N));"(a)
as in Theorem 5.7 below, but would only be able to manage
[(PQ) (x=N)j*(@) L [(P(x=N))(Q{x=N));*(®).
Now notice that, again, N is a value if and only if [N*(«) introduces a.
Theorem 5.5 If I' -y M: A, then [M}*(a) :- T Fy a:A.

The proof is a straightforward extension of that for Theorem 4.8.
We will now show that the reductions can be simulated, preserving the evaluation strate-
gies.
Theorem 5.6 (SIMULATION OF RULE (B)) (CBN): [(Ax.M)N*(a) =y [M (x:=N);*(a)
(cBv): [(Ax.M)N*(&) —y [M {x:=N);*(«) iff N is a value.

Proof: [(Ax.M)N;*(«) a
A M) T (INFB) Bl Z(za)) £
FIM )37 717 (INFB) By Z(za)) — (expeimp)
[ND(B) BT % (IM}"(0) 1 2(z) > (0
[NJ*(B) BXX ([M]*(6) 6 12 (z-a)) Z> (\ren)

[NJ*(B) BX % [M;*() [M{x=N)j*(a)

Notice that this reduction sequence is valid in the cBN-evaluation, which proves the first
point. As for the cBv-evaluation, the step Xa is possible if and only if [N;*(8) introduces B,
that is, if and only if N is a value. The proof concludes by Lemma 4.5. Ll

Notice that we could also show [(Ax.M)N{*(x) = [N;'(8) Bt X[M, but that using the
definition [M (x=N)*(«) 2 [N}'(8) Bt X [M] would give problems for the next proof.

Theorem 5.7 (SIMULATION OF THE OTHER RULES) Let M — N by any of the rules (App), (Abs),
(var), (Vark), (ge), then [M*(7) — [NJ*(v) and [My*(7) = [N;"(7).

Proof : We only show the interesting cases. In what follows we activate the cut to the right
which corresponds to both ¢Bv and cBN if N is a value and corresponds to CBN otherwise.

([Ay-M) (x=N)*(@) = [Ay-M (x=N){*(@)): [(Ay-M) (x=N)j" () 2
[NF"(B) B X [Ay-Mj™ () 2 [NJ(B)BREFIM (1T -2) — (Rexp)
F(INT(B) BRE M (7)) 7 - 2 JIM{x=N)"(")7a 2

[Ay-M {x=N)*(a).



29

([(PQ)(x Z:U (@) = [(P(x=N))(Q(x=N))j*(«)): [(PQ)(x=N)*(x) 2
NI 4
N B0 71500 B2 > (eut)
(IN*(B) B fupﬁwwmww (BFRFUQ (BBl 2()) > (Rimpin
(INJ*(B) BXX[Py*(7) 7t 7 ((IN} (ﬁ)f x[Q) (ﬁ))/i[y]f(ﬂNﬁx(ﬁ)ﬁ\ﬂZ'ﬂé))) 2
[P{(x=N)*(v) 717 ([Q{(x=N); (BBl Y1 Z ([N (B) BX X (z-a))) — (N\eap)
[P(x=N)*() 717 ([Q{x=N);*(B) Bly] Z(z-a)) 2
[(P{x=N))(Q(x=N));*(a

([[Mxi:NMA:(D‘)_)[[fo@‘)): [[MX:NMM(DQ é (),5\3?[[3%“(“) 2
INJ(B) BXE(x-r)  — (\d) [NJ(B) BT X (xa) — (\n’”) [Ny (@)

(Iy (x:=N);" (@) = [y (= ))' [y (x:=N) () 2 [NP(B) BXR[y (@) 2
[N () BXX (y-a)  — (Xeap) (y-a) 2 [yj*(w)

(IME=N)J (@) = P @, Fréfo(M):  [MEr=N{P@) 2
INI*(B) BX R M (w) —(xge) [M}*(@)

We can now state that Ax-reduction is preserved by interpretation of terms into X.

Theorem 5.8 (SIMULATION OF Ax) i) If M —y N then [M;*(7) —v [N]*(7)
ii) If M — N then [M}™(7) = [N}(7)

We can add the following composition rule to the reduction system of Ax:
M(x=P)(y=Q) » M(y=Q) {(x=P(y=Q))

This rule trivially breaks the Strong Normalisation property for typed terms [13] and cannot
be simulated. But it can be useful for reasoning by equivalence. If we abandon Strong Nor-
malisation, then we can merge the three kinds of cuts. It can be done for instance by setting
the equivalence:

PR fXQ~PafxQ~PaXxQ.
In that case the composition rule can be simulated (in both strategies cBv and cBN) as follows:

[M{x=P) (y=Q)*(®) 2
[Q*(B) B 17 (IP*(6) 3 R IM" (@)

([[QMAXU%) B ?HPMAX@)) 51 f([[QﬂAx(,B) B ?HMMAX@‘)) 4
[M{y=Q) (x=P({y=Q));*(«).

There are interesting issues which deserves to be explored.

6 Interpreting Au

Parigot’s Ap-calculus [40] is a proof-term syntax for classical logic, but expressed in the setting
of Natural Deduction. Let us extend the syntax of formulae with the constant L (false). Natural
deduction deals with classical logic by allowing the logical rule:

INA= 1kl

' A

An assumption can now be discharged by either the introduction of ‘=" or by this rule (if
the assumption has the form A = 1). This leads to the splitting of the set of axioms into
two parts: the first where the assumptions might be discharged only by the introduction
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of ‘=’, and the second where the assumptions might be discharged only by reasoning by
contradiction. Since the latter part is of the form (A; = L,..., A, = 1) where the comma is
to be thought as a conjunction, the sequent

IAi=1,...,A,= 1LKB
is logically equivalent to the multi-conclusion sequent
I'bxB|Ay,..., Ay,

since in classical logic (A = L) = B is logically equivalent to A V B; ‘both |" and *, are to be
thought as a disjunction. The reasoning by contradiction becomes:

THL|AA
THA|A

which exhibits the neutrality of L for the disjunction; notice that here we implicitly assume
the truly classical ((A=1)=_1)=A.

However, when we assumed A = L, we may have liked to use it not only in a reasoning by
contradiction, but also as an implication as such:

INA=1hkiA=1 T, A=1hK:A
A= 1hiL

and hence in the multi-conclusion style sequent, we have to add the rule:
THA|AA
I'L1|AA
where again the neutrality of L for the disjunction is exhibited.
In [40], Parigot created the Apu-calculus, the typing system of which is isomorphic to this
multi-conclusion logical system; this is achieved by extending the syntax with two new con-
structs that act as witness to the two rules discussed above. It uses two disjoint sets of vari-

ables (Roman letters and Greek letters). The sequents typing terms are of the form I' 5, A | 4,
marking the conclusion A as active.

Definition 6.1 (TERMS OF Ay, VERSION 1) The terms of Ay, version 1, are:
M,N == x|Ax.M|MN | [a]M | pa.M

Definition 6.2 (TYPING RULES FOR Ap) Type assignment for Ay is defined by the following
natural deduction system; there is a main, or active, conclusion, labelled by a term of this
calculus, and the alternative conclusions are labelled by the set of Greek variables «,, ....

(eAcT) [,x:AFM:B|A [FM:A—B|A THN:A|A
IFx:AlA [FAxM:A—B A [FMN:B|A
T'EM:A |xwAA I'EM: 1 |aAA
[F[M: L |aAA [FpaeM:A |A

We can think of [¢] M as storing the type of M amongst the alternative conclusions by giving
it the name « - the set of Greek variables is called the set of name variables. Also, pa.M binds
« in M; the notion of a-conversion extends naturally to bound names.

Note that we have the Weakening Property: If 'y, M: A |Aand ' C I and A C A', then
'y M:A AL

It is interesting to note that even if L is not included in the language (and hence (A— L) — L
is not even a type), we stay in classical logic by collapsing the last two rules into:
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I'tM:B |a:A,B:B,A T'HFM:B |a:B,A
T'Fpa[p|M: A | B:B,A T'+puafa]M:B | A

That is, we force the naming to be followed by a u-abstraction. Thus:

Definition 6.3 (TErMs OF Ay, VERSION 2) The terms of Ay, version 2, are defined by the fol-
lowing grammar:

M,N = x| Ax.M| MN | up.[a]|M

The syntax of Definition 6.1 is the original definition of [40]; that in the above definition was
introduced later in [41] and [30].

Since L is not a type in the system we consider here for X, this last variant of Ay is the
system for which we will study the relation with X"

As an example illustrating the fact that this system still is more powerful than the system
for the A-calculus, here is a proof of Peirce’s Law (due to Ong and Stewart [39]):

x:((A—B)—A),y:Ary: A |aw:A,B:B
x:((A—B)—A),y: At up.[a]ly:B |a:A
x:((A—-B)—A)Fx:(A—-B)—A |e:A x:((A—B)—A)FAy.uB.jaly: A—B |w:A
x:((A—=B)—=A) Fx(Ay.up.[a]ly) : A |a:A
xi((A— B) = A) F jacla] (x(Ay-uf.[aly)) : A |
F Ax.pec o] (x(Ay.uB.laly)) : ((A—B)—A)—A |

Now as the system is still in a natural deduction style, we still have cut-situations that we
might want to eliminate. Hence, we have the rules of computation in Ap:

Definition 6.4 (A REDUCTION) Reduction on Apu-terms is defined as the compatible closure
of the rules:

logical (B) : (Ax.M)N — MI[N/x]
structural (p) : (. [pIM)N — puy.([B]M)[N-7y/«]
renaming : pe.[B](py.[0]M) — wpa.[6]M[B/7]
erasing : pa.fa]M — M (a does not occur in M)

where M[N-v/a] stands for the term obtained from M in which every (pseudo) sub-term of
the form [a| M’ is substituted by [y](M'N) (7 is a fresh variable).

Note that in this calculus, the computation of substitutions is implicit.

Definition 6.5 (INTERPRETATION OF Ay IN X') We define [- j\" («) as the interpretation [- f(uc),
by adding an alternative for y-terms:

[ (@) 2 (x-a)
[Ax MM (@) A Z[MM(B)B-a
[[MN%) A MM ()71 % (INM(B) B 2] 7 (y-a))
[po. MM (@) A [M]* ()81 % (xa)

Similarly to the previous sections, we can prove (see Lemma 4.5):
INMEBERIMM@) — [N/ @)
[M"(7) 31 (INJ"(B) B [x] 7 {y-a)) — [uT.([v]M)IN-T/6]" (w)
This result will prove convenient below.
Notice that the last alternative is justified, since we can show:
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Lemma 6.6 The following rule is admissible:
[(Ho. [IMINF (@) — [M{* (7)1 %

Proof : [[("l/l(s.[’)/]M)Nj)\H< Ly
[15.1y M ()7t %

i"(B) B [x] 7 (y-a))

,=.
02
>
=
=
> )
=
<)
<
2
=
R N[ z

([[M (1) 8 12(z 1))V TJ?([[NE”(ﬁ)E[x y{y-a)) — (\ren)
[[M "(Nlv/8) 712 ([N (B) B 1217 (y-a) (=)
(1) 612 (INJ¥(B) B [x] 7 (y-a))

Notice the similarity between the net [MN;* («) and the result of running [(u6.[y]M)N " («);
the difference lies only in a bound plug. This implies that, for the A-calculus, we can only con-
nect to the plug that corresponds to the name of the term itself, whereas for the Ap-calculus,
we can also connect to plugs inside that occur inside, i.e., to named sub-terms.

We will now show that the above definition of the encoding of u-substitution is correct;
notice that, unlike for the A-calculus, we can only show that the interpretation is preserved
modulo equivalence, not modulo reduction; a similar restriction holds also for the interpreta-
tion of Ay in Aujfi achieved in [19@.

Lemma 6.7 i) [M;*(5)3 /% (IN{"(8) B [x] 5 (y-7)) L IMN-7/5IN{* (7).

i0) [M]"(v) 8 7% (INT"(B) B2 7 y-7)) 4 IMIN-y /&) (v), if 6 7 v.
Proof : By simultaneous induction on the structure of terms; we only show the interesting
cases.

NM=AeM): (M0 12N )BT ly-1)
(EIM(0)5-6) 3% (INI(B) B ] 7 7)
M %0) 3 /5 (INM ) B 17 (v

(

) (IH.2)
Z[M'[N- 7/5]”( )U T)fo([[NﬂA”<ﬁ)

Q)
a
)
—
=)
=
Z
>
~=
=
=)
=)
<)
ey
=
e s £ ) s

[[()\ZJW) [N"Y/5]N #(y)

(M= MiM): [MiM"(6)8 /% (IN*(B) B [x] T (y))
(IM1}*(0) 712 ([Ma) ( )% (2] 8(v-6))) &
[M1[N-y /8] () T2 ([M2[N-y /8] (7)
(IM1[N-7/8){"(c) & 1 2 ([M2[N-7 /3] {*(7)
[M1[N-y/6]Mz[N- ’7/5] M) TR (NS (B) B ] Ty
[(M; M) [N-y/S]N (%)

=
MO TR)
=)
<y S
<
=
s T 1T £ s

(IH.2)

(M = po[o]M'): [uo[8]M'(*(5) 8 /% (IN}™(B) B [x] §{y-7)) A
(IM'"(0) T 12(2-6)) 5 /X (IN f (B) B [x] 7 (y-7)) —
(IM'*(5) 6 fa?<[[Nf”<ﬁ> Blx]G(y)))T12((z:6)5 % (INJ*(B) BIx] T(yr))) —
([M'"(8)8 /% (INJ™(B) B 1x] 7 (y-2)) @ T2 (IN;"(B) B [2) 7 (y-1)) Le (IH1)
[M'[N-7/8IN ()& 12 (INJ*(B) Blz] 7 (y-7)) — (=)
(IM'IN-y/8IN;" (1) 5+ @ (wv) T2 (IN]"(8) B [2] 7 (7)) A
[no[y]M'[N-7 /5N ()?ﬁ([[Nf”(ﬁ)ﬁ 2] (y-r)) A

[(uo[y]M'[N-7/5N)N{¥ ()
[[(W'[CS]M’)[N-’Y/5]Nf”(’r)

6 A corrected version of this paper is available from Herbelin’s home page.
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i) (M = po-[0]M'): [ [6]M! (1) 3 4% (IN*(B) B[] 7 y-1) 2
(IM7(0)5 12 (20)) 8 £ 2 (INM(B) B[ T y-7) i -
(IM}(6) 8 72 (INJ(B) B x] 5 (y-1))) 8 12 (z0) 4% (IN(B) B+l 7 (y-))) —
(IM(6) 8 72 (INJ(B) B x] 5 (y-1))) 7 2 (z-v) Lo (IH1)
[M/[N-y/8N{* ()5 12 (z-v) (=)
(IMIN-y /SN (1) 5 1 @ (w-T) 12 () 4
[1o-[y] M [N-7/0N ¥ (1) £ 2 (z-0) -
[(o[/]M/ [Ny /S]N) *(v) =
Mﬂa[]hfﬂhfv/ﬂ ().

(M = po.[(IM): [uo-[TM'¥(v) 5 4% (INM(B) B[] 7 y-) 2
wwwwaﬁ<>ﬁ7ﬂwmemy@w> -
(IM(0)3 £ % (INF(B) B[x] 7 y-1))) T2 () 8 4 2 (INM(B) B x] 7 y-1))) b (IH.2)
[M[N-/6){*(1) 7 1 2 (z-v) -

1
[(uo[T)M)[N-/ 6]} (v).

Remark that a number of the ‘reverse’ reduction steps in this proof could have been avoided
by defining [ua.[f]M¥(y) 2 [M]*"(B)[y/a]. But, as is evident from case M = M; M, in the
proof of part (i), this would not give a proof that the interpretation is preserved by reduction.

Notice that, for the (renaming) and

[pac.[B) (wy-[0]M) 7 (0)

—

erasure) rules, we have:

a
[y [6]M{* (B) R T % (x-0) = [pe. [ M} (o) 2
([[Mf"(é)f?TJ?(JC-ﬁ})&Tf(x-cr) — and [[Mj‘"(oc)&h?(xv} —
[[M[ﬁ/ﬂf”@)ﬁ TX(x0) = [[MMAH@-)

A
[na[6IM[B/ )i (0)
We can now show that Ap’s reduction is preserved by our interpretation.

Theorem 6.8 (SIMULATION OF CBN FOR Ay) If M — N then [M¥ (a) {Y [N} («).

Proof : As before, the proof is by induction on the length of the reductions sequence, of which
we show the base case; by the above, we need only focus on rules () and (y). The proof for
case () is as for Theorem 4.6, and for case (1), we separate:

((u6.[6]M)N — pa.([0)M)[N-a/5]): By Lemma 6.6, we already know that
[(po.LIMIN " (@) — [M{*(0) 1% (INJ(B) B[] § {y-a0))
(notice that x is introduced). Again, we separate two cases:
(6 is introduced): Then either
(M (5) = (z-6)): Notice that
(2:6)81 % (INJ"(B) B[] 7 {y-a)) — [N;™(B) B[] 7 (y-).
and that
[p@]zN{ (@) £ [2N{¥(@)@ 19 (0- >
2 ([ () 71 @ (IN]"(B) B [w] @ {a-a)) & 15 (0-ax)
— [Nj"(B)Blely(y-a)

([M{"(6) =2[M'*(B)B-6): Then M = Az.M’, and & does not occur in M’. Notice that
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[pac.([8](Ax.M")) [N-a/ ] " ()
[ [a] (A MON; a) i
([M']"(B)B- 5)5TA([[NA () [x] 7 (y-a)
(Z[M'{"(B)B-6)d T2 (IN{"(B) B[] § (y-))-
(6 is not introduced): Then the latter reduces to [[AM 1(6)6 / f([[Nﬂ (B) B [x] 7 (y-a)).
By Lemma 6.7, [M;"(8)6 /% ([N;"(B) B [x] ¥ (y-&)) Lx [M[N-a/6]N*(x). Notice
that
[M[N-a/8]N{"(2) + [M[N-a/8IN*@)@15(v-a) 2 [ua.]a]M[N-a/6]N M («).
((ué.[v]M)N — ‘uuc [v](M[N- oc/(S])): Again by Lemma 6.6, we know that

o WIMIN* (@) — [M{*(v) 812 (INS"(B) B[] § (y-))-

~

Since J is not 1ntroduced, the latter reduces to [M;' M) e fx(IN f” (ﬁ) ﬁ [x] 7 (y-a)).
By Lemma 6.7, [M"*(v) 5 /% ([N;"(B) B [x] 7 (y-a)) Lx [M[N-a/6];" (v). Notice that

[M[N-a/8]" (V) < [M[N-a/8]*W)&17(v-a) 2 [ua[v]M[N-a/6] (). O

=

) ato{oa)

i

We can also show that types are preserved by the interpretation:

Theorem 6.9 If Iy, M: A | A, then [M{¥ () :- T - a:A, A,

Proof : As the proof of Theorem 4.8; we only need to focus here on the two rules dealing
with p-abstractions. First, let M = ué.[y]N. Then [M;"*(x) 2 [N{¥(7)81% (x-a). Assume
'y M:A |9:B,A, thenalso I' -y, N:B | 6:A,7:B,A, and [[Nj\”(’y) .- I't4:A,v:B follows by
induction. Then:

[[Nj‘”(ry)‘ I’l—(SA'yBA <x-oc)i-Fx:Al—uc:A,'y:B,A
V)6t - THaA,v:B,A

The alternative M = ué.[6|N is sumlar. Ll

7 Interpreting Auji

In its typed version, X is a proof-term syntax for a classical sequent calculus. Another proof-
system has been proposed for (a variant of) classical sequent calculus in Curien and Herbelin’s
Apfi-calculus [19]. It is interesting to relate those two formalisms and realise that Aufi can be
interpreted in X’ as well.

For the Xyﬂ—calculus as presented in [19], there are two sets of variables: x,y,z, etc., la-
bel the types of the hypotheses and «,,7, etc., label the types of the conclusions. More-
over, the syntax of Auji has three different categories: commands, terms, and contexts or co-
terms. Correspondingly, they are typed by three kinds of sequents: the usual sequents I' |5, A
type commands, while the sequents typing terms (resp. contexts) are of the form I' 5, A | A
(resp. I' | A ki A), marking the conclusion (resp. hypothesis) A as active.

Definition 7.1 (ComMANDS, TERMS AND CONTEXTS)

c == (v]e) (commands)
e u= a|veljfix.c (contexts)
v u= x| Axv|uB.c (terms)

Here ua.c, jix.c" and Ay.v respectively bind & in ¢, x in ¢’ and y in v; as usual, we will
consider terms, contexts and commands up to a-conversion, writing them in a way satisfying
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Barendregt’s convention.

A context can be a variable but can also be more complex (so as to have a typing rule
introducing ‘—’ on the left-hand side of a sequent), and commands fill the hole of a context
with a term.

Definition 7.2 (TYPING FOR Aujfi)

F"XvZA|A F|€ZA|_X,A

(cut) :
(vle): T'Fx A
(Av): Tla A wAA (AXR): T Arzx:AlA
I'byv:A|A T|e:BhkzA Ix:Abzv:B|A
(—r): —R):
I'lve:A—-BF; A I'kyAxv:A—B|A
_ c:I,x:Akz A c:I'HyaAA
(71): — (W): ———
I'jixc:AbzA I'bypac:AlA

Note that the type of a context is the type that a term is expected to have in order to fill
the hole, much like the import circuit in X. With conventional notations about contexts, v-e
is to be thought of as e[| | v]. We see here how a term (context) is built either by introducing
‘=’ on the right-hand side (left-hand side) of a sequent, or just by activating one conclusion
(hypothesis) from a sequent typing a command: pa.c is inherited from Ay, and jix.c is to be
thought as let x =[] inc.

Proofs can often be simplified, that is, commands can be computed by eliminating the cuts:

Definition 7.3 (REDUCTION IN Apuji)
(—=): (Axvy | vge) — (vp | fix.(vy|e))
(W:  Aupele) - cle/f]
(M: (o] pxe) - clo/a

The system has a critical pair (pa.c; | fix.co) and applying in this case rule (y) gives a call-
by-value evaluation, whereas applying rule (ji) gives a call-by-name evaluation. As can be
expected, the system with both rules is not confluent, as neither is the cut-elimination of the
classical sequent calculus.

Herbelin’s Aufi-calculus expresses elegantly the duality of Lk’s left- and right introduction
in a very symmetrical syntax. But the duality goes beyond that: for instance, the symme-
try of the reduction rules display syntactically the duality between the cBv and cBN eval-
uations (see also [48]). Indeed, the call-by-value reduction — is obtained by forbidding a
fi-reduction when the redex is also a y-redex, whereas the call-by-name reduction — forbids
a p-reduction when the redex is also a fi-redex. We show here how X accounts for this duality.

However, this duality notwithstanding, Aufi does not fully represent Lk. The LK proof

ILA-B,A 1\“|—A,i >,BFA/
I'-A—B,A K ILA—BFA
Ir'+A
(inhabited in X" by the left-hand side of rule (exp-imp)) reduces to both

(—=L)

(cut)
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L J L]
ﬁ ILBFA I'+AA ﬁ

T__7 IA-B,A T,ABFA and I'+AB,A T,AFB,A V__7
I'+AA TLAFA I'+B,A I B+ A
T'HA T'-A

The first result is represented in the normal reduction system of Auji, but the second is not,

whereas both are represented in X, by the two right-hand sides of rule (exp-imp). This implies

of course that there does not exist a full reduction preserving interpretation of X" into Aufi.
We can show that there exists an obvious translation from X into Auji:

Definition 7.4 (TRANSLATION OF X INTO Apji [35])

[xa)]* 2 (x|a)

[xPa-BlY 2 (AxuafP]* | B)
[Pa [x] §QIY A (x| (ua[PT") (fiy-[QT"))
[PatxQl" 2 (ua[PT" | ax.[QI)

In fact, this is the origin of X: in Remark 4.1 of [19], Curien and Herbelin give a hint on
a way to connect LK,; and LK. The proofs of Lk embed in LK, ; by considering the following
sub-syntax of Apji:

c u= (x|a)| (Ax.ua.c | B) | (y | pa.c-fix.c) | (pa.c | fix.c)

where the typing rules correspond respectively to the axiom rule, the right introduction of
‘="', the left introduction of ‘=, and the rule for a cut. Later it was discovered that this corre-
sponded closely to Urban’s approach in [45]; however, as discussed above after Definition 4.3
on page 21 and following, the approaches differ.

Although X is in fact a sub-syntax of Auji, it is not less expressive. On the contrary, on
the logical side, two proofs of the same sequent might be considered differently in LK, just
because the naming of formulae, or the activation/deactivation of formulae, has not been
done the same way.

We can consider proofs up to such differences with equivalence classes, and moreover there
is a unique proof of each class in X’: the one eagerly naming all formulae it deals with.

In concrete terms, here is a translation of Auji into X which preserves the typing:

Definition 7.5 (TRANSLATION OF Auji INTo X [35])

) [(wle)) 2 [ofadZ[efs
[[xﬂiﬂé 4 (x-zx_ ~ [[zxﬂix 4 (x;zx) )
[Axovje 2 F[ojpp-w [o-efx £ [0)a® [x]7]e]y
[uB-cia 2 [cj BT X (xa) [Ay.cix £ (x-B)pt7lci

Example 7.6 In [25] it was shown that Peirce’s Law ((A—B)—A)—A can be inhabited in Apji
by the term

Az (z | (Ay-pp-(y | a))-a),
a term in normal form which is itself the reduction of the translation of the Ap-term given by
[39] (see Section 6) and that is typeable as follows (where - = ):
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(AXR) (AxL)
z:(A—B)—Ay:Alyy: A|a:A,B:B z:(A—B)—=Ay:A|la: Ay a:A,B:B (cut)
cut

(yla) :z:(A—B)—A,y:Abx B:B,a:A )
z:(A—B)—A,y: Az uB.(yla) : Bl a:A ‘uRI) (Ax))
X
2(A—B) A AyuB.(yla) : AsB | @A © z(ASB)—A|a: Al A (LI§

z:(A=B)—=A| (Ay.pB(yla))a: (A—>B)—Abya:A

2:(A—B)>Al1z: (A=B)—A|aA (Ax)
(z| Ay.uB(yla))-a):z:(A=B)—Alza:A
z:(A—=B)— Aty ua(z | (Ay.uB.(y|a))-a): A|
Fx Az (z | (Ay.uB.(y|a))-a): ((A—=B)—A)—A|
When we remove all term information from this derivation, we obtain a semi-proof (with
focus) for Peirce’s Law in Classical Logic.

(cut)

(A—B)—A,AFA|AB  (A—B)—AA|AFA,B
(A—B)—A,At B,A
(A—B)—A,AF-B| A

(A—»B)—AFA—B| A (A—B)—A|AFA
(A—»B)—AF (A—>B)—A|A (A—»B)—A | (A—=B)—AFA
(A—B)—AF A
(A—B)—AF A|

F((A—B)—A)—A|

Notice that the term Az.pua.(z | (Ay.uB.(y | «))-a) is in normal form, whereas the proof has
two cuts that can be eliminated.

Moreover, the two (activation) steps, i.e. the p-abstractions, in this derivation do not corre-
spond to a logical rule. This means that all provable judgements can be inhabited, but not all
derivations correspond to proofs.

Using the translation function [-' on the Apji-term, we obtain

[Az-pa(z | (Ay.pup. <y|rx>)fé>y
2z | (Ay-pply| @) @)oo~y
Z([(z | (Ay-ppy | ) -a); & T E(x-6))0-

Z(([z)< € TR [(Ay-up-(y | @) -afx) R T X (x:0
2(((ze) @t T (Iy-puBy [ )i § 1] @ [a])
2(((ze) @t (@ ([ | @)i B b {on)7- )<l>[ ]
2((ze) et 2 (7 ((Iyip Pt aluja) B 1D (7))
z(((z-e)et x (7 ((y-p) ot ua)) p1b{on)i- )4>[X]
Notice that the process obtained via translation has four cuts: removing these produces the
following (in-side out) reduction sequence.

1R | L L T

€
X (

2((ze) et 2 (7 ((yp)p 1 i (wa)) BHb(on)i-¢) §[x] @ (wa) & TX (x8))6-y —

2((ze) T X (@ ((y-a) B1b(0n)7-¢) ¢ [x] @ {wa))) &1 X (x-6))d- -

Z(((z€) €t X ([ {y-a)]-¢) § [x] @ (w-a))) X T X (x-0))5-y -

2@ ly-a)ii-¢) ¢ [z] D (w-a)) &1 X (x-6))6-7 -
Z(({y-0)71-¢) ¢ [2] @ (w-6))3 -y
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The last term is exactly that of Example 3.5.
The interpretation function preserves typeability:

Lemma 7.7 i) IFT by 0: A| A, then [oly - T a:A, A,
ii) IFT | e: At A, then [e]y - T,x: A+ A.
iii) If c: T b5 A, then [c] - T F A,
Proof : Straightforward, by simultaneous induction on the structure of derivations.

In [35] it is shown that we can simulate the implicit substitution of Auji in X
Lemma 7.8 i) [[cf&/‘ J?[[efx — [[c[e/(xﬂx].
i) [o s & /% [ejx — [oe/a]]B.
iii) [¢ 1.7 f X efx — [¢'[e/a])z.
Proof : By simultaneous induction on the structure of nets.
Likewise, we can show:
Lemma 7.9 i) [o]x @XZ [cff — [c[o/x}).
i) [0 AN fﬂv’ﬂxﬁ — ['[v/x]]B.
iii) [0« R X% [e]y — [e[o/x}]y.
We now strengthen these results by stating that this simulation preserves evaluations:

Theorem 7.10 (SIMULATION OF Auji) If c — ¢’ then [[cﬂX I [ MX

Proof : By induction of the length of the reduction sequence, of which we only show the base

cases:
(—): Then ¢ = (Ax.v1 | vp-e), and ¢’ = (vy | fix.(v1 | €)). Then:

[{Ax.vq |?J2-6>ﬂX = [[/\x.Uquanfm[UZ'eﬂXy B

= @[orfph-0) 17 ([o2f 7 1) Z[ef)
— [[Uzufv oAl f(ﬂvlfﬁ Btz[e)

~

(=a) « [020, 71T ({y-0)0 T2 ([or)p BT Z[ey>))
(o2, 717 (y6) 51 2001 |e)]) ]
= [o2)y 717 lAx(o1]e))y = [vz | fix(vr]e))]
(u): By Lemma 7.8.
(f1): By Lemma 7.9.

Notice that, had we defined [[yg.cﬂx,x = [[cﬂx[oc /B] and [[ﬁy.cﬂxx = [[cﬂx[x/ y], we could have
shown that ¢ — ¢/ implies [c] — [¢/}.

In fact, we can even show
Theorem 7.11 i) If ¢ —y ¢’ then [ 1% [/}

ii) If ¢ —y ' then [c' 1% [¢].

Curien and Herbelin define two encodings:

Definition7.12 (CuriEN & HErBELIN 2000) The interpretation -V and interpretation -~ of Ay
into Auji are defined as follows:
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A x N Ay
(Ax.M)¥ A Ax.MY (Ax.M)¥ 2 Ax.MN
(MN)¥ 2 pa.(NY | fix.(MY | x-a)) (MN)N 2 . (MY | NN-a)
(1Bc)Y £ ppc’ (BN 2 ppc
([IM)Y 2 (MY|a) (WM™ 2 (MY |a)

-V corresponds to right-to-left call-by-value, and -V relates to left-to-right call-by-value.
Curien and Herbelin’s result is:

Theorem 7.13 (SIMULATION OF Ay IN Aufi [19]) i) If M —y N then MY — NY up to y-expansion.
i) If M — N then M~ — NN up to p-expansion.

Theorem 7.13 also holds for the restriction of Ay to the traditional A-calculus (but without
the restriction of ‘up to u-expansion’). However, one might be disappointed that the preser-
vation of the cBv-evaluation and cBN-evaluation relies on two distinct translations of terms.

As above, what accounts for the distinction cBv/cBN is the encodings themselves, and
the distinction between cBv and cBN mostly relies on Curien and Herbelin’s two distinct
encodings rather than the features of Auji. The same holds for [48]. Whereas their cBN-
translation seems intuitive, they apparently need to twist it in a more complex way than us, in
order to give an accurate interpretation of the csv-A-calculus, since we can show the following:

Lemma 7.14 MY — MN.
Proof : By induction on the structure of terms, the interesting case being;:
(NP)Y & ua(NY|jx.(M"|x-a)) — (IH)
pa (NN | fix (MY | x-a)) —p pa(MN|N¥-a) 2 (NP)N
This result is a bit disappointing since the cBN-encoding turns out to be more refined than

the cBv-encoding.
Of course, by Theorem 7.10, we also have

Lemma 7.15 [[M" 18 [} ﬂﬁ

But we now show that we can take the simplest translation (i.e. [[-Nﬂxﬁ) for both cBv and cBN
and that the evaluation strategies of X reflects the distinction between them, in showing that

the interpretation [- ﬂ)‘ («) is more refined that the composition of -~ and [[MX“
Lemma 7.16 [[MN 18— M (B).

Proof : By induction on the structure of terms:
<M:x):[[xﬂﬁ—[[xﬂﬁ—<x:3>é[[XMA(:B) B
(M=Ax.M): [(AxM)Njg & [AxMNjp & T[M™N)&- — (IH)

~ A
x-p =

(M=PQ): [(PQ)N]s & [na(P¥|Q¥a)
[(PN[QY-a); @t % (x-B)

— (Xren)
(PN QY-p)] A
[P}y 7 12 [QY-Bi 8
[P 7R (QYWR X 718y 2
[[Pme (IQwa [x]7(y-B) — (H)
[P 71219 )& [x] 7(y-B) 2 [PQ(B)
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8 Conclusions and future work

We have seen that X is an application- and substitution-free formal language that provides
a Curry-Howard isomorphism for a sequent calculus for implicative classical logic. But, of
more interest, we have seen X is very well suited as generic abstract machine for the running
of (applicative) programming languages, by building not only an interpretation for A, Ay, and
Aufl, but also for Ax.

A wealth of research lies in the future, of which this paper is but the first step, the seed.
We intend to study (strong) normalisation, confluence of the cBN and cBv strategies, to extend
X in order to represent the other logical connectives, study the relation with linear logic,
proofnets (both typed and untyped), how to express recursion, functions, etc, etc.

Details of the implementation of the tool for X can be found in [8| 9]. Polymorphism is
introduced in [43]], the encoding of other connectors in [42]], and the interpretation of X’ in Ay
in [6]. The relation between X and IT is currently under investigation.
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